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Chapter 1 Introduction

The Central Limit Theorem states that the normalized average of a sequence of
independent random variables with finite mean and variance converges to a standard
Gaussian random variable. Because of this, Gaussian random variables and random
fields are used extensively as models in fields such as physics, finance and medical
imaging. In particular they appear in models with fluctuations that can be thought
of as Gaussian random variables. Models can be adapted for different applications
by modifying the covariance function and mean vector.

Standard Brownian motion is a Gaussian random field with independent incre-
ments. Arguably, it first appeared as a model of the random motion of a particle
suspended in a fluid. Paul Lévy introduced Lévy’s Brownian motion as a way to
generalize standard Brownian motion to multiple dimensions. Lévy’s Brownian mo-
tion is an isotropic locally stationary random field with mean zero. It has since been
studied extensively. In [12] McKean found an expansion for Lévy’s Brownian motion

in R? which he used to draw conclusions about the Markov properties of the random



field. In [14] Noda presented the Karhunen-Loéve expansion for Lévy’s Brownian
motion on the surface of the unit sphere.

In order to use random fields in computational settings it is necessary to be
able to simulate them. This can be accomplished using expansions in terms of
basis functions and standardized random variables. Orthogonal polynomials are
integral to expansions of isotropic random fields. Lévy’s Brownian motion has an
integral representation given in [15] which we use to find a new representation for the
covariance function. This thesis presents a new expansion for the Lévy’s Brownian
motion as an infinite linear combination of independent standard Gaussian random
variables. This expansion is not the Karhunen-Loéve expansion, but shares some
desirable properties of the Karhunen-Loéve expansion.

We also introduce a new family of Gaussian random fields, called the p-processes,
of which Lévy’s Brownian motion is a special case. If we let A, be the ball in R?

with the vector s as the diameter and v, be the measure with density function

dv, = cqlul? du

then the p-process is defined to be a mean zero Gaussian process in the unit ball in

R? with covariance function

K,(s,t) = v,(As N Ay).



The case p+d =1 is Lévy’s Brownian motion. Lévy’s Brownian motion is a locally
stationary process, though non-stationary. The p-process are isotropic but, except
for Lévy’s Brownian motion, not locally stationary. We also find an expansion for the
p-processes in terms of spherical harmonics and standard Gaussian random variables.
Using an orthonormal basis for L?(B<) we show that for t € B¢ and p + d > 0 the

p-processes have the expansion

o0 (m)
Xip=Cpa Y Akt D Omi(t/1t) Zin
j=1

m,k=0

where A, x, is a function of orthogonal polynomials on [—1, 1], {¢., ;} is an orthonor-
mal basis of spherical harmonics for L*(S471) and {Z,,;} is an array of independent
standard Gaussian random variables.

These expansions can be used to simulate Lévy’s Brownian motion and the p-
processes. We use expansions for the covariance functions to approximate the co-
variance matrix and we present simulations along a ray from the origin using the
Cholesky factorization of the approximated covariance matrix.

Chapter 2 covers the necessary background in probability and random fields.
There we introduce an integral representation for Lévy’s Brownian motion and an
orthonormal basis for L?(B%) that will be needed to find expansions for the random
fields. In Chapter 3 the Brownian sheet, which is typically defined only on Ri,
is generalized to all of R?. This is used to define a white noise integral using a

constructive approach. In Chapter 4 we find a decomposition for Levy’s Brownian



motion and its covariance function in terms of spherical harmonics and independent
standard Gaussian random variables. In chapter 5 we define the p-processes and find
an expansion for the p-processes in terms of spherical harmonics and independent
standard Gaussian random variables. Chapter 6 is devoted to simulations of Lévy’s

Brownian motion and the p-processes using the expansions found in Chapters 4 and

D.



Chapter 2 Preliminaries

This chapter will cover the background material in random fields and orthogonal
polynomials necessary to obtain the expansions for Lévy’s Brownian motion and the

p-processes.

2.1 Random Variables

A probability space is often considered in the context of an experiment where the
outcome is not known, but the set of possible outcomes is known as well as a way to

assign probabilities to these outcomes.

Definition 2.1 (Probability Space) [3] A probability space is an ordered triple

(Q, A, P) where

e () is a collection of outcomes, called the sample space

o A is a o-field of subsets of 1, called events and

o P is a measure on (2, A) with

1.0OSPAK1VAeA



2. P0)=0, P(Q) =1 and

3. if {A; i > 1} C A is a pairwise disjoint collection of events then

P (D Al-) - i P(A). (2.1)

We are often concerned with knowing whether events are independent of each other

or affected by each other.

Definition 2.2 A collection of events {A; : i > 1} on a common probability space

(Q, A, P) is said to be independent if for any m # n
P(An 1 Ay) = P(A)P(A,). (22)

Random variables are commonly used as a tool to assign numerical values to outcomes

in the sample space.

Definition 2.3 (Random Variable) [3/ A random variable on a probability space

(Q, A, P) is a real valued function that is A—measurable.
For any event A € A we denote the probability of A by
P(XeA)=P{w:X(w) € 4}). (2.3)

When there is no possibility of confusion we will just write P(A) for P(X € A). For
any random variable, X, o(X) is defined to be the smallest o-field with respect to

which X is measurable. Two random variables X and Y on a common probability



space (2, A, P) are said to be independent if o(X) and o(Y") are independent. For
any random variable we can compute the mean or expectation, which is a weighted
average of the values of the random variable, and the variance, which is a measure

of how much the random variable deviates from its mean.

Definition 2.4 (Mean and Variance of a Random Variable) [3/ Let X be a
random variable on the probability space (2, A, P). Then the mean or expectation of
X s

E(X)= /QX(w) dP(w) (2.4)
and the variance 1s

Var(X) = E [(X — E(X))?]. (2.5)

Given a collection of random variables on a common probability space the covariance

can be used to determine how the random variables interact with each other.

Definition 2.5 Let X,Y be random variables on a common probability space. Then

the covariance of X and'Y is
Cov(X,Y)=EXY)—-EX)E(Y). (2.6)

If two random variables are independent then their covariance is zero, however the
converse is not true in general.
A commonly used random variable is the Gaussian or normal random variable.

The Central Limit Theorem tells us that the standardized average of a sequence of



random variables converges a Gaussian random variable. Because of this, Gaussian
random variables are often used for modeling situations in physics, finance and other

areas.

Definition 2.6 (Gaussian Random Variable) /3] A Gaussian random variable

with mean p € R and variance o > 0 is a random variable on the probability space

(R, B, P) where B is the Borel c—field and for any B € B

1 (z—p)?
P(B) = T 202 . 2.
B) = Fora? /Be o de (2.7)

The function

1 _(a=pw)?

e 202 2.8
vV 2mo? (28)

is called the density of X. In the case u = 0 and 0% = 1, X is called a standard

foulz) =

Gaussian random variable. Gaussian random variables have several properties that
make them desirable to work with. Omne of these properties is that two Gaussian
random variables, X and Y are independent if and only if Cov(X,Y’) = 0. Several
other useful properties will be introduced in this section. First we define one notion

of convergence of random variables, weak convergence or convergence in distribution.

Definition 2.7 (Weak Convergence) [3] Let {X, : n > 1} and X be random

variables. Then {X,, : n > 1} converges weakly to X if for each x € R

lim P(X, <z)=P(X <x). (2.9)

n—oo
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Lemma 2.1 Let {X; : i > 1} be a sequence of Gaussian random variables with
E(X;) = pu; and Var(X;) = o2 for eachi and suppose lim,, . i, = pt and lim,, o, 02 =

2. Then

1. Foranyn,Y =5 " a;X; is a Gaussian random variable with mean

E(Y) = Zaiui (2.10)

and variance

Var(Y) = Za?af +QZCOU(Xi,Xj). (2.11)
i=1 i<j
2. X, converges weakly to a Gaussian random variable with mean p and variance

o2

The idea of a Gaussian random variable can be extended to consider a random

vector X = [X; : 1 <@ < n| where for each i, X; is a random variable.

Definition 2.8 (Multivariate Gaussian Random Vector) [13/ A random vec-
tor X = [X; : 1 < i < nj is called multivariate Gaussian if for any set of real numbers

{a; : 1 < i < n} the random variable
Y =) aX; (2.12)

i=1

1s a Gaussian random variable.
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Every multivariate Gaussian random vector is characterized by a mean vector
i— [B(X) 11 <i<n) (2.13)
and a covariance matrix
Y =[B(X;X;) — pipy 1< 1,5 <nl. (2.14)

The density function of such a random vector is given by

DY S ex —lf—*T E-[0) . .
1) = e {3 -2 2.15)

If i = 0 and ¥ is the identity matrix then X is called a standard Gaussian random

2.2  Stochastic Processes
Stochastic processes are used to model changes in random systems, such as the
random motion of a particle or fluctuations in financial systems.

Definition 2.9 [3/ A stochastic process is a collection of random variables, {X; :

t € T}, defined on a common probability space.
This thesis will focus on Gaussian processes.

Definition 2.10 (Gaussian Process) [3/ A stochastic process {X; : t € T} is said
to be a Gaussian process if any finite collection [Xy,, Xy,, ..., Xy,| has a multivariate

Gaussian distribution.
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A Gaussian process is completely characterized by its mean and a covariance function
Cov(Xs, X;) = B[ X, X, — E(X,)E(Xy)]. (2.16)

A stochastic process with 7' C R? is often called a random field.
Standard Brownian motion in one dimension is a mean zero Gaussian process

whose covariance function is
1
C’(s,t):s/\t:§(|t\+|s|— [t — s]). (2.17)

Two common ways to generalize Brownian motion to a random field are the Brownian
sheet and Lévy’s Brownian motion. These are obtained by generalizing the covariance

function to operate on vectors in R

Definition 2.11 (Brownian Sheet) [10/A Brownian sheet is a Gaussian random

field that is defined on (RY, B(R?)) with mean 0 and covariance function

d
C(s,t) =[] sinta (2.18)
=1

Note that the covariance function is equal to the volume of the intersection of

the d-dimensional rectangles with one vertex at the origin s and ¢ as their diagonals.

