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SOLUTIONS OF THE TWO-DDlFJISIONAL, 
SUBSONIC FLOW ABOUT AN AIRFOIL 

I. INTRODUCTION 

A. Oener&l• 

For many years the theory of aerodynamics has been able to 

predict useful results by assuming, amona other things, that air is 

incompressible. Although this assUilption was obviously wrong, 

the resulting theory allowed accurate calculations or pressure 

distributions and lift forces on airfoil sections. At air speeds ot 

less than 300 miles per hour, this basic assUIIlption is very nearly 

true. The deYelopment or high-speed airplanes in the last ten 

years, however, has necessitated extensiTe research into the 

effects ot the compresaibility ot air upon the flows about 

aerodynamic shapes used in aircraft for lift, propulsion, and 

control. These effects are quite p~nounced as the velocity of the 

tree streaa about the shape approaches the velocity of sound. The 

theoretical treatment ot the flow then is much more di..fficult, and 

' 
e..-en at the present time, no· success has been attained comparable to 

that of the theory ot incoapressible now. The results of these 

d1!ticulties haTe meant large expenditures for high-epeed wind 

tunnel construction and testing, and elaborate and expensiYe flight 

teste. The need for good analytical Mthods that can be applied 

to practical aerodynamic shapes is acute. 
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At the present time, the m.ajority of our airplanes are 

fiy:tng at speada ranging .troa 1/2 U to Uc' or at subsonic speeds.
0 

This subsonic range of speeds is not onl;y important froa the present 

practical standpoint, but it also represents a ditficult point in 

the theory. The basic problea is to determine the preaaure or 

Telocity distribution oTer an airfoil of arbitr8l7 shape, taking 

into account the compressibility of the air. '!'he condition of 

two-diltensional. now is equivalent to considering a ldng section of 

infinite span in a now which is the same for every: plane 

perpendicular to the wing. This, of course, does not accurately 

represent actual conditions, but it does allow consideration ot the 

lift forces on the airfoil. Two-dimensional subsonic now theory 

does not allow consideration of drag forces. 

In the past five years the aerodynam.icist who has been 

faced with ·this problem of calculating the pressure distribution 

over an airt'oU, has encountered a wealth of theoretical work on 

the subject. Uany have been appalled at the large amount of 

mathematics employed in the discussions, and the obTioue lack ot 

practical methods Which could be applied in engineering work. 

Brieny, the theoretical difficulties stem from the fact that the 

differential equations describing the flow are non-linear. As yet 

a general method for the treatment ot non-linear partial differ• 

ential equations does not exist. lbwever, tlD methods are generally 

used to find solutions to these equations of motiona 
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1. To approximate the exact non-linear equations 

by linear differential equations. 

2. To try to find a transformation of variables 

that transforms the exact non-linear equations 

into exact linear equations. 

B. Qbject ot Investigation. 

The object of this paper is to determine the pressure 

distribution around a given airfoil in two-di.Jiensional, subsonic 

flow b7 avaUable methods, and to attempt to evaluate these 

methods b;y correlating their results with experimental data that baa 

been published on the subject. It ia hoped that the investigation 

will provide some ideas for future research in this important 

problea. 

II. AIRFOIL SELF..cTION 

The first step in the problea is the selection of the 

airfoU. For the purposes of the investigation, an airfoil ia 

needed w1.th extensive compressible al¥i inooapressible experimental 

data aTililable. In order to simplify the work as much aa possible, 

it would. also be desirable to ha'fe an airfoil w1th theoretical, 

incompressible calculations either completed or in such a fora 

that could be easil;y calculated for the desired conditions. 

Fortunatel;y, the lfational Advisory Committee for Aeronautics' 
I 

4412 airfoil (5, p.320) satisfies these conditions. Ver;y complete 

experiJilental work has been done w1th this airfoil at high speeds in 
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an attempt to investigate the effects of compressibility. Since, 

in the theory developed later, coapresaible nows are related to 

the corresponding incoapressible fiow11 1t is illlportant to have 

reliable calculations tor the incompreasible now. In a recent 

method of calculating pressure distributions (1, p.2l), 

theoretical data are presented for the NJ.C.A. 441.2 airfoil, and can 

be used to calculate the incompressible now easily. From other 

considerations, however, the N.A.CA 4412 airfoil ia not really a 

"modern" airfoil, in that it does not haTe low drag characteristics. 

It will probably not appear on any tuture airplanes. Physically 

speaking, it has a maxiaua thickness of 12 per cent (of the chord), 

which occurs at 40 per cent of the chord behind the leading edge. 

Its thickness ot 12 per cent makes it a relatively thin airtoil, 

which is a neces1it;r tor high-speed considerations. Because ot 

the favorable factors mentioned, the NACA 4412.airfoil was chosen 

tor the investigation. Its drag characteristics w:1ll be overlooked 

since drag is not being considered in the investigation. It is 

belieTed that the undesirable charaoter1atics of the airfoil w:1ll 

in no wa7 alter the uaetulness ot the investigation. The airtoU 

and its coordinates appear in Figur• 1. 
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-

Figure 1. 

NACA 4412 Airfoil Section (61 p.320). 
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UI. THE EQUATIONS OF FIJ:NI 

A. Basic Aa!UJ!ll?tionp. 

In order to derift. the equations that deseribe the now of 

a compressible fluid in two dimensions, it is first necessary to 

state the basic assumptions upon which the derivation will depend. 

It will be assumed that the following oxistaa 

1. Steady tlow (independent ot time) 

2. Re~rsible adiabatic flow (frictionless and is­

entropic) 

3. A perfect, compressible gas or fluid that makes 

up the flow 

4. .An irrotational. now (or potential now) 

B. ;§quation of. Continuitz. 

The equation of continuity expresses the fact that the mass 

now in the fluid 1a a constant. In other words, the amount ot 

fluid entering a 8Jilall element is equal to the amount of fluid 

leaving that &l.ement in unit tille. Figure 2 shows a aall element 

in the now. 

The mass of fluid entering the element per unit time is 

Cu A y + CT Ax. At the races (x + A x) and(y + A7), the change · 

in eu may be expressed by an expansion in Taylor's series. Thus, 

equating the .,unt ot fluid entering and the arao\Dlt lea'fing, we 

ha'ft, 



? 

y 

~ . 
tJY 

.. ... .. I ~t:u + 'OXAX + ~2!"" 

I t.X ~'" 

.... ·] 

~2eulAx)2 J+ • • • 

~------------------------~x 

I 
\ Figure 2. 

~all Element in _continuous Flow. 
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• • 

Simplifying the above expression leads to the equation, 

c) 2e 2( 6 x} AX+[~rl! + --1" .J A X A 7 C)X cU • • 
~X 

{ A;t}2 AI+.[1rv 
~y ~y 4x+ : ; ~ 1 • .. J. o. 

Now, dividing by ( A x A 7)1 and taking the limit as A x and A 7 

approach zero, gives the result, 

(1) 

This is the equation of continuity. Because the fluid is compress­

ible, eis a function ot X and 7 and must remain as part of the 

product ("u or c.,., unless the fol"JJ for the differentiation or & 

product is used. 

c. The Equation of li:>tion. 

'!'he eq~at1ons ot motion represent Newton1s law. This law 

states that the sum of the forces acting on any element in a steady 

now is equal to the product of the aass and the acceleration. In 

Figure 3 is_sho'Wl'l a small element in the now. 
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1 

.. 
p --~ AJ... 

AX 

'----~u=f(x,y) 

'------------------------------------~X 

Figure 3. 

Small Element Showing Pressures Actingo 
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The pressure on the !ace x + ~x is expanded 1n a Taylor' e 

series. Equating the sua of the forces and the product of the 

mass and acceleration in the x direction, we have, 

2 2I ill a p (Ax) l sm 
PA7 ·1..: + ax • x + ~2 ~ l . + • • • j 67 = eqAX <dt). 

By simplifying the above expression and expressing (~) 1n partial 

derivatives, we obtain, 

2~ lR. (Ax) AY l ~ K llJl gx]-ljx A XAY + a%2 .) 1 + ••• :J =~47 6.X ~X dt + ¥r dt • 

But, by definition, (ft) = ·u, and eft> = T 1 so, 

Now, di-,iding by (A x 1 A 7)1 and taking the l1mit as A X and A 7 

approach zero, we· obtain, 

Or, 

uill+TJ.Y.=.l. ~ (2)
clX d7 ~ ax· -. 

The same procedure may be followed 1n the 7 direction, With the. 

results, . 

(3) 

Equations (2) and (3) express Newton's law for a compressible fluid 

in a steady now. 
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The equation o! continuity and the equations or motion, that 

have just been deriTed, !ora the basia !or the equations o! fiow. 

In order to obtain a illOre practical form, consider the second 

assumption in part .A., that is, that the .flow is reversible 

adiabatic. For th1.a type ot process, the following equation holds 

p =KeY. {4) 

Equation (4) will be used to eliminate e troa the' equation or 
continuity. Taking the logarithm or each side of' equation (4) 

and differentiating, say, with respect to y, gives the result, 

! ip. = :r .it 
e ~7 ea-r • 

2But it is sholiD in aerodynamics (6, p.21) that a =¥ ~ • Thus, 

this substituted into the &boTe equation g1vee, 

(S) 

Similarly, 

(6) 

If the rule tor the differentiation ot a product ia applied to 

equation (1)1 the following results, 

(7) 
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In order to apply' equations (5) and (6) to equation (7). multiply 

(7) by (~). 
2 ~u · ua2 a.t 2 .lv ~ ll (8)a ax + r ~ + a -;; + e ~7 = o. 

Now substitute (5) am (6) into (8). This gives, 

(9) 

The aeoond and fourth terms above are seen to be the same as the 

right hand sides of equations (2) and (3) except for sign and the 

"Velocity factors u and v. Substituting equations (2) and {3) into 

equation (9) results in, 

Or, 

( 2 2) ~u ( 2 2) ~T ~ ~T)
& - U h + a - T -;.; • UT \ ~ + ~ =0. (10) 

Equation (10) is the combination of the equations ot motion, the 

continuit,y equation, and the assumption ot reversible adiabatic 

fiow. It the fiow il irrotational1 the Telocity components 1IJI1"1' be 

given in terms of a 'ftlocity potential, • , as follows (101 p.94), 

u•ii andv=i.t (ll)u ~7. 

The equations (11), when substituted into (10), giTe, 

~2 - c~/16 + c2 - (~)21 a 
2 
•- 2(!1)(~[;)2 +l )L ~x J ~x2 L ely J ~72 ax ~7 ~x~iJ .(l2 
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Equation (12) represents the end result or the equations ot 

flow and is the equation that must be solved tor the compressible, 

re'fersible adiabatic, irrotational, steady now ot a perfect fiuid. 

The probl• ia then to find a solution of the non-linear equation 

(12) to tit arbitrary boundary conditions. InabUity to obtain a 

general solution to this equation ia responsible tor 110st ot the 

problems in the present theory- of coapresaible aerodynaaica at 

subsonic speeds. At the present tiM there are two methods or 

solution that are ot practical importane6 to the engiDeerJ the 

Prandtl-Glauert Approxi.Jiation, and the larman-Taien Approximation. 

