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AN ITERATIVE PROCEDURE FOR THE SOLUTION OF NONLINEAR
EQUATIONS IN A BANACH SPACE

CHAPTER 1

INTRODUCTION

§1. Historical Introduction

In a paper by Birkhoff, Young and Zarantonello[ 5], a pro-

cedure for solving a particular equation of the form
(1) Hx = x

was proposed. Inthis paper, H was a nonlinear mapping of a real
Hilbert space into itself satisfying certain conditions. This method
of solving (1) was called "contractive averaging" by Zarantonello

[25]. It is an iterative procedure based on the recursion relation

(2) X1 = (1 - a)xk + aka, kewo

where ¢ isa scalar and W is the set of nonnegative integers.
In[5], contractive averaging is used to solve a nonlinear

equation arising in conformal mapping problems. Later, the pro-

cedure was used by Birkhoff and Zarantonello [ 6, p. 216] to solve

equations associated with free boundary problems. In 1960,

Zarantonello [ 25] gave a theoretical discussion of contractive
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averaging. In his paper he dealt with mappings having domains and
ranges in a real Hilbert space. To prove that the iterates converge,
he showed that an associated mapping was contractive.

In 1964, Zarantonello [ 23;24] generalized the method of
contractive averaging working in a complex Hilbert space. He dealt
with the nonlinear equation Gx - Ax =y. Inthe framework of
solving (1), the more general method depends on recursion relations

of the form

Hx , kew ,

x = (l-ak)xk+ @ Kk 0

k+1
(3)

=]
1

Kk C(Xk), kew,

where { is a scalar valued function. This new procedure could

be called the method of "averaged iterations". Convergence of the
iterates has not yet been established by means of the contractive map-
ping principle. Thus, there appears to be some distinction between
the theory of the two methods.

In the sequel, a revealing geometric interpretation of the
method of averaged iterations is given. Also, we show that this pro-
cedure can be carried out in a Banach space setting. Instead of con-
sidering a nonlinear equation of the form (1), we shall consider the

equation

(4) Fx =20



where F is a nonlinear mapping of a Banach space % into itself
and F satisfies conditions below. Another case where F:¥X — ‘7#,
X and % Banach spaces, is mentioned.

Equation (1) can be transformed to equation (4) by defining
F=I-H

where I is the identity operator on ¥ The respective recursion

relations then become

5 =
(5) Xk+1 X, + ank, kewo,
and
( F k
el T e T BT X ¢ %o’
(6) {
L a = Q(xk), kewo

where { is as above. In this form the recursion relations no

longer appear as averages.

§2. Banach Space Geometry

In this section and the next, basic ideas and notation are
introduced. Let F,G,H,-.:- be mappings of X into "‘-j’ where

X and '11 are real or complex Banach spaces. The elements of



4
the Banach spaces are denoted by x, v, x', yv', etc. The scalar

field is denoted by 9 and the elements of e by e, B, vV, -
An open ball of radius p > 0 and center x is denoted by
Q(x,p). For brevity, ®&(0,p) = B(p)

For each xe3%, let [x] denote the linear subspace

spanned by x. ¥ x # 0, the Hahn-Banach Theorem implies the

existence of at least one continuous linear projection P of X
X
onto [x] with |P || = 1. By the axiom of choice or other means,
X
we associate a unique PX with each [x], x# 0. The axiom of

choice need not be invoked if the Banach space has a smooth unit ball

[ 14, p. 111]; e.g., in .@p with 1< p < there is only one

linear projection of norm one corresponding to each [x], x # 0.
If the Banach space is strictly convex (i.e., ” x+y"< “x” +”y||
if x| = lyll # 0 and x# y), then [3] for each [x], x# O,

there is a unique metric projection Q mapping X onto [x]
x

such that
0 o y-yl = mf {Iy -yl:y'elx]} . ye¥,
@ o - a_,
(iii)  Q (ey) = e Q (y), yeX, ae 3,
(iv) Qy+y')=y+Q(y) velx], y'e X,

) Noy-yll < Iyl ana lloyll <2lyl. yeX .
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In general QX is nonlinear, and continuous [ 18, p. 40]. If X
is a Hilbert space and x # 0, then Q =P _=0_, the orthogonal

projection onto [x]:

OY:_(.Y&X_) YGX-

2 *
Il
In general,
(7) Iyl 2 eyl + la-povll, ye ¥ ;
(8) Iyl < oyl + Na-e vl . yex

if % is strictly convex; and
2 2 2
Iyl™= oyl + I@-o )yl ", ye%

if X is a Hilbert space. Inequalities (7) and (8) are strict if X

is strictly convex and y%[x] [15, p. 458].

§3. Continuity Properties

In this section assumptions on the operator F are intro-
duced. The domain and range of F are denoted by $(F) and
R (F) respectively. Let A, A', A", --- be subsets of the set
A of continuous nonnegative increasing functions which are defined

on the nonnegative real numbers and vanish at zero. Elements of A




are denoted 6, &', 6%, -
A map on X into ‘¢ is continuous iff it is continuous
with respect to the strong topologies on ¥ and '9 . It is

s-w__(strong-weak) continuous iff it is continuous with respect

to the strong topology on X  and the weak topology on Y

Definition 1. Let 6¢ A.. Thena map F on % into ’\3 is

6 -continuous if

[Fx-Fyl < 6(lx-yl), x,ye 9(F).

Special cases are Lipschitz and Hdlder continuous mappings.

Definition 2. Ilet F:% —%, ACA and Rx = PX or Qx .

Then . F is A-cross continuous relative to {RX:x # 0} iff

for each [x] I S # 0, there exists 6XeA such that

la-R )Ey-Fy) Il < 6 (ly-y' I

for vy, y'e ®F) and y-y'e[x].

Definition 3. Let F: ¥ — %, A €A and Rx =P or Q.

X X

Then F is A-monotone relative to {RX:x # 0} iff for each

[x], x # 0, there exists 6XeA such that

8 (IR_Ey-Fy)) 2 lly-y' |



for y, y'e (F) and y-y'e[x].

In[16] the modulus of continuity, modulus of cross-
continuity and the parallel modulus of continuity were defined for
operators having domains and ranges in a Hilbert space. Zarantonello,
in [ 23;24], uses particular forms of A-cross continuity and
A-monotonicity. Browder also mentions types of A-monotonicity in
[7; 8;9]. Both Browder and Zarantonello assume that the associ-
ated 6X are independent of the direction [x].

An example of an operator which is A-cross continuous with
A= {6}, &(s) =Ks, butnot Lipschitz continuous has been given
in[ 16].