Definition 2.12 (Lévy’s Brownian Motion) [16/Lévy’s Brownian motion in d

dimensions is a mean zero Gaussian random field with covariance function
1
K(s,t) = 5(t] +Is| = |t = s]) (2.19)

for s,t € R, where | -| is the Euclidean norm in RY.
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For the majority of this paper we will restrict our study of Levy’s Brownian motion
to the unit ball in R?, denoted B?. In order to work more easily with this covariance

function, we introduce an integral representation.

Lemma 2.2 Define A, to be the ball with the vector s € RY as the diameter, that is

A, = ueRd:|ul<ﬂ-s (2.20)
Jul

and let p be the measure on R with density function

+1 -
falw) = 2l (221)

where o4, is the surface area of S4~' and ng = %. Then we can write

K(s,t) = u(A, N Ay). (2.22)

Figure 2.1: Example of A, N A, in R?

The following will prove useful in the proof of Lemma 2.2.
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Lemma 2.3 [8] Let ® be a bounded, integrable function on [—1,1] and u be a fized

point on S¥1. Then

/sdl O(u-v)do(v) = Ud_1/ O(z)(1 —x*)™ dx. (2.23)

1

Proof of Lemma 2.2:

Consider the function

Gis(r,0) = sgn(@ -t —r) —sgn(0-s —r). (2.24)
So
p
2 HO-t>randf-s<r
Gt7s(7”,9): -2 ff-t<randf-s>r - (2.25)
0 else
\
Therefore
0-t 0-s
/ / G2 (r,6) dr do(6) = 4 / [ / Lpoaeps dr + / Loseos dr} do(6)
gi-1 R i1 0-s 0-t

_ 4/ 01— 0.5 do(6).
Gd—1

To evaluate this integral apply Lemma 2.3 with v =0, u = ﬁ:z‘ and ®(z) = |z| to

get

dog_1
Ng + 1

1
40d_1\t—8]/ z|(1 — 23" do = |t — s].
-1
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Alternately, we could rewrite Az(u) with u converted to polar coordinates gives

As(r,0) ={(r,0) : 0 <r <6-s}.

So we can see that G, can be written as

2 [1g.sercot(r0) — Lopcrcos(r0)] = 2 [Lanac(u) — La,nae(w)] .
Therefore
Gio(u) = 4 (La,na,(u))
giving
[ dut) = 4 [ Lisa dutw
— Ap(ANA)
and

|s —t] = p(AsAA,).

Letting s = 0 in (2.28) also gives

p(Ar) = [t].

Therefore

K(s,t) = 2 [u(As) +p(Ay) — (AL A))]

| —

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)
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2.3  Orthogonal Polynomials

In the following section we will construct an orthonormal basis for L?(B?) that will
later be useful in finding expansions of Gaussian random fields. This basis will be

constructed using bases for L?((0,1)) and L*(S471).

Definition 2.13 (Jacobi Polynomial) [7] For parameters o, 3 > —1 define the

Jacobi polynomials on [—1,1] {Pyﬁa”@) :n >0} by

P,(z) = ( | (1—2)"*(1+ x)fﬁ%(l — 2)*t(1 — z)Ptm, (2.32)

The Jacobi polynomials are orthogonal with respect to the weight (1 — z)*(1 + z)?

on [—1,1]. ie.

/1 PP () PP (2)(1 — 2)%(1 4 2)° dz = 0 for m # n. (2.33)

1
In addition they are a complete set in L?([—1,1]). Through translation they can be

used to form a complete orthogonal set in L?([0, 1]).

Lemma 2.4 Let P,E“’m denote the Jacobi polynomial with parameter o = 0. Then

{PTEO’B)(% — 1) :n = 0} is orthogonal with respect to the weight v* on [0, 1].
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Proof: For n #m

1
0 = / PO () POA (2)(1 + 2)° da
-1

1
= 2 / POB (2 — )PP (2 — 1)(2r)7 dr
0

1
25—5—1/ PT(LO,,B)(QT _ 1)p7(r?,5)(2r _ 1)Tﬁ dr.
0
|

Definition 2.14 (Spherical Harmonics) [8/A polynomial p is said to be harmonic
if it is homogeneous with Ap = 0. The spherical harmonics in d dimensions are the

restriction of such polynomials to the unit sphere S

We will denote the space of normalized spherical harmonics of degree n and
dimension d by H? and the space of homogeneous polynomials of degree n and

dimension d by PZ. The dimension of H? is

hq(n) = dimP* — dimP?_,. (2.34)
For every d, there is an orthonormal basis for L2(S971) consisting of spherical har-
monics.
2.3.1  An orthonormal basis for L?(B%)

Lemma 2.5 Let H? be an orthonormal basis for HS and ¢, ; € He. Define Ji(|ul)

to be the Jacobi polynomial of degree k with parameter o = 0 and = d—1 evaluated
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at 2lu| — 1. Define the set
P = { i ([ul)pn(u/lul) : k> 0,n > 0,1 < j < ha(n)} (2.35)
where Y is a constant so that
1
7,3/ (JE(r)2r¢=t dr = 1. (2.36)
0
Then P? is an orthonormal basis for L?(BY).

Proof: To check orthogonality, observe that

[ T/ ) T s/ ) =

Bd
1

/ﬁm#mwwp/%wmwmw@<mn
0 Sd—1

which is clearly 0 if (k,n,j) # (I,m,i) due to the orthogonality of the Jacobi poly-
nomials on [0, 1] and the spherical harmonics on S~

Now, assume f € L?*(B%) with

/Bd F () T (Jul)pn.;(u/[ul) du =0 (2.38)

for all k£, n, j. Converting to polar coordinates then gives

/ gonvj(ﬁ)/ f(ro)JH(r)yrt dr do(0) = 0. (2.39)
gd-1 0

Since the spherical harmonics form an orthonormal basis for L2(S%~1), this implies

/01 fre)JE(r)yr dr =0 (2.40)
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for each k and each 6. However, this is only possible if f(rf) = 0 for all r, since
the Jacobi polynomials form a basis for L%([0,1]). Therefore, f = 0 and P?¢ is an

orthonormal basis.

Lemma 2.6 The normalizing constant vy is equal to \/2k + d.

To prove this we begin by adapting two known formulas for the Jacobi polyno-

mials for use with the polynomials P\* (2r — 1).

Lemma 2.7 [7] For any polynomial q

/_ q(2) PP (2)(1 — 2)*(1 + 2)° do = %/ (1 — )™ (1 + x)ﬁﬂﬁq(w) d.

1 2rn!l )4 dz™
(2.41)
Then the corollary follows immediately.
Corollary 2.1 For any polynomial q
1 1 1 dn
/ q(r)yrt PO (2 — 1) dr = o (1— T)nTner_l%Q(T) dr. (2.42)
0 - Jo
Lemma 2.8 [7] For anyn > 1
d o n+a+pf+1_ 1,84
T PEO@) = —— =R (), (2.43)

And the following corollary is immediate.



Corollary 2.2 For anyn > 1

d
TP —1) = (n+a+ f+ DRI @r - 1),
T

Repeated application of Corollary 2.2 gives the formula

d* d— 2k+d—1)! _pkid

(2k+d—1)!
(k+d—1)"

Proof of Lemma 2.6: First, apply Corollary 2.1 with ¢(r) = Plgo’dfl)(Zr —

1
72 = /0 (Péo’d’l)(% — 1))2 rd=t dr

I d* 041
= 3 (1— r)erd_lek( o )(2r —1)dr.
"Jo

Now use (2.45) to get

B 1
(Qk —i—kd 1>/ (1 — r)fphtdl gp =
0

(
- (2k+kd_1>5(k+1,k+d)
™

 (2k+d—1\kN(k+d—1)!
B ) (2k + d)!
1

 2k+d

So v = v2k +d.

20

(2.44)

(2.45)

1):

(2.46)

(2.47)

_ 1
2k +kd 1>/ (1 — r)Frtat g
0
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2.3.2 Legendre Polynomials

The spherical harmonics are closely related to a family of polynomials called the

Legendre polynomials, which are orthonormal on [—1, 1] with respect to the weight

(1 — %),

Definition 2.15 (Legendre Polynomials) [8/ Ford > 2,n > 0 the Legendre poly-

nomaial of degree n in d dimensions is

Plt)y=qt(1—¢*)™ %(1 — tZ)natn (2.48)
where ng = % and
do= (0" [T a+4)7" (2.49)

=1

For all n and d the Legendre polynomials {P¢ : n > 0} have the properties that
1. |Pdt)| < 1forallte[—1,1] and
2. PA(1) =1

The following relationships between spherical harmonics and Legendre polynomials

will be useful in later calculations.

Lemma 2.9 [8] Fird > 2, n > 0. Let {p,; : 1 < i < hy(n)} be an orthonormal

basis for H, the space of spherical harmonics in dimension d of degree n. Then for
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s,t € St

ha(n)
> pusls)enstt) = M s (250)

Od—1

where P is the Legendre polynomial in dimension d of degree n.