'l'hese 111.11 be diacussed 1n the next section. 

IV. APPROXIJUTE METHODS OF SOLUTION 

Aa lleJltioned 1n the introduction, the approximate methods ot 

solution are baaed on t.., methoda. The .ti.rat ot these methods is 

to linearise the equations ot motion by' some approxiaation, and 

the second method is to find some transformation that will reduce 

the non-linear equation• to linear equation• w1thout the uee ot 

arr:r approxilllation. In this inYeatigation, an application ot each 

method w1ll be covered. 

A. The Prandtl-GJ.auert Method. 

One or the first and best known methods tor calculating th• 

compreasibUity effects for an airfoU was due to Prandtl and 

Olauert '(4, p.2.35). 'l'his method is of the first t1}>8J that is, it 
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aakes use of an approxillation which linearizes the equations ot 

;D>tion. 1'h1a approxillation is generally referred to as the aall 

p8l"turbat1on aethod. 'l'he reason tor this will becolle apparent. In 

order to develop this aethod, it will be eonftnient to rewrite 

2equation (12) b7 dividing through b7 a , and expressing it in the 

f'ollolling form t 

2 2 2 2 2 
(l - L) ~ 4 + (1 - L) C) • - !.Ja:! Li_ = 0 (13) 

. · a2 ~x2 a2 ay2 a2 a:d7 • 

It will be asSUDled that our airfoil under consideration is 

thin and that the airstreaa collli.ng froa 1ntin1ty at the Telocity, 

u, 1a increased owr the afrfo11 10 that the x component is U + u', 

where u• is a small perturbation "Yelocit)r. In the tree atreaa at 

infinity, 'Y • o, while around the ai.rtoU v • v. It Will now be 

assumed that, 

~.;;_ . 
1. u2 , rr are negligible compared to ~. 

2. ( ~ - lHlfHu') is negligibly lll&ll. 

u2 

.3 2Y! i:l_ . are negligible compared to 1.• u • r? 

The iaport.an.ce of the aecoDd assuaption w:Ul. be seen 

present17, tor, i.t Bernoulli cs equation f'or a compressible, 

rewraible, adiabatic now is wr1tten, we have, 

2 + ( r - l\-2 2 + ( r - lJ 
a "' I"' • • - ? ~~· (14) 

http:iaport.an.ce
http:collli.ng
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2 2 2 2But, w =u + ... =(U + u' ) + ..,2, and...!= r?-. It this is 

substituted into equation (14)1 and. the equation is transposed, the 

following results, 

2Dividing through b7 a givee the expression, 

(16) 

2 rf 
Or1 since '- =Jl- 1 

By' applying the first asswaption aade, it is found that equation 

(17) reduces to, 

l CY - 1Hii2Hu•) (18)2 =1 - u •._ 
The reason to~ the second &SSWiption is now apparent, tor 

2 
because ot it, equation (18) reduces to ~ =1. From thia, 1t is ._ 
now e'Vident that, 

r? r?- 2 --- !It= __.22-2· 2 ...... 
a a_ a 

Approximstel7 (19) 
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The use ot asauaption (3} in the second equation ot (19) reducea it 

to, 

~ ~ _.2 - _.2
2 = (1 + u ) lr = .-. (20) 

a 

Al110, 5.. .jl~ boa equation (19). But thio ia negligl.b~ ...n 

compared to one b7 assumption (J) and can be neglected. The term 

(21) 

Since u • and T are ot approximately the sue m.agnitude, the tenu on 

the right hand side ot equation (21) are negligible under 

asSUIIptions (1) and (J). 

It the three results ot the assUIIptions above are applied 

to the tuDdamental equation {lJ), the folloWing linear equation 

resul.ta, 

(22) 

Eqution (22) is the basic linearised equation ot now. In order 

to solve this equation, Glauert and Prandtl introduced a new set ot 

ftriables. _1'hua, let · 

Y' • 7 
(2J) 

http:resul.ta
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!hen, forming the new derivat:l.ves, 

-~ c)!!. 2r+ ax ~ 1 a • 
-2 =~ dx = __.2 -2 

~X 1~X X 1 - ll 

(24) 

Substituting equation (24) into equation (22) g1-.es, 

(2S) 

Thia is Laplace 1a equation and represents the equation tor an 

incompressible fiow. It the solution to this equation is found at 

(xj_, Ti) 1n the incoJBpresaible tlow, the value of ~ w1ll be, sa7, 

~r '!'hen at the point (;_, ;y1 ), defined by equation (2.3), the 

velocit;r potential will still be 't 1 • Thus the effect ·ot the 

compressibility. ma;r be thought of a• acting 1n e1ther of two ways. 

For a given flow, the compressibility has the effect of decreasing 

the chord of the airfoil 1n the incompressible flow by- the factor, 

.;l • .,f • 0r1 if the COIIlpressible and incompressible fiows are 

being compared about the same airfoil, the compressibility- has the 
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effect ot increasing the pressure coefficient ot the incoapreasible 

1flow by- the factor • Thua, 

/1-,;. 

(26) 

However, the litt coefficient uy be expressed in teras of the 

preesure coefficient (?, p.l40). 

c ! rc(C - c ) clx 
l Jo Pu Pt icl a c (c - c ) dx = -~-----==----=- • (2?) 

• Pu l\ I _2l0 • yl-Jr 

Or, 

(28) 

This is the final result of the Prandtl-Glauert approxiaation. 

Due to the assumptions made, 1t is obYious that the. region of 

accuracy- of equation (28) is limited to the cases ot low Mach 

numbers, small angles ot attack,. and thin airfoils. 

B. The Kanup-Tsien Appro!" mation. 

The .Karman-Tsien approxi.Jiation is an application ot the ao­

called hOdograph method, which utilises the fundamental idea ot 

converting the non-linear partial differential equations ot now 

into linear equations of ~· by- a transfonution of ooordinatea. 

Baaioall.7, thie transformation ot coordinates aaounts to 
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describing the flow in a syste in which the velocities, u and T 

beco e the independent variables in place of x and y. the tact 

that the non-linear equations of now are transformed into linear 

equations might at first appear to be the answer to all the 

probl8118 in aompressible :flow. This, howeTer, is not the caae, 

!or the hodograph has one distinct dr8Jiback. 'l'his 1& in the utter 

or boundary conditione. The boundary- conditions ror the probl• 

are apeoitied in terms of the geometric shape or the airtoU, and 

it is generall7 di!!icult to lind a solution in the hodograph plane 

that will satier,. arbitraey bo'Uild&r7 conditiona in the physical 

plane. In order to get a better picture or the situation, consider 

Figure 4, which shoq a coapariaon ot the physical and hodograph 

planes. 

The atreaal.ine a-b-c-d-e along the upper surface or the 

airfoil in the physical plane is reprea•nted by the at.realiDe 

a' -b' -c •-<1' -e' in the hodograph plane. The points b and d are 

•tagnation points. Thus, it is seen that the now about the 

airtoU in the physical plane UT be represented in the hodograph 

plane. 

The Mthod ot the hod.ograph was first developed by 

Molenbreck in 1898 (6, p.l63)1 and by Chapl7gin in 1902 (2, p.4). 

This work 11"88lt practically unnoticed until the early' nineteen­

thirties, and Chapl.nin' s paper was not translated until. 1944. 

Since the complete derivation of the hodograph transformation and 

the Xarman-Taien approxillation is extremely long and difficult, 
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Figure 4• 

Streamline in the Physical and Hodograph Planes (6, p.l4). 
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only the fundamental principles of the method will be presented 

here. The only· two complete derivatione of the hodograph method 

and the Karman-Tsien approximation as applied to ·compressible 

aerodr-namics, that are known by -the author to be available at the 

present time, are the original · paper by Theodore von Karman 

(12, p._33?), and a recent text on aerodynamic (6;, p.l6J). For a 

detailed account of the proe~ure, either of these references is 

good. 

Basically, the procedure has six steps. The object of 

this section ldll be to present an outline of the procedure and 

the basic equations that result troa it. 

The first step is the derivation of the equations of flow 

in the physical plane in terms of the streSIIl function, 't' , and the 

velocity potential,., with w ande as the dependent variables. 

This is done w1th the same basic assumJ)tions as tn Part III .of 

this paper. '.lhe results of this are (6, p.l69), 

r ~& __2 ~..e • ~ + (1 • .--> 'Sf =o 
0 

(29) 
i! .!. aw 

w .)+ ... r. i'ti = o. 
0 

The second step in the process is to transform. the equations 

(29) into the hodograph plane. In (29), e r:: t( +, '4' ), and 

w =l(e, 'Y ). In order to effect the hodograph transformation, 

equations JDUSt be found that expre_ss ~ = f(w, e ) and'\' = f(w, e ). 

This is done by wr1ting the total differentials for 4, '\' 1 and then 



solving for dw and d e by determinants, with the results, 

(30) 

w i! _ ..!..~ -0
clw e ~e - • 

0 

Equation (30) represents the equation of now in the hodograph 

plane in the polar coordinates, wand • • The &boTe equations 

are linear since the coefficients of the derivatives are functions 

of the independent variables only. 

It incompressible now in the hodograph plane is considered, 

'f"e =1 and equations (30) will reduce to the Cauchy-Reimann 
0 

differential equations if ..n. =log W and e are used as independent 

variables. Similarly, for coapressible now, it a variable cu is 

g1ven aa dc.:> = /1 • ,;. ~ equations (30) reduce to the 8)'JDD1etrical 

fora, 

(31) 

It is seen trom the above equations that i.t the quantity*j 1 - ..l- could be put equal to unity, equations (31) would 

reduce to the Cauchy-Reimann differential equations. This ia an 

important point in the procedure. From the isentropic relation of 

flow (6, p.l?4), we have, 
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Now, it T' had the value or Y = - 11 equation (32) 110uld be equal 

to unity, the desired result. ActuaJ,J.y, no gas exists with a 

ratio or specific heats equal to - 11 but Chaplygin considered a 

Y = - 1 as an approXimation to the isentropic relation for the 

gas. Chaplygin used the line tangent to the p =I ey curve at 

the point p01 r , which represented stagnation conditions. It is
0 

interesting to note that incompressible tlow has the relation, 

r = K. The Karman-Tsien approximation uses the tangent to the 
0 

CurVe at P. J e 1 Or at free Stream COndi tiOn8e This COverS 

a wider range of applicabilit;y. Figure 5 illustrates these 

approxiDui.tions. 

To represent this tangent at P. I e I K&l"!!an am Tsien 

use the form, 

P-P. 2=p 2a ~ 1( -­e>• (33) 
.0 - -

Let us now consider the effects of the approximation. The 

compressible Bernoulli equation with ~ =- 1 becomes, 

2 2 2 2
...--1\..=w -a • (34) 

The hodograph equations (31) become, 

(35) 



p 

Incompressible 

p0 ,~0 (Chaplyg1n) 

T 
: K~ 

P00, eoo (Karman-Ts1en) 

~~--------------------------~JL 

Figure 5. 

