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Abstract

We consider numerical methods for finding approximate solutions
to Ordinary Differential Equations (ODEs) with parameters distributed
with some probability by the Generalized Polynomial Chaos (GPC)
approach. In particular, we consider those with forcing functions that
have a random parameter in both the scalar and vector case. We then
consider linear systems of ODEs with deterministic forcing and ran-
domness in the matrix of the systems and conclude with a method
of approximating solutions to the case where the system involves a
nonlinear function of a matrix and a random variable.
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1 Introduction

There are many instances where one desires to model a physical system
where heterogeneous micro-scale structures are present. One example of this
is found in the modeling of movement of matter through porous soils with
spatially dependent soil properties [4]. Another example is the propagation
of electromagnetic waves through a dielectric material with variability in the
relaxation time [2]. A major challenge in modeling such systems is that the
parameters of the model vary according to the heterogeneities present. Thus
any fixed value of the parameter used in the model is accompanied by an
uncertainty for that value. One approach to dealing with this uncertainty is
to use statistical sampling to approximate the expected values of the model
parameters and to use these expected values in a deterministic model. The
simulations needed for such an approach, however, can be expensive. Another
approach to developing models that include uncertainty is by modeling the
uncertain parameters with random variables from some probability distribu-
tion. One such approach called Polynomial Chaos was pioneered by Wiener
and has been extended in recent years to the Generalized Polynomial Chaos
(GPC) approach by Xiu and Karniadakis [9].

In the present paper we discuss the application of the GPC approach
to models involving Ordinary Differential Equations (ODEs) with random
parameters. We develop methods for approximating solutions to several types
of these models including an extension of the work done in dealing with
systems of ODEs with random forcing functions in [7]. We conclude the
paper with a method of approximating the solution of a system of ODEs
involving a nonlinear function that depends both on a random variable and
a deterministic matrix.

2 Preliminaries: Polynomial Chaos, Orthog-
onal Polynomials, and Random Variables

Here we present a basic overview of several results from the literature on
orthogonal polynomials, polynomial chaos, and random variables. The dis-
cussion here is intended to serve as a reference for the reader throughout the
paper. Those interested in pursuing these topics further or more rigorously
will be aided by the works listed in the References.



2.1 Orthogonal Polynomials

A system of orthogonal polynomials is a set of polynomials {¢y, }nen
with A/ C N and deg(p,) = n that are orthogonal over a domain S with
respect to a positive measure W [8]. That is for each n,m € N we require

[ enle)en(e) aWi@) = 426,
where 9,, ,, is the Kronecker delta

1, m=n

Omn i= { 0, m#n (1)

and 7, is a real number called the weight of the polynomial ¢,. For the
purposes of this paper we make some simplifying assumptions. We assume
the domain S is a subset of R and that dW (x) = W (z) dx for all « belonging
to S (the slight abuse of notation will cause no difficulties) for some function
W, which we call the weight function. We also assume that our system
of orthogonal polynomials is indexed by the natural numbers (MV=N). With
these assumption we define the inner product of two polynomials ¢, and

O a8
(s ) = / (&) ()W (2) d. 2)

This provides us with the alternate characterization of orthogonality that for
each n,m € N we require

(@, Pm) = TnOmn.
And this tells us how to determine each weight -,

Yo =V {Pn> n)-

Another characterization of orthogonal polynomials is by their basic recur-
sion relation [§]

£pn(§) = ann-1(§) + bnn(§) + cnni1(§) (3)

where the real numbers a,,, b,, and ¢, are called the basic recursion co-
efficients of the system of orthogonal polynomials. The term “basic” in
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the definitions of the recursion relation and coefficients is non-standard, and
we use it here to emphasize the difference between these and similar terms
appearing later in this paper. We now show how to make use of orthogo-
nal polynomials by using them as a basis for expanding functions of random
variables.

2.2 Generalized Polynomial Chaos Expansions

Suppose £ is a random variable from some known distribution on S and
{¢n}nen is a complete system of orthogonal polynomial functions of £. Sup-
pose also that u:  — R, where Q = [0,00) x S. If for each ¢ from [0, o0),
u(t,-) is an L*(S) function, then u admits of the following Weiner-Askey
Generalized Polynomial Chaos (GPC) expansion on {2

u(t, &) =Y un(t)en(§) (4)

where the convergence for each ¢ is in the L?(S) sense [8, 9]. The coefficient
functions u,, are called the modes of the expansion and are given by

L <u7 9071>
un(t) == —%21 ) (5)

The expected value p, and the variance o2 of u are given by [1]
pa(t) = uo(t),
oa(t) =Y nun(t): (6)
n=0

We now give details for the distributions and systems of orthogonal polyno-
mials that we consider in this paper.

2.3 The Beta Distribution and Jacobi Polynomials

In what follows we state results for a specific distribution and system of
polynomials. Although these results apply more generally to several different
distributions and their corresponding orthogonal systems of polynomials, we
focus on a specific case for the sake of concreteness. For our purposes we



assume the random variable £ comes from the Beta distribution on [—1, 1]
with shape parameters a and b. This assumption suffices for the cases we are
interested in here, since we are considering random variables distributed on
some closed interval [c, d], which we bijectively map to [—1,1]. Assuming we
begin with w distributed on [c, d], these maps are

5_c+d+ d—rc
T g YTy
2 d—+c
— - . 7
v gd—c d—rc (7)

We also may refer to w as the result of a shifting by m and a scaling by r of
a random variable £. That is

w=rf+m. (8)

We indicate that the random variable £ belongs to the Beta distribution with
shape parameters a and b with the notation

¢ ~ Bla,b).