Note that in the case of s = ¢ this yields

ha(n)
> ghult) = Pa(1) = 2, (251)

0d—1

Theorem 2.1 (The Funk-Hecke Theorem) [8/ If ® is a bounded integrable func-
tion on [-1,1] and @, is a spherical harmonic of degree n in d dimensions then ®(u-v)

is (for any fized uw € S™') an integrable function on S** and

[ ¥ 0)) doe) = aun(@ntw

where

Qg (P) = 041 /1 O(t)PAt) (1 — t*)™ dt (2.52)

1

and ng = (d — 3)/2 , P? is the Legendre polynomial of dimension d and degree n,

04_1 is the surface area of S*' and o is the uniform measure on S 1.



23

Chapter 3 The White Noise Integral

In this section we will use the Brownian sheet on R? to construct a random variable
called the white noise integral and use it to find an alternate representation for
Lévy’s Brownian motion. Recall that the covariance function, K (s,t) can be written

in integral form as

K(s,t) = p(As N Ay) (3.1)

where p is the measure with density

1
dp(u) = T2 g (3.2)
Od-1
and
Ay, ={ue B ju—s/2| <|s/2|} (3.3)

This leads to a stochastic integral representation for Lévy’s Brownian motion.

3.1 The Brownian Sheet

In order to write Lévy’s Brownian motion as a stochastic integral we use a white noise

integral. Recall that a Brownian sheet is a random field that is typically defined on
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Ri as a Gaussian random field with mean 0 and covariance function

d
C(s.t) =[] sinta (3.4)
i=1
To extend this definition to R? the covariance function must be modified so that it

is positive definite. To accomplish this we introduce the following definition for the

Brownian sheet in R<.

Definition 3.1 (Brownian Sheet) The Brownian sheet in R? is a mean zero Gaus-

sian random field with covariance function

Hle |si| A|ti| if s and t are in the same orthant
C(s,t) = (3.5)
0 otherwise
Before we can use this definition we need to verify that such a random field exists.

The following theorems give criteria for the existence of Gaussian random field based

on the structure of the covariance function and the finite-dimensional distributions.

Definition 3.2 (Finite-dimensional Distributions) /3] Let {X; : t € T} be a
random field on (2, A, P), {A; -1 <i<n} CBand [X,, : 1< i< n] beany finite
random vector from the random field. Then define the measure i, ., to be the joint

distribution function of [Xy,, ..., Xy,]. That is
,U/tl,...,tn(Al X ... X An) = P(th € A17 ...,th € An> . (36)

These measures are called the finite-dimensional distributions of {X;:t € T}.
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Theorem 3.1 (Kolmogorov’s Consistency Conditions) [3/ Let
{Mtklv---tkn :n > 1} be a collection of measures on RY. Suppose each measure satisfies

the following two conditions.

1. For any permutation, w, of {1,2,...,n},
//Ltﬂly--,tﬂn(AWl X ... X Aﬂ'n) = H’th...,tn (Al X ... X An) (37)

and

utl,...,tn71<A1 X ... X An—l) = [/Jtl’._.7tn(A1 X ... X An—l X R) (38)

Then there exists a random field with these measures as the finite-dimensional dis-

tributions.

Due to the structure of the multivariate Gaussian density function, any valid covari-

ance function defines a Gaussian random field.
Lemma 3.1 /3] Let K : T x T — R be a symmetric function such that the matriz

1s positive definite for any finite n. Then there exists a mean 0 Gaussian random
vector [Xy,, ..., Xy, | with

K(tz,t]) = CO’U(Xti,th) (310)

for each i, 7.
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Lemma 3.2 The function C(s,t) defined in (3.5) is the covariance function of a

Gaussian random field.

Proof: For t € R* = [R U {400}|? let Z; denote the rectangle

It == Itl X Itg X ... X [td (311)
where )
(t,0] if t<0O
=9 (0,4] if 0<t<oo (3.12)
(0,00) if t=o00

\

[é2)
L

Figure 3.1: Example of Z, N Z, in R?
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Then for any s,t € R*? we can write C(s,t) as the integral

ljtmzs (u) du. (313)

Rd
Let F = {t; : 1 <i < n} be some finite subset of R*! and A be the n x n matrix
[C(ti,t;) : 1 < i,j < n]. Suppose that for 1 < i,j < k, t; and ¢; are in the same

orthant. Then for any = € R?

kook
vTAr = ZZ%/ 1Itm1t-(u) du z; (3.14)
Rd !

i=1 j=1

k k
= /Rd in]‘l—ti (u) Z T, ]‘Itj (u) du (3.15)

_ /R d (Z vl (u)) du (3.16)

=1

> 0. (3.17)

Therefore a mean 0 Gaussian random field exists with the covariance function

C(s,1).

3.2 The White Noise Integral

We begin by considering the family of simple functions built from indicators on
rectangles of the form described in (3.11) and (3.12).
Note that it suffices to consider rectangles of this form since they can be used to

construct an indicator function on a general rectangle of the form R = (ay,b] x ... X
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(ag,bq]. To construct R, begin by writing
d
1R('f) = H 1(%,51’} (331) (3'18)
i=1

Then if a; and b; have the same sign (a;, b;] can be written as I, \ I,,. In addition,

intersections commute with the Cartesian product so we can write

1(ai,bi}<a7z‘) = 11ai\1bi (@) (3.19)
If a; < 0 < b; then I,, and I, are disjoint so we can write

Lo = 10, + 1y, . (3.20)

Let {t; : 1 <14 < n} be asubset of R%, {a; : 1 <i < n} asequence of real numbers

and let f be the simple function
f(u) = zn: a;lz, (u). (3.21)
i=1
Define the random variable I(f) to be
I(f) = aW(t) (3.22)
where W (-) is the Brownian sheet.

Definition 3.3 (White noise integral of a general function) Let f € L*(R?).

Then the white noise integral of f, denoted

/ fu) AW, (3.23)
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s a mean zero Gaussian random variable with variance
/ f2(t) at. (3.24)
Lemma 3.3 For a simple function f
1) = [ flw) aw.. (3.25)

Proof: The fact that I(f) is Gaussian and mean 0 is immediate since the sum of
Gaussian random variables is also Gaussian and the Brownian sheet has mean 0.

To calculate the variance, consider

E(I’(f) = E(Zaﬁif@))

= Y GEWE) +2 Y aaBW W)

1<i<jsn
n d d
= Y a [[ltaal+2 > aay []Itanl Altsl
i=1 k=1 1<i<j<n,tit; >0 k=1
n
= Zaiaj/ 1Itiﬁztj dt
i=1 R
_ 2
= f2(t) dt.
R4

[ |

Next we will show that the white noise integral of a general function can be
considered as the limit of the white noise integral of simple functions. First we define
another notion of convergence of random variables, convergence in probability, which

is stronger than weak convergence.
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Definition 3.4 (Convergence in Probability) [3/ Let {X, : n > 1} and X be

random variables on (2, A, P). Then X,, converges to X in probability, denoted

X, =X (3.26)

lim P (| X, - X|>€) =0 (3.27)

n—oo

for all e > 0.

Lemma 3.4 Let {f, : n > 1} be a sequence of simple functions that converge to
f € L*R?). Then

/ fulu) dW, —* / f(u) dW,. (3.28)
Proof: Since f,, — f in L}*(RY), {f, : n > 1} is Cauchy and therefore for any m,n

E( [ utwyaw,~ [ gt dwu)Q = [0 -pa@F @ 329

— 0. (3.30)
So there exists some random variable X such that
/ fulu) dW, —7 X. (3.31)

Since convergence in probability implies weak convergence, X must be a Gaussian

random variable with mean zero and variance

lim [ f2() dt — / £2(8) dt. (3.32)

n—oo
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[ |
If the convergence of f,, to f is fast enough then we get one more type of conver-

gence, convergence almost surely.

Definition 3.5 (Almost Sure Convergence) [9] Let {X,, :n > 1}, X be random

variables on (2, A, P). Then X,, converges to X almost surely if

P (lim sup | X, — X| > 6) =0 (3.33)

n—oo

for all e > 0.

Almost sure convergence implies convergence in probability and weak convergence.

Lemma 3.5 If {f, :n > 1} is a sequence of simple functions converging to f such

that
Sk ( / £.(u) qu) < o0 (3.34)
then

/fn(u) aw,, — /f(u) dW, almost surely. (3.35)

To prove this we will make use of two common results.

Lemma 3.6 (The Borel-Cantelli Lemma) [3] Let {A,, : n > 1} be a sequence of

events. If

i P(4,) < oo (3.36)
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then

P (lim sup An> = 0. (3.37)

n—oo

Lemma 3.7 (Markov’s Inequality) [3/ Let X be a mean zero random variable on

(Q,A,P) and € > 0. Then

Var(X)

P(IX|>¢) < (3.38)

Proof of Lemma 3.5

By Markov’s Inequality

(‘/fn ) dW,, — /f ) dW,,

for any € > 0. So by the Borel-Cantelli Lemma, for f,, converging to f in L?

(hm sup ‘ / fu(u

) <5 [ho-rara @)

) (3.40)
if
D lfa = fll7z < 00 (341)
n=1
which proves almost sure convergence of the white noise integral.
[ |

The covariance of two white noise integrals will allow us to find the white noise

integral representation of Lévy’s Brownian motion.
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Lemma 3.8 Let f,g € L>(R%). Then

E( [ s [ o dwu) = [ ftogto) ae (3.42)
Proof: We can write
([ fwrawan) = [ o+ o0ra (3.43

_ / PO+ PO+ 2f (g0 dr (3.44)

On the other hand,

E( [ s aw, +/Rdg(u) qu)2 _

E ( / (u) qu)z +E ( / g(u) qu)2 +2F ( / f(u)g(u)qu) . (3.45)

Since the stochastic integral is a linear function, these two are equal and the result
follows. n
These properties immediately yield the white noise integral representation for

Lévy’s Brownian motion.