A~proximations of Chaplygin and Karman-Toien (12, p. 345). 
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The corresponding incompressible hodograph e quations follow from 

(30) 111.th f = 1, and will reduce to the Cauchy-Reimann differential 
0 

equations with .n. =log w. There.fore, the relationship between 

the incompressible velocity, W, and the compressible velocity, w, 

comes from the relation of .Cl.. and (,.) such that both will satisfy 

the Cauohy-Reilllann equations it, 

(36) 

Equation (36) is integrated with the help o:t equation (34) and the 

following results between incompressible and compressible 

velocities are obtained 1 

4a2 W 
.. • 2

0 
_..2 • (37) 

4&-lr
0 

.Also, from equation (34) and Chaplygin' s approJd)lati on, it is 

$hown that, 

(.38) 

Equations (.37) and {38) give the complete set of relations between 

an incompressible and a compressible flow. However, the problem 

is not completel:y .finished for it must be shown that the 

incompressible and compressible flow as described b.1 equations (37) 

and (38) apply to the same boumary. A detailed analysis of this 

question (6, p.l79) reveals that. there is a slight distortion in 

profUe which is dependent upon the shape of the bound.ar:y and on 

the factor, 
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(39) 

). is seen to become greater with increased Kach number, but even 

at speeds close to llach = 11 the distortion factor ie small. In 

110st cases 1t is completely neglected.. 

In o:i-der to apply equations (37) and (38), we ha"Ye1 troa 

the det1nition of pressure coefficient, and equation (33), 

2 
p-~ a_ ~ 

c = =2 2 (1 ... e>. (40)
Pa (J..o "'-0 

Also, the Bernoulli equation for inooapressible tlow gives, 

c =1-~. (41)
pi u-

By use of equations {37), (38), and the fact that, 

(42) 

the result is obtained, 

(43)• 

This reduces to the final result, 

c 
p 

c =----------- • (44)
Pa 
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It is iaportant to remember that this equa t.ion is based on 

two assumptiona. The first ot then was the appro.xi.Dlation ot the 

iaentrope b7 a straight line tangent at the point, Poe I eo. The 

aecond assumption consisted ot negl.eating the change 1n bound&rT 

conditiona in the coapreasible ph7sical. plane as compared w1th the 

incompressible ph)rsical plane. There is eome reason to believe 

that the errors caused by these assumptiolUII tenc:l to balance each 

other out, since atteapts to i.Jiprove upon only- one ot thea have 

actual;.l7 resulted in larger errors (6, p.186). 

c. SJ.ary. 

Two expression~ h&V8 now .been der1Ted that show the 

relationship between the pressure coefficient in a coapress1ble 

r.low and the pressure coefficient in an incoapressible flow. 

These are JIOt the onl7 aolutions to the problea. At the present 
\ 

time there are other •thode. An exa1nation ot these, how"Yer, . 

reveals that- the two foregoing approxiaate methods are the onl7 

ones ot ~ engineering illlportance in regard to determining the 

pressure distribution over the a1rtoU. libst of the 110re 

complicated solutions reduce to the Prandtl-Ql.auert form tor the 

first approximation, and become so coaplioatecl and tedious tor the· 

higher approx:laations that the71 as yet, have not been completed 

tor arr:t airfoil shape. For this reason the Prandtl-Glauert and 

Karaan-Tsien methods were chosen for this investigation. 

http:actual;.l7
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It is interesting to note that the Karman-Taien relation1hip 

(equation 44) 1f111 reduce to the Prandtl-Gl.auert .formula (equation 

26) for small values ot CP or ll. The dit.ference in the two 
1. 

relations wUl oocm" when a baa a negative value and the 
pi 

denoainator ot equation (44) will be smaller than the denominator 

ot equation (26). thus, the Karman-Tsien formula will predict 

higher negative pressure coefficients than w1ll the Prandtl­

Glauert tormula. This will become more apparent in the following 

sections. 

V. PROCEDURE FOR CALCULATIONS 

A. General. 

lbst methods or solution of subsonic, compressible 

aerodynamics problems are based on a oorrection of the 

incompressible solution, which can be detemined. This 

investigation was carried out with the idea of calculating an 

analytic solution to the p:roblea without the use ot a.rq 

experimental data. It is obnous1 however, that the final 

compressible results can agree no better With experimental data 

than the theoretical incompre•ei:'ble calculations agree w1th 

incompressible experimental data. 'l'he1'etore, in this section, the 

method in which the calculations were carried out will be covered, 

along w:ith a brief coverage or the incompresaible solution and the 

method that was used to get comparable results. It should be 

noted at this point that all calculations were carried out with a 



elide rule. Because of this, the accuracy is somewhat 11.JI1ted, 

but is sufficient to show the desired results. Three significant 

figures are carried throughout the calculations. 

B. +De Incoap£essib~e Solutio;.
I 

The method used in this in'Yestigation tor detezmining the 

incompressible pressure distribution about the NACA 4412 airfoil 

is one of tlle most recent and most accurate methods available. 

The original paper on this mothod contains axtensiTe data for the 

NACA 4412 airfoil, which reduces the calculations to a 

considerable degree. Basically, this method is developed on the 

following theory (1, p.l). The velocity distribution over an 

airfoil may be considered to consist of two effects. These effecta 

are due to the camber and the base profile of the airfoil. The 

base profUe of the airfoil is defined as the profile of the 

airfoil if the camber were r~moved and the resulting symmetrical 

airfoil set at zero angle of attack. 

First, let us consider the effect of camber. The velocit7 

distribution of the camber is dependent upon the shape of the aean 

line and its angle of attack. The mean camber is considered to be 

an int1nitesimall.y' thin line, and the velocity distribution ia 

calculated on this camber-line by replaeing it w1th a vortex B7stem. 

The result of this is an expression of the difference in pressure 

coefficients, P, between the upper and lower surfaces in a Fourier 

series. The series has two types of terms. The first type is 



independent of the shape of airfoil and dependent upon the angle 

ot attack. The second type is solely dependent of the ahape of the 

camber line. Each ot these is then corrected for the effect ot 

thickness and the result is Pb' the ditference in upper and lower 

pressure coefficients due to the basic li:tt. Next, the C1 value 

for Pb (denoted b7 '1 ) is determined and the additional P due to 
b 

angle ot attack corresponding to a given c2 is detennined by 

correcting the Pa (already corrected for thickness) by the 

expression, 

(45) 

p 
where c.t 

a 
is the coefficient of litt due to p • 

a 
~ is calculated 
l 

P a 
by first determining ~ a for 1ntin1teaal thickness (denoted by 

0 .l a 

o in front of P and Ct ) and c1 • 1. Then this value ot P is 
a o a a 

corrected to the fin1 te thickness and the CJ. is determined troa 
a 

this corrected Pa• Finally, the P due to the S\DI of the baaic 

camber line and the additional lift is the total camber effect, or, 

p 

PC = pb + ~ (Cl - C.t ). (46)
2 ~ b a 

The second effect on the airfoil is that of the base profile. 

The velocity distribution contributed by this is fourd b7 adding 

the known velocity distribution over some reference base pro!Ue 

having the same leading edge radius to the change in velocit7 

distribution due to a change in shape troa the reference to the 
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given base profUe. This velocity distribution is non-dimenslonally 
w 

expressed as =;_• 

Kno111ng the chordwise P distribution due to the camber line, 

and the ohordwise velocity distribution due to the base profUe, 

the upper and lower surface velocity distributiOns may be found by 

the superposition method (l, p.lO) lfhich gives, 

(4?) 

Formulas, (45), (46), and (4?} are the ones that were used to 

carry out the incompressible calculations. Data tor the NACA 4412 
p w 

airfoil 1n the form ot Pb' -t- and. =f are given (1, p.2.3) and the 
la 

above calculations are easily carried out. The incompressible 

pressure coefficient may be found trom the velocity distribution, 

tor it may be shown uai.Dg Bel"!loulli 1• equation tor incompressible 

now that, 

(48) 

It is seen from equation (46) that the pressure and 

consequentl7 the velocit7 distribution around the airtoU 1s 

determined by the C.t of the section. Thus, in order to compare 

the results ot the calculations with existing data on the subject, 
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the same '\ values must be used as in the experilllental -.ork. 

However, 1n the experimental work, the airfoil was placed at a 

, ~ven angle of attack, d.. , 1n a compressible now. To be exact, 

the experimental data for the NACA 4412 airfoil (8, P• 78) is 

presented for three angles ot attack and tor various Mach numbers 

at each angle of attack. It was decided at this point to carr,y 

out the theoretical calculations tor the two highest angles ot 

attack ot the experimental dataJ namel)", J.. = - 0.25° and 

-._ =l.SSO for tour Mach numbers each. These tour Mach nuabers 

were not the same for both angles of attack due to the 

irregular!t7 of the experimental data• Fortunatel)", at least one 

ot the Mach numbers tor each angle of attack in the experimental 

data was so low that it could be eonsidered almost incompressible. 

In order to compare these low Mach nuaber data w1th tbe 

incoapressible now, equation (26) was used to correct the 

experimental data to ll =o. Since for both ot the above angles ot 

attack, experi.llental data was avaUable at M< 0.2, the 

correapoming correction from (26) would be, 

(49) 

Thus, 1.,t is seen that the di!ference between C and C is ver)"
Pi Pa 

small, tor this Mach number. Since past experience indicates that 

equation (26) is good at very low Mach numbers, it was used to 

determine the incompressibl.e experimental pressure distribution. 

The calculations for this appear in Table I (J... =-0.25°) and ­
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Tab.le VII (-'- =1.88°) in the Appendix and the results are plotted 

in Figure 6 (al = - 0.25°) and Figure 7 (-'- =1.88°). 

At first it was thought that the C.l of the experimental 

incompressible pressure distribution could be determined by the 

fundamental aerodynamic relationship, 

(SO) 

llhere m ia the slope ot the lift curve _and cL CL=O is the zero lift 

angle. Calculations were made using equation (SO) and the 

resulting c1 Talues were used to calculate the theoretical pressure 

distribution discussed in the first part of this section. However, 

when the calculated incompressible pressure distribution was 

plotted for comparison with the corrected experimental 

distribution, the results were highl7 wsatisfactory. Comparison 

was poor and the C.t values did not agree eTen though they were 

supposedly" the same as determined by equa~lliCin (50). 'l'his method 

was then abandoned. It 1f88 decided to use the c1 b-oa the corrected 

experiaental incompressible pressure distribution Which was 

obtained b7 the mechanical integration ot the approximate equation 

('1, p.l40), 

(51) 

The CJl determined .troa Figure 6 (.t = - 0.25°, corrected 

experimental) was 0.461, and the C.l determined from Figure 7 

(ol = 1.88°, corrected experimental) was 6.687. These c1 Talues 

were used for calculating the theoretical incompressible pressure 
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Figure 6. 

Incompressible Pressure Distribution for oL =-o. 2~0 • 
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Incompressible Pressure Distribution for J.. = 1.88°. 
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as before, and the results were again plotted with the experimental. 

This time good agreement was obtained. The complete theoretical 

incompressible calculations for these are presented in Tables II 

and III (.L a - 0.25°)1 and Tables VIII and n (~=1.8B0 
). These 

are the theoretical results which are compared with the experimental 

data in Figures 6 and 7. The curves show good agreement in both 

cases except near the maximum C ~ue in Figure 7. These p 

comparisons are an important p:t.rt of the procedure, for it should 

be remembered that no better compressible agreement can be shown 

than is exh1bited between the incompressible distributions using 

the methods of' this report. 

c. The Compressible Solution. 