The following condition is derived from A'-cross continuity

and A"-monotonicity,

Definition 4. Let F: %X —X, AC A and Rx = PX or QX.
Then F satisfies a A-condition relative to R :x # 0} iff for

each [x], x % 0, there exists 6XeA such that

la-R)Ey-Fy) < 6_(IR_(Fy-Fy))

for y, y'e¢e ®F) and y-y'e[x].
If F 1is A'-cross continuous and A"-monotone, then F

satisfies a A-condition with

6 :5)'{06;’{

X
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for each [x], x# 0. Thus the A-condition and A" -monotonicity
are weaker than A'-cross continuity and A"-monotonicity.

These are the principal concepts studied in this thesis.

§4. Summary

In the next two chapters, further historical comments are
made. For example in Chapter II, which is concerned with qualitative
aspects of the theory, the existence theorems of Browder and
Zarantonello are discussed. Also conditions yielding continuous
dependence of the solution of F x = 0 on the operator F are
given. In Chapter III, relations between the method of averaged
iterations and the contractive mapping principle are explored. Other
forms of monotonicity occur in these two chapters. For examples
of these see [2; 105 11;20; 21; 235 24:25]. The term mohotone operator
is used to describe any of the properties given in these references.

In Chap’cérs IV and V, the theory of the method of averaged
iterations is discussed in a Hilbert space setting. The improvement
of approximate solutions to F x = 0 is studied in Chapter IV using
the concepts introduced in §3. A geometric interpretation of these
concepts is introduced there. The iterative procedure is defined in
Chapter V. Also, conditions implying convergence of the iterates are
given in this chapter.

In Chapter VI, the ideas necessary to carry out the theory of
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Chapters IV and V in a Banach space setting are given. The geom-
etry of the unit ball in a Banach space is examined. Further remarks
about certain aspects of the Banach space theory are made.
In the sequel, a symbol such as (II, 3) refers to formula (3)

in Chapter Il and (3) refers to formula (3) in the current chapter.
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CHAPTER 1I

QUALITATIVE THEORY

§1. Historical Remarks

In this chapter, existence, uniqueness and continuous de-
pendence of solutions of Fx =0 are discussed. The notions of
A-monotonicity and other forms of monotonicity appear in the dis-
cussion.

Prior to 1964, there had been considerable work in the
qualitative theory of nonlinear monotone operator equations by
Browder and Minty. In[ 10;11;12;13], Browder dealt with a map-
ping from a Hilbert space into itself. This mapping satisfied the

condition

(1) Re(Fx - Fy, x - y) > xlx-yl?, x,ye B(F)

where K > 0. The theory he developed was used to obtain
existence and uniqueness for solutions of quasi-linear elliptic dif-
ferential equations. Minty [ 20], using a similar condition, dealt
with the existence of solutions of Fx = 0 where the operator map-
ped a reflexive Banach space into its conjugate space. In[23;24],
Zarantonello gave an existence theorem for operator equations in a

Hilbert space setting. He required the operators to satisfy
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2
I(FX-FY‘, x—y‘)l ; KHX-V” , x,ye H(F)

where K > 0. This is a A-monotonicity condition on F with

A= {6} where 6(t) = t/'K . Prior to the publication of this theorem,
Zarantonello's theorem and its proof were communicated to Browder
by Minty (cf. [ 7, p. 985;23;24]). Then Browder generalized
Zarantonello's theoremtothe case of a mapping of a reflexive Banach
spacek X  into its dual X* (also see[8;9]). Precise statements

of these theorems follow in the next section.

§2. Existence and Uniqueness

In this section the existence theorems of Zarantonello and
Browder are stated. A local existence theorem and its proof are
given. The proof illustrates ideas developed by Zarantonello and
Browder.

We remark in passing that all of the stronger forms of

monotonicity used in other papers imply an inequality of the form
s(IFx-Fyl) > fx-yl, x,ye D(F)

where 6e¢ A,  Thus with any of these types of conditions, F is
one-to-one and the solutionto F x = 0 1is unique. The study of

monotone operators has therefore focused on the ranges of these

operators.



12
Zarantello's existence theorem is stated for a mapping F
having its domain and range in a Hilbert space ¢ . To state this
theorem, the notions of demiclosed and locally cross-bounded map-
pings must be introduced. A mapping F is demiclosed iff for any
net {Xa} such that x ~ converges strongly to x and an
converges weakly to y, we have xe¢ &(F) and Fx=y. A
mapping F is locally cross-bounded if for each xe¢ H(F) there
exists a neighborhood V of x and k =k(V)> 0 such that for

each [y], y #0,

-0 )@y -Fylf < x

for y', y"eV and y'-y"e[y].

Theorem 1. (Zarantonello) Let 4 be a dense linear subspace of
# .  Suppose that O(F) = @ (P)~A® ., F is continuous on each
finite dimensional convex set in S(F), F is locally cross-
bounded, F is A-monotone where 6(t) = t/"K for each ’ e,
"F(O) ” ép'?(, and F is sequentially demiclosed. Then there
exists a unique solutionto Fx = 0.

Browder's extension of this theorem is stated for a reflexive

Banach space 3 with dual ¥*. Let

<y,x >, xeJ, ye X*
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denote the functional relation between x and vy.

Theorem 2. (Browder) Let F:% — %X * be s-w continuous.

Assume:
(i) there exists a continuous real function cf(t), 0<t<
with c¢c({t) & © as t— w0, for which

|<Fx, x>|> (x|, xe % ;
(ii) for each p > 0 there exists ﬁpeA such that
(2) | <Fx-Fy, x-y> | 2 8 (Ix-yhlx-yl

for x,ye @ (p). Then F is a one-to-one mapping of % onto
with a continuous inverse.

These two theorems are not directly comparable since the

w’

x *
%

first is a local result and the second is global. In order to compare

them, a local existence theorem is stated and its proof is given. The
proof is established with the aid of the following lemma.
Lemma 1. Let 3 be a finite dimensional Banach space. Sup-

pose that F: ¥ — 3K is a homeomorphism of é (p) onto F(g(p))

such that F(0) = Yo and

1Fx-yoll > sdhxl, xe @ (p)
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where 6¢A. Then a(F):o"E(yo,a(p))EQO.

Proof By the Brouwer Domain Invariance Theorem [ 1, pP- 16417,
interior (boundary) points of e (p) are mapped onto interior
(boundary) points of the closed set F(K—B-(p)). Assume that there
exists X0 € BO ~ F(8(p)) (the set theoretic difference of 0 0

and F(Q(p)). Let

B = ft:yg+tlx, - v)eF@(), 0 t<1].

Then by using the Invariance of Domain Theorem and a standard

homotopy argument, the contradiction that B=:[0,1] is reached.

