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A STUDY OF FACTORIZATION IN I(<\fT) AND I(«s/-23)

1. INTRODUCTION

A number which is a solution of a quadratic equation with

rational coefficients is called a quadratic number. The set of num

bers of the form, a+bN/m, where a and b are rational num

bers and m is a non-zero integer with distinct factors, is denoted

by Ra(\/rn). Theorem 1. 1 shows that the numbers of Ra(\/m)

are quadratic numbers.

Theorem 1.1. If acRa(*/m), then a satisfies a quadratic

equation with rational coefficients.

Proof:

Let a = a+bVm be a number of Ra(sfm). Then a satis

fies the following equivalent equations. [x-(a+b\/m)] [x-(a-b*im)]=0,

2 2 2
x -Zax+a -mb = 0. Since a and b are rational and m is a

2 2
non-zero integer, then -2a and a -mb are rational. So, by

the definition of a quadratic number, a is a quadratic number.

Theorem 1. 2. Ra(\rm) is a field.

Proof:

That Ra(*/m) is an abelian group relative to addition

is evident. Since Ra(\fm) is a subset of the complex



number field, the commutative and associative laws of multiplication

hold, and also the distributive law. 1 is the identity element for

multiplication. This only leaves closure and inverses for multiplica

tion to be shown.

To prove that Ra(\fm) is closed under multiplication con

sider a +b \fm and a +b */m as two numbers of Ra(«/m). By
J. J. d Cj

the distributive law, commutative and associative laws of multiplica

tion and addition, the following is obtained.

(a +b -s/mXa +b *s/m) = (a^+b^m) + (a^+a.^b^N/m, which is

an element of Ra(N/rn).

To obtain the multiplicative inverse of a= a+bN/m, a4 0,

the following procedure is used.

1 _ 1 a-b\rm _ a -b ,—
~ a+b^ym' " a+bN/ra a-bVm 22 22

a -b m a -b m

To prove that (3 is the inverse of a, it is noted that a (3 = pa = 1.

2 2It is only necessary, therefore, to prove that a -b m 4 0. Suppose

a -b m = 0. Then either (i) a = 0 and b = 0 or (ii) b 4 0. In

case (i), if a = b = 0, then a = a+b\/rri = 0. In case (ii), b 4 0

? ? ? t— a
and a -b m = 0, then b m = a and so \/m = ± —, which is a

b

rational number. In either case a contradiction is reached and so

2 2a -b m 4 0 and (3 is the multiplicative inverse of a.



The results of theorems 1. 1 and 1. 2 show that Ra(N/m)

is a quadratic number field.

The quadratic numbers that are solutions of a quadratic equa

tion with integral coefficients and unity as the coefficient of the squared

term are called quadratic integers. The set of quadratic integers

which is a subset of Ra(\fmj is denoted by I{\fm). It will be shown

later in the text that I(\H1) and I(\/-23) are quadratic integral

domains.

The integral domain I(<sTT) is studied in Chapter 2 and it

will be shown that the Unique Factorization Theorem is satisfied in

Kn/T).

In Chapter 3 it will be shown that the Unique Factorization

Theorem does not hold true in the integral domain I(V -23).

The concept of ideals is introduced in Chapter 4. It is then

shown that unique factorization can be restored in terms of the

ideals of IN-23).

Throughout the text the symbol I will denote the set of

integers and Ra the set of rational numbers.



2. THE QUADRATIC NUMBER FIELD Ra(NTT)

2. 1 The Numbers of Ra(\TJ)

It was shown by theorems 1. 1 and 1. 2 that Ra(\l -7) is a

quadratic number field. The following definitions and theorems

give the background material for finding the primes and units of

I(\l -7) and proving theorems which are necessary to prove the Unique

Factorization Theorem.

Definition 2. 11. If a= a+b\T^7, then the conjugate of a, denoted

by a, is a-b\^~7.

Definition 2. 12. The norm of a, denoted by N(a), is aa .

Theorem 2.11. a.p = a (3 and a+ (3 = a + (3 .

Proof:

"apr= (a-bN/~7)(c-d\r7) = (ac-7bd)-(ad+bc)\T7 = "op

a+(3 = (a-b-\p7) + (c-d*^7) = (a+c)- (b+d)*^ = a+ p

Theorem 2. 12. N(a.p) = N(a)N((3) .

Proof:

N(ap) = a(3a~(3 = a(3af3~ = aapp = N(a) N(P) .



Theorem 2. 13. If aeRa(^7), then N(a) > 0 .

Proof:

2 2
If Q=a+b\P7, then N(a) = (a+bNp7)(a-b\/^7) = a +7b >0

Theorem 2. 14. a = 0 if and only if N(a) = 0 .

Proof:

If a= 0, then N(a) = 0.

Let a= a+b\f^7", then a= 0 implies a = 0. So

N(a) = aa = 0.

If N(a) = 0, then a= 0.

2 2
N(a) = a +7b = 0 implies that a = b = 0 since a and b

are rational numbers.

2. 2 Integers of Ra{>^Pl)

The subset of Ra(\^7) whose members are solutions of the

quadratic equation, x -Zax+a +7b = 0, where -2a and a +7b

are integers, is denoted by I(\T^7). The members of I(\T-7) are

called quadratic integers.

Theorem 2. 21. If a is an integer, then a is an element of

I(nT7).



Proof:

2 2 2 2
a = ae I is a solution of x »2ax+a = x -2ax+a +7-0 = 0.

Hence a e I(\J~^7).

Theorem 2. 22. If a is in I(\T"7), then a = , where

a and b are both even or odd integers.

