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Anchoring systems are used to hold floating offshore devices (e.g., energy devices, oil
platforms) to keep them on their stations. Anchors are embedded into the seabed soils. In some
cases, the interface shear between anchor and seabed soils together with anchor self-weight
provide the holding capacity of the anchoring systems. However, in other cases, the embedment
behavior (e.g., embedment depth) and the geometry of anchor play significant roles on the holding
capacity. Anchors embedded into soils are soil-structure interaction problems, which have been
widely studied experimentally, analytically, and numerically. Results from experimental tests,
analytical and numerical analyses have been reported in the literature looking for the macroscale
response. However, few studies focus on looking for the microscale insight of the anchor-soil
responses. The discrete element method (DEM) and digital image processing (DIP) can be used
for microscale analysis which has been barely applied on the soil-structure practices. In the
dissertation, DEM and DIP are used to investigate the macro- and microscale soil-anchor
interactions in four chapters.

Chapter 3 describes DIP and its application to characterize granular assemblies
quantitatively and morphologically. The investigation ranges from obtaining the center of mass of
particles, sphericity, local void ratio distribution, moment of inertia, and particle orientation. The
void space and particle characteristics have a significant influence on the macroscale response of
a granular assembly. Accurately quantification of void space and identification of particle
characteristics will give better understandings of granular responses. This chapter presents
quantitative approaches of local void space quantification and particle characteristics identification
in the aid of three-dimensional digital image analysis. As an in-depth analysis, the authors deepen
Oda’s two-dimensional image segmentation approach to three-dimensional by using Delaunay
triangulation. Morphological processing (e.g. image erosion, dilation and opening) of threedimensional binary images is used for both image segmentation and particle characteristic
identification. Algorithms of void space quantification, particle characteristics identification and
particle seeking are all built as well. The segmentation approach has been verified by applying it
to regular packings: simple cubic and tetrahedral. Particle characteristic identification and particle
seeking algorithms were verified by application to particles/assemblies with known information
(e.g. geometry). Results show that the algorithms are robust and can accurately quantify/identify
void space/particle characteristics of the granular assembly.
Chapter 4 presents a granular-continuum interface shear model using DEM and investigates
the microscale behaviors of the interface. Granular-continuum interfaces are widely present in
geotechnical structures, including deep foundations, retaining structures, and anchoring
applications. Interface mechanical properties are a function of the properties of the contacting soil
and the characteristics of the opposing interface. Therefore, a robust understanding of granularcontinuum interface behavior is essential to geotechnical practice. This chapter provides a

summary of recent research on the effects of interface roughness, soil density, particle shape, and
friction coefficient on interface behavior and strength and results from three-dimensional DEM
simulations of granular-continuum interface shear. The trends in DEM results are compared to the
previously published physical experiments; and the microscale responses of the interface
simulations has been investigated. The results show that there are good agreements between DEM
simulation and experimental tests under similar interface roughnesses. DEM simulations give a
similar bilinear strength-displacement trend as that previously reported from physical experiments.
The interface failure mechanism is contact reorientation for rougher interfaces and contact sliding
for smoother interfaces, as shown through microscale investigations. Mobilization of rougher
interfaces tend to change to force distribution of the surrounding granular soils.
In Chapter 5, the response of plate anchors under quasi-static and cyclic loading conditions is
considered. Plate anchors are embedded into the ocean floor to provide holding capacity for
offshore structures. Anchor holding capacity is a function of both the anchor and soil properties.
Although plate anchors have been widely studied experimentally and numerically, there is still no
universally agreed-upon design approach, indicating that the problem physics remain elusive. In
this work, DEM simulations are used to investigate the behavior of plate anchors during pullout in
an effort to elucidate some of the microscale physical processes that influence overall system
behavior. Macroscale assembly response is compared to published experimental results and
empirical solutions. The influence of embedment ratio, anchor roughness, soil density, and anchor
size on holding capacity are investigated and system-scale results are shown to reasonably agree
with previously published work. Thus, observations of the simulated contact force network and
particle velocity during uplift are used to provide insight into anchor failure mechanisms. Finally,

the model is used to briefly explore the response of a cyclically-loaded plate anchor embedded in
a granular assembly.
Results from DEM simulations of torpedo anchor penetration and the associated soil
response are presented in Chapter 6. Torpedo anchors are a viable approach for mooring marine
hydrokinetic (MHK) energy devices to the seafloor. These anchors can serve to maintain station
and to provide the reaction force for an MHK device. The ability of the anchor to perform these
duties is a strong function of its penetration depth during installation. This is a large-strain problem
not amenable to typical continuum numerical approaches. In the current work, we propose that the
discrete element method (DEM) is a more appropriate tool to investigate the shallow penetration
of torpedo anchors in sands. The effects of anchor mass, impact velocity, and soil interparticle
friction are considered in the DEM simulations. The relative maximum penetration depths for
different penetration conditions are quantified and presented. Granular material response at the
microscale during penetration are used to provide insight into system response. Energy dissipation
in the assembly by both friction and collision at the particle scale are considered. Results show
that anchor penetration increases approximately linearly with an increase in impact velocity or
anchor weight. Penetration decreases with an increase in interparticle friction (i.e., soil strength).
Observations of microscale behaviors and energy calculations are used to provide insight into
overall system response.
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1
1.

Introduction

Anchoring systems are used to hold floating offshore structures (e.g., hydrokinetic energy
devices, oil platforms) on station and, in some cases, to provide the reaction forces necessary for
proper operation. Anchors are embedded into seabed soils. In some cases, the interface shear
between anchor and seabed soils together with anchor self-weight provide the holding capacity of
the anchoring systems. However, in other cases, the embedment behavior (e.g., embedment depth)
and the geometry of the anchor play the primary roles on the holding capacity.
Anchors embedded into soils are soil-structure interaction problems, which have been
widely studied. Results from experimental tests and numerical analyses have been reported in the
literature (Uesugi and Kishida, 1986a; Hu and Pu, 2004; Wang et al., 2007a). For numerical
analysis, the finite element method (FEM) or boundary element method (BEM) are employed
(Ghiocel and Ghanem, 2002; Underwood and Geers, 1981) by considering the embedment
medium as a continuum. The discrete element method (DEM), which is a numerical modelling
method that could simulate granular materials by considering individual particles and their
contacts (O’Sullivan 2011), can used for microscale analysis of granular-continuum interfaces
(e.g., Wang et al., 2007a, b). Comparing to FEM method, DEM could simulate the granularcontinuum responses in particle scale and explore the microscale physics. DEM could also easily
simulate larger deformation at interfaces when deal with discontinuous problems.
Over the past several decades, a large amount of research has been performed to better
understand anchor behaviors, including experimental tests, numerical analysis and analytical
exploration. A wide range of material types can be used for anchoring systems. Interface shear
tests have been performed specifically between soils and various continuum counterfaces (e.g.,
steel, concrete or wood). In addition to the self-weight for anchors with different material types,
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the counterface properties (e.g., friction, roughness) play important roles on interface shear
behavior. Small scale tests on different anchor types have been reported in the literature (e.g.,
Meyerhof and Adams, 1968; Murray and Geddes, 1987; Merifield and Sloan, 2006; Richardson,
2008; Richardson et al., 2009). Interface shear tests and numerical simulations have been
developed to model offshore piles and their capacities. Plate pullout studies have been used for
analysis of suction embedded plate anchors in offshore anchoring systems. Results from small
scale “torpedo” anchor penetration tests have been published and can be used to study dynamically
penetrated anchors (DPA) in offshore applications. Projectile penetration tests also provide
guidance for design and performance of DPA in granular soils.
The current study focuses on microscale analysis of anchoring devices using two different
methods: DEM modeling and digital image processing (DIP). The studies assume soils are
granular materials without cohesion so that only mechanical interaction (Newton’s second law and
a force-displacement law) can be suitably applied in DEM modeling. DIP can also be applied to
quantify granular particles and assemblies. Soil-structure interactions can be modeled using DEM
and analyzed with DIP. This is the focus of the current study. This document is organized as
follows:
•

Chapter 2 provides an overview of previous work on DEM simulations, digital image
processing, granular-continuum interface shear behavior, plate anchor behaviors, and
dynamically penetrated anchor behaviors;

•

Chapter 3 describes DIP and its application for characterizing granular assemblies
quantitatively and morphologically. Algorithms of image segmentation and edge
detection of binarized image are introduced. The investigation ranges from obtaining
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local void ratio distribution of the granular assembly, center of mass of each particle,
sphericities, moment of inertia, and particle orientation.
•

Chapter 4 presents a DEM study of granular-continuum interface shear and investigates
the microscale behaviors of the interface. The simulated system response is compared to
published experimental tests. Microscale parameters, such as contact force network and
contact force distributions, are used to provide insight into system-level response.

•

Chapter 5 focuses on the response of plate anchors under monotonic and cyclic loading
conditions. Parametric analyses are performed to analyze the influences of anchor
embedment ratio, anchor roughness, soil density, and anchor size on pullout capacity.
DEM simulation results are quantitatively compared to published experimental results.
The plate anchor pullout failure mechanism is investigated at the particle scale.

•

Chapter 6 addresses torpedo anchor penetration and soil response during penetration,
compares the DEM results to experimental tests, and provides microscale insight into
anchor penetration. Microscale parameters considered include anisotropy, coordination
number, and contact force distributions. Energy dissipation is investigated to explain the
mechanism of anchor embedment.

•

Chapter 7 summarizes the conclusions and the recommendations for future work.

Equation Section (Next)
Equation Section (Next)
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2.

Literature Review

The work considers four different topics (1) three-dimensional stereological quantification
of granular assemblies; (2) 3D discrete Element Modeling of interface shear; (3) 3D discrete
element modeling of plate anchor (PLA) and (4) 3D discrete element modeling of dynamically
penetrated anchor (DPA). Literature would be reviewed with respect to the four topics separately.
After that, discrete element modeling will be specifically talked as a main part.
2.1.

Three-dimensional Stereological Quantification of Granular Assemblies

The microstructure of a granular soil is largely determined by deposition mechanisms, stress
history, particle shape and electrochemical forces. The microstructure of sand specimens prepared
for laboratory testing has been shown to play a significant role in the large scale response of the
sand. Initial microstructure will affect the shearing response of the soil and a forensic analysis of
post-shearing microstructure can provide insight into the failure mechanisms. This part will
summarize the previous work on the development of a suite of three dimensional stereological
algorithms and digital image processing skills used by previous researchers, specifically on two
different parts, 1) particle space quantification and 2) morphological (particle shape) analysis.
2.1.1.

Digital Image Method on Particle Space Quantification

The microstructure of soil has important influences on soil responses as well as the large scale
structures built on them. Soil microstructure can affect static and dynamic properties (DıazRodrıguez and Lopez-Flores 1996) of soil as a whole. The influences of particle arrangement in a
solid assembly have been identified as having significant effects on the holistic properties (AlRaoush and Alshibli 2006). The distribution of local void space is believed to be an important
characteristic for investigating mechanical behavior of granular materials (Kuo and Frost 1996).
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The basis to determine the local void ratios are first, to segment image into different local
areas/ volumes, and then computing void spaces and their percentage in each different
areas/volumes. Oda (1977) first presented a method based on polygon systems to experimentally
determine the distributions of local void ratio from 2D images. His approach first segmented 2D
image into different polygons enclosed by lines connecting centroids of each particle, and then
measure the whole areas of each polygons and solid areas within each of them (shown in Figure
2.1). The other common used approach was performed by Alshibli and El-Saidany (2001) by using
Voronoi Tessellation. The approach also segmented images into different polygons while the
difference between it and Oda’s method is this approach segment each particle separately. The two
approaches are shown in the following figure. Both approaches can determine the local void ratios
very accurate. However, these two tessellation methods were only applied on 2D images which
were just the approximation of the whole sample. None of them could be applied on 3D images.
The approaches are shown in Figure 2-1. Image can thus be quantified based on the segmented
polygons.

Figure 2-1: Two different segmentation approaches
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Three-dimensional image segmentation has been widely applied in areas like granular
materials, GIS, Physics and medical science (Sijbers et al. 1997; Straka et al. 2003). There are
many segmentation approaches based on three dimensional arrays. Al-Raoush and Alshibli (2006)
proposed an approach by using watershed transform and distance transform for high-resolution
three-dimensional images. Watershed transform was first proposed by Beucher and Lantu´ejoul
(1979) for detection contours. They verified it by using uniform spheres which was unreasonably
for real samples, because real soil assembly has certain grain size distributions. Watershed
transform was widely used for 3D surfaces which commonly exist in GIS areas (Mangan and
Whitaker1999).
2.1.2.

Morphological Image Method on Particle Characteristics Quantification

Morphological image processing is a means to identify image descriptors based on the
shapes within the image (Solomon and Breckon 2011). Morphological image processing can be
applied to all kinds of images. In this study, we used its primary use for processing binary images.
And the operation skills were image erosion and ultimate erosion. In a binary image, each particle
consists of any group of connected pixels/voxels. Different connections can be used to detected
different particles in a sample. For 2D image shown in Figure 2-2, there are two (4-connected, 8connected) connections. However, for 3D images, there are three (6-connected, 18-connected and
26-connected) connections.
Morphology provides an approach to processing the image based on shape. There are two
basic operations of morphological analysis- dilation and erosion in an N-dimensional Euclidean
space (Haralick et al. 1987). Mathematical morphology is a set theory. Different sets represent the
shapes of the image. The set with all black pixels in a black and white image describes the binary
image which is shown in Figure 2-3. Image dilation is a transformation combines two sets using

7
vector addition of set elements. If A and B are sets in N-space (EN) with elements a and b,
respectively, a=(a1,...,aN) and b = (b1,...,bN).
The dilation of A by B is the set of all possible vector sums of pairs of element. The definition
of dilation of A by B is as follow.
Definition of Dilation: Let A and B are subsets of EN. The dilation of A by B is denoted by A
⊕ B and is defined as Equation (2.1).

A  B  {c  E N | c  a  b for some a  A and b  B}

(2.1)

Figure 2-2 Binary image connection depiction after Solomon and Breckon (2011)

Definition of Erosion: Let A and B are subsets of EN. The erosion of A by B is denoted by
and is defined as Equation (2.2).

A B  {c  E N | x  b  A for every b  B and b  B}

(2.2)
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Figure 2-3 Binary image illustration

The morphological image processing skills are used to process X-ray computed tomography
generated images by previous researchers (Kuo and Frost, 1996; Alshibli and El-Saidany, 2001;
Alshibli and Hasan, 2008). X-ray computed tomography is used to scan the specimen under
different states. The developed computer algorithms are used to calibrate the CT images and
quantify the image in all different states.
2.1.3.

X-ray Computed Tomography

Computed tomography (CT) allows for full three-dimensional imaging of specimen
microstructure. The process is based on recognizing that density differences in a material will result
in varying slowness of rays traveling through the material (Santamarina et al., 2001). A matrix of
slowness values is generated by measuring the slowness of waves traveling through a solid from
different angles. If this matrix has a generalized inverse, spatial variation of density within the
specimen may be determined. Three-dimensional CT images are developed by stacking a series of
digital slices from a specimen to generate a volume. This is typically done mathematically using
image analysis software (e.g., ImageJ) or mathematical software (e.g., MATLAB or Mathcad).
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Figure 2-4 Cropped binarized CT image of sands

CT has proven to be a valuable tool for the characterization of localized deformation in
granular materials (Desrues et al., 1996; Oda et al., 2004) because of the distinct density variations
between the inside and outside of the zone of localization. This zone, which is widely accepted to
have a thickness on the order of 10-15 mean particle diameters (Muhlhaus and Vardoulakis, 1987),
is of the scale that is generally observable via traditional CT approaches. One drawback to this
method is that historically the resolution is not high enough to allow for the investigation on the
scale of a single particle for most soil types, although this can be avoided through the use of large
soil particles (Wang et al., 2004) such as those found as aggregates in asphalt mixtures (the
drawback here, though, is that penetration distance is typically limited to a few particles).
Advances in equipment and new experimental techniques, however, have largely rendered this
obstacle obsolete.
The two primary approaches that are currently being used (either alone or in combination)
are a significant reduction in specimen size and increased X-ray energy. Higher energy X-ray
sources, such as those found at a synchrotron facility, allow for very fast scanning at a high
resolution (Hasan et al., 2008; Hall et al., 2010; Hasan and Alshibli, 2010). In one approach, a full
size specimen (e.g., 60 mm 120 mm 180 mm right orthorhombic solid) is sheared and then
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solidified. The solidified specimen is then cored in several locations and the cores are scanned
using synchrotron X-ray CT (Hasan et al., 2008; Hasan and Alshibli, 2010). In a second approach,
very small specimens (e.g., 11 mm 22 mm cylinder) are scanned at discrete times during shearing
(platen motion is paused) to allow for visualization of the evolution of material structure during
shear (e.g., Hall et al. 2010). In both cases, voxel sizes are on the order of 15 mm, translating to 510% of mean particle diameter.
2.2.

Discrete Element Modeling

Discrete element method (DEM) modeling is a numerical modeling method to simulate
granular materials. DEM was first introduced by Cundall (1971) for the analysis of rock mechanics
problems and then applied to soils (Cundall and Strack, 1979). In the DEM, the interaction of
particles is an equilibrium developing dynamic process whenever the internal forces balanced, i.e.,
the particles will keep moving till the balanced equilibrium will be reached. The contact forces and
displacements are controlled by tracking individual particles.
2.2.1.

Methodology

Particle movements in the assembly are excited by boundary walls and particle motions or
body forces. The dynamic behavior is limited in each time-step within which the velocities and
accelerations are assumed to be constant. The time-step is chosen to be small enough so that
disturbances during each single time-step cannot propagate further from any particle than its
immediate neighbors (Cundall and Strack, 1979). The critical time-step for a systems is shown in
Equation (2.3).

tcrit  2 m 4k  m k

(2.3)
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where k is the stiffness of each of the contact springs.
The forces acting on any particle are determined by the particles which it is in contact.
Newton’s second law and force-displacement law at the contacts are both applied in the DEM
simulations (Itasca 2008). The former is used to determine the motion of each particle from
contacts and body forces acting on it. The latter is used to update the contact forces from relative
motion at each contact. The calculation cycle in DEM is shown in Figure 2-5. The forcedisplacement law is about the relative displacement and contact force at a contact between two
particles. The equilibrium displacements and contact forces of an assembly can be met by a series
calculations not only tracing particle movements but the corresponding contact forces.

Figure 2-5 Calculation cycle in DEM (After Itasca 2008)

Newton’s second law applied on the particles governs particle motions, which meets the
requirements not only for forces but only for the moment. If taking the acceleration and rotational
acceleration as constant, the resultant velocities can be obtained and used for the calculation of
displacement via force-displacement law. During the process, body forces will be incorporated.
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In DEM, contact models are elastic prior to yielding. The energy dissipation that occurs in
the assembly is not captured. The consequences of DEM simulations are that there is no yield by
contact separation, or frictional sliding the particles will vibrate like an elastic spring. The vibration
is not a physical phenomenon. Numerical damping (e.g., local damping, viscous damping) in the
simulations are thus introduced to avoid this non-physical phenomena O’Sullivan (2011). Energy
can thus be additionally dissipated through the damping.
2.2.2.

Contact models

There are two commonly used contact models in DEM simulations, linear and Hertz model.
The linear contact model includes contact-bond behavior. The component behaviors of contact
consist of stiffness, slip and bonding. The contact stiffness consists of contact forces and relative
displacements in both normal and shear directions. The normal stiffness is a secant stiffness and
the shear stiffness is a tangent stiffness.
Linear contact model is widely used in DEM simulation. For linear contact model, normal
force is linearly related to the normal displacement. The normal displacement is equal to the
particle overlap. And shear force is a function of relative shear displacement with a limitation of
linear friction O’Sullivan (2011) as T=µN, where T is shear force, N is normal force and µ is
friction coefficient. The contacts between two spheres are shown in Figure 2-6 as follow.

Figure 2-6 Linear contact model between two spheres (woodem.org)
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Normal stiffness is related to Young’s modulus of both particles. Shear stiffness is a fraction
of normal stiffness kn in the range of (2/3, 1). The normal stiffness can be calculated as Equation
(2.4)

 l
l 
kn   1  2 
 E1 A E2 A 

1

(2.4)

where l1 and l2 are the radius of respective particle, Ei is the Young’s modulus of respective particles.
A is the contact area which is calculated by Equation (2.5).

A   min(l1 , l2 )2

(2.5)

As mentioned above, the contact normal force is calculated by multiplying contact normal
stiffness with overlap. The tangential force is computed from tangential relative velocity
incrementally and interparticle friction coefficients. The shear force can be described as Equation
(2.6).
Fs  (u )t tks
FsS  Fs  Fs

where Fs is the contact shear force,

(2.6)

(u )t is the relative velocity in shear direction, Δt is time-step,



ks is shear stiffness, Fs is the initial force prior to this step.
The linear contact model might not be accurate enough when the particle shape is sphere. A
new contact model Hertz-Mindlin (Mindlin and Deresiewicz 1953) was put forward to increase
the accuracy. Hertz-Mindlin model provides sliding behavior and stiffness varies as a function of
the elastic constants of two contacting entities. Overlap and normal force are included as well.
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Hertz-Mindlin model is a non-linear elastic contact model which uses a spring for the contact
normal and a Coulomb friction (Perloff and Baron 1976) coefficient for the shear, and a second
spring to tangential or rolling. Two parameters of the contacting balls- shear modulus G and
Poisson’s ratio ν are defined in the model. The contact normal secant stiffness is shown as Equation
(2.7).

 2G 2 R 
Kn  
 Un
 3(1  ) 



(2.7)

and the contact shear tangent stiffness is as Equation (2.8).
 2(G 2 3(1  ) R)1/3  n 1/3
ks  
 | Fi |
2 



(2.8)

where Un is the sphere overlap, and |Fin| is the magnitude of normal contact force. R˜ for ball-toball contact can be calculated as Equation (2.9).

R

2 R[ A] R[ B ]
R[ A]  R[ B ]

(2.9)

Shear modulus and Poisson’s ratio has the relationship as Equation (2.10).

1
G  (G[ A]  G[ B ] )
2
1
  ( [ A]  [ B ] )
2

(2.10)

The normal-secant stiffness kn has a relationship with normal-tangent stiffness as Equation
(2.11).
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kn 

dF n 3 n
 K
dU n 2

(2.11)

Linear contact model is the simplest model using linear assumption that the contact forces
are directly proportional to the force. Hertz-Mindlin contact model is a non-linear elastic model
which uses a spring-dashpot response to the normal contact and a Coulomb friction for contact
shear and a second spring-dashpot response to the rolling friction. Linear contact model allows a
larger time step while Hertz-Mindlin allows a smaller one. Therefore, Hertz-Mindlin contact
model is more conservative and more computationally expensive.
2.3.

Soil-structure Interface Shear

Friction between soil and structures plays an important role on the interface problems in a
large variety of engineering practices. Marine hydrokinetic (MHK) energy devices are a promising
technology for the sustainable generation of electricity from hydrodynamic energy such as waves,
currents, and tides. These MHK devices rely upon seafloor anchors and compliant mooring
systems to maintain their station, but without retarding the motion being converted to electricity.
The capacity of these anchors is a significant design parameter for the entire MHK system.
Numerous factors will influence the pullout capacity of an anchor, including anchor type and
seabed properties and particularly, how those two components interact to manifest as interface
friction.
Soil-structure interaction in geotechnical engineering has been an area of active research
since the 19th century and has evolved significantly over the past 150 years (Acar et al., 1982).
Previous studies on the frictional behavior of granular- continuum interface systems have been
based on numerical simulations (e.g., Jensen et al., 1999, 2001a, b; Wang et al., 2007a, b, c, d;
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Wang and Gutierrez,2010; Wang and Jiang, 2011) and/or physical experiments (Potyondy, 1961;
Yoshimi and Kishida, 1982; Uesugi and Kishida, 1986a, b; Kishida and Uesugi, 1987; Uesugi and
Tsubakihara, 1988; Paikowsky et al. 1995; Hu and Pu, 2004). This chapter will summarize the
numerical analyses and physical experimental tests in details.
2.3.1.

Experimental Studies of Interface Shear

Offshore anchors like other geotechnical structures (e.g. piles, reinforced earth, soil testing
apparatus) interact intimately with the sediments around them. Anchor self-weight and soil-anchor
interface shear forces provide holding capacity for the MHK device. Similar to other soil-structure
interactions, soil-anchor interaction considers interaction properties as well as soil properties.
Surface roughness of the anchor and particle shape of the seabed soil are the major factors subjects
to anchor holding capacities.
Yoshimi and Kishida (1982) performed ring torsion tests between soil and metal surface to
evaluate the friction. Radiographic observation technique was used to monitor the soil specimen.
The apparatus was used to evaluate the steel surface and sands considering different surface
roughnesses and different soil densities. The surface profile was quantified by means of surface
roughness gage. The surface roughness was defined as the maximum depth of the surface over a
certain length (2.5mm, which long enough to cover the surface textures) see Figure 2-7. The
roughness of the tests ranged from 3 to 510 μm. Three different kinds of sands were used to model
different soil densities. The shear stress ratio (τ/σ) and volumetric strain are found not to be affected
by the surface roughness of the steel surface at the initial stage but will turn to diverge gradually,
see Figure 2-8. For smooth steel (R = 6.5μm) and sands, the coefficient of friction between them
are independent of the normal stress in the range of 51kPa and 158kPa. The tangential
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displacement consists mostly of slip for the smooth surface and for shear zone distortion for the
rough surface.
The relationship between shear stress ratio (τ/σ) and sliding displacement σ are investigated
by many researchers (Uesugi and Kishida, 1986a, b; Uesugi and Tsubakihara, 1988). Uesugi and
Kishida (1986) found that the sand type and the surface roughness of the steel are to be influential
comparing to the medium particle size D50 and applied normal stress.
In addition, particle rolling along the interface plays an important role in the interface friction
was also found by them. (τ/σ) become the upper-limiting value of coefficient of friction if the shear
stress ratio (τ/σ) of the shear zone is smaller than the coefficient of the friction at yield.

Figure 2-7 Roughness (R) definition of in a random defined Soil-Structure Interface

Figure 2-8 Typical test results of steel and Tonegawa σv = 105kPa (After Yoshimi and Kishida 1982)
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Factors including surface roughness of the steel, medium particle size D50 of sand, sand type
and coefficient of uniformity Cu are investigated in interface shear testing. Uesugi and Kishida also
put forward normalized surface roughness which is defined as the surface roughness normalized
by the medium grain size. The surface roughness of the steel surface is:

R  Rmax  L  D50 

(2.12)

Rmax  L  D50 
D50

(2.13)

and the normalized roughness is

Rn 

where Rmax(L = D50) is maximum roughness when L = D50, L is gage length of Rmax.
Surface texture includes surface roughness and waviness. Roughness includes the finest
irregularities of a surface, it represents the highest frequency component of the surface of interest.
Waviness includes the more widely space of a surface (Mainsah et al. 2013). The difference
between roughness and waviness of a surface is based on the surface wavelength or peak to peak
space (Blunt and Jiang 2003). Height parameters of the target surface can be defined as Centred
Height (Leach 2013) in Equation (2.14)

Sq 

1
z ( x, y )  z
A

(2.14)

where 𝑧(𝑥, 𝑦) is the absolute height, 𝑧̅ is the mean height of the surface on the definition area A.
Centred Height is also called root square height. Also arithmetic mean height is defined as
Equation (2.15)
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Sa 

1
z ( x, y ) dxdy
A A

(2.15)

where Sa is the arithmetic mean height the texture surface. Moreover, Skewness, which is shown
in Equation (2.16). Skewness is the ratio of the man of the height values cubed and the cube of
root mean square height within a sampling area, which describes the topography height distribution.
Skewness is a measure of the profile symmetry about the mean line.

Ssk 

1 1
z 3 (x, y)dxdy
3

Sq A A

(2.16)

A negative skew indicates surface has few peaks and deep valleys to retain lubricant traces.
A positive skew has poor lubricant retentions. Skewness parameter relates loading capacity.
In addition to Skewness, Kurtosis is also defined to quantify the surface. Kurtosis is the
measure of sharpness of the surface height distribution. Kurtosis is defined as Equation (2.17)

Sku 

1 1
z 4 ( x, y )dxdy
4

Sq A A

(2.17)

where Sku is the Kurtosis parameter, the spiky surface has a high Kurtosis value and bumpy surface
has a low kurtosis value.
Coefficient of interface friction can be estimated when shear failure occurs which is the
maximum shear stress ratio. The maximum shear stress ratio of medium dense sand has a lower
value than that of dense sand. The relationship between shear stress ratio at yield and normalized
roughness is not affected by median particle size D50. The shear stress ratio at yield can be
approximated as Equation (2.18)
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y 

1
 A  B  Rn 
R

(2.18)

where A, B are constants influenced by shear resistance of interface. 𝑅̅ is the modified roundness
which can be obtained as Equation (2.19)

R

 R1  R2    RM 
M

(2.19)

where R¯ is the average roundness of particles, M is the particle numbers (70-100).
The definition of normalized roughness defined by Equation (2.19) was also used by Hu and
Pu (2004) to analyze the interface shear testing. Hu and Pu put forward a damage model to predict
soil structure interaction. A series of direct shear tests and simple shear tests as well as finite
element method were also used to investigate the shear behavior. Soil response was investigated
for different surface relative roughness. A term called critical relative roughness Rcr was introduced.
Normalized roughness as well as critical relative roughness were used to categorize interface types:
smooth and rough. Rn > Rcr is defined as rough interface and Rn < Rcr is defined as smooth interface.
Interface shear failure model under smooth interface is elastic perfect plastic with little dilatancy
near the interface. And interface failure model under rough interface is accompanied with strain
softening and much dilatancy. A damage mode was defined herein based on disturbed state concept
put forward by Hu and Pu (2004) to simulate the stress-strain relationship of a rough soil-structure
interface, the damage model will be discussed in the next section.
The material can be considered as two different states: intact and critical state. During
shearing, the state will evolve from intact state to critical state due to the microstructural changes.
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Constitutive models of both intact and critical states are all mentioned by Hu and Pu (2004).
Followed by Hu and Pu, a damage function D was constructed as well as Equation (2.20)

D  1  e a

b

(2.20)

where D is damage function which equals to zero at the beginning of shearing and 1.0 when
approaches to critical state, ξ is the trajectory of plastic shear strain, a, b are empirical coefficient
determined from tests. Damage function can also be defined in terms of shear stress of intact and
critical state as Equation (2.21)

 i 
D i c
 

(2.21)

where τi, τc are shear stress at intact and critical state, respectively.
Additionally, an apparatus was developed by Evgin and Fakharian (1997) to carry out 2D
and 3D tests on the interfaces between soils and structural materials. The soil container in the
apparatus can both facilitate the sliding displacement at the interface and soil mass deformation.
Experiments were performed by using this apparatus to study both 2D and 3D interface shear
between a dense sand and a rough steel surface under both constant normal stress and constant
normal stiffness conditions. For constant normal stress test, the shear deformation of the sands was
the major portion before the peak strength was reached. The sliding displacement was the major
portion after the peak strength was reached. The resultant peak stress ratio (τ/σn)p and residual
stress ratio (τ/σn)r are independent of the stress paths. (τ/σn)p is dependent on the normal stress σn.
However, (τ/σn)r was found to be independent on the σn. Stress paths influence the shear stresstangential displacement and volume change behavior of the interface. The sliding displacement at
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the interface and the soil deformation of the soil mass and plastic which was shown in 3D
experiments.
Besides the roughness of interface, the soil types and soil densities, the surface topography
of the interface and its influence on interface strength and deformation behavior of were analyzed
by Dove and Jarrett (2002). The comprehensive interface models was thereby developed and used
to investigate and quantify the influence of surface topography on the shear stress and volume
change behavior of the dilative granular material interface systems. The behavior of granular
material in shear against solid surface was addressed herein. An anisotropic, ruled surface pattern
were used by defining surfaces formed by sine, ramp, square or sawtooth waveforms shown in
Figure 2-9. Surface was characterized by defining peak to valley asperity height (Rt), average mean
line spacing (Sm), root spacing (Sr), average angle (Δa), and the nominal asperity angle α to describe
surface topography. The defined interface together with Ottawa 20/30 sands and glass beads were
used in the interface shear tests. The dilation angle was computed by them as the difference
between the measured peak and steady-state friction angle. Interface shear strength were reported
in terms of the normalized efficiency parameter (E) defined as Equation (2.22)

E

tan 
tan 

(2.22)

where tanδ is the interface friction angle, tanφ is the granular material friction angle.
The normalized efficiency parameter was found generally to increase as Rt/D50 increases.
The interface shear strength turns to be minimum is Rt/D50 equals to zero. E value varies from
nearly zero to one from small strength to full strength conditions, respectively. E value decreases
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rapidly when the Sr/D50 is larger than 3.0. Asperity height should be about equal to D50, and Sr
should be 1-3 times of D50 to make E close to 1.0.