Theorem 3. Let F:N — % have domain ®(p), F be s-w

continuous and

|Fx - Fy, x-y)| > 8(llx - yIDlIx-yl, x,y <@ (p) ‘

where &6e¢ A, and ”F(O)ll < 6(p). Then there exists a unique

solution X, € é(p) to Fx=0.

Proof Let M be a finite dimensional subspace of M  and

FM=OMF OM

where OM is the orthogonal projection of ™ onto M. Then

Fym is a continuous mapping of M onto M. For x,yeMn é—(p),
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| Fy\x-F v x-v) = [ Fx-Fy,x-y)| > 8(lx-y ) x-vll.

By the Schwarz inequality,

hEy - F oyl 2 8= -y, x,ye MA@ (p),

and

Thus by the lemma

RE\) D fyeM: ly-F, Ol <8} -

Since IIEM(O)” < IF )] <8(p), there exists Xy € MO 8 (p)

such that

(3) F. x._=0.

Let A Dbe the set of all finite dimensional subspaces of N

directed by inclusion. For each MeA, let eMA~ (Sg(p) 7

M
satisfy (3). Then {xM:MeA} and {FxM:MeA} are nets.
By the weak compactness of @—(p), there exists a subnet

{xM: MeAO} , AO C A, andan erB(p) such that this subnet
converges to Xg-
Let ¢>0 and {x:i=1,2,-"-,n} C ™.

Then the set



16
VvV = 51 {xe%: “x,xi)l <e}

is a fundamental neighborhood of the origin in the weak topology. Let
N be the linear span of {xi:i =1,2,---,n}. Thenfor MDD N
and xeN,

(FxM,x) = (FxM,OMx) = {F , X) '—“ 0.

MM

Thus Fx, eV andthe net {Fx

M :Me A} converges weakly to zero.

M
Let M, NeA0 and M "= N. By an argument given above,

(FXM-FX ) = -(Fx ).

N M TN N’ *M

Thus

| (FXN’ XM)| __>= 6("XM_XN " ) " XM—XN " “

in place of x, . As

By the continuity of 6, this holds for x M

0
the weak limit of {FxN: NeAO} is zero, {xN : NeAO} converges

strongly to X4 Then s-w continuity implies that Fxo =0.

Corollary. If no restrictions are made on F(0), then F
is a one-to-one mapping of @ (p) onto ®(F), RF)D R(F(0),5(p))

-1 .
and F is continuous.

Proof Let Gx = Fx-y. Then G satisfies the hypothesis of the

theorem if |y -F(0)|| < 8(p).

By using essentially the same arguments this theorem and
its corollary can be established for a mapping of a reflexive Banach

space into its dual. Thus, it is a local version of Browder's theorem.
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Therefore the essential difference between the two theorems is that
Zarantonello only requires F to be densely defined and locally
cross-bounded while Browder requires F to be everywhere
defined. However Browder does not require F to be (cross-)
bounded.

These theorems depend on the reflexivity of the Banach space

and thus cannot be used to yield existence theorems for A-monotone

mappings on a non-reflexive Banach space.

§3. Continuous Dependence

In this section the dependence of the solution of Fx =0
on the operator F is discussed. This discussion is given in
detail for operators which are A-monotone relative to {Px: x# 0}.
To show continuous dependence it must be established that
there exists a mapping from some class of operators into the set
of solutions to the equations Fx = 0 and that this mapping is con-
tinuous. In particular a class of operators must be defined and

suitably topologized. Let D & X and
L ={F: F: D—~X, @ asolutionof Fx=0 for each FeI}.

A mapping from I into the set of solutions to the equations Fx =0
can be defined by the axiom of choice or in special cases, by other

means. Thus for each F eI, there exists a unique x(F)eD
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satisfying Fx = 0. The reason for treating the problem in this
manner is indicated by an example given below.

A topology on I’ is determined by a subbase of open sets

V(FO,S,y,e) ={Fel":|‘<y,Fx—F0x>| <e,ye x*, ”y”= 1, xeS € D}.

This is the topology of weak uniform convergence on S.
The following proposition yields the continuity of the mapping
of T onto {x(F):FeDI} at FO eI’. Before stating this propo-

sition, the following notation is introduced. For each x # 0, let

x%*e X * be defined by

Py = x*(y) x/ =], ve X .

Then | x*| = 1.

Proposition 1. Let FO be A-monotone relative to {Pyz y £ 0}

where A= {§}, FeV(FO,S,x*,e) where x=x(F)—x(F0) and

x(F)eS. Then

I=(F ) - =E)| < 8e) .

Proof By hypothesis,
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A

Ix®) - x(F )| < 8P (F x(F) - Fx(F )

8(|<x%, F x(F)>])
= 8(|<x*,F x(F) - Fx(F)>])
< 5(e) .

Thus, the mapping from I onto {x(F):FeI} is con-
tinuous at FO from the given topology to the norm topology on
{x(F):Fel’} if S = D.

The following proposition is a useful application of the

structure which has been introduced.

Proposition 2. If xoeS, “Fxoll < e/ 2, FO is A-monotone

relative to {Pyzyaé 0} where A={6} and FeV(FO,S,X*,G/Z)

where x =x0-x(F0), then
“x(FO)-xO“ < 8(e).

Proof Since F 1is A-monotone,

”X(FO)—XO“é §(|<x*F x. >|)

0™0

6(|<x*,F0x0

A

-Fx0>| + | <x*, Fx0>|)

S(e/ 2+ ¢/2) = &(e).

A
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This proposition asserts that if x is an approximate

0
solution of Fx =0 and  F 1is close to FO, then X is close
to the solution x(FO) of Fox = 0.

For operators which are A-monotone relative to {PX: x # 0}
on a non-reflexive Banach space, the open sets in the topology of I
need not involve all ye }* such that Iyl = 1. The set of x%*eX*
corresponding to the set of projections PX suffices to establish the
propositions given above. This set of functionals is a total subset of
x7,

Similar propositions can be established for operators which

are A-monotone relativeto {Q :x # 0}. But the topology on T
x

generated by the open sets

{Fer: ”QX(FV‘FOV)” <e, x#£ 0, yeSC D}

apparently has not yet been inve'stigated. This topic will not be
pursued further.

Next two examples are given. The first indicates a reason
for defining the set I as above. The second example illustrates

further properties of I' and is of historical interest.

Example 1. Let F0:°H- —% be defined on @(p), be uniformly
continuous, bounded and A-monotone with A= {8} Let ¥ be

separable with an orthonormal basis { ¢k :kew} (w is the set of
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positive integers) and Ok be the orthogonal projection of N

onto the linear span of {qu’,:j =1,2,""",k}. The mappings
F =0, F_ O ke w,

approach FO uniformly on @(p). By previous arguments there

exist unique solutions x, ¢ Okm)r\ 6(p) to the equation
(4) F x=0, ke w.