Proof:

If a is in I(\T^7), then a is a solution of

2 2 2 2 2
x - 2ax+a +7b = 0, where 2a and a +7b are integers. But

- - 2 2 - -
q+ a = 2a and a a = a +7b , so a + a is an integer and a a

is also an integer.

a +b \Tl
Let a= , where a , b , and c are integers

c 11 I

2 2
_ 2a _ a + 7b

and (a ,bi;c ) = 1. Then a + a = and a a = .
Ill c 1 ^

2a

Suppose c, 4 2 and c, 4 1, then is an integer
rr 1 1 c

which implies that c | 2a . Hence (a , c ) = d, where d 4 1

2 ^2
ai +7bl

because c 4 2 and c 4 1. Also is an integer,
1

2 2 2which implies c | (a +7b ). Since (a , c ) = d implies

7 7 7 7 7 7 2 2
(a , c ) = d , it follows that d | (a +7b ). Since d |a , then

2 2 2d |7b . But 7 has no square factors and d has only square

2 2
prime factors, so d |b , which implies d|b . Hence it has

been shown that (a ,b ,c )=d, where d 4 1- This contradicts



the fact that (a ,bj ,c^ = 1. Therefore ^ = 1 and ^ = 2.
2a 2a

Suppose c, = 2, then = —— = a., which is an
^^ 1 c^ 2 1

2 L ^, 2 2 2
a + 7b a + 7b

integer. If = 7 is an integer, then

Cl
2 2 2

a + 7b =0 mod 4. If a is odd, then a = 1 mod 4 and

2 2
7b =-1 mod 4. But -1=7 mod 4 and so 7b s 7 mod 4.

2
Therefore b = 1 mod 4, b s 1 mod 2 ; that is, b is an

odd integer. If a and b are both odd integers, then

a + b \Tl
is a quadratic integer of I(\T^7).

2 2ai
Suppose c = 1, then = 2a. is an integer. Also
^1 c 1

ai2+7bi2 2 2 2a1+2b1*/^7
= a +7b is an integer. Hence a + b ^/^7 =

Cl

is an integer and therefore is a quadratic integer of

I(\/~^7), if a and b are both even.

Theorem 2. 23. I(\] -7) is an integral domain.

Proof!

It is evident that I(\P^7) is an abelian group under addition.

The commutative and associative laws of multiplication follow from

the fact that I(\P?7) is a subset of the quadratic number field

Ra(\f^F). 1 is the multiplicative identity and is an element of

I(\f^7) since all integers are elements of I(\/^7). Hence I(\T^7)



is an abelian monoid under multiplication. The remaining property

of an integral domain to be proved is the cancellation law for multi

plication. Suppose a.p = ay, &4 0, then ap - ay = 0, and

Q(p_Y) = 0. Since a, p, y are in the complex number field,

a 4 0, and the last result shows that p - y = 0. Hence (3 = y.

2. 3 Basis of I(\p7)

Two integers, a and Pe I(n/^~7), form a basis of

I(*J~1) if every number of I(\T^7) can be represented in the form,

aa+ bp , where a,bel.

Theorem 2. 31. 1 and — form a basis of I(\N7).

Proof:

Let —t: el(\r^7) and write

^1 =a(l) +b(^^) =̂ - +\^r

From the above equation and equality of complex numbers it follows

that x = —-— and y = b. Solving for a and b gives

a = X~y which is in I since x and y are both even or odd

x+y\P7 x-v,,, /]+^ji7\integers and b = y is in I. Therefore *r =~^(l) +y( ~

We shall let oj = —r .

In the remaining sections of I(n/^7), the numbers of I(\T^7)



will be expressed by a+bco, where a, be I. The following theorem

is proved here in order to ease computations which are necessary

later in the text.

- - 2
Theorem 2. 32. coco =2, co + co = 1, co = -2+co.

Proof:

- \ + *>P7 l-<s/-7 8coco. — — =4=2

I+n/^7 1-<sPF 2
CO + co - + = — - 1

2 2 2

2

2 .l+'sTT. -6+2-v^T -3+Np7 -3-1 , .co = (-7-) = T— =—2 =-—-+!• co =-2-r co

, 2 2
Theorem 2. 33. If a+bco is in I(v-7), then N(a+bco) = a +ab+2b .

Proof:

N(a+bco) = (a+bco) (a+bco) = (a+bco) (a+bco)

2 — 2 — 2 2
a +ab(co+co)+b coco = a +ab+2b

2. 4 Units of I(\^7)

Definition 2. 41: For all (3 and o. in I(\/-7), p divides a,

written 3 | o. , if and only if there exist y in I(\' -7) such that

q= Py.
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Example: - 2+5co| -38+7co because -38+7co = (-2+5co)(- l+4co).

Definition 2. 42: A quadratic integer, e, in I(\T7) is a unit of

I(«sp7) if e|p, for all p in I(\^7).

Theorem 2. 41. The units of I(\T^7) are 1 and -1.

Proof:

If e is a unit of I(\P7), then ejl. Therefore there

exists p in I(nTT) such that 1 = Pe . Hence

N(l) = N(Pe) = N(P)N(e) = 1. Since N(P)>0 and N(e)>0 are
2 2

integers, it follows that N(e ) = 1. Now N(e ) = N( - )=—- -1.

2 2 2 2 4
Hence a +7b =4 and this shows that 7b < 4, b < —, or that

2 ±2+0n/^7
b = 0. Then a = 4 so that a = ± 2. Therefore e = = ± 1.

Definition 2. 43: Associates in I{\T-7) are quadratic integers which

differ by a unit factor.

2. 5 Prime Numbers of I(n/-7)

Definition 2. 51: A prime number of I(n/~7F) is an integer of I(\TT)

that is not a unit and has no divisors other than its associates and the

units.

Example: 3 is prime in I{\l -7) .

If ap= 3, then N(a)N(P) = N(3) = 9. This gives two cases
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to consider since the norm of an integer of I('sp7~) is a non-negative

integer.

Case (i) N(a) = 1 and N(P) = 9 .

In this case, N(a) = 1 implies that a is a unit.

Case (ii) N(q) = 3 and N(p) = 3 .

,22
2 2 , b. 7b _

If a= a+bco, then N(a) =a +ab+2b = 3. Then (a+-) + —^~ = 3

7b2 2which implies that —- < 3. Then b < 1 and so b = 0 or

b = ± 1. If b = 0, then there exists no a in I such that

a = 3. If b = ± 1, then there exists no a in I such that

1 2 c ,
(a ±- ) = - . Hence there is no a in I(n/-7) such that its norm
x 2 4

is 3. So the only possible factorization of 3 is as in the first

case.