Figure 2-9 Description of the surface by Dove and Jarrett (2002)

In addition to interface roughness and topography, sand friction, sand stiffness, interface
friction and stiffness are also important for interface shear behavior. Different construction
materials correspond to different frictions and interface stiffnesses. Potyondy (1961) studied the
interface friction between various soil sand different construction materials. In the test, the
interface friction between three different construction materials and various soils were determined
by performing two kinds of experimental tests, strain controlled and stress controlled shear tests.
He expressed the resulting stress strain response as an exponential equation of displacement shown
in Equation (2.23)




s 
 tan 1  exp  k


 s0  s  


(2.23)

where τ is the shearing stress that produces s displacement, δ is the normal stress, δ is the angle of
interface friction, s0 is the displacement at failure and k is a constant for a given soil. The higher
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the interface stiffness, the lower the interface friction (note that this was later observed numerically
by Frost et al., (2002). Potyondy (1961) also demonstrated that the rougher the interface, the higher
the interface friction. The interface friction angle is unlimited, but system strength approaches the
friction angle of the adjacent soil.
Dove et al. (2006) explored the steady state strength of particle scale roughness in
nondilative interface systems by experimentally testing interfaces between glass beads and natural
subrounded quartz sands and surface materials like high density polyethylene, polyvinylchloride,
fiber reinforced plastic, stainless steel, and heat treated steel. They found the initial peak and steady
state friction coefficients depend not only on the grain properties, but interface properties. Grain
shape, relative hardness of the mating materials and normal load were found to control the stress
displacement and strength behavior.
Given the importance of particulate continuum interface behaviors and their influence on the
response of geostructures, understanding the localized shearing mechanisms governing the
behavior is necessary. Frost et al. (2002) performed physical experiments and complimentary
numerical simulations to assess the interplay of roughness and hardness on interface strength. They
performed tests on a set of continuum materials with different surface roughnesses and hardnesses.
Rather than the normalized surface roughness measure employed by Uesugi and Kishida (1986b),
they elected to use the average surface roughness as Equation (2.24)

Ra 

1 L
| z | dx
L 0

(2.24)

where Ra is average roughness, L is the sample length and z is the absolute height from the mean
line. They performed interface shear tests on different continuum materials and their interaction
with Ottawa sand and Valdosta blasting sand. Their measurements showed that the interface
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friction angle will decrease with the increasing of surface hardness and will increase with
increasing surface roughness.
Relative aspect of continuum properties surface roughness were generally adopted by most
of the previous researchers (e.g., DeJong 2001; Hebeler et al. 2015a,b; Martinez et al. 2015; etc.).
Surface roughnesses were normalized by the average diameter of particles, which were similar to
the definition by Uesugi and Kishida (1986). In addition, DeJong (2001) put forward a Centroid
Trace Method to quantify the surface roughness by a spherical particle traversing a continuum
surface. DeJong also coupled the surface roughness and hardness numerically and experimentally.
The increase of surface roughness and decrease of hardness were found to increase the interface
friction. Smooth sleeve is only influenced by the particle sliding while diamond textured interface
would induce the surrounding soils.
Martinez et al. (2015a) analyzed the effect of surface roughness, as defined by Uesugi and
Kishida (1986) on the interface behavior and the evolution of sand microstructure during shear
considering “structured” and “random” roughness. Interface that has a larger roughness shows a
shearing mechanism while the shearing behavior on smooth surface has a sliding mechanism.
“Structured” surface is found to produce not only localized bearing capacity in addition to interface
friction. Surface hardness has important impact on interface behavior especially with a large
normal stress. Roughness patterns were found to have significant impact on the interface shear
strength.
Moreover, friction resistance of soil-geomembrane-particle interfaces was investigated by
Dove and Frost (1999). They studied the peak friction behavior of smooth geomembrane-particle
interface behavior using a custom designed shear apparatus. The shear mechanisms at Ottawa 20-
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30 sand-high density polyethylene (HDPE) geomembrane interfaces were investigated using
contact mechanics, tribology, and basic friction theory.
Sliding and plowing were found to be the major factors governing interface shear behavior.
Plowing results in an increasing of friction coefficient and will increase the normal stress. Sliding
will increase contact area and flatten the peak strength envelope. The dominant component is
changing with the normal stresses shown in Figure 2-10. Sliding dominates the friction if the
normal stress is under 50kPa while plowing dominates the friction when normal stress larger than
50 kPa.
Kulhawy and Peterson (1979) investigated sand-concrete interface behaviors with an
extensive testing program to examine the strength and stress-deformation response. They
examined the effects of interface roughness and soil gradation. The interface friction angle for
rough counterface materials was found to be equal to or greater than the soil internal friction angle.
Failure was observed to occur inside the soil away from interface. Smooth interfaces had friction
angles smaller than the soil internal friction angle, indicating failure at the soil-continuum interface.
They defined the relative roughness of a soil-continuum interface system as Equation (2.25)

RR 

Rstructural face
Rsoil

(2.25)

where RR is the relative roughness of the interface and Rstructural face and Rsoil are the interface and
soil roughness respectively. Soil roughness is defined as 𝑅𝑠𝑜𝑖𝑙 = 𝐷60 𝐷10 ⁄𝐷50 , where 𝐷60 , 𝐷50 , 𝐷10
are particle sizes at 60%, 50% and 10% finer, respectively. RR > 1 is defined as a rough interface
while RR < 1 is defined as a smooth interface.
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In general, practical problems involve the interaction of different types of soils with different
construction materials. Reasonable interface properties serve to guide the construction practices
and provide inputs to numerical analyses such that it is possible to reach meaningful solutions. To
this end, Acar et al. (1982) performed experiments to estimate the effects of material and state
parameters on interface behavior. Tests of quartz sand interacting with three different construction
materials, steel, wood and concrete at varying normal effective stresses were selected to assess
interface friction. The results from the physical experiments were used to develop parameters for
a hyperbolic model by Clough and Duncan (1969), as shown in Equation (2.26).
s



 b  a s

(2.26)

where τ is shear stress, Δs is shear displacement, and a and b are interface constants that depend on
the roughness and normal stress, σn. The initial tangent stiffness, Ksi, is given as 1/b at small
displacements and 1/a is the ultimate shear stress, τult. A failure ratio Rf , see Equation (2.27), is
defined by the shear strength at failure, τf, and the ultimate shear stress, τult

Rf 

f
 ult

(2.27)
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Figure 2-10 Geomembrane Ottawa sand interface shear Mechanism by Dove and Frost (1999)

The nonlinear, stress-dependent tangent shear stiffness, Kst, of different construction
materials with different initial tangent shear stiffnesses are represented in Equation (2.28)

Rf 


K st 
 K si 1 

 s
  n tan  

2

(2.28)

where Ksi is defined by Equation (2.29)

 
K si  K j w  n 
 
 p

n

(2.29)

where pa is atmospheric pressure, Kj is shear stiffness at σn = σa, and 𝛿 is the interface friction angle.
While the above formulation can reasonably model the actual stress-displacement behavior of a
soil-continuum interface, it provides little insight into the underlying particle physics, thus making
extrapolation to other systems difficult and uncertain.

29
2.3.2.

Numerical Analysis of Interface Shear

In addition to the physical tests discussed previously, there have also been limited numerical
studies of granular-continuum interface behavior, with DEM modeling being the most common
approach (e.g., Jensen et al. 1999, 2001a, b). Numerical studies specifically of shear banding at
the interface was studied by many researches (e.g., Wang et al. 2007a, b, c, d; Wang and Gutierrez
2010; Wang and Jiang 2011; Wang and Zhao 2014).
Jensen et al. (1999, 2001a, b) studied two dimensional interfaces using DEM simulations.
They noted that interface shear and a slip zone will result when the soil structure system deforms.
They model a particle of general shape by combining many smaller particle of simple shapes into
a single larger, more complex particle which they posit can closely simulate real particle behaviors,
e.g., particle interlock (see Figure 2-11). However, the interface is only a few particle diameters.
They investigate behaviors such as particle rotations, relative grain displacements, and grain
crushing and their influences on interface behavior.
Theoretically, combining a large number of smaller circular particles into larger clusters can
more accurately simulate real particle shapes. Jensen et al. (1999) simulated the effectiveness of
clustered particles and simple circular particles to investigate their influence on interfacial
phenomena. They built a saw-tooth wall as the shearing surface, and changed the surface roughness
by changing the relationship between saw-tooth lengths and non-clustered particle diameter, λ.
During their simulations, four shearing surfaces were investigated with the adjustment of different
normal stresses. Dilation was measured by recording normal displacement of the top wall at
constant stress. Surface roughness and particle shapes and their influences on interface behavior
were evaluated. The higher the surface roughness, the larger the tangential force required for
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failure. Clustered particles had a higher tangential force than non-clustered particle under same
normal stress.

Figure 2-11 Outline of particle shapes used by Jensen et al. (1999, 2001a, b)

Jensen et al. (2001a) used two-dimensional DEM simulations to investigate the effect of
particle shape on void ratio and interface friction. Simulation results showed that the void ratio of
the assembly increases with the increasing particle angularity and particle roughness. The interface
shear strength also increased with increasing angularity and roughness. The roughness was defined
as in Equation (2.30)

R

P
Pen

(2.30)

where P is perimeter of the cluster and Pen is the enclosed perimeter of cluster. Angularity was
defined by Equation (2.31)

Ai  (180  a)

x
r

(2.31)
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where Ai is the degree of angularity of each corner, a is measured angle of lines which are drawn
from a corner and tangent to the inscribed circle, r is the radius of the maximum inscribed circle,
and x is the distance to the tip of the corner from the center of the maximum inscribed circle. The
values of degree of angularity are used to define the roundness of the particle. When A < 300, the
particle is considered to be rounded; 300 < A < 600 corresponds to sub-rounded; 600 < A < 900
is sub-angular; and A > 900 is considered to be angular.
Additionally, Jensen et al. (2001b) performed two-dimensional DEM simulations of particle
damage at the continuum counterface. They treated particle crushing as the breakdown of bound
clusters shown in Figure 2-11. They observed an obvious distinct shear zone adjacent to the
continuum. They found that there is a small decrease in peak shear stress with damage when
compared to a system wherein particles are not allowed to crush. The magnitude of the steady state
shear stress is lower in damaged cluster assembly compared with the undamaged cluster assembly.
Constant stress and constant volume tests were performed and shear and normal forces were found
to be larger in the constant volume tests than in constant stress tests. Particle damage was shown
to play a strong role in the formation of the shear zone.
Wang et al. (2007a) developed a new strain calculation method to study the shear banding
of a direct interface shear box considering particle rotations. Interface shear band of surfaces with
smaller roughness was found to be thinner than the surfaces with larger roughness. The thickness
was observed as around 8-10 median particle size D50. In order to reduce the boundary effects of
the simulation, the interface surface was made up with rough surface in the center and two
smooth ”dead-zones” at ends. A particle-boundary friction coefficient was set up as 0.9 to prevent
the sliding of the granular sample with respect to the boundaries. Shearing occurs when the
interface boundary is applied a constant velocity. The rough surface was defined similar to the one
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defined by Dove and Jarrett (2002) in Figure 2-9. Large strain localization inside the granular
medium was quantified using the Green-St. Venant large strain tensor as Equation (2.32)

Eij 

1
ui, j  u j ,i  uk ,iuk , j 
2

(2.32)

where ui,j is the displacement gradient tensor. A mesh-free method firstly put forward by
O’Sullivan et al. (2003), the diagram of the mesh-free approach is shown in Figure 2-12.
Rectangular grid was generated to serve as the continuum reference space over all the particles.
And each grid point is assigned to an individual particle as Equation (2.33)

dj
di



di
i  1, 2,..., N p ; i  j 
ri

(2.33)

where ri is the radius of particle i; di is the distance between the grid point and the centroid of
particle i; Np is the total number of the particles within the volume as Figure 2-13. The displacement
of the grid point is calculated by Equation (2.34)

uxg  uxp  d  cos 0     cos(0 ) 
u yg  u yp  d  sin 0     sin(0 ) 
𝑔

(2.34)

𝑔

where 𝑢𝑥 , 𝑢𝑦 and 𝑢𝑥𝑝 , 𝑢𝑦𝑝 are the x and y displacement components of a grid point and a particle
centroid, respectively. d is the distance between the grid point and the particle centroid. θ0 is the
initial phase angle of the position of a grid point related to the particle centroid, ω is the
accumulated rotation of the particle see Figure 2-13.
Two parameters average roughness Ra and average slope Δa were used to quantify the
roughness of the surfaces in the simulations. Average roughness Ra is defined as the average
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deviation of the profile height. Δa is the arithmetic average of the rate of profile change over the
whole length as Equation (2.35).

a 

1 L
| dZ / dx | dx
L 0

(2.35)

The rough surface was found to have higher stress ratios and thicker shear band than the
smooth surface.

Figure 2-12 Schematic diagram of mesh-free interpolation method: association of a grid point with certain
particle after Wang et al. (2007a)
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Figure 2-13 Schematic diagram of mesh-free interpolation method: displacement of grid point and its
associated particle after Wang et al. (2007a)

Wang et al. (2007c), Wang et al. (2007d) and Wang and Jiang (2011) evaluated the fabric
and contact force anisotropy at the boundary between the surface and granular media by using 2D
DEM simulations. The surface roughness was related to the particle size and the sketches of the
surface is similar to the one developed by Dove and Jarrett (2002). Two requirements were fulfilled
to identify interphase mechanisms. One is force and their orientation and the other is a stress-forcefabric relation first developed by Rothenburg (1982). The two dimensional, second order density
distribution tensors are defined as follow Equations (2.36)-(2.38)
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where, Fij, Nij and Sij are fabric, average contact normal force and average contact shear force
tensors, respectively. E(θ), fn¯(θ) and fs¯(θ) are the corresponding density distribution functions;
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and

are contact normal force and shear force, respectively. n = (cosθ, sinθ) is unit contact

normal vector and t = (−sinθ,cosθ) is the vector perpendicular to n, and Nc is the total number of
the contacts in the volume. f¯0 is the average contact normal force calculated by Equation (2.39)
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(2.39)

where fn¯(θ) and fs¯(θ) and E(θ) can be described by Fourier series as Equation (2.40)(2.42)
E ( ) 

1
1  a cos 2(  a )
2

(2.40)

f n    f 0 1  an cos 2   n 

(2.41)

f s    f0 as sin 2    s 

(2.42)

where a, an and as are the coefficients of contact normal, contact normal force and contact shear
force anisotropies, respectively.
Direct shear test was developed to experimentally obtain the shear strength properties of soil.
Considering the principle of experimental shear test, several numerical simulations were
performed by Wang et al. (2007b); Wang and Gutierrez (2010). Their research focus on the
discrete method. Mesh-free method was also used in Wang et al. (2007b) as reviewed above from
Wang et al. (2007a). Wang et al. additionally presented an extended Rowe-Davis framework to
describe the internal stress, dilatancy and shear banding characteristics of the granular soil. Peak
and critical state data from the simulations are in good agreement with the extend flow rule which
means that the effect of non-coaxiality is minor for granular material at peak state.
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2.4.

Soil Response of Uplifting Plate Anchor

Offshore anchoring system are needed to hold the buoyant facilities in their stations and
needed to provide addition capacities to withstand the extreme oceanic conditions. Floating
facilities are installed in deep water where it is impossible to install fixed structures. There are
many type of anchors applicable in offshore anchoring system which are classified as surface
gravity anchors and embedded anchors. Among all the anchor types, suction embedded plate
anchor (SEPLA) is a common used form of plate anchor see Figure 2-14. Like ground plate anchor,
the embedment of SEPLA, SEPLA shapes and soil properties surrounded SEPLA play significant
role on the capacities or the hold structures. The configuration of SEPLA is shown in Figure 2-15.
The following section shows the literature related to the researches of plate anchors from
experimental tests, numerical simulation and analytically analysis (O’Loughlin et al. 2006).

Figure 2-14 Installation and deployment of a suction embedded plate anchor after
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Figure 2-15. The configuration of SEPLA after Yang et al. (2011)

2.4.1.

Experimental Investigation of Uplifting Plate Anchor

Unlike ground anchors, offshore suction embedded plate anchor needed to be keyed after
being installed into the ocean floor. The vertical load will rotate the anchor to an approximately
horizontal orientation shown in Figure 2.14. The uplifting behavior of the SEPLA and ground
horizontal plate anchor in soil, especially in sand would be reviewed herein.
The vertical uplift of ground plate anchor in soil is commonly applied by previous
researchers (e.g. Meyerhof and Adams 1968; Chattopadhyay and Pise 1986; Murray and Geddes
1987; Merifield and Sloan 2006); Murray and Geddes (1987) experimentally and analytically
analyzed different factors and their influence on the uplift behavior of the plates embedded in the
sands. Anchor plate size, shape, embedment depth, soil density and plate surface roughness were
considered in the research. The soil and anchor properties were summarized in Table 2-1. There
was no field-tests being applied, however, small-scale prototype laboratory tests were performed
as well as the equilibrium and limit analysis on different anchor shapes, e.g. rectangular plate
anchor, circular plate anchor and strip plate anchor. Trends and behavior patterns were observed
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in the laboratory test which are valuable in developing the understanding of anchor performance
in large-scale.
Peak anchor pullout resistance was defined as the ultimate resistance (P), and dimensionless
load coefficients was defined as P/γAH in which γ is the soil unit weight, A is the anchor area and
H is the embedment depth. P/γAH was found to increase with increase of embedment ratio which
was defined as H/B. The displacements at failure δ would also increase with increase of H/B. P
and δ would increase with increase of surface friction angle. P/γAH was found to be larger in very
dense sand than in medium dense sand. δ would be smaller in very dense sand than in medium
dense sand.

Table 2-1 Soil and anchor properties used by Murray and Geddes (1987)

Soil and Anchor Parameters
Aspect Ratio (L/B) with
B=5.08cm

1-10

Thickness (cm)

0.8

Pullout Rate (cm/min)

0.071

D50 (mm)

0.25

Density (Dr) (Dense Sand)

85.9

Porosity (Dense Sand)

0.37

Angle of shearing resistance

44

Density (Dr) (M.Dense)

42.1

Porosity (M. Dense)

0.41

Angle of shearing resistance (°)
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Conventional and centrifuge test on small prototype anchors were performed by Dickin
(1988) to investigate the influence of anchor geometry, embedment depth and soil density on uplift
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capacities. The breakout factors, defined similar to the dimensionless load coefficient by Murray
and Geddes (1987) above, increase with the embedment depth and soil density but reduce with the
aspect ratio. The soil and test properties were shown in Table 2-2. The uplift resistance was found
to be increase linearly with anchor vertical displacement initially and decrease to show a welldefined peak resistance at shallow embedment depth. That was not the case for depth embedded
anchors, especially for anchors with high aspect ratios. The peak resistance of which exhibited
oscillatory behavior at large displacement. The dimensionless form of failure displacement (Df/B%)
was generally increase with H/B for both conventional and centrifuge tests. Ultimate pull-out
resistance and failure displacements both increase with embedment ratio.
Table 2-2. Soil and test properties used by Dickin (1987)

Soil and Test Parameters
Anchor load rate (mm/min)

0.23

Cu

1.5

Specific gravity

2.65

D50 (mm)

0.25

Porosity

0.34-0.495

Average unit weight (kN/m3)

14.24-16.0

Plate thickness (mm)

3

Elasticity modulus (kN/m2)

2.07×108

Liu et al., (2011) used a digital image correlation (DIC) method to investigate the soil
deformation around uplift plate anchors through experimental test. Impact factors include particle
size, soil density and anchor embedment depth were investigated. The author in the paper tracked
the points with maximum shear strain values to form the failure surface. Similar soil responses
were considered in this paper to the work presented by Murray and Geddes (1987); Dickin (1988).
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For the anchor embedded into loose sand, breakout factor increase linearly with embedment depth.
And the slope is changing for dense sand. There is a truncated cone observed for dense sand, which
extends to the surface, while a cylindrical influence zone for loose sand without extend to the
sample surface. In loose sand, the anchor of the cone-shaped failure plane to the horizontal in
shallow anchors was found to be 45°+ φ’/2, however, no failure plain was found when the depth
was increased. In dense sand, a truncated cone failure surface was observed in the shallow anchors.
The peak resistance of the anchor in loose sands was found to be much smaller than that in the
dense sand.
In addition to the factors considered by Murray and Geddes (1987), Dickin (1988) and Liu
et al. (2011), initial stress state K0 was considered by Rowe and Davis (1982) to investigate anchor
plates in sands. Besides that the soil dilatancy and anchor roughness affected the anchor capacity,
K0 was found to have small effect on anchor capacity. Numerical, theoretical analysis and model
tests were conducted by them. Model tests were performed in a dry, medium dense sand with γmin
= 14.3kN/m3 and γmax = 17.3kN/m3. Thirty-six tests results showed that collapse of the anchor in
soil has a very little deformation at the soil surface when the volume is constant and the plastic
region is very small. For the material with an associate flow rule (ψ = φ), the effect of dilatancy on
anchor capacity increase nonlinearly with increase of friction angle. The collapse load is
independent of loading path or initial state.
Factors affecting the uplift resistance of objects embedded in ocean bottom were considered
by Vesic (1969) as well as the effects of eccentric, inclined loading and slope of ocean bottom.
Failure patterns in the overburden soil were found to greatly affect the breakout force as well as
the embedment depth, soil types. Soil suction and soil cohesion between object and surrounding
soil were treated as the problem of pore-pressure difference on the two sides of the object during
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the pull-out loading. Moreover, additional factors or areas, soil liquidity, the development of
adhesion between objects and surrounding soils, soil suction were recommended as well.
Techniques for predicting the maximum uplift forces were summarized by Taylor and Lee
(1972). In addition to the factors like embedment depth, soil type, method of loading was also
considered in their work. Immediate, long-term static, and long-term repeated loadings were
considered. Anchor holding capacities embedded into the soils under different loading were found
to be significantly different. So did Andreadis et al. (1981). They specifically considered anchors
embedded into seabed subjected to a wide range of loading conditions, static, repeated and staticrepeated combined loading. Experimental tests were performed on different anchors under
different loading conditions embedded into two different sands. Stress magnitudes were found to
be affected by both anchor size and embedment ratio. Vertical soil stresses were substantial above
and near the anchor body. The influence zone is approximately five times the anchor diameter.
Because for rapid penetration, the time is too short to let the excess pore water pressure to dissipate,
only a limited dissipation of induced pore water pressure took place when the stresses were rapidly
applied to dense sands, so initial holding capacities were thus increased.
Similar research was performed by Petereit (1987) to investigate the behavior of plate
anchors subjected to static and cyclic loading. Different types of marine anchors were considered.
Static pullout behavior was found to be influenced by pullout rate, embedment depth, and anchor
shape. However, the rate of displacement for cyclic pullout behavior is determined by maximum
cyclic load and the difference between the maxim and minimum cyclic load. Experimental tests
were also performed hereby, the soil properties were shown in Table 2-3
Slap anchors have the similar properties as typical plate anchor. Similar factors need were
considered for analyzing the anchor properties by Frydman and Shaham (1989). In their paper, a
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comprehensive approach considering density of sand, embedment depth, anchor inclination and
shape of slab were presented by using published experimental data and experimental results
obtained by themselves. The pullout capacity of a horizontal slab can be defined in terms of shape
factor as Equation (2.43)
S   Nq 

r

N 
q

(2.43)

c

where (Nq)r is equal to P/γHA, and (Nq)c is breakout factor for continuous slab. The shape factor of
square plate anchor has a relationship as Equation (2.44)

Ssq  1.51  2.35log( H / B)

(2.44)

Table 2-3. Soil properties used by Petereit (1987)

Soil Parameters (Ottawa 80)
Particle shape

Subangular

Cu

1.9

Cc

0.9

Friction angle (◦)

40

Maximum dry density
(g/cm3)

1.70

Minimum dry density (g/cm3)

1.47

In-situ dry density (g/cm3)

1.65

Effective unit density (g/cm3)

1.02

Void ratio

0.61

The shape factor of rectangular slab can be related to the shape factor of square slab as shown
in Equation (2.45)
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S  1

B / L  0.15
( Ssq  1)
1  0.15

(2.45)

The pullout capacity of horizontal, rectangular slab anchor can be predicted by using
Equation (2.46) for dense sand and Equation (2.47) for loose sand under H/B ≥ 2.
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(2.47)

The friction angle φ in Equation (2.46) and Equation (2.47) was taken as 45° for dense sand
and 30° for loose sand. Many field tests were performed herein to verify the relationships.
Comparison analyses between experimental and numerical simulations were performed by
Sakai and Tanak (2007) to investigate the scale effect of shallow circular anchors. The shear band
propagation direction was observed to a function of soil density alone. Maximum uplift resistance
was found to increase with increasing soil thickness. Breakout factor was found to decrease with
the increase of plate diameter for dense soil but to keep constant of medium dense soil.
2.4.2.

Numerical Simulation of Uplifting Plate Anchor

The majority of previous researches is based on physical experiments. However, some other
researches are also about numerical analysis, for example Merifield and Sloan (2006). The authors
in the paper presented a finite element method to estimate the pullout load of plate anchor in sands.
The bounds were obtained by upper and lower bound theorems of limit analysis, and breakout
factors (Nγ = qu/γH) under different internal friction angles and different embedment ratio (H/B)
were presented in the paper. Horizontal and vertical plate anchor were both analyzed by them
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Merifield and Sloan (2006). They found that for deep anchor (H/B>4), failure consists of the
assumption of upward movement of a rigid column of soil immediately above the anchor. However,
for relative shallow anchor (H/B≤4), the bulk of the soil column above the anchor remains nonplastic, and the lateral extent of plastic shearing is extensive. The vertical extent of the non-plastic
zone would decrease with the increase of internal friction angle.
For the very deep anchor with H/B≥10 where φ’ = 20°, they found that the material changes
from an elastic state to a plastic state. The compression of the soil adjacent to the anchor will
produce a velocity along the soil-anchor interface. Lateral shear resistance was found to increase
with increase of internal friction anchor at a certain embedment depth. No shearing was observed
beneath the anchor plate. Similar to the results shown by Murray and Geddes (1987), anchor
surface roughness was found to have little effect on the calculated pullout capacity at all
embedment depths and all friction angles.
Elasto-plastic finite element analysis was used by Rowe and Davis (1982) by assuming the
anchor to be rigid and thin, and the soil was also assumed to have a Mohr-Coulomb failure criterion
and either an associated or non-associated flow rule. The failure within the soil was considered as
plastic failure, and shear failed at a frictional, dilatant soil structure interface. The ratios of the
plastic volume strain rate 𝜖̇𝑣𝑝 to major principal strain rate 𝜖̇1𝑝 are shown in Equation (2.48)

vp

/

1p

N 

 1  N

1  sin
1  sin

(2.48)

where ψ is the angle of dilatancy. Finite element method was found to be in reasonable agreement
with available elastic solutions and classical plastic solution for limiting case.
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2.4.3.

Analytical Analysis of Uplifting Plate Anchor

Together with experimental tests and numerical simulations, equilibrium and limit analyses
were performed by previous researchers (e.g. Meyerhof and Adams 1968; Chattopadhyay and Pise
1986; Murray and Geddes 1987; Dickin 1988). In addition to the experimental tests summarized
above, equilibrium and limit analysis developed by Murray and Geddes (1987) will be summarized
firstly in the section. The diagram of strip anchor in equilibrium analysis is shown in Figure 2-16.

Figure 2-16. The parameters of equilibrium after Murray and Geddes (1987)

Figure 2-16 shows the details of an equilibrium analysis of a vertical uplift of a strip anchor.
The ultimate resistance is equal to the soil weight vertically above the plate anchor (Wbd) and the
twice weight of the soil in wedge abc (Ww) and added to the vertical component of friction
resistance (F). The dimensionless load coefficient can be shown in Equation (2.49)

tan  tan  w
P
H
 1
 BH
B tan  w  tan( '  )

(2.49)

where ϕ′ ≥ δw ≥ (𝜙′ − α) ≥ 0, δw is equal to 3 𝜙′ /4. If α = θ, there is a straight line failure
configuration. Note that α is the inclination angle of tangential of failure surface to the vertical.
The limits of the uplift capacity are shown in Equation (2.50)
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P
H
 tan  '
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where the lower limit of uplift resistance in Equation (2.50) is equal to the weight of soil right
above the plate anchor which is unrealistic. The practical approach they took is the average value
of θ = α = 𝜙′ /2 and δw = 3 𝜙′ /4, therefore, Equation (2.49) can be rewritten as Equation (2.51)

P
H
'
 1   sin  sin 
 BH
B
2

(2.51)

Unlike the failure surfaces postulated by Murray and Geddes (1987), a log-spiral failure
surface was developed by Rao and Kumar (1994) for vertical uplift capacity of shallow horizontal
strip anchor in a c- 𝜙′ soil. Effects of cohesion, surcharge and soil density were defined as
functions of embedment ratio λ and friction angle 𝜙′, the assumed failure mechanism of the anchor
during uplifting is shown in Figure 2-17

Figure 2-17. Failure Mechanism during uplift after Rao and Kumar (1994)

The failure surface was assumed from the edge of the anchor plate to be an arc of log spiral
meeting tangentially the Rankine passive zone at E shown in Figure 2-17. Moreover, plate anchor
was assumed to be smooth and the soil at failure follows the Mohr−Coulomb criterion. This
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problem was considered as 2D plane strain problem, the pullout resistance is defined as Equation
(2.52)

Pu  2

 B /2

0

pdy

(2.52)

The ultimate pullout load Pu per unit length of the strip anchor was as Equation (2.53)

Pu  WR  cFc B  qFq B  0.5 B 2 F

(2.53)

where B is anchor width; WR is the rectangular portion of the soil mass over the anchor plate (γBD),
Fc, Fq, Fγ are factors corresponding to cohesion, surcharge and unit weight respectively. The plate
anchor embedded into sandy soil can be calculated when c = 0 for Equation (2.56). Both 𝜙′and γ
affect the uplift capacity significantly. Factor Fγ was found to increase 1.5 to 2 times when φ
increases from 25° to 45°. The method was applicable to calculate ultimate pullout resistance of
plate anchor.
Rowe and Davis (1982) presented a theoretical method by expressing the average applied
pressure qu as Equation (2.54)

qu   hF

(2.54)

where h is the depth to the bottom of the anchor and 𝐹𝛾′ is an anchor capacity factor related to
orientation, embedment ratio, friction angle, dilatancy, initial stress state and roughness which is
shown in Equation (2.55)

F  F R RR RK

(2.55)
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where Fγ is an anchor capacity factor resting in soil with zero deformation and coefficient of earth
pressure at rest. Rψ, RR, RK are correction factors for soil dilatancy, anchor roughness, and initial
stress state, respectively.
Chattopadhyay and Pise (1986) presented a theoretical model assuming a curved surface of
failure through the soil. A concept called characteristics relative depth, after which the breakout
factor is constant, was defined. The breakout factor was defined similar to the dimensionless load
coefficient by Murray and Geddes (1987). The failure surface for the method was assumed to be
initiated tangential to the edge of plate anchor and went through to the soil to an inclination of 45°
− φ/2 at ground surface. The extent of the failure surface is dependent on the friction angle φ. The
breakout factor was found to increase at shallow depth and decrease with the increase of
embedment ratio.
One another theoretical method to determine the uplift behavior of horizontal anchor plate
was developed by Koprivica (2009). The failure surface was assumed to be a log-spiral vertically
tangent to the plate anchor and went through to the surface with an inclination of 45°− φ/2.
2.5.

Soil Response of Dynamically Penetrated Anchors (DPA)

Dynamically penetrated anchors (DPA) also called “torpedo” anchors or “rocket” anchors
are used as foundations of mooring deep water offshore facilities. They are constructed by a conetipped cylindrical steel pipe sections filled with concrete or scrap chain and have a pad eye at the
top, as shown in Figure 2-18. DPA can be penetrated to the seabed by the kinetic energy which is
acquired during the free fall through the water. A mooring line is typically connected to the top of
the anchor. The design of DPAs includes the estimation of embedment depth and holding
capacities for both long-term and short term. The design methods have been developed by both
experimental tests and numerical simulations. Previous experimental and numerical analysis will
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be summarized in the following herein. Additionally, considering the similar behavior of anchor
penetration and pile installation, work about pile installation will also be touched in this part.
2.5.1.

