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A BAYESIAN APPROACH TO NONRESPONSE
IN SAMPLE SURVEYS

I. INTRODUCTION

In this chapter we first introduce the fixed finite population
model of Godambe (1955). We then give the Bayesian approach to
finite population inference as proposed by Ericson (1969). Finally,
we consider a problem of nonresponse in sample surveys and mention

previous solutions.

l.1. Fixed Finite Population Model

According to Cassel, S3rndal and Wretman (1977), '""The
essence of survey sampling consists of the selection of a part of a
finite collection of units, followed by the making of statements about
the entire collection on the basis of the selected part.' Different
models, or frameworks of inference, have been proposed to aid in

" about a finite population based on observ-

the "'making of statements'
ing a portion of that population. One of the most basic, a fixed finite
population model, is due essentially to Godambe (1955) with later
refinements by Godambe and others. This basic model has become a
point of departure for many writers; see, for example, review papers

by Basu (1971), J.N. K. Rao (1975) and Solomon and Zacks (1970). We

list in this section the basic features of this model.



Consider a finite collection {population), U, of N identi-
fiable units where N is known and finite. An identifiable unit is a
physical entity which can be located and uniquely labeled. This
identifiability is a feature which separates survey sampling from
traditional statistical inference. It allows us to choose our own
sampling design (described later). Without loss of generality,
assume the units in U are labeled so that U ={1,2,..., N}

Assume there is a characteristic of interest associated with

each unit and that the value of this characteristic is denoted by Yj

for jeU. Let y=(y;1y,, ---,¥.) - Then the vector is
1'Y2 N 4

called a parameter of the finite population. We denote the parameter
space by Q. Frequently, £ = IRN, the N-dimensional Euclidean
space.

An important element of the fixed finite population model is the
sample design, (&,¢(-)), where & is the set of all possible

samples from U and where ¢:48 — [0,1] 1is such that

z $(6) = 1. The value of ¢(6) for ©&e¢ A assigns the probability

of choosing the sample ©. The sample design plays a major role
in making and justifying inferences under this model. A particular
design is called noninformative if the function ¢(-) 1is independent

of vy.



A data point, d corresponding to a sample &e€ A is

6’

given by d6 = {(, yj) :j € 8}. The sample space then is

{d_:86ea, ye Q).

)

The likelihood function for this fixed finite population model was
first considered by Godambe (1966). For a given sample 6 ¢ A

and a data point d the value of the likelihood function at the

6’

parameter value ye Q is

¢(6), y € Q
dg

Ly )= (1.1.1)

8 0, otherwise

where
2 = = . e Q :
d {YO (YO s ' Yo ) e YO. equals the
6 1 N j

observed value yj for all je 6}

Thus, the likelihood function is "flat." It is ¢(8) over the region
Qd and is zero elsewhere. Some methods of traditional statistical
S}

inference (e.g. maximum likelihood estimation) fail to give useful

results.

1. 2. Superpopulation Models and the Bayesian Approach

In contrast to the fixed finite population model where the

N

parameter vector y is considered to be a fixed pointin @ C IR,

superpopulation models assume that y = (yl, Yor oo yN)' is a



realization of a vector random variable Y =(Y.,Y.,,...,Y..)". The

1’2’ N

Y ,. ..., Y in IRN is denoted

joint probability distribution of Y1 > N

by §£.

The superpopulation concept has been the subject of much recent
discussion ranging from distrust of model-based inference (e.g.
Neyman (1971)) to the opinion that such inference is almost necessary
(e.g. Royall (1971)). While £ may reflect prior subjective belief
about Y as inthe Bayesian approach, its interpretation can be
completely non-Bayesian (Royall (1971)). For example, the finite
population U may be thought of as being randomly drawn from some
larger universe (the "superpopulation") or £ might model some
random mechanism in the real world (e.g. econometric modeling).

We will now develop the Bayesian approach, following Ericson
(1969). Assuming a noninformative design, the resulting inference
will be independent of the design (A,$(-)) used to select the sample.

Let f(Y) denote the prior density of Y with respect to
Lebesgue measure in IRN. The function f(-) is arrived at by
standard Bayesian methods of assessing prior subjective belief about
Y.

Note: The notation, f(X), will be used throughout this thesis
in place of the more common notation fY. The collection of symbols,
f(z), is the name of a function; the probability density of the random

vector Y. No symbol for an argument appears, even when £(Y)



appears on the left hand side of an equation, and say,

(217)'1 /Zexp{- %YZ} appears on the right. Also, whenever it is clear
from the context that a particular density is continuous or discrete,
explicit mention will not be made.

For any &€ A, let &% := U\6 be the set complement of &
in U. That is, &% 1is the set of units in U not included in the
sample, 6.

Assume (A,d¢(-)) 1is noninformative. The likelihood for Y
is given by (1.1.1). Thus, the posterior density for Y given d6

is

(6)E(Y), Ye &2
ot dg

f(}_f:|d6)oc (1.2.1)

0, otherwise.

Since (A,¢(-)) 1is noninformative, the reciprocal of the omitted

proportionality constant is

§¢(6)f(z)dY6* = ¢(6)§f(.¥.)dY6* (1.2.2)

where Y6>‘-< is the subvector of Y corresponding to units in &%

and where integration is over {Yé* :Yk ¢ IR for ke &}. Then

gf(Y)dY&,: is simply the marginal density, f(zé), of the subvector,

Y which corresponds to units in 6. Thus, (1.2.2) becomes

6)



fcp(a)f(g)dYa* = $(6)(Y,). (1.2.3)

Expressions (1.2.1) and (1.2.3) combine to give

f(zé*lYé), Yef,
£(Y[dg) = ° (1.2.4)
0, otherwise
£(X)
since f(:‘fé* Yg,) := Fﬁ) . Notice that ¢ ‘) does not play a role
in Bayesian inference about Y, since that inference is based

entirely on the posterior distribution of Y given the data.

This lack of dependence on the particular random sampling plan
for selecting a sample & should not be mistaken to imply that the
Bayesian approach has no place for random sampling. Some form of
random sampling may indeed be employed to help insure the validity
of the superpopulation model being used. However, this randomiza-
tion does not play the direct role in inference that it plays under the
fixed finite population model.

Suppose we are interested in predicting the value of the popula-

tion total, T, where



As is well known, the Bayesian inference under squared error loss
simply involves finding the posterior mean of T given the data
and any known parameters; see, for example, Godambe (1969). The

A
Bayes predictor of T under squared error loss is thus T where

A
T := Y +E Y ‘ . 2.
Z i Z K d(‘3 (1.2.5)

jeb k € &%

1.3. Nonresponse Problem and Hansen-Hurwitz Sampling

A common method of administering a sample survey of a human
population makes use of a printed questionnaire that is mailed to
every unit (person) in the sample. Each sampled person is asked to
write his or her value of "Yj " on the questionnaire and return the
completed questionnaire to the survey organization.

A growing problem in such surveys is that not all persons
sampled actually respond to the survey. Studies by statisticians and
non-statisticians alike have attempted to identify methods of eliciting
a high degree of response; see, for example, Kanuk and Berenson
(1975). However, in most postal surveys there is some portion of
the sample that does not respond. The problem is that an unknown

" may be involved if we assume that those

bias, a "nonresponse bias,
responding are representative of the combined total of respondents

and nonrespondents.



A commonly used technique for obtaining information about
nonrespondents employs a Hansen-Hurwitz sampling plan; see Hansen
and Hurwitz (1946). The procedure is to mail questionnaires in
excess of the number expected to be returned and to follow up by sub-
sampling the nonrespondents by some more costly method (e. g.
telephone calls, personal interviews, use of rewards) which provides
complete response from the subsampled nonrespondents. Hansen-
Hurwitz sampling thus allows for the economy of a postal survey

while providing some information about possible nonresponse bias.

1.4. Previous Approaches

The literature contains many ideas for reducing, estimating and
adjusting for nonresponse bias in survey sampling. Two recent
review papers are those of Kanuk and Berenson (1975) and Armstrong
and Overton (1977). Most of these approaches have assumed a fixed
finite population model and have used the concepts of that model to
justify inferences. Some approaches have utilized a Hansen-Hurwitz
sampling plan; others have not.

One of the most basic approaches was proposed by Hansen and
Hurwitz (1946) themselves. They suggest estimation of the population
total after subsampling nonrespondents by multiplying the estimated
population mean by the population size, N. The population mean is

estimated by a weighted sum of the sample means for respondents and



nonrespondents, the weights being the proportions of respondents and
nonrespondents in the original sample. This estimator is ''design
unbiased'; that is, its expected value over all & e A 1is equal to the
true population total.

Ericson (19€7) has proposed a similar estimator in a Bayesian
setting using squared error loss. Instead of using the sample means
for respondents and nonrespondents, his method uses posterior esti-
mates of the population means for respondents and nonrespondents.
These estimates are often close to the sample means, but they adjust
for the effect of prior assumptions.

A more recent Bayesian approach by Singh and Sedransk {1975)
is similar to thz work presented in Chapters II and IIl in that auxiliary
information is used in a regression setting to improve the Bayes esti-
mates of unknown parameters in the model. However, Sedransk and
Singh concentrate on =stimating regression coefficients and assume
that all members of 2 population respond with the same probability.
The present work has the goal of predicting the population total when
probabilities of respcnze possibly vary.

Another Bayesian approach can be found in Rubin (1977). This
author also makes use of auxiliary information, but he does not make
inferences about the entire population. Instead, he provides subjec-
tive probability interval estimates for a statistic which would have

been calculated and used if there had been no nonresponse.
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1.5. Preview of Thesis

This thesis presents a Bayesian approach to the nonresponse
problem of Section 1.3. We will assume that useful auxiliary informa-
tion is available about every unit in the population and that response
probabilities possibly vary for different units. Our goal is to predict
the population total for some characteristic of interest.

We will develop models and derive Bayes predictors under
squared error loss in Chapters II and III. In Chapter II we assume
that the precisions (or, equivalently, the variances) of the response
variables for respondents and nonrespondents are known. In Chapter
III we relax this assumption. Chapter IV contains results for the
special case of regression through the origin. A simple simulation
example there suggests a convenient approximation to the posterior

density function of Chapter II.
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II. A BAYESIAN APPROACH: PRECISIONS KNOWN

In this chapter we will formally model the situation described

in Chapter I and then analyze the model from a Bayesian point of view.

2.1. Specification of Model and Prior Density Function

Consider a finite population, U, of N identifiable units
where N is a known positive integer. An identifiable unit is a
physical entity which can be uniquely identified and labeled. Some
common examples include the population of all 1979 Oregon annual
resident angling permit holders and the population consisting of all
United States counties having at least one public health clinic on
December 31, 1978. In the first example the physical entities are
humans while the units are geographic areas in the second example.

The listing of units and /or unit labels is often referred to as the
frame or sampling frame.

Suppose the units in U are grouped into g groups,

1 < g <N, sothatthere are n, units in group i, i=1,2,...,g.
Without loss of generality we can assume the units in U are labeled
as

Uu={11,12,...,1n

. s g1l,82,. ..,
1,21,22, 2n2 gl, g gng}

g
th
where N = Zn.l and where the unit labeled 1ij is the j unit in
i=1
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the ith group; i=1,2,...,g j= 1,2,...,ni.

The basis for grouping may be arbitrary, but the grouping will
most often be due to some auxiliary information about the units in U
that is known at the time the frame is constructed. This information
will often be demographic (e.g. age, sex) when studying a human
population.

Suppose there is a numerical characteristic of interest

associated with each unit in U. Let the value of this characteristic

be denoted by Yij for ij € U. Our goal is to make inference

about the value of the population total, T, where we define
n,
g i
T := Z Z Y...
1)
i=1l j=1

In order to gain information about T we conduct a survey
using a Hansen-Hurwitz, non-informative sampling plan as described
in Sections 1.2 and 1.3. That is, we sample n units from U and
obtain the response Yij for r ofthese n units. Call these r
survey respondents "SR's," and call the (n-r) nonrespondents
"NR's." We then subsample m, 0 < m < n-r, ofthese NR's
and obtain Yij for each of the m subsampled NR's. The
sampling probabilities are assumed not to depend on the values of the
Y..'s.

1]

The population U can now be partitioned as
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U=AuBuCulb

where A is the set of labels for the r SR's, B is the set of
labels for the m subsampled NR's, C is the set of labels for the
n-r-m NR's that are not subsampled, and where D = U\(AUBUC)
is the set of labels for the N-n units that are never sampled. The
particular units comprising A, B, C and D are unknown before
the survey. Define S := Aw Bw C. Then S is the set of labels
for the n units originally sampled. Further, let 3 bi’ ¢ di
and s: denote the numbers of units from group i inthe sets A,
B, C, D and S, respectively, for i = ,2,...,g.

We assume that every unit in U would be either an SR or
an NR (but not both) if sampled. We model this SR /NR status
by associating an indicator random variable, Z. ., with each

1)

ij € U where

0 if unit ij would be an NR, ije U.
Z, =
1 1 if unit ij would be an SR

I‘his SR/NR status is important, since we believe that SR's and
NR's might differ with respect to the characteristic of interest and
its relationship with auxiliary information.

