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RENEWAL RISK PROCESSES WITH STOCHASTIC
RETURNS ON INVESTMENTS - A UNIFIED
APPROACH AND ANALYSIS OF THE RUIN

PROBABILITIES



1. INTRODUCTION

1.1. The Question

One of the basic questions of the actuarial science is the following: “What is
the fair premium to be charged so that the insurance company may cover the risk
of future losses and stay solvent, at the same time?”

Recently, because of the rising interaction of financial instruments and insur-
ance products a more sophisticated question may be posed: “ What is the optimal
investment strategy so that for a given premium rate the company may cover future
losses and stay solvent at the same time?” .

In this thesis an “all or nothing” investment strategy is considered. Surpris-
ingly, it can be shown that investing all the surplus in a risky asset is more dangerous
than not investing at all. Here dangerous refers to the possibility of “ruin”, which
refers to the capital of the insurance company becoming negative for the first time.
This unfortunate event is quantified by the ruin probability W(u), where u is the
initial capital of the insurance business.

Since it is difficult to calculate the probability of ruin exactly, one looks at the
asymptotic decay of the ruin probability, as the initial capital gets really large. The
desired scenario is that the probability of ruin will decay extremely fast to zero as
u gets extremely large.

It is known from actuarial risk theory that in the case of no-investments the
probability of ruin decays exponentially fast as u grows to infinity. In this thesis
it is shown that, if the insurance company starts with an initial capital, u, and

invests everything in a stock, whose price follows a geometric Brownian motion, the
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probability of ruin, ¥(u), will go to zero more slowly than if no investments are
made. Therefore, a company will be better off choosing not to invest anything into

a risky asset than choosing to invest everything into it.

1.2. Brief history of the collective risk model

The collective risk model was introduced by Cramér and Lundberg in early
1900’s (Lundberg, 1909; Cramér, 1930). It is a compound Poisson model, as basic
as initial capital plus premium collected minus paid claims. Assumptions of inde-
pendence of claim times and sizes are made, in the sense that the time waited until
another claim occurs is not related to the severity of that claim. Also, a basic “net
profit condition” is necessary, saying that on average the incoming premium rate
is bigger than the outgoing paid claim rate. This is a standard model for non-life
insurance, simple enough to calculate probabilities of interest, but too simple to
be realistic. Over time, the model was improved by considering randomness on
the incoming premiums, time dependence or interest earned on the surplus. But
the classical model is still relevant because it explains the two major causes of big
losses: frequent claims and large claims. Most of the techniques developed for the
Cramér-Lundberg model are useful for the more realistic renewal risk model.

The probability of ruin, ¥(u), is the subject of analysis of the insurance risk
model. However, it is generally difficult to determine the function W(u) explicitly,
therefore, bounds and approximations to the probability of ruin W(u) are investi-
gated.

Initially, the primary focus of investigation was on specific conditions on the

claim size distribution (Cramér, 1930; Gerber, 1973). For example, in the clas-
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sical risk model under the Cramér-Lundberg condition regarding the claim sizes,
the ruin probability presents an exponential decay as the initial capital ©v — oo
(Cramér, 1930). If the Cramér-Lundberg condition is weakened, the asymptotic
behavior of the ruin probability changes dramatically. For instance, in the case of
sub-exponentially distributed claim sizes, the ruin is asymptotically determined by
a large claim (Embrechts et al., 1997).

Later on, some studies analyzed the effect of adding a perturbation modeled
by a diffusion on the classical model. These perturbations model uncertainties in the
rate at which premiums are being collected, or in the rate of returns on the invest-
ments performed by the insurance company (Paulsen and Gjessing, 1997; Paulsen,
1998a; Ma and Sun, 2003; Yuen et al., 2004; Pergamenshchikov and Zeitouny, 2006).
Except for the case of very heavy-tailed negative jumps (Paulsen, 2002), the pertur-
bations influence the asymptotic behavior of the ruin probability. For example, if
the perturbation is a Brownian motion, the ruin probability still presents an expo-
nential decay (Schmidli, 1995). On the other hand, if the risk model is altered by a
geometric Brownian motion, then the asymptotic decay rate of the ruin probability
is at best algebraic. This latter perturbation may be interpreted as the price of the
risky asset bought with the capital at hand (Frolova et al., 2002; Constantinescu,
2003). The need of an optimal investment strategy that minimizes the probability
of ruin is the subject of very recent studies (Gayer et al., 2003).

In 1957, Sparre Andersen suggested a more realistic model, by considering
non-exponential inter-arrival times. The focus switched towards the choice of the
distribution of the inter-arrival times and a new theory developed for the case “where
the intensity for occurrence of claims depends on the space of time which has passed

since the last claim.” (Andersen, 1957)
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Sparre Andersen model permits non-exponential inter-arrival times but retains
the Cramér-Lundberg assumptions on the claim sizes. Bounds and asymptotics
on the time value of ruin were derived under this new assumption regarding the
model. For instance, it was shown that for any inter-arrival time distribution, the
probability of ruin still has an exponential bound (Andersen, 1957). Also Lundberg
type bounds were obtained for the joint distribution of the surplus immediately
before and at ruin, by constructing an exponential martingale (Ng and Yang, 2005).
For particular distributions for the inter-arrival times, the papers of Dickson and
Hipp (1998); Dickson (2002); Li and Garrido (2004); Gerber and Shiu (2005) analyze
either the asymptotic behavior of the probability of ruin or the moments of the time
of ruin.

The subject of the most recent analyses is the effect of a perturbation intro-
duced in the Sparre Andersen model. If the model is perturbed by an independent
diffusion process and the inter-arrival time is Erlang(n) a generalization of the de-
fective renewal equation is presented in Li and Garrido (2003). This thesis sets up
the ground for an analysis of the asymptotic behavior of the probability of ruin for
a Sparre Andersen model perturbed by a non-negative stochastic process. More
specifically, a very comprehensive equation is derived for the probability of ruin
under very general conditions regarding the distributions of the inter-arrival times
and claim sizes as well as the investments model. This equation can be extended
to expected values of functions of the time of ruin, penalty and severity of ruin, the
so-called Gerber-Shiu functions (Gerber and Shiu, 1998).

In this thesis, a particular case is considered, namely the investment price is
modeled by a geometric Brownian motion. The decay of the probability of ruin is

analyzed for the inter-arrival times distributed sum of exponentials with identical or
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different parameters . It is shown that the decay rate is slower than the exponential
rate of the no investments case. More precisely the decay rate is at best algebraic,

for the inter-arrival times distributions mentioned.

1.3. Brief history of the mathematical tools

Nowadays, the calculation of the probability of ruin is a powerful concept used
in pricing insurance products and in optimal control problems.

In the analysis of the probability of ruin a multitude of tools have been used,
closely following the trends from applied mathematics. For instance, the first es-
timate for an upper bound for probability of ruin was derived by deep complex
variables methods (Cramér, 1930). Nowadays there is a very elegant derivation, for
the same result, using martingales methods (Rolski et al., 1999).

The relationship between the diffusion processes and the partial differential
equations brought new insights in the analysis of the problems. Hence, most of
the original proofs appearing in this thesis use real analysis results and partial
differential equations combined with probabilistic arguments. For instance, one
of the results presented in this thesis, the well-known exponential decay of the
probability of ruin in the classical Poisson compound model, may be derived by
means of completely monotone functions and basic properties of Laplace transforms
alone. The proof relies on an analysis of the solutions of the integro-differential
equation verified by the ruin probability.

The later developments of the financial mathematics tools impacted the de-
velopment of the actuarial field. The natural query of investing the capital arise.

The first investments considered were in risk-less assets. Hence, together with premi-
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ums the company receives deterministic returns on investments (Teugels and Sundst,
1995). Recently, a great deal of the actuarial literature considers diffusion processes
in the model (Paulsen and Gjessing, 1997; Paulsen, 1998a,b; Ma and Sun, 2003;
Yuen et al., 2004; Pergamenshchikov and Zeitouny, 2006), representing returns from
a risky investments.

In the case of the classical compound Poisson model combined with a geomet-
ric Brownian motion, a generalization of the (Frolova et al., 2002) result is obtained
by means of Laplace transforms and Karamata-Tauberian arguments. The general-
ization consists in relaxing the conditions on the claim size distribution (Constan-
tinescu, 2003). Following the same steps, an analysis of the decay of the Laplace
transform of the time of ruin, and implicitly of the probability of ruin in finite time,
for a classical model embedded into a geometric Brownian motion is presented in

this paper.

1.4. Insurance risk models

However, the focus of this PhD thesis is first in deriving a general integro-
differential equation for the probability of ruin and secondly in the analysis of the
asymptotic behavior of the probability of ruin under various scenarios. The different
scenarios, may be considered varying one of the random processes involved in the
model.

Under a constant stream of premiums, ¢, for a given initial capital u, the event
of ruin may be caused by any of the following three factors: large claim, frequent
claims and “poor” returns from the investments. Mathematically this is translated

in model incorporating three processes:



1. (Xk)g the claim sizes process
2. (7)x the inter-arrival times or (N (t)); the claim arrival process

3. (Z}")i>0 the worth of a portofolio that invest the initial capital v and the
incoming premiums over time ¢ in a risky asset. Throughout this thesis, this

is referred as the investment process.

The analysis requires some conditions for each of these random variables, more
precisely on their distributions.

First, the claim amounts should be “light” or have “well-behaved” distribu-
tions. This condition means that large claims are not impossible, but the probability
of their occurrence decreases exponentially fast to zero as the threshold x becomes
larger and larger. Heavy-tailed distributions or sub-exponential distributions will
not be considered in this thesis.

Second, the density f. considered for the time in between claims (73 )g>0 sat-
isfies an ordinary differential equation with constant coefficients, formally denoted
by

£y 1) o,
dt

with £*(4)f,(t) denoting the formal adjoint of the linear operator £. Examples of

densities satisfying such a equation are the exponential density,

d d d
fr(t) = Xe™™ with (E + A1) =0, ie L(=)= (E + ),

and the sum of exponentials, the so-called Erlang(n, ) distributions with n € NV,

" d d d
£ = Dt i (o arRn =0, e L0 = (%

T(n) +5)"
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The third assumption regards the investment strategy. It is assumed that the
company invests all its initial surplus and incoming premiums continuously into a
risky asset with a price modeled by a non-negative stochastic process.

The main idea of this new setting is that the ruin may occur only at the time
of a claim. Therefore, a discretization of the model is possible. There is a discrete
time Markov process embedded in the model, irrespective of the investment strategy
or the inter-arrival time distribution. The Cramér-Lundberg assumptions regarding
the independence of inter-arrival times and claim sizes still hold.

Moreover, a very general integro-differential equation for the probability of ruin
is derived in this case of a renewal process with inter-arrival time densities that verify
a ordinary differential equation with constant coefficients. It can be shown that
many integro-differential equations well-known in the literature are particular cases
of this equation. Some applications, for particular cases of time distributions, will
be discussed and the asymptotic behavior of the probability of ruin will be analyzed
for the newly introduced models. It is shown that the rate is at best algebraic
for inter-arrival times distributions that are sum of exponentials with identical or
different parameters.

Specifically, using the integro-differential equation derived for the ruin prob-
ability, by Karamata-Tauberian arguments, it is possible to analyze the decay of
the probability of ruin in the Sparre Andersen model with investments into a stock
modeled by a geometric Brownian motion. The inter-arrival times considered are
sum of exponentials with various parameters or Gamma(n, 3) distributed, where n
is a natural number. The exponential time distribution is a be a particular case,
Gamma(1, 3). Asymptotic bounds for the ruin probabilities are derived through

probabilistic arguments or through the analysis of the asymptotic decays of the
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solutions of the integro-differential equations considered.

1.5. Summary of the thesis

Throughout this thesis, all the stochastic quantities are defined on a filtered
complete probability space (€2, (F;)¢>0, P). The filtration (F3)¢>o is right continuous
and all the stochastic processes to be defined in this thesis are adapted.

The second chapter introduces the assumptions and some of the basic proper-
ties for both the Cramér-Lundberg and the Sparre-Andersen risk insurance models.
The classical derivation of the equation for the probability of ruin is presented here
and then applied to a few particular cases.

The third chapter presents the derivation of the transition operator for the
surplus model under some given assumptions regarding the claim amounts, the
inter-arrival times and the returns from investments. A relation between this and
the probability of ruin allows the derivation of a general integro-differential equation
for the probability of ruin.

The fourth chapter is dedicated to the Cramér-Lundberg model with and
without investments. For the no-investments model the well-known results regarding
the exponential decay of the probability of ruin in finite W(u,7T) and infinite time
U(u) are re-derived by means of Laplace transforms properties only. This chapter
concludes with the analysis of a Cramér-Lundberg model with investments in a stock
modeled by a geometric Brownian motion. After revisiting the asymptotic behavior
of probability of ruin, ¥(u), of Constantinescu and Thomann (2005), the asymptotic
decay of the probability of ruin in finite time, ¥(u,T"), is examined. For investments

in a risky asset with small volatility the ruin probabilities have algebraic decay rates.
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The well-known result of Andersen (1957) presents the exponential asymptotic decay
of the ruin probability. Here it is shown that for a Sparre Andersen model with
investments in a stock modeled by a geometric Brownian motion, the asymptotic
decay of the ruin probability is at best algebraic. It is surprisingly found that the
decay has the same algebraic rate no matter what distribution is chosen for the inter-
arrival times. In fact the decay rate depends on the parameter of the investments
only.

The sixth chapter presents conclusions and future research projects. The last
chapter is an appendix, containing the concepts and theorems used throughout the
thesis.

The main results of this thesis are summarized in the following:

1. A general integro-differential equation for functions of the risk process.

2. An equation satisfied by the ruin probability in a general setup.

3. A comparison of ruin probabilities, for different inter-arrival time distribu-

4. Results on the decay of the ruin probabilities under various scenarios.
5. A unified approach for the asymptotic analysis: Karamata-Tauberian the-

orems.
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2. INSURANCE RISK MODELS- THE CASE OF NO
INVESTMENTS

In this chapter the collective risk model is reviewed together with some of
the main results from the actuarial literature. The goal is to derive a differential
equation for the probability of ruin. For some particular cases the equation has
an explicit form solution but, in general, it allows only an asymptotic analysis
of the ruin probability as a function of the surplus. For given inter-arrival time
distributions these equations are derived on a case by case basis in the actuarial
literature. The main strategy used in these examples is conditioning on the time

and size of the first claim followed by differentiation.

2.1. The risk model -no investments

The basic insurance risk model goes back to the work of Filip Lundberg and
Harald Cramér. Filip Lundberg laid the foundation of the actuarial risk theory in
early 1900. Later on, Harald Cramér incorporated Lundberg’s ideas into the theory
of stochastic processes. The structure of this model referred to as the Cramér-

Lundberg model is the following (Embrechts et al., 1997):
Definition 1. The Cramér-Lundberg model is given by conditions (1)-(5):

1. The claim arrival process: the number of claims in the interval [0,t] is denoted

by
N(t)=sup{n>1:T,<t}, t>0,

where, by convention, sup () = 0.
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2. The claim times: the claims occur at random instants of time

O<Ti<Ty<--+ a.s.

3. The inter-arrival times:
=T, m="T Ty, k=2,3--- (2.1)

are tid exponentially distributed with finite mean Emy = %

4. The claim size process: the claim sizes (Xi)ren are positive i.i.d.r.v. having

a common distribution F with finite mean u = EX;, and variance o0* =

Var(X;) < oo.
5. The sequences (Xy) and (1x) are independent of each other.

Clearly the Cramér-Lundberg model is a compound Poisson process. The
claim arrivals process N (t) is a homogeneous Poisson process with parameter A > 0.

Hence,

k
P(N(t):k)ze_)\t%7 k:071727"'

The renewal model is a generalization of the Cramér-Lundberg model, and in

the actuarial literature is referred to as the Sparre Andersen model.

