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it is found that the normalized variance is unity and independent of
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length becomes proportional to p, as Cn? increases. The time delayed
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covariance function for the received intensity is formulated using

the joint Gaussian assumption and invoking Taylor's Hypothesis. From
this, the slope of the time delayed covariance function and the temp-
oral frequency spectra are evaluated. An additional formulation is
developed in which the amplitude perturbation term is included and
itseffect on the probability distribution and the covariance of
irradiance is examined. The conditions for validity of the jointly
Gaussian assumption are discussed and an analysis of the near received
irradiance in the presence of "glints" (speculaf reflector) is pre-

sented using the phase dominance assumption.
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I. BACKGROUND AND INTRODUCTION

It is well known that the scattering from the rough surface or
a random diffuser for all types of wave-motion produces a pattern of
light and dark patches, called speckle, which are the result of

spatial interference effects.

Work in the area of speckle statistics by other researchers has

primarily been concentrated on the nature and statistics of the tar-

get surface, propagation of the speckle field without turbulence
and the effects of speckle on image quality.lg_28 The only work that
appears to have been done on speckle propagation through the turbu-
lent atmosphere involves a vertical path.29 In that analysis, the
assumption is made that the entire target lies within a single iso-
planatic patch and consequently the work applies only to space objects
as a target. Some analytic work on propagation of fields from a dif-
fuse source through the turbulent atmosphere has been done by NOAA.30
In that analysis, the source is assumed to also be temporally incoherent.
This effectively neglects the speckle and makes the work not strictly
applicable to the case of a laser illuminated, diffuse target as a
source. When EM wave propagates through the turbulent atmosphere,

it is distorted by the result of variations in the refractive index,
which is mainly caused by temperature fluctuations in the atmosphere.

In order to unde?stand the effect of turbulence on .the propagation of
the speckle field, an analysis has been made of the first and the

second order statistics of the received intensity after scattering

from a diffuse target. The treatment is based on the extended Huygens-

Fresnel formulation and includes the effects of the turbulent atmosphere
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on the single mode laser beam as it propagates to the target and on
the speckle as it propagates back to the receiver. Formulations have
been developed for the illuminating laser beam focused on the target
and also for the collimated case. A general formulation for the co-
variance is developed which when reduced to its simplest form is rep-
resented by a threefold integral. Under certain conditions, phase
perturbation of the waves is the dominant effect due to the atmosphere.
Utilizing this as an assumption, it is shown that the fields at the
receiver are Gaﬁssian distributed, and that the space averaged, spatial
power spectral density is 'white." Based on this result, it is assumed
that the field statistics at the receiver are jointly Gaussian. This
appears to be a reasonable assumption and has the advantage of allowing
a closed form solution for the second order statistics of the irradiance
to be derived. By considering the general formulations for the co-
variance, it can be shown that this assumption is valid at least for
weak turbulence and saturated turbulence conditions. The relationship
between the statistics of received intensity and the crosswind compo-
nents has been formulated from the covariance by utilizing Taylor's
Hypothesis. From this, the slope of the time lagged, covariance function
and the temporal frequency spectra have been evaluated using the joint
Gaussian assumption at the receiver.

The application of interest for the above work is to aid in the
understanding of the performance of coherent adaptive optical systems
in the presence of target and turbulence-induced speckle and to pro-
vide a theoretical basis for remote crosswind sensing using a pulsed

laser in conjunction with a diffuse target.



II. THEORETICAL DESCRIPTION

Significant progress has been made in the physical and analytical
understanding of turbulence effects on the dynamics of target-reflected
radiation. The important quantities are the variance of irradiance (0%),
covariance of irradiance [CI(p)]’ mutual coherence function (T'(p)],
probability distribution function of irradiénce, and spatial and temporal
power spectrum. These quantities are of interest in the plane of the
active laser transceiver, and include turbulence effects on both the
illuminating radiation from the transmitter to the target and on the
scattered radiation over the return path (Fig. 1).

The treatment to be given below utilizes primarily the extended

31,32

Huygens—-Fresnel principle as applied to a turbulent path. Until

otherwise stated, the laser is assumed to be a coherent (TEM_.) source,

00
collimated or focused, with a perfectly diffuse target. In all cases,
we attempt to show clearly the assumptions and approximations that are
made and to discuss their implications. An important feature is the
definition of distinct (asymptotic) parameter conditions applying to

any given configuration; there are generally six such conditions, repre-
senting the possible permutations of inequalities between the three
pertinent parameters: Fresnel zone size (L/k)%, coherence radius (po)
and speckle size in the absence of turbulence. Each such condition

will in general carry a distinct physical and analytical interpretation.
It will be seen that cases of strong scintillations ("saturation" or
multiple scattering) are included in these conditions, so that the
treatment is general.

We first consider (Sec. II.A) the most common situation, i.e.,
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Figure 1. Illuminator, Target, and Receiver Configuration



that in which the primary effect of the turbulence on the reflected
radiation arises through the perturbation of the phase term in the
associated Green's function. The implications of this assumption in
terms of the field statistics are also explained.

We then generalize the development (Sec. II.B) to include the
effects of the amplitude perturbation term invthe Green's function.
The implications are again explored in detail. 1In Sec. II.C, we treat
the first-order statistics of irradiance for a target confaining one

or more glints.



IT.A. BASIC IRRADIANCE STATISTICS AND MUTUAL COHERENCE FUNCTION

Previous work on speckle statistics has primarily been concen-
trated on the nature and statistics of the target surface, propagation
of the speckle field without turbulence, and effects of speckle on
image quality. Speckle propagation through turbulence has been con-
sidered over a vertical path for the purposes of speckle interferometry.

In the present section an analysis is given of the first and second
order statistics of the received intensity (irradiance) after scattering
from a diffuse target. The treatment is based on the extended Huygens-
Fresnel formulation and includes the effects of the turbulent atmosphere
on the laser beam as it propagates to the target and on the speckle as
it propagates back to the receiver. Formulations are given for both
the focused and collimated cases. The analysis also includes the
~mutual coherence function (MCF).

The source, target, and receiver configuration is shown in Figure
1. The present analysis is confined to the case of a TEMOO laser
illuminator. The source and target are assumed to be much smaller
than the path length (L), and the distance between the receiver and
source is greater than the source size and much smaller than the path
length. These geometric conditions confine the problem to small angles
and ensure that the outgoing and returning radiation experience inde-
pendent turbulence regions; the latter limitation is thought to be
inessential owing to the diffuse target characteristics.

1. Mean Irradiance at Receiver

To find the mean irradiance, we need no assumptions other

than that of a diffuse target.



We write the source amplitude distribution as

2 iy 2 ' '
T ikr

- - _ Arr- : : 1
Uo(r) U_exp oF (1)

2q0 2
o

where al and F are the characteristic beam radius and focal length

respectively. The field at the target is written from the extended

Huygens-Fresnel principlel’2 as

_ ikL _ e b L _
u@p) = xe fuo<r) exp | e -2,y G| (2)

2wilL 2L

where ¥, describes the effects of the random medium on the propagation

of a spherical wave. Combining Eqs. (1) and (2), we have

. " ,
) s P2y v
— kK [L i ZL] Yy r2 ik L\ , ik ——
U(p) = 274l exp - - + '2-1“ - ? r - —i—- peY
- 20 2 =
. o .
+y; (p,r)| dr (3)

In particular, this applies to the special cases of a focused (L = F)
or collimated (F - «) beam respectively.