Experimental investigation of DPA

Experimental tests were performed by many researchers based on full-scale in-situ tests as
well as small scale centrifuge tests (e.g., True 1976; Freeman et al. 1988; Lieng et al. 1999, 2000;
O’Loughlin et al. 2004; Ehlers et al. 2004; Audibert et al. 2006; Shahin and Jaksa 2006; Richardson
2008; O’Loughlin et al. 2009; Raie and Tassoulas 2009; Richardson et al. 2009; Lieng et al. 2010;
O’Loughlin et al. 2013; Kim et al. 2014; Hossain et al. 2015). Most of the tests were performed in
cohesive soils. The influence of impact velocities on the embedment depths is the general concern
of the penetration behavior. And the influence of anchor shape and soil profile on anchor holding
capacities is the other general consideration during pullout.
Field tests were performed by Medeiros, Jr. et al. (2002) on the southeastern Brazilian coast
along with model tests aimed at presenting an overview of factors of the DPA systems. The factors
include design, installation procedures and cost estimation, etc. Characteristics such as weight and
shape were considered in both field and model tests. Full-scale in-situ tests performed to analyze
the driveablity and holding capacity in normally consolidated, over-consolidated, and sandy soils
in three different fields. Results were found that under the same drop height, say right above seabed,
tip penetration depth into normally consolidated clay is much higher than these of over
consolidated clay and sand. The installation procedures are shown in Figure 2-19. For the load
tests, the soil resistance was found to increase with the pore water pressure dissipation.
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Figure 2-18. Dynamically Penetrated anchors (a) torpedo anchor and (b)1:3 reduced scale deep penetrating
anchor after Richardson et al. (2009)

The prediction of penetration depth is a key aspect in determining the ultimate holding
capacity. The holding capacity is dominated by fluid drag resistance at shallow depths and shearing
resistance at further depths (e.g., Randolph and Gourvenec 2011; O’Loughlin et al. 2013). Model
tests were performed by O’Loughlin et al. (2013) of DPA in normally consolidated clay to explore
the response of the penetration responses. Anchor embedment depth under different anchor impact
velocities and anchor net weight were analyzed by them. According to the definition of kinetic
1

energy 𝐸𝑘 = 2 𝑚𝑣 2 , impact velocity was found to influence more than anchor weight on the
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embedment depth. Total energy along with the embedment depth was also evaluated and compared
to field experimental tests data. They found that anchor with decreasing tip embedment with
increasing L/d under constant mass and diameter. Normal stress at the interface is smaller,
resulting in a reduction of interface friction. Higher velocity embedment depth may reduce the
short-term capacity of the anchor. Long-term embedment depth will not be affected.

Figure 2-19. Deep penetrating anchor installation procedure after Lieng et al. (1999)

In addition to the experimental tests, O’Loughlin et al. (2013) also did analytically analysis
based on the worked performed by True (1976). The governing equation is as Equation (2.56).
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m

d 2z
 Ws  Fb  R f ( Ffrict  Fbear )  Fd
dt 2

(2.56)

where m is the anchor mass, z is the depth, t is time, Ws is the submerged anchor weight in water,
Fb is the buoyant weight of the displaced soil, Rf is frictional resistance, Fbear is bearing resistance,
and Fd is inertial drag resistance. The diagram of Equation (2.56) is shown in Figure 2-20.
Frictional and bearing resistance are shown in Equation (2.57).

Figure 2-20. Forces acting on a dynamically installed anchor during installation after O’Loughlin et al. (2013)

Ffrict   su A
Fbear  N c su A

(2.57)
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where α is a friction ratio, Nc is the bearing capacity factor for the anchor tip or fluke, and su is the
undrained shear strength averaged over the contact area A. The drag force is shown in Equation
(2.58).

Fd 

1
Cd  s Ap v 2
2

(2.58)

where Cd is the drag coefficient, ρs is the density of soil, Ap is the projected anchor area, and v is
the current anchor velocity. The dependency of shear strength on shear strain rate is semilogarithmic or power function as Equation (2.59)
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(2.59)

where 𝛾̇ is the strain rate which can be approximated as normalized velocity v/d.
Moreover, they also applied an energy method by considering the sum of kinetic and
potential energy of the anchor. The total energy has a relationship as Equation (2.60).

ze  Etotal

d eff  kd eff4

1/3





(2.60)

where the effective anchor diameter, deff , accounts for the additional projected area from the anchor
flukes. The comparison of centrifuge and field embedment data is shown in Figure 2-21.
Centrifuge tests were conducted earlier by O’Loughlin et al. (2004) also to study the
behavior of deep penetrating anchors. A series of centrifuge model tests was performed to evaluate

54
different methods of predicting anchor performance. Centrifuge modeling can accurately simulate
prototype body force and stress conditions in a reduced scale model.
They reported that soil resistance and drag coefficients predicted by existing models agreed
with the centrifuge data. The scaled model was a torpedo anchor. Peak holding capacity can be
computed as Equation (2.61).

Fv  Ws  Ff  Fb

(2.61)

where Ws is the submerged weight of the anchor, Ff the frictional resistance along the anchor shank
and fluke walls, and Fb is the bearing resistance at top and bottom of the anchor shank. Impact
velocity can be calculated by considering the fluid mechanics as Equation (2.62).

vi 

2W
Cd Ap  w

(2.62)

where vi is the impact velocity, Wb is the buoyant weight of the anchor in water, Cd is the
dimensionless drag coefficient, Ap is the projected area of the anchor and ρw is the density of water.
The impact velocity along from different drop height is shown in Figure 2-22. Full-size DPA were
installed with impact velocities ranging from 24.5m/s to 27m/s by Lieng et al. (2010) and Audibert
et al. (2006) as well.
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Figure 2-21. Comparison of centrifuge and field embedment data by using energy method after O’Loughlin et
al. (2013)
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Figure 2-22. Measured anchor impact velocities after O’Loughlin et al. (2004)

Capacity of dynamic penetrated anchors in normally consolidated clay (kaolin clay) based
on centrifuge tests were performed using a 1:200 scaled model anchor by Richardson et al. (2009).
Richardson et al. (2009) found that short-term capacity is dependent on the anchor impact velocity.
Shear strength will decrease as the disturbance at anchor installation and then recover as the soils
around anchor remold. Excess pore pressures was generated during anchor installation which will
reduce the effective stress along the shaft, resulting in a loss of frictional resistance and low
capacity. The peak vertical capacity Fv measured during anchor pullout is corrected by submerged
weight and normalized by the anchors projected area and the average undrained shear strength at
final embedment depth as shown in Equation (2.63)

FN 

Fv  Ws
su ,ave  Ap

(2.63)

They extrapolate the normalized data to estimate the initial short-term anchor capacity by
using a curve fitting function expressed as Equation (2.64)
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Fn
A1  A2

 A2
Fmax 1  (T / T0 ) p

(2.64)

where A1 is initial normalized capacity ratio, A2 is final normalized capacity ratio, T0 is midpoint T
value between A1 and A2, and p is fitting parameter determining the slope of the curve.
The dynamic installation process resulting in lower short-term capacities than quasi-static
installation was found by them. The capacity immediately following installation is dependent on
the impact velocity. Higher impact velocities lead to lower short-term capacities. A value
immediately after installation is 30% of the ultimate capacity. Comparing to suction caissons, the
time required for a DPA to develop its ultimate capacity will significantly longer than the required
one for suction caissons.
A series of in-situ anchor pullout tests was carried out to investigate the impact of factors
affecting the pullout capacity of small anchors by Shahin and Jaksa (2006). Six methods
determined from cone penetration tests were presented to calculate the pullout capacity. An
artificial neural network model were used to compare the results obtained from CPT tests. Pullout
capacity was found to be affected by several factors, including cross-sectional shape, anchor width,
embedment length, surface roughness, the type of soil in which the anchor was embedded, and the
method used to install the anchor (static or dynamic). Static installation produced higher pullout
capacities than dynamic installation. Because static installation causes less soil disturbance of the
adjacent soil. The ultimate pullout capacity of a small anchor obtaining by the CPT-based method
is shown in Equation (2.65)

Q u  Qs  f aveC p L

(2.65)
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where fave is the average unit interface friction over the embedded depth of the anchor, Cp is the
perimeter of the anchor cross section. Base resistance and weight were neglected for small anchors.
Hossain et al. (2014) performed a series of centrifuge experiments to investigate the
installation and pullout behaviors of dynamically penetrated anchors in clay and silt. They found
that the larger the drop height, the larger the embedment depth. Embedment depth was also found
to increase with a decrease in the undrained shear strength of the soil. Pullout capacities were
evaluated considering different pullout angles and anchor geometries. Anchor rotations were found
to decrease with the increase of pullout angle. Anchor geometry was found to have a significant
influence on holding capacity. Anchor holding capacity was found to increase with time after
installation, likely due to the dissipation of excess pore water pressure.
Hossain et al. (2015) constructed a series of models tests on the DPA installation as well as
anchor pullout in a lightly over-consolidated calcareous silt. The model tests were performed by
using centrifuge equipment. The measured results were used to calibrate analytical models based
on strain-rate dependent and quasi-static model. A total energy method, similar to O’Loughlin et
al. (2013), was applied to predict the embedment depth. Factors like the impact velocity, reconsolidation time and mud-line loading angle on anchor performance were considered. Results
were found that the embedment depths achieved in calcareous silt are 18.5-19.5% shallower than
those in clay and stain rate dependency was stronger in calcareous silt than in clay. Calcareous silt
was found to be dilative while clay was found to be contractive.
The holding capacity of DPAs subjected to vertical loading has been primarily considered
by previous researchers. In addition to the vertical loading, holding capacity with inclined loading
was applied by Fu et al. (2017). They found that anchor failure is mostly controlled by the ultimate
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horizontal capacity when the loading angle is larger than 60° to the vertical. However, the failure
model is between vertical and horizontal when the loading angle is between 45° and 60°.
Similar to the dynamically penetrated anchors into seabed soils, small scale penetrator tests
into granular materials have been put forward (e.g. Colp, J.L. 1965; Pyrz, A.P. 1969; Wang, W.L.
1969, 1971; Fragaszy and Taylor 1989; Taylor et al. 1991; Van Vooren et al. 2013). Constant
velocity experiments were performed by Colp, J.L. (1965) to investigate the penetration of a blunt
body into granular materials. The continuous penetration mechanism was compared to the soil
ultimate strength theory. And the influence of velocity and penetrator width on the resistance of
penetration had been analyzed to determine whether Terzaghi formula for bearing capacity could
be used to compute the resistance to penetration of a projectile into the granular material. Results
showed that both unit and total load on the penetrators decreased as the velocity of penetration
increased. Unit loads on the penetrator decreases as penetrator width increases. They found
Terzaghi static bearing capacity formula could give reasonable results limited in a particular region
of penetration velocities, depths and penetrator widths.
A series of lab tests were performed by Fragaszy and Taylor (1989) on dry sands to evaluate
the influence of confining pressure on projectile penetration depth. Centrifuge tests were
performed to simulate the full-scale stress levels in soil. Strength and frictional characteristics of
soil, impact velocity, target medium, velocity regime, and penetrator shape were found to be
critical variables. Velocity was divided into four ranges from free fall (v=0-25m/s) to
hypervelocity (v>3000m/s). And penetration depth was expressed as a function of projectile
geometry, impact velocity and mass.
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Solid spherical projectile centrifuge tests were performed by Taylor et al. (1991). The
penetration tests were performed into granular soil with high speed. Power relationships between
projectile penetration depth and its mass-to-area ratio was developed as Equation (2.66)
0.5

M 
P  0.0117 KSN s  p  (V  30.5)
 A 
 p 

(2.66)

where K is a dimensionless mass-scaling factor, Ns is a dimensionless nose-shape factor, Mp is the
mass of the projectile (kg), Ap is the cross-sectional area of the projectile (cm2), and V is the
velocity (m/s).
The static resistance, which is generally agreed, is one of the most significant variables
affecting the penetration with velocities in the sub-ordinance range (25-500m/s). The ultimate
bearing pressure for dry granular materials can be expressed as Equation (2.67)

qu   DN q   N

B
A

(2.67)

where D and B are corresponding footing depth and width. For the force acting on a spherical
projectile, the kinetic energy can be expressed as Equation (2.68).
P
1
2
2
  M pV  0 B  PN q dp
4
2

(2.68)

where Mp is the projectile mass, Bp is the projectile diameter and P is the penetration depth. The
derivative of Equation (2.68) above is shown as Equation (2.69).

P V

Mp
Ap N q

(2.69)
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The kinetic energy and kinetic energy dissipation (e.g. particle crushing, inertial resistance)
equal to the static resistance. The ratio of projectile mass to area was found to be a significant
influence factor for the penetration depth.
Van Vooren et al. (2013) developed a fundamental understanding of the formation and
transmission of dynamic force chains, the motion, and fracture of the individual sand grains as the
projectile passes. Grain fracture was observed at high speed (v>100m/s) but would not be observed
below 35m/s at which the grains were instead to displace. Grain fracture, pore collapse, and the
formation of force chains govern the sand behavior at small scale. The performance of a
penetration is based on penetration depth, projectile erosion, crater formation and exaction. The
ratio of penetration depth to projectile length was defined as Equation (2.70).
P
~
L

 p 00

(2.70)

where 𝜌𝑝 , 𝜌00 are projectile and target density, respectively.
Typically, penetrator test were studied by considering high velocity impact tests. The effect
of low velocity penetration has also been performed (e.g. Pyrz, A.P. 1969; Wang, W.L. 1969,
1971). Pyrz, A.P. (1965) studied the effects of gravity on the low velocity penetration (V = 8-15m/s)
of a projectile into Ottawa sand. In addition to the tests, a least squares polynomial fit was made
to the penetration-time data of this experiment and the result twice-differentiated to obtain
deceleration-time curves. Shear modulus have a significant effect on the maximum penetration
depth. From the tests, projectile mass, impact velocity, nose shape of projectile have been found
to influence the maximum penetration depth. Properties of the soils is also influence the maximum
penetration depth. The drag coefficient changed abruptly as the velocity of the projectile in the
sand reached the compressional wave velocity of the granular material.
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The general theory of projectile motion during penetration as the form of Newton’s second
law is shown in Equation (2.71).

 dv 
f1 (v0 )  f 2 (v1 )  f3 (v 2 )   M  
 dt 

(2.71)

The resistance force of Equation (2.71) has three different components, static, viscous, and
inertial resistance. Wang, W.L. (1969) carried out penetration test with low velocities ranging from
3-7.5m/s into Ottawa sand. The main resistance against penetration was the static resistance of
sand, which appeared to increase linearly with penetration depth. The constant coefficient of the
inertial resistance is 𝜌𝑎𝑓, where 𝜌 is the density of target, a is the cross-sectional area of the
projectile, and f is a constant that is a function of the coefficient of restitution between projectiles
and sand, f is assumed to be 0.8 by Wang, W.L (1969).
For dense sands, shearing stresses cause grains in the failure zone to rise and the void volume
to increase. The resistance of a granular material to shear is directly proportional to interparticle
stresses, the energy required to shear a dense granular material was increased both as a result of
the rise in interparticle stresses and the draining in pore air.
2.5.2.

Numerical Analysis of DPA

There is very little research in the literature about numerical analysis of DPA installation on
a geotechnical engineering basis using DEM method. Because the installation of DPA is like
impact test- with high velocities impact the being embedded seabed. Computational fluid dynamic
(CFD) and large-deformation finite element method (FEM) (O’Beirne et al. (2014) were found to
be an applicable approach for high speed impact simulations (Raie and Tassoulas (2006, 2009).
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And if under quasi-static condition, DEM was found to be used by Wang and Zhao (2014) and
Ciantia et al. (2016).
Based on the factors of designing torpedo anchors which anchors involves the estimation of
embedment depth and short-term and long-term pullout capacities, a computational method relies
on computational fluid dynamics was built by Raie and Tassoulas (2009). Embedment depth,
pressure and shear distribution were estimated by the built CFD model. A torpedo anchor is
installed by its kinetic energy. No external energy is required. The anchor holding capacity is less
sensitive to the initial estimate of soil shear strength profile, it is a function of the input energy.
The experimentally measured and CFD predicted anchor velocity along with penetration depth
was shown in Figure 2-23

Figure 2-23. Predicted velocity-embedment profile versus measured velocity-embedment data after Raie and
Tassoulas (2009)

In addition to the CFD method used by Raie and Tassoulas (2009), Kim et al. (2014) used
another method called 3D dynamic large deformation FE (LDFE) analysis to analyze torpedo
anchor installing in a lightly consolidated calcareous silt. A parametric study was done to study
the influence of impact velocities on the embedment depth. The penetration was divided into two
stages as shown in Figure 2-24 classified by the green dash line.
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Anchor velocity is very high in stage 1, in which embedment depth are consistent regardless
of rate dependency, inertial drag is the dominant resistance over shallow penetration. However,
soil strength and rate parameters have the significant influence on the penetration profile in stage
2. The influence of impact velocity on the embedment depth was also reported by them and shown
in Figure 2-25.

Figure 2-24. Tip penetration along with times after Kim et al. (2014)
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Figure 2-25. Effect of impact velocity on anchor embedment depth after Kim et al. (2014)

Nazem et al. (2012) performed numerical analyses of free-falling object penetration into soil
using the finite element method, specifically based on the arbitrary Lagrangian-Eulerian approach.
They found that the total penetration depth depends on the initial kinetic energy of the penetrator,
the geometry of the penetrator, and soil properties (e.g. rate parameter and rigidity index). The
penetrator was found to decelerate at a constant rate during penetration, thus the soil resistance
could be estimated by multiplying undrained shear strength by the dynamic penetration factor.
Kim and Hossain (2016) also studied the pull-out capacity of torpedo anchors in clay by
using dynamic finite-element analyses. Different anchor installation effects, including impact
velocity, anchor geometry, padeye position and pullout angle were considered. The installation
method was found to have a significant influence on the vertical pullout capacity. The anchors
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without fins had lower holding capacities than the one with fins. The capacity of anchors subjected
to inclined pull-out loading had capacities between anchor piles and embedded foundations.
In addition to the anchor penetration, pile penetration was studies by Wand and Zhao (2014)
using discrete element modeling. They considered pile installation in crushable sands. Particle
breakage was included in the simulations. The initial stress, soil void ratio, and particle crushability
on the penetration behavior were examined. From the simulations, they found that in-situ stress
and particle breakage were competing factors dominating the tip resistance behavior.
Cone penetration was also simulated by other researchers (McDowell et al. 2012; Liu and
Wang 2015) using discrete element modeling. McDowell et al. (2012) used a particle refinement
method to simulate the cone penetration in granular materials, which ensured that a large number
of particles remained in contact with cone tip to maintain the accuracy of the simulations while
minimizing computational expense. Liu and Wang (2015) did numerical experiments to
investigate the cone penetration behavior with different initial sample properties, e.g., porosity,
particle crushability, and initial stress state. They found that the normalized vertical and horizontal
stress field surrounding the cone have invariable pattern of stress distribution, the normalized
vertical and horizontal stress distributions were both independent of the penetration depth.

Equation Section (Next)
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3.

Quantification of Granular Assembly by Delaunay Triangulation and
Three-Dimensional Image Analysis

The void space and particle characteristics have significant influences on the macroscale
response of a granular assembly. Accurately quantification of void space and identification of
particle characteristics will give better understandings of granular responses. This chapter presents
quantitative approaches of local void space quantification and particle characteristics identification
in the aid of three-dimensional digital image analysis. As an in-depth analysis, the authors deepen
Oda’s two-dimensional image segmentation approach to three-dimensional by using Delaunay
triangulation. Morphological image processing skills (e.g. image erosion, dilation and opening) of
three-dimensional binary images are used for both image segmentation and particle characteristics
identification. Algorithms of void space quantification, particle characteristics identification and
particle seeking are all built as well. The segmentation approach has been verified by applying it
to given-geometry packings- simple cubic and tetrahedral packing. Particle characteristics
identification and particle seeking algorithms both verified by applying to particles/assemblies
with known information (e.g. geometry). Results show that the built algorithms are robust and can
accurately quantify/identify void space/particle characteristics of the granular assembly.
3.1.

Introduction

The microstructure of granular soils (i.e., its structure at the scale of individual grains or
pores) is largely determined by deposition mechanisms, stress history, soil mineralogy, particle
shape, and electrochemical forces. Initial microstructure will affect the shearing response of the
soil and a forensic analysis of post-shearing microstructure can provide insight into the failure
mechanisms and mesoscale volumetric behavior of the soil (Frost and Jang 2000; Jang and Frost
2000; Evans 2005). Laboratory studies of the microstructure of granular soils are typically time
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consuming and expensive due to the extreme care that must be exercised when generating,
preserving, and quantifying the microstructure of a given specimen, yet they remain the only
currently feasible approach for robust analysis of the grain-scale structure of real particulate
materials. Given the expense associated with generating high-quality laboratory data, it is prudent
to make maximum use of these data when they are available.
Discrete element method (DEM) studies of microstructure are faster and less expensive, but
they may require significant computing resources and often result in the quantification of
microstructural parameters that are difficult to validate against real granular assemblies (e.g.
Bathurst and Rothenburg 1990). Nonetheless, numerical models have shown a good ability to
reproduce macroscale material response and generate microstructural parameters that are
consistent with the current state of knowledge (e.g., when compared to analytically-based solutions
for simple geometric packings). It is thus necessary to have a suite of tools that will facilitate the
calibration of DEM models across all scales of interest and to provide a mechanism for truly
integrated experimental/numerical investigations of the structure and mechanics of granular soils.
Digital image analysis (e.g. Kuo and Frost 1995; Frost and Kuo 1996; Kuo and Frost 1996, 1998;
Khalid et al. 1999; Jang and Frost 2000; Khalid et al. 2001) and X-ray computed tomography (CT)
(e.g. Garboczi 2002; Oda et al. 2004; Wang et al. 2004; Al-Raoush and Alshibli 2006; Alramahi
and Alshibli 2006; Alshibli and Hasan 2008; Hasan et al. 2008; Hasan and Alshibli 2010; Fonseca
et al. 2013a, b; Hashemi et al. 2014; Zhou et al. 2015) are two tools that have been previously
used to quantify the microstructures, indirectly. These methods provide images that facilitate
interpretation of understanding microstructures and provide the means to study the microstructures
in granular assemblies (Jang and Frost 2000). However, they cannot directly provide the
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measurements (e.g. local void ratio and particle characteristics) of granular assemblies, which
requires algorithms to be built to measure the properties at the particulate scale.
The void space of granular material can provide information about uniformity, deformation
and hydraulic conductivity (Holtz et al. 2011). The distribution of local void space is believed to
be an important characteristic for investigating mechanical behavior of granular materials (Frost
and Kuo 1996). Quantification of void space for sands using image analysis have been studied by
many researchers (Bhatia and Soliman 1990; Frost and Kuo 1996; Alshibli and El-Saidany 2001;
Al-Raoush and Alshibli 2005; Alshibli and Hasan 2008). The basis to determine local void ratios
are 1), to segment image into different local areas/ volumes, and 2) to compute void spaces and
their percentages in each segmented different areas/volumes. Oda (1976) first proposed a method
based on polygon systems to experimentally determine the distributions of local void ratio from
2D images. Typically, algorithms to segment the images are various in different areas (e.g. civil
engineering and medical). Watershed transform (e.g. Beucher and Lantuéjoul 1979; Sijbers et al.
1997; Mangan and Whitaker 1999; Straka et al. 2003; Al-Raoush and Alshibli 2006; Jaquet et al.
2013), Voronoi tessellation (Alshibli and El-Saidany 2001) have been used to segment 2D and 3D
images. There are also open source codes for image segmentation (e.g. Voro++ and ImageJ).
Voro++ (Rycroft 2009) is based on the radical Voronoi (i.e., Laguerre) tessellation to segment
spherical particles, local porosities can be obtained through the segmented Voronoi cells. ImageJ
(Abramoff, 2004) is powerful image analyzer, the segmentation and quantification by ImageJ is
based on sorting different image values or setting different thresholds, Watershed transformation,
and Voronoi tessellation.
Individual particle characteristics like particle shapes and orientations are important
indicators for the material responses (Evens, et al. 2009). In the granular materials of soil and sand,
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the particle characteristics could be classified with moment of inertia tensor, roundness, sphericity
and particle orientations. The mechanical behaviors of soil are governed by microstructure which
considered as the function of the particle packing and characteristics like particle sizes and shape
distributions (Bowman, et al. 2001). Particle size and shape could also reflect the compositions of
certain materials (Cho, et al 2006). The typical measurement method is based on laboratory
methods (Flemmer, et al. 1993), however, it is a tedious process considering the time spending and
sample preparing. For the laboratory study, the being studied sample is received extreme care and
must be monitored strictly from sample generating, along with sample preserving, to quantifying
the microstructure. Particle projections can also be scoped by using Microscope in the lab and be
fitted as 2D function descriptors.
The built algorithms for quantification are all based on skeleton of influence zone with
different segmentation methods. However, the built algorithms are demonstrated to be robust only
for two-dimensional images. In the paper, algorithms from particle separation, along with particle
labeling, particle seeking, particle edge detection to particle characteristics quantification are all
built based on three-dimensional images to quantify granular assembly void spaces and particle
characteristics in three-dimensions. At this stage, images generated using stereology methods of
regular sample from PFC3D are utilized for algorithms explanation and description.
3.2.

Void space quantification

Microstructure void space quantification based on 2D images previously are classified into
two methods: 1) Oda’s approach and 2) Voronoi tessellation. The difference between Oda’s
method and Voronoi tessellation is shown in Figure 3-1. Local void ratios are calculated based on
the segmented polygons. For Oda’s method, polygons are enclosed by straight lines connecting
the center of the particles (Oda 1976). For Voronoi tessellation, the image is subdivided into
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Voronoi cells where the boundaries of each particle to the corresponding particle centers are closest
(Bhatia and Soliman 1990). Local void ratios of each polygon are calculated by the solid particle
As and voids Av as Equation (3.1).

ei 

AVi
ASi

(3.1)

where ei is the local void ratio, Avi is the void area and Asi is the solid area.

Figure 3-1 Two different segmentation approaches (After Al-Raoush and Alshibli 2006)

For three-dimensional images, Oda’s method can be extended to Delaunay triangulation and
Voronoi tessellation can be extended to construct three-dimensional Voronoi cells. This paper
only focus on the three-dimensional extension of Oda’s method and segment the three-dimensional
image into separated tetrahedrons.
The algorithm built in the paper is an in-depth approach of Oda’s approach, extending from
two-dimensional to three-dimensional image analysis. Three-dimensional image analysis needs
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more computing resources compared to two-dimensional image analysis. The fundamental
element of three-dimensional image is voxel. The computation is more complex as well.
Morphological image processing (e.g., ultimate erosion) and Delaunay triangulation will be both
used in the algorithm construction. The input three-dimensional image is 1) ultimately eroded to
obtain the centroid of each particle; 2) mapped to Cartesian space to obtain the coordinates of each
centroid; 3) Delaunay triangulated to segment the image to different tetrahedrons; 4) mapped each
voxel to Cartesian space to obtain the Cartesian coordinates; 5) to determine number of voxels
within each tetrahedron; 6) to get the volumes of all the segmented tetrahedrons; 7) to obtain the
local void ratio and 8) solid volume weighted local void ratio. Figure 3-2 shows the flow chart of
the void space quantification algorithm.

START

Ultimate Erosion

Tetrahedron
volume

Coordinates of each
Centroid Voxel

Number of Points
inside Each
Tetrahedron

Delaunay triangulation

Map to
Cartesian space

Calculate
LVR

STOP

Solid Volume
Weighted Local
Void Ratio

Figure 3-2. Flow chart of void space quantification

3.2.1.

Delaunay triangulation

The algorithms described below are based on particle centroids; that is, vertices of the
tetrahedrons (e.g. P1, P2 in Figure 3-3) segmented by Delaunay triangulation are the particle
centroids. Therefore, morphological image processing is required to obtain the particle centroids.
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Morphological image processing is used to identify objects based on their form or shape within an
image (Solomon and Breckon 2011). Specifically in our approach, ultimate erosion is employed
to obtain the center of the particles.

Figure 3-3 Tetrahedron

3.2.1.1. Ultimate erosion

Erosion removes small-scale details from a binary image but simultaneously reduces the size
of the object of interest (Figure 3-4). Erosion on a binary image can erode away the boundaries of
the foreground pixels. Ultimate erosion of a binary image, which is a pixel/voxel set with lots of
components/subsets, is defined as a series of erosions that leaves a single pixel (2D image) or voxel
(3D image) for each component of the untouched subset. Each component/subset will be eroded
until one more erosion would remove the component entirely. The erosion of a binary image is the
process of removing pixels/voxels from image boundaries according to certain structural elements
(Gonzalez and Woods 2008).
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(a) Before Image Erosion

(b) After Image Erosion

Figure 3-4 Comparison before and after image erosion

3.2.1.2. Delaunay triangulation

Delaunay triangulation in three-dimensions, which is also called Delaunay tetrahedralization,
is one of the most popular often used methods to generate meshes (2D or 3D planes) or elements
(3D arrays) (Shewchuk, J. R. 1998; Maur, P. 2002). Delaunay triangulation for 3D dataset is a
triangulation with no points inside any tetrahedron. The points considered herein are the ultimate
eroded points corresponding to each particle. The ultimate eroded points for spherical particles are
their centers. Cartesian coordinates of each ultimate erosion points could be obtained according to
the index and locations in the three-dimensional image before being processed by using Delaunay
triangulation. Through Delaunay triangulation, three-dimensional binary image is segmented into
different regions (Španěl et al. 2007). Different tetrahedrons will thus be constructed according to
the ultimate eroded points. The segmented tetrahedrons meet the requirement that circumsphere
associated with each tetrahedron does not contain any other points. Given the sample generated
from PFC3D with certain grain size distribution, the visualized sample and visualization of
Delaunay tetrahedrons are shown in Figure 3-5.
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(a) Full assembly

(b) Delaunay triangulated assembly

Figure 3-5. Full-size sample and corresponding Delaunay tetrahedron

3.2.1.3. Calculation of volumes of each tetrahedron

Local void ratios are calculated based on the segmented tetrahedrons (Figure 3-3 and Figure
3-5). Solid and void volumes of each segmented tetrahedron are calculated based on the vertices
and number of voxels within the tetrahedron. The volume of each voxel is 1. In order to calculate
volume of each tetrahedron, all the voxels are mapped to Cartesian space. One voxel corresponds
to one in Cartesian space. Therefore, image dimensions correspond to three maximum values (x,
y, z) in Cartesian space. Voxels in three-dimensional images are presented as multi-dimensional
array in Cartesian space. The volume of each tetrahedron is calculated by the vertices of each
tetrahedron. See Figure 3-3, if P1, P2, P3, and P4 are vertices of one tetrahedron's four vertices,
then its volume is calculated by Equation (3.2).
1
V    P2  P1   ( P3  P1 )  ( P4  P1 ) 
6

(3.2)
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Voxels inside different tetrahedrons are obtained by checking the indices and locations of
each voxel in the three-dimensional array. For binary image, particle voxels are assigned as 1s and
background voxels (also known as voids) are assigned as 0s. As mentioned above, solid voxels
(1s) have certain locations in the Cartesian space. We just need to search for the locations of 1s in
Cartesian space. Voxel numbers inside each tetrahedron is considered as the solid volume and
others is considered as void volume. Void ratio of each tetrahedron is computed according to the
calculated solid and void volumes as 𝑒𝑖 = 𝑉𝑉𝑖 ⁄𝑉𝑆𝑖 .
3.2.1.4. Solid volume weighted local void ratio

However, for both approaches, the mean value of local void ratios is not equal to the global
void ratio. Because, under most conditions, e.g., for two-dimensional images, the global void ratio
and the mean local void ratio does not meet the relationship shown in Equation (3.3).
n
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(3.3)

Si

From Equations (3.2) and (3.3), only if 𝐴𝑠𝑖 = 𝐴𝑠(𝑖+1) for all the segmented polygons can
make the mean value of local void ratio equal to global void ratio of the whole assembly (Bhatia
and Soliman 1990; Kuo 1994; Frost and Kuo 1996; Evans 2005). Thus, it is difficult to compare
the local void ratio to the measurements of the entire specimen. Solid area weighed local void
ratios is thus introduced to offset the conflict by weighting the local void ratios by their
corresponded solid areas as Equation (3.4).
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where 𝑒𝑠𝑤 the solid area is solid area weighted local void ratio (SAWLVR). The segmentation of
three-dimensional image has the same problem. For three-dimensional images, the corresponded
solid volume weighted local void ratio (SVWLVR) is utilized to quantify the void space,
SVWLVR is denoted as Equation (3.5).
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where 𝑉𝑠 is solid volume and 𝑉𝑉 is void space. Solid volume weighted local void ratio will be used
for the void ratio quantification of three-dimensional images in the paper.
3.2.2.