While the values of Y., and Zi" ij € U, are unknown

1) J

before the survey, we assume that the characteristic of interest is
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linearly related to one or more auxiliary variables that is /are
known for every unit in U. We further assume that the value of any
- . . S .th
one of these auxiliary variables is the same for all units in the i
group, i =1,2,...,g. Indeed, it will often be the case that this
feature determines the grouping of units in U. Let Xi’
i=1,2,...,g, denotethe xX 1 column vector whose entries are
.th . .
the values for the i group of the x auxiliary variables. Note
that some entries in Xi may be transformations of other entries as
in the case of polynomial regression.
Let h1 and h2 be specified constants. (They will be seen
to represent known precisions for SR's and NR's respectively.)

Define h := (hl’hz)' Let Bl and [32 be xX 1 wvectors of

parameters, and denote P := ([31,[32). Define

— -
X].
: ™
1
Xl
X =] .
X!
g
. n
: g
XI
. &
where Xi' is the transpose of Xi. Let
1= Z_ _,...,Z ye ol .., 2 '
z (le' 12 In, gl gng)
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Given X, h, B and Z, assume that

LY n are independent random

variables such that

1 Zi' 1 1-72
~ ! + _ ! —_— Jr - 1)
Yij N(Zijxiﬁ1 (1 Zij)XiﬁZ, (hl ) (hz )

for i=1,2,...,g and j = 1,2,...,ni. Thus, if ij 1is an SR,
Yij has mean Xi'ﬁl and precision h,; if ij is an NR, Yij
has mean Xi'ﬁz and precision hZ' Note that Y ~ N(4,V) means

that the random variable Y has a normal probability distribution in
-1
IR withmean p and precision V .
Assume that Z, [31 and [32 are independent random vectors.
Given the vector w := (Trl, TTZ, . ,ﬂg)', assume that
1) L IR 3 e e 0y s Z 3 e e ey Z 1
11° 212 Z 1n1 Zgl g2 gn are independent random

variables such that

Z, ~ Bernoulli (Tl'i), ij e U.

1)
That is,
E(Zi_) = Pr{zij = 1} = Pr{unit ij is an SR} = m
J
is the same for all units in group i; i=1,2,..., g. Note that

0<m <1 for i=1,2,...,g.

i
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Let X\ and )\2 be specified xX 1 vectors of hyperparam-

1
eters. Let T and T, be =x X x positive definite matrices.
Given )\1, )\2, hl’ h2’ ™ and T,» assume that [31 and f32 are

independent random vectors such that

“1 -1
By ~NO, by 7 )

and

-1 -1
[32 ~ N()\Z,h2 T, ).

Note that we are assuming [31 and [32 are independent of .
Finally, we complete the specification of the model by assuming
: - ] - ]

that, given p (pl, Pys - - - ,pg) and ¢ (ql’ Ay - - s qg) ,

™

LPIRRRE Tl‘g are independent random variables such that

Tri~Beta (pi,qi), i=1,2,...,g.
That is,
p,-1 q-1
1- < <
f((Eini, qi) o« 'lTi ( TTi) b} O — Tri —_ ]-)
for i=1,2,...,g with 'n‘l, .. .,TT‘g independent. Note that
Py
= i=1,2,...,g.
E(m |p,, q) prta i g

= . 1= di Z .,
Let 1 {X,hl,hz,)\l,)\Z,Tl,'rz,p,q} Let ZN diag( iJ)
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be an N X N diagonal matrix having ijth diagonal element Zij'

Let IN be an N X N identity matrix.

We are assuming that, conditionalon Z, B, w, and I,

Y ~ N(HN,VN)

where
[x ; 0]
= (21 (T D--r ) 8
N N N N 0 |XJ
= (Z..X (I..-Z_)X) pl\
N® \"'NTN B,
= Z X8, + (IN-zN)xp2
and
—Zi. -(l-Zi.)
Vv = diaglh M, Ty .

We have the following joint prior density function for Y, Z,

p and m:

£(Y. 2, 8. 1|1) = €2, ﬁ,w,I)f(zIﬁ,ml)f(EImI)f(;L!I)

~ —~

-1/2

-1
(V) Pexpl- 5 (Y )V (Y1 )
g iz, 1-2.,
x n nr Ya-r) Y
i=1 j=1 ' '
1/2

X (|h171|) exP{ ﬂ -\ )(h (ﬂl-kl)} X
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1/2

X ([, |7 Zexp(- 5 (B,-X,)'(h,7,)(B,-),))

g pi_l qi-l
X I [r (1-1ri) ] (2.1.1)

for Y ¢ IRN, ﬁle R, pze R*, Z e [0,1]%...x [0, 1] and for

0< ,TI'Z,...,TT < 1.

1 g —

2.2. Posterior Density Function

Y and Y be those subvectors of Y cor-

Let Y YB, c D

Al
responding to units in A, B, C and D respectively. Similarly,

Z Z Z and Z are subvectors of Z while X X, X

A’ "B’ TC D A’ "B “¢C
and XD are submatrices of X. Further, let
- T
YA A
YS = YB and let ZS 1= ZB
__YC_ _ZC_
Define R := 2 Yij where, for any subset U* of U,
ijeCuUD
Z indicates the sumover all ie {1,2,..., g} and all j such
ijeU*

that ij e U*. Thus R is the sum of all the values of Yij which

are not observed in the survey.
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We observe Y Y and Z in the survey. ZS specifies

A’ B S
A, and B may depend on A, However, for any noninformative

design, B is ancillary, given Z since the probability of

S’
observing a set B, given ZS. is independent of Y, ZC, ZD,
B and w. In the remainder of this thesis, we assume that A and
B are known after the survey, but we do not mention this explicitly

in the notation. Define II:=I o {Y ., Y Z.}. Then II is the set

A' "B’ S
of variable and parameter values known after the survey.
Our goal is to predict T, the population total for the charac-

teristic of interest. Section 1.2 shows that the Bayes predictor of

N
T under squared error loss is T where

Z Y. +R
ij

ije A\ UB

H>
i

A
for R := E[R]II].

In this section we will find the posterior density f('_E_{,|II). We
will first find f(YC YD Zp E 7 |II). This density will be transformed
to f(B,(%D.R,jﬂII). Then ZD’ B and ™ will be treated as nuisance.
parameters, and the marginal density f(r%| II) will be found.

The following lemma will be used repeatedly. It is widely

known. A concise proof is given by Lindley and Smith (1972).
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Lemma 2.2.1. Let A1 and A2 be known matrices of
dimensions n¥* X p"1 and p>il< X p’é respectively. Let C1 and
C2 be known positive definite matrices of dimensions n* X n* and

p’f X p’-'l< respectively. Suppose, given a p’-l‘ X 1 wvector of param-

eters, 91, that

Y ~ N(A1 Bl,Cl)

and that, given 92, a p>5 X 1 wvector of hyperparameters,

6. ~ N(A_6

1 2 Z’CZ)'

Then,

(1) the marginal distribution of Y given Al’ AZ’ Cl’ CZ’

6 i !
o, 18 N(AIAZGZ’C1+A1C2A1)’ and

[} 3 - e - - [
(2) the distribution of } 8&iven Y =y, Al’ A2, Cl’ CZ’ 92 is
1

- -1 _
N(Bb, B) where. B 1=A'c1 A +C.' and

1
b:A'C'l +C'1A 0
171 Y 2 “272

Note that A1 need not have full column rank for B to exist,

-1

-1
since C2 is positive definite while A'1C1 A1 is nonnegative

definite. l:l

Clearly,
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pr B mlm) = £¥ . Y| Z . B, 7, IDHZ L | B, v, 11)

X f(£|1r,II)f(’E|[I) (2.2.2)

Lemma 2.2.3.

(Y, X |2, Bom iD= (Y o, Y| Z o, 2, B, 7, 1)

Proof.

HYo, Ypl2p, B w,10)

= f(Y_.,Y |ZC,ZD,[S,rr,I,YA,YB,ZA,ZB)

~C’~D
— f(zC,XD,XA,zBIZC’ ZD, ﬁ)")l) ZA, ZB)

f(zA,XB|ZC,ZD,ﬁ,W,I,Z )

A’ ZB

(Y ., Y |2

Yo Y1202 BT L2, 2, Yl 20, 20, BT 1,2 4 Z5)

€Y, YglZe, 20, 8.7, 1,2, Zp)

YC YA
by the conditional independence of ( ) and ( ). That is,
Y Y
D B
€Y, YplZp, B, m, 1)
iYL Y 120,281, 2,,20)
H3c: ¥p Zp Zpl2g 2p BT D)

§Z,.2512c. 25, 8,7,1)

0-.3pl20. 2.8, 7 DEZ . 2|2, 2, B, T)

~ A’ ~B
(2 ,.25lZc 2, B, 1)

D,
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YC ZA
by the conditional independence of ( ) and ( ).
Y Z
D B
Lemma 2.2.4. f(gD|ﬁ,n,11) = f(ED|1r,I).
Proof.
€Zp|B, m I0) = £(Z,|B, 7,1, Y ,, Y, Zg)
= €z |, 1)
since, conditional on w and I, ZD is independent of ZS’ YA’
YB and B.D
Lemma 2.2.5. f(B|w,1I) = £f(B|11).
~ ~
Proof.
= Z
f(glv,ll) fB|m, Y, Y5, Zg, 1)
B Y, Xpl7g L)
f(zA: XBIW’ ZS) I)
Xy X7
Y ,. Yl Zg. 1)
since, conditional on ZS and I, the vectors B, YA and YB

are independent of . U
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Applying the results of Lemmas 2. 2.3, 2.2.4 and 2. 2.5 to the

expression (2. 2.2) shows that

HYe, Yy Zp Bom D = (Y YO Z 0, 2, B m DEZ G [, 1)
X £(B |ID)f(m | 11). (2.2.6)
Let ZD = diagD(Zij) be an (N-n)X (N-n) diagonal matrix
having diagonal elements Zij for 1ij € D. Then, conditional on
ZC’ ZD’ B, m and I,
Y
C
s | Nicp Vep)
D
where
|
P L A
CD" | T LT LT
Zp¥p 1 ¥p-Zp¥p) \P2
and where
-1
I
h2 ICl 0
VCD LR P _._:_.__
° 1 Vp
for the (n-m-r)X (n-m-r) identity matrix IC and for
_Zij -(I-Zij)
VD 1= d1agD(h1 h2 )

an (N-n)X (N-n) diagonal matrix having diagonal elements
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-Z.. -(1-Z.))
h1 th Y for ij ¢ D. Thus,
f(zc,zD|ZC,ZD,B,n.I) (2.2.7)

Clearly,

Zij l-Zij
f(r%D|1T,I) o I'! [Tl’i (l-wi) ]. (2.2.8)
ijeD
We have yet to find f(E!II) and f(:III). Now,

f(E]II)=f(E|YA,YB,ZS,I). Assume Z_, and I are known. (After

S
the survey, we do know that ZA is a vector of 1l's while ZB
and Zc are vectors of 0's.) Given B,
Y
A
[ 1~NaB.C))
B

where

X |0 h,1, ! 0
A = {_f‘_:_)?_} and where C L AL

for the rXr and mXm identity matrices I, and Ig.

Further,
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A

1
(
2
"2

B ~ N(A ),C.)