3 is a prime since the only factors of 3 are its associates

or the units .

Example: co is a prime in 1(^-7).

Suppose ap= co. Then N(a)N((3) = N(co) = 2. Since

N(a) >. 0 and N((3) > 0 are integers, then N(a) = 1 and

N(p) = 2. But N(a) = 1 means a is a unit. Hence co is

prime because its only factors are its associates or the units.
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2. 6 Unique Factorization in I(\T-7)

In this section, four theorems will be proved. These results

will lead to the proof of theorem 2. 65, the Unique Factorization

Theorem in IW -7), which states that every integer of I("7 -7) can

be represented in one and only one way as a product of prime numbers,

3
Example: -6-3co= 3co .

3co = 3co(co2) = 3co(-2+co) =- 6co+3(- 2+co) =-6co-6+3co =-6-3co.

It was shown in section 2. 5 that 3 and co are prime in 1(^7).

Theorem 2. 61. If a and P are numbers of I(n/—7) and

P^ 0, then there exists in I(sl -7) a number u such that

N(q-uP) <N(p).

Proof:

Let —= c+dco = (r+r )+(s + s )co, where r and s are

integers nearest to c and d respectively. Hence |r | < —

and | s | j< —. If | r | = — and | s | - —, then r and s

are chosen so that they are opposite in sign.

The following argument will show that fi = r+sco will fulfill

the required conditions of the theorem.

a a

Since —= (r+sco) + (r +s co) or —-(i = r +s co, then

N(|-H.) =N(r1 +s1co). But N(r }+s{co)=r} +r 1s^2s 1<- -- +2.- =- .
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Hence N(|-n)<l so N(a-nP ) <N(p ).

Theorem 2. 62. Let a , PQ be numbers of I(nTT) with (a0>P0) =l.

Define a^p^ and Pn =V l^n-A-l' ^^ Vl iS
determined as in theorem 2.61, then (a , P^) = 1.

Proof: (by induction)

Let S be the set of positive integers n for which the

theorem is true.

Then leS. For a = pQ and Pj = cXq-h-qPq • Suppose

(a ,p ) =c. Then c|a implies that c|pQ. Moreover, c|P1

implies that c|(a-^PQ). But then c|aQ since c|nPQ. Hence

c|a and c | (3 and therefore c = 1.

Assume keS. Consider, \+j =\ and ^k+l =Qk" ^k^k'

where (ak>Pk) =l. Suppose (ak+ 1, Pfc+1) =c. Then c|aR+ l
implies c|p , and c|Pk+j implies c|(ak-^kf\)- So clak>
since c|u. p.. Therefore c|ak and c| Pfe and hence c = 1.

So (a ,P ) = 1 which means that if keS, then k+leS.

By the Axiom of Mathematical Induction, S is the set of all positive

integers.

Theorem 2. 63. If a and P are numbers in I(\F^7) with

(a, P) = 1, then there exist % and r\ in l(\T^f) such that

a£ + Pti= 1.
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Proof:

There are two cases to prove. Case (i) is if a or p is a

unit and case (ii) if a and P are not units.

Case (i) a or p is a unit.

Suppose q= 1, then %+ Pn = 1 implies that Pn = l-£. The

conditions of the theorem are satisfied if n = 1 and £ = p.

Case (ii) a and P are not units.

In this argument suppose that N(P) < N(a) . By theorem 2. 61 there

exist |i such that N(a-iip) < N(P). Let a = P and p^a-jxp.

By theorem 2. 62, it is seen that (a , P ) = 1.

If there exists i and n such that a £ + (3 T| = 1,

P(£J + (a -M-P) ti ~ 1, and so ar^ +P(^ -M-n^l, then %, =t^ and

r\- %, -ixn . Ii a or p is a unit, then £ and r\ can be

determined as in case (i).

If a or p is not a unit, then the process is repeated as

in the first part of case (ii). Each time the process is continued,

N(P ) > N(a -u. P ) by theorem 2. 61 and the following sequence of
n n n n

decreasing integers is formed: N(a) > N(P) > N(a-uP) > N(a -|i p )> ••

> N(3 ) > N(a -u p ), where N(a -u, p ) = 0. A norm of zero must
rn n 'n n n 'n n

eventually occur, since each norm is a non-negative integer strictly

smaller than the preceding one, and the existence of an infinite
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sequence of non-negative integers which would never end would

contradict the well-ordering axiom.

N(a -u. p ) = 0 implies that a = ix p . Then P |a .
n rn n r n ' n n n n

But (a ,P ) = 1 by theorem 2. 62. Hence p =e, where e is
v n Kn y n

a unit.

Hence there exists £ and r\ such that a £. + P n = 1,
n n n n n n

1-a

but P =e, so a £. + e n = 1. Let £, = 1 and r\ = .
n n n n n n e

As seen from above, each £. and r\ . can be determined by

ei+i and ^i+i since ei =Vi and ^ W^i+i •

Theorem 2. 64. If a and p are numbers of I(\T^7), tt is a

prime in I(n/^7), and Tr|ap, then tt | a or tt | p .

Proof:

Tr|aP implies that there exists a y in I(\/~^7) such that

a.p = yrr. Suppose tt does not divide a. Then (tt, a) = 1 and there

exists £ and n in I(\J~1) such that a|+Trr|=l by theorem

2. 63. Hence Pa£ + Pirn = P or since Pa = yrr, then

yrr^ + pTrri = p. This implies that Tr(y£. + P n ) = P which shows that

tt | P since y£. + P r\ is a number in I(\l -7).

Corollary 2. 641. If tt|q q," 'a , then tt la. for at least one i
l '12 n l

in |1, 2, 3, •••,nj .
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Proof:

Suppose tt does not divide a. for i = l,2,3,---,n-l.

Then by theorem 2. 64, tt | a
n

Theorem 2. 65. Every number of I(\T^7) can be represented in one

and only one way as the product of prime numbers.

Proof!