Algorithm verification

Algorithm verification will be performed in this part by comparing the built algorithm
measured results to the packings with known geometries. Two packings are considered in this part:
simple cubic and tetrahedral packing (Figure 3-6). Both packings consist of equal-radius balls in
contact with each other with no overlaps. Each ball is in contact with six neighbors for simple
cubic packing, while each ball is in contact with twelve neighbors for tetrahedral packing. The
tetrahedral packing is the densest of all possible regular three-dimensional packings. For both
packings, the porosity is independent of the size of the balls.
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Comparisons will be made considering mean local void ratios and global void ratios by
counting the voxels of the two packings. Image resolutions and particle numbers are considered to
evaluate the accuracy and feasibility of Delaunay triangulation on void space quantification.

(a) Simple cubic packing

(b) Tetrahedral packing

Figure 3-6. Simple cubic and tetrahedral packing

3.2.2.1. Simple cubic packing

Suppose the diameter of each ball is R, the porosity of the simple cubic packing is estimated
by Equation (3.6) as.

4 3
R

3
n  1
 1   0.4764
3
6
 2R 

(3.6)

Global void ratio of simple cubic packing is calculated as 𝑒 = 𝑛⁄(1 − 𝑛) = 0.9099. For
simple cubic packing with 5 × 5 × 5 particles, the segmented sample of simple cubic packing
shown in Figure 3-6 (a) is visualized in Figure 3-7 as.
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Figure 3-7. Visualization of segmented simple cubic packing

Each simple cubic unit cell is segmented into three different kinds of tetrahedrons with
different local void ratios (Figure 3-8). Local void ratios (tetrahedral void ratios) locate in three
different ranges around global void ratio corresponding to three different kinds of tetrahedrons.
The theoretical tetrahedron void ratio are 0.52, 0.88 and 1.50, respectively. The ellipses in Figure
3-8 show the local void ratios distribute exactly around the three theoretical values. We consider
here the solid volume weighted local void ratios and global void ratios, both measured by counting
voxels, and then compare them to the theoretical value calculated using Equation (3.6). For
different resolutions of the same sample (125 particles) with scale factors of 20, 40, 50, and 60,
the comparisons are shown in Table 3-1. Scale factor shown in Table 3-1 controls the image
resolution, which is the factor that times the assembly dimension. Because for image generation,
one represents on pixel value. As it is known to all, pixel/voxel is the smallest element of the
2D/3D image. The higher the resolution, the smaller the pixel/voxel size, and the more discrete the
image will be, and the more intact the image information will be kept.
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Table 3-1. Void ratio comparisons between Delaunay triangulation and theoretic value with different resolutions

Scale Factor (Resolution)

20

40

50

60

Global Void Ratio (GVR)

0.95

0.93

0.92

0.92

SVWLVR

0.87

0.89

0.89

0.89

Relative Error Theoretic VS. GVR (%)

3.88

1.84

1.37

1.21

Relative Error Theoretic VS. SVWLVR (%)

4.93

2.68

2.23

1.80

Figure 3-8. Local void ratio distribution of simple cubic packing by Delaunay triangulation (Dashed ellipses
show three theoretical segmented tetrahedron void ratios)

The number of particles in the assembly also influences the calculation of void ratios.
Because in an assembly, the more the particle numbers, the more the ultimate eroded numbers,
and the more discrete the assembly will be segmented, and the less the relative error will be. Here
we consider three different particle numbers (125, 216 and 512) at the same resolution (scale factor
is equal to 40). The relative errors are shown in
Table 3-2.
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Table 3-2. Void ratio comparisons between Delaunay triangulation and theoretic value with different particle numbers

Particle Numbers

125

216

512

GVR

0.93

0.98

0.92

SVWLVR

0.89

0.89

0.90

Relative Error of Theoretic VS. GVR (%)

1.84

7.61

1.24

Relative Error of Theoretic VS. SVWLVR (%)

2.68

2.02

1.43

Table 3-1 and Table 3-2 compare the influences of image resolution and particle numbers
on the void space quantification by using Delaunay triangulation of simple cubic packing assembly.
In general, the higher the image resolution, the more accurate the final results are. Relative errors
between theoretic void ratio and the ones calculated from voxel counting and the mean value of
solid volume weighted local void ratio are both decreasing with increasing image resolutions.
Increasing particle numbers can also decrease the relative error as well.
3.2.2.2. Tetrahedral packing

Porosity of tetrahedral packing assembly is calculated through Equation (3.7).

4 3
R

n  1 3

1

 0.2595
4 2 R3
3 2

(3.7)

The corresponded global void ratio is calculated as 𝑒 = 𝑛⁄(1 − 𝑛) = 0.3504 . The
visualization of 6 × 6 × 6 tetrahedral packing shown in Figure 3-6(b) with scale factor equals to
40 is shown in Figure 3-9. Visualization of segmented tetrahedral packing. The assembly is
segmented into different tetrahedrons.
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Figure 3-9. Visualization of segmented tetrahedral packing

Table 3-3. Void ratio comparisons between Delaunay triangulation and theoretic value with different resolutions

Scale Factor (Resolution)

20

40

50

60

Global Void Ratio (GVR)

0.39

0.39

0.39

0.39

SVWLVR

0.32

0.34

0.34

0.34

12.64

12.07

12.10

11.99

9.56

2.77

2.28

1.71

Relative Error Theoretic VS. GVR (%)

Relative Error Theoretic VS. SVWLVR (%)

Local void ratio distribution of tetrahedral packing (Figure 3-10) shows that local void ratios
of segmented tetrahedrons are distributed around its global void ratio. Larger value might be
explained by considering the image boundaries. Section 2.1.4 mentioned that the mean value of
local void ratio is different from global void ratio. However, mean value of solid volume weighted
local void ratio is equal to global void ratio, theoretically. Two sets of comparisons, similar to
above, are made herein to verify the built algorithm for void space quantification. Image resolution
and particle numbers are both checked in this subsection. The comparisons between global void
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ratio and the mean value of solid volume weighted local void ratio with different scale factors (e.g.
20, 40, 50 and 60) of same assembly (216 particles) and different particle numbers (e.g. 125, 216
and 343) are shown in Table 3-3and Table 3-4. Results are evaluated as well by comparing with
theoretic values.
Table 3-4. Void ratio comparisons between Delaunay triangulation and theoretic value with different particle numbers

Particle Numbers

125

216

343

GVR

0.40

0.39

0.39

SVWLVR

0.32

0.34

0.34

14.67

12.07

10.25

7.39

2.77

1.91

Relative Error of Theoretic VS. GVR (%)

Relative Error of Theoretic VS. SVWLVR (%)

Figure 3-10. Local void ratio distribution of tetrahedral packing by Delaunay triangulation

Table 3-3 and Table 3-4 compare the influences of image resolution and particle numbers
on the void space quantification by using Delaunay triangulation of a tetrahedral packing assembly.
At first glance, the relative error between the theoretical value and that calculated by voxel
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counting is unacceptably large. The reason for the deviation from the closed-form solution is that
for a given three-dimensional image, the three-dimensional image contains void space that should
be filled by fractional particles (i.e., the current example does not cut particles; see the shaded gray
frame in Figure 3-11. One slice of tetrahedral packing). Otherwise, in general, the higher the image
resolution, the more accurate the final results. The relative errors between theoretical void ratio
and those calculated from voxel counting and the mean value of solid volume weighted local void
ratio both decrease with increasing image resolution. Increasing particle numbers also decreases
the relative error.

Figure 3-11. One slice of tetrahedral packing

3.3.

Particle characteristics identification

Particle characteristics identification in this section consists of identification of particle
shape, center of mass, particle sphericity and particle orientation. Algorithms include particle
separation, particle labeling, particle seeking, particle edge detection and particle characteristics
are build herein. Because particle orientations is only feasible for non-spherical particle, thus,
bonded clumps of two overlapped spheres are used in this section. Bonded clumps are generated
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by PFC3D as well. The flow chart of particle characteristics identification algorithm is shown in
Figure 3-12.
In the algorithm, the input three-dimensional images follow steps as: 1) eroded by image
erosion to make particles are not contacting with each other; 2) Edge detection to detect particle
surfaces and label them separately; 3) Calculation of particle mass centers; 4) Mapping of all the
surface voxels from image to Cartesian space and set mass centers of each particle as their origins;
5) Calculation of sphericities, moment of inertia tensors and particle orientations based on particle
surface coordinates.
It can observed that particles are contacting with each other. Image erosion is used to
separate the contacting particles. Image erosion will make particle smaller while not change their
shapes. Each particle is labelled in order to process each separated particle and analyze them
conveniently during compiling. Since all the particles are separated from the built algorithm, all
the separated connected voxels constructed a single particle are labelled as a certain label.
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Figure 3-12. Flow chart of particle characteristics identification

Particle characteristics are identified by particle surface information. Edge detection is thus
utilized to obtain the surface information of each particle. However, there is a problem that if whole
three-dimensional image is processed, edges of different particles cannot be classified so that
information of each particle cannot be obtained separately and accurately. In order to solve this
problem, particle seeking algorithm is developed according to the particle labels discussed above.
The flow chart of particle seeking algorithm is shown in Figure 3-13.
Particle seeking goes first by seeking particles according to the particle labels labeled above.
Then goes to determine how many voxels of each label (particle) and kept their locations in the
three-dimensional array. Then suppress the voxel labels which are different from what we are
seeking to 0 as background. So that different particles would be saved separately in separately 3-
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D arrays. Particle seeking is very important to obtain the information of each particle. Particle
characteristics identification is based on the information of each particle. All the identified surface
voxel is mapped to Cartesian space for further investigation. After the identified particle surface
voxel information being mapped to Cartesian space, moment of inertia tensor, sphericity and
particle orientation are calculated based on Cartesian coordinates. Particle orientation is estimated
as the major axis direction of surface coordinates fitted ellipsoid. Ellipsoid fitting of particle
surface points is also based on coordinates of surface points in Cartesian space which will be
discussed in the follow subsection.
After being separated via the built algorithm above, edge detection is processed to determine
the surface voxels of each particle. Particle surface voxels and inner voxels are marked differently.
For instance, if the edges are marked as 1, the “1s” are kept their locations in the image to determine
the Cartesian coordinates in Cartesian space. Edge detection is significantly important to get other
particle characteristics like mass center, sphericity and particle orientations.
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Figure 3-13. Particle seeking flow chart

3.3.1.

Center of mass

For specific assembly, each particle is considered as homogeneous. The mass center of each
particle is calculated according to the surface voxel Cartesian coordinates. One voxel is considered
as one tiny particle to consist one particle. In the case of a particle, there are 𝑖 = 1, 2, … , 𝑛 surface
voxels, each voxel with mass m. All the being used surface voxel coordinates locate in Cartesian
space 𝑟𝑖 (𝑥𝑖 , 𝑦𝑖 , 𝑧𝑖 )(𝑖 = 1, 2, … , 𝑛) , so that the coordinates of the mass center 𝑅(𝑋, 𝑌, 𝑍) are
calculated as Equation (3.8):
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where 𝑟𝑖 the particle surface voxel is coordinates. The mass center is solved through Equation (3.8)
above as Equation (3.9):
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In Cartesian space:

X

In the formulas above, surface voxel coordinates are determined according to the locations
of each voxel in the three-dimensional image.
3.3.2.

Sphericity

According to Santamarina et.al (2001), sphericity indicates orders of different particles in
different dimensions. Sphericity is defined as the ratio between the surface area of a sphere which
has the same volume as the particle and the particle surface area. Volumes of each particle are
calculated by counting voxel numbers being marked as same labels. And the surface areas of each
particle are also calculated by counting surface voxel numbers. Once the volumes have been
calculated, the sphere surface areas which have equal volumes are easily calculated and thus the
sphericities are easily obtained.
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3.3.3.

Moment of inertia tensor

Moment of inertia is a measure of objects’ resistance to changes to their rotation. The values
of moment of inertia define the capacity of cross section to resist bending. So moment of inertia is
respect to different axis of rotation. The axis passes the origin, which is mass center of the objects
as we calculated above. The moment of inertia of a body is not only related to its mass but also the
distribution of the mass throughout the body. The particles are considered as homogenous. Mass
centers and voxel Cartesian coordinates of each particle have already been obtained, moment of
inertia tensors are thus very easy to obtain. The moment of inertia tensor of one volume is shown
in Equation (3.11):
 I xx

I ij   I yx
 I zx


I xy
I yy
I zy

I xz 

I zz 
I zz 

(3.11)

where 𝐼𝑥𝑥 , 𝐼𝑦𝑦 , 𝐼𝑧𝑧 are moment of inertia of x, y, z axis respectively, 𝐼𝑥𝑦 the xy product of inertia,
𝐼𝑦𝑧 the yz product of inertia, 𝐼𝑥𝑧 the xz product of inertia. The matrix of the 𝐼𝑖𝑗 values is called
moment of inertia tensor. Each component of moment of inertia tensor is obtained through the sum
over each separate mass elements, which also is described as the integral over infinitesimal mass
elements. Moment of inertia of each axis is the integral of volume mass density times the elements
list in the matrix below:
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(3.12)
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The surface voxels of each particle in 3D space are discrete points, the moment of inertia of
each axis (or components in the tensor above) is identified as Equation (3.12): For the algorithms
built in this article, the components of each particle based on particle surface voxel Cartesian
coordinates are considered as separated mass elements. In the study, we assume that sands are
homogeneous, mass elements of each voxel are assumed to have a unit mass. Moments of inertia
of each particle surface voxel about the particle mass center have been computed and then been
added to get the moment of inertia tensors.
3.3.4.

Particle orientations

Particle orientations are obtained within each particle. The typical method to get particle
orientations will be determined through the mass centers and the surface voxel coordinates of each
particle. When the mass of center of each particle is set as the origin of each particle, the surface
voxel coordinates are described by three different values (azimuth, elevation and radius) in
spherical system. The orientation of maximum radius of each surface voxel is corresponding to
the particle orientation. Thus the corresponding azimuths and elevations will determine the
orientations of each particle.

Figure 3-14. Particle orientation of irregular particle and the fitting ellipsoid
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However, for irregular particles, there will be more than one surface voxels have the
maximum radius (Figure 3-14). For irregular particles, there are several different maximum
distances from surface to mass center, but their orientations are different. In Figure 3-14, only
orientation ‘1’ is corresponding to the particle orientation. At this condition, there will be more
than one particle orientation for each particle which is definitely unreasonable. Therefore, another
approach called ellipsoid fitting will be applied to offset this conflict.
Surface voxel coordinates of each particle have already been obtained, which are employed
to fit ellipsoid. Ellipsoid fitting has been performed by many researches (e.g. Markovsky et al.
2004). The free size ellipsoid meets the normal ellipsoid Equation (3.13) below:

Ax2  By 2  Cz 2  2Dxy  2Exz  2Fyz  2Gx  2Hy  2Iz  1

(3.13)

where A, B, …, I are coefficients of the ellipsoid. The free ellipsoid is linear in A, B, …, I, and all
the particle surface voxel coordinates have been acquired above. Ellipsoid is an object denoted by
ellipsoid centroid and semi-axes. And if using vector description, semi-axes a, b and c are
represented by semi-axes directions (Figure 3-15) which are determined by vectors 𝑖⃗, 𝑗⃗ and ⃗⃗⃗𝑘⃗ .
Each of two vectors is orthonormal if none of them is zero. The times of semi-axes and semi-axes
⃗⃗ construct an orthogonal tetrahedron which are constant for the same
directions 𝑎𝑖⃗, 𝑏𝑗⃗ and 𝑐𝑘
ellipsoid’s algebraic representations (Li and Griffiths 2004). They are also called ellipsoid
invariants.
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Figure 3-15. Three orthonormal semi-axes directions of Ellipsoid

For the fitting ellipsoid format Equation (3.13), the coefficient matrix v is:
v  [ A, B, C, D, E, F , G, H , I ]

(3.14)

The corresponding matrix D is as Equation (3.15)
D   x 2 , y 2 , z 2 , 2 xy, 2 xz, 2 yz, 2 x, 2 y, 2 z 

(3.15)

So the ellipsoid equation is denoted as Equation (3.16) as
v  DT  1

(3.16)

The coefficient matrix is solved as Equation (3.17):

v   DT 

1

(3.17)

So that nine coefficients are easily obtained for Eigen-analysis. Algebraic Eigen-analysis is
⃗⃗ ).
applied to find the invariants of the being analyzed ellipsoid (e.g. 𝑎𝑖⃗, 𝑏𝑗⃗ and 𝑐𝑘

94
Moreover, for the ellipsoid 𝐴𝑥 2 + 𝐵𝑦 2 + 𝐶𝑧 2 + 2𝐷𝑥𝑦 + 2𝐸𝑥𝑧 + 2𝐹𝑦𝑧 = 1 , there is a
symmetric matrix 𝐓 constructed to denote the ellipsoid equation in the form of 𝑋 𝑇 𝐓𝑋 = 1 , where
X contains x, y and z. The ellipsoid is denoted as Equation (3.18).

x

y

 A D E   x
z   D B F   y   1
 E F C   z 

(3.18)

 A D E
where T   D B F  is symmetric which stands for the ellipsoid equation as a quadratic form.
 E F C 
The Eigen vectors and Eigen values are calculated through the equation above. Three different
semi-axes a, b and c are computed at the same time. Three corresponding eigenvalues
𝜆1 , 𝜆2 , 𝜆3 meet the relations as Equation (3.19):

1
a2
1
2  2
b
1
3  2
c

1 

(3.19)

When doing Eigen analysis, characteristic polynomial is written in the form of
det(𝑋 − 𝜆𝐼) = 0 which determines Eigen values and the corresponding unit Eigen vectors. The
ellipsoid parameters are thus determined for future particle orientation determination.
3.3.5.

Algorithm verification

One spherical particle is used to evaluate the validity of the built algorithms to get center of
mass, because the centroids of the spheres are known to us before being generated image slices.
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One sphere particle and Five-sphere assemblies are used to evaluate the validity of the built
algorithms to get particle sphericity.
3.3.5.1. Sphericity

When considering sphericity, the centroid of the first sphere is (0.542, 0.387, 0.396) and the
radius of which is 0.396 with a scale factor of 250 when generating image slices. The theoretic
centroid is 25×0.396=(99,99,99) since the image rendering algorithm searches the top& bottom,
right& left and back& front as the boundaries of the image. The calculated results for the built
algorithm is (100, 99, 100), which is slightly different from the theoretic values. The relative errors
are only around 1%.
According to the definition, the sphericities of spheres are equal to 1. The theoretic
sphericities of both one sphere particle and the ten-sphere assembly is equal to 1. However, the
sphericity for one particle sample obtained from the algorithm is 0.955 which is also slightly
different from the theoretic one. The sphericities of the five spheres are 0.907, 0.896, 0.921, 0.902,
and 0.913 separately. As we knew, pixel/voxel is the fundamental element of two/three
dimensional images, which determines the details and measurements of images. The resolution
will absolutely make differences on the measurement/quantification of images. Table 3-5 shows
the changing of sphericities of five particles with the increasing of image resolutions.
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Table 3-5. Sphericities of five particles with the increasing of scale factors

100

150

200

250

300

350

1

0.813

0.868

0.894

0.907

0.916

0.922

2

0.779

0.851

0.879

0.896

0.908

0.916

3

0.858

0.895

0.911

0.921

0.926

0.930

4

0.798

0.858

0.885

0.902

0.913

0.918

5

0.829

0.879

0.902

0.913

0.920

0.925

It can be observed that the sphericities of all the particles are increasing with the increase of
scale factors. The bigger the scale factor, the higher the image resolution. See from the trend, the
sphericities will be 1 when the resolution is high enough.
3.3.5.2. Moment of inertia tensor

The best approach to verify the built algorithm for calculating moment of inertia tensor is
calculating them for sphere particles and compare moment of inertias about x, y, z axes to see if
they are similar or not. Correct algorithms will result in the similar moment of inertias while others
are wrong. Here one sphere particle and five-sphere assembly are employed for verification. The
moment of inertia tensors of one sphere when scale factor is 250 are as follows:
 I xx

I ij   I yx
 I zx


I xy
I yy
I zy

I xz  5.58E08 1.56 E 07
1.13E 05 
 
I zz   1.56 E 07 5.60E08 8.62 E 04 
I zz  1.13E 05 8.62 E 04 6.70E08 

It could be observed that the moment of inertia for x, y and z axis are pretty close to each
other. The value of z axis is much different from the ones of x and y axis. Moments of inertia of x,
y axes are similar with each other. When considering five-sphere assembly, the moments of inertia
tensors are described in Table 3-4.
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Table 3-6. Moments of inertia tensors of five particles

7.95E+07
1

2

3

9.21E+05

1.05E+03

9.21E+05

7.95E+07

-1.62E+03

1.05E+03

-1.62E+03

7.99E+07

3.57E+07

3.72E+05

-1.73E+01

3.72E+05

3.57E+07

-3.90E+01

-1.73E+01

-3.90E+01

3.45E+07

3.40E+08

5.09E+06

8.07E+04

5.09E+06

3.40E+08

-4.46E+04

8.07E+04

-4.46E+04

3.61E+08

4

5

5.14E+07

5.41E+05

5.14E+03

5.41E+05

5.14E+07

1.34E+01

5.14E+03

1.34E+01

5.06E+07

1.45E+08

1.88E+06

3.25E+04

1.88E+06

1.45E+08

1.10E+04

3.25E+04

1.10E+04

1.49E+08

From the Table 3-6 above (bold values), we can easily distinguish the similarities of moment
of inertia around different axes. The moment of inertia of x, y and z axis are similar with each other.
The built algorithms are correct.
3.3.5.3. Particle orientations

As mentioned above, major axis directions of particle surface points fitted ellipsoids are
considered as the orientations of particles. Particles with given geometries are used to verify the
algorithms. In this paper, one sphere, one elongated constructed particle and one scalene ellipsoid
are utilized in this part.
Three semi-axes of scalene ellipsoid are different. Sphere is considered as the special
‘scalene’ ellipsoid with the same semi-axes. The semi-axes obtained from ellipsoid fitting
algorithm are the same as well. For one sphere, when scale factor of the image is 50, the source
surface voxel points and fitting ellipsoid are shown in Figure 3-16.
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Figure 3-16. Ellipsoid fitting of one sphere

The original sphere radius is 1. Thus the radius obtained from image with a scale factor 50
should equal to 50. The generated semi-axes of ellipsoid are 50 as well. After calculating, three
ellipsoid axes are all equal to 50 which are exactly the same as the theoretic values.
For the elongated constructed sample, the orientation of the particle is corresponding to the
direction of the centroids connect two single spheres. The theoretic orientation of the elongated
constructed sample in this study is (√3⁄3 , √3⁄3 , √3⁄3) = (0.577, 0.577, 0.577). Figure 3-17
shows the ellipsoid fitting of the elongated constructed sample.
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Figure 3-17. Ellipsoid fitting of elongated constructed sample

Also, the scale factor is 50. At this condition, the major semi-axis orientation is (0.587, 0.612,
0.531). The difference between which and the theoretic one is (0.010, 0.035, -0.042). The
difference will decrease if increasing the resolution.
At last, scalene ellipsoid is utilized for verification. Centroid of the known scalene ellipsoid
is at the origin and the direction of major semi-axis is along the x axis, the ellipsoid orientation is
then (1, 0, 0). The calculated orientation of the ellipsoid is exactly (1, 0, 0). The fitting ellipsoid is
shown in Figure 3-18.

Figure 3-18. Ellipsoid fitting of scalene ellipsoid
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After being verified through three different kinds of known geometry samples, ellipsoid
fitting is applicable for estimation of particle orientation. We, therefore, conclude that the built
algorithms for calculating particle characteristics are correct.

3.4.

Conclusions

Algorithms of void space quantification and particle characteristics identification were
developed from three-dimensional binary images. Void space quantification method was, an indepth method of Oda’s method (1977), based ultimate erosions and Delaunay triangulation of
three-dimensional binary images. Void space was thus quantified based on the segmented
tetrahedrons. Particle characteristics identification algorithms were based on image erosion, edge
detection of three-dimensional binary images. And all the particle information was sought by
building an algorithm called particle seeking algorithm. Particle orientations were approximated
as the directions of major axes of surface voxel fitting ellipsoids.
Void space was quantified by Delaunay triangulation. Local void ratios were obtained by
counting the voxel numbers of solids and voids within each tetrahedron. Solid volume weighted
local void ratio was introduced to make a comparison between global void ratio and the mean
value of solid volume weighted local void ratio. Algorithm was verified by considering two givengeometry packings- simple cubic packing and tetrahedral packing. Impact factors like image
resolution and particle numbers were evaluated to evaluate the accuracy of the built algorithm.
Results found that the Delaunay triangulation is applicable to quantify the granular assemblies.
The relative error between mean values of solid volume weighted local void ratio and global void
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ratio was very small ≈ 1%, especially increasing image resolutions and particle numbers. The void
space quantification algorithm was thus verified.
Particle characteristics were identified by using morphological image processing skills.
Particle seeking algorithm was also built to obtain information of each particle. Particle
characteristics include center of mass, sphericity, moment of inertia tensor and particle orientations
were all identified from the three-dimensional binary images. Ellipsoid fitting was performed to
get the orientations of particles. Major axes of fitted ellipsoids were considered as the particle
orientations. Algorithms were verified by comparing algorithms identified results to the
corresponding known values. Results show there were good agreements between algorithms
identified and known values.
Both void space quantification algorithm and particle characteristics identification algorithm
are evaluated to be robust to be employed for microstructures quantification based on threedimensional images. Higher resolution images will give better results.
Equation Section (Next)
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4.

Three Dimensional Discrete Element Method
Simulations of Interface Shear

Granular-continuum interfaces are widely presented in geotechnical structures, including
deep foundations, retaining structures, and anchoring applications. Interface mechanical properties
are a function of the properties of the contacting soil and the characteristics of the opposing
interface. Therefore, a robust understanding of granular-continuum interface behavior is essential
to geotechnical practice. This chapter: (1) provides a summary of recent research on the effects of
interface roughness, soil density, particle shape, and friction coefficient on interface behavior and
strength; (2) presents results from three-dimensional discrete element method (DEM) simulations
of granular-continuum interface shear; (3) compares the trends in DEM results to previously
published physical experiments; and (4) investigates the microscale responses of the interface
simulations. The results show that there are good agreements between DEM simulation and
experimental tests under similar interface roughnesses. DEM simulations give a similar bilinear
strength-displacement trend as that previously reported from physical experiments. The interface
failure mechanism is contact reorientation for rougher interfaces and contact sliding for smoother
interfaces, as shown through microscale investigations. Mobilization of rougher interfaces tend to
change to force distribution of the surrounding granular soils.
4.1.

Introduction

Granular-continuum interfaces have significant influence on the behaviors of geostructures
(Frost et al. 2002). A thorough understanding of interface behaviors and failure mechanisms is
essential for geotechnical design and fundamental laboratory testing. Previous studies on this topic
have employed physical experiments (e.g., Uesugi and Kishida 1986a, 1986b, 1988; Evgin and
Fakharian 1997; Dove and Frost 1999; DeJong and Frost 2002; Dove and Jarrett 2002; Hu and Pu
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2004; Frost and Martinez 2013; Hebeler et al. 2015; Martinez and Frost 2017a,b) and/or numerical
simulations (e.g., Jensen et al. 1999; Jensen et al. 2001a, 2001b; Dove et al. 2006; Wang et al.
2007a, 2007b, 2007c, 2007d; Zhang and Evans 2016).
The relationship between the ratio of shear stress to normal effective stress,𝜏⁄𝜎′, and sliding
displacement, 𝛿, has been previously studied for sand-continuum interfaces using physical direct
shear experiments. Uesugi and Kishida (1986b, 1988) described a method for observing the
particle behavior near the soil-steel interface during testing. They found that the sand type and the
surface roughness of the steel were more influential in determining the interface shear strength
than the applied normal effective stress (𝜎′) and the mean grain size, 𝑑50 . In addition, the rolling
of particles along the interface plays an important role in the friction. When the shear stress ratio,
𝜏⁄𝜎′, of the shear zone is smaller than the coefficient of friction at yield, 𝜇𝑦 , this value becomes
the upper-limiting value of coefficient of friction. In addition to interface roughness and
topography, sand friction, sand stiffness, wall friction and wall stiffness are also important for
interface shear behavior. Different construction materials correspond to different frictions and
interface stiffnesses. Potyondy (1961) studied the interface friction between various soils and
construction materials using strain controlled and stress controlled shear tests. Kulhawy and
Peterson (1979) investigated sand-concrete interface behaviors to examine the strength and stressdeformation response. They examined the effects of interface roughness and soil gradation. The
interface friction angle for rough interface materials was found to be equal to or greater than the
soil internal friction angle. Failure was observed to occur inside the soil away from interface.
Smooth interfaces had friction angles smaller than the soil internal friction angle, indicating failure
at the soil-continuum interface. In general, practical problems involve the interaction of different
types of soils with different construction materials. Reasonable interface properties serve to guide
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the construction practices and provide inputs to numerical analyses such that it is possible to reach
meaningful solutions. To this end, Acar, et al. (1982) performed experiments to estimate the effects
of material and state parameters on interface behavior. Tests of quartz sand interacting with three
different construction materials, steel, wood, and concrete at varying normal effective stresses
were selected to assess interface friction.
Much of the previous numerical research considered soil as a continuum material (e.g.,
Costantino et al. 1976; Cheng 1989; Hall and Oliveto 2003) which neglects the interface behaviors
and their influence on the soil response mechanism. The discrete element method (DEM), however,
allows for the simulation of soils as a collection of individual particles (Cundall and Strack 1979)
and is increasingly being applied to a wide array of problems that involve granular materials in
contact with geostructures (e.g., Frost et al. 2002; Evans and Kress 2011; Martinez and Frost
2017a). DEM models predict the emergent behavior of particulate assemblies (e.g., sands) based
on simulation of independent particle behaviors. Because of this, they have been successfully
applied to the study of shear bands in sand, including free-field granular-granular shearing (Evans
and Frost 2010; Zhao and Evans 2011; Frost et al. 2012) and also granular-continuum interface
shearing (Jensen et al. 1999; Jensen et al. 2001a, 2001b; Hall and Oliveto 2003; Dove et al. 2006;
Wang et al. 2007a; Wang et al. 2007b; Kress and Evans 2010; Evans and Kress 2011; Wang and
Jiang 2011; Zhang and Evans 2016). Using DEM simulations, previous researchers have modeled
the shear banding behaviors of particulate assemblies and the influence of particle (e.g., grain size
distribution, roughness, roundness) or continuum interface (e.g., interaction topography, surface
stiffness) properties on shearing response. Wang and Jiang (2011) used DEM models to assess
boundary effects on the formation of shear bands. Overall, simulated material response from DEM
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simulations have been shown to be consistent with results from physical experiments for a variety
of loading conditions (Zhao and Evans 2009; Evans and Frost 2010).
Jensen et al. (1999, 2001a, 2001b) studied two-dimensional interfaces using DEM
simulations. They noted that interface shear and a slip zone will result when the granularcontinuum system deforms. They model a particle of general shape by combining many smaller
particle of simple shapes into a single larger, more complex particle and used a sawtooth wall as
the shearing surface. Surface roughness was controlled by changing the ratio of sawtooth length
to non-clustered particle diameter. The authors found that the larger the surface roughness, the
larger the tangential force required for failure. Clustered particles were found to have a higher
tangential force than non-clustered particles under the same normal stress. Simulation results
showed that the void ratio of the assembly increases with increasing particle angularity, particle
roughness, and surface roughness. Interface shear strength has also been observed to increase with
increasing angularity and roughness (Zhao et al. 2015). Wang et al. (2007a, b, c, d) also performed
two‐dimensional DEM simulations to study shear band formation in interface direct shear tests.
They simulated strain localization in an idealized interphase assembly consisting of densely
packed spherical particles adjacent to a rough surface. In their study, they proposed a new strain
calculation method to generate the strain field inside a shear box. The shearing surface was
comprised of both smooth and rough surfaces. The rough surface was used to simulate the
frictional interface and the smooth surface placed at the ends of the box was to avoid boundary
effects.
In the DEM studies discussed above, interface shear was modeled as a two-dimensional
problem; however, it is a fundamentally three-dimensional phenomenon, owing largely to the
differences in percolation threshold for particles in two versus three dimensions. In the current
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work, the commercial software PFC3D (Itasca 2008) is used to perform three-dimensional DEM
simulations to evaluate the effects of soil properties and interface roughness on interface strength.
4.2.
4.2.1.