2

where A is a (2x) X (2x) identity matrix and where

By Lemma 2.2.1, f(B|II) is a normal density with mean pr‘3
-1 1 1

i = A'C_ +C_
and variance B‘3 where B‘3 AIC1 A1 CZ and
Y )N
-1, 7 A -1, 71
b, ;= A!'C_( Y+ C.( ) .
B 171 YB 2 )\2
Now,
[
-1 "1y °
P T
: 272
1| I I
A'c'lA i XA|0 hIIAI 0 EQJ_O_
= — —-'— ————— |
171 71 L0 {XB 0 :hZIB 0 IXB
[ ' |
M Fa%a 0
= ' ,
0 :hZX XB
1
A'C_I(YA) thAYA
= ' ,
171 YB hZXBYB

and
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ol (xl) MM
2 \\ h,T )

2 222
Thus,
!
o hl(XAYA+-rl)\l)
B '
hZ(XBYB+TZ)\2)
and
-1, -1
. hl(XAXA+1) : 0
< J I_'Tl—]_'_'”'—'r_
0 I h2 (XBXB+T2)

The posterior density of P given II 1is now seen to be

-1

1/
) ;

2 e xp{- % (B-B.b.)'B

£(B|11) o (|BFS 5P

n
The Bayes estimate of P under squared error loss is [ where

1 -1 1
(XAX +‘Tl) (XAYA+11)\1)

1) =B .b_ = A

2 PP (XLX

-1 .
B B+T2) (XoY +-rz>\2)

BB

We thus will write

-1/2
) 6

(@I (8,17 Fexp(- 5 (6-Pr'B; BB (2.2.9)

We now turn to the task of finding f(ll;|II). Clearly,
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B, ¥ Y Z S|I)

. ~A’
f(m[11) = N T
f £, ¥, Yo SlI)dwlde...dwg
0 0
But f(w YA’ S|I) = f(zA'th,ZS,I)f(gS|w,I)f(1|I) where

f(Y Y |1r ZS,) is independent of ™ (conditional on Zg). That

is, f(Y ,Y |1r ZS’ ) is the same function for every value of the

vector m. This means that

. 210
f(,5|11) == . . (2.2.10)
) S;) f(’E,ZS|I)dwldw2.. .dwg
Now
f(r, Z |1) = £(2 glm, )f(r |1)
zZ,. 1-Z,., g p.-1 q.-1
o« I [17 Yi1-m) 1']] 1 [Tr_1 (1-7.) YT,
i ) i i
ijeS i=1
. . 1 . B . 1
Since Z is a vector of 1's while ( ) is a vector of O's,
A Z
C
Z, 1-Z . g a, 5,-a
L N1 m) o Pl=m [mem) )
ijeS i=1
Thus,
g p.-l q,-1
f(m, 2o D e M [m, 0 (1-m) " ]
'~ ~S =1 L i

where pi' =p. t a, and q,l' = q, t 8, -3, For ZS known, the
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integral in the denominator of (2.2.10) is a known constant

We can
now write
g p-l q;-1
f(w|Il) e T [m, (1-m.) ].
~ ; i i
i=1
The constant of proportionality is easily seen to give
g { Tlp*q) p/-1 q; -1
fr]) = 01 {=—=>—m.' (l-m) (2.2.11)
~ -1 F(pi)I“(qi) i i

where

00
T'(w) ::g tu-le_tdt for u > 0.
0

We now apply the results in (2.2.7), (2.2.8), (2.2.9) and

(2.2.11) to (2.2.6) to obtain

Y Y
-1/2 1 C = 1 C
o (|[Vepl)™ Texp { E[(YD)-HCD]VCD[(YD)-HCD]}

z,. 1-Z_ i
x [, J(1.Tri) J](|Bﬁ|)
ijeD

H2exp(- 368187 (6-P)

(2.2.12)



The next step is to transform f(zc, Y

’Z H H
AD' LD B mlI)  to

f(B,%D,E,£|II). Clearly,

f(g,gD,E,gln) = f(5|zD, ﬁ,Tr,II)f(Z:D,E,rﬂII)
where

f§(Z ., B, w|II) = f(ZD|ﬁ,w,II)f(ﬁ|1r,II)f(,TL|II).

~D ~

(Compare (2.2.2).)

Now f(Y_., Y IZD, B, m II) is a multivariate normal density.

NC’ND
YC
(See (2.2.7), and note that, conditional on I, ZD’ B and m, (Y )
D
is independent of YA, YB and ZS.) It follows that, conditional on
ZD’ ﬁsﬂ and I1I,
Y
C
(y )~ Nbep Vep!)
D
But
R := 1'(YC)
D

where 1 isan (N-r-m)X (N-r-m) column vector of l's. It
follows from well known properties of sums of normally distributed
random variables that, conditional on ZD’ B, m and II,

V_) where

R ~ N(I‘LR! R.

29



C 1
B = 1'n SO (LI PR S U (.7)
R CcD | g
ZDXD | XD-ZDXD 2
and
-1 |
h, I 0
2 C |
=1 1=1"'"}—— — | — —-
VR IVCD . I Y 1
[l 'D
Thus,
f(R|Z B, II)OCV-I/ZexP{ _—(R |~L ) }
~ D’ H ? R ZV
R
This means that
-1/2
f(R—,Z ’ﬁ’TT'II) <V exp{ (R [ ) }
R
X HZp, B w |11).

The results of Lemmas 2.2.3, 2.2.4 and 2.2.5 show that

£(Z, B, o |11) = f(%D|n,I)f(rE|II)f(E|II) :

Thus, by (2.2.8), (2.2.9), (2.2.11) and (2. 2. 14),

-1/2
f(R, Zpy, B, 7|11) o Vo Texp{- ZVR (R- pR)}

z.. 1-Z,
x 1 [r Yaa) ]
jjeD !

30

(2.2.13)

(2.2.14)

(2.2.15)

x (|BB|)-1/Zexp{ 7 e-fr8; LBy x
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r(p.'+q.') p.'_] q.'-l
1 1 i i
1{”1’{)1"(‘!{) ro (L-m) } (2.2.16)

Before "integrating out" the nuisance parameters Zp P and
T, we will make another transformation that will simplify the pre-

sentation. For i=1,2,...,g define Si = z Zij' That is,
j:ijeD .

Si is the number of SR's from group i among that portion (D)

of the population that is never sampled.

We will now transform f(R, ZD’ B, m|II) to
~ v ~ o

f(R, S

,...,S ,B,w|II). Note that
r~ I\J]. Va4 "o~

g

RS- 8, Bzl = £R[S,.....8 . B, 1D) (2.2.17)

~

X£(S,, ... ,gglﬁ, m, IDE(B | D) £(r | 11)

using Lemma 2. 2.5.

By Lemma 2.2.4, conditionallyon m® and I, Z is inde-

D
pendent of B, YA’ YB and ZS. But Sl’ . ..,Sg are functions of
ZD. Thus,
£(S,, . ..,§g|p,n,11) = £(S ), ...,§g|n,l). (2.2.18)
Suppose w® and I are known. Then the elements of ZD are
independent random variables. This means that Sl’ e, Sg are

independent. So, for i=12,...,g, Si is the sum of d.1
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independent random variables each having a Bernoulli (Tri) distri-
bution. Thus S. has a Binomial (di,Tri) distribution. The joint

density of S Sg, given m™ and I, is the product

PP

g di S, d. -S,
£0S.,...,8 |mn=nm [( e am) b T (2.2.19)
~1 ~g . S 7 i
i=1 i
Now
f(R|Z B,m, II) cc V-l/zexp{- L (R-p )2}
o DT R ZVR R
where

|
, | C 1
bR~ 1" [—— = T T (ﬁ )
ZDXD ,XD-ZDXD 2
Xcﬁz
= 1' —————————
ZDXDpIHXD_ZDXD)ﬁZ

g
Z c,X:B, + Z [Zijxilﬁlﬂl_zij)xi'ﬁz]

i=1 ijeD
g g

— t 1 _ 1

- Z e, X.B, + z [Sixi[31+(di Si)xiﬁz]
i=1 i=1

and where
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h_1_.1 o0
Vg © 1! _Z_C_:,I__ 1
|
0 | VD
Z 1-Z
-1 1 ' 1 .- .
= (n-m-r)h, + Z [(—) lJ(—') 1J]
2 ]."11 h2
ijeD

i 1 1 1
= emerhyt 4 ) (2 (ER02 )]

iij 1 C
g
- (n-m- )h'UZ [S. (= )+(d, -8, )(=)]
n-m-rf, i'h i h,
i=1

Thus, f(B{ ZD' B, m,II) depends on ZD only through Sl’ ce ,Sg
and

f(ElZD, B,m, II) = f(ElSl, . ,sg, B, m, II). (2.2.20)

If we now combine (2.2.17) with (2. 2.20), (2.2.13), (2.2.18),

(2.2.19), (2.2.9) and (2.2. 1]1) we see that

fR. Sy - - §g'E’E|H)
g d. S d, -8,
och--{1 /zexp{- ‘ZVL(R-I-LR)Z}.I} [(S:.l )Tril(l-rri) ! 1]
R i=1 i
-1/2 1 m-lia &
x (18517 Zexpl- 5 (-Br'5 i8-8

g { T(p/+ta) p;-1 q,-1
X '31 I‘(pi')l"(qi') T (l—ﬂi) . (2.2.21)
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We are now ready to treat Sl’ ...,S8 , P and ™ as nuisance

parameters in (2. 2.21). Suppose Sl’ e ,Sg, m and II are known.

Given B, R~N(pR,VR) while, given bﬁ’ i3~N(B‘3b‘3,Bp). Note

that
g g
= ' "B +(d.- !
be z c,X B, +z [5,x.B +(a,-5,)XB,]
i=1 i=1
g
= ! - !
Z[Sixi(31+(ci+di si)xiﬁzl
i=1
s "o lI'x o
* *
Y ___i_; ___:__ B (2.2.22)
0 ls 0 | X,
whe re
- _
1 0
S
S, = 2 ,
0 S
- g—-
(c.+d.-S.) 0
% 1 1 1°.
S = . ]
0 (¢ +d -S )
g g

and
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il
Xl
Xl
X:‘: = 2
%!
A g——d
Lemma 2. 2.1 shows that, conditional on Sl’ e, Sg’ T and II, the

marginal density of R is normal with mean

{
N s, Lollx, 1ol
= 1' —._I.__ __.I__ ﬁ
"R o 1s¥{|lo I'x
i |~
g
= E[S X.'é\ +(c.+d.—S.)X.'62] (2.2.23)
17171 i1 171
i=1
and with variance
s . ol]lx. 'o x'1to[s! I o
vio=v_ 41 —-*—:——— B SR W S N | o 1
R R % I B (- I
O|S OIX* 0|X* 0 '(S)
-1
I ' +
i TR |y S N U N
_VR+1 - | &F - I 1 1
- \ -
0 ISX* 0 hZ (XBXB+TZ)
x:8; 10
- I_.__.._ 1
! t
0 IX*(S)
-1 ! 1at |
_ +l,hl S XK pXatT) XS e -
"Vt = = = | 1% 1
}
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g
-1 -1 -1
= (- - + -
(n-m r)h2 Z [h1 Si+h2 (di Si)]
i=1

g

g g
-1 2 ., -1 -1
+
h, zsi Xi(XAXAT) xi+h1 Z ZSSX(><AXA+T)Xk
i=1 i=l k=1
i

g
-1 -1
+ +
h2 Z(C d S)X (XBXB+T ) Xi
i=1
g g
- 1
+ + + + : . 2.
hZZz(CdS)(CdS)X(XBXBT)Xk (2.2.24)
i=1 k=1
if i
We now have
f(g,gl,...,gg,gln) = f(glsl,...,Sg,v,n)
XS, - .,§g|1r,II) £l |11). (2.2.25)
We have just shown that £(R|S, ... Sm I s a N(pR v R)
density. We showed before that, conditional on ™ and I,
Sl’ ca ’Sg are independent of YA’ YB and ZS. Then, using
(2.2.19), we have that f(Sl, Ce ,§g|ﬂ,II) is a product of Binomial

densities. Finally, by (2.2.11) we see that
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1/2

* - 1 * .2
f(R,S,,...,8 ,m|I1) = (2aV_) exp{- - )7}
~ ~1 ~g'~ %
g R 2VR
g di Si di-Si
x [ (1w ] (2.2.26)
i=1 i
I+ L] I_ l_
X ﬁ {—r(pi qi) *rrpi 1(l m )qi 1}
1 1 . -0, .
j= 1L (P )T (gy) !
Next we "integrate out" Sl,...,Sg to obtain

g F(p'+q1) d, (Si+pi')—1 (di-S.1+qi')—1
fR ol - Z Z {[E T(p, )I“(ql)(s i (1-m,)

‘OS =0
o *
(2075 ) Y 2epl. —— (R- )Z}I. (2. 2. 27)
R v
R -
Finally, we observe that, for al,az >0,

Sl al-l az-l I‘(al)l"(az)

t (1-t) dt = ———
0 1"(oz1+ozz)

This fact shows that

g F(p'-l-q ) di I"(Si'i'pi')l"(di—si-l-qi')
f(RIH) Z Z {[13 I“(p )I“(q )(S ) T'(p'+q/+d.)
_0 S = i i

¢

X (Z‘rrV 1/zexp - 1 - )2}}. (2.2.28)

R %
ZVR
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This is the posterior density function used for making inferences

about R and hence about T.

2.3. Posterior Prediction

Section 1.2 showed that the Bayes predictor of T under

squared error loss is

A A
T := Z Y..+*tR (2.3.1)
ije AUB

N
where R := E(R|II). In this section we will find E(R|II) as well

as Var(R|II), the posterior variance of R.

Recall from (2. 2.11) that, given II, LETR PN ,1rg are inde-

pendent random variables such that

m, = BEta(Pi': q )! 1= 1, 2: » B
That is,

I‘(pi'+qi') p./-1 q.-1
= 1- < < 1;
f(Tri|II) TEIT(a) T (1) , 0w <
1 = 1! 2! ) g’

with LETI 1rg independent. Under squared error loss, the Bayes

. . A
estimate of Tri is 11'i where
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AN -1
m. i E('rrilll) = Shqr (2.3.2)
1 1
Note also that
AL A 1
Var(r [I0) =7, (1-7)( S o) (2.3.3)
1 1
and
!
p‘+1
2 _A i
E(m, l11) = ni[ ——pi,+qi,+1 ]. (2.3.4)
Recall from (2.2.18) and (2. 2. 19) that, given m = (Tfl, - ,ng)'
and 1II, Sl’SZ’ Ce ,Sg are independent random variables such that

Si ~ Binomial(di,ni), i=1,2,...,g. Thatis,

d S. d. -S.
s, |m, 00y = (U t1em) Y Y s, =0,1,2,...,d,,
~i S i i

i

with S,, ... ’Sg independent. Thus,

1
E(S.|m,1I) = 4,w, , (2.3.5)
1 11
2
Var(S.|w, 1) = d.m (l-7,) =d.w, -dmw. , (2.3.6)
1 1 1 1 11 11
and
2 2
E(S. |m ) =d,m, +d.(d -l . (2.3.7)
1 11 1 1 1

Recall that, for any random variable F and any random

vector G,
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E(F) = EG[E(F|G)] (2.3.8)
and

Var(F) = EG[Var(F|G)]+ VarG[E(F|G)] (2.3.9)

where EG[ -] and VarG[ -] are defin;ed to be expectation and
variance operators with respect to the joint distribution of the ran-
dom variables that are the components of G. Note that E(F|G)
and Var(F|G) are both real-valued functions of the components
of G.