Lemma 3.9 Lévy’s Brownian motion has white noise integral representation

Ina+1
X, = |1t lu| =@V 1, (u) dW,. (3.46)
Od—1 Bd
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Chapter 4 Expansions for Lévy’s Brownian Motion in Terms of Spherical
Harmonics

In this section we will find an expansion for Lévy’s Brownian Motion and its covari-
ance function in d dimensions as a linear combination of standard Gaussian random
variables. Such expansions can be extremely useful in simulating the processes. The

expansions will be based on the Karhunen-Loeve Theorem and Mercer’s Theorem.

4.1 The Karhunen-Loeve Expansion

Theorem 4.1 (Mercer’s Theorem) [6] Let T' be a compact subset of R? and K be
a continuous positive definite function on T x T'. Then there exists an orthonormal
basis {e; : i = 0} of L* consisting of eigenfunctions of K with corresponding non-

negative eigenvalues {\? : i > 0} and
K(s,t) =) Aej(s)e;(t) (4.1)
=0
where convergence is absolute and uniform.

Theorem 4.2 (The Karhunen-Loeve Theorem) [6/ Let T be a compact subset

of R and {X; : t € T} be a mean zero stochastic process with continuous covariance
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function K(s,t). Then there is an orthonormal basis {e;(t) : i > 0} for L*(T)

consisting of eigenfunctions of K(s,t) and

- f: AnZnen(t) (4.2)

where A2 is the eigenvalue corresponding to e, and

1
Z, =L / Xoen(t) dt. (4.3)
o )

The series in (4.2) is called the Karhunen-Loeve expansion for X; and converges

uniformly to X; in L*(T).

The Karhunen-Loéve Expansion for standard Brownian motion in 1 dimension can

easily be found by finding the eigenvalues of the covariance function.

Lemma 4.1 Let {Z, : n > 0} be a sequence of independent standard Gaussian
random variables and t € [0,1]. Then the Karhunen-Loéve expansion for standard

Brownian motion in 1 dimension is

X, =2 Z%Zn. (4.4)

N =

Proof: We seek to find an orthonormal basis {¢,, : n > 0} of L*((0,1)) such that for

ecach n

/O (5 A D)on(s) ds = Aon(t). (4.5)
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Let
[ = /Dl(s/\t)f(s) ds (4.6)
_ /Otsf(s) ds+t/t1f(s) ds. (4.7)

Then
LEg (45)

which yields the differential equation
f(t) = =Af(t) (4.9)
with the initial condition f(0) = 0. This has solutions of the form
f(t) = esin(tA™Y?) (4.10)
where ¢ is some normalization constant. To solve for A solve the equation:
1
/ (s At)sin(sA™Y/2) ds = Asin(tA~1/?) (4.11)
0

which gives
1
D ] (4.12)
((n+3)m)

for any n € Z. Normalize the solution by setting

/01 ¢ sin® ((n + %)m> ds=1 (4.13)
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which has the solution ¢ = v/2. So the eigenfunctions are
. 1
©n(t) = V2sin ((n + 5)7#) (4.14)
with corresponding eigenvalues
Ap = —5. (4.15)

Now, recall
! 1
Zy = \/5/ X(t) sin <(n + E)ﬂt) dt (4.16)
0

Since v/2X (¢) sin((n + 3)mt) is a standard Gaussian random variable for each n and ¢,
the integral will also be a standard Gaussian random variable. Apply the Karhunen-
Loéve Theorem to obtain the expansion.
[}
These expansions can be extremely useful in simulation, however solving the
eigenvalue problem in Mercer’s Theorem can be difficult or even impossible and
often yields complicated expansions. In the next section we will use the integral
representation of the covariance function given in Lemma 2.2 to derive an expansion

for Lévy’s Brownian motion.



38

4.2 Lévy’s Brownian Motion

Theorem 4.3 Let {X; : t € B} be Lévy’s Brownian motion and K (s,t) = E(X,X;)

be its covariance function. Then

hg(m)

=3 > Xnrl[t)Ami(ls]) Z Om.j(t/[t])m.j(s/]s]) (4.17)
m=0 k=0
where
1
052171 d 2 e (d—1)/2
N ([H]) = ’yk/Pm(ac)(l—x )w/ J(r)r @2 g da (4.18)
na+1 ) 0

P2 is the Legendre polynomial of degree m in d dimensions and {Zy,p; :m > 0,k >

0,1 < j < ha(m)} is an array of independent standard Gaussian random variables

and {pmj:m > 0,1 < j < hg(m)} is an orthonormal basis of spherical harmonics.

We will begin by finding an expansion for a function () which has the property

that
K(s,t) = cd/dyt(u) Ys(u) du =< Yy, ys >12(pa (4.19)
B

for a constant ¢g.

Lemma 4.2 For each u,t € B define the function
yo(w) = [u] =21 4, (u) (4.20)

and let

P (W) = Vi ([u])pm g (w/ u]) (4.21)
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be an element of the orthonormal basis P* as defined in (2.35). Then

[ ) du = it e/ ) (1.22)

where

1 z|t]
am i ([t]) = Udl’Yk/ P(x)(1— 332)’7"1/ Jk(r)r(d’lw dr dx (4.23)
0 0

where P, the Legendre polynomial of degree m in d dimensions and oq4_1 is the

surface area of ST,

Proof: We begin by writing the integral in polar coordinates.

[ i@ ae = 2 [ [ Rens@re 2 dr dote)  (12)

Bd 0-t>0 0
_ / By (8- /1)) g (8) do(6) (4.25)
0-t/|t|>0
where
x|t|
D, () = / J(r)rd=D72 gy (4.26)

0

We can now apply the Funk-Hecke Theorem to get

/yt(u)Pm,k,j(u) du = oo i ([t])pm, 5 (t/2]) (4.27)
where
ami(|t]) = ad_l/Pm(x)(l — 2°) 1D, 4 () da. (4.28)
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This allows us to expand y;(u) in terms of the spherical harmonics as

[e%¢] '] hd(m)

ye(u) = Z Z < Yty Pkej > P (W) (4.29)

m=0 k=0 j=1
= ZZ@M 1) Z Pk (W) pm,; (¢/[t])- (4.30)
=0 k=0 Jj=1
Now, note that
Na+1

Od—1

/Bd Y (u)ys(u) du = K(s,t). (4.31)

Using the expansion for y; given in equation 4.30 gives the following expansion

for K in terms of spherical harmonics.

1
K(Sa t) = 1 i <Y, Ys > (432)
0d—1
oo oo hg(m)
+1
- nz > <Y1, Pk >< Ys, Pk > (4.33)
d=1 20 k=0 j=1
o9} ] hd(m)
= 3OS Nkt DAl 7 ot/ E)om(s/1s)  (4.34)
m=0 k=0 j=1
where
Ng+ 1
Ama(t]) = It (4.35)
0d—1

|
This also leads to an expansion for Lévy’s Brownian motion. Note that since the
basis vectors used are not eigenfunctions of the covariance function this will not be

the Karhunen-Loéve expansion, but can still be shown to converge with probability

1.
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Theorem 4.4 Let {Z,1; :m > 0,k > 0,1 < j < hg(m)} be an array of indepen-

dent standard Gaussian random variables and define

oo oo hq(m)
K= 303 dnllth D ot/ 1t Zons- (4.36)
m=0 k=0 j=1

Then {Xt :t € T} is equal in distribution to Lévy’s Brownian motion and the sum

converges with probability 1.

To prove that {X; : t € B?} is Lévy’s Brownian motion we need to show that it is
a mean 0 Gaussian random field with covariance function K (s,t). Fubini’s Theorem

will be used to justify exchanging the sums with the expectation.

Theorem 4.5 (Fubini’s Theorem) [11] Suppose (2, A, P) and (A, F,v) are o-
finite measure spaces. Let f be a real-valued A x F measurable function on 0 x A

such that at least one of the quantities

1.

/ f ()l d(P x v)(@,y)
2.

| vt are
3.

| [ et aro) aw)
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is finite. Then

fen dpx e = [ |[ s )

_ /A [ /Q Fz,y) dP(x)] dv(y).

Proof of Theorem 4.4: The fact that X; is mean 0 and Gaussian follows immediately

QxA

from the fact that it is a sum of mean 0 Gaussian random variables.

To simplify notation for the following, let

00 oo hg(m)
D . (4.37)
m,k,j m=0 k=0 j=1
Then
XiXo = ) Nk (DA (1)@ (8 1) i (/1)) Zum o Zoni- (4.38)

m,k,j n,li

So E(X;X;) can be thought of as the iterated integral of integration with respect to
a counting measure, v, and the density of the normal random variable, P. Recall

that {Z,,;} forms an array of i.i.d. standard normal random variables so

E(Zm,k,jZn,l,i) = 6(m,k,j),(n,l,i)- (439>

Also,

> s (DX (1) m,s ¢/ 18] 0,55/ 15)] =

m,k,j

Cd Z ’< Yty Pm.k,j >< Ysy Pm,k,j >’ (440)
m,k,j
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where < -, - > is the standard L? inner product and v, py, x; are defined as in (4.20)
and (4.21).

By Holder’s inequality this is bounded above by

Cd\/z | <90 Dmrg > 2 Y 1< Yo P > 1= callyillizonl9sll 2y (441)

m7k7j m7k7j

This is finite so Fubini’s Theorem implies

E(XXe) = Y Mk (DA b (15D s ¢/ [tom,s (/1) E(Zp, i) = Ks,).  (4.42)

m,k,j

Therefore X; converges to Lévy’s Brownian motion. All that remains is to show it

converges with probability 1, which will use the following.

Lemma 4.3 [3] Let {X,, : n > 1} be a sequence of independent random variables on
a common probability space. If > 07 Var(X,) < oo then Y >, X, converges with

probability 1.

