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A STJDY OF TEL V/AVE EC.JATION 

FOR THE DIPOLE 

In 1923 Louis e Eroglie sugted that '.;aves end 

particles ray e intlmetely bound together in the he- 

nor'ene of :adiant energy. Scon after, ir:1n chroed1ner 

r;ubljshed rathert1ce1 ¿pproeh to the deterìinat1on 

of the energy stts of radiating etor. Eis rethod 

of treetnent h core to Le known s "wave rechnics" 

and involves the eauetion 

(1 ___ ___ (E - O, cZ 
celled the Schroediner wave equation. 

Tiis wave ecuation follov.'s from the idea thEt there 

is sorre sort of r de Brogue wave essocieted with the 

rrotion of a prticle whose totel energy is E end vihose 

potentiel energy i V the potentiel energy 

being r function cf the Cartesian coor'inates the 

perticle. The essurrpton is r:ade that the allo.ie.tle 

energy levels ere those values of E that deterrine 

finite end single v1ud solutions cf the wave equation: 

through-out space. 
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This assumption becoi the workin rule of wave 

niechanics and permits the calculation of Ello\ved oner- 

v levels of an electron ioving in a field of poten- 

tial eflerryV(ç) 

Since no attritt villi be niade to check our fini- 

in;s agslnst experliiental results they need not be 

expressed in ternis of the usual physieel quantities. 

Therefore, our work villi be :reatly slnplifled by 

the introduction of new independent variables x, y 

and z such th'at 

I __ -I- -4 .: , L. 
We can now write (i) c 

t I )' 1P + - -- ( E - V(x 
, ) 4) 0, 

where y - 
j - V , ) 

arid use thi: 'orm as the basis of our lnvesti::tion. 



PARTICULAR PROEM 

The problem treated in this paper is that of set- 

ting up the wave equation in the case of an electron 

found in ;he neiiborhood of an electric dipole and 

of findin he lecst values of the parameters invo.ved 

for which solutions of this equation are possible. 

It s to 'e stated at the outset that there is no 

intentIon of reading into the results any physical sig- 

nificance other than that of the rio5t general nature. 

The pro.lem wa undertaken with the idea of raining 

some insight into the methods and technics of wave 

ieci anics. 

ExP: 

The position 

space is fliVOn in 

, where 
X 

ANATION OF DIAGRAM 

of the electron in three dimensional 

terms of t}e spherical coordinates Ç 

= rc.os - sine, 

9 = rsi, 57&) 
z - r c..os e 



Fiure i (a). Snace d1arraiu for 
the dipole problel!1. 

-e 

) 
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If C lz used to denoie the midpoint of the line join- 

Ing the chrge C and C2 of he dipole then C may 

he thought of az the limiting poSItIon of the two charCe5 

a the di8tance 2b between them 15 made very mal1. 



SETTING UP TH WAVE EQ,UATION 

Ihe wave equation for findin- the allowed energy 

levels of a free electron itiovinp in a pot-ntial field 
contains en expression for the total energy as well as 

one for the potential. The total energy is hereafter 

denoted by ind the deteriination of its loest per- 

miscible values is the plan of this paper. The alloved 

values of are thos3 for which the wave function 

satisfies the crnditlon that the inte'r&]. 

¡dv 

is finite throunhout all space. 

The electrostatic pot;ntial due to the nucleus, 

as considered in this paper, is to be thought of .s 

the liriItin case of the potential due to two sin:le 

chcr'es, one positive and the other negative, as the 

distance between them approaches zero. ie will denote 

by\T the potential energy cf the electron in the fild 
of the nucleus. 
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For the pirpoes of this uaper let C.be the 

charge at (o, o, b), Ca that at (o, o, -b) and, 

furthermore, let the5e ch&rge be defined by the 

following expreions 

e. 

e k 

Z Zb 

The exprelon for the potential energyV may 

now be written a the urn of the potentials energies 

due to each o the individual charre$ Çand C and, 

consequently, i' iven by 

_: + _.! - - a 2b . 
4. 