Let a be a number of I(\T~7). If a is not prime, then

there exists P and y in I(n/~^7) and neither are units such that

a=py. N(a) = N(py)= N(p)N(y). Since N(p) and N(y) are

positive integers, then N(P) < N(a).

If p is not a prime number, then p= P y , where P

and y are elements of I(\T^7) and neither are units. So

N(p) = N(P y ) = N(P1)N(y1) and since N(p^ and Nfy^ are

positive integers, then N(P ) < N(P). Now a= P^y.

Continuing this process, a=Pyy ^--y^Y- If P is not
b r n n n-1 1 n

prime, then Pn =Pn+1Yn+1. where Pn+1 and ^n+1 are in

I(\TT) and neither are units. N(P ) = N(P , . )N(y ) implies that
n n+1 n+l

N(P ) < N(p ) since N(P ,) and N(y ) are positive integers.
n+In n+1 n+1

After a finite number of factorizations, the following sequence

of strictly decreasing positive integers is formed:

N(p) > N(P ) > N(P ) > • • • > N(P ) > N(P ). A prime number must

be reached. If a prime number was not reached, then the above
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decreasing sequence of positive integers would continue indefinitely

which contradicts the well-ordering axiom.

Thus a can be expressed as a product of some prime num

ber tt and some number a in I(\T^7). That is, a= -rra .

If a is not a prime number, then using the same argument

as above, a can be factored into a =v^z' where v: ^ is a

prime.

Hence a= tt tt a This process is continued until a prime

number tt is reached in the sequence, a ,a ,a , •••,a .
n i £ j n

Thus a = tt tt • • • tt , which shows each integer of
12 n

l(\J~PT) Can be factored into prime numbers.

This representation of a as a product of primes is unique.

Suppose there is another prime factorization of a; that is,

a = p p • • • p , where p is a prime number for i = 1, 2, • • • , m.
12 m i

Then tttt • • • tt = p, P-, ' " ' P •
1 2 n 12 rri

Corollary 2. 641 says that if t^ | P1P2* ' •Pm- then """x IP±

for some i in {l,2,---,m}. For convenience, suppose the

primes are arranged such that i = 1, then p = ett since p^

is a prime. Hence tt tt " * ' tt = eTrpp--,p or
c 12nl23 m

TT TT • • • TT = € p p • • • p
2 3 n r2r3 m

Similarly, Tr.lp^p. ••• p , for j in {2,3,- --.n},
j j ' r2 3 m

then it. | p for some k in {2, 3, • • • , m }. Suppose j = k,

TT TllPTI TT TT . . . TT = € TT_ D_ ' " " D
mthen Pk =^k. Then Vk+l" ""V *Vk+1 ' "' P



TT, • • • TT = € p • • • p
k+1 n k+1 rm

Suppose n > m, then tt |p implies that p = e tt .
^r mm mm

So tt tt , • • • tt = p implies tt tt • • • tt =€TT or
m m+1 n rn r m m+1 n m

tt • • • tt = e . This last equation is absurd since primes are
m+1 n

not units. So n is not greater than m.

By assuming m > n a contradiction is reached which is

similar to the above argument so m is not greater than n.

Hence m = n .

Thus a = it, tt ' ' ' tt = p, p * • - P . where p. = e it. for
12 n rlr2 rn 1 1

i = 1, 2, 3, • • • , n. So a has a unique representation of primes .
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3. THE QUADRATIC NUMBER FIELD Ra(\l-23)

3. 1 The Numbers of Ra(\l-23)

The numbers of Ra(\/ -23) satisfy the quadratic equation

2 2 2 2 2
x -2ax+a +23b = 0, where -2a and a +23b are rational

numbers. The set Ra(\T-23) is a quadratic number field as

proved by theorems 1. 1 and 1. 2.

The proofs of the theorems in this section are similar to the

proofs in section 2. 1 by replacing -7 with -23. So the proofs

have been omitted.

Definition 3.1. The conjugate of a = a+b\l-23 is a-b\l -23, de

noted by a .

Definition 3.2. The norm of a is aa, denoted by N(a).

Theorem 3.11. aP = a P and a + P = a + P .

Theorem 3. 12. N(aS) = N(a)N(p) .

Theorem 3. 13. If aeRa(N/-23), then N(a) > 0

Proof:

Suppose a = a+b\l -23. Then

N(a) = (a+b\T23) (a-b\f~l3) = a2+23b2 > 0



20

3. 2 Integers of Ra(\f^23)

The subset of Ra(\J -23) whose members are solutions of

2 2 2
the quadratic equation, x - 2ax+a +23b = 0, where -2a and

2 2 ,
a +23b are integers is denoted by I(\l-23). The members of

I(\l -23) are called quadratic integers.

Theorem 3. 21. If a is in I, then a is in I(\J -23).

Proof:

2 2 2 2
a= ael is a solution of x -2ax+a =x -2ax+a +23-0 = 0.

So aeI(\T"23").

Theorem 3. 22. If ae I(sl -23), then a = , where a and

b are both even or odd integers.

Proof!

If a be a number in I(n/-23), then a is a solution of

2 2 2 —
x -2ax+a +23b = 0. Hence a+ a = 2a is an integer and

- 2 2
a a = a +23b is an integer.

a +b <s/-23

Let a = , where a,, b, , and c, are integers
c 11 1

2 2
_ 2a _ a + 23b

and (a , b , c ) = 1. Then a+ a = and a a = .
Ill c, 2

T

2a.
1

Suppose c 4 2 and c 4 1. is an integer which

implies that c | 2a . Therefore (a ,c )=d, where d4 1



2 2 21
a + 23b

because c 4 2 and c 4 1. Also r is an integer,
11 ^

Cl
2 2 2 2 2 2which implies c | (a + 23b ) . (a , c ) = d implies (a , c ) =d ,

7 7 7 2 2 21 2
so it follows that d | (a +23b ). Since d |a , then d | 23b .

But 23 has no square factors and d has only square prime fac-

2 2
tors, so d |b , which implies d|b . Therefore (a ,b ,c )=d,

where d 4 1• But this contradicts the fact that (a , b , c ) = 1.