Define

Konkg = At ([t]) om i X/ [t]) Zom - (4.43)
Then {X,,x;} is a sequence of independent random variables with variance
Var(Xmg;) = A (H) @ 0,5/ 1£])- (4.44)

So

Z Var(Xpg;) = K(t,t) < oo. (4.45)

m,k,j
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Therefore X; converges to Lévy’s Brownian motion with probability 1. [
The expression for K (s,t) given in (4.17) can be simplified significantly by ex-

changing sums and integration and applying Lemma 2.9. First, by Lemma 2.9

hq(m) hd(m)
Om,i($/18|)em,;(t/|t]) = (s - t/]s||t]). .
Z (s/1s))m,;(t/t]) p— P(s - t/]sl]t]) (4.46)

Next we will work on switching the double integral with one of the infinite sums. To

simplify notation, let

Qm(@,y) = P(2)(L = 2*)" P (y)(1 — y*)™ (4.47)
where P, is the Legendre polynomial of degree m. Note that [Q,,(z,y)| < 1 for all
z € [0,1].

Let

fn<s,t>—§wz/01/ol@m<x,y>/j

It ylsl
J (a1 dr/ Jw)u'=Y/2 du dx dy.
0

(4.48)

And recall Lebesgue’s Dominated Convergence Theorem.

Theorem 4.6 [11] Suppose {f, : n = 1} is a sequence of measurable functions
that converges point wise to a real-valued function. Further suppose that there is a

nonnegative integrable function, g, such that |f,| < g for alln. Then

/ lim f, = lim [ f,. (4.49)
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If we can show that there is some function, ¢, integrable on B? x B¢ such that for

every (s,t) € BY x B? and every n

| fu(s, )] < g(s,) (4.50)

then Lebesgue’s Dominated Convergence Theorem can be applied to (4.17).

First, using the fact that |Q,,(z,y)| < 1, we obtain the bound

nl:0) / / Z o / Ry ar [ " I du) ds dy.
0 0
(4.51)
By the Cauchy-Schwarz inequality, this is bounded by
1ol zlt| 2
/0 /0 / Ve J(r)r@d=1/2 dr Z / Ve JE(w)uld=/2 du| dz dy.
- (4.52)

However, since all the terms in the summation are positive, this is bounded by

11 alt| 2 0 | pylsl 2
// Ve (r)rd=1/2 dr Z/ Ve S (w)uld=D/2 du| dz dy.
o Jo o | /0
(4.53)

Now rewrite this as

1 1 | oo o 0 9
/0 /0 Z ’<’7ng(T)T(d—1)/2, 1(0,x|t|)(r)>‘ Z ‘<7kj,f(u)u(d—1)/27 1(07y‘5|)(u)>’ dx dy

k=0 k=0

(4.54)
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where < -,- > is the L?((0,1)) inner product. Since {7 JZ(r)r@Y/2: k > 0} forms

an orthonormal basis for L?((0,1)) this is equal to

1 1
/ / H Lo
0 0

Since g(s,t) = 1 is integrable on B¢ x B? the Dominated Convergence Theorem

rdy <1 (4.55)

1 ) d
L2((0,1)) H (Oylsl) L2((0,1))

implies

o0

Again, we can rewrite the inner integrals as inner products and this is equal to

/01 /01 Qm(,y) <1(0,r\t|)7 1(0,y\s\)> dr dy = /01 /01 Qm(x,y)(x|t| ANyls|) dz dy.
(4.57)

We have just proven the following:

Lemma 4.4 The covariance function for Lévy’s Brownian motion can be written as

K(s,8) = ca S ha(m)Pu(s - /]5]]t]) / / Qu(w.y)(alt] Ayls]) de dy.  (4.58)

This expression will be very useful in simulating Lévy’s Brownian motion.
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The ideas in the preceding section can be generalized to find the expansions of a

family of random fields, {X? : p+ d > 0} with similar covariance functions.

5.1 Definition

For each p > —d define the measure v, on B¢ by

Then define the function K, : B* x B* — R by
K,(s,t) =v,(As N Ay)

where

s={ueR: ju—s/2| <|s|/2}.

(5.1)

(5.2)

(5.3)

For each p the p-process is defined to be a mean zero Gaussian random field with

K, as its covariance function.

Kolmogorov’s consistency conditions will allow us to conclude that such a random

field exists.



Lemma 5.1 For any finite F' = {t; : 1 <i < n} with t; € B? the matriz

A= [Kp(tl,t]) 01 < Z,j < n]
18 positive definite.

Proof: Let

yep(w) = [uf?? 14, (u).
Then we have the integral representation

+1
Ky(s,t) = L /Bd Yrp(W)ysp(u) du.

0d—1

So the matrix A is

A= [/ yti7p(u)ytj7p(u) du:1<i,57<n
Bd

for some n € Z™.

Therefore, for any x € R”

e = 33w [ o) du,

i=1 j=1

= /Bd (g :cl-ythp(u)>2 du

which is non-negative for any choice of .

48

(5.6)
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Note that we can calculate the variance of the process X;, by calculating the

integral

vp(A) = |u|p du

ot
= / / rPT dr do (6)

0- t>0

= m ((9 t)p+d do(@)
0-t>0

Now, apply Lemma 2.3 with v =0, u = t/|t| and ®(x) = mp+d1{x>0} to get

1
;ildltw / a1 — a2y dr = Bt
0

where

0d—1

R

B((p+d+1)/2,n+1)

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)

So the variance will be close to zero near the origin and increasing as it moves away

from the origin. Note also that since [¢[P™¢ is decreasing in p +d for 0 < [¢t| < 1 that

the variance at a fixed point decreases as p + d increases.

It is also helpful to consider the process along a ray from the origin. Let r,s > 0

and consider

Ky(r0, 50) = vp(Apns)io) = Bpalr A 5P+,

(5.15)

Now, to examine the behavior of the process in increments along this ray, suppose

the length of the increment is held constant at 7 > 0 and consider

Var(Xgirop — Xrop) = Bpd ((r + T)p“l — rp+d) )

(5.16)
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This is constant if p + d = 1, increasing in r if p +d > 1 and decreasing in r if
O0<p+d<l
As in the case of Lévy’s Brownian motion, the integral representation for the

covariance function allows a white noise integral representation of the p-processes.

Lemma 5.2 The p-processes have the white noise integral representation

1
X, =1 / P21, (u) AW, (5.17)
Od—1 Bd

5.2  Expansions of P-Processes in Terms of Orthogonal Polynomials

As with Lévy’s Brownian Motion, the p-processes and their covariance function have
expansions in terms of spherical harmonics and independent standard Gaussian ran-

dom variables.

Theorem 5.1 Let {X;, : t € B%} be a p-process and K,(s,t) = F(X,,X;,) be its

covariance function. Then

S ha(m)
Kp(s,0) = cpa D> At ([E) A p([51) Z Pm,j /[t pm,i(s/ls]) — (5.18)

m=0 k=0

where

na+1 ! @l
)\m,k’,p(’t‘) = 041 /0 Pm(l')(l — 332)77d/0 Jk<,r.)7,.d+l7/2—l dr dl’ (519)

P,, is the Legendre polynomial of degree m and {Z,,;; : m > 0,k > 0,1 < j <

hqg(m)} is an array of i.i.d standard Gaussian random variables.



We begin by finding an expansion for a function ¥, with the property that
Kp(s,t) = ca < Yip, Ysp >12(B) -
Lemma 5.3 For each u,t € B define the function
yrp(u) = [u[”? 14,

and let
P (1) = e (|]) . (u/u])

be an element of the orthonormal basis as defined in equation 2.35. Then

/B Ve (WP () du = o ([t om,i (¢/]t])

where
1 z|t|
U p([t]) = '714:/ P, (x)(1 — :102)7"1/ Jk(r)rd+p/2_1 dr dz.
0 0

Proof: We begin by converting the integral to polar coordinates.

0-t
/?Jt,p(u)pm,k,j(U) du = / /Jg(’)")gpmﬂ.(e)frd'i'p/?_l dr do(6)
B 0-t>0 0
= [ g0t/ (6) do(6)

0-t/|t|>0

where
x|t|

Dy pp(z) = %/J,f(r)rd+p/2—1 dr.
0

ol

(5.20)

(5.21)

(5.22)

(5.23)

(5.24)

(5.25)



We can now apply the Funk-Hecke Theorem to get

/ o ()P s (1) s = s ([H) P (£ 1]

Bd

where
1

Ak p([t]) = a1 / P(x)(1— $2)"d<13t7k7p(:£) dzx.
0

This yields the expansion

0o 00 ha(m)
ytp ZZamkp |t| mekj Qom](t/|t|)
m=0 k=0
Now, note that
na+1
Kp(S,t) == < yt,pa ys,p >
Od—1

oo oo hg(m)

= Z < Ytpr Pmk,j =< Pmk,js Ys,p =
m=0 k=0 j=1

and Theorem 5.2 follows with

Ng + 1

A pp([t]) = W gep([2]):

This also yields an expansion for the p-process.

Theorem 5.2 Let p+d > 0 and define

ha(m)

ti Zz/\mkp t1) Z P, (/) Zimns-

m=0 k=0

Then X’t,p converges to a p-process with probability 1.

52

(5.26)

(5.27)

(5.28)

(5.29)

(5.30)

(5.31)

(5.32)
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Proof: To prove that {Xt,p .t € T'} is equal to the p-process we need to show that it
is a mean 0 Gaussian random field with E(X,,X,,) = K,(s,t). The fact that X,,
is mean 0 and Gaussian follows immediately from the fact that it is a sum of mean

0 Gaussian random variables. Also,
XipXop = D Ak Asp (50 @ms, (8 [8) i (5/|81) Zn Zns- - (5.33)

m,k,j m,li

Now
D Pk (D) Aot o181 @ (8 1) 0 i (/1)) =
m,k,j

Cqd Z ’< yt,papm,k,j >< ys,papm,k,j >| (534>

m7k7j

where < -, > is the standard L? inner product and y; , pm 1 ; are defined as in (5.21)
and (4.21).