It xkeokm) is a solution, then any xe™ such that ka =X

is also a solution to (4). For purposes of computation, an obvious
choice of x(Fk) is X - In this case, let
Vi = (X(Fk)-x(FO))/ “x(Fk) - X(FO) " . Then

Ix® ) -xF ) || <8(1F x(F,), y,)])

= (] (F x(F ) -F x(F ), y,) )

as k—

Example 2, Let G :w—'w be defined on the unit ball and be

s -w continuous. Let
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R_n(G) = { (GXH—GY’;'{;Y) cx # Y, X,Ye€ Q(G)} )
x-y

If dozinf{l)\o-pl:peﬁ_n((})}>0 and

F0x=Gx-—X0x—y,

then for each [x], x# 0,
lo &y -Foy il 2dylly-y'

for y, v'e®(G) and y-y'e[x]. Thus there exists a solution
x(F,) to Fyx=0. Let e/2 <d, <e, lx-x0|<e and

F)\x=Gx-—Xx-y‘.

Since it can happen that )\eﬂn(G), there may not exist x(F)\)

such that FX x(F)\) = 0. Nevertheless
"F)\X'Fox" = l)")‘o' ”X” <e .

Thus the nearness of F, to F eI does not imply that F, eI.
The set &n(G) is called the numerical range by Zarantonello
[ 23; 24] . Zarantonello asserts that the spectrum of G is contained

in A n(G)' This example also shows where a A-monotone condition

may arise.
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CHAPTER III

THE CONTRACTIVE MAPPING PRINCIPLE AND
MONOTONE OPERATORS

§1. Introduction

As mentioned in Chapter I, Zarantonello [ 25] gave a proof
that the iterative method of contractive averaging converges by
showing that a related operator is contractive. In | 24], he states
that under suitable conditions on the operator F, the method of
averaged iterations converges with a constant mapping ¢ . This
second result can also be established by showing that a related
operator is contractive. This is a generalization of the earlier result

[ 25] which is stated and proved in the next section.

§2. Contractive Mappings

In this section it is demonstrated that certain monotonicity
conditions on an operator imply that a related operator is contractive.
Theorem 1 below is essentially the above mentioned result which is
given in [ 24]. In the discussion F is an operator having its

domain and range in a Hilbert space %

Theorem 1. (Zarantonellp) Let F: @_,(p) — N satisfy a A-condition

with () =Xt for each &eaA,
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2 .
Re(Fx -Fy, x—y)‘; d”x—y“ s x,ye & (p),
[F()|| <Bpd, B <1 and

2 N
|(Fx-Fy, x-y)| < k[lx-vy[", x,ye ® (p).

Let Ga= I+ aF, ae S
Then there exists a # 0 such that Ga is a contractive mapping

of @ (p) into @ (p).

Proof For each [x], x # 0,

2
IFy-Fy'|

2 2
lo ®y-Fy)[" + -0 )Fy-Fy"|

2 2 2
K (K +Dly-y 7,

itA

y,y'e a(F) and y‘—y'e[x]. Further
2 2 2 2
IG y-G y'[” = lly-y'[" + 2Re a(Fy-Fy',y-y')+ | o [Fy-Fy'[ "

Thus if a < 0,

2.2
(1) IG_y-G_y'll < ly-y 1 2(1+2aa + 21 41)).
For - —Z—Z—-dZ'—-‘ <a <0,
k # +1)

0<6(a)=1+ 2ad + a2k2m2+1) <1,
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Further
1
I xll < 6 x-G_ @] + la @l < e*@x] + la| IF()]

1
(02 (a) + | a|Bd)p.

A

1 1
¢(a) = 0%a) + |a|Bd = 8%(a) - eBd
and for a <0, ¢(a) <1 iff

1
0%(a) <1 + aBd.

The latter inequality holds for - 2d(1-§) <a<0. Thus

kz("K2+1)—[3 2d

there exists a # 0 such that Ga is contractive and
Gatdf(p) —~ @ (p).

The fixed point of Ga is also the solution of Fx = 0. Thus
this theorem provides an iterative procedure for finding the solution
of Fx=0.

The contractive mapping principle can be used in another
manner to investigate the existence of solutions to Fx=0. It
follows from the consideration of continuous mappings of the real

line into itself. If such a mapping satisfies either

|F(x) - Fy)| <8lx-yl, o<1,

or

|F(x) - F(y)| > 0|x-y]|, o> 1,

v
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then F has a fixed point. In the first case F is contractive

while in the second, F is contractive. A similar result can

be established for monotone operators.

Theorem 2. Let F:@(p)-—» ™ be s-w continuous,

Re(Fx - Fy, x-y)_z_ d ”x-y“z, x,YGé_(P),

and ||F(0)|| < pd. Let G =I+aF, ae & . Thenthere exists

— _1 .
a £ 0 suchthat @® (Ga)D @ (p) and Ga is contractive.

Proof I a> 0,

Re(Gax-Gay, X-y) = ”x-y”z + Rea(Fx-Fy, x-y)

> (1+ad) [x-y[%.
This implies that
(2) IG x-G_yll 2 (1+ea) [x-yll.
The corollary to Theorem (I, 3) yields

®R(G_)D B (0), (1+ad)p) =@ (F(0), (1+ad)p).

Then for a«> 0 and ’xe-é(p),

Ix-eF @] < %]l +al|F(O)] < (1+ aa)p .
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Further (2) implies

1

- -1
e ey P

for x,ye E (Ga(O), (1+ed)p).

The problem of inverting Ga or F is equivalently difficult.
Thus this theorem and others similar to it are not particularly useful
in finding a constructive means of obtaining the solution to Fx = 0,
In later chapters, the approximate inversion of F can be carried
out under less restrictive monotonicity conditions than used in this
theorem. Thus the parallels between the method of averaged itera-
tions and the contractive mapping principle are not pursued further.
An example given by Wong [ 22] also discourages further investiga-
tion. His example shows that there exist mappings such that the

iterates converge while the operator is noncontractive.



28

CHAPTER IV

IMPROVING APPROXIMATIONS

81. Preliminary Remarks

In this chapter sufficient conditions for improving an arbitrary
approximate solution are given. These conditions are of interest
relative to iterative procedures. If an arbitrary approximate solu-
tion can be sufficiently improved, then it can be established that an
iterative procedure converges.