The associated probability density function (PDF) P for the Beta dis-
tribution is is given by [6]

e 1 (€+1)°(1—¢"
P(&a,b) = Beta(a +1,b+1) 2a+b+1
where
I'(p)T
Beta(p, q) := —F((Z) +(;]>),

T(p) ::/ rP~le " du.
0

Figure 1 shows PDFs for Beta distributions with three different choices of
shape parameters.

As discussed in [9], the choice of the system of orthogonal polynomials for
the expansion in (4) is dictated by the Asky scheme. In short, given a random
variable from a known distribution, the Asky scheme provides the choice
of a system of orthogonal polynomials based on a correspondence between
the weight function of the polynomials and the PDF of the distribution so
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Figure 1: PDF's for example Beta distributions

that the optimal rate of convergence of the GPC expansion is achieved. For
¢ ~ B(a,b) the Asky scheme leads to the choice of Jacobi polynomials on
[—1,1] for the system of orthogonal polynomials. These polynomials are
characterized by the following weight function, weights, and basic recursion
coefficients

W() = (1-&"(1+¢)

2 gatb+l I'n+a+1)I'(n+b+1)
T o tatb+1 nI'(n+a+b+1)

?



and

. 2(n+a)(n+0b)
" @2n+a+b)(2ntat+b+1)
b? — a?
" 2n+a+b)2n+atb+2)
2 1 b+1
o = (mn+1)(n+a+b+1) (9)

Cn+a+b+1)(2n+a+b+2)

Here are the first three Jacobi polynomials for reference

wo(§) =1,
P1(€) = 5[2(a+ 1)+ (a+b+2)(€ — 1)
(€)= %[4(a+ D(a+2)+4(a+b+3)(a+2)( 1)

+(@a+b+3)(a+b+4)(E—1).

We have now finished introducing the basic tools that we shall use throughout
the subsequent sections of this paper. Next we discuss the matrices that arise
in our later work.

3 The Matrices We Love and Why We Love
Them

We make use of matrices whenever possible in the following discussions to
simplify the presentation and clarify relationships. This section introduces
several important matrices appearing throughout the rest of this paper. Sev-
eral results pertaining to them are also given for later reference.



3.1 The Matrix of Basic Recursion Coefficients

Using (9) with n = 0,1,...,Q, we define the matrix of basic recursion
coefficients of the Jacobi polynomials up to the Qth level of recursion

by a; 0 ... 0
co b . :
Mg:=1|0 ¢ ' ag, 0 |€ReTL (10)
bo-1 aq
| 0 ... 0 co1 bg |

In the literature, the matrix of basic recursion coefficients is also known as
the Jacobi matrix [3]. Note that the eigenvalues of Mg are the roots of the
Jacobi polynomial ¢g;. This polynomial has ) + 1 distinct real roots and
these are located in the interval [—1, 1].

The matrix of basic recursion coefficients in (10) forms the basis of much
of what comes later. Notice that the basic recursion relation (9) expresses the
multiplication of ¢, by £ as a linear combination of the Jacobi polynomials
of one degree smaller and one degree greater than ¢, along with ¢, itself.
The coefficients of this linear combination are the basic recursion coeflicients
(9). We want to extend this notion by expressing the multiplication of ¢,, by
¢* for k € N as a linear combination of Jacobi polynomials. We will call the
coefficients in such a linear combination general recursion coefficients.

3.2 General Recursion Coefficients

The general recursion coefficient of ¢, ; in the recursion for &*y,, is
labeled C’ff ,)c and we define this by the relationship

—k

+ C k%pn -+ C Spn-i-(k 1) + C k¢n+k
Z k90n+J (11)
j=—k

To get a firm understanding of what the general recursion coefficients are,
let us examine in detail the first couple of steps of the recursive process that



leads to (11). We begin with the basic recursion relation from (3)

5%011(5) - an@n—l(é) + bn@n(&) + CnPnt1 (5)

Comparing this with (11) with & = 1, we see that Cy(ljll) = ay, C’,(L?% = by,

and C’ﬁ = ¢,. To get C’r(f ,)C for £ = 2, we multiply both sides of the basic
recursion relationship by ¢ and obtain

529071(5) = an[§pn-1(8)] + bu[0n(§)] + cnl€oni1(8)].