On combining the terme in the riht hand expression 

we have 

V________________ 
e - - __________ 

Turning back to the diagram on pate 4 lt i seen 

that, by ue ox the law o cosines, r1 and r2 may 

be expressed in terms of r, b and the anr1e O so 

tha t 
.k -Lcos e) 
Vt Y 

J 

-t- r(l cos&) 



Expanding r1 and r in powers of b/r we have 

r1 = r co e + (i_ o&)-f- higher powers 

and 

r [i -f- cos 9 - 2_9) 
hiqher Power] 

r a 
Hence 

r, + r, r [g + O #- 2nd and hiqher powersj 

r - r r [_b Cos 
4 3rd cind hg hr powe.r] I t 

On substituting these last two results in the exre- 

sion for the potential we et 

V 
e 

er and and higher) 
po w e 

kr( co & 3rd and 
y- higherpOw(5) 

i. b 
r (I_05e ) 

As b is allowed to approach zero the above equation 

becomes: 

y -er ± kco 
-i-- 

V. =- - ±.__ co 

The wave equation may now be v;ritten as 

(2) 

-i- [E 
ke co O 

r J 



On writing the explicit expression forV4i in £pherical 

coordinates the above equation ecomes 

I (r2r ) I ___ + / (snee ) 

r2 ) r r e 2 
r e a e 

ke cosejtp= o 
L r 



SEPARATION OF ThE VAR IADLS 

In order to treat the foregoing wave equa tion 

effectively we will separate the variables in the 

manner commonly employed when dealing with central 

force problems expressed in spherical coordinates. 

On 1ettin 

= '(e) R (r) 

equation (3) may be separated. into the following 

three differential equabions of the second order,* 

(4) "(') -t CI(C') = 03 

I ______ + [keCos&+L-49 ]L03 
51fl9 

i dR -1_2r-dR e 
(5) 1 drx ¿r 

r LE + 

The determination of the characteristic values Df 

the parameters C ? and E appearing in the above e 

equations, is the object of this t;hesis. These 

values must be such that there will exist non zero, 

single valued solutions of the differential equa- 

tions for which the space integrai J 4J1dY 

expressed in spherical coordinates as 

d de d 

is finite. 

* The symbol C1 does not denote the same quantity 
as (J previously used. 
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The above integral may be expressed in the follow- 

in form; 
IT 2T 

[f Raradr}[J2sjnedQ1J 

from which it is eviú.et that, in order for the triple 

integral to be finite, it is necessary for each of the 

single integrals to remain finite in the indicated 

intervals. 

It is seen that for all values of C1 the anular 

equation in will possess solutions making 

E L3Tc] 
finite. However, the necessary condition of single 

valueness for SOluti3flS of the differential equation 

'f, 

¼(') +C&')=O 

restricts the selection of values for the ?arameter C1. 

Therefore, the only values of C that are acceptable 

are those for which the solutions of the differential 

equation are both single valued and finite, and for 

which the single integral previously mentioned is 

finite. 

Before a similar inquiry is made into the angu- 

lar equation in e certain substitutions vill be 

made. These substitutions are those that were found 

necessary to bring the differential equation 
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[___ sin e - ___ siro e j cose A - sinO] O 

iflt) a forr'. permitting the nuricai calculation of .X 

In order to sLrplify the v:ork we will set ke-1, and 

let C =0 the least of its allo',ved vajues 

If v.a no. introduce the new independent variables 

cosex 
and noLe that 

dx dy sine 
de dx de dx 

equation () aks the form 

(6) dI(Ixa) i r i 
dx ±Lx+Aj y=L) 

or (I_x2)y'l_2xy+[x+A]y=O. 
This equation in its present form ':'as sirple sin.cular 

points at *1 and -1, and since the behavior as X 

vari' s f'om -1 to +1 is desired, a substitution is 

rnac.e to increase the rarìe of invcsti'ation so s to 

include the end vahes. This may e done by multi- 

plying equation (6) throuh b (l-x2) and making 

the substitutions 

(Ix2) I -4 = T Z tonh x , x = tcinh z dx 
* A complete treatment of this problem vald in- 
\rolve determining the effect of giving k a value 
such that ke 1. 



i vi 
r dy + 

(7) (I_x2) dL(X ) dz(!_xz) J 

dz (i-y) 

[(tanhz a) (/-ionh2z )j y O 

On sirnplifyin (rl) becomes 

(8) + [sch2z (fanh z = 

e note that on makin' the substitution 
- stn ® d = sch2zdz 

th'' intcral 

f 2 

becomes 
oO 

(9) @2 2 sch z dz L 
,- 

I sech2z dz 
L00 

Thus we see that the allo.'ied values of are those 

for thich the solutions of (8) are finite and single 

valued throughout the specified range, and (9) is 

finite. 

It now Iollows that for any detenninect value of 
A the allowed values of the energy parameter 

are precisely t ose for which 

f 
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Is finite in the given interval and R Is a non-zero, 

single valued solution of 

2 d2R 
r + 2 r + r(E + - R = 

dr r 



ThE ANGIJLAh EQUATION FOR ¡. 

If the arbitrary. constant C1 is set equal to i2 
the anulr enuation in becomes 

= O. 

In order that this solution be sirir-le valued 

throughout the region investigated it is apparent 

that certain values of i must he barred. 