Thus far the incompressible solution for the airfoil has 

been determined at two Ellgles ot attack. The next step was to 

calculate the compressible pressure distribution ~ing equations 

(26) and (44). The Jlach ltWilber chosen for these calculations 

coincided with the Mach nuabers in the experimental data. Four 

Jlach numbers were used for each angle ot attack. For J.. = - 0.25°1 

the compressible cal.culationa were carried out at Mach numbers ot 

0.299, 0.4271 0.517, and 0.590. For J.. =1.88°1 calculations were 

carried out at Jlach nUIIlbers of o. 512, o. 596, o. 640, and o.735. 

These calculations were set up in tabular form and appear in the 

Appendix. Tables IV and X contain the calculations for the 

Prandtl-Gl.auert method at J- = - 0.25° and 1.88° respectively. In 
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the same manner, Tables V and II contain the calculations tor the 

KarDlan-Tsien aethod. For convenient reference, Tables VI and XII 

present the experiltental data tor both angles of attack. The 

results ot the compressible calculations were plotted together 

with the experimental data tor comparison. 

D. SUIID!l!rY• 

When speaking of the now about an airfoil, one usually 

thinks ot velocities. Depending upon 'What viewpoint is desired, 

the non~imensional velocity, w/U, over the surface may be .found 

it a physical picture of' the .flow is wanted. On the other hand, 

it one is more interested in forces, the pressure coefficients 

aay be detennined as in this inYestigation. The pressure 

coefficient is used in determining the c1 values, in finding the 

center ot pressure ot a section, and in determining forces on an 

air.toU. In order to get an overall picture ot the effects ot 

coapressibility, therefore, the c1 values were detennined for all 

pressure distributions (including experimental) using equation 

(51), These were plotted against Mach number. Also, to get an 

idea of how the maximum forces on the m f oil section compared as 

predicted by the two methods, the C 'Yalue for the upper surface p 

was plotted at 30 per cent chord, Which is very nearly the Jll&XimUJI 

point. These curves, as well as the pressure distributions, will 

be discussed in the .following section• 
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VI. RESUL'l'S 

A. General. 

In the pressure distributions (CP Tersus ~), the negatiYe 

values of C are on the upper portion of the C axis and the p p 

positive values are on the lower. This is so the upper surface 

pressure distribution will appear on top. Thus, the curves of 

high negative value are for the upper surfaces, while the small 

negative and positive values are the lower surfaces. The 

difference between the upper and lower surfaces was not 

designated by a difference in curves because 1 t was thought that 

this would only be contusing, with three different pressure 

distribution curves with each in two different parts. It is 

believed that 1:here 11111 be no ditfioult:r in distinguishing between 

the upper and lower surface for each curT&. 

B. The Pressure Distributions. 

The calculated distributions tor" = - 0.25° appear in the 

order of increasing llach number in Figures 8, 9, 10, and ll. 

Figures 8 and 9 show very good agreement between the experimental 

and the two :methods of calculation. A8 the Mach number increases, 

however, there is seen to be a greater difference between the 

experimental and calculated values ot C • This change takes place
p 

not only in the magnitude of the C values, but also in the 
p 

occurenoe of the maximum C • The maxl.aua w.lue ot the experimental
p 
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Figure B. 

Comparison of Pressure Distributions at 
oL = ...0.25°, ),( = 0.299. 
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Figure ll. 

Comparison of Pressure Distributions at 
~ = -0.25°, M = 0.590. 
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C shows a tendency to shi.tt toward the center ot the chord. This 
p 

fact will be even more pronounced in the case ot the higher angle 

of attack. The major disagreement in magnitude occurs at about 

the 30 per cent chord point on the upper surface and near the 

trailing edge on the lower surface. While the experimental values 

remain almost constant at and near the trailing edge on the lower 

surface, the calculated values becoae greater and greater 1fitb the 

higher 1lach numbers. This causes a considerable disagrefJJlent at 

the higher Values of Mach n\Biber. 

For incompressible now, it aay be shown trom Bernoulli's 

equation that at stagnation points, Op:a 1. Stagnation points 

occur at the leading edge and the trailing edge. HoweTer, the 

theo1"7 troa which the incoapressible now was calculated. reaulte 

in an inde:terminate expression at these points, so no C are 
p. 

calculated at these points troa the Prandtl.-Glauert or Karman..Tsien 

methods. However, since a C ot one is pred.i.cted for the 
p 

incompressible, there cannot be too Jll\lCh error in assuming that the 

theoretical CP at these points would. be near to one. Actually, 

the curves were drawn as being asymptotic to the C axes at those p 

points. The question is purel7 academic, however, tor the area 

enclosed is eo small as to be considered negligible. The 

difference between the calculated and experimental c1•a due to 

this fact is not enough to be considered important. fhe iaportant 

thing to note is the tact that the Karman-Tsien method gi'ftS a 

closer approximation to the experiDlental value than does the 
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Prand:t.l-Glauert, although both tend. to underestimate the effects 

at higher Mach ~umbers• As corrections to the incoapressible 

distributions, neither method can predict changes in the shape of 

the distribution, but only serve to magnify the incompressible 

distributions. 

The comparison of pressure distribtuions for fiL =1.88° is 

shown in Figures 12, 13, 14, and 15. The higher angle of attack 

results in higher C values. The combination of this and the 
pi 

higher llach numbers at this angle of attack causes the now to go 

over the critical pressure coefficient. The critical pressure 

coefficient is defined as the pressure coefficient at ltlich the 

local velocity is equal to the speed of sound. The C Talues 
Pc 

are ruled in on Figures 13, 14, and 15. These Talues are 

determined (8, P• 76) by the relation, 

(52)• 

At this point, it must be noted that the theory tails atter 

the critical has been reached. It a sudden pressure jump, such as 

a shock wa~, occurs, as in Figures 14 and 15 (i:ndicated on the 

experimental curve by portion of curve between small arrows), the 

flow will no longer be reversible adiabatic and one ot our basic 

assumptions will not hold. &wever, it is interesting to see how 

the theor.r agrees. Much ot the same effect is found at the higher 

Mach numbers and angles of attack as was experienced at the lower 
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Comparison of Pressure Distributions at 
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angle ot attack. 

The effects of the compressibility are much more pronounced. 

Hel"e, the shitt of the maximum m.egative pressure coefficient is 

definite. In Figure 14 (U • 0.640), the maximum experimental C p 

occurs at about 20 per cent chord, while the theoretical methods 

predict the maximum between 10 per cent and 15 per cent. In 

Figure 15 (ll =0.735), the experimental maximum occurs at 50 per 

cent, while the theoretical methods still predict 10 per cent 

to 15 per cent. A8 it will soon be shollll, this last llach nuaber 

is past the "compress1bil1ty stall", so-named because of the 

similar loss of lift that occurs at excessive angles ot attack. 

The importance of angle of attack can be seen trom the 

pressure distributions. Even at ~ • 1.88°, critical conditions 

occur over the airfoil at Jl =o. 596. The reason for this is 

partly due to the airfoU. lk>re efficient, high-critical..C 
p 

airtoUs are now being designed and used in actual practice. 

One other discrepanc1 that causes undesirable results is the 

fact that the incompressible experimental and incompressible 

theoretical distributions ·differ to a great extent at the 

maximum negative C value (see Figure 7). This is responsible. p 

to a large degree tor the discrepancies in the compressible 

distributions. 

c. The Effects ot Mach Number on Maximum C and on c. 

In order to get a better picture of what happens to the cp 
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L 

values as ll.ach number is increaeed, Figure 16 was plotted. This 

figure shows the variation ot the C at 30 per cent chord on the . p 

upper surface with increasing Mach numbers. The 30 per cent chord 

point represents close to the maximum except. in the case of the 

higher Mach numbers. The results ot the calculations tor both 

angles of attack are plotted. For ttL = - 0.25°1 the Karman-Tsien 

relation gives the best approximation. At 1l = 0. 590, the Karman­

Tsien method is 10 per cent !.n error and the Prandtl-Glauert 

methOd is 20 per cent in error. For the higher angle ot attack, 

= l.SSO, two things are immediately seen. 'nle first of these 

is the disagreement in the incompressible C values. U the 
p 

experimental C and the calculated C had been 1n better 
pi pi 

agreement, it appears that the Karman-Tsien method might have 

gi..-en a very good approximation. The second important point to 

notice is the sudden drop 1n experimental C after M • 0.640 
p 

has been reached. This sudden drop of C comos troa the break in 
p 

flow described in the foregoing section, and is responsible for 

the •compressibility stall." 

Figure 17 shows the relationship between CL and Mach number 

at the t.., angles of attack. These c2 values were found by 

mechanical integration of the approxillate equation (51). The 

calculation appears as Table XIII in the Appendix. The resulte 

of it are not in agreement with the general opinions expressed in 

11terature on the subject, for in both oases the two approximate 

methods give higher c2 values than the experimental values. 
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However, the author has not foUDd an:r direct calculations of this 

sort in the literature to compare with Figure 17. For ::; l.SSO, 

the •oompreesibility stall" is clearly shown b;y the eXperimental 

data. The reasons for the higher theoretical values were the 

disagreement in the pressure distribution on the lower surface of 

the a:trtoU. This discrepancy at both angles of attack aore than 

counteracted the mtaimua CP values, which tall exactly as they are 

predicted by existing literaure, to g1ve the higher C values tor 

the theoretical calculations. 

In general, the resul.ts are not extensive enough to show 

any special trends. However, the author does not believe that 

eitber of these methods is satisfactory :tor the speed range 

U /2 to U • The results show that the Prand.tl.-Gl.auert method is 
0 0 

good only at Mach numbers le~ts than 0. 500. The Karman-Tsien 

method will giYe better agreement, however, and might be used aa 

a general indication of oompressibUity effects up to the critical 

condition. WheneYer the abo\'8 methods are used, the angle of 

attack must be small tor good results. This limitation, plus the 

inabilit)" to predict shifts in the center of pressure of the 

distribution, leave much to be desired in using the above methods. 

!he results d.o show some advantages, howeTer. The most 

significant of these is the ease ot application. Both mq be 

epplied w:1th a minimum of tedioua calculations and do not require 

extreme lengths of tille. This would be of importance in 



engineering work.· Even though the methods do not ehow excellent 

agre~t with experiment, th.e;r would serTe well as a first . 

approxiaation in a more coaplicated procedure. 

VII. CONCLUSIONS 

Although the investigation was carried out with the idea of 

Oalculat1ng COJilPreasible tlow ooaple~ly w1thout the aid of 

experiJient, it was Bhown in the :result a that one ot the major 

d1fficultiea was 1n acquiring an accurate 1ncOJapreaa1ble solution. 

For this reason, it is reoollllllended that the methods in this 

report be applied to experiaen-tal incompressible data when 

aT&ilable. It is believed that in this way JNoh better results 

would be obtained. This, ot course, 110uld pN"tiall;r defeat the 

purpose ot saving the high experimental costa that occur in this 

work. 