In this chapter and the next, ¥ is a mapping of a Hilbert.
space M into itself. The global case where O(F) = % and the
local case where & (F) = -é(p) are considered. It is assumed that
F 1is s-w continuous, satisfies a A-condition and is A'-monotone.
In the following sections, the roles of the A-condition and A'-monotoni-
city are considered. A revealing geometric interpretation of the
A-condition is given.

Using the results of this chapter, the convergence of an
iterative procedure will be established in a Hilbert space setting
and the iterative procedure will be generalized to a Banach space
setting.

The problem is as follows. Given an approximate solution
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(1) Fx =0,
find a better approximation of the form

2 = .
(2) x x0+an0, ae §

Also a measure of the improvement is sought.
A necessary and sufficient condition for the existence of

better approximations of the forfn (2) is that

Fx,+[Fx)]) ~ ® (IFx,ll) # 8

(cf. Figure 1). Since this condition is not very useful, the inter-
section of a(“Fx0 ) with a larger set determined by the

A-condition is studied.

§2. The A-condition

For each 6e¢A and x # 0, let

K(8,%) = {y: [[(@-0 )yl < 8(fo_y-x[)}.

We call this set the 6-cone with vertex x and axis [x] (cf. Figure

2). I yeK(6,x) and

2 2 2
(3) 87(floy-x) + oyl “ < =),



AUIFx, )

30
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then ye & (|x]).

Inequality (3) implies more than vye Q(”x”).

Foreach C & §, let

CK(6,x) = {y:Oxy =Bx, BeC} N K(,x).

We call this set a C-cross section of the §-cone with vertex x.

Thus (3) implies that
CK(s,x) € @(l[x[)

where C = {B} and Oxy = Bx (cf. Figure 2).
The following considerations indicate the significance of the

§-cones. Let x_ex,+ [Fxo] . Then
an = (I—OO)an + OOan

where O, =0 . If F satisfies a A-condition with &eA
0 Fxo

corresponding to [Fxo] , then

l@-0)Fx [ = [[(1-0,)(Fx_-Fx)ll

< s(lloyFx -Fx}) = s(loFx_-Fx ).

Thus F(x0 + [Fxo]) o K(6,Fx0). If

CK(5,Fx)) & @([Fx,)



for some C, the next problem is to insure that there exists «

such that

4 . _
(4) ane {y.Ooy ﬁFxO,

This leads to the study of A'-monotonicity.

§3. The A'-monotonicity Condition

BeC} .

To insure that there exists @ such that (4) holds, the

following conditions are assumed:

(i) D(F) =%;

(ii) F is s-w continuous;

(iii) F is A'-monotone where the 6'eA' corresponding

-1
to [Fxo] is strictly increasing and (&') (t) — as t— o,

The analysis involves a function which is used to study the behavior of

OOFXa as a function of a .

Definition 1. Given F and X0 define

y(a)FxO = OOFXa

where Xa = X, + anO )

v:8—~ & by

32
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Note that

vy(0) = 1,

il

(an, Fxo)

y(a) >
I, |

and vy is continuous whenever F is s-w continuous.
To show that suitable a exists, @ (y) must be studied.

The following proposition gives information about the range of .

Proposition 1. Let F satisfy (i), (ii) and (iii) above and suppose

that Fx0 # 0. Then for every p > 0,

(61" (o [ Fx, )
N

R(v) 2 {a:]e-1]< ).

Proof Let X, =X + ain i=1,2. Then

0 0’
(vla,) - v(e,))Fx, = Oy(Fx,-Fx,) .
This implies

Thus y is one-to-one and the inverse is §'-continuous. Also
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) (le] 7,1

Tewgl

|v(a)-1] >

Since {a:|a| <ple& ) = § for every p > 0, the result

follows by Lemma (II, 1).

Corollary. vy is one-to-one, vy is &'-continuous and R.(y) =$.

Thus there exists @ such that (4) holds for any C.

The case where & (F) :6(p) is discussed in §5.

§4. Improving Approximations

The following proposition summarizes the results obtained

above.

Proposition 2. Let F satisfy (i), (ii) and (iii) of §3 and a

A-condition with 6e¢A corresponding to [FXO] . Suppose there

exists C © 8§ such that
(5) CK(5,Fx, )< 63(||Fx0 .
Then where y(a) =B €C,

2 2 2 2
(6) 1T < 87(11-8 ] [Fxo M) + (lo] NExy D" < JFx, )%

Thus an is a better approximation.

It is desirable to know for which & there exist C # #
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such that (5) holds. Before providing an answer, a lemma is needed.

Lemma 1. Let 6eA. There exist p,§ suchthat 0<p <o,

0<§él and

62(et”+1)<et”+2, 0<t<l, 0<6<¢§

iff there exist ® ,v,n such that 0<M<w, 1<v<w, 0<mn and

6(s)i'ﬂsv, 0<s<m,
A
H+1 pt2
Proof Necessity: Let , Vv = s = and
Proof y % g 2wi1)’ 76
s = gt”“. Then ¥ ,v,£ satisfy the appropriate inequalities and
1 pt2
S pt1 2 ptl
6(S)§st—S(g) =K's , 0<s<nm
Equivalently,
6(s)§7{,sv, 0<s<nm.
Sufficiency: Suppose 1 <v<1. Let p = %‘&l—:—‘f—)— and

- +
£ = min{l,‘f(,z(I~L 1),1]}. Then u and £ satisfy the appropriate in-

equalities andfor 0 < @ _<__§, 0<t<1,

2v
2 2 2v- 2 +1
5 (et”“)i‘n (91:'“_1) :wze v-1 ot v(n+l)

—7" 0 |J.+1 1:|.L+2 et|J.+2 .

hS
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Suppose 1<v. Let p=0 and £ =min{1,% ", n}.

s2(et) <#(0t)°Y .

Since t<1, <1 and 2v>2,

2
62(et) ;"C";e ot~ < etz )

Proposition 3. Let &e¢A.

(i) If 6(s)57(sv, >0, v>1 and 0<s <,

= =

then there exists C & S such that
CK(s,x) & @ ([lx])

for each x # 0, "x" <1l.

36

Then for

n>b,

1
(i) I¥ b8()>Ks? 0<s andsome, O0<K<I1, then

there exists x # 0 such that

CK(5,x) ~ @([lx]) =4
for every C.
Proof Note that CK(§,x)& @ ([l x| iff

2 2
s%(llBx-x) + (g | IxIh% < Il
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for each BeC.

(i) Let x# 0 and ”x" <1. Let p,E beas inthe

lemma and

B =1-0 ”x””, 0<oe<E§.

Then
2
2 2
8“(lBx-x+ (18] =% =850 ="+ -0 || *) |1 x|

2 2
< -oflx " a-e 0 < = ” .