Numerical analysis of interface shear
DEM Model of Interface Shear

The geometry of the three-dimensional DEM model of the interface shear test is shown in
Figure 4-1. The central region of the shaft passing through the cylindrical particulate assembly
generates frictional resistance at two spatial scales. At the smaller of the two scales, there is sliding
resistance due to Coulomb friction between a particle and the continuum interface. At the larger
scale, the shaft has a “zig-zag” texture that is approximately on the same scale as the particle size.
We will refer to the smaller-scale effect as friction and the larger-scale effect as roughness; clearly,
both contribute to ultimate shear resistance (commonly termed the interface friction angle). The
definition of roughness used in the paper is similar to the normalized roughness defined by Uesugi
and Kishida (1986a) but with a modified gage length. Surface roughness, as defined by Uesugi
and Kishida (1986a), is given by:

R  Rmax Ld50 

(4.1)

and the normalized roughness is then:

RN 

Rmax L d50 
d50

(4.2)

where 𝑅𝑚𝑎𝑥 is the maximum vertical surface deviation from the mean evaluated over a gage length
of 𝐿 = 𝑑50 . However, the surfaces considered herein are periodic with a peak value Rmax in one
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period over a length of 4R and uniformly distributed along the interface, see Figure 4-2. Thus, we
modify the normalized surface roughness as follows:

Rn 

Rmax  L 



d50

(4.3)

where Rn is the normalized surface roughness used herein and ℓ=4Rmax is the modified gage length
which is periodically distributed along the interface, taken as the length of the interface parallel to
the displacement direction. Normalized surface roughness is defined here as the maximum surface
roughness of the modified gage length (ℓ) divided by the mean particle size (𝑑50 ) of the whole
granular assembly. Normalized surface roughness is dimensionless.

Figure 4-1. Geometry of the DEM model (particle assembly shown in section with half of particles removed to
reveal continuum interface). Note that the “dead ends” are frictionless and do not contribute to interface
shearing resistance.

The rough shaft section is modeled as alternating conical frusta with user-defined geometry
(Figure 4-2). The asperity angle (𝜃), tip-tip distance (ℓ), and asperity peak (𝑅𝑚𝑎𝑥 ) are all defined
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as functions of median particle size 𝑑50 . Surface topography has a significant influence on
interface behavior (e.g., Hryciw and Irsyam 1993; Dove and Jarret 2002). The portion of the shaft
outside of the rough central region has neither roughness nor friction and thus, does not contribute
to the shear resistance of the shaft.
ℓ=4R
R

θ

Figure 4-2. Shaft surface geometry. One period length, 𝓵 = 𝟒𝑹, in which R is user defined tip-trough relief
(amplitude), and an asperity angle, 𝜽 are scaled to mean particle diameter, 𝒅𝟓𝟎 .

An assembly of polydisperse spherical particles is generated to fill the model volume
between the shaft and a cylindrical outer boundary at a user-defined porosity. Mass scaling (e.g.,
Belheine et al. 2009; Evans and Valdes 2011) was employed to decrease simulation time; as such,
the mean model particle diameter is 𝑑50 = 0.5 𝑚 and other model dimensions are scaled
accordingly. Specifically, model height (𝐻), model diameter (𝐷), and shaft diameter (𝐷𝑠 ) may be
expressed in terms of 𝑑50 as 𝐻 ⁄𝑑50 = 40, 𝐷⁄𝑑50 = 60, and 𝐷𝑠 ⁄𝑑50 = 15, respectively.
Previous research (e.g., Uesugi and Kishida 1988; Frost et al. 2004; Wang et al. 2007b) has
shown that shear band thickness in interface shear tests is approximately 8-10 median particle
diameters. Thus, the radial distance between the shaft and the assembly boundary for the
simulations in this study was set as(𝐷 − 𝐷𝑠 )⁄2𝑑50 = 22.5. In addition to the annular distance
between the shaft and the assembly outer cylinder, Wang et al. (2007b) found that the friction
between the particles and the walls is also significantly important. Particle-continuum friction
coefficients are related to continuum hardness (Zettler et al. 2000; Frost et al. 2002). In this study,
surface hardness and particle-continuum friction coefficients are constant, to focus on the influence
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of surface roughness on granular-continuum interface behaviors.
The DEM model consists of particles and the model and shaft walls. A set of physicallyadmissible baseline material and model properties (Table 4-1) was selected from the literature
(Cundall and Stack 1979; Frost et al. 2002; Zhao and Evans 2009, 2011) to serve as a starting point
for the simulations. Because the model does not purport to simulate system response on a particlefor-particle basis, it is typically necessary to adjust these input parameters to more closely mimic
observed physical behaviors. As a first step in determining appropriate – yet still physically
admissible – model and material properties, the parameter space is mapped (see subsequent
discussion) through a series of simulations, all of which are referenced back to the baseline
parameter set. The properties presented in Table 4-1 below are generally consistent with silica
sands in contact with rough steel or concrete interfaces.
Table 4-1. Material and model properties.

Particles

Model

Shaft Walls

(1)

Parameter

Value

Particle diameter ratio(1), dmax/dmin [ ]

3

Normal stiffness, kn [N/m]

1×108

Shear stiffness, ks [N/m]

8×107

Friction coefficient, μ [ ]

0.31

Density, ρs [kg/m3]

2650

Height, H [d50]

40

Diameter, D [d50]

60

Wall stiffness, kw [N/m]

2×108

Initial porosity [ ]

0.40

Normal stiffness, ksn [N/m]

2×108

Shear stiffness, kss [N/m]

2×108

Structured wall friciton, μs [ ]

0.01

Asperity angle, θ [°]

45

Particle diameters are uniformly distributed between 𝒅𝒎𝒊𝒏 and 𝒅𝒎𝒂𝒙 .
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A numerical servo-control mechanism is used to isotropically consolidate the specimen such
that it is in numerical equilibrium at a specified isotropic stress state of 100kPa with a tolerance of
±0.5% by adjusting the radius of the outer cylinder and the positions of the end platens. That is,
top and bottom walls move vertically and side cylinder wall moves radially. System height and
radius are changing during consolidation. According to force-displacement law and Newton’s
second law, the moving walls will apply forces to the contacting particles through contacts.
Contact forces will transmitted from outer walls to the inner shaft during the consolidation till the
stress on the walls reach specific isotropic stress state. The as-consolidated void ratio can be
adjusted by varying the particles’ and walls’ friction coefficients during consolidation, with a
higher friction value resulting in a looser specimen. After consolidation, particle friction can be
adjusted to assess the effects of particle friction on interface strength (though the new friction
cannot be lower than the consolidation friction or the system will be unstable). Once the specimen
is consolidated and equilibrated, the shaft is translated axially at a constant velocity.
Two sets of boundary conditions are possible during shear: (1) constant specimen volume
(i.e., undrained shear); and (2) constant boundary tractions (i.e., drained shear). Considering the
physics of interface shearing of anchor shaft, anchor shaft is mobilized very slow that water
pressure can dissipate immediately. Drained shearing is applied in all the simulations in the paper.
To monitor system response during shearing, the particle assembly is divided into four subzones,
as shown in Figure 4-3. System behavior and state (e.g., coordination number, porosity, sliding
friction, and stress) in each subzone are monitored for further analysis. Normal and tangential
forces are generated at contact points using a linear contact model. In the tangential direction,
particle contacts are linear elastic-perfectly plastic and the failure force, 𝑇𝑓 , is given as 𝑇𝑓 = 𝜇𝑁
where 𝜇 is the particle friction coefficient and 𝑁 is the normal contact force. The interface shearing
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force is equal to the sum of the out-of-balance normal and shear forces on all of the shaft walls
opposite to the direction of shaft motion.
In an interface shear test, the region of the granular material immediately adjacent to the
continuum interface undergoes extensive failure while regions further from the interface remain
relatively stable. Thus, one measure of the validity of the model geometry and shearing logic is
the distribution of failure within the far field of the granular assembly (e.g., if the entire assembly
enters into failure, the model would be considered to be too small). In a granular assembly, failure
is associated with the loss of particle-particle contacts (or, more subtly, a decrease in the mean
lifetime of particle contacts), which manifests at the design scale as an inability to continue to carry
load.

Figure 4-3. Subzones of zone between shaft and cylinder wall. Note that the width of each subzone is
approximately 5.5×d50.

4.2.2.

Parametric Studies

A series of parametric simulations has been performed to assess the effects of varying
interface roughness on the structured system response. In each case, a single model parameter is
isolated and varied across some range of physically appropriate values. These simulations serve
two main purposes: (1) to elucidate problem physics by showing nontrivial variations in emergent
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response due to changes in physical inputs; and (2) to provide an intuitive check of overall model
response – e.g., does interface friction angle increase with increasing interface roughness? – based
on a high-level understanding of the physical system.
One set of parametric simulations assesses the effects of a varying normalized roughness of
the continuum interface. Results from physical interface shear tests have previously been reported
in the literature (Uesugi and Kishida 1986, 1986b; Jewell and Wroth 1987; Yoshimi and Kishida
1981; Paikowsky et al 1995). In each of these studies, the definition of normalized roughness
presented in Equation (4.3) was adopted. Several values of surface roughness normalized by
median particle diameter 𝑑50 will be presented in the paper. The values of normalized roughness
considered for the interface are 0.02, 0.1, 0.2, 0.4, 0.5 and 0.8. The simulation parameters are listed
in Table 4-2.
Table 4-2. Variables in the parametric analysis.

4.2.3.

Particle

Normalized surface

Shaft wall

numbers

Roughness (Rn)

Friction (µ)

1

85092

0.02

0.01

0.3580

2

85052

0.10

0.01

0.3580

3

85006

0.20

0.01

0.3580

4

84916

0.40

0.01

0.3580

5

84864

0.50

0.01

0.3580

6

84728

0.80

0.01

0.3580

Porosity

Results and Discussion from Parametric Studies

The mobilized interface friction angle versus shaft displacement for shafts of different
surface roughness are shown in Figure 4-4. Comparing system response for a range of interface
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surface roughnesses, the larger the surface roughness, the larger the interface friction angle (i.e.,
the larger the interface shear strength). The interface friction angles reach their peak value at small
displacements during shear for all the interface roughness values considered, and then remain
nearly constant during ongoing shear. Interphase system strength generally increases with
increasing interface roughness, as expected.
The increase in shear strength with increasing surface roughness is due to the volumetric
redistribution of particles, as discussed below. Specifically, the marked relief of the shaft ridges
requires that there will be significant rearrangement of particles at the particulate-continuum
interface, which serves to increase strength. Ongoing particle redistribution becomes stable as the
system approaches steady state deformation. At low values of interface roughness, system
response is largely insensitive to small changes in roughness. This implies that shear failure at the
interface is due to sliding rather than significant particle rearrangement. Clearly, this variation in
response has significant design implications.

Figure 4-4. The effects of normalized interface roughnesses on the mobilized friction interface friction angledisplacement behavior
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The peak interface friction angles for different normalized surface roughnesses are shown in
Figure 4-5. Note that normalized surface roughness is dimensionless. There is a clear bilinear
relationship between normalized surface roughness and interface friction angle. The interface
friction angle increases with surface roughness at relatively low normalized surface roughness then
reaches a plateau. As reported by Frost et al. 2002, above some critical surface roughness, the
interface friction angle will not continue to increase with increasing normalized surface roughness;
the critical normalized surface roughness in the current simulations is observed to be Rn≅0.4.
Below this value, interface shear resistance increases linearly with normalized surface roughness.
Failure for low normalized surface roughness is typically presumed to be from particle sliding
along the interface (e.g., Frost et al. 2004). Above the critical normalized surface roughness, the
shear resistance is equal to the internal soil resistance. The DEM simulations exhibit trends similar
to those reported by Uesugi and Kishida (1986), Frost et al. (2002), Frost and Martinez (2015),
and Martinez and Frost (2017a, b). Though the values vary, which depend on the properties of
structured interfaces and granular assembly, previous research has obtained the same bilinear
behaviors. However, the interface friction angle at larger surface roughness is constant and larger
than the internal friction angle of the granular assembly, which results in the 𝛿 > 𝜙′ condition.
The interface friction angle is larger than the internal friction angle of the soil due to the passive
resistance mobilized by the surface asperities, as reported by previous researchers (e.g. Frost and
DeJong 2005; Hebeler et al. 2015; Martinez and Frost 2017b). We provide microscale insight into
the 𝛿 > 𝜙′ condition hereinafter.
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Figure 4-5. Peak interface friction angle as a function of surface roughness

The effects of initial density on volume change are explored in Figure 4-6. Volume changes
capture the volume differences of the whole assembly between rough shaft and outer boundaries
during anchor shaft mobilization. For the simulated assemblies, interface mobilization in a loose
assembly results in contraction similar to that observed when shearing a loose assembly in the
absence of a continuum counterface. Interface mobilization in the dense assembly causes
volumetric contraction followed by dilation, similar to a dense assembly in a triaxial test. In the
loose assemblies, the level of contraction decreases with increasing surface roughness, owing to
the fact that the rougher surfaces produce greater particle reorganization close to the counterface,
thus suppressing large-scale global contraction. The volumetric strain curves for Rn=0.4 and
Rn=0.8 are nearly the same, indicating full engagement of the granular material by the counterface.
This is because both roughnesses are greater than the critical surface roughness (i.e., the break
point in the bilinear curve of Figure 4-5). Further increases in surface roughness above the critical
value do not appreciably influence granular assembly contraction. The dense assembly has similar
characteristics, i.e., volumetric strain versus axial displacement are nearly the same when the
roughness values lie on the plateau of the bilinear curve in Figure 4-5. Surfaces with roughnesses
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below the critical value induce less dilation than those with roughnesses on the plateau (Figure
4-6).

Figure 4-6. Volumetric strain versus counterface displacement for different surface roughness

4.3.

Comparison to published experimental results

We now compare the results from the DEM simulations to previously published data from
similar physical experiments. For all the DEM simulations, anchor shaft is mobilized under a
constant stress (100kPa) condition. For heterogeneous materials, failure will occur due to
distributed damage during which the material experiences local strain softening. Sand is a
heterogeneous granular material. The stress in a sand assembly is transmitted by contacts among
sand particles. The mechanisms of strain softening include void redistribution, particle sliding,
rotations, and a loss of interparticle contacts. Strain softening stably exists in a certain region in
the material within a well-defined shear zone (Evans and Frost 2010). For granular-continuum
interfaces, the stresses within this shearing zone (which exists over some distance orthogonally
adjacent to the continuum interface) define the strength of the system.
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Uesugi and Kishida (1986) performed physical interface shear tests on the interface between
different sands and mild steel using an interface shear apparatus. They considered the effects of
interface surface roughness, particle shape, and the median grain diameter (𝑑50 ) of the sand. Three
sands were tested. To quantify the effects of particle angularity on interface shear strength, they
proposed a modified roundness parameter (Rmod) for the sand particles, allowing them to evaluate
the influence of roundness on the maximum interface friction angles along with different surface
roughness. Properties of the three sands are shown in Table 4-3.

Figure 4-7. Interface friction angle as a function of normalized surface roughness; comparison between the
physical tests of Uesugi and Kishida (1986) and our DEM simulations

Plots of the maximum interface friction coefficient for the three sand types tested by Uesugi
and Kishida (1986) exhibited a bilinear relationship of normalized interface friction angle (which
is the interface friction angle normalized by the peak interface friction angle) as a function of
normalized roughness 𝑅𝑛 (Figure 4-7). They showed that the interface shear resistance is
proportional to the normal roughness until some critical value equal to the internal friction angle
of the soil (i.e., until the failure moves away from the interface and into the bulk soil, because the
weakest component of the system will always fail first).
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Table 4-3. Properties of the tested sands (after Uesugi and Kishida, 1986)

Sand
Type
Toyoura

Fujigawa

Seto

(1)

Particle
Diameters
(mm)

d50
(mm)

Gs

emin

emax

Rmod(1)

0.27

0.11-0.25

0.18

2.65

0.604

0.991

1.68-2.00

1.82

2.72

0.772

1.067

0.50-0.59

0.54

2.72

0.763

1.148

0.07-2.00

0.54

2.72

0.532

0.94

0.15-0.18

0.16

2.74

0.768

1.117

1.68-2.00

1.82

2.64

0.748

1.04

0.50-0.59

0.54

2.64

0.737

1.15

0.07-2.00

0.54

2.64

0.535

0.737

0.15-0.18

0.16

2.64

0.78

1.245

0.19

0.17

Higher numbers correspond to rounder particles.

Results from our DEM simulations are also presented in Figure 4-8, and a similar bilinear
response is observed. We note that this is indicative that the model is correctly capturing the
problem physics. That is, the model has not been tuned or calibrated in any way to elicit this type
of response – rather, the same phenomenon that results in the bilinear response observed in the
physical tests also results in bilinear response in the numerical tests. We note that this type of
behavior would not be observed in any satisfyingly robust way in either an FEM or limit
equilibrium model.
The roundness of the granular materials in Figure 4-7 increases as Rmod,Seto < Rmod,Fujigawa <
Rmod,Toyura < Rmod,DEM, indicating that the DEM results are also in trend with the physical results
with respect to particle roundness. Specifically, interface friction is observed to increase with
interface roughness more rapidly for angular soil particles and rounder contacting particles require
greater interface roughness to maximize the strength of the interface system.
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Paikowsky et al. (1995) performed simple shear and direct shear tests to determine the
interface friction angles between granular materials and inextensible solid surfaces. Glass beads
and Ottawa sands were tested against interfaces of varying roughness. The glass beads had a
uniform diameter of 2.0 mm and a specific gravity of 2.48. The authors characterized the solid
surface normalized roughness based on the definition of Uesugi and Kishida (1986a) and
investigated the effects of normalized surface roughness on the peak angle of interface friction for
various glass bead-continuum systems (i.e., differing particle sizes and surface geometries). The
trends shown in Figure 4-8 are clearly consistent with one another, with both exhibiting bilinear
response. The peak interface friction angle increases with increasing normalized roughness up to
a value of approximately 29°. After that, the peak interface friction angle does not continue to
increase for increasing normalized roughness. Model calibration would result in better agreement
with the measured results, but that is not the goal of the current work (i.e., to match a set of
measured data exactly).

Figure 4-8. Peak interface friction angle as a function of interface roughness
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4.4.

Micromechanical investigation

Observed interface shear behavior is a macroscale manifestation of microscale processes in
the granular mass and at grain-continuum contacts. To facilitate interpretation of the macroscale
responses reported above, microscale metrics such as contact normal force distribution, contact
networks, mobilization of friction, and particle rotation may be used to elucidate the shearing
mechanism. For the microscale investigations, interfaces of four different normalized roughnesses
are considered: two on the slope of the bilinear curve in Figure 4-5 (0.02 and 0.2) and two on the
plateau (0.4 and 0.8). Four different states are considered in the analyses: (1) as-consolidated,
Stage-01; (2) at the onset of shearing, Stage 02; (3) at peak resistance, Stage 03; and (4) at critical
state, Stage 04.
4.4.1.

Contact Normal Force Distribution

Contact force distributions have been investigated by previous researchers to ascertain the
contact force exponential decay constants (e.g., Radjai et al. 1996; Mueth et al. 1998; Lovoll et al.
1999; Majmudar and Behringer 2005; Staron and Radjai 2005). In general, contact forces lower
than the mean value, also called weak contact forces, are found to have a power-law distribution
and contact forces larger than the mean, i.e. strong contact forces, are shown to have an exponential
distribution (Radjai et al. 1996). In the current work, the contact normal force distributions during
shearing for the four selected normalized surface roughnesses are investigated. In order to track
the influence of interface mobilization on the force distribution of the granular assembly, the
evolution of the contact force network during shear is considered. In addition, contact force
distribution within four concentric subzones (Figure 4-3) is also considered. The values of contact
normal forces, i.e., normalized contact force f, presented in Figure 4-9 to Figure 4-12 have been
normalized by the mean normal force (𝑓𝑛̅ ) in the assembly at each stage.
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Figure 4-9 shows that for each surface roughness, the normalized contact normal force prior
to shearing is narrowly distributed over a range of 0 ≲ f ≲ 10. Note that normalized contact normal
force is defined as the ratio of contact normal force to mean contact normal force, which is the
average contact normal force of the granular assembly. For the relatively smooth interfaces
Rn∈{0.02, 0.20}, the contact normal force histograms do not vary significantly during shear. The
interpretation of this observation is that mobilization of the interfaces does not influence the
contact force distribution within the granular assembly. This implies that interface failure is
occurring primarily through sliding in these cases. Force distributions during the large shear strain
are more dispersed for the larger interface roughnesses Rn∈{0.40, 0.80} relative to the smoother
interfaces. Specifically, for the rougher surfaces, contact normal forces are more broadly
distributed, particularly at large strains, i.e. Stage-04.
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Figure 4-9. Contact normal force distributions of different stages for assemblies with (a) R n=0.02, (b) Rn=0.2,
(c) Rn=0.4 and (d) Rn=0.8. (log-linear space); fitting parameters are shown in Table 4-4.

The probability density of the normalized contact force distribution may be modeled by the
functional form shown in Equation (4.4) (Mueth et al. 1998).

P( f )  a(1  be f )e  f
2

(4.4)

where P(f) is the probability that a normalized contact normal force f exists in the assembly and a,
b, and β are fitting parameters. The dashed lines in Figure 4-9 through Figure 4-12 are all best-fit
representations of Equation (4.4). The fitting parameters of contact force distribution pre-shearing
and at large strain conditions of different roughnesses are shown in Table 4-4.
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Table 4-4. Fitting parameter of normalized contact normal force for before and after shearing

Rn=0.02
Rn=0.2
Rn=0.4
Rn=0.8

Stage

a

b

β

01

0.311

0.492

1.220

04

0.293

0.475

1.202

01

0.312

0.490

1.212

04

0.290

0.465

1.210

01

0.301

0.472

1.212

04

0.395

0.499

1.091

01

0.311

0.487

1.209

04

0.467

0.501

1.020

The β exponent is smaller at large strains for rougher interfaces, which means that contact
normal force decays less rapidly for rougher interfaces compared to smoother interfaces, i.e., a
larger portion of the assembly is engaged in resisting shear. Note that this microscale observation
is consistent with the macroscale volumetric response observed in Figure 4-6. Contact normal
force is distributed similarly pre-shearing for all of the surface roughnesses considered. In general,
the probability density of normalized contact force decays exponentially as 𝑃(𝑓) ∝ 𝑒 −𝛽𝑓 with
β=1.02-1.22 for contact normal forces larger than the mean. The probability density of contact
forces smaller than the mean is almost constant. To facilitate direct observation of contact forces
smaller than the mean contact normal force, the probability densities may be observed in log-log
space, see Figure 4-10.
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Figure 4-10. Contact normal force distributions of different stages for assemblies with (a) Rn=0.02, (b) Rn=0.2,
(c) Rn=0.4 and (d) Rn=0.8. (log-log space)

For the rougher interfaces, initiation of shearing mobilizes higher normalized contact normal
forces, but at relatively low frequencies. This phenomenon is explained by considering contactlevel force transmission during shearing; mobilizing the shaft creates large forces on the adjacent
particles and these forces then disperse to multiple nearest neighbors. Thus, particles close to the
shaft have large contact normal forces that are dissipated as distance from the shaft increases. This
behavior is most readily evident in Stage-03 and Stage-04 for Rn∈{0.40, 0.80} where normalized
contact forces fall in the range of 0 ≲ f ≲ 15 and are generally more uniformly distributed. The
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distribution of normalized contact forces is found to be narrower for smaller normalized
roughnesses than for the larger normalized surface roughnesses.
Based on the above interpretation of contact normal force distributions for different
normalized surface roughnesses, the probability distribution of contact normal forces for the
different subzones (Figure 4-3) for rougher interfaces can be predicted: Zone 1 is immediately
adjacent to the interface and is disturbed the most while Zone 4 is least disturbed. In other words,
the normalized contact normal forces in Zone 1 are widely distributed while the values in Zone 4
are narrowly distributed. Figure 4-11 shows the probability of normalized contact normal forces
for four different subzones at peak stress. For the distributions at normalized roughnesses of 0.4
and 0.8, Zone 1 has a wider normalized contact force range of approximately 0 ≲ f ≲ 12. In both
cases, larger contact normal forces have substantially higher frequencies in Zone 1 than the other
three zones. Additionally, normalized contact normal forces in each subzone for these larger
surface roughnesses are distributed in similar ranges, consistent with the fact that they are both on
the plateau of the bilinear response shown in Figure 4-5. Normalized contact normal forces for
each subzone for the lower surface roughnesses are distributed in a relatively narrower range.
The probability of high contact normal forces decays rapidly for zones farther away from
the interface. This implies that interface shear redistributes forces in the granular assembly with
rougher interfaces having a larger influence on the redistribution. Best-fit parameters for Equation
(4.4) for different zones and different surface roughnesses are listed in Table 4-5. Figure 4-10 and
Figure 4-12 show that the distributions of contact normal forces below the mean contact force are
similar for different loading stages and subzones. This implies a coherent and consistent network
of weak bracing forces throughout the assembly that is statistically unaffected by shear. The
roughness of the continuum surface primarily influences the strong contact forces, especially for
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rougher interfaces. This implies that strong contact forces play a major role for the stability of the
interphase system. Contact normal force probability decays exponentially as 𝑃(𝑓) ∝ 𝑒 −𝛽𝑓 with β
in the range of 1.00-1.32, with larger values indicating more rapid force decay. The fitted β for
Zones 1 and 2 decreases with the increase of surface roughness.

Figure 4-11. Contact normal force distributions of different subzones for assemblies with (a) R n=0.02, (b)
Rn=0.2, (c) Rn=0.4 and (d) Rn=0.8. (log-linear space), fitting parameters are shown in Table 4-5.
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Table 4-5. Fitting parameter of normalized contact normal force for subzones

Rn=0.02
Rn=0.2
Rn=0.4
Rn=0.8

Zone

a

b

β

1

0.234

0.355

1.144

2, 3, 4

0.499

0.598

1.311

1

0.228

0.300

1.098

2, 3, 4

0.434

0.543

1.254

1

0.289

0.167

1.061

2, 3, 4

0.380

0.566

1.278

1

0.268

0.200

1.000

2,3, 4

0.448

0.603

1.317

Figure 4-12. Contact normal force distributions of different subzones for assemblies with (a) R n=0.02, (b)
Rn=0.2, (c) Rn=0.4 and (d) Rn=0.8. (log-log space)
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4.4.2.

Contact Network Visualization

As discussed previously, the interface friction angle for rougher interfaces can be larger than
the soil’s angle of internal friction because of the passive resistance mobilized. The contact force
chains at peak stress (Figure 4-13) show the influence of surface roughness on the contact force
network. The contact force networks are visualized by cutting planes through the center of granular
assemblies parallel to the long axis of the system. Contact normal forces in each image are
normalized by the same value. The contact force chains are more uniform when Rn=0.02, but
stronger contact normal forces begin to appear, particularly near the interface, when Rn=0.20 with
the contact normal forces continuing to increase when Rn=0.4 and Rn=0.8. However, these strong
contact forces make up only a small percentage of the total contact forces (Figure 4-13). Rougher
interfaces broaden the contact force distributions, particularly in the subzone nearest the continuum
counterface (Zone-01). However, the probability of very strong contacts is still very small. This
observation is consistent with the results presented in Figure 4-9 to Figure 4-12. For higher surface
roughnesses, the structured interfaces compel significant passive resistance through interface
displacement-driven mobilization of the surrounding particles, as conceptualized in Figure 4-14.
The movement of the selected interface (dashed line in Figure 4-14) causes passive strain to occur
in the granular mass, resulting in the manifestation of compressive stresses in the near-field
granular assembly. The portion of the assembly behind the selected surface tends to expand,
resulting in expansive strains and stresses. This is why the contact forces in front of the selected
interface in Figure 4-13 are much larger than the values behind the selected interface.
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Figure 4-13. Contact force chain at peak mobilization resistance under different surface roughness

Figure 4-14. Diagram of passive resistance mobilization
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4.4.3.

Contact Mobilization

Frictional sliding at particle contacts occurs according to Coulomb’s friction law. The upper
limit for shear force (FS) prior to contact displacement is given by 𝜇𝐹𝑁 , where 𝐹𝑁 is the normal
contact force and 𝜇 is the coefficient of friction at the contact. To quantify contact stability, the
mobilization of friction (Staron and Radjai 2005) at each contact is defined in Equation (4.5):



1 FS
 FN

(4.5)

where 𝜂 ∈ [0, 1] defines the friction mobilization with 𝜂 = 1 corresponding to the Coulomb
threshold at which point the contact will slip and 𝜂 = 0 corresponding to a point at which the
contact is maximally stable. Thus, the higher the value of 𝜂, the higher the mobilization potential.
Figure 4-15 shows the average mobilization of contact friction with shaft displacement for
four different interface roughnesses. The mobilization of friction exhibits hardening behavior with
shaft displacement in all cases and then softens to a more stable state. For continuum-granular
interactions, relative movement disturbs the granular assembly, but smoother surfaces are less
disruptive to the granular assembly. The mobilization of friction by surfaces of low roughness
(Rn=0.02) peaks and then decreases. This means that, for smooth interfaces, the granular assembly
tends to be stable during interface mobilization. The responses for Rn = 0.4 and Rn = 0.8 are nearly
identical, which is not surprising given that at failure both systems lie on the strength plateau
shown in Figure 4-5– i.e., the full strength of the adjacent granular material has been mobilized
for both surfaces.
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Figure 4-15. Mobilization of friction of the granular assembly under different stages for different interface
roughnesses

Figure 4-16 shows the mobilization of friction in the granular assembly for the four subzones
defined in Figure 4-3 for shafts of different surface roughnesses. The mobilization of friction in
Zone 1 is larger than in the other subzones, indicating that particle contacts are more likely to be
in failure in Zone 1 than in the other subzones. Mobilization of friction in the other subzones for
different surface roughnesses are almost the same. Thus, the mobilization of the rough shaft will
primarily influence the fabric very near the continuum counterface.

Figure 4-16. Mobilization of friction of the granular assembly for different subzones under different
interface roughnesses.
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The interface friction mechanism at lower surface roughness is clearly particle sliding, as
previously reported by Dove and Frost (1999) and DeJong and Frost (2002) for microscale
observations of physical experiments. The failure mechanism at larger surface roughnesses
includes significant particle reorientation, consistent with the observation of greater macroscale
volumetric strains (contractive or dilatant) observed in assemblies sheared by rougher interfaces
(Figure 4-6) and the knowledge that for these cases the mobilized strength is on the plateau of the
friction angle-roughness curve. This means that the interface failure mechanism for smoother
surfaces is contact sliding, while that for rougher surfaces is contact reorientation due to particle
rotation and translation, as shown in Error! Reference source not found. (and its corresponding
discussion), as detailed in the next section.
4.4.4.

Particle Rotations and Shear Deformation

Particle rotation is a reliable indicator of disturbance due to shear in a bulk granular assembly.
Thus, we use it here to observe the extent of shear mobilization due to movement of the continuum
counterface. Error! Reference source not found. shows angular velocities at the end of shaft
mobilization at a constant confining stress of 100 kPa. Three orthogonal planes through the center
of the specimen are considered: X and Y slices are parallel to the direction of shaft mobilization
and the Z slice is normal to the direction of shaft mobilization. The rotational velocities shown in
Figure 4-19 are the x, y, and z components, respectively. The normalized roughnesses Rn∈{0.02,
0.20, 0.80} correspond to a smooth surface, a surface on the slope of the bilinear macroscale trend
(Figure 4-5), and on the plateau of said trend, respectively. Particles with larger rotations are
randomly distributed within the assembly for the smooth surface (Rn=0.02) without any clustering
around the continuum shaft. However, with increasing surface roughness, particles tend to rotate
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more intensely close to the interface and will extend outwards with increasing surface roughness.
This disturbance expands with increasing surface roughness. For instance, particle angular
velocity > 0.15 rad/s constitutes a small fraction of the particles in contact with the anchor shaft at
Rn=0.02 and a large fraction at Rn=0.8. Once again, this indicates that particle contact sliding is
the primary shearing mechanism for the smooth interface while rotation is a major shear
mechanism for rougher interfaces.