By Holder’s inequality this is bounded above by

Ca [ D 1< Y Pmki > P D1 < Yo Dy > 1> = callvepll 2o [vspll (s
m,k‘,j m’kuj

(5.35)

This is finite so the sums and expectations can be exchanged. Therefore

E(XopXip) = D Amsp (D Ao (8o, (1] [Eleom i (/|8 E(Z2 ;) = K5, 1)
m,k,j
(5.36)

Therefore Xtyp converges to the p-process. It remains to show that it converges with

probability 1.
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Define

Xm,k,j = mkp(|t|)80mj(t/|t|) mk.,j- (5-37)

Then {X,,x;} is a sequence of independent random variables with variance

Var(Xm,) = A i p(t) e (¢/12)- (5.38)
So
D Var(Xme,) = Ky(t,t) < oo, (5.39)
m,k,j
Therefore X, , converges to a p-process with probability 1. |

The expression for K,(s,t) given in (4.17) can be simplified significantly by ex-
changing sums and integration.

Let

frp(s,t)
zlt] yls|
Z%/ / Qm(z,y / J(r)rdte/21 dr/ JHw)u??7Y du da dy  (5.40)
0

where (), is defined as in (4.47).
If we can show that there is some function, g,, integrable on B? x B¢ such that

for every (s,t) € BY x B? and every n

| frap(s, )] < gp(s,t) (5.41)

then Lebesgue’s Dominated Convergence Theorem can be applied.
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First, using the fact that |Q,,(z,y)| < 1, we obtain the bound

Lot zlt| yls|
| fap(s,t)] < / / > i / JA(r)r® 271 gy / JHw) 271 du| da dy.
o Jo 155 0 0
(5.42)
By Holder’s inequality, this is bounded by
1 pl x|t 2
/ / Ve JE(r)rdte/2=1 dry Z/ Ve JE(w)udtr/2=1 du| dx dy.
0o Jo —
(5.43)

However, since all the terms in the summation are positive, this is bounded by

2 2
1,1 alt] s ylsl
// Ve JE(r)rdt/2=1 dry Z/ Ve S (w)udtr/2=1 du|  dz dy.
o Jo o |0
(5.44)

Now rewrite this as

[\

2
‘ %Jd( )r(d=1/2, (d+p—1)/21(0,x|t|)(7“)>‘ x
0

o] 2
ZK%Jd Pa-0/2 yo-1/21 0 (u )>‘ dz dy (5.45)

k=0
where < -,- > is the L?((0,1)) inner product. Since {7 J&(r)r@Y/2: k > 0} forms

an orthonormal basis for L?((0,1)) this is equal to

T(d+p_1)/21(0,x|t|)(7”) dr dy <1 (5.46)

L2((0,1))

Hu(d“’_l)/ 21<07y\s\>(U))

L2((0,1))
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Since g(s,t) = 1 is integrable on B? x B¢ with respect to the measure du(u) =

|u|PT4=1 du for p > —d, the Dominated Convergence Theorem implies

00 1,1 alt] yls|
27’3/ / Qm(,y) / TE(r)rt e dr / TPt du de dy =
k=0 0 0
1,1 o pxlft] yls|
/ / Qm(z,y Z/ Ve J (1) rd P21 dr/ Ve S (w)ut P2 du da dy. (5.47)
0 Jo = Jo 0

Again, we can rewrite the inner integrals as inner products and this is equal to

//Qm” (P02 g (), 72 L (1)) da dy =

— / / Qunla, ) (wlt] A yls|)P* da dy. (5.48)

We have just proven the following:

Lemma 5.4 The covariance function for the p-process can be written as

1 1
(s,t) —cdehd (s-t/]s||t]) / / Qum (2, ) (x|t| Ay|s|)PT do dy. (5.49)
o Jo

This expression will be very useful in simulating the p-processes.

5.3 Properties of P-Processes

5.3.1 Stationarity

Definition 5.1 (Strictly Stationary Random Field) [17] A random field {X; :
t € T} is called stationary if all finite dimensional distributions are invariant under

translations.
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Since the variance of the p-processes is a power of |t| for every p, all p-processes,
including Levy’s Brownian Motion are non-stationary. Levy’s Brownian Motion does,

however, have a local stationarity property.

Definition 5.2 (Locally Stationary) [17] Let G(T') be the group of all rotations

and translations in T C R™. The random field {X, : t € T'} is locally stationary if
{Xg) — Xy i t€TH="{X, — Xo:t €T} Vgeg(T). (5.50)
Lemma 5.5 Levy’s Brownian Motion is the only p-process that is locally stationary.

Proof Tt was shown in (5.15) that for p +d # 1, {X;, : t € B} is not locally

stationary. If p 4+ d = 1 then the p-process is Lévy’s Brownian motion and

Var( Xy — Xg0) = lg(t) — g(0)| = [t| Vgeg. (5.51)

5.3.2 Isotropy

Definition 5.3 (Isotropic Random Field) Let G(T') be the group of all rotations

of T C R%. A random field with covariance function C(s,t) is called isotropic if
C(s,t) = C(g(s),g(t)) Vg € G(T),Vs,t €T. (5.52)

Lemma 5.6 All p-processes are isotropic in all dimensions.
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Proof: The rotation of a vector t € R? can be expressed by Qt where @ is a real

unitary matrix with determinant 1. Then for any p,d with p+d > 0

K,(Qt,Qs) = // rPT1 dr do(6)
{0<r<B-(Qt)NO-(Qs)}

1
- [ @ ia@e) st
Te)tA(QTH)-s>0}
= +d / (a-tAa-s)P " do(a)
b {a-tha-s>0}
= K,(s,t).
Theorem 5.3 Let
haq(m)

ZZAmkp 12l) Z P (t/[t]) Zim k. s- (5.53)
m=0 k=0

Then {X%’K .t € B} is isotropic in all dimensions and for all M, K .

The proof relies on the following property of spherical harmonics:

Lemma 5.7 [8] If p is a rotation on B and H = {h; : 1 < i < hg(n)} is an or-
thonormal basis for HE then p~'(H) := {h;jop'1 <i < hg(n)} is also an orthonormal

basis for He.

Proof of Lemma To show that p~! o h is harmonic, we take

523 (h(p(2) = T30l 0) + S0} ). (5.5)
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Since h is harmonic and p is linear, this gives Ah o p = 0. Further, for any inner

product, < -,- > and g, h € H¢ we must have

<p Hg),p ' (h) >=<g,h >

so the image p~!(H) will also be an orthonormal set. Since p is an injective function,
p~L(H) will also be the same size as H, and therefore p~!(H) is an orthonormal basis
for H4.

Proof of Theorem:

Let p be any rotation of B¢ and

M K hq(m)
K5 (5,) =) Mk (D A (I81) D @i (/£ o (5/15]) (5.55)
m=0 k=0 J=1

be the covariance function for the random field {X%’K .t € B},

Then
M K ha(m)
Ky (), 0(8)) = D0 Ak At ([51) D @m0t/ 1E)m i (p(s/15])
m=0 k=0 j=1
= K" (s,1).

5.4 Generalization to Balls of Radius «.

The Gaussian random fields from the previous sections can be generalized to be

defined on any sized ball in R?.
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5.4.1 An Orthonormal Basis

First, we need to define a new orthonormal basis. Let B? denote the ball of radius

a centered at the origin in RZ.

Lemma 5.8 Let P*” denote the Jacobi polynomial of degree n with parameters o
and (3. Then {P,&Oﬁ) (%x — 1) 'n < 0} is orthogonal with respect to the weight x°
on [0,a]. i.e.
/a PP (zx — 1) POA (gx — 1> 27 de =0 form#n. (5.56)
0
Proof: Using the change of variables y = x/a we can rewrite (5.56) as

1
aﬁ+1/ PO 2y — 1)POD (2 — 1)y dy (5.57)
0

which is 0 for n # m by Lemma (2.4). |

This leads to the orthonormal basis for B,
Py = (Yo i (Jul/a)pni(uflul) s 0,k > 0,1 < j < ha(n)}- (5.58)

where J{ is the Jacobi polynomial of degree k with parameters « = 0 and §=d —1,
{¢n,j: 1< j < hg(n)} is an orthonormal basis for the spherical harmonics of order

n and v,y is a constant chosen so that

e [ URafa) de =1, (5.59)
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A simple calculation and change of variables shows that
Ve =0a " =a"(2k + d) (5.60)
where v, = v/2k + d is the normalization constant from P?, the orthonormal basis

for L?(BY).

5.4.2 Expansion in Terms of Orthogonal Polynomials

The expansion for the p-processes on the ball of radius a is similar to the expansion

on the unit ball and can be found using a similar method.

Theorem 5.4 Let {X;, :t € B} be the p-process on the ball of radius a and K, be

its covariance function. We can write

Kyp(s,t) =a” > > Mgt D omy(t/[¢]) (5.61)

m=0 k=0 m=0
and
00 00 hg(m)
Xip=a"?> > Nsp([t) D oms(t/[2]) (5.62)
m=0 k=0 j=1

where A\, ip and o, ; are the same as in Theorem 5.2.