Definition 2. The Sparre Andersen model is given by conditions (1), (2), (4), (5)
from the Cramér-Lundberg model definition together with:

3’ The inter-arrival times:
7'1:T1, Tk:Tk_kab k:2,3, (22)

are independent, identically distributed with finite mean ET = .

> =
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The claim arrivals process in a Sparre Andersen model is a renewal counting

process, meaning;:

Definition 3. A process {N(t),t > 0} is called a counting process if for all

t,h > 0 the following three conditions are satisfied:

o N(t) < N(t+h)

In the risk theory literature, the renewal counting process { N(¢)} is called the
claim counting process, where N (¢t + h) — N(t) models the number of claims
occurring in the interval (¢,¢ 4+ h.] The realizations of any counting process are
monotonically decreasing and right-continuous functions.

Sometimes, it may be assumed that the probability of the first claim occurrence

is different than that of the subsequent ones. In that case, the process is called,

“delayed”:
Definition 4. Assume that T1,T5,--- 1s a sequence of independent nonnegative
random variable and that Ty, T3, - -+ are identically distributed with distribution Fr.

The random variable Ty may have an arbitrary distribution Fy, which need not be
equal to Fr. Then {o,,n > 1} with o, = Ty + To + ---T,, is called a delayed
renewal point process. The process {N(t),t > 0}, is called a delayed renewal

counting process.

The surplus process (U(t))>o is defined as

N(t)
Uty =u+ct—» X, (2.3)
k=1
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where u > 0 denotes the initial capital and ¢ > 0 is the incoming premium rate. In
order to measure the solvency of an insurance company, the following two measures

are introduced.

Definition 5. The probability of ruin in finite time, or before a given time T is
denoted by V(u,T) and is defined as the probability that the ruin happens before the
time T,

U(u,T)=P(T, <T|U(0) =mu).
By T, is denoted the first time the surplus of the insurance company starting with
an initial capital u goes below zero:

T, = %gg{U(t) <0|U(0) =u}.
T, is called the time of ruin.
Definition 6. The probability of ruin with infinite horizon, or simply the probability
of ruin, is denoted by V(u) and is defined as the probability that the time of ruin is
finite,

U(u) = P(T, < oo | U(0) =u).
Obviously, V(u) = V(u, 00).

Intuitively, the premium rate ¢ should be chosen so that for a given u and a

given T, W(u,T) will be small. A suitable premium rate ¢ should first exceed the

average paid claims as seen in the following results:
Lemma 1. For the Cramér-Lundberg model,
EU(t) = u+ ct — Aut. (2.4)

For the renewal model,

EU(t) =u+ct — pEN(t). (2.5)
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Proof. See e.g. Embrechts et al. (1997), page 24. ]

In either cases, using the elementary renewal theorem (see e.g. Mikosch (2004),

page 62), one has
EUW@) _ i v m PN
A natural necessary condition for solvency is the “net profit condition:”
c— pA > 0.
Moreover, one has the following:
Proposition 1. On the event {T,, = oo}, the model (2.3) has the following property:

U(t) - 00 as t— oc.

Proof. Since the ruin doesn’t occur, U(t) > 0 for any ¢ > 0. Thus, using the Law of

Large Numbers and the Key Renewal theorem:

N()
lim —U(t) = lim v +c— —Zk:l X
t—oo t—oo ¢ t
O x N(t
= c¢— lim =£=L2F jiy ®)
t—o0 N(t) t—oo ¢
= c—A\u>0.
In other words as t — oo, U(t) — oc. O

2.2. The integro-differential equation of the ruin probability

Definition 7. Suppose that {X; : t > 0} is a continuous-parameter stochastic

process. The process has the Markov property if for each s < t, the conditional
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distribution of Xy given {X,,u < s} is the same as the conditional distribution of

X, given X,. Such a process is called a continuous- parameter Markov process.

The Cramér Lundberg risk process U (t) is an example of a continuous Markov
process. Between the jumps, caused by the claims, the process is deterministic. It
is possible to show that the process is Markov using the lack of memory property

of the exponential distribution.

Definition 8. Recall the transition operator T, of a Markov process U(t) is
given by
Tif(u) = E[f(U(1)) | U(0) = u] (2.6)

provided E[|f(U(t))]] < oo.

Definition 9. The infinitesimal generator of {T,t > 0}, or of the Markov process

Xy, 1s the linear operator A defined by:

Agts) iy B2) =012

for all real-valued, bounded, Borel measurable functions g defined on S, g € B(S)
such that the right side converges uniformly in x to some function. The class of all

such functions g comprises the domain D, of A.
The following is a fundamentally important result about the Markov processes.

Theorem 1. Let U(t) be a right-continuous Markov process on a metric space S,
and f € Da. Assume that s — (Af)(U(s)) is right-continuous for all sample paths.

Then the process Z; given by

7= iy - | ADW(s)ds ¢ >0,

is a {Fi}-martingale, with F; := o{U(z) : 0 <z < t}.
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Proof. See e.g. Bhattacharya and Waymire (1990), page 375. ]

Consequence of this theorem: Ag(u) = 0 implies that g(U(t)) is a martingale,
Elg(U®)[U(0) = u] = g(u).

Paulsen and Gjessing (1997) introduces a relationship between the infinites-
imal generator of a function of the the risk process and the probability of ruin.
Actually they show that a function g that satisfies the equation Ag(u) = 0 together
with some boundary conditions, is the ruin probability. The following theorem is an
adapted form of their theorem to the Cramér-Lundberg case with no investments.
Their original theorem together with the proof will be presented in the 4th chapter

of this thesis.

Theorem 2. Assume g(u) is a bounded, differentiable function on u > 0, with a

bounded derivative. If g(u) satisfies
Ag(u) =0
together with the boundary conditions
glu) =1, for u<D0,

lim g(u) =0

U—0o0

then g(u) is the probability of ruin, in other words
g(u) = P(T, < o0).

Proof. The detailed proof of the theorem from Paulsen and Gjessing (1997) can be

found in the next chapter. Here is presented a sketch of the proof.
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Let T, = inf{t: U(t) < 0}, then g(U(T,)) = 1 since U(T,) < 0. By hypothe-

sis, Ag(u) = 0 thus, g(U(t)) is a martingale. Since T, is a stopping time,
gu) = Eulg(U(TuA1))]
= Eulg(Ur,n) Ly, <i] + Eulg(U(Tu A1) 17, 51]

= Eug(U(T))]P(Tu <t) + Eu[g(U(0)1P(Ty > 1)

The result follows by letting t — oo and using the boundary conditions and propo-
sition 1,

glu)=1xP(T, <o0)+0x P(T, = o0) = P(T, < ).
[

As a consequence, the integro-differential equation satisfied by the ruin proba-
bility may be obtained if the generator of the process is calculated. For the Cramér-
Lundberg risk process

U(t) =u+ct — S(t),
the infinitesimal generator is given by
Ag(u) = () + X [ glu— 2)dFx(x) - Agla) =0
0

where Fx is the distribution of the claim amounts Xj. Hence the integro-differential

equation for the ruin probability is:

U'(u) ==¥(u) — — /000 U(u—x)dFx(z). (2.7)

This equation was previously obtained by a “renewal argument” (Feller, 1971), page

183. Since the Poisson process is a renewal process and since ruin cannot occur in
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before the first claim arrival 7, then the probability ruin W(u) satisfies the following

relation:

V() = ENW(UMT)) | Uo =1l
= E¥(u+cl) — X))

= / e / U(u+ cs — x)dFx(x)ds
0 0
00 u-+tcs o] 00
= / e / U(u+cs —x)dFx(x)ds + / e~ / dFx(z)ds
0 0 0 u

+cs

As in Grandell (1991), the change of variables y = u + c¢s leads to

/ e e / y — x)dFx(z)dy + = / e / dFx(x (2.8)

Consequently, ¥ is differentiable and differentiation leads to

A A [
U'(u) = =W(u) — —/ U(u— x)dFx(z).
c ¢ Jo
with the boundary condition
lim ¥(u) = 0.

Thus, either through the infinitesimal generator, or through probabilistic arguments,
the same integro-differential equation (2.7) may be derived for the probability of ruin
in the classical Cramér-Lundberg model.

The Sparre Andersen model is a discrete Markov process (See Appendix A2),
therefore one needs to define its generator, instead of an infinitesimal generator. This
generator and the theorems relating it to the ruin probability will be the subject of
the next chapter. However, once the inter-arrival time distribution is given, through
similar probabilistic arguments (conditioning and differentiation), the probability of

ruin equations may be obtained.
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Examples form the literature of equations for different inter-arrival times, in

a Sparre Andersen model are:

1. Erlang(2) (Dickson and Hipp, 1998; Dickson, 2002). Let f.(t) = 5%*te=?, for
t > 0, be the density of the inter-arrival times. Then, by conditioning on the
time and the amount of the first claim, the ruin probability satisfies

00 u-+tct o] o]
U(u) = / fT(t)/ U(u+ ct — x)fx(z)dzdt —I—/ 1 (1) fx(z)dzdt.
0 0 0 u+-ct
After the change of variable, s = u + ct, differentiating the equation twice, it
becomes:

AV (u) — 2BV (u) + ¥ (u) = 62/ U(u—x)fx(z)dr. (2.9)

0

2. Erlang(n) (Li and Garrido, 2004). Let f.(t) = ﬁ”t”_l(fl__%!, for ¢ > 0, be the

inter-arrival times density. Then the equation satisfied by the ruin probability

is derived to be:

n

n _ _ [e.e]
> W)L = ([T v o) s @ds, @210
k=0 \ n—k ¢ ¢ 0
n
where represents the number of possible combinations of n objects
k

taken k at a time.

3. Sum of exponentials (Gerber and Shiu, 2005). The inter-claim time random
variables {7} } are the sum of n independent, exponentially distributed random

variables. Denote 7 := 7. Then

T=Wi+ Wt +W,,
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where W; are n independent exponentially distributed random variables with
EW; = )\% Then, by conditioning in the value of Wy +Wy+---4+W,; —t, ¢ > 0
(because the conditional distribution of this random variable is identical to

the exponential distribution of W;.;), one obtains the following recurrence:
\I[j = )‘j—l-l/ €_>\j+1t\1/j+1(u + Ct)dt, j = 0, ]_, 2, e, n — 2.
0
Using the change of variables z = u + ¢t one gets,

An oo z An o0 B _ oo
U, 1(u) = —/ e’\”(zu)/c/ \I/(z—x)fx(x)dx—l—?/ e An( “)/C/ fx(z)d.
u 0 u z

C

Differentiating with respect to u the appropriate number of times, one gets

the desired integro-differential equation:

V(D)W (u) = /Ou\Il(u — ) fx(x)dx + /OO fx(z)dz, u>0, (2.11)

where D denotes the differentiation operator and

For n = 2, the distribution is referred to as a sum of two exponentials,

A1As

o —Ait o — Aot
= —)\2 e (e e ")

f=(t)

and the ruin probability equation has the following form,

(1-— )\_1£>(1 — )\—2@)\11(15) = /0 U(u—x)fx(x)dx +/u fx(z)dz, u>0,
equivalent to

AW (u) — (A + X2)eW (u) + AU (u) = Ao /000 U(u—x)fx(x)de. (2.12)
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To summarize, this chapter introduced the basic risk model with its assump-
tions and properties. Also, for a few particular inter-arrival time distributions, the
equations for the probability of ruin were derived using the classical approach used
in risk theory. Namely, calculate first the conditional expectation of the probabil-
ity of ruin as a function of the process immediately after the first claim, given the
initial surplus, then perform the necessary number of differentiations. These equa-
tions were written based on information about inter-arrival time distributions given
apriori, when the only incoming flow is the constant premium rate.

In the next chapter, the equation for the probability of ruin will be written for
a special class of distributions for the inter-arrival times, when the incoming flow

consists of premiums and stochastic returns from investments.
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3. INSURANCE RISK MODELS - THE CASE OF
INVESTMENTS

This chapter contains the main result of this thesis. It derives an integro-
differential equation for the probability of ruin, when the surplus process is a renewal
risk process with stochastic returns from investments. It is referred to as the Sparre
Andersen process with investments. The equation is written for a large class of inter-
arrival time distributions with the option of stochastic returns from investments (if
any). Many of the processes considered in the actuarial literature are particular
cases of this one.

The result is derived through the following steps, each on its own being an
original result.

First, for a Sparre Andersen surplus model with investments, a very general
integro-differential equation is derived for the semigroup operator or, in other words,
for the conditional expectation given the initial value of the process of a function of
the surplus process immediately after the first claim. The equation derived here is
valid for any claim sizes distribution, F'x, and any non-negative stochastic invest-
ment process. The only constraint of the model considered is that the density of the
inter-arrival times needs to satisfy an ordinary differential equation with constant
coefficients. The class of such distributions is referred to as mixture of Erlangs or
phase type distributions.

The second result is the key result of this thesis. It connects the general
equation developed for the transition operator of a function with the probability of

ruin. Under a given assumption regarding the asymptotic behavior of the process at
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infinity, a function that satisfying the derived equation together with some specific
boundary conditions is the probability of ruin.

Given specific values for the inter-arrival times density, and the investment
process, one may obtain many of the well-known integro-differential equations sat-

isfied by the probability of ruin.

3.1. The risk model - with investments

An insurance risk model with investments, is a classical surplus model (2.3),

N(t)

U(t):u—i—ct—ZXk
k=1

perturbed by a non-negative stochastic process. Recall that U(t) represents the sur-
plus at time ¢, u represents the initial surplus, ¢ is the constant premium rate, N (t)
is a random variable representing the number of claims incurred up to time ¢, X}
are random variables representing the claim sizes, and the non-negative stochastic
process represents the price of the risky asset where the surplus is invested.

The perturbed model is considered to model the surplus for an insurance
company investing all its money, continuously into a risky asset with a price which
follows a non-negative stochastic process. The non-negativity condition is imposed
so that the ruin will not occur due to the investment only.

Since the ruin may occur only at the claim times, T}, the surplus process may

be discretized. The discrete version
U k= U (Tk),

is a discrete time Markov process. The process Uy immediately after the payment
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of the k—th claim X may be written

Uy = Z51 = X, (3.1)

where chkfl represents the worth of a portfolio that results from investing the
capital Uy_; (immediately after the payment of the k — 1 claim) and the premiums
collected over the time 7, into a risky asset.

Some example of this model equation for specific investment strategies are the

following:

1. If there are no investments, then the surplus is the basic insurance risk process
(2.3):
N(t)
U(t) :u—l—ct—ZXk.
k=1

2. If the price of the risky asset follows a geometric Brownian motion with drift

a and volatility o2, then the equation of the surplus process is
t t N(t)

U(t) =u+ct + a/ U(s)ds + 0/ U(s)dW, = X (3.2)
0 0 k=1

3. If the price of the risky asset is modeled by a diffusion, then the equation of

the surplus model is:

t t N(t)
U(t):u+ct+/0 a(s,U(s))ds—l—/O o(s,U(s)dW, = > Xy, (3.3)

where Wy is a standard Brownian motion a(s, U(s)), is the infinitesimal drift
function and o (s, U(s)) is the infinitesimal variance, provided that o2(¢, z) > 0

for any t > 0 and = € E, where F is the state space of U(t).

Remark 1. If N(t) is Poisson distributed, the process (2.3) is a compound Poisson
process and refers back to the classical Cramér-Lundberg model. Under this assump-

tion, the process (3.1) is referred to as the Cramér-Lundberg model with investments.
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If N(t) is a renewal process, then the process (2.3) is called the Sparre Ander-

sen model and respectively (3.2) is referred to as the Sparre Andersen model with

vestments.