Figure 4-17. Particle rotational velocity (rad/s) at peak under different interface roughnesses

Figure 4-18 presents particle velocities during shear to illustrate particle sliding against
different surface roughnesses. The relative particle velocities are small and disturbances do not
propagate from a particle further than its immediate neighbors. Figure 4-18 shows that the larger
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the surface roughness, the higher the disturbance at the counterface. Relatively low particle
velocities adjacent to the smoother surfaces indicate sliding at the particle-continuum interface
whereas for the rougher surfaces, there is significant particle motion at the interface, implying that
the assembly is fully engaged in shear failure in this region.

Figure 4-18. Particle velocity (m/s) at maximum shear resistance for different interface roughnesses.

Figure 4-19 is another illustration of shear deformation for three different interface
roughnesses. A layer of particles is shaded to facilitate direct observation of shear deformation
adjacent to the continuum counterface. It is evident that, after full mobilization, the granular
assembly has not been appreciably deformed for Rn = 0.02. At this surface roughness, sliding at
the granular-continuum interface is the major shearing mechanism. However, shearing
demonstrably deforms the granular matrix for rougher interfaces, Rn = 0.20 and Rn = 0.80. This
indicates that particle translation (in addition to particle rotation) is also an important part of shear
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resistance for rough interfaces. The extents of the deformed mass expand both in the direction of
shear and laterally with increasing surface roughness. Shear zone extents expand from ~3d50 to
~5d50 from Rn=0.2 to Rn=0.8, consistent with observations from previous experimental research
(e.g., Frost et al. 2002, 2004; Hebeler et al. 2016), indicating that the appropriately captures
response not just at the macroscale, but at the particle scale as well.
4.5.

Conclusions

Building on previously published experimental work and two-dimensional numerical
simulations related to interface shearing, a DEM model has been developed to simulate threedimensional interface shear. We have presented the results of a series of simulations of varying
interface roughness. The DEM model produces trends consistent with those observed in physical
experiments: specifically, interface roughness was found to have a significant influence on the
shear stress at yield. Comparisons of results between the DEM simulations and previously reported
physical tests for different interface roughnesses show good qualitative agreement in the measured
interface friction angles. In general, results from physical experiments reported in the literature
have shown that interface friction angle varies in a bilinear fashion as a function of normalized
roughness. The DEM simulations also exhibited this bilinear behavior – without calibration.
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Figure 4-19. Shear deformation at granular-continuum interface for different surface roughnesses

We consider the microscale behavior for the representative simulations by investigating the
influence of surface roughness on contact normal force distribution at different stages of
mobilization. The results indicate that at small strains, surface roughness will not influence the
contact normal force distribution. However, at larger strains, the rougher the interface, the broader
the contact normal force distribution. For rougher interfaces, the contact normal force decays less
rapidly compared to smoother interfaces. This microscale observation is consistent with the
macroscale volumetric response. Normalized contact normal forces in each subzone for these
larger surface roughnesses are distributed in similar ranges, consistent with the fact that they are
both on the plateau of the bilinear response.
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Rougher counterfaces broaden the distribution of the magnitudes of forces in the strong
contact force network, while the weak contact force network is largely independent of surface
roughness. Specifically, the distributions of normalized contact normal forces below the mean
contact force are similar for different loading stages and subzones. This implies a coherent and
consistent network of weak bracing forces throughout the assembly that is statistically unaffected
by shear. The roughness of the continuum surface primarily influences the strong contact forces,
especially for rougher interfaces. This implies that strong contact forces play a major role for the
stability of the interphase system.
Shaft wall mobilization observably influences the properties of the surrounding granular
assembly. During mobilization, the granular assembly tends to be stable for smaller surface
roughnesses. The failure mechanism is shown to be contact sliding at the granular-continuum
interface for smoother surfaces and particle rotation and translation for rougher surfaces. Shear
deformation expands with the increase of surface roughness for the same mobilized strain. Particle
translation, as well as particle rotation are important parts of shear resistance for rough interfaces,
consistent with the observation of greater macroscale volumetric strains (contractive or dilatant)
observed in assemblies sheared by rougher interfaces and the knowledge that for these cases the
mobilized strength is on the plateau of the friction angle-roughness curve. The extents of the
deformed mass expand both in the direction of shear and laterally with increasing surface
roughness. Shear zone extents expand from 0 to ~5d50 from smooth to rough surface, which is
consistent with observations from previous experimental research.
Equation Section (Next)
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5.

Three Dimensional Simulations of Plate Anchor Pullout in Granular
Materials

Plate anchors are embedded into the ocean floor to provide holding capacity for offshore
structures. Anchor holding capacity is a function of both the anchor and soil properties. Although
plate anchors have been widely studied experimentally and numerically, there are still some
discrepancies between research and practice. Moreover, there is lack of understanding of the
microscale responses of the surrounding soil during uplift. In this chapter, discrete element method
(DEM) modeling is used to investigate the behavior of plate anchors during pullout. Macroscale
assembly responses are compared to published experimental results and empirical solutions.
Embedment ratio, anchor roughness, soil density, and anchor size and their influences on the
holding capacities are investigated. Microscale observations of the contact force network and
particle velocity during uplift are used to provide insight into the anchor failure mechanisms.
Results show that the simulations reasonably agree with experimental results and empirical
solutions. The model is then used to briefly explore the response of a cyclically-loaded plate anchor
embedded in a granular assembly.
5.1.

Introduction

For structures such as transmission towers, earth retaining walls, and offshore structures (e.g.,
wave energy converters, WECs), an anchoring system is often critical to provide holding capacity
and maintain stability. The functions of anchoring systems in engineering applications are to
withstand environmental loading and keep structures in position. Plate anchors are a type of anchor
commonly used in ground and offshore applications. For offshore plate anchors, they may be
slotted into the toe end of a suction caisson. The suction caisson is embedded into the seabed, then
withdrawn, leaving the plate anchor embedded. The plate anchors are then keyed by anchor chain
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towards the plate anchor is normal to the mooring chain (Valent et al. 1979; Randolph and
Gourvenec 2011).
Prior studies of plate anchors have been widely reported in the literature. Physical
experiments, model tests, and analytical approaches have been used to study the behavior of plate
anchors. These studies consider anchor behavior as a function of a variety of variables, including
embedment depth, soil density, anchor roughness, and soil type, and have shown that anchors
respond to loading in a manner similar to that of foundation structures observed in bulk soils and
other geostructures. Most of the previous research has focused on experimental and continuum
numerical analyses. Physical experiments are used to evaluate anchor behavior and the influence
of soil properties on holding capacity; prior numerical simulations have been largely predicated
on the assumption of soil as a continuum.
Meyerhof and Adams (1968) conducted uplift tests as part of a study on transmission tower
footings. Model tests were compared with the full-scale tests and complex failure mechanisms
were observed to vary with the depth of foundation embedment. Based on the model tests, a semianalytical relationship based on shape and depth was developed to compute full-scale uplift
capacity. Vesic (1969) used cavity expansion theory to study factors affecting the force magnitude
necessary to cause full withdrawal of objects from the ocean bottom. The relative depth of
embedment and soil type were found to be the primary influencers of breakout force.
Prior studies on plate anchors have focused on seeking a dimensionless factor (e.g., breakout
factor, uplift coefficient, dimensionless load coefficient) to describe anchor holding capacity
(Meyerhof and Adams 1968; Das and Seely 1975; Murray and Geddes 1987) and critical
embedment depth for varying failure mechanisms. One common dimensionless factor (breakout
factor) has been defined as the maximum holding resistance normalized by the weight of soil above
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the plate anchor. The critical embedment depth is the point of transition where the breakout factor
does not continue to increase with increasing embedment depth and corresponds to the transition
point from a shallow failure mechanism to a deep failure mechanism. Das and Seeley (1975) used
physical experiments to measure the breakout resistances of rectangular plate anchors. The
breakout resistance of shallow anchors embedded into loose soil was studied to develop breakout
factors and critical depths of embedment for varying length-to-with ratios. Rowe and Davis (1982)
theoretically investigated the behaviors of anchor plates in sand considering anchor embedment
ratio; soil friction angle and dilatancy; initial stress state; and anchor roughness. Chattopadhyay
and Pise (1986) presented a theoretical model that assumed a curved failure surface through the
soil to evaluate the ultimate breakout resistance of horizontal plate anchors for sand with wide
range of shearing strength. Murray and Geddes (1987) used limit equilibrium analyses to predict
the ultimate pullout resistance of plate anchor model tests considering factors such as anchor size,
anchor shape, embedment depth, sand density, and anchor roughness. Dickin (1988) performed
centrifuge uplift tests of rectangular plate anchors of varying anchor geometry, embedment depth,
and soil density. Failure displacements were reported to increase with embedment but reduce with
an increase in soil density or anchor aspect ratio. Rao and Kumar (1994) developed a semianalytical equation by assuming a log-spiral failure surface and accounting for the effects of
cohesion, surcharge load, and soil density, embedment depth, and friction angle. Breakout factors
for shallow embedment (defined as a ratio of embedment depth to anchor width of less than 5.0)
were found in the studies above to increase with increasing embedment ratio and then approach a
constant value termed the critical breakout factor. The corresponding critical embedment depth
depends on the angle of shearing resistance which, in turn, is related to soil density. Tests or
theoretical analyses are based on the anchors embedded into sands. Anchor roughness was found
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to affect the anchor capacity negligibly by Murray and Geddes 1987, which is different from the
finding by Rowe and Davis 1982, where they found anchor roughness can significantly affect the
anchor capacity in certain case (e.g. Vertical anchor). Soil dilatancy could significantly increase
the anchor capacity (Rowe and Davis 1982; Murray and Geddes 1987). Anchor holding capacity
is sensitive to soil density, soil dilatancy and embedment but insensitive to the anchor roughness,
anchor geometry and initial state K0 in certain cases. The assumed failure surface by Rao and
Kumar (1994) could predict anchor pullout behavior in clays and loose-medium dense sands.
Lower bound solution was first reported by Basudhar and Singh (1994) to analyze the horizontal
and vertical strip anchors embedded into sand. Upper bound and lower bound limit analyses and
finite element analyses were used by Merifield and Sloan (2006) to estimate anchor breakout
factors and soil displacements with various embedment depths and soil friction angles. The failure
mode was found to be an upward rigid column moving from the anchor to the soil surface. Anchor
roughness was found to have little or no effect on pullout capacity. Kumar et al (2008) also
performed upper bound limit analyses and finite element analyses and considered the plastic strain
of all elements with varying embedment ratio and friction angle. The breakout factor was found to
increase with increasing embedment ratio and friction angle.
Prior research has provided an understanding of the constitutive behavior of plate anchors
and the variables that govern response. Analytical, empirical, and experimental investigations of
anchor behavior instruct the practice of design. However, there are still discrepancies between
analytical and empirical predictions and model measurements; microscale insights into system
response during anchor pullout can help to inform these existing approaches. This paper presents
results from discrete element method (DEM) simulations of the behavior of embedded plate
anchors during uplift in granular soils. DEM allows for the simulation of soils as a discontinuous
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medium (Cundall and Stack 1979) and has been applied to a wide range of problems involving
granular materials interacting with structures (e.g., Frost et al. 2002; Kress and Evans 2010; Evans
and Kress 2011; Zhang and Evans 2016, 2017). DEM models predict the emergent behavior of
particulate assemblies (e.g., sands) based on simulation of independent particle behaviors. Athani
et al. (2017) used DEM to conduct two-dimensional simulations of plate anchors embedded into
granular soils, specifically considering the influence of the ratio of embedment depth to anchor
width and grain-size on the holding capacity. They found that the anchor width to grain size ratio
and internal friction angle influenced the uplift capacity of the plate anchor. The breakout factor
increased linearly with increasing grain size to anchor width ratio (d/B), but grain size was found
to contribute negligibly for anchors in sandy soils, where the d/B is very small.
In marine systems, the interaction between seabed sands and offshore anchors is one specific
example of soil-structure interaction. The properties of the seabed and the anchor combine to
determine the holding capacity and allowable reaction force for a given anchor design. Most of the
previous research on plate anchors has been based on physical experiments and analytical
modeling such as limit equilibrium (e.g. Meyerhof and Adams 1968; Murray and Geddes 1987;
Dickin 1988). However, many of the microscale behaviors that occur at the anchor-soil interface
are not considered when assessing the holding capacity of a plate anchor and the extensibility of
given findings to another situation (e.g., different soil conditions). The current work employs DEM
simulations using the software PFC3D (Itasca 2008) to evaluate the effects of soil properties and
anchor surface roughness on holding capacity and to investigate the micromechanics of anchor
uplift. By better understanding the fundamental particle-scale soil response during uplift, it may
be possible to better extrapolate results from physical experiments to a wider variety of anchorseabed combinations.
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5.2.
5.2.1.

Simulation of plate anchor
Model Overview

The DEM model consists of spherical particles and boundary walls. Model geometry is
shown in Figure 5-1. An assembly of polydisperse spherical particles is generated to fill the model
volume in the box at a user-defined porosity. The model variables and material properties are
presented in Table 5-1. A linear spring contact model was used in the simulations. Particle–particle
and particle–wall contacts are considered as springs in the normal and shear direction. Particles
were assigned normal and shear stiffnesses to produce load-displacement response similar in
magnitude with the nonlinear Hertz-Mindlin contact model. Generally, material properties were
selected to be consistent with physical properties of silica sands previously published in the
literature. However, it is possible to vary these parameters in order to simulate other soil types
(e.g., carbonate sands) or to calibrate the model to observed response while still remaining within
the range of physically-realistic material properties.
Previous research on the shear strength of granular soils has shown that shear band thickness
is approximately 10-12 times median particle diameter (e.g., Mühlhaus and Vardoulakis 1987;
Frost et al. 2004). Thus, the distance between the edges of plate anchor and outside walls was set
to be 19.5𝑑50 (where 𝑑50 is the mean model particle diameter) to allow sufficient space for shear
bands to fully form around the anchor plate. According to Dickin (1988), the soil beneath the
anchor has little influence on the anchor capacity, so the distance between plate anchor and bottom
wall was set to a relatively small value for computational efficiency. For the offshore plate anchor,
the plate anchor is emdded into the ocean floor. Therefore, the soils are fully saturated. The suction
force will not be considered in the simulations. Different embedment depths can be modeled by
changing the vertical position of the plate in the simulations.
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Mass scaling (e.g., Belheine et al. 2009; Evans and Valdes 2011) was employed to decrease
simulation time; as such, the mean model particle diameter is 𝑑50 = 0.5 𝑚 and other model
dimensions are scaled accordingly. Specifically, model height (H), model width (W), and model
length (L) can be expressed in terms of 𝑑50 as 𝐻 = 40𝑑50 and 𝑊 = 𝐿 = 44𝑑50 . The plate anchor
is modeled as a rigid monolayer of small particles arranged on a simple cubic lattice. As shown in
Figure 5-1, the diameter of the plate anchor particles is 𝑑 = 0.2𝑑50 . Note that plate anchor
roughness (defined as the mean peak-to-valley distance) is solely defined by the plate anchor
particle diameter. The plate anchor has dimensions of 5𝑑50 × 5𝑑50 × 0.2𝑑50 (≈ 0.114𝑊 ×
0.114𝐿 × 0.005𝐻).

Figure 5-1. Geometry of the DEM model (particle assembly shown in section with half of particles removed to
reveal embedded plate anchor)
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Table 5-1. Material and model properties.

Particles

Model

Plate Anchor

(1)

Parameter

Value

Particle diameter ratio(1), dmax/dmin [ ]

3

Normal stiffness, kn [N/m]

1×108

Shear stiffness, ks [N/m]

8×107

Friction coefficient, μ [ ]

0.50

Density, ρs [kg/m3]

2650

Height, H [d50]

40

Width, W [d50]

44

Length, L [d50]

44

Wall stiffness, kw [N/m]

2×108

Gravity (m/s2)

0.981

Normal stiffness, kpn [N/m]

1×108

Shear stiffness, kps [N/m]

8×107

Particle diameter, d [d50]

0.02

Width, w [d50]

5

Length, l [d50]

5

Particle diameters are uniformly distributed between 𝒅𝒎𝒊𝒏 and 𝒅𝒎𝒂𝒙 .

A numerical servo-control mechanism is used to isotropically consolidate the specimen by
moving the boundary walls such that it is in numerical equilibrium at a specified isotropic stress
state within a tolerance of 0.5%. The porosity of the consolidated assembly can be adjusted by
varying the particle and wall friction coefficients during assembly generation and consolidation,
with a lower friction coefficient resulting in a denser specimen. After consolidation, particle
friction is adjusted to the desired value for the material being simulated (but cannot be less than
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the value used for consolidation because the contact network will collapse). The top wall is
removed to model uplift in soils with a free surface. The specimen is then re-equilibrated, and
finally, a constant upward velocity is applied to the anchor plate while the remaining specimen
boundaries are held fixed. To monitor system response during anchor uplift, 100 spherical
measurement regions are generated at random locations within the specimen, each having a
diameter of twice the maximum particle size 2𝑑𝑚𝑎𝑥 . (Note that these measurement spheres are
simply convenient regions over which model response may be averaged.) The anchor holding
capacity is the out-of-balance force on the plate anchor.
5.2.2.

Parametric Analyses

A total of sixteen simulations were performed to investigate the uplift behavior of a plate
anchor considering variations in embedment depth, assembly density, anchor size, and anchor
roughness. Three triaxial shear simulations were performed to measure the bulk shear strength of
the simulated material. The embedment ratio is defined as the embedment depth normalized by
anchor width (𝜆 = 𝐻0 ⁄𝐵 ) where 𝐻0 is the embedment depth and 𝐵 is the anchor width. The
embedment ratios considered vary from 1.6 to 7.2. Anchor sizes ranged from 5𝑑50 − 7𝑑50 . We
define anchor roughness as the peak-to-valley distance on the anchor surface (i.e., the particle
radius in this case). Therefore, anchor roughness may be varied by using different anchor particle
sizes. As the size of the particles that comprise the plate anchor increases, so does the tip-to-trough
distance of the surface (Figure 5-2). Using the surface roughness measure proposed by Uesugi and
Kishida (1986), anchor surface roughness varies from 0.1d50 to 1.0d50 as anchor particle diameter
increases from 0.1d50 to 1.0d50. Assembly void ratios ranged from 0.539 for relatively dense
assemblies to 0.661 for relatively loose assemblies.
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Figure 5-2. Anchor roughness

A quantity typically referred to as the breakout factor, 𝑁𝛾 (sometimes referred to as the
dimensionless load coefficient, e.g., Murray and Geddes 1987, or capacity factor, e.g., Meyerhof
1951, 1968), is commonly used as a quantitative measure of anchor holding capacity (Das and
Seely 1975; Dickin 1988; Murray and Geddes 1989; Dickin and Laman 2007). The breakout factor
is a unitless quantity defined as peak uplift resistance normalized by the gravitational force applied
to the anchor by the overburden material, as shown in Equation (5.1):

N 

Ppeak

 AH 0

(5.1)

where 𝑃𝑝𝑒𝑎𝑘 is the peak resistance, 𝛾 is the unit weight of the overlying material, 𝐻0 is the
embedment depth, and A is the planar area of the anchor.
5.3.

Results and Discussion

We consider both the specimen-scale and discrete information obtained via DEM
simulations to investigate system response as a function of the factors described above.
Understanding the basic physics of material response during anchor loading can provide insight
into uplift behavior in practice. We consider each parametric variable individually below.
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5.3.1.

Material Shear Strength

Many existing design approaches for plate anchors rely upon knowledge of the shear strength
of the material in which the anchor is embedded. Thus, to aid comparison between the DEM
simulations described herein and results from physical and analytical studies reported in the
literature, it is necessary to know the shear strength of the model granular material.
The internal friction angle of the granular assembly was obtained through simulation of
triaxial compression element tests using the same parameter values used in the plate anchor uplift
simulations (i.e., Table 5-1). Three triaxial simulations with different confining stresses were used
to define the Mohr-Coulomb failure envelope at critical state (Figure 5-3). The granular material
was found to have an internal friction angle of 𝜙′ = 24°.

Figure 5-3. Mohr’s circles at failure for axisymmetric compression tests on the model material at three
different confining stresses.

5.3.2.

Embedment Ratio (𝝀)

Eight different embedment ratios were simulated to investigate the influence of embedment
depth on anchor pullout capacity while the other simulation parameters (e.g., stress state and void
ratio of the assembly) were held constant. The anchor resistance factor, 𝑁, the peak value of which
is defined as breakout factor, was used to describe the magnitude of anchor resistance:

149
N

R
 AH 0

(5.2)

where R is the anchor resistance, and the other terms are as previously defined.
Figure 5-4 shows anchor resistance factor versus displacement for each embedment ratio.
The maximum anchor resistance factor (i.e., breakout factor) increases with increasing embedment
ratio. A larger embedment ratio implies greater soil weight above the anchor and a larger holding
capacity when multiplied by the relatively larger breakout factor. Breakout factors range from 5 to
17 as 𝜆 increases from 1.6 to 7.2 for the assembly of particles, which is consistent with results
from physical experiments (e.g., Meyerhof and Adams 1968; Rowe and Davis 1982; Dickin 1988).

Figure 5-4. Anchor resistance factor as a function of displacement

Comparisons to physical experiments reported in the literature can be used to evaluate the
DEM model. Square anchor plate pullout tests performed by Meyerhof and Adams (1968), Das
and Seely (1975), Rowe and Davis (1982), Murray and Geddes (1987), Dickin (1988), and Rao
and Kumar (1994) are used for comparison. In general, breakout factor varies linearly with
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embedment ratio, though the slope of this relationship varies from study to study. Results from the
DEM simulations are consistent with and in a similar range as the experimental results reported
results by the researchers listed above (see Figure 5-5).

Figure 5-5. Comparisons of breakout factors along with embedment ratio between experimental tests and
DEM simulation

The DEM simulation results are most consistent with the tests performed by Das and Seeley
(1975) and Rao and Kumar (1994). All of the results show breakout factor linearly increasing as
function of embedment ratio. When the embedment ratio varies from 1 to 8 𝑁𝛾 ranges from 2 to
30. However, none of the experiments reaches the critical embedment ratio or critical breakout
factor. Note that the critical embedment ratio is a limiting value; once it is reached, the breakout
factor is also a constant limiting value, i.e., the critical breakout factor. This implies that anchor
embedment depth is significantly important in determining holding capacity.
Consistent with the prediction of Meyerhof (1968), the mass of soil displaced at the ultimate
uplift load is shaped like a conical frustum. For the shallow anchors, the failure surface reaches
the ground surface. Figure 5-6 shows particle velocity vectors for the shallowest anchor. Three
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dashed lines indicate the range of potential inclinations of the implied failure surface, ϕ'/3, ϕ'/2,
and ϕ'. Note that there is not consistency in the failure surface inclinations published in the
literature. From prior research, the inclination of failure surface, θ, is seen to generally range from
𝜙′⁄3 to 𝜙′; for instance, Murry and Geddes (1987) report that 𝜙′⁄2 ≤ 𝜃 ≤ 𝜙′ while Dyson and
Rognon (2014) report that 𝜙′⁄2 ≤ 𝜃 ≤ 2𝜙′⁄3, and Meyerhof (1968) found 𝜃 = 𝜙′⁄3.

Figure 5-6. Velocity vectors for granular assembly with a fully mobilized shallow plate anchor, dashed lines
indicate failure surface inclinations of ϕ'/3, ϕ'/2, 2ϕ'/3 and ϕ'.

Meyerhof and Adams (1968) found that the ultimate uplift load of a square plate anchor is
similar to that of a circular plate anchor. The shearing resistance of the square plate anchor is the
mobilization of passive earth pressure inclined at an angle θ on a quadrangular pyramidal frustum
through the anchor edges. They found that the ultimate uplift load for a shallow anchor can be
computed by:
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Qu   cBH 0  s B

 H 02
Ku tan    W
2

(5.3)

where B is the anchor width/length, H0 is the embedment depth, s is an empirical shape factor, Ku
is the nominal uplift coefficient of earth pressure on a vertical plane, and W is anchor weight. For
granular soils, c is zero and the equation simplifies to:

Qu  s B

 H 02
Ku tan    W
2

(5.4)

The theoretical relationship between the angle of internal friction and the shape factor, s, and
Ku have been reported by Meyerhof and Adams (1968) and are shown in Figure 5-7 and Figure
5-8, respectively. From Figure 5-7, the shape factor is 𝑠 = 1.25 for a friction angle of 24° (Figure
5-3). Similarly, according to Figure 5-8, Ku=0.88 for the granular assembly considered herein (Kpv
and Ku are related by 𝐾𝑝𝑣 = 𝐾𝑢 tan𝜙′). Breakout factor may then be expressed as:

N 

Qu

 ze A

s B

 H 02
Ku tan    W
2
 H0 B2

(5.5)

In the current simulations, anchor weight is very small and may be neglected, resulting in:

N 

s Ku tan  
2

(5.6)

Breakout factor, as calculated from equation (5.6), is a linear function of embedment ratio,
𝜆. The rate of increase is determined by the shape factor, the nominal uplift coefficient of earth
pressure on a vertical plane, and the internal friction angle of the soil.
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Figure 5-7. Meyerhof and Adams (1968) shape factors as a function of soil friction angle.

Figure 5-8. Theoretical uplift coefficient of earth pressure. Data points are digitized from the curves of
Meyerhof and Adams (1968). A polynomial is fit to the 𝑲𝒖 data (solid line, 𝑹𝟐 > 𝟎. 𝟗𝟗𝟗) and then used to
predict the 𝑲𝒑𝒗 data using the relationship 𝑲𝒑𝒗 = 𝑲𝒖 𝐭𝐚𝐧 𝝓′ (dashed line) as a check on the quality of
digitization.

Ovesen (1981) reported an empirical formula for breakout factor for shallow anchors (1 ≤
𝜆 ≤ 3.5) and internal friction angles between 29° and 42°:
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N  1  (4.32 tan    1.58)

3

2

(5.7)

Referring to the nominal uplift coefficient of earth pressure on vertical plane (Ku) proposed
by Meyerhof and Adams (1968) and results from physical experiments, Das and Seely (1975)
proposed an equation for the breakout factor of a rectangular anchor embedded in a granular soil
with 𝜙′ = 31° (square anchor is a special case) as Equation 5.8:
N  2 sKu tan    1  2 sK pv  1

(5.8)

Dyson and Rognon (2014) also developed an equation for breakout factor:
1
2
N  1  2 tan    2 tan   2


3

(5.9)

where θ ranges from 𝜙 ′ /2to 2𝜙 ′ /3. The upper bound solution for a circular anchor derived by
Murray and Geddes (1987) is shown in Equation (5.10):
 2

N  1  2 tan   1   tan   
 3


(5.10)

Murry and Geddes (1987) also derived the rectangular plate anchor equation shown in
Equation 5.11. Square plate anchor is a specific case when length equals to width.




N  1   tan    2   tan   
3



(5.11)

The dimensionless breakout factors from these equations for an internal friction angle of 24°
and that measured in the DEM simulations are shown in Figure 5-9. Breakout factors calculated
using approaches previously reported in the literature are typically functions of only internal
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friction angle and/or embedment ratio, except for that proposed by Dyson and Rognon (2014),
which requires specification of failure surface inclination. Figure 5-9 presents breakout factors
calculated using both the upper- and lower-bound failure surface inclinations identified by Dyson
and Rognon (2014).

Figure 5-9. Breakout factor as a function of embedment ratio (DEM vs empirical).

Of the relationships presented in Figure 5-9, the DEM simulations generally predict higher
breakout factors compared to the empirical results for the same friction coefficient. Development
(and in some cases, calibration) of the semi-analytical breakout equations involves assumptions
about failure mechanism and failure wedge geometry. When in doubt, conservative assumptions
are typically used and there is often little data available for calibration. Thus, the semi-analytical
approaches are likely inherently conservative. Furthermore, the specific ranges of friction angles
over which the empirical equations remain valid are not generally well-defined, however. Even
though Figure 5-9 shows the breakout factors calculated using the embedment ratios and friction
angle for the DEM simulations, the empirical solutions may not be strictly applicable for lower
angles of internal friction (e.g., recall that the Das and Seely 1975 equation was developed for a
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single soil with 𝜙′ = 31°). Nonetheless, the breakout factor obtained from the DEM simulations
exhibits a similar rate of increase with increasing embedment ratio as the empirical predictions.
5.3.3.

Anchor Roughness

A given surface can largely be defined by its stiffness, hardness, and roughness. Of these
three factors, roughness will vary over the largest range for different anchor materials, particularly
if surface evolution over the system’s lifetime is considered. To assess the effects of changing plate
anchor roughness, simulations were performed using an embedment ratio of 4.8 with varying
anchor particle diameters of 0.100, 0.200, 0.500, 0.625 and 1.00d50. The corresponding anchor
roughness are then 0.050, 0.100, 0.250, 0.313 and 0.500 as defined above in Section 2.2. Figure
5-10 shows the breakout factor for different anchor roughnesses at the same embedment ratio, 𝜆 =
4.8. The breakout factors vary over a narrow range from 11.8 to 12.4 as roughness is varied. The
results imply that anchor roughness has little influence on the resistance of plate anchors. This is
reasonable, given that anchor resistance is primarily due to the soil weight above the plate anchor
and the Coulomb force along the shearing surface. This finding is consistent with those reported
by several other researchers (e.g., Rowe and Davis 1982; Song et al. 2008; White et al. 2008; Yu
et al. 2011) not only experimentally but also numerically. Plate anchor capacity cannot be affected
by the anchor roughness. Therefore, DEM simulation can obtain consistent results with multi
methods (e.g., experiments, numerical) presented in literature.
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Figure 5-10. Anchor resistance as a function of anchor surface roughness (𝝀 = 𝟒. 𝟖).

5.3.4.

Soil Density

Soil density can be adjusted by varying the particle friction coefficients during assembly
generation and consolidation, with a lower friction coefficient resulting in a denser specimen and
higher friction coefficients resulting in looser specimen. To study the effects of soil density on
pullout resistance, a set of simulations with void ratios ranging from e = 0.539 to e = 0.661 are
considered. The anchor resistance factor (N) as a function of relative displacement for different
void ratios are shown in Figure 5-11. As expected, these results indicate that denser assemblies
have a greater pullout resistance.
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Figure 5-11. Anchor resistance factor versus relative displacement for assemblies with different void ratios.

Figure 5-11 indicates that the densest assembly experiences strain softening during anchor
uplift. For looser assemblies, a well-defined peak anchor resistance is not obvious. There is no
strain softening for the loosest assemblies; instead, the anchor resistance factor increases gradually
to a relatively constant value. The anchor resistance factor exhibits post-peak strain-softening
when the granular assembly is very dense (e=0.539). The anchor resistance factor increases to a
peak value and then decreases due to the failures along the truncated cone failure surface. Particle
sliding, rotation, and possibly crushing would occur along the failure surface, resulting in the postpeak decrease in anchor holding capacity. However, anchor resistance in the loosest assembly (e
= 0.661) exhibits strain hardening behavior because anchor mobilization will densify the assembly
above the plate anchor. Figure 5-12 presents breakout factors as a function of void ratio. The
relationship is approximately linear from a value of 𝑁𝛾 = 5 for the loosest assembly to 𝑁𝛾 =12 for
the most dense. Soil density clearly has a significant effect on anchor holding capacity.
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Figure 5-12. The variation of breakout factor with the void ratio of the surrounding soil

Figure 5-13 compares the breakout factor as a function of embedment ratio for both dense
and loose assemblies. In the current considered embedment ratio range, breakout factor increases
linearly with embedment ratio for dense assemblies. Only if the embedment ratio is large enough
(e.g., 𝜆 > 10) (Meyerhof and Adams 1968) will the plate anchor embedded into dense assembly
reach critical state. That means the critical embedment ratio for dense assemblies is larger.
Embedment ratios larger than 12 have not been investigated experimentally or through field tests.
However, breakout factor has a bilinear relationship with embedment ratio for loose assemblies,
initially increasing with embedment up to some critical embedment ratio ( 𝜆 = 5.8 in our
simulations), after which it remains constant. This phenomena has also been found experimentally
(Vesic 1969; Das and Seely 1975) and theoretically (Chattopadhyay and Pise 1986). The critical
embedment depth depends on the angle of internal friction. As found through DEM simulations
and reported by previous researchers, critical embedment ratio increases with internal friction and
decreases with void ratio (Meyerhof and Adams 1968; Das and Seely 1975; Dickin 1988; Frydman
and Shaham 1989; Rao and Kumar 1994; Ilamparuthi et al. 2002). The critical breakout factors
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reported above range from 5 to 12 for rectangular plate anchors. Thus, the results from the DEM
simulations shown in Figure 5-13 are consistent with the results presented in the literature.