Therefore c = 1 or c = 2.

2a 2a

Suppose c, = 2, then = —— = a, is an integer. If
1 c 2 '1

2 2a1+23b1 2 2
— is an integer, then a +23b —0 mod 4. If a is odd,

2 2
a s 1 mod 4, then 23b = -1 mod 4, but -1 = 23 mod 4

so 23b m 23 mod 4 or b — 1 mod 4. Hence b = 1

mod 4 implies that b = 1 mod 2\ that is, b is an odd integer.
a1+b1^/T23

So is a quadratic integer of 1(^-23), if a and

2a,

b are both odd integers.

Suppose c =1, then
T

= 2a is an integer and

2 2

ai+23bl 2 2
r = a +Z3b is an integer. So

T

a +b n/^23
2a.+2b.'vr23 ±,kr=,

1 1 a+bV-23

2 2

I{\l -23), if a and b are both even integers

is a quadratic integer of

Theorem 3. 23. I(^ -23) is an integral domain.
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Proof: 

The proof is similar to theorem 2. 23. 

3. 3 Basis of I(.-r:23) 

1+.-J:T3
Theorem 3. 31. 1 and form a basis for I(...r:z3) .

2 

Proof: 

x+y.r-::23 e I(....[:23)Let and write
2 

2a+bx+y~ = a(l) + b( 1+7 ) = 2a+b + ~ ,J..:23. Then x=-- and 
2 2 

y=b or, solving for a and b· a=~ and b =y. Since
' 2 

~ x and y are both even or odd integers, then = a is in I
2 

and b is in I. So x+~...r:TI = x;y (1) + y( 
1 +~- 2 3 

). 

1+.J:23 
we shall write = 8 .

2 

2
Theorem 3. 32. 8 8 = 6, 8+8=1, and 8 =-6+8. 

Proof: 

1+.J'"=2"3 1-.r:TJ 1+23 = 688 =-...:.-- =-4­2 2 

1+~ 1-,..JT3 2
8 + 8 = + = = 1

2 2 2 

2
(l+~ -1l+..J:23 - 11- 182 = ) = = + 1· a :: -6 + a .

2 2 2 

2 2
Theorem 3. 33. If a+ba e I(rJ:"TI), then N(a+ba) =a +ab+6b . 



Proof:

N(a+b0) = (a+b0)(a+b0) = (a+b0)(a+b0)

a2+ab(0 + 0 ) +b20 0

2 ,_ ,^2
a +ab+6b

3.4 The Units of I(n/-23)

The definitions of P|a and units in I(\l -23) are the

same as in I(,s/~^7~).

Theorem 3.41. The units of I(n/ -23) are 1 and -1.

Proof:

If € is a unit of I(n/ -23), then e | 1. Hence there

23

exists a p in 1(^-23) such that 1 = pe , N(l) = N(P« ) = N(P)N(e ) = 1.

Since N(p) and N(c ) are non-negative integers as seen by

theorems 3. 13 and 3. 33, it follows that N(c ) = 1.

, 2 2
tvt tvt/ \ h.t/ a+bw -23. a +23b , _ , 2, 2
Now N(e ) = N( ) = = 1. But a +23b = 4

2 2 4
implies that 23b < 4. Hence b < — , and so b = 0. Then

Ct —)

2 a +u * • .4. , ^ ±2+ 0^yT23
a = 4; that is, a = ± 2, and so € = -z = ± 1 .

Definition 3.41. Associates are integers in 1(^-23) that differ

by a unit factor.
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3. 5 Prime Numbers of 1(^-23)

Definition 3. 51. A prime number of 1(^-23) is an integer that is

not a unit and has no divisors other than its associates and the units.

Example: 2 is a prime in I(n/ -23)

Let ap= 2, then N(ap ) = N(a)N(P) = N(2) and N(2) = 4,

so N(a)N(P) = 4. This result gives two cases to consider since the

norm of an integer in I(n/-23) is a non-negative integer.

Case (i) N(a) = 1 and N(p) = 4.

In this case N(a) = 1 implies that a is a unit.

Case (ii) N(a) = 2 and N(p) = 2.

2 2
In this case, let a= a+b0, then 2 = a +ab + 6b which yields

V» 7"\ 7 7 **% ~? 7 8

2 = (a+— ) + — b . Hence —— b < 2, b < — , and so b = 0.
2 4 4 — — 23

2
This gives a =2 which implies a is not an integer. So there

does not exist the number a such that N(a) = 2.

So the only divisors of 2 are the units or its associates

which means 2 is prime.

Example: 3 is a prime in 1(^1-23)

Using an argument similar to that above, let ap = 3. Then

N(a) N(P) = 9, which results in two cases.
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Case (i) N(a) = 1 and N(p) = 9-

In this case N(a) = 1 implies a is a unit.

Case (ii) N(a) = 3 and N(p) = 3.

In this case, (a + — ) + — b = 3 which gives b < — , b = 0,
c*

z
a =3, and so a is not an integer. So there exist no numbers

in I(n/-23) with a norm of 3.

Hence 3 is a prime in I(n/ -23).

Example! 0 and 0 are prime

Let ap=0. Then N(a) N(p) = N(0) = 6. This means that

N(a) = 1 and N(P) = 6 or N(a) = 2 and N(p) = 3. If N(a) = 1,

then a is a unit. But there exists no a in 1(^-23) such that

N(a) = 2, as shown above. Hence 0 is a prime. Similarly it can

be shown that 0 is prime.

3. 6 Failure of Unique Factorization in 1(^-23)

To have the Unique Factorization Theorem hold true in

I(\/-23) every integer of I(n/-23) must have a unique representation

of prime factors. This is not the case for the integral domain

I(\/-23) as illustrated by the following example.

Example: 6 = 2-3=00

2, 3, 0, 0 were shown to be prime in I(^ - 23) in section 3. 5.
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This is the only possible prime factorization of 6, as proved in

the following. Suppose ap = 6, then N(a)N(P) = N(6) = 36. Four

cases result from this last statement.