Only positive valuez of N need be considered 

since negative values of N do not rive new solutions. 

Non-integral values of N make the solution multiple 

valued thus barring them. 

This leaves positive whole integer values of N 

as the all:wable charco ;eristic values of the para- 

meter N appearing in the angulir equation for 



NULWICAL DEThI:.IirATIOT OF TH 

CIAWERISTIC VALUES OF 

An equation that has been studied a reat ceal 

in connection with wave mechanics is the weil known 

Sturu-Liouville- equation 

(lo) 
d[P(Z)] -q(z)y +Àp (z)y = O 

dz 

in the intervals i3r the substi- 

tuton = UP± this equation becomes 

(li) 
dU +G(z,À)U =0 
d 

provided does riot va:ish in the interval and its 

first and second derivative exist. 

It2 has been shown that (11) contains wave 

equations of the type of equation (80) if it iS 

notec. that 

G (z A) = sechZz (tanh z -f 
) 

1. ilne, .E., r'hysical eview, 35, 863 (1930). 
2. Ibid. 
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It is assumed that G(z?)is continuous inz and when 

z is lar,e 
G (z,A)- O 

for all values of À discussed 

Now the necessary and sufficient condition that 

a given set of solutions U,(z) and u(z) of a second 

order differential equation be linearly independent 

13 that 

u, u2 

o. 
u, u 

Let two such solutions of (il) satisfy 

U. (z) / U2(z) = O 

U,()=O U(zj O 
where z. is a value of z in the interval -00 <Z <400 

These solutIons satisfy the Identity 

(12) 
U (z) U2(z) - U2(z) U(z) E 

where a is "rbitrary. It has been shown by ilne' 

that a new ftinction W(z) may be defined in terms 

of these two solutions as 
j- 

'a (13) W (z) [U(z + :() j 

1. rilne, V.E., Physical 1eview, Ó5, 863 (1930). 



It;] 

whose first and second derivatives sre 

and 

W '= - (U, U) (2 U, U,' + 2 u2 U) 

A 2 '2 W=- (U+U2)(U,U,+U2U2)+ 

2 2 " 2 
,, 2 

7(U+U) (U,U,+UI+U2U2+U2) 

Using the r1ationships; 

WG()z)W 

W (U,2 L)+ U, U2-U2U,E 

we may now write 

(14) 
' 

cia 

W±G(z)W-W3= 
of which (13) is a solution. Ihe general solution 

of (ii) is not knowr-but can be expressed in the form of 

(15) 

U(z) C W(z)sin[afW2dZ 

in which C and are arbitrary constants. Since with 

the iven boundary conditions W) remains finite at 

1. !.Iilne, W.E., Physical Feview, 35, 863 (1930). 
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either end of the interval, it is apparent that (lo) 

will satisfy these conditions if, and only if, 

(16) 
cO 

J 
-00 

where is a positive integer. 

The integral 

(i'ï) 

N= ffw2dz 

is an increasirw function of so that if the interai 
is eva1uatd tor several values of the parameter there 

wiL be obtained an equal number of different values 

for the integral N, 

N,, N2 N3 - - - NK 

If the inte;er is found hetv;een and N , then the 

corresponding vaue of ¿ may e found by interpolation, 

which v.'ill be precisely the r -th characteristic value 

of counted in order of manitude. 

The procedure for deterrnininir the characteristic 

values of for the equation 

Z dW 2 

d z 
+ sech z 

( 
tanh 2 + )\ 

) 
= O 

will now be outlined. 



NUMERICAL DETERMINATION OF CHARACTERISTIC 

VALUES OF ? FOR THE EQUATION 

'I 
W f sechtz(fcinhz--))W = Q 

If, as previously shown, a function'(z) be de- 
fined in terms of two solutions U, and of (8) as 

W) = U,(z) ± 
j 

where 

U (2e) -= I , LJ (2e) O 

u:(z.) O U(z1,) a.Q, 
then V(z) satisfies the equation 

(18) 
w' + echtz( tctnhi A )W - O. 

Since a is an arbitrary constant it may be set equal 

to 'so that (18) becomes: 

(19) w" t sech' (tanh z - A) W - O 

This equation will now be integrated numerically for 

the following values of: 
-1, 0, +0.001, 0.0625, 1.0 and 2.0. 
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The initial conuitions rc 

W(z0) = W '(¿o) 0. 