Lemma 2. For the Cramér-Lundberg model with investments into an asset whose

price is modeled by a geometric Brownian motion (3.2),

— A
EU(t) = — P2 (et — 1),
a
Proof. Since
t t N(t)
EU(t) = u+ct + a/ EU(s)ds + a/ EU(s)dW, — E) X,
0 0 k=1

where [ EU(s)dW, = 0 and for the Cramér-Lundberg model E Y p%) X; = pAt,

then denoting f(t) = EU(t), one has

fO)=u+(c— /\,u)t—I—a/O f(s)ds.

Taking the derivative of f, one obtains the following ordinary differential equation:

F1(t) = (e = M)+ af(t).

Using e~ as integrating factor, the solution of the ODE is exactly (3.4)

EU(t) = S M (e — 1),

a

O

This lemma shows that a solvency condition is ¢ — Ay > 0 and also a > 0.

In other words a positive drift of the investments together with the “net profit

condition” introduced in the classical Cramér-Lundberg model.
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The claims occur at random times, T},75,---, where the time in between
claims are denoted by 7 = T, = Ty — T}, -- =1, —T,-1,---, and the
assumption regarding the independence of the processes {74}, and { X} }x still holds.
This means that the size of a claim does not depend on the time elapsed since the
previous claim.

Under renewal considerations, the specific assumptions introduced for the
model to be analyzed here are with regard to the three main variables of the model:
the claim sizes X}, the inter-arrival times 73, and the value of the investment Z;.

First assumption. The claim amounts { Xy}, are said to be “light” or to

have a “well-behaved ” distribution F'x, i.e. exponentially bounded tail distribution
1 — Fx(z) <ce™®™

for some positive a and ¢ and for all > 0.
Second assumption. The density of the inter-arrival times (73 ), f- satisfies

an ordinary differential equation with constant coefficients, formally denoted by

(0 =0,

with £* denoting the formal adjoint of the linear operator £. In general, the linear
operator L is defined by

d & d’
O =2 e -0,

j=0

L(

with the adjoint £*,

n

£ 10 = Y (1P g ),

J=0
Third assumption. The company receives premium at a constant rate c

and invests all its money continuously into a stock with a price which follows a
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non-negative stochastic process. The investment process Z;* is a continuous Markov
process with infinitesimal generator A. For instance, for an investment into a stock
modeled by a geometric Brownian motion, the infinitesimal generator is

o d?

d
A= (c+au)@+ ?ﬁ’

whether if no investments are made, the “infinitesimal generator” is

d
A=c—.
Cdu

By a method to be introduced here, a general integro-differential equation for
the probability of ruin is derived and later on analyzed. Many particular cases of
the equation have been already analyzed in the actuarial literature, but new higher-
order integro-differential equations may be written for investment scenarios never
considered before.

First an integro-differential equation is derived for the transition operator as-

sociated to the risk process.

3.2. The integro-differential equation of the transition op-
erator

Definition 10. For the discrete Markov process Uy, Uy, Us, - - -, where Uy = u, U =
Ur,, on the set of all real-valued, bounded, Borel-measurable functions h, define the

transition operator Th: R — R,

Th(u) == E(R(U,) | Up = u) = /0 T h /0 TEM(ZE - 1) | U(0) = u) f () dadt.
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Definition 11. The generator of the time discrete Markov process {(Ux)r<o | Uy =

u} is,
Ayg(u) = (T = I)g(u).

Remark 2. Note that Ay denotes the generator for the process U and A the in-

niestmati generator jor € Process . A 1S e aomawmn o € operator Ay an
finitesimal tor for th Zu. Dy, is the domain of th tor Ay and

respectively, Dy is the domain of the operator A.

Proposition 2. M, = f(U,) — S3_g Avf(Us) = f(Un) — Yo (T = 1) f(Uy) is a

martingale.
Proof.
E(Moi1 | F(Uo, U, -+ Un)) = E(f(Uns1) | Uo, Un, - Up) = > (T = 1) f(Up)
k=0
n—1

= Tf(Un) =Tf(Un) + f(Un) = p (T =1)f(Us)

>
Il
<)

]

One of the main results of this thesis shows that a certain integro-differential
can be written for expected values of the function of both the risk process and the

claim sizes process.

Theorem 3. Let g € Da. If f, satisfies the ordinary differential equation with

constant coefficients
d
L(=)f(t) =0
()

and

1. f®0)=0, fork=0,...,n—2



2. limy_oo fF(2) =0, fork=0,...,n—1

then
L (A)Tg(u,0) = fI*"V(0)Eg(u, X1).

Proof. Recall that the surplus process at the time of the k—th claim, T}, is Uy
Zgﬁ’“l — X}.. Consider the process (ZTU,C’“”,X;C);CZO, with the first two states (Zp =

u, Xo =0), (Z*, X1). Then the transition operator T'g of this process equals:

717

g(u, 0) / / 9(Zy,x) | Zo = u) f,(t) fx (z)ddt.

Since by assumption,

1 o &
f-(t) = _a_o;aj%ﬂ(t)
then it follows that
p
T9w0) = [* [ Jd;ff<t>>e<g<zt,x> | Zy = u) (o)

— —a_oza]/ / @fT 9(Zy,x) | Zo = u) fx(x)dxdt

Integration by parts leads to

[e¢) n J k
To,0) = [ il el GrEe(Zen) | Zo= i P01
b1y [ ) | 2= 0 0)ds

Due to the hypothesis on the derivatives of f., it further equals:

Tow0) = — °°fx<> E(s(Z. >rzo—u>f£”—1><o>dx

/ /OO O}() ZOé] dt] (Zt’ ) | ZO = u)fT(t))dth(ZE)d[E
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Using Kolmogorov’ backward equation and the fact that E[g(Z;, x)|Zy = u| and A

commute on Dy, one has

%E[Q(Zt,wHZO = u| = AE[g(Z;, x)| Zo = u] = E[Ag(Z, x)| Zy = ul.

Inductively, the equality becomes:

To(u,0) = — °°fX<> E(9(Zo,2) | Zo = u) [ D(0)da

/ /OO (io ZCY] VYEAY (g(Zy, 2) | Zo = u) f,(1))dt fx (x)dx

where AW g = A(A(A...))g, j times. Adding and and subtracting to the right-hand

side of the equality

Tg(u,()) = E[ ZTlaXl)‘ZO_u]

_ /0 / —aOEA (0(Z0s2) | Zo = u) fo (1))t fx (2)da
one obtains:
Tg(u,0) = / Fx(2)E(9(Zo,x) | Zo = u) fi"V(0)dx
- / /OOaiozaj(—l)jE[A(j)(g(Zt,x)!Zozu)]fT(t))dtfx(x)dx
— / fx(2)E(9(Zo, ) | Zo = u) f"V(0)dx
- / / ZO‘J (9(Ze,) | Zo = )] f+(0))dt () da

= Tg(u,0) + —/ Fx(@)E(g(Zo, x) | Zo = u) f"V(0)da

_ / / —E£* (9(Zy,x) | Zo = w) f-(1))dt fx(x)dx

— Ty(uw,0)+ 10 >E<g<u,xl>—aioec*m)(g(ZTl,Xnrzo:u>
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Since T" and A commute in Dy, i.e. TA = AT, then by the linearity property of the

expected value, inductively, EL*(A) = L*(A)E. Thus,
1 1
Tg(u,0) = Tg(u,0) + - FY(0)Eg(u, X;) — a—oﬁ*(A)E(g(ZTl,Xl) | Zo = u)
In other words, for any function g in the domain of A,

OéoT

Lo 0)Eg(u, X)) aioc*<A>E<g<ZT1,X1> | Zo=u) =0,
L (A)Tg(u.0) = O (0)Eg(u, X,).
]

Corollary 1. If the same conditions regarding the inter-arrival times distribution

hold and moreover
Tg(u70) = E[g(ZTqu) | ZO - u] = g(u70)

then
L(A)g(u,0) = f7(0)Eg(u, X).

T

Corollary 2. Let h € Dy. Then under the same conditions regarding the inter-

arrival times distribution h satisfies the equation:

L*(A)h(u) = f"=D(0) /000 hu — ) fx(x)dx. (3.5)
Proof. For the proof of corollaries, one has that if,
Elg(Zr, X1) | Zo = u] = g(u,0),
equivalent to T'g(u,0) = g(u,0) then

L (A)g(u,0) = fI*"D(0)Eg(u, X1).
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Also, for h(u — x) = g(u, z) one has

L (AYh(u) = F7(0) / " b — @) fx (2)de

3.3. Relation to the probabilities of ruin

As mentioned before, the mathematical assignment is the asymptotic analysis
of the ruin probability of an insurance company that receives premiums, pays claims
and invests its capital.

Recall that T, denotes the first time the surplus of the insurance company

starting with an initial capital v goes below zero:
T, = glg{U(t) <0|U(0)=u}

and is called the time of ruin. The event of ruin refers to the first time the surplus
is negative and the probability of ruin is defined as ¥ (u) = P(T, < oo | U(0) = u).

Let T} be the time of the k— th claim. Then, the risk process
Up =2y — X,

is a discrete Markov process. Moreover, the claim amount X, and and the time in
between claims 7, = Ty, — T} are independent, meaning that the severity of the

claim doesn’t depend on the amount of time elapsed since the last claim.

Theorem 4. Assume that on the event {T,, = oo}, Uy — o0 as t — o0o. Assume

that P(T,, < c0) = ¥ (u) € Da. Then the following are equivalent:
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1. g € D4 satisfies

Avg(u) = (T = I)g(u) =0

together with the boundary conditions

lim g(u) =0

U—0o0

2. g(u) 1is the probability of ruin, in other words

From Ayg = (T — I)g = 0 one has T'g = g. Thus, a corollary of the theorem

is:
Corollary 3. Assume that U(u) € Dy,. Then the following are equivalent:

1. A function g € D4, satisfies

L (A)g(u) = oD (0) / " g(u— o) fx () (3.6)

lim g(u) =0

U— 00

2. g(u) is the probability of ruin, in other words
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Proof. The theorem is proved first.

First part “(2) = (1).”

Since the process Uy is a renewal process and since ruin cannot occur in the the
interval (0,77), where T} represents the time of the first claim, then the probability

of ruin, g(u), satisfies the renewal equation,

g(u) = E(g(Uh) | Up = 0) =: Tg(u).

It is proved in the previous theorem that T'g satisfies the equation for any g € D 4.
Since, T'g = ¢ it follows that ¢ satisfies the equation. Since ¢ is the probability of
ruin, it also satisfies the boundary conditions.

Second part, ‘(1) = (2).”

Let E,g(Ux) := E(g(U(1})) | Uy = u). Since g € D4, with
Avg(u) =0,
then g(Uy) = g(U(T}) is a martingale, i.e for any k,
9(u) = Eug(U(Ty)).
The time of ruin 7T, is a stopping time, thus
9(u) = E,g(U(T.))
and moreover

g(u) = Eug(U(T, NTy))
= E.[g(U(Tu NTi) 1, <1y] + Eulg(U(Tu A Ty)) L1z, > 1303

= Eg(U(T.)P(T, < Ti) + Eug(U(T}))P(T, > T)
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The result thus follows by letting ¢t — oo and using the boundary conditions,
g(u)=1% P(T, < )+ 0% P(T, = o0) = P(T, < ).
O

Remark 3. The general assumption made in the theorem that on the event {T, =
oo}, Uy — o0 as t — oo, can be reformulated as a condition on the investment

u
process Z'.

Example 1. For a renecwal risk process with no investments, it is true that on the
event {T,, = oo}, Uy — 00 as t — oo, through a law of large number type argument,

as mentioned in the previous chapter (Proposition 1).

Example 2. For a renewal risk process with investments in a stock modeled by a

geometric Brownian motion, the following are known:

1. Using Lemma (2), one has that for ¢ > Ay and a > 0,

EU(t) >0 as t— 0.

2. If the process U (t) is a geometric Brownian motion with no jumps (no claims)

and no premiums, then, according to Oksendal (1998), page 65, for fr—% > 1,

U(t) - o0 as t— oo.

The derivation of the exact conditions between the parameters of a Sparre Andersen
model with investments in a stock priced by a geometric Brownian motion will be

subject of future research.
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3.4. The integro-differential equation of the ruin probability

Using theorem 4, the ruin probability satisfies the general integro-differential
equation:

LA (u) = f0 / T W o) fx(a)da (3.7)

together with the boundary conditions:
1. limy o ¥(u) =0,
2. (BC)

where (BC) stands for boundary conditions and n represents the degree of the
ordinary differential equation satisfied by the density of the inter-arrival times. The
boundary conditions (BC) may be derived from “compatibility” conditions assuming
that the integro-differential equation and its derivatives hold at zero. For instance,
if the investment considered is a geometric Brownian motion then the equation has
order “2n”. If the average time in between claims is %, then the boundary conditions

will be:
1. lim, o ¥(u) =0,
2. c¥V'(0) = AP(0) + A =0,
3. k—th derivative of the equation at zero, k =1,2,--- ,n — 2.

Many well-known equations are a particular form of the equation (3.7). For
instance, in the Cramér-Lundberg model with no investments, the density of the

inter-arrival times is exponential, f.(t) = Ae ™, for ¢t > 0. Hence, it satisfies the
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following ODE with constant coefficients:

(@ nEm =0

Reconciling with the notation introduced here, one has

LENF0) = (5 + NI
with the adjoint
LN = (54 N (1),

Since there are no investments, just a constant flow of premiums at a rate ¢, the

infinitesimal generator of the “investment ” process is

Therefore the integro-differential equation obtained from the general form (3.7) is:

(—c% + AN U(u) = A /000 U(u—z)fx(x)dx (3.8)

equivalent to the equation (2.7) and with the same boundary condition,

lim ¥(u) = 0.

U—00

Also, for the Sparre Andersen with no investments, the equations and their boundary

conditions can be derived for different inter-arrival times.

1. Erlang(2). Using (3.7) the same equation can be derived for the ruin proba-
bility as in (Dickson and Hipp, 1998; Dickson, 2002):

(~eg + 0PW(0) = 5 [ W) fxla)d,

equivalent to (2.9), with the boundary conditions:
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(a) limy o ¥(u) =0,

(b) 2T"(0) — 28cW(0) + F2T(0) = 3.

2. Erlang(n). Using (3.7) the same equation can be derived for the ruin proba-
bility as in (Li and Garrido, 2004):

(~ege + "V = 8" [ W= a)xla)d,

equivalent to (2.10), with the boundary conditions:
(a) limy oo ¥(u) =0,
(b) (—cg; +B)"¥(0) = B,
(c) the first n — 2 derivatives of the equation (2.10) evaluated at zero.

3. Sum of two exponentials. Using (3.7) the same equation can be derived for

the ruin probability as in (Gerber and Shiu, 2005):

d

<_C£ + ﬁl)(—cdiu + Bo)W(u) = (152 /000 U(u—z)fx(x)de,

equivalent to (2.12), with the boundary conditions:
(a) lim, .o ¥(u) =0,

(b) W"(0) — c(B1 + B2)W'(0) + £132¥(0) = 315s.
3.5. Remarks

Remark 4. The model (3.2) applies even if only a part n € (0,1] of the capital is
wnvested in the risky asset. In such a case, one should replace the parameters a, o,

with na, respectively no.
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Remark 5. A very similar derivation of the transition operator T'g can be done
if the inter-arrival times density f. satisfies a ordinary differential equation with

polynomial coefficients. The equation obtained is

E‘C*(A>(g(ZT17X1) | ZO = u) = f(n_1)<0)E(g(u7X1)7

T

where this time L is an operator with coefficients not necessarily constants. There-
fore, in general E and L*(A) will not commute. Thus, this is the general equation

that can be obtained for the case of polynomial coefficients.

Remark 6. One of the difficult parts in applying Theorem 4 is determining the

domain of the operator D . It will have to be studied on a case by case basis.