Thus the assertion holds for

C={p:p=1-0]x||" o0<o<t}.

(ii) Let K(x) be the 8'-cone determined by x and

6'(s) :'Ks%. Then
K(x) <« K(§, x).

Thus if the assertion is established for K(x), it holds for K(§, x).

Let x be such that "x":N‘)LZ, O<)\i%. Then

- 2
Lo (lex-xN 1%+ (g ] Ixl)? = xl? (LBl 162

> IxI1? @-p ]+ (815
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If IBI_Z_I, then
Lo (lex-xD1%+ (I8 | IxIh? > [Ix]? .

I |p]|<1, then

A

[ (B + (18 | IxIh? > IxhP@a-18 D+ |8 %)

= I=l2a+a-18 %

2
[E I

v

This implies (ii) of the proposition.

In (i) of Proposition 3, it is required that &(s) é“}(,sv for
0 <s <mn. This indicates that the ability to improve any approxima-
tion depends on the shape of the §-cone near the vertex. In (ii) of the
proposition it is required that 6(s) ;‘Ks% for 0< s. This condi-
tion can be relaxed. To establish (ii) it is sufficient that &(s) ;‘K,s%
for 0<s<m, n> 0. This fact also reflects the importance of the
shape of the cone near the vertex.

In[24], Zarantonello examines a mapping F which is
A'-monotone and A"-cross continuous. He assumes that A" = {§'}

and A" = {§"} where &'(s)=ds and &"(s) =‘st, v >0.

[T

He asserts [ 24, P- 15] that he could obtain results only for v >
Part (ii) of Proposition 3 explains this fact as F satisfies a

A-condition with A= {6} where &(s) =Ka"s".
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Propositions 2 and 3 answer the question concerning the

ability to improve any approximation x in the case that & (F) =%.

0
Inequality (6) gives a measure of the improvement. In the next

section, the effect on the theory of restricting the domain of F is

considered.

§5. D(F) = B(p)

If D(F) = @ (p), then the domain of y and, hence, the
range of y are restricted. In particular $ (y) is determined

by the condition that
X =X, + anoe & (p).
Equivalently,

(Fx_,x.) 2 pz-“x “2 Fx,, x.) 2
&(Y): {a|a+——0—%—| i 02 +| 0 02
I, | IFx I [Fx, |

If “xOH =p and (Fxo,xo) =0, then &(y)= {0} which implies
that @R (y) = {1}. This difficulty can be avoided by requiring that
Il < p.

It is desirable to find conditions such that C & R.(vy)

(Ce Q) and

CK(5, Fxp) e @ ([Fx, )
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where 6(s)§1¢sv, 0<s<m, v>

[

The set
2 2 2
C(8,x) = {B:8°(|8-1] I Fxp )+ (I8 [ IFx "< 17,117

is the largest subset of s such that (5) holds. The continuity of

6 implies that C(6,x0) is open. Proposition 3 implies that

C(6,x0) contains an interval of the form {p:p = l—GHFxo"H, 0<6 <£}.
However it has not been established that C(6,x0) is connected. Let
C*(G,xo) denote the component of C(6,x0) containing

{B:p = 1-e||Fx0H”, 0<0<Eg }.

If the approximate solution x, 1is required to be in a certain

0

set, then an interesting result can be obtained concerning

CH(8,x) A R (¥).

Let F be A'-monotone where &'eA' corresponds to [Fxo]

and let &' Dbe strictly increasing. Let
A={x:|xlt <p, & (IFx]|l + [FO] e}

Elements of A are called admissable approximations by

Zarantonello [ 24].

Proposition 4. If erA, then C*(S,XO)C ﬁ,(y).



4]
Proof Since | xO" <p, 0 is an interior point of®(y). There-
fore by the Brouwer Domain Invariance Theorem, 1 is an interior

point of (. (y). Thus

Aly) C*(G,xo) £ 0 .
Let Be®(y)m C*(G,xo) and y(a) =f. Then

Ix, I <8 dIFx -FO) <8 hE= || + [F@])

<8 (IFx,ll + [F@I) < e

Hence « is an interior point of ® (y) and by the Domain Invariance
Theorem, B 1is an interior point of @,(y ).
Since C*(§, x,) and G2 (y) are connected and the boundary

of @ (y) does not intersect C*(G,xo), the conclusion follows.

X =x,.+ aFx_ €eA.
a 0

|

|

\

\

\

|

| Corollary 1. If xoeA ~and  y(a) = BeC*(ﬁ,xo), then
|

|

| 0
|

\

Corollary 2. If "xou <p, then &(y) C*(G,xo) £ 0 .

Corollary 1 asserts that membership in A is inherited by
improvements of approximations. This fact is useful in the discus-
‘ sion of iterative procedures. Corollary 2 insures that the approxi-

mate solution x, can be improved. However if XOX A, a more
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complicated set (i.e. the intersection) must be examined to find
suitable C-cross sections.

The set A contains only the solution to Equation (1) if
6! (“F(O)”) = p. Thus to obtain a satisfactory set A, stronger
conditions are placed on F.
. 2 2 .
We remark that if & (6s) < 86 (s) for each s, then it

can be shown that C(§, xo) is connected and thus
= %
C(B, xo) C (63x0) °

We end this section with an example of C(5, xo). Let

6(s) =s. Then

C(6,xq) = {B:[B-3| <3}

Note that in this case C(6,x0) is a connected open set which is

independent of x Since this set is nice, the problem of finding,

o
for example, y-l(%) can be done approximately. This example

illustrates the desirability of having

C(6,xp) & R (V).
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CHAPTER V

ITERATION

§1. Preliminary Remarks

In this chapter, an iterative procedure of the form (I, 6) is
defined. A proposition stating sufficient conditions for the con-
vergence of the iterates is given. Also an upper bound on the number
of iterations required to obtain an accuracy. ¢ > 0 is given.

We continue considering an operator F having its domain
and range in a Hilbert space . In order todefine the iterative
procedure certain conditions on ¥ are assumed. The form of the
conditions depends on whether D (F) = V. or H(F) = g(p).

These conditions are:
(i) ¥ is s-w continuous ;

(ii) F(0) is in the interior of B (F);

(iii) F satisfies a A-condition where the family {Bx: x# 0}

is bounded above by &(s) and 6(s)f_7(sv, 0<s<n, v>

N

(iv) if B (F) = ?"', then F 1is A'-monotone where the family
{6}'{: x # 0} is bounded above by &'(t), &' is strictly increasing

and (5')-1(t) — 00 as t — oo:

b
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(v) if S(F)=§(p), then F is A'-monotone where the
family {6 :x # 0} is bounded above by &'(t) and &' is

strictly increasing.