Now we apply the basic recursion relation again to each bracketed term and
we have

S‘;On—l(g) = an—l‘pn—2(£) + bn—l@n—l(ﬁ) + Cn—l@n(g)
§Q0n(§) = an@n—l(&) + bn@n(&) + CnPn+1 (f)
Eont1(€) = ant19(§) + bur19n41(8) + Cnr19n42(8)-

Substituting these expressions and writing the result in ascending order of
the index of the polynomials results in

529071(5) = Anan-19Pn-2(§) + an(bp-1 + bn)pn-1(§) + (ancn1 + bi + ang1¢n)Pn(§)
+ Cn(bn 4 brg1)Pnt1(€) + CnCnr1Pnt2(§)-

From this we can identify the values of the general recursion coefficients for
the £ = 2 case as
O\ = s
(-1 _
Cn,z - an(bn—l + bn)
C’ffg = QpCp_1 + bfl + api1Cn
01(732) = Cn(bn + bny1)
C’,(f% = CpCpit-
In principle the general recursion coefficients C’S,)g can be generated by re-
peated application of the basic recursion relation as was done for the case
when k£ = 2. With this approach, however, the calculations quickly become
computationally intensive and difficult to manage. We introduce shortly an

approach to finding these coefficients that involves simple matrix multiplica-
tion. In the definition of the general recursion coefficients ¥y, is expressed

10



as a linear combination of the k& polynomials immediately preceding ¢,, and
the k& polynomials immediately following ¢,, along with ¢, itself. Also note
that the definition of the general recursion coefficient implies that Cff,)c =0,
for |j] > k. The following matrix is a convenient way of keeping track of our
newly defined general recursion coefficients.

3.3 The Matrix of General Recursion Coefficients

Let k,Q) € N be fixed. We define the matrix of general recursion coef-
ficients corresponding to k£ and @ as

0 —1 —-Q
Cé% Of’('&) C<(1’ Q))
C C -
Woy = | oF W ek e ROTIxQEL (12)
Q@ Ae-1) 0
oy o ool

In the following lemma we give a simple way of generating the matrix of
general recursion coefficients by powers of the matrix of basic recursion co-
efficients.

Lemma 3.1. The matriz Wq, is the top left sub-matriz of Mgﬂ. In MAT-
LAB notation we have

Wor = M51(0:Q,0: Q).

Remark 3.1. Notice that in Lemma 3.1 we begin with a matriz Mgy, that
is one row and column larger than the size of Wq . This is only because the

element C'g)zC in the last row depends on these additional quantities.

The general recursion coefficients C’T% with 7 = —n arise later in the
paper. Because these coefficients explicitly depend on only two indices, we
make the following simplifying definition

Cri = CY. (13)

We take advantage of matrix notation once again and define the matrix

11



Cg € ROTIXQHL of general recursion coefficients C,, , with 0 < n,k < Q as

[ CO,O 00,1 CO,Q e CO,Q 1
CO,O CO,l s CO,Q 0 0171 0172 RN CI,Q
1 I I B
CQ,O CQJ S CQ7Q : - N :
| 0 cee 0 CQQ ]

(14)
The upper-triangular shape of Cy follows from the remark above that C’ff ,1 =
0 for |j]| > k.
In the following lemma we show how to obtain the matrix Cg by iterating
through the matrices Wy ;, for j = 0,1,...,Q and extracting one column of
Cg at each step of the iterative process.

Lemma 3.2. The jth column of Cq is given by the first row of Wq ;. De-
noting the jth column of Cq by C’g] and the standard unit (column) vector
in RO as é; we have

C3 = (Wo,)e:
= (M})"ér.

Remark 3.2. We note that the larger sized M matrix in the definition of W
1s not required in this context due to the fact that we only use the top row of
W, and not the last row as referred to in Remark 3.1.

In the next two lemmas we show some important relationships between
general recursion coefficients and inner products of certain orthogonal poly-
nomials. Lemma 3.3 deals with the particular type of general recursion co-
efficients from (13).

Lemma 3.3. Let n,k € N be given. Then
<€k’ 90n> = 7(2)071,16'

Proof. Let n,k € N be given. Then from the definition of C’ff,l in (11), the

12



definition of Kronecker delta in (1), and the fact that ¢y = 1 we have
1
o = [ Eo© e

/ S () (€) dW(E)

]——k’

= Z Cr(Lj,k«pn-&-ja ©o)

jsz
= % Z Cfmjk On-+j,0-
j=—k

O

Lemma 3.4 below generalizes the previous lemma and shows the connec-
tion between inner products and the general recursion coefficients in (11)

Lemma 3.4. Let Q, k € N be given. Then for anyn,m € N with0 < n,m <
Q we have

(€5 Pm, on) = 12O,
Proof. Fix Q,k € N. Then we have

Eomon= | o (E)em() AW (E)

/ S s (om(€) AW (E)

j*—k‘

k
Z C (Pn_t,_] ) SOm>

j=—k

= /V?n Z 07(7,‘77]1571+j,m

j——k:
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Note that Lemma 3.3 is a special case of Lemma 3.4 where m = 0.

We have now discussed all of the matrices and the associated lemmas that
are essential to the methods we propose for solving ODEs in the remainder
of this work. Before moving on, we introduce a useful operation on matrices
and state an important theorem related to this operation.

3.4 The Kronecker Product
Let A € R™"™ and B € RP*?. The Kronecker Product of A with B is the

matrix

CLLlB Ce al,nB
A®B = SRR € R™PXM,

am1B ... amnB

Theorem 3.5. Let A € R™™™ and B € R™™. If \ is an eigenvalue of
A with corresponding eigenvector X and p is an eigenvalue of B with corre-
sponding eigenvector'y, then A\ is an eigenvalue of AQ B with corresponding
etgenvector X Qy.