For instance, Paulsen and Gjessing (1997) considered the case of exponen-
tially distributed inter-arrival times and defined the operator Ay acting on twice

continuously differentiable functions as follows:

2

Avgl) = g () + (e + alg () + X [ (ol =) = g(a))dFx(z)

where A is the intensity of the number of claims process N and Fy is the distribution
of the claim amounts Xj. Their theorem is written for this special operator and it will
be presented here, in the following paragraph. Also, the ruin probability equation
for some special cases of claim sizes distributions are reproduced from their paper,
to show the technique used in determining the boundary conditions for the ruin

probability equation.
Theorem 5.

1. Assume g(u) is a bounded and twice continuously differentiable function on

u > 0 with a bounded first derivative. If g(u) solves

Ag(u) =0 on u>0,
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together with the boundary conditions
glu)=1 onu <0,

lim g(u) =0,

U— 00

then

g(u) = P(T, < c0).

2. Assume qo(u), @ > 0 is a bounded and twice continuous differentiable function

on u > 0 with a bounded first derivative. If q,(u) solves
Aqo(u) = ago(u) on u >0,
together with the boundary conditions
Go(u) =1 on u>0,

lim g, (u) =0,

U—00

then

o(u) = E[e™T4],
Proof. See Paulsen and Gjessing (1997). O

Paulsen and Gjessing (1997) concluded that the boundary conditions together
with the boundedness assumptions are sufficient to determine g and ¢, uniquely,
provided the solutions exist. They also observed that for special claim size dis-
tributions the relevant integro-differential equations may be differentiated once or

several times and thus remove the integral operator. In this case, one may retain
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the boundary value information from the original equation. To be specific, consider
the equation

Aga(u) — aga(u) =0 (3.9)

since the equation Ag(u) = 0 is obtained from this by setting a = 0 and ¢, = g.
Then letting © — 0 in this equation and using the boundary conditions from the
theorem one finds,

cqh(0) = (A + @)ga(0) + A = 0. (3.10)

If (3.9) needs to be differentiated twice, then letting u — 0 in

d

@(AQaOL) - O‘%l(“)) =0

and assuming fxy = F% exists and in continuous in an interval [0, ¢), one gets the
following additional boundary condition,

B a
a+ A

cqh(0) + (a+ ¢

2 Ax(0) = A= )y (0) - g0 =0 (@1

o+
Since the integral term involves the distribution of the claim amounts, in order to

illustrate the choice of boundary conditions, consider the following three examples:

Example 3. Consider the case when the claim sizes Xy are exponentially distributed

with expectation }% and the inter-arrival times are exponentially distributed with ex-

1

pectation 5. Then from the fact that the derivative of an exponential is also an

exponential, taking the derivative of (3.9), one finds:

d

@(AQQ(U) - aqa(u)) + M(Aqu(u) _ Oéqa(u)) —0

Thus, qu(u) solves

2 2
Pl () + (T e+ (a0 Ju o) (u) + (paut(ue-+-a—o =) () —apga (u) = 0,

(3.12)



with the boundary conditions
do(u)=1 on u<0,

lim g, (u) =0,

U—00

cq,,(0) — (A + @)qa(0) + A = 0.

This implies that the ruin probability ¥(u) solves the equation

2
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U—UQII/”'(u)—|—(U—,uu2—|—(a+02)u+c)\ll"(u)—l—(uau—|—(uc—I—a—a—)\))\IJ'(u) =0, (3.13)

2 2

with the boundary conditions
Uu)=1 on u<D0,
lim ¥(u) =0,

cW'(0) — AW(0) + A = 0.

Moreover, if the volatility o = 0 then the surplus process U(t) is given by

Ul(t) —u+ct+a/tU(s)ds—]§Xk
0 =
and the ruin probability is the solution of the equatz’onk 1
(c+ au)¥"(u) + (pau + pec+ a — X)W’ (u) =0
with the boundary conditions
Jp, V) =0,

cW'(0) — A(0) + A =0

and it has an exact form:

(3.14)



45

e A
THT(] 4 4ya g
W(u) = fui (L+5)e" dz
S+ [ e (l+ 2y de
a result that does back to Segerdahl (1942).

Example 4. Assume that o = 0 and the distribution of the claim amounts is a

mixture of two exponentials:
fx () = (Opae™" + (1 = O)poe™%) 1 z0).

Then the equation to be solved by the ruin probability s

d? d
S AP W) + (p + pz) o Au ¥ () + ppp Ay ¥ (u) = 0

i.e. the following differential equation:
(c+ a0 (u) + (i + p)au + (20 + (i + pa)e — A)W"(u)

+(peau + (1 + p2)a + papze = (1 = 0)pn + 0pz)) ) ' (u) = 0

with the boundary conditions

lim ¥(u) =0,

V' (0) = AP(0) + A =0,
cV"(0) + (a+ c(Ouy + (1 — O) ) — A)W'(0) = 0.
Example 5. Consider the case when the claim sizes Xy, are exponentially distributed
with expectation i and the inter-arrival times are Erlang(2,3) distributed with ez-

pectation % Then taking the derivative of (3.7), one finds that W(u) solves a fifth

order ordinary differential equation:
LA+ B)2U(u) = B~ L (—A+ B W(u) + w¥(w)), (3.15)

where, A = %u%‘l—; + (c+ au)%, with the boundary conditions
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1. ¥(u)=1 on u<0,

2. limy, o U(u) =0,
3. AA0"(0) + c(a —28)¥'(0) + £2¥(0) — 32 = 0,
4. A9"(0)+(2ac+2a0?+co?+ac—23)0"(0)+(a—B)?¥'(0)— F2u¥(0)+ 3% = 0,
5. cAUW(0) + (4eo? + bac+ 2a0? — 23¢) ¥ (0) + (4a® + 2a0? + 0* — 2302 — 4aB +
B (0) — FRpb(0) — By =0,
Remark 7. If the density of the claim sizes satisfies an ODE with constant coeffi-
cients of order m, then the integro-differential equations may be reduced to homoge-

neous differential equations (after taking m derivatives). The boundary conditions

may be obtained from the compatibility conditions.

In view of equation (3.7) various integro-differential equations may be written
for specific choices regarding the inter-arrival times, claim sizes or the investments
process, leading to corresponding probabilities of ruin. A few of these cases will be

presented in the next chapters, but many others can be considered.



47

4. RUIN PROBABILITIES IN THE CLASSICAL RISK
MODEL

This chapter contains the analysis of the ruin probabilities for the Cramér-
Lundberg model with and without investments. The surprising result is that in-
vesting everything in an asset with returns following a geometric Brownian motion
leads faster to ruin than if no investments are made.

In the first section covering the classical case with no investments the well
known exponential bound for the probability of ruin is derived through a modern,
elegant martingale method (Rolski et al., 1999). Also, the well-known exponen-
tial decay of the probability of ruin is derived by means of Laplace transform and
completely monotone function properties Feller (1971) .

The next section addresses the case of investments in an asset with stochastic
returns modeled by a geometric Brownian motion. The asymptotic decay for both
the ruin probability in finite and infinite time is analyzed using Karamata Tauberian
methods.

For the probability of ruin with infinite horizon the surprising result is that
the probability of ruin decays slower to zero than in the classical case without
investments. Intuitively, this may be explained by the fact that a claim may occur
when the market value of the asset is low and it is not possible to be cover the losses
just by selling these assets (Frolova et al., 2002). Also surprising is that the decay of
the ruin probability in case of investments (with small volatility) depends only on the
investment parameters suggesting that the “insurance” part of the model does not

influence the long term asymptotic behavior of the ruin probability. Investments in
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a stock with large volatility lead to ruin with probability one whatever is the initial
capital.

The asymptotic behavior of the Laplace transform of the probability of ruin in

finite time is shown to have an algebraic decay rate depending on the investments

parameters and the Laplace transform coefficient.

4.1. Asymptotic analysis of the ruin probability-no invest-
ments

Recall that the classical risk model
N(t)
U(t):u+ct—ZXk, (4.1)
k=1

is a compound Poisson process. The net profit conditions ¢ > Au guarantees a

positive incoming flow.
4.1.1 The classical martingale method

Lemma 3. Consider {U(t);>o} a stochastic process with stationary and independent

increments. Then a process of the form {e ™V} ~q is a martingale iff
¢R— A(fx(=R)—1) = 0. (4.2)
This is called the fundamental Lundberg equation.

Proof. Since the moment generating function of a compound Poisson process is

Ee—RZkN:(tl) Xk — eAt(fZ(R)—l)

then the conditional expected value is

E(e™® | U(0) = u) = exp(—Ru — Ret + M(fx(—R) —1)).
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Therefore, the martingale condition is equivalent to (4.2). O
This R has a crucial role in the asymptotic decay of the ruin probability.

Definition 12. The exponent R > 0 for which the process is a martingale is called

the Lundberg exponent or the adjustment coefficient.

Theorem 6. Under Cramér-Lundberg conditions, the following holds
W(u) < e )
where R is the Lundberg exponent.

Proof. For this martingale, Doob’s inequality provides an easy and elegant way to

prove the exponential upper bound of the ruin probability:

N(v) NO) X, —
(v Ee (Z X —ct)
P(sup (Y Xpg—cv)>u) = P(sup e RZIY Xi—ev) > efr) < — ¢ Bu

- - Ru
e
0<v<t 1 0<v<t

Let t — oo to get

N(t N(t
U(u) = meu—l—ct—ZXk ) <0) = P(sup ZXk—ct)>u)< e v,

t>0 t>0

4.1.2 The Karamata method

The following well-known theorem regarding the exponential decay of the ruin
probability in the classical Cramér-Lundberg model will be proved using Laplace
transforms properties only. Some of the completely monotone functions properties

used here are presented in the Appendix D.
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Theorem 7. Consider the classical Cramér-Lundberg risk model (2.3),

N()
Ul(t) :u—i-ct—ZXk,
k=1

under the net profit condition, \u < c. Assume that there exists an R > 0 the

smallest positive solution of the Lundberg equation,

> c
/ e dFy(z) = SV

0 2
where
1 X
Fi(z) = —/ (1—-Fx(y))dyx > 0.
HJo
Then
lim e Fop(y) = — ¢ (4.3)
= ¢+ Afx (-R)

Proof. The integro-differential equation for the probability of ruin is

Splitting the integral from 0 to u and from u to oo,

U (u) = %\I/(u) — %/0“ U(u—x)F(dz) — %/OO U(u— z)F(dz),
and recalling that U(z) = 1 for z < 0 we have
V(u) = %\If(u) _ %/0 U(u — ) F(d) — %(1 _ F(u)),

since F'(00) = 1. Taking the Laplace transform and using its properties, one obtains

the equation
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with the solution

~

A cw(0) - 2(1 -
cs — A1 — f(s)A)
s¥(0) = M1 — f() 1

~

cs = M1 = f(s))
1

s))

_ csW(0) + [es — A( - f(s))] —csl
cs = A(1 = f(s)) S
_ a4 cs\II(O)—fs )1
cs — A1 —f(s)) ¢
B TO)—1 .1
a “+1_g04®);

f(s)

Since f is completely monotone, that implies that % is also completely

monotone (see the Appendix) . Therefore

v(0) —1
1+LA
| _ A0=7()

is the Laplace Stieltjes transform of a measure P.

The denominator of the function \if(s) is the quantity appearing in the Lund-
berg equation(4.2), thus it vanishes at —R. Since the numerator doesn’t vanish at
—R, —R is a pole of ¥(s). Rewrite

. VO)~1 s+R 1
b(s) = (1 :
&) =0+ — ) 5 st R

c S

where R is the adjustment coefficient. The function h(s) = s is completely mono-
tone, therefore (h(s))™* = 1 is completely monotone and also h(s + R) and (h(s +
R))~! are completely monotone. Since a product of completely monotone functions

is completely monotone, that means that

v(0) — .
(0) Al s+ R ()
L _A0I6) s

C S

1+
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is completely monotone and thus the Laplace Stieltjes transform of a measure Q).

Hence, the function W(s) can be written as

U(s) = s—iRé
1 R
= 7 pC06) —¥(0)+¥(0)
1 . 1
= TR0

where H(s) = G(s) — ¥(0), for all s in the domain of G. The function G(s) is
the Laplace transform of a function G(u) and H(s) the Laplace transform of the
corresponding H (u). As the Laplace transform of a product of two functions is the
Laplace transform of the convolution of the given functions, by the uniqueness of

the Laplace transform it follows that:
() = / e ORI (1)t + ¢ (0), (4.4)
0
Passing to the limit,

hmemwwyzAme+%wﬂwﬁ+wmy:ﬁ040+mmy

uU—0Q

which is equivalent to
lim e (u) = G(—R) — ¥(0) + ¥(0) = G(—R).

Recall, by definition, G(s) = ¥(s)(s + R), thus

Gl cw(0) =21 = f(s) _ als)
v = s+R es—AN1—f(s))  b(s)

This set of equalities requires that

A a(s) a(s)
G(s) = B(s) | b(s)-b(-R)’

s+R s+R
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where b(—R) = 0, since b(s) = 0 is the Lundberg equation. Under these same
considerations, ¢s/\ = (1 — f(s)), for s = —R. This implies

o a(-R) _ c(0) = ZR5-R)  w(0) -1
=R T oy ~R)  1+2f(-R)

The initial condition, ¥(0) = 2, leads to

c

. A —
G(-R) = —HF_°
c+ Af'(—R)
Thus,
lim eRw(y) = — ¢ (4.6)
U—+00 c+ Af'(—R)
]

Remark 8. If the claim sizes are exponentially distributed, the conditions on the
Laplace transform of the ruin probability are trivially satisfied, since H (s) =0. In
general, the existence of the function H depends upon the tail of the distribution of

the claim sizes.

4.2. Asymptotic analysis of the ruin probabilities - invest-
ments

If the surplus is continuously invested in a risky asset the asymptotic behavior
of the probability of ruin changes dramatically. Namely, if the insurance company
invests the capital in an asset with a price that follows a geometric Brownian motion
with drift @ and volatility o, then the ruin probability has an algebraic decay rate
or equals one, depending only on the parameters a and ¢ of the asset.

The integro-differential equation satisfied by the probability of ruin is a par-

ticular case of the equation (3.7) derived in the previous chapter. The asymptotic
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analysis uses Karamata-Tauberian theorems and permits a generalization of the re-
sult from Frolova et al. (2002). In the cited paper the result is established only for
exponentially distributed claim sizes with a method of proof relying on special prop-
erties of the exponential functions. A generalization of the result for distributions
of the claim sizes having moment generating functions defined on a neighborhood

of the origin is possible.
4.2.1 Asymptotic decay of the probability of ruin

Recall the surplus process with investments in a stock modeled by a geometric

Brownian motion

. . N(t)
Ut) =u+ct+ “/ U(s)ds + 0/ U(s)dWs =D _ X (4.7)
0 0 k=1

is a continuous Markov process. Here W denotes the standard Brownian motion.
The infinitesimal generator of the process U(t) is denoted by Apy. The investments

process satisfies

dZt = (C + CLZt)dt + O'thVVt,

with
d o? d?
A = (c+au)%+ 7@

Using the equation introduced in the previous chapter, the probability of ruin

satisfies
LAY () = /OOO W — 2) fx (2)da

since the exponential distributed inter-arrival times satisfy £* = (=< + X). Hence,

in this case the equation is

(—(c+ au)dii — J;qud—; + AV (u) = )x/ooo U(u—x)fx(x)de. (4.8)
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Lemma 4. Let U € D4y such that

with the boundary conditions
lim ¥(u) =0,

cU'(0) — A(0) + A = 0.

Then the Laplace transform of the equation has the form

o2s?