The field at the receiver is written by reapplying the Huygens-
Fresnel principle to the field at the target:

ik [L + p2
oL

o " o N _
P71l U'(p) exp [—;-L- (02 ~ 2pp) + W2(p,p)] dp

u(p) = Xe

4)
where U'(B) is the field solution after reflection from the target,

and Y, represents the turbulence effect from the target to the receiver.



The mean intensity at the receiver is then
2
<I(p)> = <|u@) |2 = (- [ 455, <0 GoU'*G>
. ik 2 2 -~ =
exp |5 ((of - p2) - 2p-(p1-r2))

< exp [wz(E,El) + wz*(E,Ez)] > (5)

Through the assumption of a diffuse target, the reflected beam
suffers a random phase delay from point-to-point over the target, so

that

<U' (p1)U'*(pp)> = <I(p1)> 6(p1-Po) (6)

Using this in Eq. (5), the mean intensity becomes

2 .
<I(p)> = (’gg) fdpl <Ju(p;)]?> < exp [wz(p,pl) + tl’z*(p,m)]>
(7)
where the mean exponential term is unity from considerations of energy
32
conservation. The resultant mean intensity at the receiver is then

simply

. |
<I1(p)> = (—z—‘gﬁfﬁ <|u(p)|2> (8)

To complete the solution, we use Eq. (3) with Eq. (8). We note

that the structure function gives us (r = I;i¥;2|)

()

< exp [‘4”1 (b,r1) + 4)1*(_0_,—;2)] > = e 9)

5/3

For the focused beam, we then have



2 2
- 2 2 _ r1+r2 .
2, - [ k_ = s f ik = = =
<juce) [%> (2nL> JUold[}ﬂ drjdrp exp |- ~ L Pr(ri-r2)
5/3
R R
(po)

Carrying out the integration indicated in Eq. (8), involving the Fourier-

(10)

Bessel integral, we have finally
2 w2

. _ 1 (k\? ¢ |
<I(p)> = 5 (i) Yo | - (11)

The result for the collimated beam is identical, and in fact could
be deduced for an arbitrary beam focus (Eq. (1)) through conservation

of energy:

— 2 .
@2 = (57) [ @ <h@i

2 ® _r?/q? 2 0‘2.

G T (T 0
Thus the mean intensity at the receiver (illuminator) plane is uniform
and independent of turbulence level.

2, Correlation Function of Irradiance

In order to calculate the correlation function or covariance
of irradiance, we assume for the present section that the perturbation
Green's function (wave structure function) is dominated by the phase
perturbation (phase structure function).35 This will be true for many

cases of interest and will be relaxed in subsequent sections, where the

actual implications of the assumption are pointed out.
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The correlation function of the intensity at receiver points

E} and Eé is given by
31(51 ,P2) = <I1(P1)I5(pp)> = <U(p)U*(p)U(p2)U*(py)> (13)

Utilizing the extended Huygens-Fresnel principle, the correlation

function can be expressed as

- k \¥ [ - —- _— _ _
B, (p1,p2) =<m> U Jf dpydpodpadpy <U(p1)U%(po)U(p3)U* (py)>

© explik(®y - Ry + Ry - Ry)) H(P1,P2,P3,P43P) P2) (14)

where H is the fourth order mutual coherence function given by

H= < exp[ll)(p],gl) + w*(EZ:El) + ‘f')(;33;2) + w*(‘ah>—p'2).] > (15)

and

Ry = |p1 - pyl
R, = |py - Eél
R3 = [py - p3]
Ry = |p2 - pul

Under the assumption of dominant phase perturbations,
H =< expli¢(py,p;) - 16(o,,p)) + i¢(p2,p2) — 1é(py,p2)] > (16)

After reflection from the diffuse target, the fields are
Gaussian and spatially incoherent. Therefore, the fields at the tar-

get can be expressed as
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U1V (p2)U(3)U% (py)> = <U(p))U% (p5)> <U(p3)U*(py)>

+ <U(p1)U*(py)> <U*(p,)U(p3)>

<I(E})> <I(E§)> 5(5}’6&) 5(5}"5%)
+ <I(1)> <I(p3)> §(py=py) 6(P3-pp) a7

Utilizing (17) and (14) the correlation function can be expressed as

y
_ k : — — — —
Bl(pl,Pz) = (§;i>.17'dp2 do, <I(py)> <I(py)>
K\ | k(pp-py) (P1-P2)
— = — - 3k(po-py) - (p1-pP2.
¢ H(pz )-52 )-EL} )-p—l{ ;.1_3-] );2) A (18)
where use has been made of
Ry-R, ~ = |2 2 = = .=
17%2 — 51 [P P - 2(py-p2)'p3
R.~R ~ 1 2 3 - -\ .
37 =51 (P37~ pyT — 2(p3 - py)p,

The fourth order mutual coherence function (see Appendix A) in Eq. (18)

is given by32’36’37

H(p2,P2504:043P15P2) = H(P1,02,03,0P43P15P25P3sDy)

P1 = P2
pP3 = Py
P3 = P1

Py = P2
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Al i )
712 = Dyg + Dyy + Dp3 = Dyy + Dyy)

= e
01 = py
p3 = py
P3 = p)
Py = Py - (19)

where the wave phase structure function Dij are given by

1

16 —- _ _ _ 5/3
= : f dtft(pj-pi) + (l—t)(oj-oi)) /
(o]

ij 3 5/3
pO

(20)

where P, = (0.545 anLkz)_3/5 is the turbulence—induced coherence
scale and Cn2 = Structure constant of index of refraction (m_2/3).
Using this in (18) and making the change of variables
;=;2‘;4,E=31‘52

and

R = p, + py

and recognizing that the first term in (18) equals <I(p;)><I(p,)>, the

covariance for the focused case is given by

3

} s/
Q@ - () () 1 () )
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, ) 5/3 s/3
(I‘l + 1'2") (r1 + ro . ) 1
: frlrzdrldrz exp |- : - = '
4o 2 P 5/3 P 5/3
o o o
L3 8 1. _5/3 g ' _ _.5/3
p. - 3 dtlpt + (l—t)pl - §-~/~ dtlpc - (l—t)pl
o o .

(21)

The covariance for the collimated case is obtained from (21) by replac-

ing the dr;dr, integration by

2 ' 2 5/3 5/3
+ 1 )

. r 1
1 o :
.ly}drzdrldrz exp |- (r12 + ry?) (;& ) ' <2L ) 5/3
. o . (o]

o

. 1 1
_ _5/3 - — 5/3
- : 2/3 [2;)5/3 --g-f dt|pt + (1-t)p] / —% ./; dt[pt - (1“‘:?"! ]

o
o

(22)

In order to further reduce the number of integrations, the
zero order Bessel functions must be expanded to functionally separ-
ate the R and E-dependence. This can be accomplished by utilizing

the following identities:

k_=.01\_ o - " X K |
Jo (L rllR + 51) —mfo Em +1) Jm (f r1é> Jm (f rl%) cos m ¢

(23)
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and
€ = 2 form# 0

The GR integration is then given by

27

kK_ 5.0 kK _15_80
f JO (‘I': rllR + _Z—I)JO (“I‘: rle - ‘Z‘I) dBR .