In order to start the numerical integration of (19) 

it will bo necessary to have three valuts of W be- 

sides the initial value. These ay be obtained from 

a Taylor's series forW, the first four terLis of which 

are found as follows: 

W1 z0) = 

W,= scchz0(tanh z0 1-A) =0 

W) =-3 \W4W'-(sçch0 -2 scch2 20 tanh2z0 

2 \ scchZz0 anh z0)W 

2 2 -(scch 20 tanh z0 + 7\ sech z) W =1 

WI' = t2AW'W' 3AW4W"-(- 4sach4z,fanh z, 
(za) 

4- 4 sechzfanhz + 4 sech4 zjanh z 

-4 A scch ztanh2z, - scch4z) W 

+(termin ch2--icnhz)W 

-( )W"=2 . 



W'= -6OW +I2W5W' -3W1W" 

- ( ± 16 SCChaZ tanh2z -4 scch°z +12 sech4z tanh2z 

-4-4sch6z -8scch2z farz + 4?*sch z fanh3z 

-4scch4z tanh2z- 8?szch3z tanh z 

+8Ascch4z fanhz)W 

-( - 4sQch4z tanh z + 4 scch2z tanh3z 

+4scch4z tcinh z - 4scch z tanhz 

terms in sechz -2 scch4z)W't-( and tcnhz. )W 

terms chz 
cr.rìd tan F ) 

WU _(SCChaZ +anh z 

-?\ scch2z)W"=3jk . 

The Taylor series, for the first four terms may now 

be writter 
z' 3Xz w=I + 

11! 
fr 

from which the starting vLlues of w ay be obtained 

for use in the numerical method of integratiofl-. 

1. Mime, 71.., kriLer. Math. Monthly, , 322, 
(1933). 
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An at:empt to carry the numerical calculations 

forv.'arct tor negative vaiues or A v:iil give extremely 

large values for the integral 

j Wdz 
- 

For all such values it is ap arent that for positive 

valuos of z the right hand member of 

W - sech2z (tanh z + A 
) 
W - 

will be negative. tUien io±lows th.t e W's in 

the :redictor and corecto ì'1 

W =W+'2-W3 (5W' ± 5W3) 

W,= 2W- W+ -- (W,' + IO W W,) 
actually used in the nuerical work will be ne;ative 

for all positive values Of Z thus causing W to di- 

minish through zero. ior increasingLy small 's the 

integral of 1/W2 will became increasingly largeover 

the cpeclfied rane. 

For = U the same reasonin holds causing us 

to rule out zero and all negative numbers as pos- 

sible va.ues of A . 

For =O.00 I , since N ' ) 

W 
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our calculations show N ¿ 1.0 . For / 

the value .s over I.Q. Tis is un encourain start 

as lt indicates that Uhe N's are an 5nceasinc 

function of lt 

The f o1loinc tables show the values of (z) 

and the initial numerical steps used in etorrni.ning 

the first tw characteristic vaJ.ues of . The 

actual interval used, however, t'as 0.1 and the 

computations ;ere carried out :itb this interval 

over the ane indicated at the head of each 1;ahle. 

The interval vas then doubled and the work proceeded. 

until W became a linear function of z. 

At this point the linear relationship is ex- 

:'ressed by 

W az+b 
and the value of 

cO 

J 
X, 

is found. 3ince G(,,z ) is not oven in z lt is ncc- 

essary to calculate both ways from zero. The corn- 

plete evaluation of N, therefore, consists of four 

apil.ications ef irnpsÓnts rule and the determination 

of two definite inte'rals. 
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It is to be noted t'at, in this method of deter- 

idning characteristic values of the parameter being 

investiated, the ..ntegral 

fad 

must be finite. Therefore, it is essential that W 

increase steadily as z increases in either the pos- 

itive or netive direction. The following pages 

show tis condition to be satisfied and on page 36 

ap'ear the least values of as obtained by the 

Mime method)-. 

1. i.iilne, Physical Review, 35, 863 (1930). 



TELE I (a). 

Computation of G(7%,z) for 0.001 

z G(,-z) G(,+z) 

0.0 0.901 0.001 

0.2 0.191 0.191 

0.4 0.324 9.326 

0.6 0.381 0.383 

0.8 0.371 0.372 

1.0 0.319 0.320 

1.2 0.254 0.2.54 

1.4 0.191 0.191 

1.6 0.138 0.138 

1.8 0.098 0.093 

2.0 0.067 0.068 

0.047 0.047 

2.4 0.032 0.032 

2.6 0.027 0.027 

2.8 .).015 0.015 

3.0 0.008 0.008 
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TABLE I (b) 