T@”(s)—i—(%ﬁ—as)@'(s)—l—(cs—A—i—)\fX(s)—i-aQ—a)\ff(s) = cU(0)

Proof. For the model (4.7) the following is true:
2 o
Ap¥(u) = %uz\ll”(u) + (au + )V (u) + )\/ (V(u—y) —¥(u) dFx(y).
0

Because, by definition, ¥(u—y) = 1 for any u < y, and [~ dFx(y) = 1, the equation

is equivalent to

%QUQ‘I/”(u) + (au + )V (u) + )\/Ou U(u—y)dFx(y) + M1 — Fx(u)) — AP (u) = 0.

The Laplace transform of this equation is

%2d2(‘9;i(5)) — ad(s;i;(s)) +esU(s) = AU (s) + AT (s) fx(s) + g(l — [x(s)) = c¥(0),

and after differentiation becomes

025> A .

T\i/”(s)—f—(ZsaQ—as)\i/’(s)—i—(cs—/\+)\fx(3)+02_a)¢’(3) = C\II(O)_Z( —fx(s))-

]
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Lemma 5. Consider the same model (4.7), with a,0* X\, u,c defined as before. Let

p,q,9 : R — R holomorphic functions defined by

p(s) =y = 202~
o) =m0 = 2T g
o(9) = g0+ an(s) = 2O )

where qi, g1 are also holomorphic. Then the equation (4.9) has the form

sy" + p(s)sy' + q(s)y = g(s), (4.10)

and its solution has the form
_ -1 —2+2%¢
y=c1s" () + s ya(s) + cs73(s), (4.11)

under the condition 3—‘; < 2, with ¢y, ¢, c3 real constants, v1, vo and 3 holomorphic

functions and v1(0) = 72(0) = v3(0) = 1.
Proof. The homogeneous part of the equation (4.10) is

sy + p(s)sy + q(s)y = 0.

It has s = 0 as a regular singular point. Thus, the solution of the homogeneous

equation has the form

y(s) =" cpst =Y eps” (4.12)
k=0 k=0

where the coefficients satisfy the recurrence system of equations ¢y = 1 and

e f(p+k)+e1file+k—1)+ - +cofulp) =0,
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with
f(p) = plp—1)+ pop + qo,
and

fe(p) = por + i

as in Fedoryuk (1991). The first of these equations cof(p) = 0 is equivalent to

s  30%—2a 20% — 2a
p+

P+ o

o o

If 202 # a, the solutions of the homogeneous equation are of the form

2a
—2+24

yi(s) =s""91(s) ya(s) = s = (s),

where 71(0) = 72(0) = 1 with ¢y, ¢, ¢3 real constants, 71, 72 and -3 holomorphic
functions and ~;(0) = 72(0) = 73(0) = 1..

Using the method of variation of parameters, the particular solution of the non-
homogeneous equation is obtained using the general form from Boyce and DiPrima
(2005), (page 239):

Up(5) = Y Um(s) / %dt (4.13)

where n is the order of the differential equation, sq is arbitrary, g(s) = % is

the non-homogeneous part of the equation, W (s) is the determinant of coefficients
W (y1, y2) and it is nowhere zero since y;, y» are linearly independent solutions of the
homogeneous equation. Here W, is the determinant obtained from W by replacing

the m-th column by the column (0, 1).

Y1 Y2 sy (s 5”25(s)
W(s) =Wy, y2) = = () ( = s/l (s),
yiyh sP Iyl (s) s y(s)



where v} = p;y; + 7/ and v = y174 — Y271, Also, the W, determinants look like

0 o
Wi(s) = W(l,y2) = = —yp = —5"7,(s)
A
and
1 0
Wa(s) =Wy, I) = =y = s"'7(s)
yp 1

Thus, the particular solution looks like

u(s) = yils) /O %dﬁyz(s) /0 —gg)WWf()t)dt

o [ BB, o [ KO,

t2tpl+f’2_1’y(t) t2¢p1+p2— 17(15)

— —s"l/ gl(t)t_pl_ldt+sp2/ gg(t)t_”_ldt
0 0

= =5 gl(s) + 57 (o)

= 73(s)

58

where g1, g2, g1, g3, 3(s) are holomorphic. In order to integrate within the process,

the following conditions should be imposed
—pp—1>—-1 and —ps—1>-1

in other words
p1 <0 and ps <O.
Since p; = —1 < 0 for any a, o but p; < 0 imposes the condltlon 3 < 2.

Thus, the solution of this equation (4.10) has the form

_942a
y=c18 '7i(s) + cos o Ya(s) + c373(s),
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under the condition i—‘; < 2, with ¢y, ¢9, c3 real constants, v, 72 and 3 holomorphic
functions and 7, (0) = 2(0) = 3(0) = 1.

O

Theorem 8. Consider the model given by (4.7) and assume that o > 0. Assume
also that the distribution of the claims sizes F' has a moment generating function

defined on a neighborhood of the origin. Then:

1. If the ruin probability decays at infinity, then

2a/0% > 1.

2. If 1 < 2a/0? < 2, then for some K > 0,

lim \I’(u)u_H% =K.

U—00

Proof. According to Karamata-Tauberian theorem, in order to find the asymptotic
behavior of ¥(u) at infinity it is enough to analyze the asymptotic behavior of the
Laplace transform U at zero. Therefore, first is analyzed the asymptotic behavior at
zero of the solution of equation (5.7). The leading term of this linear combination

dictates the asymptotic behavior of the solution as s — 0. Since

p1 < p2

two cases can be distinguished.

Case 1. If the leading term of the linear combination is s”* = s~! then
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where v, (0) = 1. Applying Karamata Tauberian theorems

1
U(u) FC(12>7(—) as u — oo.
Hence
lim ¥(u) = ¢,

where ¢; # 0 is a real constant. In other words, the ruin probability has a constant
asymptotic behavior, as u — oco. Obviously, in this case, the function does not
satisfy the boundary conditions of the equation the of the ruin probability. Thus,
it is not a solution that can be considered.

Case 2. If 5”2 = s 2t5% ig the leading term, then
T(s) ~ cz'y(s)s_%c% as s — 0.

Then the Proposition 10 for I(s) = 72(s) implies

2a

c(2—23) 1. 4 20_
U(u) ~ 11(3—_2_5)7(5)u2 271 as u— oo

2a

Since ¥(u) must decay, 2% needs to satisfy the condition 2 — 2% —1 < 0 which proves

the first part of the theorem i—‘; > 1. Thus, the asymptotic decay at infinity is

o 2
lim \IJ(ZL)szcQT2 =K, for 1< —Z < 2,
U— 00 o
cy(2— 20
where K = lf((;—gf)), which proves the second part of the theorem. O
T o2

4.2.2 Asymptotic decay of the probability of ruin in finite time

Gerber and Shiu (1998) derive the decay for the Laplace transform of the

probability of ruin in finite time, \if(u, t) via the Laplace transform of the time of
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ruin ®,(u) = E,(e**). The relationship between the two is a simple integration

by parts:
OA(u) = B(e[U(0) =]

o0 d
= AN (u, t)dt
/0 e g )
= /\/ e MU (u, t)dt
0

= A\U(u,t).

In their paper, Gerber and Shiu show that ®,(u) has an exponential decay at infinity

given by
A 1 1
- (= 4 —)e Bu
“Mx(=R)—c By
and conclude that the decay of the Laplace transform of the ruin probability in finite

CI)A(U) ~

time has an exponential decay as well

- 1 11 g

\Il(u, f}) ~ _)\fg((—R) _ C(E -+ ;)67 ;

where R and p are solutions of the Lundberg equation.

The decay of the Laplace transform of the probability of ruin in finite time
\if(u, t) may be obtained from the asymptotic decay of the Laplace transform of the
time of ruin ®,(u). Recall the theorem of Paulsen and Gjessing (1997) that gives

an equation for the Laplace transform of the time of ruin:

Theorem 9. Let @, be a bounded twice continuous differentiable on uw > 0 with a

bounded first derivative. If ®, solves

together with the boundary conditions
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lim ®y(u) =0

then
®y(u) = E(e™™)

Obviously when A =0, &, = V.
Lemma 6. Let W € Dy such that
A(I))\(u) = )\(ID,\(u)

with the boundary conditions

lim q),\(u) = O,

uU— 00

@, (0) — (A+ a)®(0) + A = 0.

Then the Laplace transform of the equation has the form

025>

2

1= fu(s)).

(iD’/\’(s)+(2502—as)(i)')\(s)—i-(cs—/\—i-)\fx(s)—i—02—a—)\)<i>,\s) = c(IDA(O)—g
(4.14)

Proof. The Laplace transform of this equation is

The left hand side is exactly the same as before, the only difference is a A® A($) on
the right hand side that it will combine with the other o A(s) on the left proving the

result. O

The equation (4.14) has the same form as before

sy" + p(s)sy’ + q(s)y = g(s),
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with p, ¢ and g holomorphic functions of the form. The only difference appears in

the qp term.
p(s) =po = W
o) =+ ) = 272 g
ols) = o+ an(s) = ZPOZA )

Following the same regularity arguments in analyzing the homogeneous equation,

the equation to be solved is

plp—1)+pop+q =0

with solutions

(a— %) = /la— %) + 202

pr=—-1+

0—2
(a— %) +/(a— )2 +2x02
p2=—1+ = :

Thus, the solution of the non-homogeneous equation will be a linear combination
of the solutions of the homogeneous and a particular solution. For the particular
solutions, the method of variation of parameter will be used in the same manner
as in the previous chapter. From (4.13) one has that y,(s) = ~v3(s), where 5 is
a holomorphic function. As before, in order to integrate within the process, the

following conditions should be imposed
p1 <0 and py <O.

It can be shown that p; < 0 for any a,o, A, but ps < 0 imposes the condition

A < 02 —a. For A = 0 the condition derived from p, < 0 is % < 2.
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Exactly like in the calculations of the Laplace transform of the probability of

ruin, the equation for ®,(u) has the form:

- 9.2
Dy(s) = crs M1 (8) + cos or Ya2(s) + c373(s),

under the condition A < 02 — a, with ¢;, o, c3 real constants, 1, 72 and -3 holo-
morphic functions and v, (0) = v2(0) = 73(0) = 1.
The asymptotic decay of the Laplace transform of the time of ruin will be

given by the following theorem:

Theorem 10. Consider the model given by (4.7) and assume that o > 0. Assume
also that the distribution of the claims sizes F has a moment generating function

defined on a neighborhood of the origin. Define
®(u) = E(e |U(0) = u)

and

(a—§)+\/(a—§)2+2/\02
oh=— g :

If A < 0% — a, then for some K, > 0,

lim @, (u)u= = K.

uU—00

Proof. Under the assumption %2 — a > 0 there is the following ordering among the
powers of the solutions

p1 < —1< po.

As discussed in the case of the decay of the probability of ruin, s”* will not produce

decay on the u side. Therefore, the only candidate for the decay is

- (a— % )41/ (a— %2 )2 42202

sP?2 = g~ -2
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Then, by Proposition 10, the conclusion is

2 >
) (a= %)+ (a— %)% +2202
lim @, (u)u o2 = K,

U—00

and the result follows. O]

Corollary 4.

- K
lim W(u, t)u= = =2

uU—0Q

Remark 9. Note that for X = 0 the necessary condition for integrability is again

1< % < 2 and the asymptotic decay is

lim ®y(u)u” = lim CIDO(u)u_H% =K

U—00 U—00

where &g = W, i.e. the decay for the ruin probability is re-derived.

Surprisingly, investing everything in a risky asset leads faster to ruin than
not investing anything. This result is proved for a Cramér -Lundberg model with
investments is a stock with returns modeled by a geometric Brownian motion. More
surprising is the fact that the decay rate depends on the parameters of the investment
only, namely the drift ¢ and the volatility ¢. This suggests that the premium rate,
the average claim size or the average waiting time are irrelevant in terms of the decay
rate. This idea will prove instrumental in understanding the intuition of the next
chapter result, where the asymptotic decay will be studied for inter-arrival times
that are sum of exponentials with identical or various parameters. It will be shown
that the asymptotic behavior has the same decay rate irrespective of the waiting
time in between claims.

Karamata-Tauberian theorems are the key arguments in the analysis of the

asymptotic behavior of the probability of ruin in both finite or infinite time. Also,
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this type of argument is proved to work in deriving the well-known exponential
decay of the probability of ruin if no investments are made. The same steps will be
taken in the next chapter to derive the asymptotic decay for the ruin probability
for a discrete time Markov process, in other words for a Sparre Andersen surplus

model with investments.
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5. RUIN PROBABILITIES IN THE RENEWAL RISK
MODEL

This chapter presents a comparison of the ruin probabilities when only the
inter-arrival times distributions are different.

First, by probabilistic arguments an ordering of the ruin probabilities is pre-
sented. Next, since the probabilities or ruin are solutions of the newly introduced
integro-differential equations, new comparisons are possible. The striking conclusion
is that the probabilities of ruin will have the same asymptotic decay rate, irrespective
of the inter-arrival times distribution as long as they are sums of exponentials with
identical parameters. The case of a sum of exponentials with different parameters
is conjectured to have the same asymptotic decay rate.

Note that the models considered have investments in a risky asset with prices
modeled by a geometric Brownian motion. As before, the decay rate depends on the
parameter a and o of the investment. For small volatility 2a > o2 the probability
of ruin has the common algebraic decay rate irrespective of the inter-arrival times

and claim sizes processes. The large volatility case is still an open question.

5.1. Ordering of the Ruin Probabilities

One of the possible methods in establishing the comparison between ruin prob-

abilities is the sample path-wise domination.
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Let

t t Nt
UD(t) = u +ct + a/ U(s)ds + a/ U(s)dW, — Y Xi (5.1)
0 0

k=1
be a Cramér-Lundberg risk model with investments in a risky asset with a price
which follows a geometric Brownian motion. The inter-arrival times {T,El)}k are in-
dependent, exp(/3) distributed random variables . The claims arrival process NM(¢)

is a Poisson process. The probability of ruin for this process will be denoted by

Let

N®@ )

t t
U(z)(t):u+ct+a/ U(s)ds—i—a/ U(s)dWs — Z X
0 0

k=1
be a Sparre Andersen risk model with investments in the same risky asset as in (5.1),
but with inter-arrival times {T]ig)}k independent, Erlang(2, ) distributed random
variables. The claim arrivals process N(?)(t) is a renewal process. The corresponding
ruin probability is

Wy(u) = P(T? < o0).

Recall that 7'1(1) + 72(1) have the same distribution as 7'1(2).

The comparison of the surplus processes under these different inter-arrival
times distributions may be achieved by a coupling of both processes derived from
the common underlying Brownian motion. To be precise, one uses

0.2 t 0.2
Z(t) = Z(0) exp{(a—;)t—i—aWt}—i-c/O exp{(a—;)(t—u)—i—a(Wt—Wu)}du, (5.2)
the explicit representation in terms of the Brownian motion of the solution of the

stochastic differential equation governing the investment process



69

A7 = (aZ + c)dt + o ZdW,,

given in e.g. Thomann and Waymire (2003)). This can be thought of as a type of

stochastic Duhamel principle which can be verified using It6’s lemma.

Lemma 7. If Z(t) satisfies the equation (5.2), then for any 0 < s < t,
o2 ¢ o2
Z(t) = Z(s) exp{(a—;)(t—8)+o(Wt—Ws)}+c/ exp{(a—;)(t—u)—i—o(Wt—Wu)}du

Proof.

2 2

2() = 2(0)espf(a— D)+ oW} + c/o exp{(a— Z)(t — u) + o(W, — W,)}du

2

= Z(O)exp{(a—%)(t—8+8)+U(Wt—Ws+Ws)}
+ C/OS exp{(a— D)t~ ) + (5 — w)] + oW, ~ W,) + (W, — W)}

+ c/ exp{(a — %)(t —u) 4+ o(W; — Wy,) Hdu

2 2

= {Z(O)exp{la—Z)s+ oW} + c/os exp{(a = =)(s =) + o (W, = W,) }du}

< espl(a— )t =) +o(Wi~ W)}
4 c/: exp{(a — %Q)u )+ o (W — W) du
— Z(s)exp(a— D)t - 5) + o (W — W)}
4 c/: exp{(a — %2)(15 )+ o (W, — W) du.
O

Proposition 3. For the processes UV and U® defined above, the probabilities of

ruin have the following order:

Uy (u) > Us(u).
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Proof. In order to compare the two ruin probabilities ¥y (u) and W (u), one compares
the two surplus processes U and U® along each sample path of the Brownian
motion. Both start with the same initial surplus « and have the same underling
Brownian motion. Let Tl(l) denote the time of the first claim in the UM process.