(i) N(a)N(P) = 2- 18. But there exists no ael(\^23)

such that N(a) = 2, as shown in section 3. 5.

(ii) N(a)N(P) = 3- 12. Again there exists no ae I{\T-23)

such that N(a) = 3, as shown in section 3. 5.

(iii) N(a)N(p) = 4-9- If a = a+b0 and N(a) = 4, then

4 = a +ab+6b = (a+ — ) + —r—• The last statement shows that
C* rfc

2

—-— < 4, which implies that b < —r and so b = 0. Hence
4 —• * — 23

a =4 or a = ± 2. So a=2 and p= 3. (2 and -2 are

associates so only a= 2 is considered.)

(iv) N(a)N(p) = 6-6. Again if a = a+b 0 and N(a) = 6,

2 2then 6=a2+ab+6b2 =(a+|) +-2^j- . So b2 <|| or b=±l,0.
If b = 1, then a = -1 or a = 0. The possibilities for a is

-1+0 or 9. If b = -l, then a - 1 or a = 0. So

a=l-e =T or a= -0. a=-l +0=>p=-9 or a=l-9=>p=e.

But these are associates, so it is only necessary to consider

a= 1-0 = 0 and p = 0 .

It has been shown that 6, an integer in 1(^-23), has two
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different prime factorizations. So the Unique Factorization Theorem

fails in I(-v/T23).

The remaining part of this chapter will show how some of the

theorems used to prove the Unique Factorization Theorem in I(\/ -7)

fail in I(<s/^23).

Suppose theorem 2. 61 is restated in terms of the integers of

I(\l -23); that is, if a and P are numbers of I(\l -23) and $4 0,

then there exists in I(v-23) a number u such that N(a-up) < N(P).

a
Let —= c+d0 = (r+r )+(s + s )0, where r and s are

integers nearest to c and d, respectively. Then |r | <_—

and Is , I £ "7 • If Ji- | = — and | s | = —, then choose r
I Lt 1 Ct Yd 1

and s so that they are opposite in sign. If u = r+s0, then

--y. - r +s 9. So N(- -u) = N(r +s 9) = r +r s +6s , and so

2 ,211.13 TT TVT/a\^,
r,+r,s,+6s, <T-T+6-— <— . Hence N(— -u.) < 1 cannot
111 1—44 4~2 p

be concluded. But N(a-up ) < N(p) is necessary in order to

prove the analog of theorem 2.63 in I(\/-23).

a 1 1
Example: Let a= 3, p = 9, and u = x+y9, then —= — - — 9 .

N(|-u) =N[(|-|9)-(x+y9)]= N[ (|-x)+(-|-y)9] =(|-x)+(|-x)(-|-y)+(-^-y) 6.

Rewriting the last expression as the sum of two positive numbers,

r A * , 1 vi 2 23 . 1 x2 „. 23 , 1 v2 , f[ (--x) + (---y)] +-^-(-J-Y) • Since — (---y) > 1 for all y m

I, the last expression is greater than one.
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If theorem 2. 63 is restated for the integral domain I(\l - 23),

then it fails to be true as shown by the following example.

Example: If a= 3 and p = 9, where (3,9) = 1, there exist

no i = a+b9 and r\ = c+d9 in I(n/-23) such that 3£ + 9n =1.

Writing 3£ + 9n = 1 as 3(a+b9) + 9(c+d9) = 1 and then

(3a-6d) + (3b+c +d)9~l implies that 3a-6d = 1. The last equation

shows 3|(3a-6d) which implies 3 j1. Hence a and d are

not integers. So £; and r\ do not exist in I(\l -23).

If the product of two integers is divisible by a prime number,

at least one of the integers is divisible by that prime does not hold in

I(V -23). Consider the following example.

Example: It is known that 6 = 99. Also Z| 6 but 2 does not

divide 9 or 9 since 9 and 9 are prime. Also 2 was

shown to be prime in 1(^-23).
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4. IDEALS IN I(n/^23)

4. 1 Introduction of Ideals

In order to restore the Unique Factorization Theorem in

I(n/ - 23), it is necessary to introduce the concept of ideals in

1(^-23). The definitions and theorems in this section will give the

necessary background to work with ideals. Capital letters will

represent ideals.

Definition 4.11. A = (a , a , • • • , a ) is an ideal in I {\l - 23),

where a. e I(n/ - 23) and i e |1, 2, • • • , nj , if peA, then

P=a£+a£+--- +a £ , where £. e 1(^-23) for ie \l, 2, • • • , nt
1122 nn i L J

The following theorem shows that every ideal in I{\l -23) can

be generated by at most two numbers of I(\j - 23). This will ease the

computations in the following theorems.

Theorem 4.11. If A is an ideal, then co and co exist in

I(n/-23) such that for all a in A, a= k co + k co , where

kl'k2eL

Proof:

If a. =/ 0 is in A, then N(a.) is in A since we may

write N(a.) = £a+£a_ + --- ^.a. + • • • + | a , with £. = a. and
ill22 ii nn ii

lj =0 if j 4 i-
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So A contains positive integers. Let co be the smallest

positive integer in A.

Of all numbers SL + SL 0 in A, where 1^4 0 and

SL ,£ are integers, choose as co7 one for which SL > 0 and
2 1 ^ ^

minimal. Then write co = I + i 0 .

If a= a +a 0 is in A, then express a = i k +r ,

where 0<r <! . Hence a =a^fi 2k2+r2)G = ai+k2(jC 29)+r 26

or a=a +k (co -I )+r 0. Subtracting k co from both sides of
1 Lt Ci I L» C\ £

th e last equation, a-k co = (a -k l )+r 0. Since a-k co2 is in

A, then r = 0. If r 4 0, then 0 < r < £ which means
2 2 £* u

SL was not minimal as selected above. So a-k co = a -k J .

Let a -k 1 = b, then we can write b = co k +r where
1 L* i j. j. x

0<r <co. If r^O, then 0 < r < co , which means co,

was not minimal as selected above. So r = 0, then b - u k ,

Therefore a-k co = co k or a = k co + k co .
Ci C» 11 I 1 Ci 0

Definition 4. 12: Let A and B be ideals. Then A = B if and

only if every element a of A is also an element of B and

every element p of B is an element of A.