A proof of the theorem appears in [5]. We now proceed to apply the tools
developed above to solving ordinary differential equations with a random
parameter.

4 First Order Linear Scalar ODE

The remainder of the paper is concerned with the solution of ODEs involving

a random parameter £ ~ B(a, b). This section deals with the first order linear
scalar ODE

U+ kKU =g

where « is a fixed real number. We refer to the function g on the right hand
side of this ODE as the forcing function, which we assume is known and
depends explicitly on the random parameter and an independent variable ¢.
The discussion here is closely related to the work done in [7] for functions
with random amplitudes.

14



Here we use a GPC approach and develop a method of finding the modes
of the GPC expansion of a function u that solves the first order linear scalar
ODE above. We begin with the initial value problem (IVP)

U+ rku =g(t,§&), t>0
{ 2(0) — o . (15)

The dependence of the forcing function g on £ implies a dependence of u on
¢ as well. Under the assumptions in the paragraph preceding (4) we expand
u and ¢ using Jacobi polynomials in the GPC expansion defined there. We
truncate these expansions at the QQth degree polynomial to obtain

u(t, ) ~ u®

Q
(£.£) =Y ul(t)en(9),
Q
it §) =il (t,€) = > i (t)en(£). (16)
Q
g(t, &) = g?(t,€) =D ga(t)en(§)

We substitute the truncated expansions (16) into the ODE in (15)

Q Q Q
> i@t pa(€) + 1 > u@Hen() = 3 gult)eal€). (a7)

Formally, g, is the nth mode of the expansion of g as defined in (5), while
u® is the resulting solution of the ODE system given the level @ trunction
in the expansion of random inputs. Thus the GPC coefficients of u? may
depend on ) (indicated by the superscript). In the case of random forcing,
we shall see that the modes of 4% will not depend on @ and thus we drop
the superscript.

We next take advantage of the orthogonality of the polynomial basis of
the GPC expansion to eliminate the random variable ¢ and obtain a system
of ODEs for the modes of the GPC expansions. First we multiply each side
of (17) by an arbitrary degree m Jacobi polynomial ¢,,(£) where 0 < m < @

Q

Q
Zun(t)@n(f)me +’{Zun )n (&) om (€ Zgn )n(€)m(E)
n=0

n=0
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We then integrate the sums in the resulting equation term by term with
respect to dWW and we rewrite the integrals as the equivalent inner products

Q

Q Q
> (8 (n fm) + £ Y tun(t) (P Pm) = > gn(t) (Pn, Pm)-

n=0
Next we use the definition of the inner product in (2) to arrive at

Q

Q Q
> 0 ()0 + 5> ()0 =Y gn(t)0nm
n=0 n=0

n=0

We now let m = 0,1, ..., in this equation and obtain a system of decoupled,
deterministic ODEs in the variable ¢ for the modes of the GPC expansion.
For any n = 0,1,...,Q we refer to the corresponding ODE involving the
mode u, as the nth modal equation

un(t) + /fun(t) = gn(t)' (18>
The initial condition corresponding to the nth modal equation is found using
the definition of the nth mode of u in (5). If the initial value in (15) is given
as u(0) = « then we have u,(0) = (a, ¢,) /72 = adno. We then solve these
modal initial value problems for n = 0,1,...,() and in so doing obtain the
modes of u. We can also express the decoupled system of modal equations
in vector form

wq(t) + rwo(t) = go(t)

where the vectors here are defined as

uo(t)
wo(t) == : :
| ug(t)
[ 90(2)
8q(t) := :
| 90(t)

Recall that the right hand side function g, in the nth modal equation is
called the nth mode of g in its GPC expansion and is given by

gnlt) == @;—f“. (19)
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To solve a given modal equation we must first evaluate the inner product in
(19) to get the right hand side. In the absence of an exact analytical solution
for the integral that defines g,, we need an accurate and efficient way to
approximate this function. One method of approximating g, is by numerical
quadrature. We note that the integration in (19) is with respect to & and
needs to be computed not once, but at each value of ¢ that u,(t) is needed.
As an alternative for a certain class of functions, we shall explore a method
of computing the inner products in (19) indirectly by making further use of
the orthogonality of the Jacobi polynomials.

Suppose the function g has a series expansion in a basis of polynomials
in £&. In practice we will truncate the full series to obtain a finite sum and
arrange in ascending powers of £ so that the truncation of this expansion of
g takes the standard form

g(t,€) = gN(t,€) =Y Gr(t)" (20)

Substituting the approximation in (20) into the inner product in (19) and
using Lemma 3.3 gives an approximation ¢ to the nth mode g, in the GPC
expansion of g

<Zl]cv:() Gk (t)gka Qpn>

V2

(&%, on)
V2

N
Z n, ka
k=0

Using this approximation for the right hand side in the modal equations (18)
gives an approximation u2 for each mode u,, by solving the following ODEs,
which we shall refer to as the approximate modal equations

In(t) = gn (1) =

Gi(t)

I
3w|§m ?MZ
o

iy () + wuy () = g, (t)