Numerical integration of W'- sech'z(tanhz#)W_ Q 

z w 1/1000w3 1/w2 

40.2 0.999 0.189 0.001 1.0020 

0.0 1.000 0.000 0.001 1.0000 

-0.2 1.001 0.190 0.001 0.9980 

-0.4 1.010 0.360 0.001 0.9807 

-0.6 1.032 O.o96 0.001 0.9388 

-0.8 1.070 0.399 0.001 0.8733 

-1.0 1.118 0.352 0.001 0.7999 

-1.2 1.180 0.302 0.001 0.7161 

-1.4 1.254 0.240 0.001 0.60 
-1.6 1.368 0.185 0.000 0.586 

-1.3 1.429 0.140 0.4897 

-2.0 1.526 0.104 0.4295 

-2.2 1.627 0.077 0.3777 

-2.3 1.731 0.052 0.3337 

-.2.6 1.837 0.047 0.2964 

-2.8 1.945 0.027 0.2643 

-3.0 2.054 0.014 0.2371 

-3.2 2.165 0.008 0.2133 

_3.4 2.27b 0.003 0.1930 

-3.6 2.37 0.001 0.1754 
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TALLE I (c) 

Numerical integration ol' W'+sech2z(+anh z )W3 O 

z w w ' i/i000w : ., " . 

-0.2 1.001 0.000 0.001 

0.0 1.001 0.000 0.001 1.0000 

0.2 0.999 -0.189 0.001 1.0020 

0.4 0.991 0.322 0.001 1.0181 

0.6 0.970, -0.371 0.001 1.0629 

0.8 0.934 -.0.346 0.001 1.1449 

1.0 0.884 - 0.282 0.001 1.2791 

1.2 0.823 - 0.207 0.002 1.4762 

1.4 0.754 -0.142 0.002 1.7582 

1.6 0.679rn -0.091 0.003 2.1697 

1.8 0.600 -0.054 0.005 2.7688 

2.0 0.519 -0.028 0.007 3.7133 

2.2 0.437 0.006 0.012 5.2349 

2.4 0.355 0.011 0.022 7.9298 

2.6 0.276 0.043 0.049 13.4175 

2.8 0.193 0.136 0.139 26.8427 

3.0 0.120 0.578 0.579 69.4388 

3.2 0.075 2.368 2.369 177.6889 

3.4 0.113 0.693 0.693 78.3048 

3.6 0.183 0.162 0.133 29.8552 
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TABLE II (a).. 

Computation of OE(A,x) for ). = 1/16. 

z G(1/16,-z) G(1/16,4z) 

0.0 0.062 0.062 

0.2 0.129 0.249 

0.4 0.271 0.376 

0.6 0.337 0.426 

0.8 0.336 0.406 

1.0 0.293 0.346 

1.2 0.235 O.27S 

1.4 0.].77 0.204 

1.6 0.129 0.147 

1.8 0.091 0.104 

2.0 0.063 0.071 

2.2 0.043 0049 

2.4 0.029 0.032 

2.6 0.020 0.022 

2.8 0.013 0.01ö 

0.007 0.008 

D.2 0.006 0.005 

0.004 0.003 

3.6 0.002 0.002 

0.001 0.001 

4.0 0.000 0.001 



TABLE II (b) 

Numerical inte.3ration of 

W"+ sech2z (tan z X)W - =0. = 

z Vi 1/16w3 

10.2 0.998 -0.186 0.062 

0.0 1.000 0.000 0.062 

-0.2 1.001 0.191 0.062 

-0.4 1.009 0.3b 0.060 

-0.6 

-0 8 

-1 O 

-1 2 

-1.4 

-.1 6 

-1.8 

-2.0 

-2.2 

-2.4 
-2.6 

-2.8 
-3.0 

-3.2 

-3.4 

1.030 

1.006 

1.118 

1.185 

1.264 

1.353 

1.450 

1.552 

1.659 

1.769 

1.881 

1.995 

2.110 

2.226 

2 342 

0.394 

0.409 

0.372 

0.314 

0.201 

0.141 

0.114 

0.084 

0.062 
A 

L) 

0.033 

0.021 

0.018 

0.014 

-3.6 2.458 0.008 

0.057 

0.051 

0.044 

0.037 

0.030 

0.025 

0.020 

0.016 

0.013 

0.011 

0.009 

0.007 

0.006 

0.005 

0.004 

0.004 

31 

i rj2 

1.0040 

1.0000 

o 9980 

0.9820 

0.9424 

0.8798 

0.7999 

0.7121 

0.62o0 

O.461 

0 .4755 

o . 4151 

0.3633 

0.3192 

0.2825 

0.2512 

0.2245 

0.2017 

0.1822 

0.1654 



-3.8 2.574 0.005 

-4.0 2.690 0.004 

-4.2 2.806 0.002 

-4.4 2.922 0.002 

-4.6 3.068 0.002 

-4.8 3.1b4 0.001 

-5.0 6.270 0.001 

1-I 
Jo J (o.s8 
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0.003 0.1509 

0.006 0.L81 

0.002 0.1269 

0.002 0.1171 

0.002 0.1083 

0.001 0.1004 

0.001 0.0935 

d = 2.5540. 
' fO.37)? 