(o]

o m
k k
w3 e (g ) 3y (¢ xan)

3 (k.2 k o | |
In (L rlz) T (f rz'z‘) (24)

Using the Fourier-Bessel Integral,

iy o ‘ 2 :
k k L
r d f — — = Pl
f 1dr£(ry) f RdR J_ (L rlR) J (L rzR) (k) f(rp) (23)
(Y o]
and the covariance for the focused case becomes

¢, @ = (31,;)3(9 6 1 (3—) e |- 2(5‘)

5/3f ©

f rzdrz ’

.0

5/3° b —5/3 P -
[Zp - %f dt{pt + (1-t)p| / —'-g- f dt|pt - (l—t)pIS/3
fo) [o} .

(26)
(Focused)
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where use has been made of
£ (-1) € Iy (x) = J0(2x) (27)
m=0
The variance then is given by
2

0% = (3_};,)2(%)“ IUO!Q (a—‘;) | (28)

and the normalized variance

is unity.
The same technique yields the covarance for the collimated

case. It is given by

2 5/3] ©

1 3 . GIU ll" o 2 -
: = (L\N(E 0 -
CI(p) B 2") (L) © < 2 ) N (po) f r2drz

' o]

5/3

o]

G\ (e 2 or, o ”
« exp [-2r, — 1 + - J/;p J [(krap). exp | 227 -
, 2(10 2L o 5/3 o\L P I p

. 1 1
1 5/3° g - —5/3 g f - =33
N [Zp —-j—j;dtlpt + (1—t)pl . -3 ) at|pt - (1-t)p|
[+ .

(collimated) (29)

and the normalized variance is again unity.

The above results are based on the assumptions of a diffuse target

©|

and phase perturbations dominating the turbulence effects. Unfortunately
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the expressions that result, reduced to their simplest form, involve
threefold integrations and except for showing that the normalized
variance is unity, allow little physical insight into the nature of
the problem. Physical interpretation is not difficult but will be
clarified in the discussion of further simplifications below. It
suffices to point out here that the covariance fundamentally involves
two scales: the turbulence-induced coherence scale (po) and the
speckle scale in the absence of turbulence (ao and L/kaO for the
focused and collimated case respectively).

Also, we note that within the present assumptions, the

normalized variance of intensity is always unity independent of turbu-

lence strength. This agrees with a physical model of identical-
_frequency, randomly phased oscillators summed to represent any given
point in the receiver field: the model applies regardless of whether
target speckle (ao or L/kao) or "atmospheric speckle" (po) dominates.
3. Mutual Coherence Function

The mutual coherence function (MCF) may be very important
in analyzing the operation of a coherent optical adaptive system, and
can be readily derived given the assumption of a diffuse target but

without assuming dominance of the phase perturbation term. We write

- . |
— — k — — —_— —_— -— —
I'(p1,p2) = (m) ff dpydey < U(p)U*(py) > exp {ik[Rs(pl,Pl)

- RGV(E’—Z’;Z)}} < exp [‘1’2 (P1.py) + ll)z*(gz,gz)]> 30)
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where R5(5},5&), Rg(Eé,Eé) are the distances from E} to 5& and py to

po respectively.

By the Fresnel approximation

p} -p3+02-0% Py - Py -P2 - 02

Rs(p1,P1) - Rg(pp,P2) = o - L
(31)
Finally, from (30) and (31),
— k 2 ik(p%—p%) - -
r(py,p,) = (EH) exp |~ fjdo1doz <U(p1)U*(py)>
03-03  P1p1-p2 P2 o o
" oexp qik | - < exp [“’2\P1,D1) + wz*(pi”pz)]>
L
) (32)

Since the wave is incoherent after refleqgtion from the diffuse
target, the coherence function at that plane can again be repre-
‘sented by the Dirac delta function as given in (6). Using this

in (32), F(;&,Eé) can be simplified to

o 2 kGei-ed] . - o
r(p;,p2) = (}‘%) exp [T]fdo <I(p)> exp {— '1L—k (P1"P2)'9}
5/3

’(L) | 33
. .po . (A)

In the absence of turbulence, this equation is entirely identical
to the Van Cittert-Zernike theorem of coherence theory,39 which is
identical to a result obtained by Gocdman for the mutual coherence

function of a pulsed optical radar.40
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To complete the solution, we utilize the mean intensity at the

target. For the focused case:

5/3
, , °© _r2 (.r_
- k 2 9% f 4o 2 o
< ={= —_ =
I(p)> (L) onl 5 ] rdrJ (L pr)e
(focused)
we thus have
2 2 2 o«
- (. k k 2 % - k
r(py,po) = (ZnL) (L) IUOI Tf dp f r dr Jo (f pr)
. * o
5/3
__x? _<_r_)
. ba 2 \P ik —— [p 5/3
€ exp |- = pp - [
. L 0
o
[k (p}-p3)
exp T—
4 . 2 o ©
= '—1—(5) lu lz 19‘* f pdp rdr J k k
21 \ L o 2 o\l pr JO L PP
o [o) ’
) 5/3 5/3 . ’
_ 2 _ (.E.) - (P_> o (p%-p%) (34)
4o 2 Po ~
o v
‘e
where p = l-ﬁl‘-l-’—zl- From the Fourier-Bessel integral formula,

<o

2
k k 1
Jroo (i) 2o (2 o) o= () 5 e @
(o] .
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Equation (34) can then be simplified and it becomes
| 2. , v ik
- P~ _ o (RP_ + = (p%—p%)
2 2 2 P 2L
—_— 1 k 2 (10 16(10 o)
r(p1,p2) = 27 \L IUol -5 e

2 5/3 ik '
- P _ P_ ik 2
4o 2 2 (po> * 2L ( % Pz)
.= <I(p)> e ° (focused) (36)

Using <I(p)> for the collimated case in (33) and simplifying yields

N s 2 ATy
- p2 |{— 2 - P_ ik [2_ .2
2la) @) 2 6) o )

(collimated) (37)

r(p1sp2) = <I(p)> e

These results for the MCF will be used further below.

Now let
po=p1 tp
in (36), divide by <I(;)> and integrate over d;& to obtain the space

averaged, normalized mutual intensity

I‘N(F) = fdpl re(P1,p1 + p)




) : 5/3
- B__-— - 2 P._. 4 i_lﬁ 2
2 P 2L
' 2 4(‘.!0 o]
=2 (ZW)Z(L) e 6(;) (focused)
K , .
(38)
The space averaged, power spectral density then becomes
N2
S =2 (—Ii> (focused)
FNFN K , ) (39)

20

A similar result is obtained for the collimated case and it is con-

cluded that'at least on the average (spatial), the fields at the

receiver are incoherent.

It may be noted that the MCF's of Eq.(36) and (37) imply a
"white" or constant spatial power spectrum for the (complex) ampli-
tude. This is of course an idealization resulting from assuming
delta-function rather than wavelength-sized phase correlation for
the field upon reflection off the target. The more interesting
spectrum, however, is that of the irradiance, as discussed below.