Actuall.y'1 the investigation has not produced the results 

originallY' hoped tor. !le1ther ot the aolut1ona presented giTes 

a satistacto17 final answer to the problem at hand. However, they 

represent the onl;r quick and practicable methods of approach to the 

problem at the present tt.e. 

The future outlook tor the problea is tar troa hopeless, 

however. After a aajor part of the work in this investigation had 

been coapleted, a paper was found on the subject which utilized 

Southwell'• relaxation 11ethod (3, p.l). Time did not penait 

inclusion of this in the work, but a numerical eolution such as 
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this, or a n~cal integration method as applied to the equations 

of now might have good ~ssibilitiea. Future 110~k on this two­

dimensional., subsonic, flow problem 1f0uld certainly be of great 

illlpol"tance to the field of aerodynamics, for although many have 

contributed to the theory, there still remains to_, be found an 

accurate solution for an ar'biwary profile. Success ·in this :field 

ot research lllt)uld mean great ·a.clvane$s in modern, high-speed. 

airplane design. 
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IX. APPmDIX S7 

TABLE I 

CALCill.ATION OF EXPERIMENTAL PRESSURE DISTRIBUTION AT J.. = - 0.25" 

(Correction ot Experimental C at II =0.14J. to C at ll • 0). · 
Pm Pi 

(By the Relation, C • ~ C J f> • 0.992).
pi pm 

& c 
II K = 0.141 11•0 

c 
Pu• 

c 
pi 

Jll 

c 
pi 

u 

c 
pi 

. 1 

o.oooo 1.000 1.000 1.000 1.000 
0.0125 0.100 0.020 0.099 0.0198 

0.0250 ..0.200 ..0•300 -o.l90 -o.296 
0.0500 ..0.350 ..0.340 ..0.348 .0.337 
0.0750 .0.500 . -o.280 ..0.496 ..Oil2'Z8 
0.1000 -o.sso ..0.240 -o._575 -<>.238 
0.1500 -o.680 ..0.170 -o.67_4 . -o.168 
0.2000 ..0.'730 -o.uo ..0.724 -o.l09. 

-o.o690.2SOO ..0.750 ..0.070 ..0.744 
0.3000 ..0.740 o.ooo -o.734 o.ooo 
0.4000 -o.6BO 0~0_4,0 -o.675 0.040 
0.5000 ..0.600 0.070 ..0.595. 0.069 

0.6000 ..0.450 0.085 ..0.446 0.084 
0_._7000 ..0.340 o.us ..0.337 0.114 

o.sooo ..0.220 0~._125 -o.2lB 0.124 
0~0 -o.0?5_ 0.150 ..Oe0?4 O.l49 

0.1590.9500 0.040 0.160 0.040 

1..0000 0.150 o .. l5o 0.149 O.l49 
II Data .trom (8,. P• 78) 



TABLE ll 

VELOCITY DISTRIBUTION CALCULATION FOR NACA 4412 AIRFOIL A! Cf • 0.461 (J.. = ...0.25°), 
(Incompressible Flow) 

~ = (c - ) = (0.461 - o.s8?) = - o.126c11 b 

# pb 
~ c (Cl=0.587) 

o.oooo o.ooo 
O.Ol2_i o~m-
0~0250 0.355 
o.o50Q 0.472 
0.0750 0.564 
0.1000 0.620 
0.15()() O.?'J.J. 
0.2000 0.792 
0.25()0 o.82B 
0.3000 0.841 
0.'-000 0~802 
0.5000 0.694 
Ojl6000 0.622 
0.7000 0.543 
o.sooo 0.451 
0.9000 0.320 
0.9500 0.227 
1.0000 o.ooo 

II P p p ~a 
t-<~>c.~ :..t (C..t=0.461) u 

a a 
o.ooo o.ooo o.ooo o.ooo 
5.408 -o.683 ~.412 0.987 
4.235 ...0.534 -o.l?9 1.099 
3.126 -0.394 -o.o78 1.163 
2.560 ..0.323 0.231 1.181 
2.199 ...0.277 0.343 1.188 
1.742 ..0.219 0.505 1.187 
1.454 ..0.183 0.609 1.179 
1.21._8 ...0.157 0.671 1.168 
1.090 ~..0~137 0.704 1.156 
0.854 ..0.108 0.694 1~12<1 
o.681 -o.o86 0.608 1.103 
0.542 -o.o68 0.554 1.0?6 
0.424 -o.054 0.489 1.050 
0.315 -o.040 o.m 1.022 
0.202 -o.025 0.295 0.982 
0.134 -o.Ol? 0.210 0.942 
o.ooo o.ooo o.ooo o.ooo 

PI/•IU ~ 
u 

-­ --­
..0.104 0.883 
-o.041 1.058 
...0.017 1.146 
0.049 1.230 
0.072 1.260 
0~106 1.293 
0.129 1.308 
o.~ 1._312 
0.152 1.308 
0.154 1.283 
0.138 1.241 
0.129 1.205 
0.116 1.166 
0.101 1.123 
0.0?5 1.05? 
0.056 0.998 -­ -­

•t.-u 

--­
1.09r­
1.~140 
1.180 
1.1.32 
1.116 
1.001 
1.050 
l.Q~ 
1.004 
0.975 
0.965 
0.947 
0.934 
0.921 . 
0.907 " 
0.886 --­· --~-

#Data from (1, p.23) 

(I) "" 
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TABLE III 

CALCULATION OF INCOMPRESSIBLE PRESSURE DISTRIBUTION FOR 
MACA 4412 AIRFOIL AT c1 = 0.461 (GC. = - 0.25°). 

2 2 2 2 
(~)

.. 11' 11' 
X (-ll) c ~-<i> c :a-(~)c u u Pui P.t 

1 

o.oooo -­ -·­ -­ -­
0.0125 0.780 1.191 0.220 -o.1Q1 

0.0250 1.120 1.300 .0.12.0 -o.300 
0._05_00 1.315 1.390 -o.l1'l -o."JQO 

0.0750 1.515 1.280 ..0.515 -o.280 
0._1000 1.580 1.:U.O -o.sso -o.:u.o 
0.1500 1.675 1.16? -o.675 ..0.167 

0.2000 1.710 1.100 -o.no -o.1oo 

0.2500 1.720 1.048 ...0.720 -o.048 

0.3000 1.710 1.008 -o.?lo -o.oos 

0.4000 1.645 0.951 -o.645 0.049 

o.sooo 1.540 0.931 ...0.540 o.o6q 

0.6000 1.450 0.899 -o.450 0.101 

0.7000 1.357 0.873 ...0.357 0.127 

o.sooo 1.260 0.848 -o.260 0.152 

0.9000 1.117 0.823 -o.ll7 0.177 

0.9500 O.QC)5 0.785 0.005 0.215 

1.0000 .....­ -­ -­ -



TABLE IV 

CALCULATION OF COMPRESSIBLE PRESSURE DISTRIBUTION FOR 
NACA 4412 AIRFOIL AT tJ.. = - 0.25° USING PRANDTL-GLAUERT .METHOD. 

cP 
c

Pm 
= -J1 

~ 
c Incompressible 

ll. 0.299 1l :a 0.427 ll =0.517 )( = 0.590 

~ 

'= 0.955 fa= 0.905 ' :a o.858 ' =0.809 

c IPu 
i 

cPt
1 

c pu.a I cpl. cp'\a I cpla cPu• 
I cPI• 

c
PU. 

I c
Ptm 

o.oooo -­ -­ -­o.O_l25__j __ o.m_ J ..0.191 l __0.__2_3~LJ-Q._20Q L Q,_m_ J_..o.2ll._] 0.25~ _I ...Q,2_~2 I_ 0.272 T::0~236 
~.o25.Q_ L -o.120____l_~, 300 I -o.u6 I -o. 3l4__l__...()Jn_____L -o.332 _j __-o_._l4Q L~~-J-­Q...l48l...0,371_ 
0.0500 L ..0.315 I -o~390 _I ..0.330 I -o.40S I -o.348 I -o.431 I -o.367 I -o.454 I -o.389 l-o.482 
0~0750 I -o.515 f -o.2so I -o.s39 I -0,293 I -o.569 I -o.309 I -o.600 I -o.326 I -o.636 l-o.348 

-o.200 
..0.195 

0.2000 I ..0.710 L-o.loo L..0.7JJ,.__ I -o.l05 I -o.78_s_ J-o.uo I -o.826 I -o.u7 I -o.8'71 l-o.124 
o.~.3QQ dl ~.m. _L-o_._048 _1~.754 J_.-o_._ci5b L-0._796--r..o.o53 · 391-r:o~s -...0.o56-l-~.s90-I-O.o59 
o.30QO__ J ..0~~_7lQ _I ~._oos _l ..()._?!J. L...o,_ooa _L-Q.785 1_-o.oo<J I -o.826 J ..0.009 I .O,OlO 
0.4000 I -o.645___LQ.....Q4C ILJ-o.675 o.o5l I -o~__j_o_.0541 l-o.75l. _ o.05'1 1_~.'19.7 I o.o6l 

_ -o.67l.I.

o...:5ooQ L -o,54Q. _l__Q.Q69. L_...Q.._566 _l_ o._Q'n L-o.59.7 L 0,0'76 I ..Q.629 I o.oso I -o.667 I o.085 
o.6000 I -o.45Q I 0.101 I -o.471 I 0.106 L ..O....t.!87__l_ o.u2 ~ __Q.U_8__l -o_._556__l_ Q.l2S 
o.?OOO­ L-.:0.-357 r·-o.f27-T...0.3?4 I 0.133 I -o.394 I o.uo I -o.416 I 

. 524 j 
0.148 I -o.w I 0.1.57_ 

1 o.sooo_____ I
0.9000 . . 