TABLE II (c), 33 

Numerical integration of 

W"+sech'z(tanz+X)W3=O. 

z w w" 1/16W3 

-0.2 1.001 0.191 0.062 0.9980 

0.0 1.000 0.000 0.062 1.0000 

0.2 0.998 -0.186 0.062 1.0040 

0.4 0.990 0.298 0.065 1.0201 

0.6 0.S70 - 0.345 0.068 1.0629 

0.8 0.936 0.305 0.075 1.1406 

1,0 0.890 -0.219 0.082 1.2611 

1.2 0.836 -0.122 0.106 l.4U4 

0.777 -0.025 0.L.ö 1.6563 

0.717 0.061 0.168 1.94o2 

1.8 0.659 0.149 0.217 2.o012 

2.0 0.607 0.26 0.279 2.7126 

2.2 0.564 0.21 0.348 3.14u5 

2.4 0.b4 0.o89 0.406 3.5043 

2.6 0.519 0.448 0.459 3.7094 

2.8 0.522 0.42 0.438 3.6672 

0.542 0,387 0.392 3.4040 

0.577 0.622 0.325 3.002 

3.4 0.624 0.254 0.256 2.o664 

3.6 0.681 0.197 0.198 2.1550 
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3.8 0.746 0.149 0.150 1.7956 

4.0 0.817 0.113 0.114 1.4981 

4.2 0.892 0.088 0.088 1.2566 

4.4 0.971 0.068 0.068 1.0588 

4.6 0.056 0.053 0.053 0.9017 

4.8 1.1ô7 0.042 0.042 0.7735 

5.0 1.222 0.064 0.064 0.6695 

5.2 1.609 0.027 0.207 0.5844 

5.4 1.398 0.021 0.021 0.5116 

5.6 1.488 0.017 0.017 0.4515 

5.8 1.5Th 0.015 0.015 0.4015 

6.0 1.668 0.013 0.013 0.3594 

0 ( 
' 
Sz r dz i1.5B70 jwz o J (o,4Sz-/.û32) 



TABLE III (a). 

Computation of G(A z) for A i 

z G(.k,-z) G(%,êz) 

0.0 1.000 1.000 

0.2 0.771 1.150 

0.4 0.530 1.179 

0.6 0.329 1.093 

0.8 0.187 0.930 

1.0 0.100 0.739 

1.2 0.050 0.559 

1.4 0.024 0.407 

1.6 0.011 0.289 

1.8 0.005 0.201 

2.0 0.002 0.138 

2.2 0.001 0.092 

2.4 0.000 0.064 

2.6 0.043 

2.6 0.029 

3.0 0.019 

3.2 --- 0.007 

3,4 --- 0.004 

3.6 --- 0.002 

3.8 - 0.001 

4Q - 0.000 



TABLE III (b) 

Numerical integration of W'+sechtz(tanh z+À)W O. 

z wI ifli3 i/iti2 

-*0.2 0.998 -0.146 1.003 1.0020 

0.0 1.000 0.000 1.000 1.0000 

-0.2 1.001 0.22? 0.997 0.9980 

-0.4 1.011 0.432 0.967 0.9783 

-0.6 1.038 0.552 0.893 0.9279 

-0.5 1.086 0.584 0.780 0.8478 

-1.0 1.157 0.530 0.645 0.7470 

-1.2 1.249 0.451 0.s13 0.6409 

_1.4 1.3 0.342 0.398 0.5414 

-1.6 1.482 0.291 0.307 0.4552 

-1.8 1.616 0.226 0.236 0.3829 

2.0 1.759 0.180 0.183 0.3231 

-2.2 1.909 0.142 0.143 0.2743 

2.4 2.065 0.113 0.113 0.2344 

2.225 0.090 0.090 0.2019 

-2.8 2.368 0.073 0.073 0.1753 

-3.0 2.554 0.060 0.060 0.1532 

-3.2 2.722 0.049 0.049 0.1349 

2.691 0.041 0.041 0.3196 

3.061 C.034 0.034 c.1Ce6 
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-3.8 3.22 0.029 0.029 0.0957 

-4.0 3.404 0.02b 0.025 0.0862 

-4.2 .577 0.021 0.021 0.0781 

4.4 3.751 0.018 0.018 0.0710 

-4.6 3.925 0.016 0.016 0.0649 

4.8 4.099 0.014 0.014 0.0595 

-5.0 4.27 O.01 0.012 0.0547 

-. -ca 
( i dz -+ I dz 2.08O2. 