4. Probability Distribution

In order to formulate the probability distribution for the
scintillating energy at the receiver, we evaluate the nth moment of
the intensity in terms of <I(5)>. We again assume that the phase
perturbations are the dominant turbulence effect, and write the

second moment as



[y
<12(p)> = (il;f) f J f f dp 1dp,dpdpy

-+ <UP1U*(p2)U(P3)U* (Py)> exp [%‘(o%- p3

+ 0% - pf - 2(p1-P2) * pP~2(p3-py) ° ;)]

' <exp[i(¢(31,i'{) - (2. + $(3,P) - ¢(E,,S)ﬂ> (40)
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Since the fields after reflection from the diffuse target are jointly

Gaussian and uncorrelated,

<U(pIU*(p2)U(P3)U* (py)> = <U(p;)U*(pp)> <U(p3)U*(py)>
+ <U(p1)U*(p,)> <U*(p,)U(p3)>

= 1(31)8(1p2) I (p3)8(pa-py) + 1(p1)6(Py=Pu)I(P3) 6 (Pa=p2)
' | (41)
Using (40) in (41) yields

L
<12(p)> = 2 (—2-::‘5) ff dpodey, <I(py)> <I(p—‘*)>. | (42)

Since

2 ,
<I(p)> = (2_:1?) fdf{z <I(p,)>

the second moment becomes

<12(p)> = 2<I(p)>2 (43)
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The nth moment of the intensity can be expressed as

‘ 2N
<IN(;)§ - (i%i> Jf ...:/‘dB} cees d;éN
5o o () o)
'2(;2N—1';2N) ' .p—)]
 <exp [i(qs(;l ) = W(p2oB) en + 4P yP) - ¢(;2N,;>)]>

(44)
Because of the jointly Gaussian and incoherent nature of the

source, and the occurrence of only paired difference terms in the

integrand, when

F)0H(7) e ()
is expanded and the integrations involving the delta functions are.

th
performed, the n~ moment reduces to

2N .
<1N(;)> - N!(%) f f dpy .- EpN
"<I(py)> ..o <I(EN)> = N! <1(§)>N S 45)

The probability density function for the intensity therefore is

exponential and
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<>

PI(u = :‘;—; (46)
where a is greater than or equal to zero. It is thus concluded that
the field and amplitude at the receiver are normally and Rayleigh
distributed respectively, given the assumption that phase perturba-
tions dominate the turbulence effects.

5. Simplification for Weak and Strong Turbulence
Since, as shown above, the fields at the receiver are

Gaussian and spatially 'white," it is tempting to assume that‘the
receiver fields are also jointly Gaussian. This turns out to be a
good approximation in many situations, and in this section the impli-
cations and conditions for validity of this added assumption are
explored. This leads to a simple, straightforward interpretation of
the terms in the covariance of intensity.

The jointly Gaussian assumption yields

=
"

;= VGDU*G1)><U(p)U*(p2)> + <U (1)U (p2)><U* (p1)U(p5)>

—_ — - — - 2 :
<I(1><1(p2)> + [T (p1,p2) | (47)

It follows that the covariance of intensity is given by

—_ - = — — _ = 2
€ (®1:p2) = By (P1,p2) = <I(1)><I(p2)> = |T(p1,p2)] (48)

Finally, utilizing the mutual ccherence result (Eq.(36))

the normalized covariance function of irradiance for the focused case
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can thus be written:

) 5/3

)

— CI(P) 2a°2 Po

€ )= ., ¢ v (focused) (49)
N aI

where the normalized variance is unity as before.
For the collimated case, the same variance is obtained, and the nor-

malized covariance is

. 2 ka \2
¢ [P 1l _o 2
- 4'(po) 2 <a0> * ( L ) F

FI (§)>= e

N (collimated) ‘ (50)

The covariance scale lengths are obvious from these results.
Either the "atmospheric speckle" (po) or the "target speckle' (speckle
in the absence of turbulence) will predominate, depending upon which
is smaller (strong and weak turbulence respectively). We point out in
passing that a third covariance scale (L/k);i may also enter, but this
scale is lost within the present assumption of dominant phase perturba-
tions. Figures 2-6 show the correlation scale for various cases.

We note that the spatial power spectrum of irradiance may be
readily obtained by transforming Egs. (49,50). However, a more important
quantity in the operation of e.g. an adaptive optical system may be the
temporal spectrum. This spectrum, which will be derived in a later
section, depends only on the atmospheric speckle term; the target

speckle field will not translate with the transverse wind.
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We now explore the conditions for validity of the jointly
Gaussian assumption. The simple multiplicative terms for the co-
variance scales in Egs.(49,50) are replaced by a more complicated
interrelationship in Eqs.(26,29). It may therefore be surmised that
the jointly Gaussian assumption is valid under conditions of weak
and strong turbulence, when target and atmospheric speckle terms
respectively predominate, but that the jointly Gaussian description
is not correct in the range of intermediate turbulence effects when
both scales are important and interact. We now show that this is
indeed the case.

Weak Turbulence

For the weak turbulence case, Py >> YL/k and the term

. 1

1 5/3° g — —.5/3
- 2 - L - -
NEYE p 3fdt|pt.+(l t)p]

k 0 °
Jo(L rp) e

1
8 - —.5/3
-3 f dt|pt - (1-t)p|
o]

:JO(% rp) N (51)

in (26) and (29). The covariances then become identical to those

derived using the jointly Gaussian assumption.



26

1074
@
i
Y]
b - °
& A = 6943 A
o
&
&
ki 10-2,
7]
(3]
[«
L] "
el
1
[
>
[«
(&)

10-3 rl Fl A 3

10-13 1012 10-11! 10-10 10-9
Cn2-L ’

Figure 2. Covariance Length for Various Transmitter Diameters,

Focused Case



27

1072, | : A= 6943 A

3000 meters

G

1500 meters

[
o

1
L
T

[}

500 meters

Covarfance Length (meters)

10"" N 3 <4 4
10-—16 10-15 10-—1'-0 10-13 10-—12

Cn2

Figure 3. Covariance Length, Collimated Case, 26 cm Aperture



28

Covariance Length vs Cn2
-2
10 L at Various Ranges
3000 meter . .
merers (Collimated Case, Beam Diameter = 12 cm,
A = 6943 })
o o
1500 meters
~~ -~ - .
n 500 meters
3
1}
E
< 10-3L
kS
&0
£ .
1}
"
1}
o
=
(/]
Ll
1Y
©
>
0
©
10-" ) ,
10-16 1015 10-1% 10713 10-12

Figure 4, Covariance Length, Collimated Case, 12 cm Aperture



29

3000 meters
Covariance Length vs Cn2
1500 meters at Various Ranges
1072 ) N (Collimated°Case, Beam Diameter = 2 cm,
o A = 6943 A
500 meters )
~
[
1]
s * &
o {
U
E
s
-3
& 10 1 X
U
-
o -
s
c: .
S
Lal
il
©
>
<
o
1074 . .
2 T T T ]
10716 10715 10714 10-13 10712

Cn2

Figure 5. Covariance Length, Collimated Case, 2 cm Aperture



30

Strong Turbulence

In the strong turbulence case, N << /E7E; which corresponds to
multiple scattering, or "saturation of scintillations" for a point
source. Let us consider Eq.(26) with °, -+ 0. The only interesting
range of the argument (p) is 0 < p < Py The Bessel term (~ pJo in
polar coordinates) is appreciable only for p # 0, i.e. p >> P, OF
p >> p; and because of the latter condition the final bracket in
the equation is zero. Hence the condition (51) is again obtained,
and the covariances again become identical to those derived using
the jointly Gaussian assumption. The atmosphere has '"decoherentized"
the field in a manner similaf to that of the diffuse reflector itself.