Definition 4. 13. Let A = (a , a ) and B = (P , P ). Then

AB =(aiP1,a2P1, a^.a^).

Definition 4.14: Ideal B divides ideal A, written as B|A, if
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there exists C such that A = BC.

Theorem 4. 12. If B|A, then every element a of A is in B.

Proof:

If B|A, then there exists C such that A = BC. Let

A = (alfa2), B = (P1,P2), and CMy^y^. Then

A = BC = (PlYl, P2y1, P1y2, P2y2)- If a is in A, then

a=eiP1Y1 + e2P2Y1 + e3P1Y2+e4P2Y2, for iviriy and ^

in I(\/-23). Rewriting the last expression as,

a = (£, Yh+^oYJP, + ^2Y1 +^4Y2^2 shows that a is an element of B.

Corollary 4. 121. If B |A and A|B, then A = B.

Proof:

If B|A, then every element a of A is in B. If A|B,

then every element p of B is in A. So by the definition of

equality of ideals, A = B.

4. 2 Unit Ideal in I(n/^23)

Definition 4.21. A unit ideal is an ideal which divides all ideals.

Theorem 4.21. (1) is the unit ideal.

Existence: Let A = (a , a ).

A(l) =(a^a^l) =(a^l.c^-l) =(a1(a2) =A. Hence (1)|A.

So (1) is a unit ideal.
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Uniqueness: Suppose B is a unit ideal, then B|A, V A.

If A = (1), then B|(l). Since (1) | B and corollary

4. 121, (1) = B.

4. 3 Prime Ideals in 1(^-23)

Definition 4.31. An ideal A, which is not the unit ideal, is prime

if and only if A is divisible only by itself and the unit ideal.

Example: (2,9) is a prime ideal.

Suppose (2, 9) is not a prime ideal, then there exists A and B,

where neither is the unit ideal, such that AB = (2,9).

Let A = (a , a ) and B = (P ,P). Then AB = (2, 9)
1 Ci 1 Ct

implies that A = (a , a ,2,9) and B = (P , p , 2, 0) by theorem

4. 12.

Let a. = be any of the integers in A. Then

, , 1+^-23 , a-b , . , a-b
a. = b( ) + —— or a. = b9 i —. For a. to be an integer

1 L* L* 1 L* 1

of I(n/ - 23), then —-— is an integer. This implies that

a-b a-b . .
—— = 2c or —— = 2c+l, where c is m 1.

Ci Ci

Suppose a. = b0 +2c, then a and a can be expressed

as a linear combination of 9 and 2. Hence A = (2,9).

Now suppose that a. =b9+2c + l. Then a. -b0-2c = 1

which implies 1 is a linear combination of a., 0, and 2. So

A = (a , a , 2, 9, 1). But every element of A can be expressed in
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terms of 1, so A = (1).

Using an argument similar to that as above, it can be shown

that B = (2, 9) or B = (1).

Therefore the possible factorizations of (2, 9) are as follows.

Case (i) (2,9) = (1)(1) = (1) .

Case (ii) (2,9) = (2,9)(2,9) .

Case (iii) (2,0) = (1)(2,9) .

In case (i), it will be shown that (2, 9) 4 (1)- Suppose it is

true that (2,9) = (1). That means 1 = 2(a+b9)+ 9(c+d9),

1 = (2a-6d) + (2b+c+d)9, which implies that 1 = 2a-6d. But

2a-6d = 1 implies 2|l which is absurd. So there does not exist

a+b9 and c+d9 such that 1 is a linear combination of 2 and

9. Hence (2,9) 4 (1) .

Also case (ii) is not true; that is, (2, 0) 4 (2, 9)(2, 9).

Suppose (2, 0) = (2, 0)(2, 0). Multiplying,

(2,9)(2, 9) = (4, 29, 29,92) = (4, 20, -6+9). But 29 =4(-3+9)+(-6+9)(-2),

so (4, 20, -6+0) = (4, -6+9). If (2, 0) = (4, -6+9), then every element

of (2, 9) is an element of (4, -6+9), and every element of

(4, -6+9) is an element of (2, 9). Suppose 9 is in (4, -6+9),

then 0 = 4(a+b0)+(-6+0)(c+d0), or simplifying,

0 = (4a-6c-6d) + (4b-5d+c)0. This implies 0 = 2a-3c-3d and



34

1 = 4b-5d+c. Adding these two equations, 1 = 2a+4b-2c-8d, which

implies 2|1. Hence a+b9 and c+d9 do not exist to represent

9 as a linear combination of 4 and -6+0. Therefore 0 is not

an element of (4, -6+9). So (2,9) 4 (4, -6+9), which implies

(2,9) 4 (2,9)(2,9).

Case (iii) contradicts the assumption that neither A or B

is the unit ideal.

So the assumption that (2,9) was not prime yields three

cases which proved to be false. Hence the assumption is false,

so (2, 9) is prime in I(\/ -23).

Example: (2, 1-9) is a prime ideal.

The proof of this example is similar to the proof of (2, 9) is a

prime ideal.

Example: (3, 9) is a prime ideal.

Suppose (3, 9) is not prime, then there exists A and B,

where neither is the unit ideal, such that AB = (3,6).

Let A = (a a ) and B = (p , P ). Then AB = (3,9)

implies that A = (a a 3, 0) and B = (P , P 3,0) by theorem
i. £ 1 Ci

4. 12.

a+bN/^23
Let a. = be any of the elements of A. Rewriting

• *.u c , , l +V-23 , a-b , n a-b
a. in the form, a. = b( ) + —— or a. = b9 + —— . Since

i i 2 2 i 2

a. is an integer of I(\l-23), then ——- is an integer and of the
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form 3c, 3c+l, or 3c+2, where c is an integer.

Suppose a. = b9+3c, then a and a can be expressed

as a linear combination of 9 and 3. Hence A = (a , a 3, 6) = (3, 9).