J_s 
(/.3TZ.?J/7)Z 



TÂBL III (C) . 
38 

Numerical integration of W'+sech2z (fanh z-i-A )W - -- O, 

z w w' i/1i 1hz2 

-o.a 1.001 0.227 0.997 0.9980 

0.0 1.000 0.000 1.000 1.0000 

0.2 0.998 -0.146 1.003 1.0020 

0.4 0.992 - 0.147 1.023 1.0150 

0.6 0.980 -0.014 1.058 1.0383 

0.8 0.968 0.122 1.099 1.0650 

1.0 0.962 0.410 1.121 1.0795 

1.2 0.972 0.545 1.088 1.0580 

1.4 1.002 0.582 0.991 0.9942 

1.6 1.056 0.544 0.849 0.8966 

1.8 1.132 0.460 0.689 0.7803 

2.0 1.225 0.373 0.543 0.6656 

2.2 1.334 0.296 0.420 0.5616 

2.4 1.454 0.230 0.324 0.4722 

2.6 1.564 0.182 0.251 0.3981 

2.8 1.721 0.146 0.197 0.3388 

3.0 1.864 0.117 0.154 0.1575 

3.2 2.011 0.107 0.122 0.2471 

3.4 2.162 0.097 0.098 0.2133 

3.6 2.3175 0.075 0.082 0.1826 



3.8 2.475 0.064 

4.0 2.6ó5 0.052 

4.2 2.797 0.045 

4.4 2.961 0.038 

4.6 .127 0.0ô2 

4.8 u.295 0.027 

5.0 o.462 0.024 

5.2 3.650 0.020 

5.4 3.799 0.018 

5.6 3.968 0.016 

5.8 4.1o7 0.014 

6.0 4.06 0.012 

6 

f - ¿z 

û 
W 

J 
(o.&q 
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0.065 0.1634 

0.052 0.1440 

0.045 0.1278 

0.038 0.1140 

0.02 0.1022 

0.027 0.0920 

0.024 0.0334 

0.020 0.0759 

0.018 0.0692 

0.016 0.0655 

0.014 0.058e 

0.012 0.0559 

d =3.1643. 



TABL IV (a) 

Coniputation of GR, z) for \ 2. 

z 

0.0 ;.000 

0.2 1.732 

0.4 

0.6 

0.8 

1.0 

1.2 

1.4 

1.6 

1.8 

2.0 

2.2 

2.4 

2.6 

2.8 

3.0 

z ') 

3.4 

3.6 

1.386 

1.041 

0.746 

0.520 

0.353 

0.240 

0.162 

0.109 

0.073 

0.049 

0.033 

0.022 

0.014 

0.010 

0.006 

0.004 

0.003 

0.002 

40 

0(À ,-z) 

2.000 

2.111 

2.036 

1.805 

1.489 

1.159 

0.864 

0.623 

0.439 

0.305 

0.209 

0.142 

0.096 

0.065 

0.044 

0.029 

0.0019 

0.013 

0.008 

0.005 

4.0 0.001 0.003 



41 
TÀBL 11T (b) 

Numerical integration of W'+ sech2z (+anh z +A)w--- O 

z w w i/vi2 

O.2 0.999 0.105 2.006 1.0020 

-0.0 1.000 0.000 3.000 1.0000 

-0.2 1.001 0.262 1.994 0.9980 

-0.4 1.012 0.521 1.929 0.9763 

-0.6 1.044 0.671 1.757 0.9173 

-0.8 1.102 0.672 1.494 0.8233 

-1.0 1.186 0.582 1.198 0.7108 

-1.2 1.293 0.468 0.924 0.5979 

-1.4 1.419 0.350 0.699 0.4966 

-1.6 1.559 0.274 0.527 0.4113 

-1.8 1.710 0.213 0.399 0.3418 

-2.0 1.869 0.170 0.306 0.2862 

-2.2 2.035 0.137 0.236 0.2414 

-2.4 2.206 0.114 0.186 0.2054 

-2.6 2.381 0.OYb 0.148 0.1763 

-2.8 ¿.59 0.083 0.119 0.1526 

-3.0 2.740 0.070 0.097 0.1331 

3.2 2.924 0.062 0.079 0.1168 

_3.4 3.108 0.054 0.066 0.1034 

_3.6 3.294 0.046 0.055 0.0921 
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3.481 0.041 0.047 0.0824 

-4.0 .669 0.06 0.040 0.0742 

-4.2 3.88 0.034 0.064 0.0L7l 

-4.4 4.048 0.030 0.030 0.0610 

-4.6 4.269 0.026 0.026 0.0556 

-4.8 4.461 0.022 0.022 0.0509 

4.624 0.020 0.020 0.0467 

4.818 0.017 0.017 0.0430 

-5.4 5.012 0.010 0.01 0.0398 

-5.6 5.06 0.U1' 0.014 0.u669 

5.400 0.012 0.012 0.0342 

-6.0 5.594 0.011 0.011 0.0319 

- 

f dz 4 f dz 1.0751. 