Figure 5-13. Breakout factor as a function of embedment ratio

Plate anchor movement will mobilize the overlying granular material. Particles in contact
with the plate anchor serve to transmit forces from the displacing plate to the remainder of the
assembly. Figure 5-14 shows the contact force networks of plate anchors at two embedment ratios
for both a dense (e = 0.590) and a loose (e = 0.625) assembly. The contact force networks have an
inverted “root-like” structure with larger forces contacting the plate anchor that attenuate to smaller
contact forces as distance from the anchor increases. For the lower embedment ratio (𝜆 = 3.2), the
contact force networks for the loose and dense assemblies are quite similar. However, at the larger
embedment ratio (𝜆 = 7.2), there are significant differences in the contact force networks for the
loose and dense assemblies. Contact forces above the plate anchor are larger in the dense assembly
than in the loose assembly. At higher embedment ratios, the difference in self-weight of the
overburden for the loose and dense assemblies becomes apparent, causing the observed differences
in the contact force networks.
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Figure 5-14. Contact force network of loose and dense assembly for two selected embedment ratios, contact
normal forces are normalized by 200 N for 𝝀 = 𝟑. 𝟐 and 600 N for 𝝀 = 𝟕. 𝟐

Three-dimensional particle vertical velocity (in vertical direction) color maps of the granular
assemblies after the anchor is fully mobilized for loose and dense assemblies and different
embedment ratios are presented Figure 5-15. Particles with velocities larger than 0.004 m/s are
colored according to their velocities. Particles with velocities below this threshold are not shown.
The color maps for the shallow embedment depth (𝜆 = 3.2) show that the size of the influence
zone in the dense assembly is larger and particles have larger velocities, particularly near the
surface. In all cases considered, the region of particle movement takes the shape of an inverted
conical frustum after the anchor is fully mobilized. At the higher embedment ratio (𝜆 = 7.2) the
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influence zone is substantially larger for the dense assembly. For both depths of embedment, it is
clear that more particles are engaged in shear resistance in the dense assemblies than in the loose.
This is due in part to the increased size of the zone of influence, but significantly, also because of
the relative number of particles within the influence zone that are actively engaged.

Figure 5-15. Particle velocity (m/s) colormap of loose (left column) and dense (right column) assemblies for
two embedment ratios.
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5.3.5.

Effects of Anchor Size

We consider here the effects of changing anchor plate size on the breakout factor at two
different soil densities: dense (e = 0.590) and loose (e = 0.625). The results indicate that breakout
factor decreases with increasing anchor size for both assembly densities considered (Figure 5-16).
Dickin (1988) reports similar trends for experimental studies of anchor size effects on breakout
factor. While this initially seems counterintuitive, it is important to remember that breakout factor
is a reflection of anchor holding efficiency, not capacity because it is failure load normalized by
the gravitational force supplied by the overburden material. Thus, a lower breakout factor
corresponds to less holding efficiency. In general, the rate of increase in holding capacity as anchor
size increases is not as great as the rate of increase in the overburden load associated with the larger
cross-sectional area (i.e., Equation 5.1).

Figure 5-16. Breakout factor under different anchor sizes (𝝀 = 𝟒. 𝟖), where β=B/d50
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5.4.

Failure mechanism

Three primary failure mechanisms have been postulated by previous researchers. Figure
5-17(a) shows the first failure surface, a frictional cylinder first proposed by Majer (1955) (Liu et
al. 2012) and called the vertical slip surface model (VSSM). In the VSSM, the holding capacity is
the soil weight above the plate anchor multiplied by the frictional resistance along the failure
surface. This assumed failure mechanism is generally considered too conservative (e.g.,
Ilamparuthi et al. 2002; Liu et al. 2012). The second failure mechanism (Mors 1959), shown in
Figure 5-17(b), assumes a conical frustum extending above the plate anchor from its edge to the
soil surface with an inclination of θ to the vertical, as shown in Figure 5-17(b). Murray and Geddes
(1987) suggest that θ ranges from 𝜙 ′ /2 to 𝜙 ′ . The holding capacity is calculated to be the weight
of the conical frustum. This failure mechanism is also generally considered to be too conservative
(Ilamparuthi et al. 2002) for shallow anchors because it neglects the frictional resistance along the
failure surface. For deep anchors, however, it overestimates holding capacity because the failure
surface for deep anchors does not extend to the free surface (Liu et al. 2012). The third failure
mechanism (Figure 5-17(c)) is an curved slip plane that extends from the anchor edges to the free
surface with an initial inclination of 45° − 𝜙′/2, as observed by Balla (1961) through half-cut
model experiments. Balla (1961) simplifies the curved arc to a circular arc with radius of (𝐻0 −
ℎ)/sin(45° + 𝜙′⁄2), where 𝐻0 is the embedment depth and h is the anchor thickness. While the
three failure mechanisms discussed above are the most widely accepted, other failure surfaces have
been postulated. Matsuo (1967) and Khadilkar et al. (1971) assumed that the rupture geometry is
a logarithmic spiral and a tangential plane daylights at 45° − 𝜙′⁄2 to the surface. However, this
method does not consider the frictional force in the required direction and is typically considered
to be invalid (Murray and Geddes 1987). Chattopadhyay and Pise (1986) assumed an exponential
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equation to describe the failure surface and applied limit equilibrium analyses and found that there
exists a critical embedment depth, beyond which the breakout factor is constant, consistent with
previously reported findings (e.g., Vesic 1969; Das and Seely 1975). These additional failure
mechanisms are specific examples of the mechanisms shown in Figure 5-17. Regardless of the
specific assumptions made, the above three mechanisms consist of two components: (1) the soil
weight in the volume bounded by the plate anchor and the assumed failure surface; and (2) the
frictional force on the failure surface.

Figure 5-17 Plate anchor failure mechanism diagrams: (a) VSSM, (b) truncated cone, and (c) curved failure
surface

We now consider discrete failure mechanisms that occur in the DEM simulations through
analysis of particle relative displacements and velocities and contact force transfer and diffusion
during pullout. Figure 5-18 shows the contact force networks before and after full anchor
mobilization on a slice cut from the three dimensional assembly through the center. Figure 5-18(a)
shows that before anchor movement contact force magnitudes show a gravitational gradient.
Contact forces are uniformly distributed, also shown in Figure 5-19. After anchor mobilization,
larger contact forces occur on the top of the plate anchor, Figure 5-18(b) and contact forces are
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redistributed in the assembly with a preferred spatial distribution. Contact force values
immediately above the plate anchor clearly increase due to anchor mobilization and have much
larger magnitudes than those due to body forces alone. This is micromechanical evidence that
gravitational forces above the plate are not the only factor providing holding capacity (i.e., Nγ >
1). Clearly, the friction force acting on the failure surface contributes significantly to the holding
resistance of the plate anchor. Note that contact forces above the plate anchor shown in this figure
is just one 2D slice and plate anchor size is relatively small comparing to the real plate anchor in
practice. The contact forces above the plate anchor would be asymmetric if the increasing the plate
anchor size of considering them in three dimension.

Figure 5-18. Contact force chain development from (a) before and (b) after full anchor mobilization for an
embedment ratio of 𝝀 = 𝟑. 𝟐); contact normal forces are normalized by 200 N before pullout and 600 N after
full mobilization.
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The magnitudes of the contact forces are narrowly distributed prior to anchor uplift, as shown
in Figure 5-19, where normalized contact force is defined as the contact normal force divided by
the mean contact normal force in the assembly prior to uplift. Figure 5-19 shows that normalized
contact normal force ranged from nearly 0 to 10 for anchor before uplift and varied from nearly 0
to 60 during uplift. The mobilization of the plate anchor compresses the assembly above the anchor,
thus increasing the contact normal forces.

Figure 5-19. Contact normal force distribution in the granular assembly. Forces are normalized by the mean
contact normal force in the assembly.

Figure 5-20 shows a slice of particle velocities for the same dense and loose assemblies
considered in Figure 5-15. Particle velocities are normalized by the anchor uplift velocity. From
Figure 5-20 and Figure 5-15, particle velocities have a pronounced gradient from immediately
above the anchor to their surrounding neighbors. Particles in contact with the plate anchor are
directly influenced by plate mobilization. Due to interparticle friction (for non-spherical particles,
there would also be particle interlocking), mobilization of particles results in friction forces along
the failure surface. Failure is observed where particle velocities exhibit an abrupt change in
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magnitude: this is location of the shear band. The localization initially occurs as particle velocities
diffuse from plate anchor to the surface and then continuously exists as anchor pullout continues.
Because the particle velocities shown in Figure 5-20 are instantaneous, it is possible to observe
large velocities, even outside the influence zone, due to local force rearrangement.

Figure 5-20. Particle velocity vector (𝝀 = 𝟑. 𝟐) of (a) dense and (b) loose assembly.

The failure mechanisms for the loose and dense assemblies are different. Figure 5-21 shows
the velocity fields for dense and loose assemblies at the same displacement. The influence zone is
markedly larger for the dense assembly. For a shallow anchor in the loose assembly, the failure
surface is not as clearly defined at the top of the assembly compared to the dense assembly,
implying greater particle rearrangement in the loose assembly (consistent with diffuse failure)
relative to the dense assembly (implying rigid block sliding along the shear band; Evans and Frost
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2010). Significant particle motions in the loose assembly occur in a bulb-shaped influence zone;
similar behavior was reported by Liu et al. (2012) via experimental tests.

Figure 5-21. Failure mechanism inferred from particle velocities of (a) and (b) dense assembly, (c) and (d)
loose assembly (𝝀 = 𝟑. 𝟐)

5.5.

Anchor response to cyclic loading

Plate anchors are subjected to cyclic wave loading for offshore structures (e.g. wave energy
converters, oil platforms). Granular soil behavior under cyclic loading is briefly considered here.
In the simulations, the applied cyclic loads are based on the maximum holding resistance (𝑃𝑝𝑒𝑎𝑘 )
generated from the static pullout simulations discussed above, see Figure 5-22. Cyclic loading has
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four steps from 0.4𝑃𝑝𝑒𝑎𝑘 to 1.2𝑃𝑝𝑒𝑎𝑘 , where 𝑃𝑝𝑒𝑎𝑘 is the maximum holding resistance under static
loading for the same embedment depths.

Figure 5-22. Cyclic loads, cyclic loading ratio is defined as the ratio of applied load to the maximum anchor
holding force under static loading condition

Figure 5-23 shows anchor relative vertical displacement for the different stages of cyclic
loading. Relative vertical displacement is defined as the vertical displacement normalized by
anchor width, expressed in percent. According to Lesny and Hinz (2009), soils in contact with
cyclically–loaded monopole foundations exhibit three stages of behavior: (1) shake down; (2)
stabilization; and (3) progressive failure. Figure 5-23 shows shakedown behavior when the loading
magnitudes are 0.4𝑃𝑝𝑒𝑎𝑘 and stabilization is observed when the cyclic loading is 0.8𝑃𝑝𝑒𝑎𝑘 or
1.0𝑃𝑝𝑒𝑎𝑘 . The soil fails when the cyclic loading is 1.2𝑃𝑝𝑒𝑎𝑘 . Relative vertical displacement
increments increase with increasing cyclic loading.
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Figure 5-23. Cyclic loading ratio vs. Relative vertical displacement % (𝝀 = 𝟕. 𝟐 dense assembly)

A virtual box with dimension 0.3L×0.3W×0.2H immediately above the plate anchor is used
to compute the stress tensor and mean stress during cyclic loading. The stress tensor is obtained
from the contact information inside the virtual box, as shown in Equation (5.11) (e.g., O’Sullivan
2011).
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where 𝑁𝑐,𝑉 is the total number of contacts in the volume 𝑉, [𝑓𝑥 𝑓𝑦 𝑓𝑧 ] is the force vector for
contact 𝑐, and [𝑙𝑥 𝑙𝑦 𝑙𝑧 ] is the branch vector for contact 𝑐. From the first invariant of the Cauchy
stress tensor, the mean stress is obtained by Equation (5.12):
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where p is the mean stress and 𝐼1 is the first invariant of stress tensor.

(5.12)
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The mean stress in the virtual box when the embedment ratio is 7.2 is shown in Figure 5-24.
Normalized mean stress in Figure 5-24 is defined as the mean stress obtained from the stress tensor
divided by the vertical geostatic stress 𝜎𝑧 . Given the internal friction angle of 24°, the lateral earth
pressure coefficient at rest is 𝐾0 = (1 − sin(24°)) = 0.593, the active earth pressure coefficient
is 𝐾𝑎 = (1 − sin(24°))/(1 + sin(24°)) = 0.422, and the passive earth pressure coefficient is
𝐾𝑝 = (1 + sin(24°))/(1 − sin(24°)) = 2.37. Figure 5-24 shows that the normalized mean stress
is initially 0.65 and ranges from 0.45 to 1.77 during the cyclic loading-unloading process. The
granular assembly is capable of supporting larger loading magnitudes (1.2𝑃𝑝𝑒𝑎𝑘 ) during cyclic
loading than the static monotonic loading capacity, consistent with the recent findings by Chow et
al. (2015). Results show that there is no stress relaxation under small cyclic loads; however, larger
loads mobilize the passive resistance, even not fully, and the corresponding unloading mobilizes
the active resistance and stress relaxation. Normalized mean stress varies approximately from the
active earth pressure coefficient to the passive earth pressure coefficient.

Figure 5-24. Mean stress of the considered virtual box along with relative vertical displacement (λ=7.2 dense
assembly)
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To further investigate this behavior, we consider the evolution of coordination number under
cyclic loading for different assembly densities. Mechanical coordination number (Thornton 2010)
is defined as 𝑍𝑚 = (2𝐶 − 𝑁1 )/(𝑁𝑝 − 𝑁1 − 𝑁0 ) where Zm is the mechanical coordination number,
C is the number of particle-particle contacts in the assembly, N1 and N0 are the number of particles
with one or zero contacts, respectively, and Np is the number of particles. Mechanical coordination
number versus relative vertical displacement for dense and loose assemblies for the same
embedment ratio (λ=7.2) are shown in Figure 5-25. For similar cyclic loading ratios and numbers
of cycles, relative vertical displacement in the loose assembly (24%) is larger than for the dense
assembly (17%). During cyclic loading, the mechanical coordination numbers vary, but shake
down to relatively constant values at the fully-loaded and fully unloaded states. These steady states
are nearly the same for both the initially dense and initially loose assemblies, illustrating the
homogenizing effects of shear. This is microscale evidence of momentary instability during the
load-unload cycles.

Figure 5-25. Evolution of mechanical coordination number with cyclic loading for loose and dense assemblies
with an embedment ratio of 𝝀 = 𝟕. 𝟐.
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5.6.

Conclusions

Multiscale analyses of plate anchors embedded into granular soils based on DEM have been
presented in this paper. We have considered both anchor properties (e.g., embedment depth,
roughness, size) and soil properties (e.g. density). The results have been reported as dimensionless
breakout factors as functions of embedment ratio, relative density, anchor size, and anchor
roughness. Consistency in results across DEM simulations, experimental tests, and empirical
equations was demonstrated. Anchor failure mechanisms were analyzed by investigating particlescale response to anchor uplift. The following conclusions may be drawn from the findings
presented in this paper:
1. Breakout factor linearly increases with the increase of embedment ratio at relatively shallow
embedment depths for both dense and loose granular assemblies. However, a critical
breakout factor, beyond which increasing embedment depth is no longer efficient, is
observed for the loose assembly. The DEM simulation results are consistent with
experimental tests and empirical equations for similar internal friction.
2. Anchor roughness has little influence on the resistance of plate anchors: the breakout factors
are similar for all of the selected anchor roughnesses. The results show that breakout factor
decreases with anchor size for both dense and loose assemblies.
3. Contact forces attenuate from the plate anchor up to the surface. There is no significant
difference in the contact force network for varying embedment ratios. However, for a larger
embedment ratio, there is a marked difference between loose and dense assemblies. Contact
forces above the plate anchor are larger and more concentrated in the dense assembly than
in the loose assembly. Body forces combine with the uplifting anchor to contribute to the
strong contact forces above the plate anchor.
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4. Observation of microscale failure mechanisms provide insight into the system-scale
manifestation of failure in the assembly. Particle relative displacement, velocity, and contact
force transfer during uplift all illustrate the differences in failure mechanisms across
simulations. The failure mechanism for loose and dense assemblies are demonstrably
different. For a shallow anchor in a loose assembly, granular soil mobilization does not fully
extend to the surface as clearly as in the dense assembly. Significant particle rearrangement
occurs in a bulb-shaped influence zone in the loose assembly (diffuse failure) while a welldefined shear surface develops in the dense assembly.
5. These differences in failure mechanisms across embedment ratios and soil densities imply
that a single empirical or semi-analytical equation is likely not appropriate for robustly
quantifying pullout resistance of plate anchors in granular soils.
6. There is no stress relaxation under small cyclic loading; however, larger loading activates
passive resistance and the corresponding unloading activates the active resistance.
Normalized mean stress varies from the active earth pressure coefficient to the passive earth
pressure coefficient. Plate anchor has been found to have higher holding capacity under
cyclic loading condition than under static monotonic loading.
7. During cyclic loading, the mechanical coordination number varies from 5.0 to 2.5 and from
5.0 to 3.1 when considering only contacts with active forces. The soil assembly becomes
unstable under cyclic loading-unloading loads. The larger the cyclic loading, the greater the
instability.
Equation Section (Next)
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6.

DEM Simulations of Installation Behavior of Torpedo Anchors in
Granular Soils

Torpedo anchors are a viable approach for mooring marine hydrokinetic (MHK) energy
devices to the seafloor. These anchors can serve to maintain station and to provide the reaction
force for an MHK device. The ability of the anchor to perform these duties is a strong function of
its penetration depth during installation. This is a large-strain problem not amenable to typical
continuum numerical approaches. In the current work, we propose that the discrete element method
(DEM) is a more appropriate tool to investigate the shallow penetration of torpedo anchors in sands.
The effects of anchor mass, impact velocity, and soil interparticle friction are considered in the
DEM simulations. The relative maximum penetration depths for different penetration conditions
are quantified and presented. Granular material response at the microscale during penetration are
used to provide insight into system response. Energy dissipation in the assembly by both friction
and collision at the particle scale are considered. Results show that anchor penetration increases
approximately linearly with an increase in impact velocity or anchor weight. Penetration decreases
with an increase in interparticle friction (i.e., soil strength). Observations of microscale behaviors
and energy calculations are used to provide insight into overall system response.
6.1.

Introduction

Dynamically penetrated anchors (DPA), also called "torpedo" or "rocket" anchors, are used
for mooring deep water offshore facilities. They are typically constructed by a cone-tipped
cylindrical steel pipe sections filled with concrete or scrap chain and have a pad eye at the top.
DPAs are installed through the kinetic energy acquired during anchor free fall through the water.
A mooring line is typically connected to the top of the anchor. The design of DPAs includes the
estimation of embedment depth and holding capacities for both short- and long-term conditions.
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Existing design methods are based on results from experimental tests and numerical simulations.
Physical experiments, including full-scale in-situ testing and small-scale centrifuge models, have
been performed by many researchers (e.g., True 1976; Freeman et al. 1988; Lieng et al. 1999, 2000;
O’Loughlin et al. 2004; Ehlers et al. 2004; Audibert et al. 2006; Shahin and Jaksa 2006; Richardson
2008; O’Loughlin et al. 2009; Raie and Tassoulas 2009; Lieng et al. 2010; O’Loughlin et al. 2013;
Kim et al. 2014; Hossain et al. 2015). Most of these tests were performed in fine-grained soils.
The influence of impact velocity on embedment depth is the primary performance metric
considered in these studies. The influence of anchor weight on penetration depth is often
considered. Results reported by previous researchers indicate that larger anchor impact velocities
and anchor weights will result in deeper penetration and higher holding capacities. Anchor model
shapes, especially nose shape, will also influence the anchor penetration depth. Anchor penetration
relies on the anchor total energy which is the sum of kinetic and potential energy.
Relatively fewer experimental tests have been performed on anchor penetration in sandy
soils. Medeiros et al. (2002) report results from full-scale field tests at two sites off the Brazilian
coast, one with sandy soils and the other with fine-grained soils. Penetration depths in normally
consolidated clay were found to be larger than in sand for the same impact velocities. Projectile
penetration tests on granular soils have been more widely reported, mostly in military applications
with very high impact velocities (≳300 m/s) (e.g. Pyrz et al. 1969; Wang 1969; Wang 1971; True
1972; True 1975; Fragaszy et al. 1989; Taylor et al. 1991; Boguslavskii et al. 1996; Van Vooren
et al. 2013). Factors such as projectile nose shape, projectile weight, gravity, and projectile body
shape were considered. Power relationships between projectile penetration depth and mass-area
ratio have been reported. Penetration depth was found to decrease rapidly as projectile radius
increases.
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O’Beirne et al. (2015) performed numerical analyses of offshore anchor behavior,
comparing FEM results with field tests to investigate the response of soil to different load
inclinations during pullout. Raie and Tassoulas (2009) used computational fluid dynamics (CFD)
to simulate soil behavior during anchor penetration by approximating the soil as a fluid. Numerical
analyses of cone penetration tests (similar to the mechanics of DPA) in granular soils and crushable
sands have also been performed (e.g., Jiang et al. 2006; Ciantia et al. 2016), but these studies
consider low-velocity penetrations and assembly behavior remains in the quasi-static regime.
Analyses to investigate microscale soil performance in the vicinity of anchor penetration have not
been fully reported previously. In the current work, DEM is employed to investigate the anchor
penetration as dynamic impact simulations and the microscale response of DPAs in sandy soils.
The discrete element method (DEM) allows for the simulation of soils as a collection of
individual particles and is increasingly being applied to a wide array of problems that involve
granular materials in contact with geostructures (e.g., Kress and Evans 2010; Evans and Kress
2011; Zamani and El Shamy 2012; El Shamy and Patsevich 2015). DEM models predict emergent
behavior in particulate assemblies based on simulation of independent particle behaviors. DEM
has been previously used to study shear bands in sand, including free-field shearing (Jacobsen et
al. 2007; Evans and Frost 2010; Zhao and Evans 2011; Frost et al. 2012) and also granularcontinuum interface shearing (Jensen et al. 2001a, b; Dove et al. 2006; Zhang and Evans 2016;
Zhang and Evans 2018). Overall, simulated material response from DEM simulations has been
shown to be consistent with results from physical experiments for a variety of loading conditions
(Zhao and Evans 2009; Evans and Frost 2010).
Anchor installation is the first step for deploying an offshore anchor system. In the case of
DPAs for marine hydrokinetic (MHK) energy generators, anchors serve to keep devices on station
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and as the reaction force necessary for energy generation. The holding capacity of the anchors
must bear the tensile force from ocean waves transmitted by mooring lines. The soil-anchor
interface shear force as well as the anchor weight play major roles on the anchor holding capacity.
Typically, the deeper the embedment, the higher the holding capacity. The properties of the seabed
soils and the anchor (e.g., anchor weight) combine to determine the holding capacity and allowable
reaction force for a given anchor design. Much of the previous work on DPA has focused on FEM
analyses, CFD analyses, and/or limit equilibrium solutions and are only applicable to clay
sediments (Lieng et al. 2000; Raie and Tassoulas 2009; O’Loughlin et al. 2013; O’Beirne et al.
2015). However, both approaches neglect much of the fundamental physics occurring at the
anchor-soil interface or do not consider DPAs embedded in sandy soils. This work uses DEM
simulations to evaluate the response of DPA in sandy soils.
6.2.
6.2.1.

Numerical analysis of Torpedo Anchor Penetration
DEM Model of Torpedo Anchor Penetration

Prior studies of dynamically penetrated anchors and projectile penetration tests have focused
on factors such as impact velocity, nose and shaft shape, and anchor/projectile weight and their
influence on penetration depth. The simulations below focus on similar effects and the penetration
depths at a small scale and explore the microscale responses during anchor penetration. Note here
that the granular assembly is porous medium with high hydraulic conductivity. The pore water
pressure will dissipate immediately after anchor penetration. Therefore, the influence of pore water
pressure on the penetration behavior is not considered.
The geometry of the DEM model of the DPA installation is shown in Figure 6-1. The
assembly consists of a collection of polydisperse spheres intended to simulate sandy soil specimen
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and larger particles combined into a stick-like clump to simulate a DPA. The dimensions of the
granular assembly are defined as functions of median particle size d50. Figure 6-1 shows a state
when the DPA has already penetrated the granular assembly. Mass scaling (e.g., Belheine et al.
2009; Evans and Valdes 2011) is employed to decrease simulation time. Specifically, model
diameter (Ds) and height (H) can be expressed in terms of d50 as Ds/d50 = 40, and H/d50 = 50,
respectively. The diameter of the DPA is Da=4.2d50. Material and model parameters are shown in
Table 6-1.

Figure 6-1. DEM Model for Torpedo Anchor Penetration.

Anchor penetration largely relies on the anchor total energy. Thus, a scaled gravity value is
assigned for the simulation to not only balance the resultant gravitational force results from mass
scaling but keep the anchor total energy similar to the anchor energy obtained from centrifuge tests.
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The specimen is consolidated in the assigned gravity to equilibrium by cycling the granular
assembly to a state where the average unbalanced contact force in the assembly is less than 1% of
the average contact force. This as-consolidated void ratio can be adjusted by varying the particles’
and walls’ friction coefficients during consolidation, with a higher friction value resulting in a
looser specimen. Note that 𝜇𝑐 ∈ [0, 𝜇] where μc is the friction coefficient used during
consolidation and μ is the actual particle friction coefficient during anchor penetration. After
consolidation, particle friction can be adjusted to assess the effects of particle friction on pullout
resistance. Once the specimen is consolidated and equilibrated, the DPA is generated with the
anchor tip immediately above the specimen and released by assigning a negative vertical constant
velocity to simulate the impact velocity in practice. Viscous damping is used to dissipate energy
in the simulations. Viscous damping adds a dashpot at each contact in both the normal and shear
directions (Itasca 2008). Penetration is considered complete when the anchor vertical velocity is
zero. The simulations discussed herein consist of approximately 55,000 particles; one simulation
requires roughly two days to complete on an Intel Xeon E5-2660v3 processor on Windows Server
2012.
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Table 6-1. Material and model properties (baseline).

Parameters

Value

Maximum diameter, dmax [m]

0.75

Minimum diameter, dmin [m]

0.25

Normal stiffness, kn [N/m]

1×108

Shear stiffness, ks [N/m]

8×107

Friction coefficient, μ [ ]

0.31

Density, ρs [kg/m3]

2650

Particles

Model

Height, H [d50]

50

Diameter, Ds [d50]

40

Initial porosity [ ]

0.426

Normal stiffness, ksn [N/m]

1×108

Shear stiffness, kss [N/m]

8×107

DPA

6.2.2.

Weight ratio, WR [ ]

3.77

Diameter, Da [d50]

4.2

Parametric Studies

A series of parametric simulations has been performed to assess the effects of varying impact
velocities on the maximum anchor penetration. Anchor impact velocity, anchor weight, and soil
interparticle friction are the parameters considered herein. These simulations serve two main
purposes: (1) to elucidate problem physics by showing nontrivial variations in emergent response
due to changes in physical inputs; and (2) to provide an intuitive check of overall model response
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– e.g., does anchor penetration depth increase with increasing impact velocities? – based on a highlevel understanding of the physical system.
6.2.2.1. Impact velocity

In practice, torpedo anchors are released ~50-100 m above the seabed, resulting in an impact
velocity of ~25-35 m/s (O’Loughlin and Richardson 2009). Impact velocities in this work range
from 25 m/s to 40 m/s. Note that impact velocity is the velocity at the point that the torpedo anchor
first impacts the seabed.
6.2.2.2. Anchor weight

Anchor penetration depth also depends on anchor weight (Richardson 2008). The weight of
torpedo anchors can be controlled by filling the anchors with materials of varying density, which
is modeled in DEM by using different particle densities in the anchor clump. Six different anchor
weights are considered here and are referenced to the density of the soil being penetrated. We
define the weight ratio (WR) as the ratio of anchor weight to the anchor weight when the density
is equal to the particle density of the soil assembly. The WRs considered range from 1.00 to 4.53.
6.2.2.3. Soil interparticle friction

Torpedo anchor penetration is a function of the total anchor energy, including kinetic energy
(mass, velocity) and potential energy (mass). Soil interparticle friction influences the frictional
energy dissipation of the torpedo anchor (Iskander et al. 2015). The ultimate penetration depth will
therefore be a function of this interparticle friction. The interparticle friction values considered
herein are 0.20, 0.25, 0.31, 0.35 and 0.40.
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6.2.3.

Model Validation

To assess overall model performance, we compare predicted penetration depth as a function
of impact velocity to results from various experimental studies reported in the literature. The
majority of reported results are from experiments performed in fine-grained soils with relatively
fewer results reported for torpedo anchor penetration into granular soils. According to Ehlers et al.
(2004), for the same impact velocity, torpedo anchor penetration into sandy soil has a similar
penetration depth as for over-consolidated (OC) clay. Penetration depths into normally
consolidated (NC) clay are larger than into sandy soils or OC clay. Penetration depth of torpedo
anchors into silty soils is the smallest. Figure 6-2 shows comparisons between experiments and
DEM simulations. The relative penetration depths of torpedo anchors into NC clays are
appreciably larger than into sandy soils, OC clays, and silts. Richardson et al. (2005) performed
penetration tests into sandy soil using an impact velocity of 24 m/s. For our DEM simulations,
when the impact velocity is 25 m/s, the relative penetration depth is approximately the same as the
experimental results reported by Richardson et al. (2005). In general, the trend of penetration depth
with impact velocity for OC clays, sands, and DEM simulations are very consistent and
collectively well-fit by a straight line, as shown in Figure 6-12. Relative penetration depth
increases linearly with increasing impact velocity.
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Figure 6-2. Comparisons between experi vertimental and DEM simulations

6.2.4.

Results and Discussion from Parametric Studies

Simulations results are presented from a macroscopic perspective in this section, showing
the influence of anchor impact velocity, anchor weight, and interparticle friction on the ultimate
anchor penetration and anchor efficiency. Anchor efficiency is defined as the ratio of maximum
holding resistance (also known as anchor holding capacity) to anchor dry self-weight (Richardson
2008).

Ef 

FV
W

(6.1)

where 𝐸𝑓 is anchor efficiency, 𝐹𝑉 is anchor holding capacity vertically, W is anchor dry self-weight.
6.2.4.1. Impact velocity

Figure 6-3 shows the velocity profile during anchor penetration under various impact
velocities. Anchor velocity first increases and then decrease due to energy dissipation. The motion
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of anchor penetration into the seabed can be quantified using Newton’s second law of motion and
the force applied to the anchor during penetration (O’Loughlin et al. 2013). Anchor acceleration
during penetration is described by the following governing equation:

m

d 2z
 W  Fb  R f ( Ffrict  Fbear )  Fd
dt 2

(6.2)

where m is the anchor mass, z is the depth, t is time, W is the submerged anchor weight in water,
Fb is the buoyant weight of the displaced soil, Rf is a shear strain rate function, Ffrict is frictional
resistance, Fbear is bearing resistance, and Fd is inertial drag resistance. There is still a positive
acceleration when the penetration starts. After first reaching a force balance (i.e.,

𝑑2 𝑧
𝑑𝑡 2

= 0), the

anchor will decelerate until reaching the ultimate penetration depth.