6. TimefLagged Covariance and Temporal Spectrum of Scintillations

In order to obtain the relationship between the statistics
of the received intensity and the cross wind, the time delayed co-
variance function must first be formulated. Then the slope of the
time delayed, covariance function and the temporal frequency spectra
can be evaluated.

For this development we assume that the fields are jointly

Gaussian at the receiver and consequently

— - —_— - 2
CI(plaPZ’T) ‘= ’P(PI’PZ’T)I (52)

Using the extended Huygens-Fresnel principle
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1k (py2-p22)

— — k 2 - 2L — -
r(plaPZ,T) = (ﬂ—ﬂ) e Jj dpidpao

. <U (5-1’0)U *(Eg,r)> exp [%% (012 - Dz.2 - 2py - ;1

- 2pp - ;2)] <exp [‘142(51’51’0)' + ‘l'z*(—ﬁz:gzﬁ) > | (53)
Due t; the diffuse target

<U (p1,0)U *(pp,1)> = <U(p},0)U*(pp,T)>6(p1-P2) (54)

Using (54) in (53) and utilizing the extended Huygens-Fresnel
principle to express the fields incident on the target, the time
delayed mutual coherence function at the receiver becomes for the

focused case
4 ik o 2 2
r(;l’pz"T) = (m) IUOI e ( drldrzdpl

’ 12 + 1,2 )
. 'exp[‘% -5-1(-51:?—2) _ %l) - —;—Ik: r12 - r22)

o]
+ % (o1 - T1)2 - % (e2 - ;2)2] ‘eXp[wl(;l ,71,0)
+ Y * (B-l ,—1-_2,1-)] <exp[¢2(;1,p1,0)+ Yo * (;2,E1a‘l')] > (55)

The first ensemble average in (55) corresponds to the time delayed
mutual coherence function for spherical waves originating at two

points r; and ;é in the transmitter plane and propagating to a
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single point E} in the target plane. The sccond ensemble average
corresponds to the time delayed mutual coherence function for a
spherical wave originating at the point 5} in the target plane and
propagating to two points E& and Eé in the receiver plane. Perform-

ing the integrations in (55) it becomes

e\ (), 2% [ = 3 (k
I'(p,1) = (—2-—1&‘) (1—‘) IUo[ -—g—-fdp f rdr Jo(—i pr)
)

r2 x — — — -
+ exp |- - i=p-p| F(r,0,7)F(0,p, 1)
4o 2 L
° 2
_pc L ik 2_ 2
T (Pl Ps )
1 5 2 2 302 4ao _ _
- L (f) lu | 2 F(p,0,)F(0,p, 1)

(56)
where the time delayed mutual coherence functions F(;,O,T) and

F(O,;;T) can be obtained from the mutual coherence function for a

spherical wave by invoking Taylor's Hypothesis.35

. . . 3
This mutual coherence function is given by

1 .
_ © _s5/3
F(r,p) = exp [-;2_9_1_ Lka cn2 (W) |wp + (1-w)r | dw] (57)
(e}

where r is the transmitter aperture vector ;& - ;é, E-is the target

aperture vector E& - Eé and w is the distance from the source to the

field point normalized by the total path length L. For the uniform
” -5/3

turbulence case, we note that k LCn2 ~ pO . The time delayed

mutual coherence function41 can be cobtained from (57) by replacing
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WE-by wp - V(W)T, where V(w) is the transverse wind:

1
—_ = . 5/3
F(?,;,T) = exp ["2.291 Lk2 f an (w)!wp - V(w)t + (l—W)rl dw]
0 ‘ ¢58)
and consequently
o1 r .
— - - 5/3
F(p,0,71) = exp {-2.91 Lsz an(w)‘(l—w)p - V(w)‘rl dw
' 2
(59)
and
1
- - 5/3
F(0,p,7) = exp [—2.91 Lk? f c.? (1-2)|zp - V(1-2)t|  dz
2 A
° (60)

where z is the normalized distance from the target to the field
point.
The normalized, time delayed covariance function for the

focused case and an arbitrary distribution of an along the path is

thus given by

%
— - 2a 2
C, (p,1) = e o
I,
) .
. 2 2 -5 5/3
exp |- 5.82Lk f C, W) | @-w)p - V(w)T| dW]
(o]

(focused) i - (61)
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The slope at zero time delay can now be found from (61).

1
°C
I 3 2/3 —
N =M_ (p) = 9.7 Lk2p2/ Jf C 2(w) (1-w) V(w)*p dw
9T IN n
: 0
t=0
. (62)
c, (p .
. IN ,

It is found that the slope is linearly related to the component of
wind along E'and is proportional to a weighted average of the cross-—
wind along the propagation path. The crosswind weighting function can
be found from (62) by letting

V(w) = p §(w - w)

This yields

, 213 2/3 = (63)
W(wo) = 9.7 Lk?p c, (wo) (l-wo) CIN(P) |

The wind weighting function is zero at the target and at least for
uniform turbulence varies as (1 - Wo)2/3 along the path with the
maximum weighting occurring at the receiver. This result is similar
to the result for the cw system33 in that the weighting is zero at
the target (source) and peaked up toward the receiver due to the
source size being large with respect to a Fresnel zone and to the
receiver size. But in the cw system the weighting is zero at the
receiver which is not the same as the result obtained for the pulsed

system.
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The normalized covariance of the intensity is equivalent to
the normalized covariance of the log-amplitude for a plane or spherical
wave in the case of weak turbulence. In that case, the wind weighting
function should be zero at the receiver. However, in the beam wave
case or diffuse source case, the normalized covariance of the intensity
does not bear a simple relationship to the normalized log-amplitude co-
variance and the wind weighting function may indeed, as predicted by
the theory, not be zero at the receiver. This result is consistent
with the theory developed for the passive system.30

If the turbulence and crosswind are uniform, then the slope

at zero time delay and the component of the crosswind along p are

related by

Vep = — (p,0) (64)
5.82 Lk?p2/3 ¢ 2 ¢_ (p,0) MIN
n IN

The factor multiplying the slope in (64) is the calibration factor

that relates the measured slope of the time delayed covariance function
to- the path averaged crosswind. It should be noted that it is a function
of turbulence level. The proper relationships for the collimated case

can be obtained from (61) and (62) by including the factor

ko
_1 2 o
eXp =3P (21.)

The power spectral density can be obtained from (61). Letting

2
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S-= 0 and assuming uniform turbulence and crosswind, (61) becomes

§/3 5/3
T

—5/3 5/3
- 5.82 ka!cn2 [vi T -10.67

C. (0,1) = e = e o

g (65)

Taking the Fourier transformation of (65) yields the power spectral

v
P

density.
— . 5/3
~ . -10.67|Y- f 15/3
SI(W) = 2 f e o Cos(wt) d T
o .
-6 Po | F3/5) - X2 _r(9/s)
5 Wl ao.en® 20 (10.67)°7"
3,6 (n-1)
RSt i (5 ' ) R (66)
) 2(n-1)! (10.67)6(11_—1)/5
wherev
wp
x = — '
[v]

The normalized power spectral density is plotted versus the parameter
X in Figure 6.