J J (o.97Oz-2oa2) 
Ô 

-(D 



TABLE 11T (e) , 

Numerical integration of W"+sechz (fanh z +À 
) 
W - O 

w w' 2/Wz i/N2 z 

-0.2 1.001 0.266 1.998 0.9980 

0.0 1.000 0.000 2.000 1.0000 

0.2 0.999 0.105 2.006 1.0020 

0.4 0.995 0.005 2.030 1.0100 

0.6 0.991 0.266 2.054 1.0180 

0.8 0.997 0.534 2.018 1.0060 

1.0 1.024 0.676 1.862 0.9535 

1.2 1.074 0.685 1.612 0.8658 

1.4 1.151 0.593 1.310 0.7548 

1.6 1.251 0.471 1.021 0.6388 

1.8 1.369 0.362 0.779 0.5334 

2.0 1.501 0.277 0.591 0.4193 

2.2 1.644 0.219 0.450 0.3699 

2.4 1.796 0.183 0.345 0.3099 

2.6 1.955 0.140 0.267 0.2616 

2.8 2.119 0.117 0.210 0.2226 

3.0 2.288 0.099 0.166 0.1909 

3.2 2.461 0.087 0.134 0.1650 

3.4 2.637 0.075 0.109 0.1437 

3.6 2.816 0.065 0.089 0.1260 



44 

3.8 2.997 0.060 0.074 0.1112 

4.0 3.180 0.05e 0.u62 0.0988 

4.2 3.665 0.046 0.052 0.0822 

#4,4 3.551 0.040 0.044 0.0792 

4.6 3.78 0.035 0.038 0.0715 

F4,8 3.926 0.Ool 0.066 0.0648 

45.0 4.115 0.027 0.028 0.0590 

5.2 4.04 0.024 0.025 0.0539 

p5.4 4.494 0.022 0.022 0.0495 

5.6 4.685 0.019 0.019 0.0455 

4.676 0.017 0.o1'7 0.0420 

5.067 0.015 0.015 0.089 

4.' 

dz I dz 2667. 
o J (o.55z-o.663) 

C. 
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The calculations shown on the precedin pages 

together with the extended evaluations of 
z, 

XI 
dz 

and 

il; C 
az 

ive the fo1lowin values of the N's for the re- 

spective values of the ) Tg investigated; 

N 

0.001 3.000/yf 

0.O6f'5 3.5352/il' 

1.000 5.2445/il 

2.000 6.263/11 

Proni these values, and a trIal calculation for 

=O.O02 iving N=3.142, the first two characteristic 

values of ? are found to be 0.002 and 2.000. These 

values will now be used in the determination of the 

least values of the energy parameter. 
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e and f remain finite as x . Since 

only negative values of E are being considered , the 

following substitution is made; 

s= 

so that the differential ecjuation (21) becomes 

(22) 
xy'±[2(S+ t)-xJ y' +(n -Ç-Dy=O 

for whose power series so1utioi the relation between 

successive coefficients is found as follows. Let 

yaO1X+a2---------aX 

Taking the first and second derivatives and substitu- 

ting in (22) the following array is arrived at: 

4Ja-2 fcx +3f O3 -1-- 41q1x34- - - 

_a1x_2ax2_3a3x3-+-_ ------ 

+ 0a0+ nc,x 4- nax2 -- -4- ----------- 

-fa0 -fa1x -Jax2- Ja3x3 + - - - - --- - -- 

-a0 -ax-a1x- ox -a33--------- 

+ 4jax' -4- 4 ac'' + na 

-Jax' -a-1x=O 
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The relationship between successive coefficients 
of like powers of x is flow found to be 

j= 0,+1 4-3.) 

It Is apparent that the series will break aif and give 
a polynomial solution if is set equal to 

i +1+1 

where J is related to by the equation 

f(f+I)= ?. 

Since 0.002 is the least value of it follows 
that there ar two corresponding values of ì, that is; 

-c.00iQ. 
n -i tJ:4 

- i 

of which the smaller and neative value is, of cou:'se, 

the least vaiue of that is ;eing sought for. 
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These allowed values of give us, in turn, the 

allowed values of E for negative energies. Recall- 

ing our previous substitution 

E 
e4 

we may write 

4 5 - e .10 
¡.444 

J 

as allowed values of E for which as detennined by 

(1' ) 
is finite and single-valued throughout space. 
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