-o.260
..0.117 

1 0.152
0.1'71 

1 -o.272
-o.123 

0._9500_ I _0.005 -I o.215 f o.oo5 -~- 6~225 I o.oo6 I o.238 I o.oo6 I o.2s1 I o.oo6 I 0.266 
1.0000 I - I - I - I - I - I - I - I --­ I -­ I - P 
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TABLE V 

CALCULATION OF COllPRESSIBLE PRESSURE DISTRIBUTION FOR 
NACA 4412 AIRFOIL AT c • 0.461 USING KAR.MAN-TSIEN :METHOD .1 

c 
p~ M? 

oPm == ~ + k 0 s where k =- I .l 
P1 2l/1 -. ti + 1J 

!. 
c Incompress­

1b1e 

Jl = 0.299 

k =0.02.3 fa =0.9SS 

l 2 3" 4_ s 6 ? 8 9 
c 
Pu

1 

c 
Pt 

i 

k c 
Pui 

k c 
Pt 

i 

~ +(4) ~ +(5) c 
Pu• 

c 
Pt 

Jl 

o. oooo - -­ -­ - -­ -.. - -­
0.0125 0.220 ..0.191 0.005 ..0.00.4 0.960 0.951 0.229 ..0.201 

0.0250 -o.l20 ...0.300 ..0.003 .0.007 0.952 0.948 ..0.126 ..0.316 

o.osoo ..0.315 ..0.390 .0.007 ..0.009 0.948 0.946 ..0._332 -o.~ID-
0.0?50 ..0._5_15 ..0.280 ..0.012 -o.oo6 0.943 0.949 -o.SJ..6 -o.~~5-
0.1000 -o• .s_so -o.u.o .0.014 .0.005 0.941 0.__95() ..0.616 ..0.2_53 

0.1500 -o.675 -o.l67 ..O.Ql6 -o____oo, 0.939 0._951_ ..0.'719 ...0.1'16 

0.2000 -o_.'Zl_O ..0.100 -o.016 -o.002 0.939 0.253 ..0.756 -o,_1Q5_ 

0.2500 ..0.720 -o.0.48 ..0.017 -o.ool 0.938 0.954 ..0.769 ..0.050 

0.3000 ..0.710 -o.oo8 ..0.016_ o.ooo 0.939_ 0.95_S -o.?56 -o.ooa 
0 • .4000 -o.645 0.049 ..0.015 o.ool 0.940 0.956 ..0.686 0.051 

0.5000 ..0.540 o.o69 ..o.ou 0.002 0.943 0.95? ..0.5?2 0.072 

0.6000 -o.450 0.101 ..0.010 0.002 0.945 0.957 ..0.476 0.106 

0.7000 -o.357 0.12? -0.008 0.003 0.947 0.9i8 -o.3?? 0.132 

0.8000 ..0.260 0.152_ -o.oo6 0.004 0.949 0.959 -o.2_?4 0.158 

0.9000 -o.ll? 0.171 ...0.003 0.004 0.952 0.959 ..0.123 0.185 

0.9500 0.005 0.215 . o.ooo 0.005 0.955 0.960 0.005 0.224 

1_.._0000 - - - - - - - -
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TABLE V ( Cont 1d ) 

~ 
c Inoompress ­

ib1e 

)( =0. 427 

k =0. 048 ~ =0. 905 
1 2 3 4 5 6 7 8 9 

c 
pu

~1 

c 
PJ 

1 

k c 
Pu 

1 

k c 
P.t 

'1 

~ +{4) ~ +(5) c 
p~ 

c
Pt 

ll 

o. oooo -­ - -­ -­ -­ -­ -­ --
0.0125 0.220 ...0.191 o.on -o.009 O. Q16 0.. 896 o.:u.o -o. 213 

0.0250 -o.l20 ...0.. 300 -o.oo6 -o.ou 0.. 899 0. 891 ...0. 134_ ...0. 337 

0.0500 ...0.315 ..0..390 ...0.015 ...0.,019 0. 890 0.886 ...0. 352 -o.J..J..O 

0.0750 ...0.. 515 -o.280 -o.025 ...0. 013 0.. 880 0.. 892 -o. 585 ...0. 311._ 

0.1000 -o.sso -o.uo -o.030 ...0.010 0.. 875 0.895 -o. 662 ...0.268 

0.1500 -o.6_75 ...0.167 -o.. 032 -o.ooa 0.. 873 0.. 897 -o. ??J.. ...0. 186 
0_~2000 -o.. 7l.O -o.IOO -o.. 034 1-o.oos. 0. 8'71 0.. 900 -o. 815_-o.lll 
0.2500 ...0.720 -o.cu.a -o.0.1S_ -o.. 002 0.870 0._903 ..0.828 -o.054 

0.3000 -0. 710 -o.oo8 ..0.034 0"'_000 0"871 0.905 -o.815 -o.009 
0._4000 ...().64.5_ O.Q49 -o.03l 0 . 002 0.. 874_ o..!lo? ..0.739 0. 054 

0.5000 ...0.540 o.o69 -o~026 0 .. 003_ o.a79 0.. 908 -o.61.5 0 . 076 

0.6000 ..0..450 0.101 -o.022 0.005 0. 883 0 . 910 -o. _ilO O. lll 

0.7000 ...0.357 0.127 -o.Ol7 0 . 006 0. 888 0._9ll -o. 4Q2 0. 139 
o. sooo ...0.260 0.152 -o.Ol2 o. oo7 0. 893 0._9_12 -o.~29l o. l6'Z 

0.9000 -o.ll? o.. rn -o.oo6 0... 009 o.899 0.. 914 -o. l30 0.194 

0.9500 0.005 0.215 o.ooo 0.,010 0.905 0. 915 o. oo6 0.235 

1.0000 - - -­ - -- - - -
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TABLE V (Cont'd) 

!. 
c Incompress­

ib1e 

MID 0.517 

k • o.o?l ~ =­ o.ass 

1 2 .1 JJ.. _5_ 6 7 8 9 
c 
Pu 

1 

c 
Pt 

1 

k c 
Pui 

k c 
p.ti 

~+(4) ~ 5) c pu. c 
Pt 

11 

o.__qooo - - - -­ - - -­ -
0.0125 0.220 ..0.191 0.016 -O.Ql4 0~874 0.844 0.252 ..0.216 

0.0250 ..0.120 ..0.3()0 -o.009 -o.021 0.849 0.837 ..0.141 ..0.358 

o •. osoo ..0._31.5 ..OJ9Q ..0.022 -o.028 0.836 0.830 ..0.371 -0.470 

0.0750 ..0.515 ..0.280 ..0.03.7 -o.o20 0.821 0.838 -o.627 ..0.334 
0.1000 -o.s8o ..0.240 -o.OJ.4 ..0.017 0.8.14. 0.841 -o.'ll.4 ..0.286 

o.lm -o.67:S ..0.167 ..0.048 -o.QU 0.810 0.846 ..0.834 ..0.197 

0.2000 -o.?lo -o~.lOO -o.oso -o.007 o.aoa 0.851 ..0.879 -o.ue 
0.2500 ..0.720 ..0.048 -o.05l -o.ooJ 0.80? 0.855 -4.892 -o.os6 
0.3000 -o.?lO -o.oos ..0.050 -o.oo1 0~808 0.857 ..0.8?9 ..0.009 

0.4000 ..0.645 0.049 -o.046 0.003 0.812 0.861 ..0.?95 0.057 

0.5000 ..0.540 0.069 ..0.038 o.oos 0.820 0.86.3 -o.659 o.oso 

0.6000 ..0.450 0.101 -o.032 o.oo? 0.826 0.865 ..0.545 0.117 

0.7000 -o.357 0.12? -o.025 0.009 0.833 0.86? -o.429_ o..w. 
o.sooo -o.260 0.152 -o.018 o.ou 0.840 0.869 -o.310 0.175 

O.QOOO -o.ll7 0.177 -o.oos 0.013 0.850 0.871 

0.873 

..0.138 

0.006 

0.203 

o.~0.9~ 0.005 0.215 o.ooo 0.015 0.858 

1.0000 - -­ -­ - - -­ - -



TABLE V (Cont ' d) 

!. 
c Inoompreaa-

ib1e 

JL = 0. 590 

k = 0. 0<}6 t» = 0 . 809 

1 2 3 4 5 6 7 8 9 
cP 

ui 
c 
pi 

i 

k c 
Pu

"1 

kC 
Pt 

i 

~+(4} fl +(5) P.
Pu 

Dl 

c 
P.t 

Jl 

o.oooo ~- - - ·-- ...... - - -­
0. 012§ 0.220 ~.191 0 . 021 ..0~018 0 . 830 0. 791 0. 265 -<>. 2.42 

0 . 0250 -<> . 120 -<> . 300 -<> . 012 -<> . 029 0 . 79? 0 . 780 ·b.1Sl -o . 384 

0.0500 .0. 315 -o. 390 ..0. 030 -o.037 0.7?9 o.m -b. 405 -0.505 

0.07~0 ..0. 515 ..0. 280 -o.049 -o •. 02? 0. 760 0,.782 - b. 679 ..0. 358 

O.lood -o. sso -o.240 -o. os6 -o.023 0 . 753 0.786 .. [).7?0 ..0. 306 ­
0. 1500 -o. 675 ..0. 167 ..0. 065 -o . 016 O,.?JJ,. 0 . 793 - b. 908 -o. m 
0.2000 ..0. 710 .0.100 i--0. 068 -o . OlO o. 7/,J. 0. 799 .. 0.960 ...0.125 

0. 2500 _..Q_. 720 -o . 048 -o . o69 -o. oo5 0 . ?40 0 . 804 -b.974 -o.o60 

0.3000 -o.?lO -o. oo8 -o.o68 -<>.001 0 . 741 0. 808 · 0.960 -o.o1o 

0 . 4000 -o. 645 0 . 049 -o . 062 o. ooJ 0. 747 0 . 814 - 0. 864 0. 060 

0. 5000 -o . 540 0. 069 ..0. 052 0. 007 0. 757 0. 816 - 0. 7.14 o. oss 

0 . 6000 -o. 4SO 0. 101 ...O. D.43 0 . 010 0. 766 0 . 819 -b.5S7 0 . 124 

0. '7000 -o.. 357 0. 12? 
0 . 152 

-o . 034 0 . 012 0. 775 0. 821 
0. 824 

- 0 ~461 

-0. 332 

O. l.S5 
0 . 185 
0._21.4 

0. 8000 -o. 260 -o. 025 0. 015 0. 784 

0. 9000 ..0. 117 0. 177 -<>. 011 o. o17 o._79__8 0. 8~6~ • Q. l4'Z 

0 . 9500 0. 00_5~ 0 . 215 o. ooo 0. 021 0 . 809 0. 83P 0 •. 006 0._2__59 

1 . 0000 - - - - - - -- -
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TABLE VI 

EXPERIMENTAL DATA FOR NACA 4412 AIRFOIL A.T d. = - 0.25°. 
(8, p.78) 

Jl =0.299 )(. 0.427 J( • 0.517 )( =0.590 

~ 
c 

c 
pu. 

c 
PI'm 

c 
Pu• 

c 
pt•• 

c 
Pu... c

Pa • 
c 
Pu• 

c 
P,t•• 

o.oooo 1.00 1.00 1_JI_OO 1-.00 1.00 l._OQ_ 1.00 1.00 
o.o_l.2~ o._o5 0_._02 0._2_0 -o.05 0.30 -o.os o._~o -o_._l5_ 

0.0250 -o.20 -o.30 ..0.18 -o.J..O ..0.10 -o•.u ..0_.10 ..0.40 
o.osoo -o.38 ..0.'3.1.. -o.35 -o.~ -o.3c8 -o._45 -o.38 ..0.50 

.0.0'150 -o.52 -o.30 ..0.50 -0.37 -o.S4 -o • .&.o -o • .,5 ..0_._42 

0.1000 -o.60 -o.26 -o.62 -0.30 -o.66 ..0.33 ..0.72 -0.38 
0.1500 ..()L70 -o._l8 -O...._'Zl_ ..0.21 ..o.ao -o.22 -o.... 90 -0~6 

0.2000 -o.'7? ..0.10 -o.so -o.u -o.90 -0.14 -1.02 -o.15 
0.2500 -o.so -o.o2 -o.84 -o.o6 ..0.94 -o.o8 -1.10 -o.10 
0.3000 -o.?S o.oo -0.84 -o.02 -o.9J. -0.05 -1.08 -o.os 
0_.1,._000 ..0.'10 0.03 ..0.74 0.02 -o.8s o.oo -o.94 o.oo 
0.5000 -0.60 o.o6 -o.62 o.o~ ..o.?O o.os -o.78 0.04 
0_._6000 -o.J..6 0.09 ..0.49 0.07 -o.ss 0.07 -o.62 0.06 
0.7000 -o.37 0.10 ..0·.40 0.10 -o•.u 0.09 ..0.48 o.o'l 
o.sooo -o.25 0.11 -o.2S 0 •. 12 ..0.28 0.12 -o.31 o.os 
0.9000 -o.os 0.14 -o.o7s 0.14 -o.os 0.15 ..0.10 o.1o 
0.9500 0.05 0.16 o.o6 0.15 0.06 0.16 0.02 0.15 

_l--_0000 0.11 0.17 0.16 0.16 0.17 0.17 0.15 0.15 
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TABLE VII 

CALCULATION OF EXPERIMENTAL PRESSURE DISTlUBUTlON AT ,J.. • 1.88°. 