Summary of the above work: under the assumption that the
wave structure function is approximately equal to the phase structure
function, a general formulation for the normalized covariance of the
intensity was developed for the focused and collimated cases that

involved a threefold integration. Also, the normalized variance was
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Figure 6. Temporal Power Spectral Density, Received Intensity
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found to be unity and the probability density function for the field at
the receiver was found to be Gaussian and, on a space averaged basis,
incoherent. In the case of weak or saturated turbulence, a closed

form solution was found for the normalized covariance of the intensity;
under the assumption that the fields at the receiver are jointly nor-
mal, a closed form solution was developed for the normalized covariance
of the intensity that is identical to that derived from the general
formulation under weak or saturated turbulence conditions. In addition,
formulations were developed for the time delayed covariance function and
its slope, the wind weighting function and the temporal power spectral
density. The following work remains to be completed: extension of the
work to the case of a finite receiving aperture, development of a
general formulation that is free of the phase domination assumption

and experimental conformation of the theoretical results.
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7. Higher Order Modes
The analysis of the previous section assumed the source to
be a single mode (TEMOO) laser beam. The same techniques may be applied

to higher order modes. 1In the following, a TEMlO beam is selected as
the source. Then
(B |

2 . \20 2F
UigCr) = U (1 -E5)e ¥ °
10 o uo

The mean intensity at receiver can be described as,

— 2 — -
<I(p)> (E%f) dr <I(r)>

2
IUO' K 2 o 2
e}
2 (I) 2 (67)

this is identical to the TEM00 mode case. In order to calculate the co-

variance function, the assumption of joint Gaussian fields at the re-

ceiver is applied. The mutual coherence function is calculated using

Eq. (33)
, ik(p1%-p1?) | e (2_)5/3
_ —_— - == p.p -
I'(p;,p2) = (?%) e 2L fdo <I(p)>1p e t Po
(68)

The mean intensity at target can be defined,

2
<1(p)>;q = <—2f:—L)ff dry dr, Uyg(ry) U’;O(Z{)
5/3

ik — —_— ik lrl'r2l
x exp [- P - (r-rp) + EE-(rlz—rzz) - (“‘5;—— (69)



The next work is concerned with the mathetical manipulation of ex-
pressions necessary to get the integration into a form in which
. satisfactory closed formulation can be made. The integration is
divided each term for convenience and evaluated separately. The

variables ;‘T,E are transformed r and R defined

40

;=r1-r2 2§=E+}‘;
r2 2 2 2 2
— + 4R 1 zT
aGoio - () o ff - e 2 o o) - ]
OLO |
2 5 . 5/3
X exp —ﬂ+—lﬂ15 (1-L/F)§-?——I—}—“ E-(E—) dr dR
4o 2 Py
o
= <I(p)>, + <L(p)>, + <I(p)>, + <I(p)>y (70)

Each term can be computed as

o 0 £___ r
2 2 2
k k k o
(L) lu_l ff RrJo[i—(l - L/F)Rr]JO<L pr)e dRdr
0 0
2

o 2 2
2 © __o k% (1 - L/F)?r2 - r - <£_>

a 4 .
_ o k 2 2 (k L2 4o, 2
T2 (L) ]Uol f Jo L pr) © © rdr

A
i
—~
o |
~
\
1]

)
2 . 5/3 (71)
ot P S
<I(p)>_ = - (l;_) lzoi f Jo (—E pr) e o ° rdr
) ) R2
I o 2
x f R(r2 + 4R2)J_ Bf—(l - L/F)Rr] e % dr (72)

[0]
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2 v | F S 0?2
O R R i
J o l 1.2
2 5/3
2 o 2
- I 0 K g L p/p)2e2 - <r_> g (73)
ba 2 4 L2 o rer

R2
« 2
R3r2 R %
bl f <R5 + 5 + —lr-é—) [ (1r - L/F)Rl:l e dR
0
5/3 2
2 a 2
o _.r I - .L_k_. (l - L/F)?-rz
f 4o 2 o 4 L2
k o)
=K d
(L) I, I J Jo(L T Fc(r) © e
(74)
where
2 2
a 2 o 2 2
F(r) =abd1--2X g _pm2e24+l |20 K w22
o 4 a02 k2 o 2
+ 2|1 - —— 2 (1 - L/F)2r2|r2 + -> ¢t
4 4 L2 32
and
- 2 .
_ 2 2 _ 2 2 4
<I(p)> = —('2%) IU I <—2~> ff ’R'rl exp |- —-4—R (l - L/F)
d ° W2 40L02

) ', \5/3
Ry - kg (p_) 0T @R
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%o 2
k? 2 (1L _ 2o k2 2.2) 27 (K )

= -(L )IUOI f Z - 8 ;; (1 - L/F)4reir JO(L pY

. ,

5/3 2
2 a 2
exp | - —— - <£—> - —%—-k—-(l - L/F)?r? (75)
4a02 pov L2 rdr

The mean irradiance at target can be written without repeating the

arithmetic calculation.

o 2 ~ ) w2, L 2
<I(p)>=—c2)—(-i) IUO[ f 1——]5 %k—(l—L/F)2+ :‘rz
12 20 2
o o
5/3 2
2 o 2
X Jo (%pr) exp |- r " - (5 > - —%- E'—-(l - L/F)2r2 (76)
2
4ao o L rdr

By using this formula, the mutual coherence function is calculated.

ik(p12-p,?)

2 2 +
— = {1 0Lo k 2 2
I'(p1sp2) = ) 2 \© IUOI e
2
o 2 2
l—%—;—k—(l—L/F)2+ L] p2
L2 2ao
5/3 2
2 a 2 .
X exp { - BT _ 2 <1L> - —%—-5— (1 - L/F)?p? an
40t02 o 1.2

The covariance of irradiance is calculated by the Gaussian Assumption
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2 2
2 o -2
- - - 1170 k )
= = - = | —— = - +
Cry(P) = |ry(p1,p2) | Log|z S @-um o e
)
) 5/3 a2 2
x exp {- —P—z— - 4 -pP— - === (1 - L/F)?p? (78)
24 ) L2
)
The focused case , 5/3
-7 _ (P
5 2 20 2 pO
C..(p) = ( - —P—) e © (79)
IN 2
Aao

The collimated case 5/3 .a 2
. 2 2

__P___4<P_) R

p
) 1 0'02 k2 1 2 ? 20‘02 © L
Cc..(p) = -z |-+ p e
IN 21 2
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II.B. THE GENERAL COVARIANCE FUNCTION

In a previous section, the mean irradiance and mutual coherence
function were derived for the case of a diffuse target. However, the
analysis of the intensity covariance was based on the assumption of
neglecting the amplitude term in the perturbation Green's function.
This latter assumption is not always valid, as can be seen by consider-
ing the case where the illuminated target spot is small: the scin-
tillations at the receivef should then approximate those of a point
source, with log normal statistics and a covariance scale on the order
(L/k)%.

In this section we include the amplitude perturbation term and
examine the effect on the probability distribution of the irradiance.
We then derive the general covariance function.