We will use (2.3.2) through (2.3.9) to find E(R|II) and

Var(R|II). We have

E(R|II) = E"{E(R|1T,II)}
= E"{ES s [E(R|Sl, - ,sg,n,n)]}.
1 g
In Section 2.2 we showed that, given Sl’ . ’Sg’ ™ and II,

sk S
R ~ N(pR,VR). (See (2.2.23) and (2. 2. 24).) Thus,

%
ER|1) = E_{Eg g [rglm ol

1!

g
1 IA
E {Esl, .. .,sg[z (Sixié\l+(ci+di'si)xi§2)l“' II] }

i=1

g
1A +q - A i
EE LS [sixii31+(c.].L d. si)xipz|n,11]]



g
‘B +(c.Hd, - B
En):z[di"ixiﬁl (c;*d; di"i)XipZ]IH}

i=1

1]
~
o
-
EDY
-
>
o
—
+
0
+
o
o
]
o
|---=l
= >
>
.o
w>
™~y
| N—

using (2.3.2) and (2. 3.5).

By re-writing (2.3.10) we see that
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(2.3.10)

g g
A A A A A
= = ! + ! _/\ ! .
R := E(R|1) Zcixipz zdi[vixiﬁlﬂl ni)xipz]. (2.3.11)
i=1 i=1
A
Similar arguments show that the Bayes predictor of Y. is Xi'ﬁz
1)
. .. N |A A r/\ . ‘.. .
if ije C or TriXiﬁl + (l-Tri)XiﬂZ if ije D. If ije C then we
know the unit is an NR, and the parameter vector ‘32 applies.
N
Not knowing BZ’ we use ‘32’ the posterior mean of BZ. If

ij € D, we do not know whether [31 or applies, since we do

2
not know whether the unit is an SR or an NR. We thus use a
A 'A A
weighted average of Xi'ﬁl and Xiﬁz. The weights are T, and
(l-T/?i), the posterior estimates of the probabilities that unit 1ij is
an SR or an NR respectively.
The posterior variance, Var(R|II), will be seen in Chapter

IV to be helpful in making interval estimates of R (hence of T).

By (2.3.9), Var(R|I) = En{Var(R|Tr,‘II)} + Var"{E(R|n,II)}. Again
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Var(R|w,1I) = E < [Var(R|Sl,...,Sg,1r,II)]

S ’
+ .
Varg g [E(R|Sl, ,Sg,n’,II)]
] g
BY (2.3-8);
ER[m,m) =E; [E(Rlsl,-..,Sg,w,n)].
1 g
Thus,
Var(R|II) = E {Eg s [Va.r(R|Sl, e ,Sg,w,II)]}
1 g
+Eﬂ{Vars s [E(R|Sl, . ,Sg,w,II)]}
1 g
+Varw{Esl,.”,S [E(R|Sl,...,Sg,1r,II)]}.
g (2.3.12)

Using (2.2.24), (2.3.5), (2.3.7) and the conditional independence

of S,,...,S, we have
1 g
E {E s [Var(RISl,...,Sg,n’,H)]}
1 g
=E {E [v*| 11]}
e Sl,...,Sg R“’

g8
-1 -1 -1
E (n-m-r)h +Z[h dw +h_ d.(1-m)]
g 2 1 i1 "2 i 1
i=1

g 8
-1 2 -1
- 5, +
+ h, z(di“ieri(di 1)1ri)aii + h1 Z i dmdm 8.
i=1 i=1 k=1
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-1 2
+ h2 z [(c.+d.)"-2(c.+d,)d, 7 +d. 7 +d. (4, - 1)1T_2]e .
i i i i7ii i i i7ii

i=1
iE (2.3.13)

1
- +
z Z (ci+di diﬂi)(ck d, - dkﬂk)e )
i=1 k=1
k#1i

where, for i,k=1,2,...,g,

5 = + . 3.
ik X(XAXAT) K (2.3.14)

and

€ik =X (XBXB+T ) (2.3.15)

Using (2.3.2), (2.3.4) and the conditional independence of

LITREE ,n’g, expression (2. 3. 13) simplifies to become
EH{ESI’. S [Var(R|Sl,...,Sg,Tr,II)]}
g
-1 -1.nA -1 A
= (n-m- + + -
(n-m r)h2 Z[h1 diTri h2 di(l 1Ti)]
i=1
-1 S A pi'+1 1 &< AA
+ + -1 (———— +h. 5
By Z[di"i d,(d; l)"i(p,'+q.'+1)]61i B Z zdidk"i"k ik
i=1 v i=1 k=1
k#i
g '+1
o) [le.+d)%-2(c.+d,)d.f +a 8 +d (d 1)1’?(pi—)]e +
2 CiTY T TG AT T Y i p/tq/+17" i

i=1
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-1
+h, z Z [c:i+di(1-ﬁi)][ckhﬂk(l-’w?k)]e.1k . (2.3.16)

Using (2.2.23), (2.3.6) and the conditional independence of
S,...,8 , we have
1 g
Var [E(R]S,,...,S ,m, 1I)]
.S 1 g

= Var [p*ln,II]
...,5 R

g g
- IA S[ vA A ]
'Varsl,...,s z(ci+di)xiﬁ2+2 (X By P, 1L
BLi=1 i=1

n',IIz

U
<
P\
H

g
A A
I ,Sg{zsi[xi(ﬁl-ﬁz)]

i=1

g
2 A A 12
) lagm,-anlUx B, B0

i=1

Thus, using (2.3.5),

E {Var [E(R|S,,...,S ,mID]}
T 1 g

S .»S

l)-- g

g
= E {z[d.n.-d.n?][x.'(é\ —/I3\ )]Z‘II}
T i1 11 il "2
i=1
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g '
_ [ o) A pi+1 [ A A 2 .
- ) lafaf (el My B0, (2.3.17)
. 1 1
1:

Finally, using (2.2.23), (2.3.5), (2.3.3) and the conditional

independence of . ,Trg, we have

l,..

Varn{ES s [E(R|Sl,...,Sg,Tr,II)]}

l’ H g
= Var_{E W |, 1)
T Sl,...,S R’
g g
N n N

= + B+ "B, - ,
Var, {Esl,...,s (e; 14, )X Py zSiXi‘ﬁl BT Iﬂ}

8L=1 i=1

g
=Var {Z(c +d )X'ﬁ +ZdTrX(ﬁ {32)’11}

i=1 i=1

1]
<
)
b
|
f '
o
a
[y
E]
[y
>
-
o>
—_
]
R
(48]

(2.3.18)
1

1 Ao

If we now combine (2.3.16), (2.3.17) and (2.3.18) with (2.3.12)

and simplify the resulting expression, we obtain



46

g
—1 —1 N -1 "
Var(R|II) = (n-m-r)h " + » [h] a7 +h] d.(1-7.)]
2 1 711 "2 74 i
i=1

g ' 1
q.td.(p/+1)
A i 1771 -1 -1
+ > - +
4l pitq; ¥l lla, "8, +h, "e ]
i=1

g

g g
-1 A A -1 N
+ + -
h1 Z Zdidkwi"kﬁik h2 Z(Ci+di)(ci+di Zdiwi)eii
=1 k=1
#i

i i=1

g &
-1 A
* h, Z Z[ci+di(1-4‘ri)][ck+dk(1-n )Je

k' ik
i=1 k=1
k#i
g 1.1
p. tq.td.
A AY I 11 AA 2
+ - _ ! -
Zdiwi(l Tri)[ prra1 ][Xi(ﬁ1 ﬁz)] (2.3.19)
i=1

where, for i,k =12,...,g¢, 6ik and € 2Te given by (2.3. 14)

and (2.3.15) respectively.

2.4. Special Case: m Known

In this chapter we have assumed that the vector w is random.
Giventhe gX 1 parameter vectors p = (pl, ces pg)' and
- 1
q (ql, cees qg) ,  we assume that LETRE

random variables such that

. ,Trg are independent

~ i=1 N -
. Beta(pi, qi), 1 y 2, g
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Then

_ i
E(wilpi’ q;) = b, *a,

and

P.q

Var(r. |p.,q.) = :

i'FiT A 2
+q.+1 +

(p;+q;*1)(p; *q;)

Suppose we prefer to treat T as a known vector of constants.

That is, suppose we assume that L ¢i for known q;i e [0,1],

i=1,2,...,g. We can incorporate this change in the model of this
p.
chapter by letting (p.tq.) approach +% while keeping _Il_ = 0.
i p;tq, i
fixed. Then Var(ﬂi|pi,qi) becomes zero while E(Tri|pi,qi) = 4>i.
The prior density f(£i|pi, qi) becomes degenerate at q;i for
i=12,...,g sothat (2.1.1)becomes
f(Y,Z,pB 'rr|I)oc(|V |)‘1/2exp{-‘l‘(Y—|.L )'V_I(Y- )}
=~ ’N’N’N N 2 N N IJ‘N
g i oz, 1-Z,,
x I [, 1J(1—1T.) 1J]
i=1 j:]_ 1 1
1/2 1 ,
1/2 1 '
X (|h2T2|) expi- 2 (BZ‘KZ) (hZTZ)(f-”Z‘)\Z)}
(2.4.1)
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Similarly,
fglw =
(m|1D) = Lo M)

i=1
is now a discrete density where

0, m 7 ¢.
_ i i
RCHAE

Lo om =9

Use of this fact in (2. 2. 25) and (2. 2. 26) leads to

fR,S5--»8 ,m|I1) = (21rv* )_I/Zexp{— L (R—p* )2}
R (2.4.2)
g d. S, d.-S. g
x M[( ), (1-m) 5 '] 1 (m),
=1 o 1 ! =1

To "integrate out" w, we simply replace T by .,

i=1,2,...,g. Then

- * -1/2 1 * 2
ER,S )0+ 8, 1) = 27V p) {- o (R-pg)}
R
g d S d.-S,
x I [(e (1-¢) ° 1, (2.4.3)
i=1 i

Finally,
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d d,
g g d. S, d.-S.
f(5|11)=z Z {[ I (Sl)¢il(1-¢i) Y
s =0 s =o- i1 i
g 1
X (va’;)'llzexp{- = (R-u;)z}} (2.4.4)
2V,

A slightly different approach is to examine f(BIII), given by

P.
(2.2.28), in the case where pi — +©¢  and qi — +w0  while :_ = ¢,
p; id !
remains fixed. Note that - = <1>i remains fixed while P, - +o0
i1
and 9, — +% if and only if P, — +%© and q, — +0  while
qi 1-¢’-
i . .
— = remains fixed.
P, %
Now, for any i1i=1,2,...,g,
'+q! I'(S,+p! -S,+q!
Tlpta)  I(S;+p)T(¢;-5;+q)
1 ! F+ |+
F(pi)f‘(qi) l“(pi q, di)
1 S, d.-S. TI(p/+q,) [-1 -1
:g t Y(1-t) " 1[&7 tpl (l-t)ql ] at
. T(p)T(q,)

S, d.-S,
E[r, '(1-m) b ]
1 1

where . ~ Beta(pi', qi'). Suppose P, ” +0 and q; — +0  while

remains fixed. Consider the Beta(pi',qi') density. Its
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%
1+ —
' +
Py PR P,
] [ -
p. tq. p.tq.ts, q. s.
i3 i i 1+ & 4 -1
which becomes
1 Pj -
q pjtq, i
1+ =
P;
Its variance is
r 1 1
P9 P 9 1

2 + '+q!  pltq'+1
(p/+q+1)(p+qH° Pi'%H PFi'Yy PBTY
i i
which becomes zero. Thus the Beta(pi', qi') density becomes

degenerate at ¢i so that

S,1 di-Si Si di-si
E[r. (1-m) 129, (1-¢,)

We have just shown that the case of ™ known leads to replacing

F(pi"l'qi') F(Si‘i'pi')r(di -Si+qi‘)
T(p))T(q))  T(p/*q;j+d,)

S. d,-S.
by & (1-¢) © ' for i=1,2,...,g Use of this fact in (2.2.28)

again gives (2. 4. 4).



P.