Then for any 0 <t < Tl(l), according to the equation (5.2) one has
0_2 t 0_2
U = wexpf(a~ T+ oW+ [ exp{(a— - u) + oW - W) hdu
a 0 a
= UW().
Att=T",

2
o
U® (Tl(l)) = ufexp|(a — 7)T1(1) + O'WT1(1)}

" 2
+ c/ exp{(a — %)(Tfl) —u) + U(WTl(l) — Wy ldu
0 s

2

Vv

u{exp[(a — TV + O'WTl(l)}

n *\ o 0
+ c/ exp{(a — 7)(T1 —u) + U(WTl(l) — Wy ldu — X
0

uO).

For Tl(l) <t < T2(1), according to Lemma 7

2

o
U(Q) (t) — U(2) (Tl(l)) eXp{(a — ;)(t - Tl(l)) + U(Wt - WTl(l)}

t 2
+ C/ exp{(a — U—)(t — U) + 0<Wt - WU)}du
Tl(l) a
2
g
> U exp{(a— )t = T17) + o (W, = Wy }

2

+ C/Tf” exp{(a — %)(t —u) 4+ o(W; — Wy,) Hdu

= UD()

It follows by induction that UM (t) < UP(t) for any t. Therefore, P(T." <

o0) < P(Téz) < o0) for any w. O
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Proposition 4. For m < n, in the case of Erlang(m,3), Erlang(n,3) risk pro-
cesses

Proof. Analogously to the previous proof, it can be shown that
U1 (u) < W, (u).

Inductively, this means

for any n € N. Thus, for an m < n, the result follows. n

5.2. Asymptotic analysis of the ruin probability

5.2.1 Inter-arrival times Erlang(2, ) distributed

Lemma 8. Consider that the surplus model (3.2)) has inter-arrival times 1y, that

are Erlang(2, ), distributed with the density function
fr(t) = B*te Pt for t>0.
Then the equation for the probability of ruin is

(—A+ 5P T(w) = F0(0) / T W a) fu(o)da (5.3)



equivalent to

0.2

8 [ W)@+ 0 - Frw) = (FPuvOw

+ o+ 4+ o+

320 (u)
with the boundary conditions:
1. limy 00 W(u) = 0,

2. AW(0) + c(a — 28)¥'(0) + F2U(0) — 52 = 0,

(c+ au)(a —28)¥' (u)

o*u*(c + au + o*u) V" (u)

2
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[(c+ au)® + o*ul2au + %u — fu+ ¢) ]V (u)

3. A" (0) 4 92ac+ 2a0? + co® 4 ac — 23) V" (0) + (a — B)2T(0) — F2T(0) fx (0) +

32 fx(0) =0,

4. AVW(0) + (4co? + 5ac + 2a0? — 2c) 0" (0) + (4a® + 2a0? + o* — 2B0% — 4af +

B (0) — 52 fx (0)T'(0) + 524 (0) = 0.

Proof. For an Erlang(2,3) distribution,

thus the equation (3.7) is specifically:

(—A+ B T(u) = 7 (0) / T W o) fa ()

equivalent to

(A4 =284+ F)0(0) = 3 [ W= a)fxla)dn+ 5 [ fula)ds
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where
o? , d? d
A= —u— —
2 " * (au+c)du
and
o2
AAzn;ﬁA”+mu+@A’
with
2
AV (u) = %uz\lf”’(u) + o?ul” (u) + a¥V' (u) + (¢ + au) V" (u)
and

2
A" (u) = %uw(‘*) (w) + (20%u + ¢ + aw) V" (u) + (2a + o) " (u).

Thus, the explicit equation for the ruin probability in case on investments in a
geometric Brownian motion with inter-arrival times Erlang(2, ) distributed is a
forth order integro-differential equation:

(%) v (w)

8 [ Wu—a)fx(addo + 51 - Fxlw)
o2 (e + au + o%u) 0" (u)
Kmﬂwf+a%pmﬁlgu—ﬁu+@m%w
(c+ au)(a — 28) V' (u)

B (u)

+ o+ o+ o+

with the boundary conditions obtained from the fact that the equation holds at zero

and so do the first two derivatives of the equation. ]
Lemma 9. The Laplace transform of equation (5.4) is of the form
AATV — 28AT + 520 = g2 fy, (5.5)

and its general solution have the form:

A

W(s) = 15”1 71(8) 4 c25”272(8) + c35773(s) + 45”7 74(s) + c575(5),
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under the condition i—‘; < 2, with

(2 /(22 _a)2 44802

o2

9. py = —1 4 EON G s [ i

o2 2

and ¢y, ¢a, c3 real constants, 7y;, holomorphic functions, ~;(0) =1, fori=1,..,5.

Proof. The Laplace transform of equation (5.4) is of the form

AAT — 2BAV + 320 = 320 fx, (5.6)
where
. o? d? 9 d - .
(8) = 5 5587 U(s)] —ar[sU(s)] + c(s¥(s) — T(0))
and
AAU(s) = (DSl s W(s)] — Tl s ()] T [ (5 (5) — W(0))]
o> d. &, ,d . d - d -
— za££s@(s U(s))] +a g[sd—(s\lf(s))] + ac£(s U(s) —sW(0))
+ %cs%[ﬁ U(s)] — acs—[sW(s)] + 2s(sW(s) — U(0)) — cAV (1) |y—o

All together,



75

B (s)fx(s) = Z@[g@g (3)]—761@[3261—3‘1’(8)]
o & 4 - o d d* .
+ Teas[esh(s) - W(0))) - S [so (70(s)]
+ a2%[sd%(s I(s))] — ac%[sQ\P(s) — s0(0)]
+ %cs%[sﬁ!(s)] - acs%[s\il(s)] + 2520 (s) — s0(0)
o? d? d. -~

— cAT(U) |u—o —208 s (s)] + 2Ba—[s(s)]

fx(s)

S

5 4|
— 20e(sW(s) — W(0) + BPU(s) + B -

)

Thus, the equation to be analyzed in the Laplace side is a non-homogeneous ordinary

differential equation of the form
s'y" +p(s)s’y" + a(s)s*y" +r(s)sy’ +m(s)y = n(s), (5.7)

with p, ¢, r, m and n holomorphic functions. The regularity at zero of this ODE

implies that the solution has the form

y(s) = s Z cps® = Z cps” T, (5.8)
k=0 k=0

Since the equation is regular at zero, the coefficients of powers of s less or equal
than p should be zero. The powers higher than p will be zero at zero, therefore their
coefficients will not be classified.

Looking term by term at the Laplace transform equation, the different powers
p of s and their coefficients are found as follows.

The terms that are the power p of s :

4 2 d? . 2 2 d - 2 d d? R
T(s") = Zpisls 58 U(s)] = Tas[s T s(s)] = Ta (s (7 U(s)]
d, d 2P, . :
bt s (s9(9)) — 287 s (s)] + 200 [s9(s)] + 50 (s) (5.9
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with the equation in p to be solved:

2

~(p+D)(F(p+2) —a) + 5 = 8~ (5.10)

Denote § := (p + 1)["72(p + 2) — a] then the equation to be solved is of the form

(=0 +8)* =5~ (5.11)
This equation has two solutions
0 =0
and
0y = 203,

that lead to two second order equations in p:

0_2

(p+ D5 (p+2)~a =0

and
2

(p+ )5 (p+2) —a = 28,

The first equation produces the same solutions as in the exponential times case.
The other equation produces solutions that depend on the parameter  of the time

density. The solutions are:
1. P1 = —1

2. pp=-2+%

o2

(4 22 V214802
3. py=—14 TG raPHE ot freatlye 45

o2

4. Py = -1 + *(Ljfa)*\/(éfa)2+4/602 _ p2—1 (p2+1)2 + 40

o2 2




7

Note that the order of these solutions is the following:

pa < p1 < p2 < ps.

If 202 # a, the solutions of the homogeneous equation are distinct:

yi(s) = 8" m(s)  va(s) = s”72(s)  wa(s) = ™s(s),  wals) = "(s)

where v;(0) =1, for i = 1,...,4. Using the method of variation of parameters, the
particular solution of the non-homogeneous equation is obtained using the general
form from Boyce and DiPrima (2005), (page 239):

(e = S mts) [ X

where, in this case, n = 4 is the order of the differential equation, sy will be con-

n(s)

sidered zero, g(s) = =7 is the right-hand side of the equation. Proceeding in the

same manner as in the previous chapter, one obtains:

Y1 Y2 Y3 Ya

/ / / /

Y Y2 Ys Yy _ Sp1+pz+P3+P4_6fy(3)

W(s) = W(yi,y2,¥3,ys) =
yi ys vs o v

74 7 " "

Y Yo Y3 Yy

where 7(s) is a holomorphic function. Here W), is the determinant obtained from

W by replacing the m-th column by the column (0,0, 0,1). Consequently,

0 v ys UYa
0 % v vl
Wi(s) = W(I,y2,y3,ya) = = ! (s)sr2trstra=s
0 y5 w5 i
Loy syl
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yi Y2 ys O

viov2 Yz 0 )
W4(8) - W(y17 y2) y37 I) - — 74<S)Sp1+P2+P3 3

vl vy vy 0

T O

where +* are holomorphic, for i = 1,2, 3, 4.

Thus, the particular solution is:

W) S n()Wa(t) S n(t)Wa(t) S n(t)Walt)
- “A ﬂW@‘”*”A ﬁwu>“+%A ﬁwm‘ﬁ+wl i
_ o, s C’ln(t)tp2+p3+"’4_3 i 4 5 s C’Qn(t)tp1+”3+p4_3 ”

0 C'tatrrtp2tps+ps—6 0 Ctatpr+p2+p3+ps—6
5P /8 Oon{f)in dt + s /8 Cyn(t)trrtrates=3
0 0

C'tAtprr+p2+p3+ps—6 Ctatpr+p2+p3+ps—6

*Cin(t)t—rr—t / Con(t)t—r2—1
= " | ——F——dt+s” | 2 ——dt
o | e [ 2T

s —p3—1 s —ps—1
+ s”3/ Can()t7 dt+s”4/ Can(t7P dt
0 0

dt

C C

— Spls_plnl(s)+Sp25_p2n2(8)—}-8p38_p3n3(8)+Sp4s_p4n4(3)

= 75(s)

where 75(s) is a holomorphic function. Note that in order to integrate the following

restriction should be imposed on the powers p;s:
—1—-pi>—-1 or p; <0

for any ¢ = 1,2,3,4. Since some of the powers are negative for any a,o,3 and

between the powers there is the following order

ps < p1=—1<ps < ps3



the only conditions to be imposed are:

2a
P2 = -2+ ; <0
and
(5 —a)+/(5 — ) +450?
p3 = —1 + 0_2 < 0
These translate into
2a
s <2
and
(5 —a) +/(5 — ) + 450
5 <1
o
2 2
\/(a——a)2+4ﬁ02<02+0——a
2 2
2 2 2
(% —a)? + 480 < ot + 202(% —a)+ (% — a)?
1.e.
o’ —a
<
g 2

Therefore, the solution of the Laplace transform equation is

A

U(s) = c18”71(8) 4 c25”72(8) + c3573(s) + ca8”y4(s) + c575($),
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under the conditions i—% < 2,and (< # with ¢; real constants and ~; holomorphic

functions with v;(0) =1, for i = 1, .., 5.

Theorem 11. Consider the model given by

N(t)

t t
Ut:u—i—ct—l—a/ Usds+a/ UdWs = Xy,
0 0 k=1

(5.12)
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with positive volatility o > 0. The distribution of the inter-arrival times F, is
Erlang(2, 3) and the distribution of the claim sizes Fx is assumed to have a moment

generating function defined on a neighborhood of the origin, with mean u. Then as

U — 00,
1-22 2a
kiu "0 af 1 <55 <2
_9. /B
U(u) ~ q kou Ver if =1
ksu™ if 24 <1
,(ﬁ,a)Jr (22 —a)2+4602 5
where o = —2 2 > 0 when 2a < o=.

o

Proof. Similarly to the exponential inter-arrival times analysis (Constantinescu and
Thomann, 2005), the main ingredient of the proof is the Karamata-Tauberian the-
orem.

Since the equation of the Laplace transform is regular at zero, it was estab-
lished that the solution is a linear combination of powers of s, pi, ps, p3, ps. The
equation for the coefficient of s” will be a fourth order equation in p whose solu-
tions are the powers of the Laplace transform of the ruin probability, \if(s) In other
words, they will indicate the decay of \if(s) as s — 0 and imply the decay of W(u)

as u — 00. The asymptotic behavior of the solution as s — 0, is determined by the

smallest power of s. When written in increasing order,

pa < p1 < p2 < p3

they allow an analysis of their individual potential to be the leading term of the

decay.

(% —a)—/(% —a)2+460”

Consider py = —1+ — . the first candidate for the algebraic

[ea
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decay rate of W(s). This means,

2 / 52
- N - —(% —a)— L,a>2+4502
U(s) = U(s) ~ ks~ " : =3 as s—0

and the Karamata-Tauberian theorem implies that

2
- (% —a)+V/ (% —a)2+4802
2

U(u) ~ ks o as u — 09,
(% —a)+/(5 —a)2+4p0> . .
where —2 2 is always positive. Thus, as u — oo the probability

(e

of ruin has an algebraic growth, contradicting the fourth boundary condition that
requires decay to zero at infinity. Hence, since both p, and p; are less or equal than
—1, they cannot be leading terms. This implies that the linear combination of the

other two solutions

A

U(s) = ca5”72(s) + cas™73(s)

will determine the decay as s — 0, and furthermore the decay as u — oo of W(u).
Depending on the drift and volatility of the risky asset, the following cases are
analyzed.

Case 1. If 2a/0? > 1, then the asymptotic behavior is given by the linear
combination of powers p, and p3 of s. Since the decay is driven by the slowest one,

the leading term is py = —2 + 3—‘; By Karamata-Tauberian arguments

ca( _2_a) I, 12

U(u) ~ 11(3—_6;)7(5)“ o7, as u— 00,
where (0) = 1. Letting
C2(2 — (27—(21)
ky =
I'3—p)

gives
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If the coefficient co = 0 this implies the leading term is s, but this will imply
that the probability of ruin decays faster in the Erlang(2) than in the Erlang(3)
risk model, contradicting the ordering established at the beginning of this chapter.
Therefore, co # 0 which proves the first part of the theorem.

Case 2. If 2a/0? = 1, as before, p, = —1 cannot be considered. The leading

| B
ps=—1+2 2

and going through Karamata-Tauberian arguments, the asymptotic decay of the

term is

ruin probability is:

9. /B
U(u) ~ kou Vo2, as u— oo.

Case 3. If 2a/0? < 1, py is excluded because is not producing decay of the

ruin probability. Again the leading power is

(5 —a)+ /(5 —a)? 4807
. |

ps=—1+ 5

The same Karamata-Tauberian, Monotone Function Theorem arguments imply that

the asymptotic decay of the ruin probability is:

—(%—a)-‘—\/ ‘72—2—a)2+4ﬁo'2

U(u) ~ kzu™ o2 , as u— oo

5.2.2 Inter-arrival times Erlang(n, ) distributed

Theorem 12. Consider the model given by

t t N(t)
Ut:u—l—ct—i—a/ Usds+0/ Udes—ZXk, (5.13)
k=1

0 0
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with positive volatility o > 0. The distribution of the inter-arrival times F, is
Erlang(n, 3) and the distribution of the claim sizes Fx is assumed to have a moment

generating function defined on a neighborhood of the origin, with the n-th moment

E(X™) = pp. Then

a 2
lim \If(u)u_pr%2 =k, for 2 s

U—00 0‘2

Proof. As before, the probability of ruin satisfies the equation

LAY (u) = 5" /0 " W(u— ) fy(a)d,

where for the Erlang(n,) distributed inter-arrival times, £*(4) = (=4 4 g)".