1. Moments and Probability Distribution of Irradiance

The second moment of irradiance can. be written from Egs.(14)
and (17) and the mutual coherence function (15). We now generalize the
latter to include amplitude perturbation terms (Appendix A), resulting

in

4 - - _ _ - =
2@ = 2(5%) H dpydmy <T(E><1(y> & (pzmoul)

where CX is the point~source log amplitude covariance function given in

4
the first—-order theoryBS’éz’}3 b

© L o .'
CX(lEZ—;ql) = 41r2k2f J u@(u)Jo(]pzz‘)ulus) [u ;lgi—-s) ]d du
o %o (82)
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and ¢ is the Kolmogorov spectrum3

-11/3
d(u) = 0.033 anu (83)

. . 35

We assume for the present that Cx<<l, which will be true for both
weak and saturated scintillations (weak and strong turbulence scatter-—
ing respectively). It will not be true for the intermediate case, how-
ever, and we will lift the restriction in calculating the covariance
below. Also, we point out that the function Cx has been derived
phenomenologically for the saturated or strong scattering case by Yura

. 4446 . s .. .
and Clifford so that in principle we are not limited to the first-

order expression (82).

We generalize (8l) to the nth moment:

n,— . k 2P ‘ S - n — n
<I'(p)> = n! (—-——zﬂL) j-.-jdpl...dpn[ n <I(pi)>:] exp[Z T CX ]

i=1 it i3
(84)
We write this as
<I(p)> = n!<1(5)>nFn (85)
where
F1 =1

Fp =5Sdgédgb<1(gé)><l(gb)>GECX(YEZ’OMI)
[ §dpa<1(or)>] 2

n n
Ji.:[ dpldpz...dﬁ't1 i <I(5})> ]exp [2 z CX(ipi—p'l)]
E = i7] -
2

i=1 #3
[Sd”5<1(5)>]

n

(86)
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Our assumption on CX yields

QCX(|3§45L|)==1+ACX(faz45u‘)

(87)
We thus simplify F, to
4 §§dpodpy<I1(p2)><1(py)>C. (o2=p4 )
F2 = 1+ — _ 2 (88)
[ § dpa<1(2)>]
For the denominator for the focused case, we write from Eq.(10):
_ 2 e 5/3
| iz (60)
— k V4 . 4o (o]
@y = (EY qu e - J rarg (Kor) e ° (89)
o
which integrates to
a2
S<I(E)>dp = 2n|u |2 " g- (90)

The integral in the numerator of (88) is straightforward but laborious,

we state here the result for Fj:

?a 2k2 kpo
Fa ==1+(4W)2k2.[ uduf{ dse ° & (u) sin? [“ S(L"S)]
) . 2KkL
o
(91)

where the approximation relates to the assumption (87) on C_. We then
have the second moment from Eq. (85):
<12(p)> = 2<I(p)>2F, (92)

th )
and the n moment is
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<Iﬁ> = n!<1>n §1+ Eﬁ%:ll (Fzrl)z (93)

Hence nonunity F, represents the departure from an exponential intensity
distribution.

We finally derive the probability distribution using

s 22,72 «3<T13
<e sI, _ 1-s<I>+ SZTI 2.8 ;f LA (94)

We let <I> = Io and find the probability as

HlH

- I
1 o 21 2
SORE sCHREE. (Fz—l)[l Tt ———2102] (95)

s0 that we have a first-order correction to the exponential distribution.

We note that F, (and Fn) will be unity for weak turbulence and
for very strong turbulence (po+0). Also, Fy will be unity for a small
focused source (ao), which physically relates to a large target spot.
Conversely, F, will depart from unity and therefore show the effect of
the amplitude perturbafion term for the case of intermediate turbulence
and a large source (small target spot). Physically this is the case of
a quasi-point-source attempting to scintillate in the usual manner for
a point source in the first-order theory,35 but nevertheless interacting
with the speckles created by the diffuse target.

The exponential distribution applies for the weak turbulence
case simply because the behavior is that of a diffuse source in a vacuum
(speckles). It applies to a large target-spot, implying that the phase-

perturbation-dominance assumption of Section II.A is then applicable, i.e.
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that the target (vacuum) speckle mechanism dominates. It applies for
strong turbulencé because the field again has the nature of that from
a diffuse source (atmospheric specklepo). These considerations will be
clarified below.
2. Covariance and Variance of Intensity
We now derive the general covariance function, dropping the
requirement that CX<<1.

The covariance is the second term of Eq.(18):

N - ik, — —(,— —
o e (o - .~ ir{pl—pzl(pl‘pz) o
C,(P1,P2) = (m) dpydpy <I(p2)><I(p,)>4e H(p,p)
acx<3,i§> - - o —
+ e -1 where p = pr~py, P = P1~-P2- (96)

The full coherence function replacing Eq.(19) is (Appendix A)

>/3 1 5/3 ! 5/3
-9 [P _ 9 _§f — -
{ (%) 5 5/3 [p 3 ) delpt + (1-t)o]

H(E)E) = e o °

J

o]

1

w0

— —.5/3 o o
dtIPt - (l—t)pl ] + ZCX(p,p)+ ZCX(p,—p)} (97)
where47
1 o v
c (p,p) = 0.1327%k2C_2L ae | aw o’ /s 2 [i_lth‘(i—t)
X n - sin® | ==~
0 0

.Jo [ulf; + (1-t)81] (98)
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The latter expression (98) assumes that multiple scattering (satu-
ration) does not apply but can be modified for such a case.45 The
irradiance at the target <I(p)> is given by (89) for the focused case
and with an additional (koLO/ZL)2 term in.the exponent for the colli-
mated case as before.

We again omit tedious algebra and integrations and state the

result for the focused case:

| 2 r, 5/3
- ) @ - 5a2 2 § 3
@ = () @ () J e e
1P 27 L 2 s
. o
o3
— < L
. I dpJ (I rzp) e H(p,p) :
5/3
1‘22 r2
- 2 —
‘ 5 L} o 2 2 2 [+ ] _2a 2 pO
C@) () ) <_) L) [ e
27 L o 2 27 \L o r2¢r2 €
f 4, (05p)
xfdpJo (f rzp) e -1 (99)
The variance is given by
| 52 2e,S)s
2 22 © T9q 2 T T7T5/3
c _ 2 _ (1. k 6 o 20, p
() °1 (2n> (L) o 1* \5~ tydrp e ° °
. ()
o3 (X £,0) ), 4C, (P
. P o L rzp J2e X -1 (100)

o
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These general results involve five-fold integrals (more in the saturated
caseas) and have not been numerically evaluated. A comparison with
Eqs.(26) and (28) show that the amplitude perturbation term simply

introduces the CX terms in Eq.(99), i.e. the log amplitude covariance
for a point source. A qualitative interpretation will be given below.

Inorder to compare these results with those of Section II.B.1,

we again let CX<<1, and we find that (80) and (63) yield

2
o2 = X
IN 2
1 = ‘
=1 4 1.05672k2C2L dt du u"—e/3 exp - L [E' L(l'—t)]2
n 2a02 k
o] 0

- 3(2:5/3 [ L(l—c)]5’3} sin® [}%—;&Q (101)

This is consistent with Eq.(92), and again shows the departure from
the unity normalized variance obtained when CX cannot be taken as zero.