70 ancm

17



Because C), ) = T(L_kn) = 0 for n > k, we have zero right hand side for

the approximate modal equations when n > (). Thus we gain no additional
information by taking () > N. In the following discussion we assume N = ().
The matrix-vector form of the system that results by letting n =0,1,...,Q
in the approximate modal equations is

Wo(t) + rwq(t) = %15 CoGolt) (21)

where the vectors wg, Gg, and the matrix I'g are defined as

[l (t)

wo(t) == : 7
| ug(t)
Go(1)

Go(t) == : ,
| Golt)

['q = diag (v0,..-,7q)

and Cp is the matrix of general recursion coefficients C,, ; defined in (14).
Once we determine the system of approximate modal equations in (21) we can
analytically solve for the vector of approximate modes w¢ or use a standard
ODE solver such as MATLAB’s ode45 to solve for the approximate modes
numerically.

Remark 4.1. We emphasize that the matrices Cq and I'g depend only on
the choice of orthogonal polynomials (and thus on the distribution and shape
parameters describing the random variable). We have separated this from the

functional dependence of the forcing term on the random variable described
by GQ.

Example 4.1. As an example problem we shall solve an (IVP) that repre-
sents the case where the forcing function has a random parameter in the form
of a frequency

u(0

{u—i(—u :g(t,w), t>0 (22)

)
where the forcing function is f(t,w) = cos(wt). We assume the frequencies
w are distributed uniformly in [0, 7]. Note that this means w belongs to the

18



Beta distribution on [0, 7] with zeros for the shape parameters a and b. Using
the bijection in (7) we transform to the variable £ ~ B(0,0), so that & =
(2w —m)/m and w = w(§ + 1)/2. This gives an IVP equivalent to (22)

u+u =g(tE), t>0
{ a(0) -0 i (23)

where g(t,&) in (23) is defined as f(t, (& + 1)/2). In order to obtain ap-
proximate modal equations we expand g as a Taylor series in the variable &
centered around the point £ = 0 and truncate at Q) to obtain

21 OFg(t,€)

g°(t.€) = — | &
2ol oEk

‘5:0

Comparing this to the standard form in (20), we see that

k
Gult) = 3 oS 5)‘ |

! £=0
For the choice of g in this example we can compute the inner product exactly
to get go(t) = sin(nt)/mt. We use this result as the right hand side in the
exact zeroth modal equation (18). Using the well-known integrating factor
method for linear first order ODFEs we obtain an exact solution

[
uo(t) :et—et/ ¢ sin(rr) dr.
0

T

In fact, since each Gy is a trigonometric function in this example, we can
exactly solve each of the approrimate modal equations given any Q. For com-
putational simplicity, we use odelbs with tolerance 1072 in a short program
to test the accuracy of the approrimations from the method above. Figure 2
shows how the approximation UOQ compares to the exact solution ug.

We now look at another example of the first order liner scalar IVP (15).

Example 4.2. This example is similar to the previous one but the forcing
function now has a random phase shift n uniformly distributed in [0, 7]

atu = f(ty), t>0
{ ) —0 (24)
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Figure 2: Exact and approximate solutions for random frequency IVP

where the forcing function takes the form f(t,n) = cos(nwt +n) and g(t,&) =
ft,m(&+1)/2). For this choice of forcing we compute go(t) = —2sin(nt)/m
and we can again solve the exact zeroth modal equation for uy. Figure 3 shows
that for this type of forcing function the convergence appears to be quite rapid
and to hold over large values of t.

Figure 4 below shows a plot of the L? error ||qu —ug|| g2 over the ¢ interval
0, 5] for examples 4.1 and 4.2 . We observe that the rate of convergence for
the approximation seems to better in the random phase shift example than
for the random frequency example.

This concludes the discussion of first order linear scalar ODEs with ran-
dom forcing. We now move on to consider analogous systems of ODEs.
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Figure 3: Exact and approximate solutions for random phase shift IVP

5 System of ODEs with Random Forcing

Let us now extend the method developed in the previous section for the single
scalar ODE with randomness in the forcing function to a system of ODEs
with randomness in the forcing function. The ideas presented here extend
in a natural way to a system of arbitrary size. We therefore only show the
structure for the case of a 2 x 2 matrix and we leave the generalization to
the larger systems as an exercise for the reader. We begin with the IVP

£(t,6), t>0

{v’v—l—At)vv za (25)

w(0)
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where the vectors w, f, and « are

"= a]
0= 165 ]
e
| v(0)
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We assume we can expand the functions u, v, f, and ¢ using GPC. The or-
thogonality of the Jacobi polynomials leads to the following modal systems
of ODEs in time for each of the modes

i () + a(t)tn () + b(t)va () = fult)
Bn(t) + c(t)tn(t) + d(t)va(t) = ga(t). (26)

As discussed in the previous section, these modal systems have initial con-
ditions u,(0) = u(0)d, and v,(0) = v(0)d,o. We assume here that the
elements of A, which form the coefficients in the system in (26) and the
modes f, and g, are all continuous on some common neighborhood of the
point ¢ = 0 where the initial condition is given in (25). This allows us to use
standard existence and uniqueness theory to guarantee a solution to the nth
modal system in this neighborhood. The right hand side functions in (26)
are given as in (19) by

~ {fion)
<97 Qpn>

Note that each of the systems in (26) is decoupled in the sense that for each
n the system can be solved independently from systems for other values. The
matrix form of (26) is

yn + Ayn = Fn

where

[ Uy (t

e [ 0],
=i |

If the integrals in the expressions for f, and g, above cannot be computed
exactly, they can be approximated by using numerical quadrature for exam-
ple or, when applicable, by techniques analogous to those developed in the
previous section, i.e., using expansions analogous to those in (20) and the
matrix Cp in (14) to compute approximations to the resulting integrals. The
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approximate modal system can then be solved for n = 0,1,...,Q using a
standard ODE solver or analytically if possible.