Hence the probability of ruin is a solution of the equation,

(—A+B)"¥(u) = 5" / "W — o) (@)
with the boundary conditions:
L. limy, oo ¥(u) =0,
2. (~Futds — (c+ au)f + 5)"0(0) = 5.

The other 2n — 2 boundary conditions regarding the values of the derivatives of ¥
at zero will not be used in the derivation of the asymptotic decay. The Laplace

transform of this equation is

(1) Ami(s) 4 - 67) = Bh(s) fuls) + B

s s
with s = 0 a regular singular point of the homogeneous equation. Thus, solving the

homogeneous equation it reduces again to solving the indicial equation. Also, note

that since the right-hand side of the equation is analytic, it can be shown that the
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particular solution of the non-homogeneous equation is analytic. For the asymptotic
analysis to follow, this means that the particular solution will not be a candidate for
the decay rate. Therefore, the relevant solutions are the ones coming from solving
the homogeneous equation, which in this case means solving the indicial equation.

Recall that the coefficient T}, of the s” is as follows:

2
T,(AAD) = [ (p+2) = a*(p+ 1) = &
and, by induction,
~ 0'2
T(AMW) = [ (p+2) —a]*(p+1)" 1= 8"

Thus, the T}, coefficient in the Laplace transform equation is
T,(equation) := (=0 + )" — B".
This should be zero, leading to the conclusion that the solutions are of the form

2mik

§=B(1— ), (5.14)

where k = 0,1,2,--- ,n — 1, and § = (p+ 1)(p + 2 — 22). These solutions should
be real, therefore, two cases can be distinguished, n odd and n even. But before
discussing this particular cases, an important observation may be made about the

complex solutions of this equation.

Proposition 5. The real parts of the complex conjugate solutions of the equation

(5.14) lie always outside the interval determined by p; = —1 and py = —2 + 3—‘;

Proof. The equation (5.14) is equivalent to

2mik

(p=p1)(p—p2)=B(1—e ). (5.15)
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Consider the complex solutions p = « + ib, where b # 0. Then the equation (5.15)

may be written as

(v — p1 +ib) (v — po +ib) = B(1 — COS(#) - isin(?)),

with the real part satisfying the equation

(= pr)fa— ps) — B = B(1 — cos(*2)).

This implies

(0 )l — pa) = B+ (1 — cos(T) > 0

i.e. the product (o — p1)(cx— po) is always positive. Therefore, (o« — p1) and (v — p2)
have to have the same sign, in other words, « is either bigger than both p; and po

or is smaller than both. Thus the result follows. O

After analyzing the complex solutions, returning to the possible real solutions,
one has the following two cases.

Case 1. For n odd the only two real solutions are
1. P1 = —1
2. pg = —2 -+ i—g

where p; < py. This is exactly the same situation encounter in the exponential case.

Since p; doesn’t produce decay, po is the leading term, i.e.

lim U (s) = P
s—0
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. The same Karamata Tauberian arguments used before imply that the decay of

the probability of ruin is

lim \I/(u)ufH% =k, for 1<— <2

U—00 0—2

Case 2. For n even there are four real solutions

1. P1 = —1
2. P2 = —2 —+ i—‘;
(22 ] (22 0244802 B
3. pg= —14 T (522 ) +4p N
_(ﬁ_a)_ (2 —a)2+4602 4 T m
bopam -4 G o ey 8

where py < p; < po < p3. The first two candidates, ps and p; do not produce decay.
Therefore, W(s) ~ 357 + ¢357 are to be considered. The decay will not be faster
than the slowest one, so s is the leading term. This gives the same decay as for

exponentials,
o 2
lim \IJ(U)U_H_% =k, for 1< 2o,

U—00 0—2

Suppose co = 0. Then the leading term of the decay is s”*. This will imply

2 2
_ —(g=kn-a)=/ (g —a)?+480% _  py—1 p2F1yo 43 2a
lim ¥(u)u o2 ETr Ty for 1< 2 <2,

U—00 0‘2
a faster decay at infinity than the one of an exponential. Due to the ordering of the
ruin probabilities established before, W, .1 (u) < ¥, (u) < ¥, ;(u), where n — 1 and
n+ 1 are odd, i.e. both ¥, _; and ¥, ,; decay as slow as an exponential (Case 1)
then ¥, (u) cannot decay faster than an exponential, i.e. ¢ # 0.

Thus, for any n the probability of ruin has the same decay rate as in the case

of inter-arrival times exponentially distributed

a 2
lim \If(u)u_“r% =k, for 1< —CQL < 2.
o

U—00



87

5.2.3 Inter-arrival times distributed as a sum of two exponentials

As a summary of the steps introduced here for the asymptotic analysis, the case

of inter-arrival times that are distributed as a sum of two exponentials is presented

in detail.

Theorem 13. If in the Sparre Andersen model with investments in a stock with

returns modeled by a geometric Brownian motion with drift a and positive volatility

g,

t t N(t)
Ut:u+ct+a/ US+0/ UdW, = X,
0 0 k=1

the inter-arrival times follow a mixture of exponentials type distribution,

BB,
10 =5"5

then the probability of ruin has an algebraic decay rate as u goes to infinity,

(e—ﬁlt _ e—ﬁzt)

2a

ku'"e? if 1< 24 <2

B1+8
U(u) ~ 1 ko 2V 52 gf 28—

o2

kau™ if 2% <1

(5~ @)+ (5 ~0)?+2(B1 +02)0?

where o = —

> 0 when 2a < o2.

Proof. Recall that the probability of ruin satisfies the integro-differential equation

LAY (w) = £ (0) / T W o) fa ()
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In the case of inter-arrival times distributed as a mixture of exponentials, the density

f- satisfies an ordinary differential equation of order n = 2, and the linear operator

L is
d

(50 = (L B0+ B g0 =0,

thus

LY(A) = (—A+5)(—A+ ).

Hence the integro-differential equation satisfied by the probability of ruin is:
(~A+ ) (-A+ B)V) = 1:0) [ W= o) fx(o)is
equivalent to
AAT (u) — (81 + B2) AV (u) + B152¥ (u) = (1 52[V * fx(u) + 1 — Fx(u)]

where F'y is the distribution of the claim amounts, % = fx. Since an exact solution
of such an equation cannot be established without enough boundary conditions, an
asymptotic analysis of the behavior at infinity is presented. For that purpose, it will
be analyzed the asymptotic behavior of the Laplace transform of the solution around
zero and then the conclusion regarding the asymptotic behavior of the probability
of ruin as u — oo will be made using Karamata-Tauberian theorems.

In other words, the equation is transformed using the Laplace transform and
the result is an non-homogeneous ordinary differential equation (Step 1). Moreover,
it is shown that the homogeneous part of the ODE is regular at zero, thus the solution
of the equation is a power function s (Step 2). Using regularity arguments, the
candidates of p are established (Step 3). Since the original function W(u) presents

a decay at infinity, its Laplace transform \i/(s) should have a decay at zero. Among
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all the possible candidates, it is argued that the only one possible is
U(s) ~ sHE as s — 0

which by Karamata-Tauberian completes the proof (Step 4).

Step 1. The Laplace transform equation

L Jfx(s)

S S

121121\1/(5) — (1 + Pa) A‘i’(s) + 5152‘i’(5) = 5152[‘1’(5)fX(5) + ]

is equivalent to the following ordinary differential equation in ‘i/(s) ;

AAU(s) = (51 + B)AD(s) + 605005) = 0005 o) = il — L1
where
A a o? d? 92 d. - .
(8) = 5 528" W(s)] —a[sW(s)] + c(s¥(s) — ¥(0))
AAU(s) = (DS W) - Tl s ()] oG [ (5 (5) — W(0))]
o> d. &, , 2 2
= Gag o5 (sTU(s)] + a7 [s o (s (s))] + ac-(s7¥(s) — s¥(0))
+ %cs%[s%@(s)] - acs%[s\ll(s)] + ?s(sW(s) — ¥(0)) — cAV(u) |u=o

The equation is of degree four, and has the form:

pi(s) 0" (5) + pa(s) T (5) + p3(8) T (5) + pa(s)¥'(5) + ps(5)¥(s) = po(s)

where the coefficient of the fourth order derivative is p;(s) = k;s* suggesting that

s = 0 is a singular point.
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Since
limy(s — OVZZ’S =P <o
o ~ 01} = s <
s ~ 01 = s <

then the homogeneous equation is regular at zero, s — 0 is a regular singular point.

Therefore, it may be assumed that the equation has a solution of the form
U(s) = s”.

In order to solve for p, the so called indicial equation has to be solved. This equation
says that the coefficient of the s” term should be zero.

Step 2. The regularity of the homogeneous part

Considering the term by term expansion, the coefficients of the s” terms, will

be denoted T,» and are identified to be as follows. For

W(s) = T ()] — ar[s(s)] + els(s7) — (0))

Analogously, it can be shown:

Ty (AAT) = 62,

Also, obviously the coefficient of s” is one for the following:
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thus, the indicial equation is:

6% — (B1+ B2)0 + 1 — P12 =0

in other words,

having as solutions

or
0 = B+ [a.

The § = (p+ 1)("—22([)4— 2) —a) = 0 solution returns the same two solutions encounter
before in the exponential time distribution (Cramér-Lundberg model), more specif-
ically

pr=—1

and

2a
P2=—2+;

and then two other solutions from & = 3 + (3,

1+_(§_a)+\/(%2;2@)2+202(51+62) _ p2—1+\/(pz+1>2+ 2(B1 + Bo)

Py == 2 2

o2
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~(% — ) = /(% — )2 +20%(51 + ) - 1_\/(/)2 +1

o2 2

5 )2 4 2(510-;- [3>)

Analogously with the case of inter-arrival times Erlang(2, 3) distributed, the method
of variation of parameters provides the particular solution of the non-homogeneous

equation according to the general form:
- *g(O)Wi(t)
= E m ————2dt.
Yp(s) m:1y (s) /80 Wi(t)

Here n = 4, sy is chosen to be zero, and g(s) = £ ngf). The determinant of the

coefficients, W (s) = W(y1,y2,y3,y1) = 7y(s)s/rTP2trstra=6 and the determinants
W, = sPm-itPmiitems2=3~ () where v, y,, are holomorphic, for any m =1,... 4.

Thus, the particular solution is, as before:

o) = 3 mo) [ gy e =550 (5.16)

where v5(s) is a holomorphic function. As before, due to integration, the restrictions

on the powers p;s are
pi <0 forany ¢=1,2,3,4.

Since some of the powers are negative for any a, o, 3 and between the powers there

is the following order

the only conditions to be imposed are: p, = —2 + i—‘; <0, i.e.
2
=<2
o

(5 —0)+\/ (5 —a)2 4251 +62)o?
+ —

and p3 = —1 < 0, leading to

ﬁ1+ﬁg<02—a.
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Step 3. The possible solutions, candidates for decay
The asymptotic behavior of the solution as s — 0, is determined by the small-

est power of s. When written in increasing order,

pe < p1 < p2 < p3

they allow an analysis of their individual potential to be the leading term of the
decay.

Step 4. The asymptotic behavior at zero, respectively at infinity
(50— (5 —a)2+2(B1 + )0

o2

Consider py = —1 + the first candidate for the

algebraic decay rate of W(s). This means,

2
. - ~(% ~a) /(% )2 +2(81 +8p)0

U(s) = U(s) ~ ks o2 as s—0

and the Karamata-Tauberian theorem implies that

- (% —a)ty/ (—a)2+2(8) +82)02
U(u) ~ ks o2 as  u — 09,

(% —a)+y/ (% )2 +2(B1+62)0?

o2

where is always positive. Thus, as u — oo the probability
of ruin has an algebraic growth, contradicting the fourth boundary condition that
requires decay to zero at infinity. Hence, since both ps and p; are less or equal than

—1, they cannot be leading terms. This implies that the linear combination of the

other two solutions

A

U(s) = ca5™7a(s) + c35”73(s)
will determine the decay as s — 0, and furthermore the decay as u — oo of W(u).
Depending on the drift and volatility of the risky asset, the following cases are
analyzed.
Case 1. If 2a/0? > 1, then the asymptotic behavior is given by the linear

combination of powers p, and p3 of s. Since the decay is driven by the slowest one,
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the leading term is py = —2 + i—‘; By Karamata-Tauberian arguments
coy(2)(2 — 2 a
U(u) ~ 2’7(u)( g2)u1—§—27 as U —s oo,
I'(3—p)
Letting
-2
I3 —p)
gives

_2a

U(u) ~ kyu' "=, as u— oo.

If the coefficient ¢ = 0 this implies the leading term is s”3, but this will imply
that the probability of ruin in the case of inter-arrival time distributed as a sum of
exponentials with parameters (1, 32) decays faster than an Erlang (2, max (1, 52),
which is conjecture to be impossible. Therefore, co # 0 which proves the first part
of the theorem.

Case 2. If 2a/0? = 1, as before, p, = —1 cannot be considered. The leading

term is

B+ Ba

202

ps=—1+2

and going through Karamata-Tauberian arguments, the asymptotic decay of the

ruin probability is:

/BBy
U(u) ~ kou > 27 as U — 0o

Case 3. If 2a/0% < 1, py is excluded because is not producing decay of the

ruin probability. Again the leading power is

(5 —a)+ /(5 — ) + 203 + )0

p3=—1+

The same Karamata-Tauberian, Monotone Function Theorem arguments imply that

the asymptotic decay of the ruin probability is:
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77(0'722,u)+\/(0'2—27a)2+2(ﬂ1+ﬂ2>‘72
W(u) ~ ksu o ) 85 U oo

O

Remark 10. As discussed in Fedoryuk (1991), page 8, if the powers py, ps of the
solutions of a second order differential equation, that has s = 0 a singular point |

differ by an integer, then the fundamental system of solutions has the form:

rhos

Y1 = s"'71(s) Yo = ayrlns + s""?y,(s),

where a is a constant and vy, vs are holomorphic. Since in the cases considered here,

p1=—1 and —1 < ps <0, such a situation cannot occur.

In all the three cases considered in this chapter the probability of ruin has the
same algebraic decay rate as in the exponential arrivals case. Thus, whether the dis-
tribution of the inter-arrival times is exponential, or a general sum of exponentials,
the ruin probability has the same asymptotic behavior (see Theorems 12, 13, 14).
Intuitively, one expects that for less frequent claims of equal intensity the company
will stay solvent a longer period of time, but these results show the opposite. The
results hold for a drift-volatility ratio of the stock satisfying 1 < i—‘; < 2. For the
complementary case, (% < 1), the above mentioned theorems provide some insight,

and a thorough asymptotic analysis will be the subject of future research.
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6. CONCLUSIONS AND FUTURE RESEARCH

The classical approach in deriving equations satisfied by the probability of ruin
is conditioning on the time of the first claim and its size, followed by differentiation.
In contrast, the uniform approach of this thesis consists in deriving a general equa-
tion for the classical conditional expectation that relates to the probability of ruin
via Theorem 4. The general integro-differential equation (3.7) derived in chapter
3 can be applied to the Cramér-Lundberg model (chapter 4) and Sparre-Andersen
model (chapter 5) to obtain asymptotics of ruin probabilities.