A
We have also shown that w, := ,1 ~ becomes ¢,
1 p.tq. i
i M
A
know that L q;i, i=1,2,...,g. If we now replace T
(2.3.11), we obtain
g g
ﬁ—z x B +Zd[ X8 +1-4.)% 8]
AL LS RALR (LA LP S
i=1 i=1
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when we

by ¢oi in

(2.4.5)

Similar changes occur in the expression for Var(R|II) given

by (2.3.19). Note that

'+d, (p!+ +s.-a,+ ta,+1
q;*d;(p;*1)  q;ts;-a,*d, (p;ta;t1)

Fq'+1 tq. +
PiTYy BT T8y
q. (s.-a,) a,
e ST R S D F S Ui B
pP. . 1 .
- 1 1 1 1
q. s,
1+ =4+ L
P, P,
which becomes
q.
1
-+
Py “ q;*4;p;
=S = (1) 49,
q, p;Ta, i it
1+ —
P.

1

Also note that



'+q+ ta +q.+s. -a *t
p;tq;7d,  p;*a,+q,+s, -2, +d,

'+q/+1  p.ta.tq.+s.-a +
P;Tq; p;*a;%q;+s -2, +1

—a +
a. q. (si a.i di)

1+ 2+ 2+
_ P, P, P,
a q (s.-a.t1)
1+ =+ —+ 22
p1 pi p1
becomes
qg.
1+ =
i = 1.
q.
1+ —
p;
We thus have
g
Var(R|II) = (n-m-r)h‘1 + h_ld- + > d.¢ (h'l-h‘l)
2 2 1 i"i71 2
i=1 i=1
g
-1 -1
-b. + +
* zdi"’i[l ¢, +d;¢ )b "6, +h) ‘ii]

i=1

g
+ z (c.+d.)(c.+d, -2d.,)(h ¢ )
i i1 1 i"iv 2 i
i=1

52
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g
-1
te z Zdidk¢i¢khl Sk

i=1 k>i
(2.4.6)

g
) -1
+2 Z Z [ci+di(l-¢i)][ck+dk(1-¢k)](h2 )
i=l k>i

2.5. Special Case: Population not Grouped

Suppose the population cannot be grouped on the basis of
auxiliary information; that is, suppose g = N. Then U can be
relabeled as U ={1,2,...,N}. Each a, b, ¢, d and s,
i=1,2,...,g, 1is either one or zero depending on whether or not the
th

i unit in U isin A, B, C, D and S respectively. We

relabel Y, Z, X, m, p and q to correspond to the relabeling of U,

N
and we write T = ZYi
i=1
The sums Sl, ce ,Sg are now such that
0, unit i not in D
S. =
! Z, wunit i in D.
Similarly,
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The gosterior density f(B]|II) remains as given by (2.2.9),

and 6 = (é\;) is still as in (2.2.9). Note, however, that XA and
XB are relabeled as appropriate.
The posterior density, f(lr‘|II), given by (2.2.11) now becomes
i N I‘(pi'+q£) p.-1 qi'-l
f(,glﬂ)—il:l{;mv (1-m) }
where

pi+l, unit i in A

P, unit i not in A
and where

q;+1, umit i in B U C
t

q; unit i not in B UC.

Suppose ie¢ Aw B v C. Then di=S.:0, (.')=1, and

hi(si) =1 where, for i=1,2,...,g,

I‘(pi"i-q]_i) (di) r(pi'+Si)r(qi'+di—Si)
I‘(pi')l"(qi') Si I‘(pi'+qi'+di)

h.(S.) :=
1 1

If ie D then di:l, p.
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T(p.+ (S + S +
(p;+q;) 1 T(S;+p,)T(1-5 +q,)

h.(S,) =
1( 1) F(pi)r(qi) (Si) r(pi+qi+1)
i r(pi+qi) T(Si+pi)r(l—si+qi)
+q +
I"(pi)l"(qi) 1"(pi q, 1)
If S. =0,
1
I +
h(S,) - (pi qi) F(pi)qil“(qi)
i + +
ii l‘(pi)l“(qi) (pi qi)l'(pi qi)
9
S ot
pi q1
]
%
- v+ [}
Pi qi
=1.m
1
A Si A 1.Si
=(m,) (1-m,)
1 1
If 8. =1,
1
P. A A S. 1-S,
h(S)=—— =7 =(m) (1)
ii P;*a, i i 1

The posterior density, f(r13|II), given by (2. 2. 28) becomes

Nz, 1-Z
f(5|11) = }: {[ I ("i) 1(1-Tri) ']
Zie{O, 1} ieD
FP s @nv i) Pexp(- —L (Reng) }]},
2V

(2.5.1)
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since Si = Zi for 1ieD.
P.
For i€C, c¢,=1 while, for ie¢D, d, =1 and % = ——,
1 1 1 pi+qi
the prior mean of T Thus, (2.3.11) becomes
A A A A A N
- + "B H(1- ' .5.
R inﬁz Z [wiXiﬁl (1 Tri)Xiﬁ?_] ) (2.5.2)
ieC ieD
and we have
A A
T = Z Yi+R. (2.5.3)

iceAUB

Similar changes can be made in Var(R|II)

given by (2. 3. 19).
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III. A BAYESIAN APPROACH: PRECISIONS UNKNOWN

In Chapter II we explored a Bayesian approach to the non-
response problem of Section 1.3, We assumed that the precisions
h1 and h2 were known (see Section 2. 1). In this chapter we will

relax this assumption and present a Bayesian approach when h1 and

h2 are random variables.

3.1. Revision of Model and Prior Density Function

Recall the model of Section 2. 1 where the precisions h1 and

hZ are known. We now consider a revised model that is the same as

the previous model except that, instead of assuming h1 and h2 are

known, we assume that h1 and hZ are random variables.

Specifically, we now assume that h1 and h2 are independent

random variables having gamma prior distributions such that, for

e and e

known constants T 1 X

1, nzi

fhy Byl np ey ep) = &by Inpse ik, [0y 0)
(e,/2)-1 -(e h;)/2m,

o::,{h1 e }

(e2/2)-1 -(ezhz)/ZT]z

X {hz e }

1
for h ,h_ > 0. We again write h =(, ).
1" 72 h,



Recall that I ::{X,hl,hz,)\I,KZ,TI,Tz,p,q}. Let

E3
I := {Xa"llael:nzaez:)\r)\

L]
I U{hlshz}‘lu{nl:el,

The joint prior density of p

f(g.gll*) £(8|n,

ﬂE|IH

since the prior density of

i)

through 1’]1, el, ‘l’lz, ez.

e

lell szp; q}- Then

n ,ezl

2
and h is

e b
I )f(h|1)

*
£B|L.np e My en)i(R[T)

gglnl.el.nz,ez),

B, given I, does not involve

Thus,

) Zexpl- 2 (B, 1 ) By BN ))

*

or e, , and since the prior density of h depends on I
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T]]l e1!

only

)hz}

f&,bll )cc(]thll
1/2 1 \
X (|hy7 ) Cexpl- 5 (B,-1,) (B, T,)(B, M)}
(e, /2)-1 -(e,h,)/2n. (e, /2)-1 -(e,h,)/2M
5 [h 1 . 171 1][h 2 o 22 2]
1 2
x/2 1/2 by
:h1 |T1| exp{- 7(61-X1)'T1(ﬁ1-)\1)}
x/2 1/2 hy .
X h2 |T2| expf{- - (ﬁz-)\z) TZ(BZ_)\Z)}
(el/Z)—l e, (ez/Z)-l e
X h expl-(z=—)h. }h exp{-(
1 ZT]1 1°7°2 2.T'|2
(x+e1)/2»1 1 .©1
o« h exp{— E['—-+(ﬁ1-)\1)"r1(['31-)\1)]h1} X

1

T



(x+ez)/2—1 e,

1 '
X h exp{- 5 [— +(I32-)\2) Tz(ﬁz-)\z)]hz} .

2 'r]z
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(3.1.1)

The marginal prior density of P in this revised model is

« 0 0 "
fB|1) :S g £(B, h|1 )dh,dh,, .
~ o Yo ~7

By noting that

© g -1 -a_t -0

1 1

y t e %at=(a,) 'Tla)
2 1

0

for any a, > 0, we have

2

-(xte,)/2 xte

¢ 1,1 , 1 ]
£B |1 )oc{g[ﬁ+(ﬁ1—>\l)-rl(ﬁ1->\1)]} L(——)
-(xte.)/2 xte

1.2 ' 2 2

X{Z[n2+(ﬁz->\2) T, (B, r(—3—)

nl -(x+e1)/2
o [14(B X)) TP
T]Z -(x+e2)/2
X [1+(ﬁ2-)\2) ;—z"rz(ﬁz-?\z)] .

3% X * ol
Clearly, f(EII ) = f(ﬂlll )f(ﬁzll ) where f(EllI ) is a

t(x,el,)\l,nl'rl) density and where f((£32|1) is a t(x,ez,)\z,’f]sz)

density (see Definition A.3).
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The revised model thus implies that, conditional on the known
*
prior information contained in I , Bl and ‘32 have independent
multivariate-t distributions. The choice of prior parameters might
* *
be made simpler by noting that E(ﬁ1|I ) = )\1, E((32|I ) = )\2,

€1 21 -1 €

x %2 .1 -1
el_z (1']1 T ) and Cov(BZII ) =

e, -2 (n, 7,)

*
Cov(ﬁl‘l ) =

%
(see A.3). Further, Fact A.7 shows that f(ﬁlll ) tends to a multi-
~

variate normal density with mean X\ and covariance matrix

1
-1 -1
n 48| as e

%
1 — +0  while f(BZ|I ) tends to a multivariate nor-

1

-1 -1
mal density with mean )\2 and covariance matrix n, T, as

%
e, — 40, Thus, "asymptotically," f(ﬁl|I ) is the same density as
~J

f(Bl|I) except that h is replaced by its prior mean, M- A
~t

1
*
similar statement holds for f(f52|I ) and f(rE2|I). Also note that
. . 2 2
the prior variances, 2T]1/e1 and ZT]Z/eZ. of h1 and h2

approach zero as e 1%  and e, — +o0,

We end this section by finding the joint prior density function,

* .
f(;g,(%,rg,rg,rlgh ). Clearly, since Ny e 1']2 and e, are constants,
Ky =
f(z’%’re,£|h’1 ) = f(x;%:E”E'Is T'Il;el; 1'12, ez)

1!

€x2 Ll

This density is given by (2. 1. 1). Thus,



% %
= £(Y,2Z,8,m|h, 1 )ERIT)

oc (|VN

g
x I
i=

x (IhyT])

|)_1/
n,

1j=1

]
X (|h272|)

g
X 1
1=

x [h

p, -1

1 1

(e1/2)-1
1

1/2

i Zij
i -
[“i (1-m.)

1-Z,

1j]

1 -1
2exp{- 5 (Y-p )V (Y -p))

61

expl- 5 (B,-X)"(h 7)(B, -\ )}

2 1 '
exp{- 5 (52-)\2) (hZTZ)(BZ-KZ)}

q.-1

exp(-

3.2. Posterior Density Function

[w,} (1-wri)1 ]

eh

Z'rll

(e./2)-1

)][h2

2

exp(-

* %*
Define II :=1 u{YA,YB,ZS}. Still treating h, and h,

as random variables, we will find the posterior density function,

%
f(Y .,Y_|II'), in this section. In Section 2.2 we were able to find
~C’'~D

* #
f(’13|II). While we will not transform f(EC,XDlﬂ ) to f(B|II ),

we will still be able to make posterior inference about R

squared error loss in Section 3.3.

Clearly,

under
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£ 3%
Y X 2 B m plIT) = £Y LY 0, 20, B n b, I eI ) - (3.2.1)
Now,
¢
fYo Yo Zp BB, I0) = f¥er ¥ Zp B mlLngs e, N, e,)
=HY ¥y Zp Bl (3.2.2)

since, conditional on II, the joint density of YC’ YD’ ZD, P and
T does not involve the constants My ey 112 and e,- This density
is given by (2. 2.12).