Proof: We begin, as in the proof of Theorem 5.2 by using the function

yp(w) = [uP?1 4, (u). (5.63)
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Then
0-t
[t Gl iemstuft) du = [ ons@) [ jante ar doto)
Bd 6-t>0 0
A [ OO 1t]) d(0)

0-t>0

where ®;,, () is as defined in (5.25). Now, we apply the Funk-Hecke Theorem to

obtain

/yt,p(U)Jif(IUI/a)SOm,j(U/IUI) du = a2, g ([t] /@) pm,i (/]2])- (5.64)

Bd

a

where oy, 1, 1s as defined in (5.27).

The rest of the proof is identical to that of Theorem 5.2 . |
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Chapter 6 Simulations

In this chapter the expansions for Standard Brownian motion, Lévy’s Brownian
motion and the p-processes found in the preceding chapters will be used to simulate

the random fields for values of ¢ along a ray from the origin.

6.1 Standard Brownian Motion

Recall the Karhunen-Loéve expansion for standard Brownian motion on [0, 1] is

X, = \/_ZMZH (6.1)

0]
where {Z,, : n > 0} is a sequence of independent standard Gaussian random vari-
ables. Finite truncations of this sum can be used to generate simulations. Figure 6.1
used the first 100 terms in the expansion with 100 time steps. Figure6.1 used 1000

terms with 100 time steps
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Figure 6.1: Brownian motion with 100 terms

|
o
a

T

|

0.1 02 03 04 05 06 07 08 09 1

Figure 6.2: Brownian motion with 1000 terms

6.2 Lévy’s Brownian Motion and the P-Processes

In the case of Lévy’s Brownian motion and the p-processes the expansions for the
covariance function can be used to simulate the random fields much more efficiently

than the expansions for the random fields themselves.
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Lemma 6.1 [18] Suppose K is a positive-definite symmetric matriz. Then there

exists an upper triangular matriz, R, such that RRT = K.

The product RR” is called the Cholesky decomposition of K and is very useful for

simulations of multivariate Gaussian random variables.

Lemma 6.2 [18] Let K be an nxn positive-definite symmetric matriz with Cholesky
decomposition RRT and let Z be an n x 1 wvector of standard Gaussian random

variables. Then RZ is a mean 0 Gaussian random vector with covariance matriz K.

Recall that the expansion for the covariance function K was obtained by taking

K(s,t) = cdz <y e>< Ys, e > (6.2)

eckE

where y;, y, € L?(B?) and E is an orthonormal basis for L?(B%). For a fixed integer

N > 0 define Ky to be a finite truncation of the sum in (6.2),

N
Kn(s,t) = cdz < Yy € >< Ys, €5 > (6.3)

i=1

where {e; : 1 <7< N} C E. Then for any finite matrix n, define the matrix

M = [Kn(t;,t;) : 1 <i,j <n. (6.4)
For any vector x € R”
N
TMz = ¢ Z sz < Yt;, e >< Yp;, €k > T (6.5)

1<6,j<n k=1

N n 2
= ¢4 (Z T < Yp,, €k >> (6.6)

k=1 =1

%

)
=
N
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So M is positive definite and therefore any finite truncation of the sum in (6.2) can

be used to simulate a random field.

6.3 Lévy’s Brownian Motion

Recall that the covariance function for Lévy’s Brownian motion can be written as

K(s,t) —chhd (s-t/|s||t]) /0 /0 Qm(z,y)(z|t| Ayl|s|) dx dy (6.8)

where Q,,(7,y) = P (2) P, (y)(1—22)" (1 —y?)" and P, is the Legendre polynomial
of degree m in d dimensions.
To reduce computation time, we will simplify this expression further. Recall that

the Legendre polynomial is equal to

dm
P(z) = (=1)m2™™ (1— M (1 — g?)natm, .
(v) = Hndﬂ )Mo (1= a?) (6.9)
So
Quilr,y) = P2 (1 — a2yum Ly pynaem (6.10)
e " dxm dy™
where

pm = (=1)"27" [ [(na + )" (6.11)

=1
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So

K(s,1) =
o0 1 1 dm dm
e Pl t/]5]/t) 2, / / A g gyt Tyt (i) nyls)) de dy
— o Jo dx dy
(6.12)

where ¢, = \/ha(m)p,,. Consider the double integral

dm
nd+m 1— 2\ng+m 1
[ [ U=l Ayls) dedy (613)

for m > 2. The cases m = 0 and m = 1 can be computed directly. If we assume that

|t| > |s| > 0 then this can be rewritten as

- ylsl/ltl - gm .
|t| d m — %) r—— 1 — 2?)1™ dy dy  +

dx™

1 dm
s |/ v [ dedy, (6.4
Yy

i/t 4™
Using integration by parts
wel/itl g
/ r——(1 — 2%)1t™ dy =
0 dx™
" 2 dm 2 1/l
y\s\/\t!d —— (1 —z#)nm ’z=y|s|/\t| - W(l — g?)natm VR (6.15)
Also, since (1 —x?)natm| =0 for all k < ny+m,
/ " T (L= @) i = = (1= 22 [y - (6.16)
yls
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Incorporating these into (6.14) gives

! d" 2\nqg+m dm_2 2\ng+m |ylsl/It]
Sl [ T (e ey (6.17)
0

However, for odd k < ng +m,

dk

d k<1 - )nder ‘x=0 =0 (618)
T
SO
dm72 ) N 1 dm ) N
— (1 — g7y —— (1 —y*)" ™™ dy =0 6.19
= L [ ey (619
and therefore
K(s,t) = fo(s,t) + fi(s,t)—
1 dm ) dm—2 )
calt| Zhd (s- t/|3||t\)/ dym(l_y )"d+mm(1—$ )1 yrsl 1t Y -
(6.20)

Now, if we rewrite

m—2

o g = (/1D 50 (L= (sl el?)™* ™ (6.21)

drm—2 (1- xz)nﬁm

and perform repeated integration by parts starting with

dm 2
dym—2

an
dy™

(1= (Isl/Itly)*)™™ and dv = ——(1 — y*)"*" dy (6.22)

u =

we get

/1 dm (1 . 2)77d+m dm? (1 _ (| |/‘t| )2)77d+m dy =
o dymt Y dym=? SV v
d2m72

(—1)"1/O (1 —yQ)”‘”mW (1= (Isl/[tly)*)™ ™ dy. (6.23)
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So

K(Sat) = fO(Svt) + fl(S,t)—

00 1
d +
calt] D (=Is1/ )5 P51/ [ t]) / A=y s (L= @)™ Loyt dy.
m=2
(6.24)
Now we will simulate Lévy’s Brownian on an interval by approximating the covariance
function at discrete points along a vector. Since Lévy’s Brownian motion is isotropic

it suffices to consider

(X, 1t = key) (6.25)

where e, is a standard basis vector in R? and k is any real number with |k| < 1

Additionally, if ¢; = k1e, and t; = kqe,, then for any m,
Pults-t3/Itl1t5]) = Pr(1) = 1. (6.26)

So in this case we can think of the covariance function K as a function of two real

numbers. For 0 < ¢ < 7 < 1 define

K;\/(%]) (%])‘i_f?( )

2m—2

N 1
m d m
cqJ Z 2/] /0 ( y2)77d+ W<1 — x2)’“+ ’mzyi/j . (627)

This is a finite truncation of the expansion of covariance function K evaluated at s

and ¢t where |s| =i and |t| = j. So in order to simulate Lévy’s Brownian motion on
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an interval we evaluate

M= [K\(i,5):0<i<j<]] (6.28)

then find the Cholesky factorization of M and multiply it by a matrix of standard
Gaussian random variables. The following simulations were created using this pro-

Cess.

0.04

0.02

o

-0.02

—-0.04-

-0.06-

-0.08-

0 0.1 0.2 03 04 05 06 07 08 09 1

Figure 6.3: Lévy’s Brownian motion with 500 terms, d=3



0.08

0.06

0.04

0.02

Figure 6.4: Lévy’s Brownian motion with 1000 terms, d=3

0.25

0.2f

0.15F

0.05F

-0.05

0.1 0.2 03 04 05 06

Figure 6.5: Lévy’s Brownian motion

07 08 09 1

with 100 terms, d=5
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6.4  p-processes

In this section we will discuss simulation of the p-processes along a ray from the

origin. Recall that the covariance function for the a p-process can be written as

K,(s,t) =

1 1
cdehd t/lslt) [ [ Qutestail nplsr do dy. (629)

As with Lévy’s Brownian motion, further simplification of the double integral will
reduce computation time. If we assume that [t| > |s| > 0 and m > 2 then we can

rewrite the double integral

dm
(1 —z?)1tm™ — (1 — 2yna+m (|t p+d .
/ / preiCht gy (LY et Agls) (6.30)

as
L[t dr ylsl/I¢l g dm

1 dm 1 dm
s p+d/ yPr (1 — o2 Thﬁm/ ——(1 — 2"t dx dy. (6.31
e [y [ e (631)

Using integration by parts

v/l gm - g dmH It
prd 2 (] g 2ynatm g e S (1 — g?ymatm|
/0 (1= v = (lsl/ [ o (U= 2®)5 oy

s/ g1 i
S [ e et (632
0

dxm 1
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Incorporating this into (6.31) gives

» 1 dm _— yls|/|t| det dm—l _—
— d)|t)P —— (1 — gy)tat™ pra=t —— (1 — %)™ dx dy. (6.33
et [y [T e de dy. (633)

Now this can be simplified even further using integration by parts by taking

ulsl/ I gm-1 g
u= /o xp+d_lm(1 — %)™ dz and dv = dy_m(l — )Mt gy (6.34)

Since u(0) = 0 and v(1) = 0, (6.31) is equal to

dmfl m—1

(1= ") (U= @)™ oy dy - (6.35)