This ends our exploration into ODEs with random forcing functions. We
now move on to consider systems of ODEs with randomness in the coeffi-
cients of the system. We first consider a system with a deterministic matrix
multiplied by a random variable £ A(t), which we then generalize an to affine
function of the random variable times a deterministic matrix (1§ + m)A(t).
Next we consider the case with a deterministic matrix multiplied by an arbi-
trary power of a random variable £¥ A(t). Finally we consider the case where
the system involves a possibly nonlinear function of a random variable £ and
a deterministic system matrix R(A(t),&).

6 System of ODEs with Linear Randomness
in the Coefficients

Thus far we have considered systems of ODEs where the randomness ap-
peared explicitly only in the right hand side forcing function. We now con-
sider systems with randomness in the coefficients on the left hand side. We
assume that the forcing function and the system matrix depend only on t,
i.e., that they are deterministic. We discuss the details for the case where
the system matrix is 2 x 2, which leads to an obvious generalization for larger
systems.

6.1 Systems with {A(t) on the LHS
First we consider the IVP

{ w+ AW =f(t), t>0
w(0) =«
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where w, f, o, and A are

(
Alt) = Et)) o) 1 | (28)
Writing (27) as a system gives

u—+alu—+bév = f
U+ cfu+ dév = g. (29)

We expand u and v using GPC and truncate the expansions at ). We then
proceed along the same lines as in the previous sections to use properties of
the system of orthogonal polynomials to generate a system of ODEs involv-
ing the modes of these expansions. After substituting the truncated GPC
expansion for u and v into (29), we multiply both equations by a general ,,
where 0 < m < @ to get

Z UnPnPm T+ a Z UnPnPm + b Z Vn€PnPm = fPm

n=0 n=0
Z OnPntpm + CZ Un€pnspm + d Z UnbPnPm = §Pm. (30)
n=0 n=0

Integrating the equations in (30) with respect to the random variable ¢ and
rewriting the integrals as inner products gives

Q Q Q
D n{Pny Pm) + 0> Uun{EPn, Em) +b Y Unllpn, Pm) = (f m)
n=0

n=0 n=0

Q

ZU” Pns Pm "‘Czun §Pny Pm) +dzvn §Pns Pm) = (g om).  (31)
n=0 n=0 n=0
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Because f and g depend only on the variable ¢t we have

<f> (pm> = <17 Qom>f = ng(sm,of

In order to deal with the inner products (£, ¢y,) in the summations in (31)
we apply Lemma 3.4 with k& = 1, which gives

(E@ny o) = 120, (33)

We substitute (32) and (33) into (31) and we divide both sides of the resulting
equations by the common factor v2. This gives us the following

Q Q Q
S i+ a> w453 0,0 = 5,0
néo nQ_O néO
> b e, Ct Y +d D 0, O = G0,
n=0 n=0 n=0

Letting m = 0,1,...,Q gives a 2(Q + 1) x 2(Q + 1) coupled system of
deterministic ODEs for the modes of u and v

yq + (A® Mg)yq = Fq (34)

where Mg = W1 is the Jacobi matrix of basic recursion coefficients in (10),
® is the Kronecker product, and

U
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The initial conditions for the modal system in (34) are u,(0) = u(0)d,o and
v,(0) = v(0)d,, 0.

We now wish to generalize the result in (34) to one for the case where we
have an affine function of the random variable multiplied by a deterministic
system matrix.

6.2 Systems with (r{ +m)A(t) on the LHS

We take advantage of the discussion above to state an approximate modal
system analogous to (34) for the following IVP involving an affine function
of the random variable r{ + m multiplied by a deterministic matrix A(t),
which may be viewed as a shifting and scaling of the random variable & as
mentioned in the Preliminaries section in (8)

W+ (ré +m)A(t)w =1£(t), t>0

(36)

w(0) =a

where w, f, a, and A are as in (28). The result above in (34) gives the follow-

ing approximate modal systems corresponding to the intital value problem
in (36)

yQ + A & (TMQ + mIQ)yQ = FQ. (37)

Where yq and Fg are the same as in (35), I € ROT1X@F s the identity
matrix, and the initial conditions are the same as those stated for (34). We
remark here that in modal system (37) we can clearly distinguish the roles
of the system in the matrix A, the distribution in the matrix Mg, and the
scaling and shifting in the parameters r and m.

Before moving on to state the main result for a system ODEs with a
nonlinear function of a random variable and a deterministic matrix we need
one more result.