(Correction ot Experimental C at Jl • 0.141 to 0 at )( • 0).
Pa P1 

(By the Relation [PrandtJ.-Glauert] , 0 =~ C ; ~ • 0.983).
P1 Pa 

. !. 
c 

I u: • 0.191 M•O 
c 
Pu 

c 
Pt 

c 
Pu 

c 
PJ 

o.oooo 0.60 

-o.52 

1.000 0.590 0.98~ 

O.liQO0.0125 0.600 -o.511 

0.0250 -o.?O 0.'110 

O.OJ..O 

-o.689 0.121.. 

O.O'lQ0.0500 

0.0750_ 

-o.so -o.?S? 

-o.8? 0.015 -o.855 o.ou.? 

O.lQOO . ..0.92 o.ooo 
0.015 

..O.Ql5 o.ooo 

0.15QQ ..0.96 -o.9JJ.. o.o:u.? 
0.2000 -o.99 0.050 -o.974 0.049 

0.2~ -o.Q? 0.075 ..0.954 0.074 

0.3000 

0.4000 

..0.95 0.090 ..0.934 0.089 

0.108-o.84 o.uo -o.826 

0.5000 -o.65 0.120 -o.639 0.118 

0.6000 ..0.54 0.135 ..0.531 0.1~'1 

0.7000 ..0.40 0.150 ..0.393 o.u.? 
0.8000 -o.26 0.155 ..0.255 0.152 

0.9000 -o.09 0.160 ..0.089 0.11l7 

0.9SOO 0.05 0.160 0.0~9 0.157 

1 ... 0000 0.15 O.lSO o.u.7 O.U.? 

I Data from (8, p.SO) 



TABLE VIII 

VELOCITY DISTRIBUTION CALCULATION FOR NACA 4412 AIRFOIL AT 01 =0.687 (.L =1.88°). 
(Incompressible Flaw) 

'1. = (C1 - ) a: (0.687 - 0.587) = 0.10C1 
b 

II Pb 
~ 

(CJ =o. 587)c 
b 

o.oooo o.oooo 
0.0125 0.2710 
0.0250 0.3550 
o_.o5QO 0.4?20 
0.0?50 0.5540 
0.1000 0.6200 
O.lSOO 0.?240 
0.2000 0.?920 
0.2500 0.8280 
OIL3000 0.8410 
0.4000 0.8020 
o.sooo 0.6940 
0.6000 0.622() 
0.7000 0.5430 
o.sooo 0.4510 
0.9000 0.3.200 
0.9500 0.22?0 

_____L_0000~ - - O.QOQO­
#Data from (1, p.23) 

{I Pa p p ~...L("t)
CJ (C =0.687)c. u 

a a 
o.ooo o.ooo o.ooo o.ooo 
5.408 0.541 o.8l2 0.987 
4.235 0.424 o. '779 1.099. 
3_.126 0.313 0.?85 1.163 
2.560 0.256 0.810 1.181 
2.199 0.220 0.840 1.188 
1.?42 0.174 0.898 1.187 
1.454 0.145 0.937 1.1?9 
1.248 0.125 0.953 1.168 
1.090 0.109 0.950 1.156 
0.854 0.085 o~a!1'Z 1._129_ 
0.681 o.o68 0.762 1.103 
o.~ 0.054 0.6~6 1.076 
0.424 0.042 o.sets 1.050 
0.315 0.032 o.J.St3 1.022 
0.202 0.020 0.340 0.982 
0.134 0.013 0.240 0.942 

-o.ooo o.ooo o.ooo o.ooo 

P/4/w/U 
'W 

u-u 

--­ --­
0.2055 1.1925 
0.1773 1.2761 
0.1688 1.3318 
0.1?13 1.352.1 
0.1769 1.3649 
0.1Ji91 1.3761 
0.1989 1.3779 
0.2040 1.3720 
0.2055 1.3615 
0.1967 1.3257 
0.1?28 1.2758 
0.1572 1.2332 
0.1393 1.1893 
o.n8o 1.1400 
0.0865 1.0685 
0.0637 1.00_5_7 
-­ -­

w, 
u 
-­

0.7815 
0.9_21_1 
0.9942 
1.QQ97 
1.0111 
0.9979 
0.9801 
0.9640 
0.9505 
0.9323 
0.9302 
0.9188 
0.()107 
0.9040 
0.8955 
O.a783 -­

$ 



'TABLE IX 

CALCULATION OF INCOMPRESSIBLE PRESSURE DISTRIBUTION 
FOR JACJ. 4412 AIRFOIL AT 01 =0. 687 ( rJ.. =1 . 88°) . 

~ 
c 

... 2 
(.S)u 

,.. 2 
(..!)u 

.... 2 

c =il.-<i> 
Pui 

Wit 
c =d-<-u> 
pti 

2 

o.QQOO --­ -­ --­ -
0. 0125 1. 420 0. 611 ..0. 420 0. 389 
0. 0250 1 . 62.5 0 . 850 -o. 625 0. 150 

0. 0500 1. 730 0. 988 ..0. 750 0 . 012 

0 . 0?50 1 . 830 1 . 019 ..0. 830 ..0. 019 

0. 1000 1. 86~ 1 . 022 ..0.865 -o. 022 

0. 1500 1. 894 0 . 996 -o . S94 0 . 004 

0. 2000 1 . 900 0. 961 ..0. 900 Q. 039 

0. 2500 1 . 882 0. 930 -o. 882 o. o?O 
0. 3000 1 . 8~5 0. 904 ..o.sss 0 . 096 

0. 4000 1 . ?58 0. 810 ..0. ?58 0. 130 
o. sooo 1. 628 0. 86? -o. 628 0 . 133 

0.6000 1. 522 0. 843 ..0. 522 0. 157 

0. '7000 1 . 415 0. 830 ..0. 415 0. 1?Q 
o. sooo 1 . 300 . 0 . 818 ..0.300 o •. l82 
0. <1QQO 1 . )42 0. 802 -o.w 0.198 

0. 9500 1. 012 0 . 772 ..0. 012 0. 228 
1 . 0000 -·-­ -­ -­ -­



TABLE X 

CALCULATION OF COILPRESSIBLE PRESSURE DISTRIBUTION FOR 
NACA 4412 AIRFOIL AT J.. =1.88° USING PRANDTL-GLAUERT METHOD . 

c 
c =~ 

Pm. ~ 

~ 
c Incompressible 

!{ =0.512 )l = 0.596 )( =0.640 )( =0.735 

, = o.B59 , = 0.804 ta =0.770 ~ =0.678 
c 
Pu 

c 
Pf 

c 
Pu 

c 
pl 

c 
Pu 

c 
P.a. 

c 
Pu 

c 
P.a 

c 
Pu 

c 
PR 

0.0000 - --­ --­ -­ --­ -­ -­ -­ - --­
0.0125 -o.L20 0.389 -o.la.89 0.452 ..0.521 0.4_84 ..0.546 o.5Q5 -o.62o 0.574 
0.0250 -o.625 0.150 ..0.728 0.1?5 . -o.rm 0.187 -o.s12 0.195 -o.~922 0.221 
0.0500 -o.750 0.012 -o.8?4 0.014 -0.934 0.015 -0.9?5 0.0156 -1.107 o.o1rn 
0.0?50 -o.830 ..0.019 ..0.966 -o.022 -1.031 -o.o:u. -1.080 -o.025 -1L45(} -o.028 
QL_lOOO -o.865 -o.022 -l.OQ7~ -o.026 -1.075 -o.027 -1.125 -o.029 -1.280 -o.032'i 
0.1_500_ -0.894 0.004 -1.042 o.oos -1.112 0.005 -1.161 0.0052 -1.320 o.oo6 
0.2000 ..0.900 0.039 -1.047 0.045 -1.120 0.048 -1.170 0.051 -1.330 0.058 
0_._2500 -o.882 o.o?O -1.037 0.082 -1.Q98 0.087 -1.147 0.091 -1.302 0.103 
0.3000 -o.855 0.096 -o.995- 0.112 -1.063 0.119_ -1.110 0.125 -1.260 0.142 
0.4000 -o.758 0.130 ..0.883 0.151 ..0.943 0.162 ..0.985 0.169 -1.120 0.192 
0.5000 -o.628 0.133 ..0.731 0.155 . -o~•'Z_81 0.165 -o.816 0.173 .0.927 0.196 
0.6000 -o.522 .0.157 -o.607 0.183 -o.649 0.195~ -o.6~8 0.204 -o.??l 0.232 

0.2510.7000 -o.4l5 0.170 -{).483 0.198 -{).516 0.211 -{).539 0.221 -{).612 
0.8000 -0.300_ 0.182 -0.349 0.212 ..{).373 0.227 -{).390 0.236 -0.443 0.2&:1 
0.9000 -{).1.42 0.198 -0.165 0.231 -0.1'n 0.246 ..0.185 0.257 ~.210 0.292 
0.9_5_00 -0.012 0.228 -o.ou 0.266 -o.015 0.284 ..0.0156 0.296 -0.0177 0.336 
1.0000 -­ - -­ - -­ -­ --­ -­ --­ -­
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TABLE .II 

CALCULATION OF CO~RESSIBLE PRESSURE DISTRIBUTION FOR 
NACA 4412 AIRFOIL AT cJ- • 1.88e USING KJJWAN-TSIEH .METHOD . 