%*
It remains to find f(blll ). Note that

E3
£(h|11') = £(k|1 Y Y5, Z)
Y Xgl12g)
(Y, Xl Zg)
h f(h, Y, Y 1%,z g) T Y, Y |1* z . h)Eh|Z.,1"). But
where A ~B » A ~B ) S: . s’ . ut,
given 1II , f(YA B| , ZS) is a function of known value, since YA
and YB are known. Thus,

o # L
f(hlu ) & f(zA,XBh ,Zs,h)f(r}5|ZS,I ) . (3.2.3)

e

¢
To find (Y I ,Zs,h), we argue conditionally on I , ZS

NA’.XBl
b
and h as follows: Given f (and 1 ,Zs and h),



Thus, by Lemma 2.2. 1, the marginal (conditional) distribution of

Y
( ) is normal with mean

YB
|
o X0 . X, N,
B
A 0 :XB XB)\Z
and with variance
-1 I -1 -1 |
h o X 10 X' 0
RSy Al (IPr ™1y ©° Al
VAB - _——|_-_1— * _—I—_ B DS Y N
= = [
0 |hZIB 0 IX 0 IZTZ 0 IXB
ol o+x rlixn)! 0
1 "A A1 AV _
= |8 a8 3 .>
0 |h2 (IB+XBT2 XB)
This means that
, |>:< _
(Y Ypll . Zgh)

63
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Now h and Zs are independent random vectors (condi-
% * *
tional on 1 ) so that f(hlZS,I ) = f(h|I ). We thus have, from
~J ~

(3.2.3),

Y Y
* -1/2 1 A r =1 A
fh|m) e |V, 5] exp {—E((Y )-kap) Vaplly )-HAB)}

B B

-e. /2 e h -e_/2 e .h

11 2 272
X [h1 exp{- 2, }][h2 exp(- 2, 3
-1 -1/2

-1 -1, -1
—(|h1(IA+XA'rlXA)|‘|h2 I_+X_7T

B BZX1'3)|)

] \ Sl -1
1 N “X A
X exp{ > [hl(YA X MM 4K, 7 X0 )T (Y, X, 1)]}

1 \ -1, -1
X exp{-2 [hZ(YB-Xsz) (Ig+XgT, Xg) (YB-XB)\Z)]}

_ -1 h
y [h(el/Z) lexp{_ elh1 }][h(ez /2) oxpl. e,h, g
1 an 2 an
Note that
-1 -1, _ LT -1,
|h1 (I #X,7) XA)l = h) |IA+XAT2 xAl
and that
|h'1(1 x_ T ix! )| = M1 4X -r'lx'|
2 "B B 2°B 2 B "B 2B

Then
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(r+el)/2-1 1.©1

e | 1 -1 1 '1
1 exp{- z[nl HY QXM R T X)) (Y- X )by )

als

f(h|II ) h
o~

(m+ez)/2—l 1. €

2 Sl 1
- _+ - ! 1 _
X h, exp{ 2[112 (Yg-Xg A ) (I +¥p 7 X 1) (Y-X A )T}

(r+e1)/2-1 ]

= h exp{- >

!
! (n—)thl}

1

(m+e2)/2-1 e

1,2
X h, exp{-z(nZ)thz} (3.2.4)

where

Q. :=1+ 'l(Y X AN ) )1 +X T'lx')'l(Y X \.)

1 ey WA= BaM MPIUATRAT) 24 A AN
and

Q= 1+ e MY X A ) ()Rt %) Ny Lok )

2" 2 ' 2 Y RYB™B 2 °B B B2

We now use (2.2.12), (3.2.2) and (3.2.4) in (3. 2. 1) to obtain

Sk

B, hlir)

f(XC’rXD’%D’NN ~

Y Y
-1/2 1 C -
< (Vo) Cexp { Sl )-HCD]'VCID[(YC )—HCD]}
D D
zij 1_zij
% ”n [ni (1-m.) ]([Bp|)
ijeD

g F(p‘1'+qi1) pi'—l qi'—l (rte 1)/2—1 181
) irzll W"i (1-m.) B EXP{-E‘TTI’%H}

A, -1

-1 /zexp{_ %(ﬁ-p)'Bp

(B-B)}

(m+ez)/2-1 1 €2
X hZ expi- > (?]';)thz} . (3.2.5)
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In (3.2.5) ZD, P, m and h are nuisance parameters. We
eliminate them as we did in Section 2. 2 by finding the marginal
density, f(zC,XDlll ).

Before doing so, it is interesting to note that

E3

£(8, h[1I) = £(8 |, II*)f(glu*)

~J

where

f(B|h,II*) = f(EIII, Npep Ny e,) = f(E|II) .

Thus, using (2.2.9) and (3. 2.4), we have

* -1/2 1 m-1, 0 A
£8, h[10) & (|B, )7 “exp{- 5 (8-B)'B " (B-B))
o B 2 p
(r+el)/2-l 1 €1
X h, expf- E(;I)thl}
(m+e2)/2-1 1 e,
X h, exp{- E(_n—;)QZhZ} (3.2.6)
where
] -1 1
é\.— (XAXA+T1) (XAYA+T1)\1)
" 1 —1 1
(XBXB+T2) (XBYB+T27\2)
Note that
S T S NS P -1 % -x
Bl = by (06X 477 [y | (XpXgtry) ™ e by Thy

P
for 1II known. Also note that
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(8-B)'B
p-F1'B;

1A
(8-B) = hB, +h,B,

where

Ao A
B, = (B,-B ) (X)X 47 )6 -B))

and where

I

! ! A
B, 1= (B,-B,) (X X +7,)(B,-B.) .

Thus, (3.2.6) becomes

* x/2. x/2 1 1
f(E,BhI ) < h1 h2. exp{- 3 Blhl}exp{— > BZhZ}
(r+el)/2-l 1€
X hy exp{- 3 (E)thl}
(mte_)/2-1 e
2 1 2
X h, exp{- 5 (nz)QZhZ}
1
E(x+r+el)-1 1€
=h exp{- E[?{I—Qf’Bllhl}
1
E‘(x+m+e2)—1 1.2
X h, exp{- 3 ['ﬁ; QZ+B2]h2} . (3.2.7)

We can now find the posterior density of [ in this revised

model. Using (3.2.7) we obtain



3 [® o] o0
< s
£(B)1I )=§ g £(8, h|II )dh dh
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1
e - = (xt+rte )
OC[_I“Q +B . ] 2 11"(—(x+r+e )
nl 1 1 2 1
e - T (xtmte,)
2 2 2
x [ == +B = +
[ oy Q,*B,] I'( 3 (xtmte,))
e l(x+r*|'e) l( +tmte_)
] "2 1’ - 2 T2 \XTmie,
— Q +B J-5q. +
[ —=QB,] [ 5= Q,+B,]
1 2
(3.2.8)
But, if we define
e Q e Q
* 1 1 1 %* 2 2 .1-1
B :=[{ —)] B, and B, :=[{ (—)1" "B, ,
1 r‘i'e1 Tll 1 2 +e2 1’]2 2
then
e l(x*l'r‘i'e ) l‘(x*l'r‘i'e ) l( trte )
1 2 1 €1 T2 1 °1 -1, ;2T
—_ + = (— +(—
[-=Q,*B,] (- Q) [1+(7=Q)) " "B]
1 NI
known scalar
1(x+r+e )
e =
-1 2
oc [1+(—1Q ) "B} 1
n 1 1
1
~ (xtrte.)
- rre
-1k 2 1
= [14(rt+e,)” B.]
1 1
and, similarly,
1(x+rn+ ) 1( tmte )
[S] - [S] -\X e
2 2 2 -1 %, 2 2
=Q + +(m+
[+=Q,*B,] o [1+(mte,)” B,]

2
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This means that (3. 2. 8) may be re-written as

1 1
= (xtr+ .= +
(xtr el) 2(x+m ez)

(B|1) @ [1+(r+e )" 'B]) 2 [1+(mte,) 'B}]

* * * *
Thus, it is clear that £(B|II ) = £(B.|II )E(B.|II ) where £(B,|II )
%
and fg?zlll ) are multivariate-t densities having means and covari-

ance matrices

A rte, e, Ql ' -1
and

A m+ez ez Qz \ -1

By rar 2 2 ¥ #7)

respectively. These posterior means may be interpreted as Bayes
estimates of ﬂl and ﬁz under squared error loss. Note that they
are the same estimates obtained in the model of Chapter II.

We now return to the task of eliminating nuisance parameters

from (3.2.5). Recall that |B'[3| oc h-lxhéx and that
( A'B(ﬂ/ﬂ\)"hB +h B Al te that
p-B) g(P-P) =h B, B, - so note tha
v .| =] v
CcDh 2 D
-z, .. ~(N-n-Z,
-(n-m- D :
_h(nmr)h ije ij ijeD ij



1= ' +(1-Z2,.)X! ij
and that, for |-Lij Zijxiﬁl (1 ZiJ)XiB2 (ij e U),
((YC) B )'V-l((YC) M)
“F¢p’ 'c e
YD D YD D

n

We can

o< h

X

X

X

X h

1
= L (N-n)t(n-m-1)-Z
2 Zijep 2y 2 ((N-nhtn-m-x)

Z . (1-Z )

) D ij ij i
hy (Yo -XoP) (Y -X Py # z h, " h, (Yij “ij)
ijeD

2

2 2
Y. -X! + Z.h +1-Z )h_NY..-
hzz (¥, X8, )1 L2 B o)
ijeC ijeD

E 2 z 2 E
- + X! + 1- -
h1 Zij(Yij Hij) h2. (Yij, Xiﬁz) ( Zij)(Yij I'Lij)

ijeD ijeC ijeD
rewrite (3.2.5) as

*
yh|ID)
nd

m
~

f(zC,XD,I\ZJ'D’E’

1
VA

h ijeD ij)

1 2

1 2
exp {—2 Z Zij(Yij—Hij) hl}

ijeD

1 i 12 2
exp {_ > Z (Yij-xiﬁz) +z (I'Zij)(Yi'j -uij) hz}

ijeC ijeD

zZ,. 1-Z. . /2 ]
n [w. Y(1-w) 1J] X hY exp{- =B _h_}
.. 1 1 1 2 171
ijeD

x/2

2 2272 I‘(pi')l"(qi') i

i=1

g I(p/+q!) p!-1 q'-1
expi- 'l‘B h }x 1 {;1"1 (1-"1)1 X

70
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‘ (r+e1)/2—1 1 €1 (m+e2)/2—1 1 e,

X [h, exP{—E(;l")thl}][hz exP{—i(;;)thz}] :
(3.2.9)

We will first eliminate ZD. We will then eliminate p, h and

finally m. The following lemma will be helpful.

Lemma 3.2.10. Let © (ZD) be a real-valued function of ZD,

the subvector of Z corresponding to units in D. Then

z e(ZD) ) z G(Zw= lw’ Zw* Ow*)
Z. . {0, 1} weW
1)

ijeD

D
where W := 2 , the set of all subsets of D,

wk = D\w, n := number of elements in w,
n = number of elements in w¥ = N-n-n ,
Wk w
Zw = (nw X 1) subvector of ZD corresponding to units in w,
Zw* = (nw* X 1) subvector of ZD corresponding to units in w¥,
lw = (nw X 1) vector of ones and where
Ow* = (nm< X 1) vector of zeros.
The notation 6(Z =1, Z =0 ,) means that the function 6(-)

w w wk wk

is evaluated for Zij =1, ije w, and Zi' =0, ije wk,

J
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Proof. Notethat W has 2 members so that the sum

on the left hand side (1.h.s.) and the sum on the right hand side

N
(r.h.s.) both have 2 terms. Consider the sum on the 1. h.s.

In eachterm, Z, 6 1is either 0 or 1 for every ije D. In

1)
N-n . .
fact, the 2 terms in the sum havea 1-1 correspondence with

N- :
the 2 possible sequences, (Zij:ijeD), where Zij is

either 0 or 1 for 1ij e D. For any one of these sequences, let
w be the set of subscripts corresponding to those Zi,'s taking the
value 1. Then w¥%, as defined in the lemma, consists of those sub-
scripts for which the corresponding Zij's take the value 0. Now

w is clearly a subset of D. Further, there is a unique w for
each possible sequence, and the collection of these w's is obviously
W. But this establishes a 1-1 correspondence between terms in

the sum on the 1.h.s. and terms in the sum ocnthe r.h.s. The lemma

follows immediately. D

We have, by Lemma 3.2.10,

*

o BXblI)

*
- z #Y .Y 2 B m b)) o
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weW
1 2
X - = -X!
e"p{ 2 Yi5-XPy) hl}
ijew
1 2
X - _ 1
exp[ > z (Yij Xiﬁz) hZ}
1j € Cuwk
g w w* /
x/2 1 x/2
X In _=B
{izl[n (1- Tl') ]} h1 exp{ > } h exp{- ZBZhZ}
g | Tlpj*+q)) p{-l q; -1
X ny—— 1-m.
i=1 1“(p )P(q )" ( i)
(r+el)/2-l 1 € (m+e2)/21
X [h, exP{—E(E)thl}th exp{ )Q ;)
(3.2.11)
where w, = number of elements from group i in w and
w’ik := number of elements from group i in w¥, i=1,2,...,¢g.

We next integrate (3.2. 11) with respect to P and obtain
£(Y ., Y., 7, h|Ir%)
~

C'~D’ o’

R
'S x.g;Rx f‘zc’ZD’E’:’,E'H )dpdf,

g @, w’i“ (r+e1)/2 1 B
a [{ m[r (1-m) "]} [h exp{- 5 ( n— X
weWwW



4

(m+e2)/2-1 1 €
X [h2 expi- > (E)thz}]
g ) Tlp*q)) p/-1 qi'-I:(
X il'=Il F(Pi')r(qi') m (l-ni) X Int(w) (3.2.12)

] . (2
X exp {--2- 2 (Yij-Xiﬁl) hl}

ijew

1 o2
X exp {— > z (Yij-XiﬁZ) hz}

ij e Clw*

x/2 1 x/2 1
X h, expi{- > Blhl}hz exp{- > Bzhz}}dﬁ 1d[32.