The asymptotics of the ruin probabilities are also derived via a novel approach.
The classical approach in deriving the asymptotics for the ruin probability is to dif-
ferentiate the integro-differential equation until it becomes a differential equation
with no integral term. The current thesis illustrates how Laplace transforms and
Karamata Tauberian arguments can be used effectively in the analysis of the asymp-
totic behavior of the ruin probabilities. For example, the classical Cramér-Lundberg
result can be obtained using elementary properties of the Laplace transform.

When investments with stochastic returns are modeled by a geometric Brown-
ian motion the asymptotic behavior of the ruin probability can be derived using this
methodology for inter-arrival times having as distribution a mixture of Erlangs. The
surprising result is that irrespective of the waiting time between claims investing
everything in a stock is more likely to lead to ruin than if no investments were made
at all. An analysis of the optimal investment strategy in risky versus riskless assets

will be the subject of future research.
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6.1. Conclusions

Using probabilistic arguments, proposition 4 proves that the probability of ruin
in the Erlang case is bounded from above by the probability of ruin with exponential
time. The asymptotic analysis of the ODE solved by the Laplace transform of the
probability of ruin gives a lower bound (Theorems 12, 13).

For any Erlang distributed times, in the case of investments with small volatil-
ity the algebraic decay rate of the probability of ruin is the same as the one for the
exponential times = Ui VU, denotes the ruin probability for Erlang(n) processes,
then

204

lim ¥, (v)u-2"" = K,

U—00

where K, depends on n, in other words

limy oo Uin(u) Ky
limy, oo Uy (u) K,

The comparison of different K, will be subject of future research.

In the case of light claims and investments in stocks modeled by a geometric
Brownian motion, the asymptotic decay rate of the ruin probability depends only
on the parameters of the investments. Since the average time between claims is not
a parameter in the decay rate, the results for different Erlangs leading to the same
asymptotic behavior are not surprising. In other words, changing the expected time
between two claims from [ to 2 has no effect on the asymptotic decay.

In the classical Cramér-Lundberg model without investments, the equation is
of order one, while in the case of Cramér-Lundberg with investments is of order two,
as in the case of Sparre Andersen without investments. Depending on the distri-

bution chosen for inter-arrival times the equation of the model without investment
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will have the same order as the order of the ODE satisfied by the density. If the

investments considered are in a risky asset with a stock price following a geometric
Brownian motion, the order of the equation will be twice the order of the ODE
satisfied by the time density.

The general form of the integro-differential equation allows different non-
negative stochastic processes as investments. Any combination of exponentials is a
good candidates for the claims inter-arrival times. The equations obtained will be

high order integro-differential equations.

6.2. Future research

The results obtained in this thesis raise further interesting questions and chal-

lenges.

1. Identify conditions on the investment strategy Z;* so that U(t) — oo as u —

Q.

2. Write explicitly the particular form of the equation (3.7) when also the density
of the claim sizes satisfies an ODE with constant coefficients. In this case after
a sufficient number of differentiations, the equation becomes an homogeneous
ODE with given boundary conditions. Identity a general method in solving

this equations exactly or at least asymptotically.

3. Calculate the decay of the Laplace transform of the time of ruin in the case

of a Sparre Andersen model with investments.
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There are three main venues of future research to pursue (that do not exclude

each other).

1. Gamma(a, B) inter-arrival times. Erlang(n, 3) is a Gamma distribution with
the first parameter an integer. A natural extension of the problems presented

is for inter-arrival times distributed Gamma(«, 3), where « is real.

One idea is to use fractional calculus. Through the natural conditioning on
the time and size of the first claim, a fractional integro-differential equation

may be derived for the probability of non-ruin ®(u),

d(u) = /000 éﬁ((g toleht /0“+C O (u + ct — z)p(x)dzdt.

After few changes of variables and using some fractional integral properties

the equation can be written:

(&) (@)—“m [P (w)] = /O " 01— ) fx(x)dr,

C

for a Sparre Andersen model with no-investments.

Another idea is to identify the ODE solved by the density v(«, 3) and proceed

in a similar manner as in the case of Erlang distributions

2. Gerber-Shiu Functions

In Gerber and Shiu (1998) the expected penalty at ruin function is introduced,
®(u) = Elw(U(T-),| U(T) e 1r<o0 | U(0) = ul,

where T, is the time of ruin, U(7T_) represents the surplus immediately before
ruin and | U(T") | the surplus at ruin, often called the severity of ruin. This

function solves the integro-differential derived under appropriate boundary
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conditions, allowing for the analysis of the penalty at ruin and severity of

ruin.

. Stochastic control.

There is an extensive literature using the probability of ruin as a control mea-
sure. For instance, determine the investment strategy that would minimize
the ruin probability. Or, determine the reinsurance policy that would min-
imize the ruin probability. These stochastic control problems could use the
integro-differential equations derived in this thesis. Hamilton-Jacobi-Bellman
type equations need to be solved in order to establish the optimal investment

strategy or the recommended reinsurance policy.
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A Stochastic Processes

All the processes and random variables are defined in a probability space
(Q,F, P), where ) is a nonempty set of all possible “outcomes” of an experiment,
F is a set of “events”, and P: F — [0,1] is a function that assigns probabilities
to events. Most of the definitions from this section are from Bhattacharya and

Waymire (1990).

Definition 1. Given an index set I, a stochastic process indexed by I is a col-
lection of random wvariables {Xy : A € I} on the probability space (Q, F, P) taking

values in a set S. The set S is called the state space of the process.

Definition 2. A stochastic process Xo, X1, ..., X,,... has the Markov property if,
for eachn and m, the conditional distribution of X, 11, ..., Xpim given Xo, X1, ..., X,
is the same as its conditional distribution given X, alone. A process having the

Markov property is called a discrete time Markov process.

If, in addition, the state space of the process is countable, then the Markov process

is called a Markov chain.

B Diffusion Processes

Definition 1. A Brownian motion with drift « and diffusion coefficient o2
is a stochastic process {X; : t > 0} having continuous sample paths and independent

Gaussian increments. The increments X, s — X, have mean sa and variance so?.

Definition 2. A Brownian motion with drift zero and diffusion coefficient of 1 is

called standard Brownian motion.
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Definition 3. Let X; = Xog+ at + oWy, t > 0 where Wy is a standard Brownian

motion starting at zero and independent of Xo. Then the process

-2
Zt _ Zoe(a—7)t+UWt

with Zy = eX° is the geometric Brownian motion.

Definition 4. A Markov process {X (t),t > 0} on the state space S = {(a,b), —oo <
a < b < oo} is said to be a diffusion with drift (¢, z) and diffusion coefficient
o%(t,xz) > 0, if it has continuous sample paths, and the following relationships hold

for all e > 0:
E((Xort = Xo)lxy—x.0<g] Xs = @) = ta(t, ) + o(t)
E(( Xt — Xs)*1x, .- x.<q|Xs = 2) = ta*(t,2) + o(2)
P(([Xs4r = Xs| > €)[Xs = ) = o(t)

ast — 0T, where a(t,z) and o(t,z) > 0 are continuous differentiable with bounded

derivatives on S. Also, 0" exists and is continuous, and o > 0 for all .
The stochastic differential equation
dX(t) = a(t, X (t))dt + o(t, X (t))dW;, (B.1)
is equivalent to the equation
t t
X(t) = X(0) —i—/ a(s, X(s))ds —i—/ o?(s, X (s))dWs,t > 0. (B.2)
0 0

If the solution is unique, then the process X () is called a diffusion process with in-
finitesimal drift function a(t, z) and infinitesimal variance o*(t, z) at (t, ), provided
that o?(t,z) > 0 for all t > 0 and = € S, where S C R is the state space of X (t)

(Rolski et al., 1999).
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Lemma 10 (Itd’s lemma). Let X; be a process given by
dX(t) = a(t, X (t))dt + o(t, X (t))dW,. (B.3)

Let g(t,z) € C*([0,00) x R), i.e. f is twice continuously differentiable in [0, 00) x R..
Then Y: = f(t,Xy) is also a diffusion process and (Oksendal, 1998)

PL xpdt + Pt x)dx, + %ﬁ(t, X)(dX,)? (B.4)

ay, = L
ot px p

Proposition 6. Let {X,} be a diffusion process on S = (a,b):
dX(t) = a(t, X (t))dt + o(t, X (t))dWy, (B.5)

Then, for all twice continuously differentiable g, vanishing outside a closed bounded

subinterval of S, and belonging to D4, the infinitesimal generator is given by

Ag(x) =a(t,z)d (z) + %O’Q(t, z)g"(x). (B.6)

Remark 11. The drift of Y; = g(X;) is a(Xy)g'(Xy) + @g”(Xt), so Ag(Xy)
can be interpreted as the drift term of the function g of the diffusion process (Xy).
In the special case of a(t, X (t)) = aX(t) and o(t, X (t)) = 0 X(t) the infinitesimal

generator is given by

Ag(z) = azg (z) + =2¢"(x), (B.7)

C Stopping Times and Martingales

Consider a sequence of random variables {X,, : n = 0,1,2,---} defined on
the probability space (€2, F, P). Stopping times with respect to {X,}, also called

Markov times, are defined as follows.
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Definition 1. A stopping time 7 for the process {X,} is a random variable taking

non-negative integer values, including possibly the value +0o0 such that
{r<n}eF, (n=0,1,---).

Since JF, are increasing sigma-fields and 7 is integer-valued, an equivalent
definition is
{r=n}eF, (n=0,1,---).
Definition 2. The first passage time T to a (Borel) set B € R, is a stopping time,

defined by
75 =min{n > 0: X,, € B}.
If X,, doesn’t lie in B for any n, one takes Tg = oc.
Definition 3. Let {X,},>0 be a sequence of random variables, and {F,} an in-

creasing sequence of sigma-fields such that, for every n, Xo, X1, X, -+, X,, are F,,-

measurable. If E| X,, |< oo and
E(Xp1 | Fo) =0

holds for all n, then {X,, :n =0,1,2,---} is said to be a sequence of F,-martingale
differences. The sequence of partial sums {S, = Xo+ -+ X, :n=20,1,2,---} is

then said to be a F,-martingale.

Theorem 14. Doob’s Inequality

Let {X(t)} be a submartingale. Then for each x > 0 and t > 0,

P(sup X(v) > z) < 250,

0<v<t i

Proof. See e.g. Rolski et al. (1999).
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D Laplace Transforms

The following definitions and results help in proving the asymptotic decay of
the ruin probability for a classical risk model using completely monotone functions
and Laplace transforms properties only. In the classical Cramér Lundberg case the
integro-differential equation of the probability of ruin becomes a linear equation in
the Laplace transform side. Thus, the Laplace transform of the probability of ruin
has a very simple form. The question arising is if the expression obtained for the
Laplace transform of the probability of ruin can be proved to be the Laplace trans-
form of a density function. Feller (1971) introduces methods to recognize if a given
function is the Laplace transform of a probability density function. The following
results are stated from (Feller, 1971) and they will be useful in the derivation of the

exponential decay of the probability of ruin by Laplace transform properties only.

Definition 1. Let F' be a measure concentrated on (0,00). If the integral

F(\) = /0 h e MF(dx) = /0 h e MdF(z)

converges for X > a then the function F defined for X\ > a is called the Laplace
Stieltjes transform of F. If F' has a density f, the Laplace Stieltjes transform
of F' is also called the Laplace transform of f,
F(\) = / e MF(dx) = / e f(2)(dx) == f(N).
0 0

The Laplace Stieltjes transform will be denoted with “tilde” and the Laplace

transforms with “hat”.

Definition 2. A function ¢ on (0,00) is completely monotone if it possesses
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derivatives ™ of all orders and
(=D)"™ () >0, A>0.
The theorem that will help build the rationale is the following:

Theorem 15. A function ¢ on (0,00) is the Laplace Stieltjes transform of a proba-
bility distribution F' (the Laplace transform of the density f = F'), iff it is completely

monotone, and ¢(0) = 1.
The equivalent form of the theorem is:

Theorem 16. The function ¢ on (0,00) is completely monotone iff it is of the form

0= [T rn) = [T e i),

0
A > 0, where F is not a necessarily finite measure on [0,00), with f = F".

This theorem leads to simple tests to check whether a given function is the
Laplace Stieltjes transform of a probability distribution F' or the Laplace transform
of the density f = F’. Other useful propositions regarding completely monotone

functions are presented next.
Proposition 7. If ¢ and ¢ are completely monotone so is their product pi.

Proof. Using induction one can show that the derivatives of 1) alternate in sign. As-
sume that for every pair ¢, ¥ of completely monotone functions the first n derivatives
of ¢ alternate in sign. As —¢’ and —v’ are completely monotone, the induction

hypothesis applies to the products —¢’t¢p and —¢)’, and from
— () = =" — )/,

the conclusion is that the first n + 1 derivatives of ¢ alternate in sign. Since the

hypothesis is trivially true for n = 1 the proposition is proved. Il
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Proposition 8. If ¢ > 0 on (0,00) and has a derivative ¢’ that is completely

monotone there, then }0 15 also completely monotone.

Corollary 5. If o < 1 on (0,00) and has a derivative ¢’ that is completely monotone

there, then % 1s also completely monotone.
—

Feller (1971) is able to show using Laplace transform properties that the
integro-differential equation satisfied by the non-ruin probability ® has a unique

solution, and calculates its value at zero, ®(0).

Proposition 9. Let ®(u) be the probability of non-ruin starting with an initial

capital u. Then the integro-differential equation

A A
¥() = 2000) == [ 0(u—a)fxldo)
with
ILm O(u) =1,

has a unique solution ®, where fx is a probability density with finite expectation .

Also,

E Karamata-Tauberian Theorems

For the asymptotic analysis, the following Karamata-Tauberian theorems are

used. A comprehensive reference is Bingham et al. (1987)

Definition 1. Let [ be a positive measurable function, defined in some neighborhood
(M, 00) of infinity, and satisfying

I(A\x)
I(x)

—1, as x— 00,VA >0,
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then [ is said to be slowly varying in Karamata’s sense (Bingham et al., 1987).

Theorem 17. (Karamata Tauberian Theorem)
Let U be a nondecreasing right continuous function on R with U(z) = 0 for all

x < 0. If | varies slowly and ¢ > 0,p > 0 the following are equivalent:

cl(x)

Y )

x?, as x — 00,
U(s) ~cl(1/s)z™, as x— oo,

where U(s) = Jo~ e7dU (u) is the Laplace-Stieltjes transform of U.

Definition 2. A function f is ultimately monotone if there exists y such that for

any x >y, f(x) is monotone.

Theorem 18. Monotone Density Theorem Let U(z) = [ u(y)dy. If
U(x) ~cl(1/s)x?, as x — oo,

where ¢ € R, | € Ry, and if u is ultimately monotone, then
u(z) ~cl(1/s)x"™t, as = — oc.

The following theorem relates the asymptotic behavior of a function at infinity

with the asymptotic behavior at zero of its Laplace transform.

Proposition 10. Given that the Laplace transform of a function behaves asymptot-

weally like sP at zero,

A

U(s) ~cl(s)s” as s—0

then the function will behave asymptotically as u=P~' at infinity.

U(u) ~ku™t as u— oo
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Proof. Consider the function

0 if u<O
Ulu) =
Jo W(x)dz if u>0.

Note that the Laplace transform of the function W(u), ¥(s), equals the Laplace

Stieltjes transform of the function U(u), U(s),

B(s) = L(U(u))(s) = /0 " e () du = /0 e (u) = 0 (s).

Take the Laplace transform of W(u), and analyze its asymptotic behavior. Assume

that U(s) behaves at zero as cl(s)s?. Thus,

U(s) = U(s) ~cl(s)s” as s—0

Then, using the Karamata Tauberian Theorem, U(u) behaves asymptotically at
infinity,

c 1

I(=)u™" as u— 0

Ulu) ~ L(l—=p) ‘u

The result then follows from the Monotone Density Theorem applied to U(u) =

Jo W(y)dy.