I (F) =N, welet A =% . Condition (ii) implies that
{x:Fx#£ 0}~ A#£ f for thecases D(F) =N and D F) =@(p).

Assumption (iii) implies that for each xe{x:Fx £ 0 } A that

1-0 ||Fx|" ec*(5,x), 0<e<t

where p,£ are given by Lemma (IV, 1). Define

Y: SX[Q(F)’“ {(x:Fx£01}] - S by

vie,x)Fx = O_ (F(x + aFx)).
Fx

Then conditions (i) and either (iv) or (v) imply that

C*(6,x) & R (v(-,x))

for each xeAn {x:Fx# 0}.

Let

xk_‘_1 = xk + akka, ke coo,
(1)

oot -
(1 eck)ka Ok(F(xk+akka)), kewo

where o = "ka”, 0 is fixed, 0<0<§, and Ok is the
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orthogonal projection of M  onto [ka] .  Then if
xoeAr\ {x:Fx.# 0}, ”Fxoll <1, (1) defines an iterative

sequence which is either finite or infinite. The sequence is finite

iff there exists ke wg such that ka = 0.

§2. Convergence

From (IV, 6),
2 2, utl B2 2
(2) | Tt < 6 (90’k ) + (1-90’k) .
Without loss of generality, let ® > 0, kewo. Then (2) may be

rewritten as

2 2 2 ptl 2 B2
0’k+1 < O'k[(ﬁ (90’k )/O'k) + (1-90’k) ].

By induction,

k
2 2 2 ptl 2 V)
< - .
(3) o1 5% Ifo[w (6071 /@ ) + (1-00t)]
Inequality (2) implies that o <o., kew,  Thus the sequence

k+1 k 0

{¢, :kew, } converges. The following proposition shows that
kew g g prop

o 0. This proposition is stated for mappings F such that

QE) =N or DF)-=0p).

Proposition 1. Suppose that F satisfies (i), (ii), (iii) and either
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(iv) or (v). Let xoeA, I Fxo I <1 and define the sequence
{xk:kewo} by (1). Then o, = 0 and there exists Yo such

that X Yo and FYO:O.

Proof Assumethat o¢._— ¢, ¢ > 0. By the monotonicity of {O'k},

s

e <o, <1, kew

k 0°
By (3),
2 LS 2 +1 2 2
I M M
< -
1 S 9 111 (0ol )/ o ) + (1-007)"]
j=0
k
< [1-00" (1-00")]
j=0 !
Now
r =min { |0 (1-0¢M)|, |eo(1-0)] } > 0
and
4 0 :
1-60’, (1-00", )< 1-r, €W, .
j J)__: Jew,
2 k . . . .
Thus  tl < (l-r), kewo which implies that € < 0. This

contradiction implies that ¢ = 0.

By either (iv) or (v),

[ 8 (| Fx -Fxll) <8 oy + o).
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Hence {xk} is Cauchy and there exists Yo such that X~ Yoo

Since F 1is closed,

Fyo = 0.

Corollary. I r =min {|ee“(1-ee”)| , |9(1-9)| } and

<e and |x -y ll <8 ¢).

k' :minin{k:(l-r)k; ez}, then O

The corollary gives an upper bound on the number of steps
required to obtain an accuracy ¢ > 0, i.e., " ka" <e. Note

that if p =0, then r is independent of «.
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CHAPTER VI

BANACH SPACE THEORY

§1. Preliminary Remarks

In this chapter, results are obtained which can be used to
generalize the theory given in Chapters IV and V to a Banach space
setting. The geometry of the unit ball is examined more carefully
in order to obtain conditions for the improvement of approximations.

Most of the concepts introduced in Chapter IV can be used in
the present context, The differences between the Banach and Hilbert
space settings are pointed out in the discussions below. As in Chap-
ters IV and V, most of the analysis is devoted to geometric concepts

and to improving approximations.,

§2. Improving Approximations

The problem to be discussed is the same one posed in Section
(IV, 1). Let Rx = PX (or QX if ¥ is strictly convex). Then
to solve this problem when ®(F) =X, the following conditions

are assumed:

(i) F is s-w continuous (continuous if RX=QX);

(ii) F satisfies a A-condition relative to {Rx:x # 0}
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with &eA corresponding to [Fxo] H

(iii) ¥ is A'-monotone relative to {RX:x # 0} with
6'eA' corresponding to [Fxo] where &' 1is strictly increasing

and  (6') }(t) —co as t—w

Given 6ecA, x¢¥ and C& S, the 6-cone and C-cross
section are defined as in Section (IV, 2) (substituting PX or QX
for Ox). The major difference in the theory occurs in the condition
used to show that a C-cross section is contained in Q(”x”). In-
equality (I,7) or (I,8) is used in the derivation of a general condi-

tion which implies that

(1) CK(s,x) = &(llxl)
for some C& Q.. This general condition is
(2) s(l1-p | Ixlly+ |81 Ixll < lIx]l.

There exists B such that (2) holds if &(s) <Ks, 0<s <n, K<1
(if ¥ is strictly convex « <1 suffices). The use of the triangle
inequality in the derivation of (2) reflects the "worst possible shape"
of Q(”x") at x. This shape occurs, for example, on the unit
ballof £, at x=(1,0,0,---). If P ()= x*(-)x/ ||| and

x%*e (4 1)* corresponds to (1,0,0, - )eﬂoo , then

y = (yl,yz, -2 )eK(6,x) iff
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Yyl sy -1,

i>1
Hence

(3) Iyl < 8ly,-1) + Iy, .

Inequality (3) implies that |y|| <1 if &(s) é"Ké, 0< s<m,
<1 and 0Z |y -1] < n.

Further examples show that the worst possible shape does not,
in general, occur at every point on the boundary of (@ ("x" ). Let

X:zp, p>1, and x=(x,0,0,---). Then yeK(5,x) iff

P. sP(ipo. P
I91P < 621 y=xl) + By

If 5(S)§xsv, 0<s<m, v>—, thenfor each xlqé 0, there

g |~

exists C # f such that (1) holds. For large p, this condition

on 6 begins to look like

5(s) < K | 0

A

s<n.

Figure 3 illustrates the "best" and the worst possible shape of

G("x“) at x.



51

& |x[)

& (=l

(a) (b)
Figure 3
The shape of @ (||x||) is described further in §3 below.
The function vy: § — @ is defined as in Section (IV, 3)
(replacing O0 by P0 or Qo). Using (i) and (iii), the results
of Section (IV, 3) follow in a Banach space setting. Hence, we may

state the following proposition which summarizes the above remarks. ~

Proposition 1. Let F:¥ — 3% have D (F) =¥%.