N N
T - ! ' + -
Recall that Bl ([31 [31) (XAXA 'rl)(ﬁl [31) and
B, = (B 6)'(X'X+ ( é\)
2 T (BB (XX pt7,)(B,-Py)
To find Int(w) for any we W, we will use Lemma 2.2.1 and

¥
argue conditionallyon h., h , w and II . Let X and X be
1 2 w Wk

submatrices of X corresponding to units in ® and w¥ Trespec-

tively. Let I and I be identity matrices of sizes n _ and
w w3 w

nm’,I< respectively, and let Yw and Yw* be those sybvectors of

Y corresponding to units in w and w¥ respectively. Given B,

D
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— = [ l - r—_l | I -
Y X .0 h, I 0 0
w el 1w o
a
~ | |
Yo TNV e P |l el 0
Y ] [0 X ] 0 | 0 h,I |
while, given II,
8 hlxrx 47t 0
1 A1 YATA
B=(g )" N|B |- == ==~ -z ——— -5
)
2 0 |h2 (XpXgtT,)

Lemma 2.2. 1 shows that the marginal distribution of

[ — A\
Yoo_1 Xwﬁl T
Y i 1 with x 8

c is normal with mean cPa
FAS
LY(,O*_ _X(,Q*BZ._

and with covariance matrix given by

B 0 b o T 1o
1 | | W 1, ., 1
-1 |---- h] (XX 47,) 0
0 Ih2 IC| 0 +1]0 lxc _______ === =5
- - -:- -3 |--1--- 0 :hz (XpXptT)
I
IR L PR O R ey
| B
X, 10 Sy
—= o h] H 0
x o lIx = |- = F—l- —= -
S o Inilg?
[ | 2 Twk
_0 'Xw*~
h H'l-—x +X (X'X 471 )‘lx' and
whnere w .= w w A A 1 ©
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-1

+ ' | ) - |
L1 I XC(XBXB:TE)—EQI XC(XBXB+T2) X
% S S I A R
XoxXpXptTy) X L HX X pXptr,) 7 X!
This means that
‘ -1, -1, . -1/2,,. -1 -1/2
Int(w) e« ([h] "H ") (|h2 Hw*|)

X
1 A C A
X exp {-E[(Yw_xwpl)"((Y )-(XC)BZ)']
wXk Wk
._Y % /p\ -
hy ! 0 w Tl
x [mrei- - |y . x 8
0 | nH c ™ ch2
27w A
_Yw*'xw*ﬂz—
1
- h
2 " 1/2 1%
=h] O H [T Texp{- 57 Q }
—l'(n m-r+n ) h
2 T o 1/2 2 X
X h‘2 | *| exp{- _Z_Qw*}
where
* L A . N
Qw T (Yw-prl) Hw(Yw-Xwﬁl)
and
Y X Y X
x ., C C.A @ C.A
Qe = L = DB IR LG ) (5 TR T
WX At w¥k wH

The constant of proportionality is clearly

1
n -5 (n-m-r+nw*)

(2m) ¢ “(2m)

N | =



Thus,
(N-ntn-m-r) —n
2 2 1/2
Int(w) = (2m) h] |H| /
"l-(n m-r+n ) h
27T ok 1/2 2 _x
X h, IHw*| exp{- > Qw*}.
Expression (3. 2. 12) can now be written as
{y G S Bl1)

_ g l_‘(p'+q') (p'+wi)-l (qi'+w?)- l}
=) ) MEeprap s 0

1
[ - >(N-ntn-m-r) 1/2 1 /2
x |(2m) ° N /|Hw*| /

w

o L
D—lNI»—l

(n trte )-1 e
N expl- %[(-n—l)ol+o:]hl}]
1

1

-1 - + -
(n-m r+nw* mte_)-1

1
2
2

Next we integrate (3. 2. 13) with respect to h

obtain

sk
f(Y s Yo, m[I)

g \ T(p/*tq)) (p/tw.)-1 (q.+w*)-1
= z 1 _'1_1' - i i (1-7) i i
=1 F(pi)l“(qi) i i

i
weW

1
-=(N-ntn-m-r)
1/2
X (2m) 2 |1 | / |

w W

|1/2 a1

by

h

|
exp{- > Qw}

1
an exp{—z[(";)Q Q ]h

NI

ot

and h2
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(3.2.13)

and

(3.2.14)



where

0 e
. 2 1 1% 5
5, = v expl- 5 [(=h)a,+Q]Th Ja_
0] 1 1
1
E(nw+r+e1)
= [E(H_IQ +Q )] F(z(nw+r+el))
and
1
0 =(n _+tn-m-rtmte_)-1 e
2 x 2 1 2 *
1 :=S‘ h exp{-=[(=Q.+Q _lh_ M
h2 0 1 2 T]Z 2 Twk 2 h
ln 4 tm+
- [l(.e_ZQ +Q* )]_2 nw* n-m-oritm eZ)
) n 2wk
2
1
X I'( 5 (nw*+n—m—r+m+e2)) .
If we define
e, Q
= 1 1,-1 A
Q, = (Y -X )[( e (n1 H, 1 (Y -X B)
and
Y e Q Y X
C C . A 2 2 1 ,4,-1 C C .A
Q = [( )-( B, 1'[( (—)H .1 [¢ )-( w1,
wk Yw* X* 2 m-l-e2 'r'|2 W ik ik 2
then
e ‘l'(n +rte ) l(n +rte )
101 T2 e T -1, T2 TR
I _(Zn Q) []+(r+e1) Qw]

1 1

1 (nw+r+e )-1

X T(3 (n_*rte )

and

2



1
1 o= (1 ‘2 ) 2 (nytn-m-rimte,)
h2 2712 2 ,
-=(n .+n-m-r+m+
(nw* n-m-rtm eZ)

]

-1
X [1+(m+ez) Q

1
X I'( 2 (nm*+n-m—r+m+e2)) .

It is now clear that (3.2.14) can be written as

*
f(¥ e, Yo mlI)

=)

1

1 ! ! ' A
IgI F(pi+qi) ﬂ-(pi+mi)- 1( . )(qi+wi )- 1]
-1 I‘(pi')I“(qi') i i

wewWwW
1 1 1
_tn o= o= (rt
y 2w 2%[(31) @ .1”-1/2(13Q ) 2 (rte))
i €1 n 2 1. ™1
1 1
L tn ) -= n )
['2 n-m-r nw* -2 n-m-r nw*
X ™ e
2
Q + >(me,)
) L2y e el L2 g T2
112 wik 2 T]Z 2
Lin +rte.)
T2 BT

X [1+(r+el)"le] I(5 (n trte)))

1
- =(n-m-r+n _+m+
X [14(ent )_1 ]Z(nmrnw*mez)
eZ Wi

1
X I'( > (n-m—r+nw*+m+ez)) o

79
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g | T(p/+q)) (p/H+w,)-1 (q/+¥)-1
OCZ HI#H_I ! (1-1T_)1 t :£
i=1(TR)T () " 1

weW

1

-—n Q
2w, 1. -1,-1/2_,1
X IETrel) l;q H | I‘(E(nw+r+e1))

1
-=(n *trte.)
X [1+(r+el)-le] e e 1]

1
->n-m-r+tn ) Q
o F”ez) 2 w __zH-1|-1/2I,

1
“(n-m-r+n _+m+
n, wk (Z(n T eZ);J

1

-~ (n-m-rtn _ +tm+te.)
*

2 @ 2 (3.2.15)

e
1
Iet v :=rte, V. :=m+te A" :=‘;—"—H and

—

e 9
Ve =% n.
2 2

Then we can write (3.2. 15) as

-1
Hw*'

£ Jx|ir)

Yo Xp

1 ! 1 1 >k
. z ?I I‘(pi+qi) ﬂ(pi+wi)—1(l_ﬂ )(qi+wi )-1
- [TeT@) T i

weW !
X fw(zw)fw*(zc’zw*)" (3.2.16)

. AJEY . .
where £ (Y ) 1isa t(nw,vl,Xwﬁl,Vw ) density and fw*(:{c,:gw*) is

a th-m-rtn

XC -1
e v2) (X )62) VOJ*) denSIty. (See A.3. )

Wk
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*

Finally, let us find f(XC,XDlll ) by integrating (3. 2. 16) with
respect to the vector w and finding the proportionality constant.
Recall that

SaOO al-l az—l I"(al)l"(az)

t (1-t) dt = —/—/———
+
0 l"(cv1 az)

for al,a2>0. Also note that fw(z'w) and fw*(zc’zw*) do not

involve the vector w. Thus,

l+ i T l+ l+ >k
§Y LY |1« z IgT Lip;Tay) : 1Py e TG )
~C’~D _(T(pHT(q)) I'(p/+q.*d.)
i=1 i i i o1
weW
X £ (Y E (T X ) b, (3.2.17)

The constant of proportionality is one, since

g . ' 1L, %
z I {r(pi‘*'qi) T(pi+wi)r(qi+wi)}

s = 1 1 a'td’
wew ([ FFIE(R)T () T(p;*q;*d;)

X g n fw(l(w)de Sa n-m-r+tn fw*(XC’Xw*)dYCde*
w

R R wk
l+ I l+ |'+ ok
_ z TgI {l—'(pi q;)  Tlp;e)T{q te )}
- 1 ) |+ l+ 1
= (PR (eg)  TlpgFa )
weW

by Lemma (3. 2. 19), below.
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The proportionality sign in (3. 2. 17) can thus be replaced by a

sign of equality so that

: g ) T'(p/+q)) T(p/tw, )I'(q +w’)
(G Xpl) = z r[{r( Tl T(prraa) }
~ =10 Py Y p,*q/*+d,
(3.2.18)

X L)AL X )

Lemma 3.2.19. Let pl,pz,...,pg, 61’0-2"”’0-g be any

positive constants. Then, using the notation of Lemma 3.2. 10,

g TI(p.to,) I(p, tw, )T (c,+w*)
Z m 1 1 1 1 1 1 =1.

to +
; 11“(pi)P(cri) 1“(9i o di)
weW

Proof. Using Lemma 3.2. 10, we have

>

i
weW

+ + +d, -Z z
2‘ ﬁ Tlpyte) Dlp 42, .. 2 )0(04d; -2, . 2,0
_, T(p.)T (o) T(p,to.+d.)
i=1 i i i 1 i

+ + +o¥
rg[ T(p,to)  T(p+w )T (o, “’i)}

11“(;>i)1“(rri) l“(pi+<ri+di)

Z {0, 1}
kf eD
r + T +Edi i
z (pito) Ip+3 k=1 “k )
I(p,)T(c,) T(p.+o, +d,) )
Zke{O, 1} 1 1 1 1 1

ke{l,Z,...,di}

Z YT(oc.td.-Z Z )
k i i

I
!l‘ — o

1

1
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g d. T(p.to,) T(p,*p )T (c *d,-p.)
- I_I z ( 1) r lr 1 rl ]-.*- +1 1 1
(=1 k' T(p)T(0,) (p,*o.+d.)

by Lemma 3. 2. 20, following.U

Lemma 3.2.20. For any b,c > 0 and any positive integer k,

k
z (ky Llbte) Clb+z)T(ctk-z)
zZ

T(b)T(c) T (h+c+k) L.

z=0
Proof.
k
z (k) I'(b+tc) I'(b+z)(c+k-z)
z' L(b)T(c) T(b+c+k)
z=0

k
1
Z I:(k) T'(b+c) t(b+z)-l(1_t)(c+k-z)-ldtJ

z I'(b)I(c) 0

z=0
1 k
- __I‘(b+c) b—l C_l k z k—Z
_I‘(b)r(C) 0 t (1-t) [z (Z)t (1-t) ]dt

1
+ _ -
= %l_:%c)_) . tb l(l-t)C 1dt by the Binomial Formula

.

i
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3.3. Posterior Prediction

Section 1.2 showed that the Bayes predictor of the population

total, T, under squared error loss is

H>
i

Z Y. +ER|IT)
ij
ije AUB

where

w
i

S o,
1)

ije CUD
5 5
In this section we will find E(R|II ) as wellas Var(R|II ), the

posterior variance of R.

From (2.3.11) we have

g g

- 1R A A A '
E(R|II) = zcixipz + Edi[nixiﬁﬁ(l-vi)xiﬁz] .

i=1 i=1

Note that this expression is independent of h = (hl’ hZ)" Also note
that

ER|h,I) = E(R|IL e n,) = E(R|11)

1) T]l) eZ!

N, e, and 1’]2 do not appear in E(RIII).

since the constants e 1 5

1)

We now use (2.3.8) to see that
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il

ER|I) Eh[E(RIh,II*)]

E [E(R[m)]

E(R|II)

1!