6.3 Systems with ¢*A(t) on the LHS

We now consider a system of ODEs with randomness in the coefficients of
the left hand side of the system in the form of a power of a random variable
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times a deterministic system matrix. We begin with the following IVP

w+FA)w =1£(t), t>0
{ w(0) =« (38)
where w, f, o, and A are as in (28). Writing (38) as a system gives
i+ affu 4 bfv = f
U+ cfu+ deFv = g. (39)

Following the same approach as in the previous section gives an approximate
modal system analogous to that in (31), with &* replacing &

Q Q Q
Dt {Pny Pm) + @Y Uun(E P, om) + 5D 0n(E0n, om) = (f,m)

n=0 n=0 n=0

Q Q Q
Z ®n<80m @m> + CZ Un<§k90n7 <»0m> +d Z Un<§k§0m Qom> - <ga (,Om>. <4O>
n=0 n=0 n=0

The only new difficulty here is the appearance of the quantity (£*¥p,,, @) in
(40). Applying Lemma 3.4 gives

(€ pn, om) = 12O, (41)
Substituting (32) and (41) into (40) and dividing by 2, gives

Q Q
O+ a Y unCU T 0D 0, O = G0 f
n=0 n=0

5

n=0

Q Q
Ol + ¢ Y unCOT 4+ A 0, O = Gn0g.
n=0 n=0

Again letting m = 0,1, ..., Q gives the following modal system
Yo+ (A®Wqoi)yq = Fo. (42)

Where yq and F are as in (35), Wg is the matrix of general recursion
coefficients in (12), and ® is the Kronecker product. This deterministic
system of ODEs can be solved analytically or approximately with a standard
solver. Note that since My = Wy, we have (34) as a special case of (42)
with £ = 1.
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6.4 Overall Qualitative Behavior

Consider the solutions to the approximate modal system from (37), which
approximate the solutions to the random system

W+ (ré + m)A(t)w = f(t)

given in (36). We make some remarks here about how these approximations
compare qualitatively to solutions of the non-random system

W+ A()w = £(2).

From the theory of orthogonal polynomials we have that the eigenvalues of
the matrix of basic recursion coefficients Mg in (10) are the roots of the
Jacobi polynomial ¢g4i. This polynomial has @) + 1 distinct real roots in
the interval [—1,1], which means that if A is an eigenvalue of My, then
A € [—1,1]. Thus if we have m > r > 0, then rMg + mlg has Q + 1
distinct real eigenvalues in [m — r,;m + r]. If we scale the random variable
¢ appropriately by r and m so that rMg 4+ mlg has positive eigenvalues,
then by Theorem 3.5 we conclude that the signs of the eigenvalues of the
Kronecker product A ® (rMg + mlg) in the approximate modal systems in
(37) are the same as those of the matrix A. Furthermore, we can conclude
from Theorem 3.5 that if A has only real eigenvalues then A® (rMg +mlg)
also has only real eigenvalues, and if A has only complex eigenvalues, then
A ® (rMg + mlg) does as well. This qualitative analysis shows that that
the stability and overall behavior of solutions to the non-random system
are preserved in the approximations to v and v. We do note that multiple
oscillation modes can give the appearance of decaying amplitudes on small
time intervals, thus the short-time behavior of the random solution may be
somewhat different than that of the deterministic one.

We now move on to apply the results of this section to the more general
situation involving a possibly nonlinear function as part of the system.

7 System of ODEs with General Randomness
on LHS

We are now ready to state a method for approximating the solution to a
system of ODEs involving a possibly nonlinear function of a random variable
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¢ ~ B(a,b) and a deterministic system matrix. We state results for the
case where the system matrix A is 2 X 2, A: [0,00) — C?*2, and leave the
extension to larger systems for the reader.

Consider the following IVP
w+ R(A(t),)w =f£(t), t>0
{ w(0) - o

where the vectors w and f, and the matrix A are defined above in (28), and
where

R: C*?% x [-1,1] — C**? (44)

is a possibly nonlinear function. We assume that we can expand R as its
Taylor series in the random variable £ about the point & = 0, which we
truncate at N to get

N

RN(1,€) =) Ax(t)¢* (45)

k=0

where Aj: [0,00) — C**2 for k = 0,1,..., N are the Taylor coefficients of
the expansion of R. This assumption leads to the following coupled system of

deterministic ODEs for the approximate modes of u and v, which is analogous
to that in (42)

N
yaq + (Z Ap(t) ® WQ,k) yq = Fo. (46)
k=0

By solving the system in (46) we obtain approximations for the modes
Ug, ..., uqg and vyg,...,vo. We note here that we do not directly address
the case when expansions of the form given in (45) cannot be used nor do we
discuss issues of convergence of such expansions. For a discussion of these
issues we refer the reader to [5].