Figure 6-3. Anchor velocity profile during penetration under different impact velocities

Figure 6-3 shows that larger impact velocities result in deeper anchor penetration. The
ultimate relative penetration depth, which is defined as the penetration depth normalized by anchor
length, ℎ⁄𝐿 (using the notation on the ordinate in Figure 6-3) ranges from 1.6 when 𝑣 = 25 𝑚/𝑠
to 1.9 when 𝑣 = 40 𝑚/𝑠. These findings are generally consistent with results from physical
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experiments by Richardson (2008), who reported the anchor tip penetration is 2.1-2.9 times the
anchor length for impact velocities from 10-30 m/s. Figure 6-4 shows the relationship between
maximum relative penetration and impact velocity. Within the considered impact velocity range,
maximum relative penetration increases approximately linearly with the increase of impact
velocity.

Figure 6-4. Maximum relative anchor penetration under different impact velocities

Once the anchor is embedded and the granular assembly has reconsolidated, the torpedo
anchor will behave similarly to an anchor shaft. Figure 6-5 shows anchor pullout behavior:
specifically, anchor resistance factor, which is defined as the ratio of anchor resistance to anchor
weight, versus relative vertical displacement for anchors embedded with different impact
velocities. During anchor pullout, a very small upward velocity is applied to the anchor to simulate
quasi-static strain-controlled pullout. The occurrence of a well-defined peak value is due to the
volumetric particle redistribution, i.e. dilation, and is only clearly observed for the lowest impact
velocity, which has the lowest penetration depth, and thus, the lowest confining stress and the least
suppression of dilation. Anchor efficiencies are shown in Figure 6-6. Anchor efficiency is used to
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assess performance and, in this work, was found to range from 2.1 to 2.6. O’Loughlin et al. (2004)
performed experimental tests on deep penetrating anchors having three different geometries. One
of them had no flukes, similar to the anchor model used in our simulations. In their experiments,
the anchor efficiency ranged from 1.7-3.6 for an average impact velocity of 23.5 m/s (O’Loughlin
et al. 2004). Richardson (2008) performed centrifuge tests to assess the influence of impact
velocity on penetration depth and anchor efficiency. For impact velocities from 0-30 m/s, anchor
efficiency varied from 1.2-3.2. Anchor efficiencies calculated from DEM simulations lie in the
range of 1.9-2.6 for penetration velocities from 25 m/s to 40 m/s, which is consistent with those
from full-scale and model tests reported in the literature.

Figure 6-5. Anchor resistance factor under different impact velocities
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Figure 6-6. Anchor efficiency under different impact velocities

6.2.4.2. Anchor density

Another parameter that influences anchor penetration behavior is anchor weight. Anchor
weight varies linearly with anchor weight if anchor volume is constant. Figure 6-7 shows the
anchor velocity profile versus penetration for different anchor weights at an impact velocity of 38
1

m/s. The kinetic energy of the anchor is 𝐸𝐾 = 2 𝑚𝑣 2 , where m is anchor mass and v is the impact
velocity. Thus, kinetic energy is linearly related to anchor mass. According to Equation (6.2), when
the weight ratio is smaller, the anchor will not accelerate as much as that for a larger weight ratio.
In other words, a lighter anchor will decelerate more rapidly after impact due to rapid energy
dissipation. Figure 6-8 shows the relationship of maximum relative penetration depth as a function
of anchor weight ratio, 𝜂, which is defined as the ratio of anchor density to the particle density of
the granular assembly. Results show that penetration depth is linearly related to the anchor weight.
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Figure 6-7. Anchor velocity profile during penetration under different anchor densities (v=38m/s)

Figure 6-8. Maximum relative penetration under different anchor densities (v=38m/s)

Figure 6-9 shows the relationship between anchor efficiency and weight ratio. A bilinear
relationship between anchor weight and anchor efficiency is apparent. Once anchor weight reaches
a critical value, anchor efficiency remains constant for increasing weight ratios. Prior to the critical
anchor weight ratio, anchor efficiency increases linearly with weight ratio. Anchor efficiencies are
ranging from 1.6 to 2.5.
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Figure 6-9. Anchor efficiency under different anchor densities (v=38m/s)

6.2.4.3. Soil interparticle friction

Soil interparticle friction is another factor that influence the energy dissipation and thus
anchor penetration depth. Five different interparticle frictions are considered in the simulations in
the paper. Figure 6-10 shows the velocity profile during anchor penetration under different
interparticle frictions. Results have been found that the larger the interparticle friction, the faster
the anchor will decelerate. According to Equation (6.2), the friction resistance is correlated to
interparticle friction. Anchor penetrated in assembly with larger interparticle friction turns to have
larger friction resistance. Anchor turns to accelerate when interparticle friction is smaller. However,
anchor will decelerate when penetration starts under larger interparticle frictions. Maximum
relative penetration depth is found to decrease with the increase of interparticle friction (Figure
6-11).
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Figure 6-10. Anchor velocity profile during penetration under different interparticle friction (v=35m/s)

Figure 6-11. Maximum relative penetration under different interparticle frictions (v=35m/s)

Figure 6-12. Anchor efficiency under different interparticle frictions (v=35m/s)
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Figure 6-12 shows anchor efficiencies for different values of interparticle frictions. Although
penetration depth decreases with increase of interparticle friction, anchor efficiency remains
essentially constant at ~2.2. Larger interparticle friction can not only increase the frictional energy
dissipation rate during penetration, but increase the mobilization resistance of anchor-soil interface.
Thus, anchor efficiency will not decrease with the decrease in penetration depth.
6.3.

Micromechanical investigation

Observed anchor installation and pullout behavior is a macroscale manifestation of
microscale processes in the granular mass and at grain-anchor contacts. To facilitate interpretation
of the macroscale responses presented above, microscale metrics such as anisotropy of fabric,
mechanical coordination number and energy dissipation may be used to elucidate the installation
behaviors. For the microscale investigations, the granular assembly is divided into four concentric
subzones surrounding the torpedo anchor. Figure 6-13 shows the subzones in the granular
assembly between the boundary wall and torpedo anchor. Micromechanical behaviors within each
subzone are investigated to assess the influence of anchor installation on the surrounding grains.

Figure 6-13. Subzones of zone between torpedo anchor and cylinder wall
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6.3.1.

Anisotropy of fabric

In soils, three types of fabric anisotropy are present due to deposition, changes in stresses,
and geological stress history (Barreto 2010; O’Sullivan et al. 2011): inherent, induced, and initial
anisotropy. Anisotropy can be quantified considering particle orientations and branch vectors and
can be determined from the second-order fabric tensor, given as:
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where 𝑛𝑖𝑘 is the unit vector describing contact normal orientation for the kth particle and 𝑁𝑐 is the
number of contacts in the assembly. According to Equation (6.3), the fabric tensor can be
determined from the contact orientations and used to determine the orientation of anisotropy. After
computing the fabric tensor, the orientations and magnitudes of the anisotropy can be calculated.
Three principal fabric parameters can be obtained via eigenvalue analysis of the fabric tensor. The
major fabric parameter is Φ1 , the intermediate fabric parameter is Φ2 and the minor fabric
parameter is Φ3 . The anisotropy (or, deviator fabric) may be quantified using the three principal
fabric parameters:
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where Φ𝑑 is anisotropy or deviator fabric.
Figure 6-14 to Figure 6-16 show the anisotropy of zone-01 during anchor installation under
different impact velocities, different density ratio and different interparticle frictions. Dashed lines
show the trend in anisotropy evolution. Fabric anisotropy in Zone-01 is found to initially increase
and then decrease as the anchor moves through the soil profile for all impact velocities considered.
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A similar trend is observed for anisotropy evolution in Zone-01 for different anchor weights. This
phenomenon may be explained as follows: at the beginning of penetration, particles are disturbed
by the anchor via mechanisms such as contact loss and an increased velocity. Thus, the fabric
tensor will change, as does the deviator fabric. The granular assembly becomes more chaotic as it
is disturbed by the anchor and particles begin to interact dynamically. However, near the end of
penetration, the particles have begun consolidating under gravity toward a more stable
arrangement. The granular assembly at the end of penetration is more stable than prior to anchor
penetration due to densification in the vicinity of the anchor. Finally, at equilibrium there is a large
number of particles in contact with the anchor and these contact orientations will effectively offset
one another due to the axisymmetry of the problem, which results in decreased anisotropy.

.
Figure 6-14. Fabric anisotropy in the upper 60% of Zone-01 during anchor penetration for different impact
velocities
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Figure 6-15. Fabric anisotropy in the upper 60% of Zone-01 during anchor penetration for different anchor
weight ratios

Figure 6-16 shows that if the interparticle friction is smaller (e.g. 𝜇 = 0.20 or 0.25), there
is no initial increase in the fabric anisotropy in Zone-01. Rather, anisotropy decreases
monotonically from the first point of penetration. Immediately after the penetration is initiated, the
different stress conditions on the longitudinal axis of the cylindrical sample volume and the
boundary wall cause a stress gradient to be established. These stress gradients induce fabric
gradients within the assemblies. Since each of the granular assemblies has the same dimensions,
the inflection points for each of the simulations shown in Figure 6-14 to Figure 6-16 are the same
(≈ 1.1𝐿).
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Figure 6-16. Anisotropy of zone-01 during anchor penetration under different interparticle frictions

Evolution of fabric anisotropy can be better understood through observation of Figure 6-17,
which presents the average particle velocity in Zone 01 during anchor penetration. Results show
that for interparticle frictions greater than the particle-anchor friction, particle velocities show an
oscillating increasing-decreasing trend. There are valleys between two extreme points for each
interparticle friction. At beginning of penetration, the anchor supplies kinetic energy to the particle
assembly, disturbing the initial equilibrium. As the penetration continues, particle speeds increase,
leading to greater disorder in the granular assembly and thus, increased fabric anisotropy. Due to
gravitational damping and kinetic energy dissipation through frictional sliding and particle
collisions, particle speeds decrease, shear forces accumulate at particle contacts, and the assembly
tends towards stability, resulting in decreased fabric anisotropy. However, these shear forces
cannot be infinitely accumulated as anchor penetration continues, so contacts will dissolve, particle
speeds will thus increase, and so does the fabric anisotropy. As the anchor energy dissipates, the
granular assembly ultimately moves towards stability. This is the reason that Figure 6-14 to Figure
6-16 show increasing-decreasing-increasing-decreasing trends in fabric anisotropy.
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Figure 6-17. Average particle speed of Zone 01 during anchor penetration for different interparticle
frictions

In order to show the influences of anchor penetration on the surrounding particles, one
particle in each subzone (Figure 6-18) was monitored during penetration. The particles (R1-R4)
have the same x and z coordinates and varying y coordinates; the z coordinate corresponds to a
relative penetration of 0.513. Figure 6-20 shows the x, y, and z components of particle velocities.
This figure clearly shows a zone of disturbance in front of the tip of the anchor. The x velocities
of particles R1, R2, and R3 increase at relative penetration depths of 0.20, 0.20, and 0.30,
respectively, indicating the radial propagation of stress waves during penetration. Particle R4 is
largely undisturbed, implying that the model domain is appropriately sized. As the penetration
continues, the particles collapse inward behind the anchor. For the z-component of the velocity of
R1, the negative value implies that particle is squeezed downward due to increasing stress and then
heaved upward as that stress is relieved.

199

Figure 6-18. Selected particles monitored during anchor penetration.

Figure 6-19. x, y, and z velocities of selected particles.
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6.3.2.

Mechanical Coordination Number

Here we use the coordination number to quantify particulate fabric. Coordination number,
Z, is the number of contacts per particle in the material and is a measure of packing density and
fabric connectivity at the particle scale. Coordination number is normally calculated using 𝑍 =
2𝑁𝐶 /𝑁𝑃 , where 𝑁𝐶 is the number of contacts and 𝑁𝑃 is the number of particles in the assembly
(Thornton and Antony 1998; Thornton 2010). However, due to numerical vibrations and the fully
dynamic nature of DEM simulations, there will always be particles with only zero or one contact
which do not contribute to force transmission in the system. Mechanical coordination number was
thus defined as (Thornton and Antony 1998):

Zm 

2 N c  N1
N P  N0  N 1

(6.5)

where 𝑁1 , 𝑁0 are the numbers of particles with either one and zero contacts, respectively, and other
terms are as previously defined.

Figure 6-20. Mechanical coordination number of zone-01 during anchor penetration under different impact
velocities
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Figure 6-20 shows the mechanical coordination number of Zone-01 during anchor
penetration for different impact velocities. Mechanical coordination numbers for all impact
velocities considered experience a rapid drop from approximately 5.45 at the beginning to a
minimum of 4.25–4.50 and then ultimately increase to approximately 4.75 as the anchor comes to
rest. Mechanical coordination numbers in Zone-01 reach their minimum when the relative
penetration depth is in the range 1.4–1.6 and increases thereafter as the system calms and settles
back in to a stable arrangement. As the anchor penetrates the assembly, its velocity is decreasing.
Thus, kinetic energy is decreasing. Anchor potential energy is also decreasing as the anchor
distance above some logical datum (e.g., the base of the assembly) decreases. Therefore, total
anchor energy is decreasing until it is too small to continue inducing contact slip in the surrounding
assembly. Anchor penetration–induced contact losses in Zone-01 are significant. During the early
stages of penetration, the change in mechanical coordination number across the considered impact
velocities is quite consistent. However, lower-velocity anchors reach a minimum mechanical
coordination number at smaller penetration depths relative to higher-velocity anchors; this
minimum value is also found to have an inverse relationship to penetration velocity, indicating
greater overall disturbance for higher impact velocities.
.
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Figure 6-21. Mechanical coordination number during anchor penetration for different subzones (v = 35m/s)

Figure 6-22. Porosities during anchor penetration for different subzones (v = 35m/s)

Considering the influence of anchor penetration on the granular material in the different
concentric subzones shown in Figure 6-13, larger contact loss should occur closer to the penetrator.
Figure 6-21 shows the mechanical coordination number evolution in each of the four subzones for
an impact velocity equal to 35 m/s. Mechanical coordination number in Zone-01 decreases sharply
from 5.45 to 4.35 and then increases to approximately 4.80. Contacts are lost due to anchor impact
and tend to re-form once anchor total energy is too small to cause shear failure at contact points
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until the anchor kinetic energy is zero (end of penetration). Anchor installation does not cause
significant contact loss in the outer subzones, as evidenced by the relatively constant mechanical
coordination numbers in Zone-03 and Zone-04.
Figure 6-22 shows the porosities in each subzone during anchor penetration. Porosity in
Zone-01 increases first from 0.395 to a peak value of 0.48 and then decreases to 0.43 at the end of
penetration. The relative penetration depth where peak porosity occurs in Zone-01 corresponds to
the depth where mechanical coordination number reaches a minimum (Figure 6-21). Porosities in
Zone-02, Zone-03, and Zone-04 decrease slightly due to the densification effects of anchor
installation.

Figure 6-23. Mechanical coordination number of zone-01 during anchor penetration under different anchor
densities (v=38m/s)

Figure 6-23 shows the mechanical coordination number evolution during anchor penetration
for different anchor weights. As described above, anchor total energy will increase with increasing
anchor weight. The mechanical coordination number changes shown in Figure 6-23(a) are clearly
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a function of anchor weight. The larger the anchor weight, the larger the decrease in mechanical
coordination number, indicating that larger anchor energy will result in greater contact loss.
Interestingly, if both mechanical coordination number and relative penetration are normalized by
their limiting values for each simulation (Figure 6-23(b)), all of the curves presented in Figure
6-23(a) collapse. This implies that system response is not only linear at the macroscale for varying
anchor weight (i.e., Figure 6-8), but also at the microscale, validating our fundamental belief that
observable behaviors at the assembly scale are driven directly by system response at the particle
scale.
.
6.3.3.

Energy Dissipation

Energy evolution during anchor penetration consists of evaluation of collisional energy
dissipation and frictional energy dissipation (Iskander et al. 2015). Anchor energy dissipates in
two ways simultaneously. Collisional energy dissipation rate at particle level can be calculated as:
Nc

Collisional energy dissipation rate    FnV   c
c 1

c

(6.6)

where (𝐹𝑛𝑉 )𝑐 is the viscous normal force at contact c, 𝛿𝑐̇ is associated relative normal velocity
between the contacting particles, 𝑁𝑐 is the number of contacts. Total collisional energy dissipation
could be obtained by integrating dissipation rates with time. Frictional energy dissipation rate can
be calculated as:
Ns

Frictional energy dissipation rate    p  Fn c qc
c 1

(6.7)
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where (𝐹𝑛 )𝑐 is the total normal contact force at contact c, 𝑞̇ 𝑐 is the relative tangential velocity
between the contacting particles, 𝑁𝑠 is the number of sliding contacts. Total frictional energy
dissipation can be obtained by the same method as total collisional energy dissipation.

Figure 6-24. Energy dissipation during penetration under different impact velocities

Similar to an intruder impacting soil targets, the impact of a torpedo anchor on seabed soils
can generate stress waves that propagate through the soil assembly. Some of the energy is
dissipated upon impact on the soil surface through generation of stress waves (Iskander et al.
2015). The remaining energy is dissipated through frictional, collisional, and potential energy
mechanisms (Braslau 1970; Iskander et al. 2015). Figure 6-24 shows the energy dissipation ratio
(EDr) between frictional energy dissipation and collisional energy dissipation during anchor
penetration. Results shows that during anchor penetration, energy dissipation through frictional
sliding is approximately 6-8 times that through particle collision. The energy dissipation ratio
experiences a decrease, then an increase, followed finally by another decrease. These effects on
the energy dissipation ratio are also significant for different anchor weights (Figure 6-25) and
different interparticle frictions (Figure 6-26).
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Figure 6-25. Energy dissipation during penetration for different anchor weight (v=38m/s)

Figure 6-26. Energy dissipation during penetration for different interparticle frictions (v=35m/s)

Figure 6-25 shows that the stress wave propagation effects are more significant when the
anchor weight is larger. According to the Impulse-Momentum Theorem, Newton’s Second Law,
and the linear force-displacement law, for the same impact velocity the larger the anchor weight,
the larger the mean stress. Since frictional energy dissipation is amplified by increasing mean
stress, the larger the anchor weight, the larger the energy dissipation ratio. The peak energy
dissipation ratio of the heaviest anchor (WR=4.53) is 𝐸𝐷𝑟 ≅ 8 . During further penetration,
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additional particle displacements occur in the assembly due to significant compression and
shearing in a translationally and rotationally frustrated assembly. Shear deformation results in an
increase in frictional energy dissipation (Figure 6-27) and an increase in frictional energy
dissipation ratio (Figure 6-24-Figure 6-26). In addition to the energy dissipated through collisional
and frictional particle interactions, matrix volume change due to particle sliding, rotation, and
climbing over one another also dissipates anchor energy (Iskander et al. 2015).

Figure 6-27. Diagram of energy dissipation during penetration (v=35m/s, µ=0.31)

6.3.4.

Contact Force Chain

Figure 6-28 shows the contact force chain of the granular assembly during (left) and at the
end of (right) anchor penetration. Initial anchor penetration primarily influences the particles
around the anchor tip. As penetration progresses, anchor penetration influences not only particles
at the anchor tip, but also those along the anchor shaft, as shear deformation occurs at the grainanchor interface. As stressed above, shear deformation occurs at deep penetrations where frictional
energy dissipation is significant. As seen in Figure 6-28, larger contact forces exist not only on the
anchor tip but along the anchor shaft. According to Equation (6.7), relative tangential velocity
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between the grain and the anchor are significant, and energy is dissipated through frictional sliding
between particles and at the anchor-grain contacts as the anchor is penetrated.

Figure 6-28. Contact force chain of the granular assembly in the middle (left) and at the end (right) of
penetration (µ=0.31, v=35m/s)

6.3.5.

Contact force distribution

A cylindrical window with a diameter of 20d50 surrounding the torpedo anchor is used to
calculate the contact normal force distribution. Five different stages of penetration are considered.
Figure 6-29 shows the probability distribution of contact normal forces at different penetration
depths for an impact velocity of 35 m/s. The contact normal forces have been normalized by the
mean contact normal force before anchor penetration (i.e., h/L = 0.00). Results show that the range
of contact normal forces increases as penetration progresses. However, at the end of penetration
(h/L=1.86) the normalized contact force varies over a narrower range than relative penetration
h/L=1.67 as the system relaxes to static equilibrium.
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Figure 6-29. Probability of contact normal force at different penetration depths (v=35m/s)

6.4.

Conclusions

Macro- and microscale analyses of torpedo anchor penetration into granular soils have been
presented in this paper. We have considered the effects of both anchor and soil properties (e.g.,
impact velocity, anchor weight and soil interparticle friction). The results reported in this paper
focus primarily on the influence of anchor impact velocity, anchor weight, and soil interparticle
friction on penetration depth and the corresponding anchor holding capacity, which is
characterized using a dimensionless parameter termed anchor efficiency. Microscale behaviors
(e.g., fabric, coordination number, contact force) are considered and used to aid in the
interpretation of macroscale observations. The following conclusions may be drawn from the
findings presented above:
 Within the range of impact velocities considered (25-40 m/s), maximum relative
penetration depth increases linearly with an increase in impact velocity. Anchor
weights are found to influence the maximum penetration in a linear relationship as
well. Results show that the larger the anchor weight, the deeper the anchor

210
penetration. The maximum relative penetration depth decreases with increasing
interparticle friction.
 Fabric anisotropy near the anchor for all impact velocities considered initially
increases slightly and then decreases significantly during anchor installation. A
similar trend is observed for different anchor weights. However, if interparticle
friction is decreased, fabric anisotropy near the anchor decreases monotonically after
initial impact.
 During penetration, mechanical coordination number near the anchor initially
decreases dramatically and then increases as the anchor comes to static equilibrium.
Mechanical coordination number in the far field does not change appreciably during
anchor penetration. The system response is found not only to be linear at the
macroscale for varying anchor weight, but also at the particle scale.
 Energy dissipation through frictional sliding is approximately 6-8 times higher than
that due to particle collisions. Stress wave propagation causes energy dissipation
ratio to first decrease, followed by an increase, and then a final decrease as the anchor
approaches its final installation depth. This phenomenon is found in all considered
cases.
 At the initial stages of penetration, particles near the anchor tip are most significantly
influenced. As penetration proceeds, particles along the anchor shaft become
engaged as shear deformation occurs at the grain-anchor interface. Shear
deformation occurs at deep penetrations where frictional energy dissipation is
significant. The ranges of the magnitudes of contact normal forces are found to
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increase as penetration progresses. However, at the end of penetration the normalized
contact force varies over a narrower range as the system relaxes to static equilibrium.
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7.
7.1.

Conclusions and Recommendations

Conclusions

This dissertation presents the numerical results of DIP operations on three-dimensional
computed tomography images and DEM simulations of three different offshore anchors. The four
primary topics are: (1) quantification of granular assembly by Delaunay triangulation and threedimensional image analysis; (2) three-dimensional DEM simulation of interface shear; (3) three
dimensional simulations of plate anchor pullout in granular materials; and (4) three-dimensional
DEM simulation of installation behavior of torpedo anchors in granular materials. In topic (1),
algorithms have been developed to quantify the void space of granular assemblies and particle
characterizations. In topics (2)-(4), parametric analyses have been performed and comparisons
have been made to the published experimental results for specific problems. Conclusions from
each topic are summarized below.
7.1.1.

Quantification of Granular Assembly and Particle Shape Acquisition

In this chapter, void space in a granular assembly is quantified through Delaunay
triangulation of digital binary images. Morphological image processing algorithms (e.g., image
erosion, dilation, and opening) of three-dimensional binary images were used in this chapter.
Particle shape was quantified using digital image processing, including morphological operations.
The major findings are:


Algorithms of void space quantification and particle characteristics identification are
developed for three-dimensional binary images. The void space quantification method
is a three-dimensional implementation of Oda’s method (1977) based on ultimate
erosions and Delaunay triangulation of three-dimensional binary images. Void space is
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thus quantified based on the segmented tetrahedrons. The vertices of each tetrahedron
are particle centroids resulting from ultimate erosion. Local void ratios are obtained by
counting the numbers of solid and void voxels within each tetrahedron. Solid volume
weighted local void ratio is used to make a comparison between global void ratio and
the mean value of solid volume weighted local void ratio. The algorithm is verified by
considering two packings of known geometry: simple cubic and tetrahedral. Factors
such as image resolution and number of particles are varied to evaluate the accuracy of
the algorithm. Results show that Delaunay triangulation is applicable to quantify the
void space in granular assemblies. The relative error between mean values of solid
volume weighted local void ratio and global void ratio was very small ≈1%, particularly
for increasing image resolutions and particle numbers.


Particle characteristics identification algorithms are based on image erosion and edge
detection in three-dimensional binary images. A particle seeking algorithm was
developed to quantify particle geometry and spatial arrangement. Particle characteristics
are identified by using morphological image processing. The particle characteristics
considered include center of mass, sphericity, moment of inertia tensor, and threedimensional orientation. Particle orientations are calculated as the directions of the three
axes of surface voxel-fitting ellipsoids. Algorithms are verified by comparing their
results to corresponding known values. Results show there is good agreement between
the computed and known values.

7.1.2.

Three Dimensional Discrete Element Method Simulations of Interface Shear

In this chapter, a DEM model of granular-continuum interface shear was presented. The
results of granular-continuum interface shear tests were presented and the behavioral trends were
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compared to published experimental results. Results show that there is generally good agreement
between DEM simulations and experimental tests for similar interface roughnesses. The major
findings are:


The DEM model produces trends consistent with those observed in physical
experiments: specifically, interface roughness is found to have a significant influence
on the shear stress at yield. Comparisons of results between the DEM simulations and
previously reported physical tests for different interface roughnesses show good
qualitative agreement in the measured interface friction angles. In general, results from
physical experiments reported in the literature have shown that interface friction angle
varies in a bilinear fashion as a function of normalized roughness. The DEM simulations
also exhibited this bilinear behavior.



At small strains, surface roughness will not influence the contact normal force
distribution. However, at larger strains, the rougher the interface, the broader the contact
normal force distribution. For rougher interfaces, the contact normal force decays less
rapidly compared to smoother interfaces. Rougher interfaces will squeeze the adjacent
particles which result in larger contact forces. The rougher the interface, the larger the
contact force will be. This microscale observation is consistent with the macroscale
volumetric response. Normalized contact normal forces in each subzone for these larger
surface roughnesses are distributed in similar ranges, consistent with the fact that they
are both on the plateau of the bilinear response.



Rougher counterfaces broaden the distribution of the magnitudes of forces in the strong
contact force network, while the weak contact force network is largely independent of
surface roughness. Specifically, the distributions of normalized contact normal forces

215
below the mean contact force are similar for different loading stages and subzones. The
roughness of the continuum surface primarily influences the strong contact forces,
especially for rougher interfaces.


The failure mechanism is shown to be contact sliding at the granular-continuum
interface for smoother surfaces and particle rotation and translation for rougher surfaces.
These are the underlying particle-scale mechanics that explain the observed macroscale
dependency on surface roughness. Shear deformation expands with the increase of
surface roughness for the same mobilized strain. Particle translation, as well as particle
rotation are important parts of shear resistance for rough interfaces, consistent with the
observation of greater macroscale volumetric strains (contractive or dilatant) observed
in assemblies sheared by rougher interfaces and the knowledge that for these cases the
mobilized strength is on the plateau of the friction angle-roughness curve. The extents
of the deformed mass expand both in the direction of shear and laterally with increasing
surface roughness. Shear zone extents expand from 0 to ~5×d50 from smooth to rough
surface, which is consistent with observations from previous experimental research.

7.1.3.

Three Dimensional Simulations of Plate Anchor Pullout in Granular Materials

In this chapter, DEM simulations were used to investigate the behavior of plate anchors
during pullout. Macroscale assembly responses are compared to published experimental results
and empirical solutions. Embedment ratio, anchor roughness, soil density, and anchor size and
their influences on holding capacity were investigated. Microscale observations of the contact
force network and particle velocity during uplift are used to provide insight into the anchor failure
mechanisms. The major findings are:
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Breakout factor increases linearly with the increase of embedment ratio at relatively
shallow embedment depths for both dense and loose granular assemblies. However, a
critical breakout factor, beyond which increasing embedment depth is no longer efficient,
is observed for the loose assembly. The DEM simulation results are consistent with
experimental tests and empirical equations for similar internal friction.



Anchor roughness has little influence on the resistance of plate anchors: the breakout
factors are similar for all of the selected anchor roughnesses. The results show that
breakout factor decreases with anchor size for both dense and loose assemblies.



Contact forces attenuate from the plate anchor up to the surface. There is no significant
difference in the contact force network for varying embedment ratios. However, for a
larger embedment ratio, there is a marked difference between loose and dense
assemblies. Contact forces above the plate anchor are larger and more concentrated in
the dense assembly than in the loose assembly. Body forces combine with the uplifting
anchor to contribute to the strong contact forces above the plate anchor.



Particle relative displacement, velocity, and contact force transfer during uplift all
illustrate the differences in failure mechanisms across simulations. The failure
mechanisms for loose and dense assemblies are demonstrably different. For a shallow
anchor in a loose assembly, granular soil mobilization does not fully extend to the
surface as clearly as in the dense assembly. Significant particle rearrangement occurs in
a bulb-shaped influence zone in the loose assembly (diffuse failure) while a well-defined
shear surface develops in the dense assembly.



There is no stress relaxation for small-amplitude cyclic loading; however, larger applied
loads mobilize passive resistance and the corresponding unloading mobilizes active
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resistance. Normalized mean stress varies from approximately the active earth pressure
state to approximately the passive earth pressure state. The plate anchor has a higher
holding capacity during cyclic loading than under monotonic loading. During cyclic
loading, the mechanical coordination number shakes down to a constant range of values
(i.e., between fully loaded and fully unloaded) that is effectively independent of initial
state. This provides microscale evidence of critical state behavior and implies that while
monotonic resistance immediately after anchor installation is a strong function of soil
state, the long-term behavior may not be.
7.1.4.

DEM Simulations of Installation Behavior of Torpedo Anchors in Granular Soils

In this chapter, DEM is used to simulate torpedo anchor penetration for several different
conditions, e.g., impact velocity, anchor weight, and interparticle friction coefficients. Anchor
efficiency was specifically considered and compared to published experimental results. Microscale
parameters were used to provide insight into observed anchor penetration. The major findings are
as follows:


Within the range of impact velocities considered (25-40 m/s), maximum relative
penetration depth increases linearly with an increase in impact velocity. Anchor relative
penetration depth is linearly related to the anchor weight. Maximum relative penetration
depth decreases with increasing interparticle friction.



Fabric anisotropy near the anchor for all impact velocities considered were found to
initially increase slightly and then decrease significantly during anchor installation. A
similar trend was observed for different anchor weights. However, if the interparticle
friction is decreased, fabric anisotropy near the anchor decreases monotonically after
initial impact.
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During penetration, mechanical coordination number near the anchor initially decreases
dramatically and then increases as the anchor comes to static equilibrium. Mechanical
coordination number in the far field does not change appreciably during anchor
penetration.



Energy dissipation through frictional sliding is approximately 6-8 times higher than that
due to particle collisions. Stress wave propagation was shown to affect the energy
dissipation: energy dissipation ratio first decreased, followed by an increase, and then a
final decrease as the anchor approached its final installation depth.



At the initial stages of penetration, particles near the anchor tip are most significantly
influenced. As penetration proceeds, particles along the anchor shaft become engaged
as shear deformation occurs at grain-anchor interface. As discussed previously, this
shear deformation occurs at deep penetrations where frictional energy dissipation is
significant. The range of contact normal forces are found to increase as penetration
progresses. However, at the end of penetration the normalized contact force varies over
a narrower range as the system relaxes to static equilibrium.

7.2.

Recommendations

Besides the work presented above, there are other related research points need to be fully
investigated in the future. In this part, some suggestions for additional numerical and experimental
work of offshore anchors and presented. The recommendations for additional work are as follows:


The particle void space quantification algorithms need to be optimized to improve the
computational efficiency. In the current study, only assembly with hundreds of particle
can be efficiently segmented and precisely quantified within a relatively short
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computational time period (e.g. < 10 hours). Additional optimization might be required
to improve the calculation efficiency.


Interface shear simulation only considering wall boundaries which make the assembly
with larger particle numbers to reduce the boundary effects. Future work might think
about using period boundaries to potentially improve the computational efficiency.



Plate anchor only considering the uplifting behavior, however, for offshore suction
embedded plate anchor, there are some inclination after the anchor being rotated. Future
work might need to consider the inclined plate anchors. Additionally, offshore plate
anchor installation behavior might need to be addressed in the future.



In the current study, torpedo anchor is modeled as the clump with no fins and flukes.
However, during anchor penetration, the anchor fins or flukes contribute a lot for the
frictional force which would influence the penetration depth. Future work might need to
consider the anchor fins or fluke.
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