= zc xB + Zd,[’%,x}ﬁ +(1-’1?,)x,'(3\2] , (3.3. 1)

since E(R|II) does not involve h1 or hZ' By comparing (3.3.1)
with (2.3.11) we see that, for predicting T under squared error
loss, it makes no difference whether the precision vector, h, is
fixed as in Chapter II or random as in this chapter.
% %
Before finding Var(RIII ), we note that, given II , h1 and
hZ are independent random variables having gamma distributions.

sk
In fact, using (3.2.4), we see that, given II , h1 and h2 are

independent random variables such that

]
e =(rte.)
(=t 1® Vo
ny ! 2 (rte;)-1 1 €
f(h1|II ) = ] h1 exP{-z(n_)thl}
- I[=(r+e)] 1
2 ]
and
2 (mte,)
[l(e—Z-)Q 1 e 1
« 2 1‘]2 2 E(m+e2)-1 1 € '
f(B |11) h; exp{-z(n—')QZhZ}.

l"[%(rn-l-ez)] 2
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ThuS)
1 % 1 *
E[hl 1] = Xo h f(BIIII )dh,
e '1'(r+e )
1 %1 2
= 1 X 1
I3 (rte)] 1 e S(rte )-1
[E(—)Ql]
1
L(rte)-1
LS I
y §°° [2(111)01] [%(r+e )-2] e
1 1 1
0 ] h, exp{- E(T)thl}dhl
I[=(rte,)-1] 1
2 1
e l(r+e )
1,1, 20 1
['Z-(HI-)QI] F[Z(r+e1)-1]
- 1
] 1,%1 2(rte )-1
T[E(r+el)][g(—)01]

Now, for any a > 0, I(atl) = al'(a). Thus,
r[l( te )] = r[l( te )-1+1] = ['1-(r+e ) 1]r[-1—( te )-1]
277 2 \T7¢ 2 \TTey - 2\ T

1
provided > (r+e1) > 1. In any practical situation, the number of
1
respondents, r, is larger than 2 so that E(r+e1) > 1. We

then have
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Sk 1,1 1 -1
Elh] 1] =3 (111 )Q,[5 (rte))-1]
e . Q
171 -
.11 - (3.3.2)
te -
1’]1(1' e, 2)
Similarly,
e, Q
Sl ke 272
E[hz |11 ] = ————nz(erez_Z) . (3.3.3)

The results of Chapter IV suggest that, for the purpose of
interval estimation of R, the posterior density f(BIII) can be
approximated by a normal density having mean E(R|II) rand vari-
ance Var(R|II) in the case where the precision vector, h, is
fixed. Fact A.7 shows that, as Vi +©  and v, T teo,  the
densities fw(}:w) and fw*(zC’Xw*)’ w e W, maybe approximated
by multivariate normal densities. This in turn suggests that
f(5|II*) may be approximated by a mixture of normal densities simi-
lar to f(5|II). It is reasonable then to think that the distribution of
R given II* may, even for samples of moderate size, be well
approximated by the normal distribution having mean E(R| II*) and
variance Var(RIII*).

E(RIH*) is given by (3.3.1). To find Var(RlII*), we use

(2.3.9) as follows:

%k b 3k
Var(R|II ) = Eh[Var(R|h,II )] + Varh[E(R|h, )] .
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We have already shown that E(R|h,II*) = E(R|II) does not involve
h. Thus Varh[E(R|h,II*)] = 0. Further,
Var(R|h, II*) = Var(R|Il, ey nl, ey 1'12) = Var(R‘II), since the con-

n. e, and 7. do not appearin Var(R|II). (See

1 2
(2.3.19).) Thus,

stants e

r 2

Var(R]| II* ) = Eh[Var(R |11)1,

e.Q
* _ -1 171
and Var(R|II ) is calculated by replacing h1 by —_—nl(r+e1‘2)
d h' b —iZ—QZ— in (2.3.19). Note that
an 2 y n (m+e -2) .. .
2 2
e.Q
* 1-1 171
[E(hllll )77 = P
1 1
and that
e, Q
#* q-1 272
[E(h, [11)] 7 = ———.
1 nz(m+e2)
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IV. EXAMPLE: REGRESSION THROUGH THE ORIGIN

Previous chapters have presented a Bayesian approach to the
nonresponse problem of Section 1.3 for the case where the character-
istic of interest is linearly related to one or more auxiliary variables.
In this chapter we will confine our attention to the case where there is
one auxiliary variable and where the expected value of the character -
istic of interest is proportional to that auxiliary variable. We first
summarize the results of Chapters II and III for this special case then
present a hypothetical example to illustrate these results and to sug-

gest a computationally convenient approximation.

4.1. Summary of Results

We now assume that there is one auxiliary variable available
for each unit in U. We assume that x =1 and that Xi
i=12,...,g), 51, 52, 7\1, )\2, T, and T, are scalars. The
assumptions of Chapters II and III are modified accordingly. In

e, Y
1’ ’ n
gg

particular, given X, h, B and Z, we assume that Y1

are independent random variables such that

1-
1’ g

=) Uy ) (4.1.1)

~ . +(1-
Y.. N(ZiJXiﬁl( Zij)XiBZ,( 1 3

1]
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The posterior means for ﬁl and [32 found in (2. 2.9)

become
B, = (X\X 41 ) XL TN )
17 ¥a%A ] ATA 1M
(ZijeAXiYinTl)‘l (4.1.2
p > . 1.2)
(Z2_ . a X )T
1i=1 i 1
and
/ﬁ\ = (XLX_+T )'I(X'Y +T.N\_)
2" B B 2 B B 22
(ZijeB XiYH)+T2X2 4.1.3)

g 2w
(B B % 1,

The posterior density, f(R|II), in (2.2.28) remains

unchanged except that, from (2.2.23) and (2. 2.24), we now have

g
= }: [5.%.B +(c,+a, -5, 1% B, ] (4.1.4)
i=1

A A
for ﬁl and [32 given by (4.1.2) and (4. 1.3) and

g
% -1 -1 -1
VR = (n-m-r)h2 + Z [hl Si+h2 (di-Si)]

i=1

+h11[§sfxi2] [(zaixiz) +Tl] '

i=1
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i=1 i=1 (4.1.5)
g g g
-1 2
+ - + _
By z Z ,:(Ci+di S0t -8, X X, (Z befJ’Tz)]
i=1 k=1 £=1
k#i
The posterior means of LETREE 'I'Tg are again given by (2.3.2).
VAN
The expression for R in (2.3.11) is now
N A S g
N A N
= + + - . et
R Bl ZdiwiXi (32 Z\[ci di(l ﬂi)]Xi (4.1.6)
i=1 i=1

The posterior variance, V(R|1I), given by (2.3.19) remains the

same with

g
2
.= + ] -: = y &y vy B
” XiXk/ [(Z aiXi) Tl] ik=12 g

i=1

o
!

and

2
.= + i =1 ce ey
€ xixk/ [(Z bixi) Tz] , 1,k y 2, g
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4.2. Simulation Example

In order to illustrate the ideas summarized in Section 4.1, a
population of size N = 120 was generated. It was assumed that

N, =5, \, =2, h1 =h, =25 and ‘r1:‘rz=125. The prior

precisions of Bl and I32 were thus hl'rl=5 and hz‘rZ:S

respectively. This produced [31 =5,3214 and [32 = 1.5686. The

=35, X, =40 and X, = 50.

population had g =3 groups with X 3

1 2

It was assumed that 'Trl, T, and L had prior means 0.6, 0.7 and

0.8 and prior variances 0.04, 0.04 and 0.04 respectively.
A systematic sample of size =n = 105 was chosen, and it was
assumed that T = 0.6, L = 0.7 and T, = 0.8. As will be seen

later, n/N was chosen large for ease of calculation of f(B|II).

For this sample, we have the following relevant information:

i X n, s a, b c. d
1 1 1 1 1 1 1
1 35 40 35 23 6 6 5
40 40 35 27 4 4 5
3 50 40 35 31 2 2 5
N=120 n=105 r=81 m=12 12 15

z X Y. . =789,6567 Z X.Y.. = 28, 800
i ij i ij

ijeA ijeB



g g
2 2
Z 2.X“ = 148, 875 Z b.X° = 18,750
1 1 1 1
i=1 i=1
A N
B, = 5.3033 B.=1.539]
2
Z Y. =18,221.6 Z Y., =1720.5
ij 1)
ijeA ijeB
4?1 - 0. 650, 4:‘2 = 0. 764, 4\3 = 0.879

Thus, from (4.1.6), we have R =3,515.84 so that
% = 22,457.94. Note that T =21,963.5.

Figure 1 shows the posterior density, f(BIII), for this
example as well as a normal density function having the same mean
and variance. The corresponding cumulative distribution functions
are plotted in Figure 2.

The Bayes point estimate of R in this example is
ﬁ =3,515.84 as found by using (4.1.6). A corresponding interval

estimate is made by finding points Rl and R2 such that the

"

posterior probability of the event "Rl < R < R," is, say, 0.95.

Typically, R1 and R2 are chosen with the further restriction

that R2 - Rl be as small as possible. A careful examination of

Figure 2 reveals that nearly the same intervals will be obtained by

93

approximating the actual cumulative distribution function by a normal

cumulative distribution function having the mean and variance found
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by using (4. 1.6) and (2.3.19) respectively. This approximation is

explored further in Section 4. 3.

4.3. Empirical Suggestion of Normal Approximation

The example of Section 4.2 suggests that, for the purpose of
making interval estimates of R, the actual posterior distribution
function can be approximated by a normal distribution function having
mean E(RlII) and variance Var(R|II). While this mean and vari-
ance are easily calculated, the actual distribution function is expen-
sive to calculate. The normal approximation is easy to use, since
tables of normal distribution function values are readily available.

The example of Section 4.2 is unusual, since N - n = 15. In
most surveys, the difference between N and n will be at least
500 and more often 1000 or more. In order to see the effect of
increasing N - n, it was assumed that the sample of Section 4.2
was actually drawn from a larger population. Figures 3 through 16
show the resulting density function and distribution function plots. In
each case, the odd numbered figure corresponds to Figure 1, while
the even numbered figure corresponds to Figure 2. The numbers of

nonsampled units in groups 1, 2 and 3 were assumed to be as follows:
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Figures d1 d2 d3 N-n
3-4 8 5 5 18
5-6 10 8 7 25
7-8 10 10 10 30
9-10 0 0 30 30
11-12 0 30 0 30
13-14 15 0 15 30
15-16 0 50 0 50

The calculation of f(BlII) and the corresponding distribution
function is prohibitively expensive for N-n larger than 50.

Figures 3 through 16 suggest that the use of this normal
approximation is appropriate whenever the nonsampled units are not
clustered in one group (Figures 9 and 10). In most real situations,

this will not be a problem.
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Appendix: Multivariate-t Distributions

This appendix summarizes pertinent definitions, notation and
facts about multivariate-t distributions used in Chapter III. These
facts are adapted from a paper by Cornish (1954) and a book by

Johnson and Kotz (1972).

Definition A.1. If L=(L1,L2,...,LW)' isa wX 1 random

vector having a probability density function in 120 given by

- l(V-}-vv)

T (5 (vw)) _

f(,\li) = T [1+v
1/2

-1 1

L'E

L]

@)’ T(zvE]

where Vv >2 and where E isa wXw positive definite matrix,

then L is said to have a w-dimensional multivariate-t distribution

-1
with v degrees of freedom and with characterizing matrix E .

Fact A.2. If L has the distribution of A. 1, then E(L) =0,

v
v-2

a wX1 vector of zero's, and Cov(L):= E(LL') = E .

Definition A.3. Let K:= L +p where p isa wXl1

vector of constants and where L has the distribution of A.1. Then

K has a density function in R given by
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-2 (vhw)

(5 (viw) :

1
W

(mv)? r(%v)|E|

[1ev Yo e HKow)]

f(K) =
1/2

Note that E(K) =E(L) + p = and that Cov(K) = Cov(L) = .v_l’_Z.E

We say that K has a w-dimensional multivariate-t distribution
with v degrees of freedom, with mean p and with characterizing

-1
matrix E .

Notation: If K has the distribution of A.3, we write

- -1
K-~tlw,v, 1, E 1). Thus, in A.1, L ~t(w,v,0,E 7).

Fact A.4. If L ~t(w,vVv,0, E_l), then the characteristic func-

tionof L 1is given by
'L 1 107 % v-1 1 -1
" ) )
¢L(t) := E(e1 ) = [I‘(EV)] S’ u exp{-u-zvu [t'Et]}du
0
-1

where i:=~N-1. If K~t(w,V,,,E ) then K =L +p where
L ~ t(w, V, O;E—l). Thus, the characteristic function of K is given

by

it'"(L+p)

brelt) 1= E(@* 1) = E(e )= e He ()

00

= [1"(%")]_15a u exp{-u+it'p-%vu_ l[t 'Et]}du .
0
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Fact A.5. Let K ~t(w,V, p.,E_l) andlet J := HK where
H isan hXw matrixof rank h (h < w). Then
J ~ t(h, v, Hu, (HEH') 1). In particular, the marginal distribution of

the first h elements of the random vector K is t(h, v, ph, E;ll)

where Hh is an h X 1 wvector consisting of the first h elements
of ¢ and where Eh is the leading h X h submatrix of E.
-1 p g
Fact A.6. If L ~t(w,v,0,E "), then L —> U where
v— +o0

U ~ N(0,E). That is, if {Vl, v .} in any sequence of real num-

2

bers tending to 1%, and if {Ll, L .} is a sequence of random

2’
-1
vectors such that Li ~ t(w, Vi, O,E ) for i=1,2,..., thenthe
sequence {L_,L_,.. .} converges in law to the random vector U

1" 2

where U has a w-dimensional normal distribution with mean vector

0 and covariance matrix E.

Fact A.7. Slutsky's theorem and Fact A. 6 show that, if

K"t(W,V,H,E-l), then K—x'—->V where V ~ N(u, E).

v— +©