The general formulations of variance, covariance, highér order moments
and probability density function of irradiance have been analyzed in-
cluding log-amplitude perturbation effects. In addition, in case of
small log-amplitude perturbations, these statistical properties are

reduced to close expressions that can be compared with those of pre-

vious sections.
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II.C. TARGET GLINTS
As a preliminary examination of the effects of target structure,
we present in this section an analysis of the mean receiver irradiance
in the presence of '"glints" (specular reflectors). We assume that the
target is otherwise diffuse, and that phase perturbations predominate.
The transmitter is again a TEM00 focused or éollimated source.
We again start with the field at the receiver as described by

Egs.(1,2). The field reflected at the target is represented as

Ul = U, price (P) F Uglint (p)= Ud(p)+ Ug(p) (102)
where
U = i:‘ U : = ; “""(':A";m»)z
glint m=1 inciaent (pm) ameXp Ap 2
m

P, = position of mth glint
Bo_ = width of " glint

a = complex strength of mth glint

Then the irradiance is
1(p) = (ﬁ)zjj[ud(a)wg(}i)] [ 03 G2)02 (o))
cep {3 [GrRGrp] + v, Gt Gad ) doyydes
- () I, G+ o] (v 6]

A ik o o m — — - — - -] = -
. exp_{—i [01—02 -2(pl—p2)p]+ V2 (02,P)+3 (nz,p)}dpl dp2

(103)
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We then simplify the field at the target:
— — %
<[uy a0, GO [U; G4V ()] >

* — f— * — —_— % —
= _<Ud(01)Ud(pg)> + <Ud(pl)Ug(02)>‘+ <Ug(°1)Ud(°2)>

—_ *
U (104)
+ <Ug(p1) g(02)>
Since
U (U (5)> = <V, (5,)><0" (p,)> = 0
| d g 2 ‘ d 1 . g P2 -
—_ % — — *
<Ug(ol)Ud(oz)> = <Ug(o1)><Ud(92)> =0
W, BTG = 1G> 6 Gy
_ L ip ;p 1\5/3
¢2(01,5)+¢§(02,P) ( p )
<e >=e ] Y (105)
we have
(106)

I(E)> = <I()>g + <IG)>,
where <I(§)>d is the diffuse term analyzed in Section IT.A and <I(S)>g

is the glint term:
<1()> (m) §§ apramy <v <p1>u Ga>

5o P1- P2
8 [otaan]- 55

We now describe the complex correlation of the glint field at the target:
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M X 2, 2 o~ — — 2
x - P1tpy=2p «(p,+p,)+2p.
<Ug(p1)Ug(p2)> = I ]am[2 <I(p_)> expq - m_ 2 -
m=1 m " Ap?
m
M
+ I a a <U(p_ YU*(p )>
my#m, T W2 my” pmz)
2_,— — ' 2 55
01—20m-01+pm2 02“29m2'92+pm§
Lexp _ . _ (108)
» .
Apml Apmz

where the focused case

- k a ba 2 T \p
<I(p )> = ( _) 2 _o k p :
pm) L IUO, 2 j rdr JO (-I: pmr) e Y 6
o | (109)

The corresponding expression for the collimated case has an additional
(kao/ZL)2 term in the exponent. The coherence function can be readily

shown to be
a

g et L3 A B
<U * Z_(X 2 _©O m3 mo 2L m m
(pml)U (0> = 57 (L) lu 12 2 . | 1 mp

1]

r2 ik r (p +p )
mp

j . _?Eio T 2L m
dr e T.p -p 110
F(r,pml pmz) (110a)

2 o
rr ok =~ = 2
2 [2 L r ®py pmz)l]

. 2 -
. 1 k\2 oa . ba

<U U* = (= 2 o o
(o, 0*py 3> = o= (F) vz =2 fdre

ik = ,— - ik
72 TPy Pry) 2L(Qm1 m,
e F(r,p P ) (110b)
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where the mutual coherence function F is

— .. 5/3
at|pt + (1-t)p| ]

F(tip, ~pp ) = F(r,0) =e | (111)

Finally, the mean receiver irradiance (diffraction pattern) due to

glints is expressed from (107,108) as

2> M M

- / k — —~ .
<I(p)>, = (—'—") z z a_a* <U(p_)U*(p_ )>
£ 27L my=l mp=1 my mp my my
0 (5er VA5 /5y
- ik [ 2 2 _~_ 7 (p1-0 pp-p_ )2 >3
'ﬂd"ldpz exp{ﬁ [ e1-p2-2G1-737] ‘(ﬁ)z“(ﬁ) - ( "—-)
. ml pmz po

where <U(Eg )U*(E& )> is given by Egs.(93). We now show specific cases.
1 2
1. Single glint (M = 1)

From Eq. (112) we have

— k 2 —_
TEY, = (up) <10y layl? -Hd&dsz

2 2 _
kP2 2 . _ 7 p1#-20 pytp,y)+2p 2 5/3
oo {8 Lot o] TR G
’ (113)

Ao 2
pm Do

With the follewing change of variables:

P1=P2 = p 2 2 1, 5
} p1tpy = 5(02+4R2)

p1tpy = 2R (114)
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we have

2

(52

— k \2 — :
I@>, = (g3,p) <IGp>la|?2e ™

ik = = A_P—fnli 2R2
__ e p -R + - e ——2
IdR e U bpp2 ey

ik oo p2 (p__5/3
J- e L 28052~ \po (115)

R \2
x — i4p —Z(Apm
ZNI R J [lip—- Asz] dR
o m
: 2
BT LY o R 9
-2 8 L? Ap L pm P
Apm m A
= 2 4 e (116)
-which with (115) gives
— Ap 2
- l(_ 2 — . 2 m -
<I(P)>g “(L) <I(pm)>laml 4
. 0?2 .,
- L2, Dn (kY a0y
k — — ] 4 | o 2 2 \L 0y
N ed [f lp-e_lo] e dp
(o] . .
(117)

This may be usefully normalized by setting p = _p—m.
The result (117) may be interpreted as follows. The maximum occurs

at p = P> 23S expected. The scale of the diffraction pattern (IE - Eml)

is seen from the Bessel term to be L/kp , where p is determined
max max
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from the exponential as the smallest of Apm, L/kApm, and Py respectively.
The corresponding I(E) scales are L/kApm (diffraction from the glint),
Apm (geometric reflection term), and Py (effective coherent glint size
in stropg turbulence); the largest will predominate in each case.
2. Arbitrary Number of Glints (M)
This involves lengthy but straightforward calculation. The

result is

M M

<I(p)> = I <I(p)> + = 1 F. .(D) (118)
8 i=1 By 2 gy B3

where

_ (kY? Y T SulEN * 2
Fi,j(I) = (L) Re [:<L(pmi/U--(pmj;>amiamj(Aoij+)

Ipm.‘-pm. |2
) i
’eXPv

2 2
Apm.+Apm.
1 J

~ 1 1 "k i 2
N edo 3 (v]o) EXp%— —[————2 + Ap,2 <—+———2 > ]pz
J © 4Loes5e  TLIE\L O deyy
"(% )5/3%'
0

and




o -p 2 2 (T 5
— k{ — — (pm. pm;>Apm: Apmi (pm: pm;)
y=1|p-{e, '+ A V412 1 (120)
i Ap_2 + Ap 2 Ap. 2 + Ap 2
m m, T, m,
i J i J

Each pair of glints results in a cross—term bright spot in the receiver

irradiance field, located at

= _= 2
p_ —p_ \hp
= [ Cnya) % 121)
pij— pm + j
: i Ap 2 4 Ap 2
m, m,
i h|

This is illustrated in Figure 7.

The analysis of the diffracticn pattern in the presence of one or
more glints has been made using the assumption of jointly Gaussian
fields for single mode laser beam source. The locations of single and
cross-term bright spots have been calculated from the properties of
Bessel functions and the corresponding geometrical figures were
presented. These results can be interpreted as reasonable optical

phenomena.
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