Suppose that F satisfies (i), (ii) and (iii) and there exists C & %

such that

CK(5,Fxj)a & (||Fx0||).

Let vy(a) =fe¢C and x = xo+ ano. Then

IFx || < ¥, ).

Thus x, 1s a better approximation,
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This proposition parallels Proposition (IV,2). A measure of

the improvement (cf. (IV,6)) is given in §3.

§3. Further Banach Space Geometry

In this section conditions weaker than (2) which imply (1) are
given. The investigation yields a measure for the improvement.

Consider the following figure.

&=

Bx+ P_I(O)
X

Figure 4

This figure illustrates one of the problems encountered in Banach
spaces. That is, if yel® ("X” ), then it may be the case that
Bx-(y-B x)/’@ (IIx]]). This asymmetry is dealt with by means of the
following function. For each [x] , x# 0, define

o {B:lBl 13— 8 by

1=l ¥ @) = inf {Il-Pyll: P _(y) = x| = [yl }.

(¥ ¥ is strictly convex, Px may be replaced by QX). Note
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that L[Jx_(ﬁ) >1- [Bl. The following propositions indicate the use

of Y .

X

Proposition 2. Let &(|1-B| ||x||)<||x||¢x(p) for BeCC{p:|pl<1}.

Then

CK(s,x) = 8 (|| x]).

Proof Let yeK(§,x) and ny = B x, B\eC(Qxy=Bx, BeC if
£ S strictly convex). Suppose |yl > [x]|. Then there exists

s, 0<s<1 such that ly' Il = |l where

y' =sy + (1-s)Bx .

Now ny‘ = Bx. (Note that (iii) and (iv) of Section (I,2) imply

Qxy' =Bx if X strictly convex.) Hence

lxlle ®) < Iy -pxll =5 lly-px]l <s <]y _B).
This contradiction implies ||y| < ||x]] and

CK(s,x) & G (]x]).

Proposition 3. Let &(|1-p | "x")i ‘1("x|| lix(B), K <1, for

|B| <1. Then ye{P }K(5,x) implies that

(4) Iyl < [+ =Ry [T Il .



54
Proof Let ye {B}K(5,x). Then Iyl < - Chéose s> 0

such that ”y' ” = "x” whefe
(5) y' =s{y-Bx) + Bx.

Since ny' = PBx (note that Qxy' = Bx by (iii) and (iv) of

Section (I, 2)),

Ixlly )< Iy -gxll < slly-gxll < skl ®).

Hence 1/s <¥ .

By (5),

1 1
= — ] + - — .
& Sy (1 S)ﬁx

Thus

1 1
Iyl <02+ a-iet gl

<[+ a1 (811 =l .

Formula (4) provides a measure for the error.
Using the ideas introduced above, the theory could now be

developed paralleling Section (IV, 5). In particular,

C(8,xy) = {p:a(]1-p | [|Fx [) < IlFxolexO(m}.

Extending the above ideas, an iterative procedure can be
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defined and shown to converge. We observe that to carry out this
procedure, the family {6X:‘x £ 0} givén by the A-condition on F
does not need to be uniformly bounded above by a particular 6&ed .
Instead, each 6Xe A must be bounded above by pr which may
vary considerably for each [x], x # 0 (cf. Figure 3). It is in
the Banach space setting that the definitions given in Section (I, 3)
are used in their greatest generality.

It is interesting to note that if ¥ is a Hilbert space, then

the above notions yield the theory of Chapter IV. For example,
2
¢ () =~N[1-[p "]

for each [x], x # 0. Thus C(6,x0) is as defined in Section

(IV, 5). Further the requirement that

s(llxll) < Ixlly, (1-6) = x| l2e-t%1,  o<t<m,

for each x, 0< ”x” < 1, implies that 6(t) it tv, 0 <t<m,

v >

(S

Another example which is of interest is ¥ = C[0,1], the
Banach space of continuoué functions on the unit interval with the
supremum norm. Let e eC | 0, 1] be defined by
e (x) = x(t), xeC[0,1]. Let x# 0 and te{t: <) = %] }.

Then
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(6) | P.(-) = e (-)x/ [ x|

is a projection of norm one onto [x]. Simple arguments show that
pr(l-t) =t, 0<t<1. Thus, using the set of projections given by
(6), the ball @(]|x]|) has the worst possible shape at every point

of its boundary.

§4. Further Remarks

We note that the conditions which imply that (1) holds are not
related to the study of Fx = 0. They yield some insight into the
shape of the unit ball in two dimensional subspaces of X.

From these conditions, finer estimates than those obtained

by using the triangle inequality can be realized. That is, if
y = (I-Px)y + ny,
then the triangle inequality yields

Iyl < Ta-Poy |l + Py 1.

We are not able to compare ||y|| and ||x|| by means of this

inequality. If

(7) la-roy | < [l v 8)
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where ny = Bx, then ||y|| < ”x” Thus (7) yields a finer
estimate of ||y|| than the triangle inequality gives. ' This may
prove useful in applications, since vectors are often decomposed in
terms of their projections onto subspaces.

In the development of the theory, uniform convexity was not
useful since it is stated in terms of the norms of two vectors, the
norm of their sum and the norm of their difference. In our discus-
sion, these norms are | ny ., | (I-Px)y” lyll and
" ny-(I-Px)y” . Figure 4 illustrates the difficulties which may be
encountered.

Finally we note that the theory can be applied in special cases
of mappings F having F)C ¥ and GL(F) C-H Let 3£ and
q‘& be such that there exists a continuous one-to-one mapping J
of '\6 into ¥ . Instead of considering recursion relations of the

form (I, 6), we consider the relations,

xk+1 = xk + akJka, ke wo,
(8)

a = C(xk), kewo .

The development is the same as above if JF satisfies the usual
conditions. In the case that ¥ = H , the effect is to compare F

with J instead of the identity I.
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The geometrical ideas presented above are an accurate
picture of what occurs when iterative procedures of the form
(1,2),(1,3),(1,5),(I, 6) or (8) are used for operators which are even

Lipschitz continuous and monotone.
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EPILOGUE

Although this report is essentially theoretical, we should like
to mention some examples. As indicated in Section (I, 1), the origin
of the theory was in problems of conformal mapping and fluid flow
[ 5;6;25]. Other applications [ 11;12; 13 ] have been to existence
and uniqueness problems for solutions of elliptic partial differential
equations.

The theory developed by quite a number of investigators over
the past few yéars is now in a reasonably definitive state. Thus, in

the future, the emphasis should be on further applications.
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