!. 
c Incompreso­

1ble 

M= 0.512 

k =0.0708 f3 =0.859 
1 2 3 4 5 6 7 8 ~9 

c 
Pu

1 

c 
PI 

1 

k 0 
Pu

1 

k c 
pi

1 

f! +(4) '+(5) c 
Pu 

lll 

c 
p.t 

m 

o_._oooo -­ -­ - -­ -­ -­ -­ -­
0.0125 -o.~420 0.389 ...0.030 0.028 0.829 0. 887 -<>.507 0.1.3_9_ 

0.0250 -<>.62_5 0~,150 -<>.044 o.ou 0.81_1 o.8~?0 -()_~76?_ Q.l22_ 

0.0500 -<>.750 0.012 -o.053 o.oo1 0,806 0,860 -0.931 O,Ql4_ 

0.0750 -o.830 ..0.019 -o!L059 -o.ool 0.800 o.a_se -l_!L039 ..0.022 
o_,iooo -o.865 -o.02~2 -o.o6l -o.oo1 O.'N8 o.85a -1.083 -o.026 

0.1500 ..0.894 0~004 -o.o6.1 o.ooo 0_._796 0.8_59 -1.122 OJ_OO_i 

0,2000 ..(),900 o.o3q ..().064 0.003 0.795 0.862 -1.132 0.045 

0.2500 -o.882 o.o?O -o.Q63 o.oos 0.796 0.864 -1.ll0 0.081 

0.3000 -o.855 o.09t -o.06l O.OQ7 o._798 0.866 -1.071 o.m 
0.4000 -o.?~ 0.130 ..0.054 0.009 Oe805 0.868 -<>.943 0.150 
0.5000 -o.628 0.133 -o.044 0.009 0.815 0.868 -o.m 0.153 
0.6000 ..0.522 0.15'1 ..0.032 o.ou 0.822 0.870 ..0.635 0.181 

0.7000 -0,415 0.·170 ..(),029 0.012 0.830 0,871 -<>.500 0.195 
0.8000 -().300 0.182 -0.021 0.013 0.838 o.s~ -<>.358 0.2_09 
0,90_00 -o.w~ 0.196 -o~OlO o.ou o.SA.9_ 0.8_73 -0.157 0.227 
0.9500 ..0.012 0.228 -o.oo1 0.016 0.858 o.S?i -O.QJJ. 0.261 
1,0000 - -­ -­ -­ ·­ -­ -­ -­
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TABLE II (Cont 1d) 

- · 
!. 
c Incompress­

ib1e 

Jl =0.596 

k = 0.098 ~ = 0.804 

1 2 3_ 4 5 6 7 8 9 
c 
Pui 

c 
pi

i 

k c 
Pui 

k c 
PJ 

i 

t3+{4) 13 +(5} c 
Pu• 

cP 
:.t. 

0 - - - -­ -­ - - -­
0.0125 ..0.420 0.389 -o.04l 0.038 0.763 0.842 -o.550 0.462 .. ~ 

0.02~ -o.625 0.150 -0.061 0.015 0.743 0.819 -o.841 0.183 

0.0500 ..0.750 0.012 -o.0?4 0.001 0.730 0.805 -1.027 0.015 

0.0750 -o.B30 ..0.019 -o.OSl ..0.002 0.723 0.806 -l.l.i..S -o.023 

0.1000 -o.B65 -o.o22 -o.085 ..0.002 0.719 0.802 -1.203 -o.ozz._ 

0.1500 ..().894 0.004 -o.oss o.ooo 0.?16 0.804 -1.250 0.005 
0_.20QO ..0.900 0.039 -o.os8 o.O<M. 0.?16 0.808 -1.257 0.048 

0.2500 

0.3000 

..0.882 

-0.855 

0.0'70 

0.096 

-o.OB7 

-0.084 

0.00? 

0.009 

0.71? o.su -1.230 0.086 

0.720 0.813 -1.188 0.118 

0.4000 ..0.758 0.130 -o.074 0.013 0.730 0.81? -1.040 0.159 

0.5000 

0.6000 

-o.628 0.133 -o.062 0.013_ o. 7/.2_ 0.817 -0._8.1.._7 0.163 

..0.522 0.15? -o.ou 0.015 

0.017 

0.753 0.819 

0.821 

..0._693_ 0.192 

0.7000 -o• .U5 0.1?0 -o.040 0.764 ..0.543 0.207 

o.aooo ..0.300 0~182 ..0.03_0 0.018 O.T/4_ 0.822 ..0.389 0.221 

Q.9000 -o.U2 0.198 -o.ou 0.019 o.m 0.823 ..0.180 0.24l 

0.9500 -o.ol2 0.228 -o._ool 0.022 0.803 0.826 -o.Ol5 0.276 

1.0000 -­ - - - -­ - - -­
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TABLE XI (Cont'd) 

~ 
)( =0.640 

Incompress­c ib1e k =0.116 ~ ai 0.770 

1 2 3 4 5 6 7 8 9 
c c k c k 0 ,+(4) ~+(5) 0 c 
Pu pl Pu P.t p'\a p( 

1 i i 1 Bl 

0 -­ -­ -­ -­ -­ -­ -­ -
o.o1_25 -o•.l.20 0.389 -o.049 0.045 0.721 0.815 -0.583 0.4'n 

0.0250 -0.62§ 0.150 -o.073 o.o17 0.69? 0.787 -0.896 0.191 

o.osoo -0.750 0.012 -o.os7 0.001 0.683 o.m -1.099 0..016 

0.0750 -o.830 -0.019 -o.096 ..0.002 0.6?4 0.?68 -1.233 -o.025 

0.1000 -o.a6s ...0~022 -0.100 ...0.003 0.6'70 0.76? -1.m -()...._029 

0.1500 -o.894 0.004 -o.l04 o.ooo 0.666 o.m -1.342 0.005 
0.2QOQ· -0.900 o.o.N [...Q.lQ~ o.OQi o.666 0.??5 -1.350 0.050 

0.2500 -o.882 0.070 -o.102 Q,OQ8 o.668 0.'778 -1.323 0.090 

0.3000 -o.855 o .• Q<l6 -o.oqg o.on 0.6?1 0.781 -1.275 0.123 

0.4000 -0.758 0.13.0 -o.oss 0.015. 0.682 0.785 -1.112 0.166 

0.5000 -o.628 0.133 ..0~073. o.Ql5 0.69.'1 0 • .285 ..0.900 0.1'70 
o.6QQO -0.52_2 O.l5'Z. -o~o6l 0.018 o •. 'ZQ9 0.288 ..0.736 0.199 

0.'7000 ..0.415 0.170 -o.0/,8 0.020 0 •. 722 0.790 .o.s7s 0.215 

o.sooo -<>.300 0.182 -o.035 o.oa. 0.735 0.791 ..0.408 0.230 .. 

0.9000 -o.l42 0.198 ..0.016 0.023 0.?54 0.?93 -o.l88 0.250 

0.9500 -o.Ol2 0.228 -o.oo1 0.026 0.769 0.'796 -o.o16 0.287 

.1..0000 - - - - - -­ -­ -



TABLE XI (Cont•d) 

!. 
I(= 0.735 

Incompress...c ib1e k =0..161 e =0.. 6?8 

1 2 3 4 5 6 7 8 9 
c 0 k c ~ cP '+{4J , +(5) c c 
Pu pl Pui Pu pl

1 1 11 m m 

0 ...­ - -­ ...... -­ -­ -­ -­
0.0125 -o.420 0.389 ..o.o6S 0.063 0.610 0.741 -o.6BB 0.525 

0.025_0 -0.625 0.150 -o.10C 0.024 0.5?8 0.?02 -1.081 0.208 

0.0500 -o.750 0.012 -o.l2l 0.002 0.55? 0.. 680 -1.1/..'i 0.018 

0.0750 ..0.830 -o.OlQ -o.1'li. -o.001 O.'il..J.. o.67s -1. 'i2'i ..0.028 

0.1000 -o.865 -o.022 ..0.13G -o.OOJ.. 0.51Q 0.674 -1.. 605 ..0.011 

0.1500 ..0. 894 0.004 ..0.1.44 0.001 0.534 0.679 -1.6?5 0.006 

0.2000 -o.900 0.039 -o.l4~ 0.006 0.533 0.684 -1.688 0.05? 

0_.2500 -o.B82 0.. 070 -o.l42 o.on O.'i16 o.. 6SQ -1.6/..'i 0.102 

0.3000 -o.B55 0.096 ..0.118 0.015 0.540 . 0.694 -1.582 0.138 

o_~ooo ..o. 758_ 0.130 -o.12~ 0.021 o.ss6 o.6QQ -1.161 0..186 

0.5000 -o.628 0.133 ..0.101 0.021 0.571 0.699 -1.0BQ 0.100 

0.6000 -o.522 0.157 -o.ou 0.025 0.594 0.703 -o.8?9 0.224 

0.7006 -o•.415 0.1'10 -o.061'J 0.02? o.6u 0.'105 -0.680 0.2.t..l 

o.sooo ..().300 0.182 -o.04E 0.029 0.630 o.?O? ..0.476 0.257 

0.9000 -o.l42 0.198 -o.02~ 0.032 0.655 0.710 -0.217 o.2?Q 

0.9500 ...0.012 0.228 -o.OO:.l 0.016 0.676 0.714 ..().. 018 0.120 

~.oooo - -­ - ·­ - - - -­~-
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TABLE XII 

EIPERD!ENTAL DATA FOR NACA 4412 AIRFOIL AT J- =1.88°. 
(a, p.ao) 

u c 0.5l2 Jl =o. 596 ll = 0.640 )( =0.735 

~ 
c 

--­ c • - · 1.)3
Pc 

c = - 1.08
Po 

c =-0.64 
Pc 

c 
Pu 

c 
Pt 

c 
Pu 

c 
p~ 

c 
Pu 

c 
pt. 

c 
Pu 

c 
pl. 

o.oooo 1.oa 0.90 1.05 1.00 1.10 o.as 1.10 -0.044 
0.0125 0.20 0.55 -0.30 0.40 -0.10 0.17 o.60 -0.10 
0.0250 -0.40 o.os -o.65 0.06 -o.40 -o.03 0.20 -0.50 

0.0500 -0.825 -o.04 -o.8o -0.10 -o.68 -0.14 -0.15 -o.?3 

o._o?so -o.95 -o.o'J -0._97 -0.12 -0.87 -0.15 -0.34 -o.68 
0.1000 -1.04 -o.o6 -1.08 -o.lO -1.02 -o.13 -o.52 -o.60 
0.1500 -1.13 -o.02 -1.27 -o.o6 -1.25 -o.oa -0.73 -o.45 
0.2000 -1.19 o.o1 -1.38 -o.02 -1.39 -o.04 -o.92 -o.27 
0.2500 -1.19 0.05 -1.42 0.02 -1.49 o.o1 -1.00 -o.2l 
0.3000 -1.14 o.o8 -1.38 0.05 -1.54 0.05 -1.05 -o.16 
0.4000- ..0.28 

-o.76 
o.1o -1.13 o.os -1.53 o.oa -1.22 -o.11 

0.5000 0.10 -o.85 o.u -o.83 o.os -1.38 -o.o8 
0.6000 -o.62 0.125 -o.67 0.12 -o.?O 0.11 -1.32 -o.o? 
0.7000 -o.45 o •. l? -o.48 0.13 -o.s2 0.12 -0.092 -o.o5 
0.8000 -o.28 0.17 -o.30 0.1.4 -o.30 0.13 -o.so -o.03 

0.9000 -o.o7 0.16 -o.o7 0.14 -o.07 0.1_3_ -o.25 -o.Q4 
0.9500 o.o6 0.15 0.05 0.12 0.05 0.11 -o.18 -o.o__s_ 

1.0000 0.13 0.13 0.10 0.10 Oot_10 · 0.10 -o.os -o.os 



TABLE xnr 

CALCULATION OF c1 VALUES FROM PRESSURE DISTRIBUTION CURVES. 

cosJ.. =o. 
Prandtl-Glauert Karman-Tsien Experimental 

J( A· A(in~) en c1 =CncosJ..II A c 
n ct en Ct 

0 

0 

0 

0 

)( 

0 

0 

0 

A 

cos .. =o. 
en A c n et A en e.t 

~ 
Vl 