1
(p+ d)lSl””/ yProt ——
0 dym—t

Further, recall that the constant, c¢,4 in the expansion of K, given in is equal to
ca/(p + d), where ¢4 is the constant in the expansion of K. So the form of the

covariance function that will be used to simulate the p-processes is

Kp(‘S?t) = fp,0(87t) + fp,1(37t)+

dm m—1

00 1

— m d m

Cd|8|p+dqunpm(s't/lsHtD/o yr e 1dy—m(1—y2)”d+ —d$m_1(1—$2)"d+ |o—ylsi/i Ay -
m=2

(6.36)
Now we will do a more explicit calculation for the case p + d = 2. The method

described below can be generalized to work for any integer value of p. Consider the

integral
! dm 2 + dm_l 2 +
— (1 — larm (1 — Mam st Ay 6.37
/0 ydym( y )t (=) |a=ylsl/ ) Ay (6.37)

Use integration by parts with u = y and

dm m—1

dv = dy_m(l - yQ)nd+mW(1 - x2)T]d+m ‘x:y|s|/\t| dy (638>



to get

1 dm _— dm—l ) 1
/ Yo (L= ) (L= @) [y y =/ u(y) dy
0 Y 0

dz™—

where

1 dm m—1

m d m
v(y) =/ — (1 —u?)"t e G )M | st du -
Yy

du™
Using repeated integration by parts on v, starting with

m

d
o=uls|/l| and dw = du_m(l — u?)mtm dy

dm—l

= (1— x2)nd+m

v simplifies to

m . dm+l€72 gt dmik ng+m
D () s (L= ) oy e (U= )

2m—1

1
d
(_1)m/ (1 _ y2)77d+mdu2m71 (1 _ u2>nd+m du.
Yy

However, note that for each & > 1

dm+k 2 ) N dmfk N
/0 W(l—x ) | mylol - e (L= ) dy =

1 dm+k 1 _— dmfkfl -
_/O it (L= @)™ ool W(l — y?)tm gy
Therefore
dm+k—2 ) . dm_k , )
/0 dxm+k_2(1 -7 )nd+ ‘x=y|s|/\t| W(l -y )nd+ dy =
k=1

nd+m d2m72 (1 . 2)nd+m d
"m d 2m—2 Y Y.
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(6.39)

(6.40)

(6.41)

(6.42)

(6.43)

(6.44)
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So

2m—2

1 1
d
m 2 m 2 m
/0 v(y) dy = (—1) m/o (1 —y*)mt W(l =y dy+

1 r1 _— q2m-1 _—
(_1) /0 /y (1 —u )77(1 W(l —u )nd du dy. (645)

Replacing the integral

/1 — (1 2)"d+m—dm_1 (1 — )t | d (6.46)
— — T T=y|s .
VgL e ulsl/le) 4y

given in (6.36) gives an expansion for the covariance function Ks_4(s,t). The follow-

ing simulations were obtained using this representation for the covariance function

in the manner described in the previous section.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 6.6: d=3, p=-1, 100 terms, 50 time steps
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-0.06-

-0.08

0 0.1 02 03 04 05 06 07 08 09 1

Figure 6.7: d=3, p=-1, 30 terms, 100 time steps
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Chapter 7 Conclusion

This thesis introduces a new family of isotropic Gaussian random fields that are not
locally stationary and presents two types of representations for isotropic Gaussian
random fields. The first is a stochastic integral representation. The second is a
new expansions as an infinite linear combination of independent standard Gaussian
random variables that converges with probability 1. Finite truncations of this rep-
resentation are used to simulate the random fields along a ray through the origin in

R,
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.1  Code for Simulating Standard Brownian Motion

step=.01;
m=1000;
U=0:step:1;

%Create a vector of standard Gaussian random variables
W=normrnd(0,1,m+1);

lambda=zeros(1,m+1);
E=zeros(length(U),length(U));
Eprime=zeros(length(U),length(U));
for k=1:m+1

%%Define the eigenvalues
lambda(k)=1/((k-.5)*pi);

Jkth column of E is the kth eigenfunction

%% evaluated at each point of U
E(:,k)=sqrt(2)*sin((k-.5)*pixU);

Jkth column of Eprime is kth column of E times

%lhthe kth eigenvalue and a standard Gaussian random variables
Eprime(:,k)=E(:,k)*lambda(k)*W(k);

end

figure;plot(U,Y);

.2 Code for simulating Lévy’s Brownian Motion Along a Ray

d=5;etad=(d-3)/2;

M=100;

syms X sty

JhCreate the constant sigma_d-1
sigd=2*pi~ ((d+1)/2)/gamma((d+1)/2);

c()=1;
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c(2)=d;
for m=3:M
u=2*xm-4;
%hCreate the constants q_m and h_d(m)
qv=(d-1) :2:d-3+2%(m-1) ;
c(m)=nchoosek (d+m-2,m-1) -nchoosek (m+d-4,m-3) ;

%/ Create the vector of order 2m-2 derivatives
P(m)=c(m)*prod(qv) "~ (-2) *diff ((1-x"2) " (etad+m-1) ,x,u);
Q(m)=int ((1-y~2) "~ (etad+m-1) *subs (P(m) ,x,y*s/t),y,0,1);

end
%%The case m=0 and m=1 treated separately
Q(1)=c()*(s*int (y*(1-y~2) “etad*int ((1-x"2) "etad,x,y*s/t,1),y,0,1) ...
+t*int ((1-y~2) “etad*int ((1-x"2) “etad*x,x,0,y*s/t),y,0,1));
Q(2)=c(2) *4x* (etad+1) "2 (t*int (y*(1-y~2) "etad*. .
int (x"2*%(1-x"2) “etad,x,0,y*s/t),y,0,1) ...
+s*xint (y~2*(1-y~2) “etad*int (x*(1-x"2) "etad,x,y*s/t,1),y,0,1));

step=.01 ;

T=step:step:1;
K=zeros(length(T),length(T));
laml=zeros(1,M);

for i=1:length(T)
for j=i:length(T)
%hCreate the terms in the expansion of the covariance function
hhevaluated along (0,1]
laml(1)=subs(subs(Q(1),s,T(i)),t,T());
laml(2)=subs(subs(Q(2),s,T(1)),t,T(j));
for m=3:M
laml(m)=-T(j)*(-T(i)/T(j)) " ((m-1))*...
subs (subs (Q(m) ,s,T(i)),t,T(j));
end

%/5iCreate the matrix, K, of the covariance function evaluated
%hhat all points in the square (0,1]X(0,1]
K(i,j)=sum(laml);



end
end

Tz=0:step:1;

h#hCompute the Cholesky factorization of K
R=chol(sigd~-1*(etad+1)*K);

%%sMultiply the Cholesky factorization by a
%hstandard Gaussian vector
Z=normrnd(0,1,size(transpose(T)));
S=transpose(R)*Z;

Sc=zeros(size(S)+1);

for k=1:size(S)
Sc(k+1)=S(k);

end

figure; plot(Tz,Sc)

.3 Code for simulating the P-Processes Along a Ray

d=2;etad=(d-3)/2;
p=2-d;
M=100;
sigd=2*pi~ ((d+1)/2)/gamma((d+1)/2);
for m=1:M
u=2*m-3;
w=2*xm-4;
%hCreate the constants q_m and h_d(m)
qv=(d-1)/2:1:etad+(m-1);
if m<3
c(m)=nchoosek(d+m-2,m-1) ;
else
c(m)=nchoosek(d+m-2,m-1) -nchoosek (m+d-4,m-3) ;
pc(m)=c(m)/prod(qv) "2;
end

%ACreate the vectors of order 2m-1 and 2m-2 derivatives
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P1(m)=pc(m)*diff ((1-x"2) " (etad+m-1) ,x,u);
P2(m)=pc(m)*diff ((1-x~2) "~ (etad+m-1) ,x,w);

m
end
Pp(1)=1;
step=.01;

T=step:step:1;
lamp=zeros(1,M);
%/%Create the terms in the expansion of the covariance function
hhevaluated along (0,1]
Kp=zeros(length(T));
for i=1:length(T)
for j=i:length(T)
hhCompute terms for m=0 and m=1 separately
lamp(1)=T(j) "2*int ((1-y~2) “etadx*. ..
int ((1-x"2) “etad*x"2,x,0,y*T(i)/T(j)),y,0,1) ...
+T(1) "2*int (y~2*%(1-y~2) “etadx*. ..
int ((1-x"2) ~etad,x,y*T(i)/T(j),1),y,0,1);

lamp(2)=-pc(2)*(etad+1) "2%(T(j) "2*int (y*x(1-y~2) "etadx. ..

int (x~3*(1-x"2) "etad,x,0,y*T(i)/T(j)),y,0,1)...
+T(1) "2*%int (y"3*(1-y~2) "etad. ..
*int (x*¥(1-x"2) "etad,x,y*T(i)/T(j),1),y,0,1));

for m=3:M
lamp(m)=T (i) "2*(m-1)*(-1/4) " (m-1)*. ..
int ((1-x"2) " (etad+m-1) *P2(m) ,x,0,1)+. ..
T(1)"2x(-1/4) " (m-1)*int (int ((1-x"2) " (etad+m-1) *. ..
P1(m),x,y,1),y,0,1);
end
%hCreate the matrix K_p of the covariance function
hhevaluated at all points in (0,1]1X(0,1]
Kp(i,j)=sum(-lamp);
Kp(j,1)=Kp(i,j);
end
end

%%Find the Cholesky factorization of K_p
Rp=chol (sigd~-1*(etad+1)*Kp) ;
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%AMultiply K_p by a standard Gaussian random vector
Zp=normrnd(0,1,size(transpose(T)));
S=transpose (Rp) *Zp;
Tz=0:step:1;
Sz=zeros(1,length(S));
for i=1:length(S)
Sz(i+1)=S(i);
end

figure; plot(Tz,Sz);
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