We conclude this section with an example of the ideas presented above
in which we find approximate solutions to the predator-prey model with
randomness in the coefficients of the system.
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Example 7.1. We consider the linearized homogeneous predator-prey model
used to model the change from equilibrium of coexisting populations of a prey
species u and a predator species v. The model is given by the following IVP

] =) e

where the constants b and c¢ in the coefficient matrix of the system are both
positive, and o and 3 are given initial values for u and v respectively. We
introduce random noise into the system in (47) through multiplication of a
shifted and scaled random variable to get the following

e [E V1= [0)

This is a problem of the type (36) that was discussed in the previous section.
Applying the method developed there gives the following system of approzi-
mate modal equations

}"Q + A & (TMQ + mIQ)yQ =0

where

We take r = 0.01, m =1, £ ~ B(0,0), a = =100, and let b = 0.5 = c.
Solving the resulting system gives approximations for the modes of u and
v. Figure 5 shows a plot of u(? for QQ = 4 with confidence envelopes for
the expected value of the prey species, showing plus or minus one standard
deviation using the formula for variance in (6). Figure 6 displays a similar
plot for the predator species.
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Figure 5: uj and confidence envelopes for the random predator-prey model

For comparison, we solve the non-random predator-prey system and find
the deterministic solutions u and v. These solutions are plotted in Figure
7. We see that because the matriz A has complex eigenvalues, the system
exhibits stable oscillations and the species continue to coexist over time.

Figures 5 and 6 seem to indicate that the addition of random noise to
the system in this case results in a change in the qualitative behavior of
our approximate solutions, since the populations of both species seem to be
decaying to a fized value over time. Figure 8 shows this over a longer period
of time. We argue that this is merely caused by the presence of multiple
modes and that further time integration would show the amplitude returning
to the initial level.
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Figure 6: v(? and confidence envelopes for the random predator-prey model

8 Conclusions and Future Work

In our work here we have developed methods for solving models with ODEs
involving random parameters in the forcing function and in the coefficients
of the system. The main tool that we have used in this development has
been the Generalized Polynomial Chaos (GPC) approach, which begins with
an expansion of the functions in the ODEs and leads to systems of determin-
istic ODEs for the modes of these expansions. By using this approach one
can incorporate uncertainty in a mathematical model by modeling uncertain
parameters with random variables and proceed to solve the resulting deter-
ministic systems for the expansion modes and obtain approximate solutions
to the model.
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Figure 7: Solutions to the non-random predator-prey models

Future research possibilities related to the ideas covered in this paper
include extensions to Partial Differential Equations (PDEs) involving random
parameters. This would include using the Finite Element Method or the
Method of Lines approach to solving elliptic Boundary Value Problems with
a random parameter. We also hope to connect our work here with other
research in numerical solutions to Maxwell’s system of PDEs in Debye media.
In particular, we wish to apply the methods developed in the current paper
to the systems of ODEs that arise in the application of the Yee scheme to
Maxwell’s equations.

34



ffffffffffffffffffffffffffffffffffffffffffff



References

1]

B. M. Adams, K. R. Dalbey, M. S. Eldred, D. M. Day, L. P. Swiler, W. J.
Bohnoff, J. P. Eddy, K. Haskell, P. D. Hough, and S. Lefantzi. DAKOTA,
A Multilevel Parallel Object-Oriented Framework for Design Optimiza-
tion, Parameter Estimation, Uncertainty Quantification, and Sensitivity

Analysis Version 5.1 User’s Manual. Sandia National Laboratories, P.O.
Box 5800 Albuquerque, New Mexico 87185, January 2011.

E. Bela, E.& Hortsch. Generalized polynomial chaos and dispersive di-
electric media. Technical report, Oregon State University REU, 2010.

Paul G. Constantine, David F. Gleich, and Gianluca laccarino. Spectral
methods for parameterized matrix equations. SIAM Journal on Matrix
Analysis and Applications, 31(5):2681-2699, 2010.

R. Ghanem and S. Dham. Stochastic finite element analysis for multi-
phase flow in heterogeneous porous media. Porous Media, 32:239-262,
1998.

R.A. Horn and C.R. Johnson. Topics in matriz analysis. Cambridge
University Press, 1994.

Frank Jones. Lebesgue Integration on Euclidean Space. Jones and Bartlett
Publishers, revised edition, 2001.

D. Lucor, C. H. Su, and G. E. Karniadakis. Generalized polynomial chaos
and random oscillators. International Journal for Numerical Methods in
Engineering, 60(3), 2004.

D. Xiu. Numerical Methods for Stochastic Computations: A Spectral
Method Approach. Princeton University Press, 2010.

D. Xiu and G. E. Karniadakis. The Wiener-Askey polynomial chaos for
stochastic differential equations. SIAM Journal on Scientific Computing,
24(2):619-644, 2003.

36



	Introduction
	Preliminaries: Polynomial Chaos, Orthogonal Polynomials, and Random Variables
	Orthogonal Polynomials
	Generalized Polynomial Chaos Expansions
	The Beta Distribution and Jacobi Polynomials

	The Matrices We Love and Why We Love Them
	The Matrix of Basic Recursion Coefficients
	General Recursion Coefficients
	The Matrix of General Recursion Coefficients
	The Kronecker Product

	First Order Linear Scalar ODE
	System of ODEs with Random Forcing
	System of ODEs with Linear Randomness in the Coefficients
	Systems with A(t) on the LHS
	Systems with (r+m) A(t) on the LHS
	Systems with k A(t) on the LHS
	Overall Qualitative Behavior

	System of ODEs with General Randomness on LHS
	Conclusions and Future Work
	References