If a. =b9+3c+l, then a.-b9-3c = 1, which implies 1 is
ii

a linear combination of a., 9, and 3. So
l

A = (a , a , 3, 9) = (a , a , 3, 9, 1). But each element of A can be

expressed in terms of 1, so A = (1).

The last form of a. is a. = b9+3c + 2. Then a.-b9-3c = 2,
ii i

which implies that 2 is an element of A. So

A = (a , a , 3, 9) = (a , a , 3,9,2). But 1 is a linear combination
X Ci 1 C*

of the elements of (a,a,3,9,2), so A = (a,a,3,0,2,1).

Since each element of A can be expressed in terms of 1, then

A = (1).

It also follows that B = (3, 0) or B = (1).

Therefore the possible factorizations of (3,9) areas follows:

Case (i) (3,9) = (1)(1) = (1).

Case (ii) (3, 6) = (3,9)(3,0).

Case (iii) (3, 9) = (1)(3,9) .

Consider case (i), (3,9) = (1). Suppose (3,9) = (1), then

1 = 3(a+b9) + 9(c+d9) or rewriting as 1 = (3a-6d) + (3b+c +d)9 yields

1 = 3a-6d. Hence 3 j1 which implies there exist no a+b9 and
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c +d9 which expresses 1 as a linear combination of 3 and 0.

Hence (3,9) ^(1) .

In case (ii), (3, 9) = (3, 9)(3, 9) will be shown to be false.

Consider the product (3, 9)(3, 9) =(9, 39, 39, 02) =(9, 39, -6+9). But

39 = 9(4+0) + (-6+0M-6), so (9, 30, -6+9) = (9, -6+0). Hence

(3,0)(3,0) = (9, -6+0). If (3,9) = (3,9)(3,9) = (9, -6+9), then 9

is an element of (9,-6+9). That is, 9 = 9(a+b9) + (-6+9)(c +d9)

or rewriting as 9 = (9a-6c-6d) + (9b-5d+c)9. The last equation

implies that 0 = 3a-2c-2d and 1 = 9b-5d+c. Multiply both sides

of 0 = 3a-2c-2d by 2 to obtain 0 = 6a-4c-4d and add to

1 = 9b-5d+c to yield 1 = 6a+9b-3c-9d. The last equation implies

3 J1. Hence there does not exist a+b0 and c+d9 which expresses

9 as a linear combination of 9 and -6+9. Therefore 9 is not

an element of (9,-6+9) which implies that (3,9)(3,9)^ (3,0).

Case (iii), (3,0) = (1)(3,0), contradicts the assumption

that neither A or B is a unit.

Therefore the assumption that (3, 9) is not a prime resulted

into three cases of factorizations in which each case proved to be false.

Hence (3, 9) is a prime in I(\l - 23).

Example: (3, 1-9) is a prime ideal.

The proof is similar to the proof that (3,0) is a prime ideal.
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4. 4 Restoration of the Unique Factorization Theorem

In section 3. 6 it was shown that 6 = 2-3 = 09, where

2, 3, 9 and 9 are prime numbers in I(n/ -23). In this section,

6 is considered as the ideal (6) and is factored into prime ideals.

Since 6 was factored into primes by two ways, then the following

product of ideals are considered, (2)(3) and (0)(9).

Consider the ideal (6) factored as the following: (6) = (2)(3).

The following argument will show that (2) = (2, 9)(2, 1 -9) and

(3) = (3,9)(3, 1-9), where (2, 9),(2, 1-9), (3, 9), and (3,1-0) are

prime ideals in I(\l - 23).

First, consider (2) = (2, 9)(2, 1-9).

(2, 9)(2, 1-9) = (4, 2-29, 29, 6) = (4, 2-29, 29, 6, 2). The last ideal fol

lows from the fact that 2 = (-1)4+0(2-29) +0-20 + 1-6. It is evident

that all the elements of (4, 2-29, 29, 6, 2) can be written in terms of

2, so (4, 2-29, 29, 6, 2) = (2).

Second, consider (3) = (3, 0)(3 , 1-9).

(3, 9)(3, 1-9) = (9,3-39, 39, 6) = (9,3-39,39,6,3), since

3 = 1- (9) + 0(3-39) + 0(39) + (-1)(6). All the elements of

(9, 3-39, 39, 6, 3) can be written in terms of 3, so this ideal is (3).

Hence (3, 0)(3, 1-9) =(3).

The above shows that a prime factorization of (6) is

(6) = (2,9)(2,l-9)(3,9)(3,l-9).
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The factorization, (6) = (9)(l-9), is also possible since

0(1-0) = 00 = 6.

Consider the product, (2, 9)(3, 9) = (6, 29, 30, -6+9). Since

9 = 6-0+(-l)29+l(39)+0(-6+9), then 0 is an element of the ideal,

(6,20,39,-6+9). That is, (6, 20, 39, -6+9) = (6, 20, 39, -6+9, 0).

But each element of (6, 29, 39, -6+9, 9) can be written in terms of

9. Therefore (2, 9)(3, 9) = (6, 29, 39, -6+9, 9) = (9).

Next consider the product, (2, l-0)(3, 1-0) = (6,2-29,3-39,-5-6).

Since 1-9 = 0-6+(-1 )(2-29) + (1 )(3-39) + (0)(5+9), then

(6, 2-29, 3-39, -5-0) = (6, 2-20, 3-30, -5-0, 1-0). Each element of

(6, 2-20, 3-39, -5-9, 1-9) can be expressed in terms of 1-9, so

(2, l-9)(3, 1-9) = (6,2-29,3-39,-5-9,1-9) = (1-9).

Hence it has been shown that (9) = (2, 9)(3, 9) and

(1-9) = (2, l-9)(3, 1-9). So the factorization of (6) = (9)(l-0) is

also (2, 9)(3, 9)(2, 1-9)(3, 1-9), where this last representation

consists of prime ideals. But this factorization is exactly the same

as (6) factored first as (2)(3) and then as a product of prime

ideals.

If the integer 6 in I(n/ -23) is considered as the ideal (6),

then unique prime factorization of 6 can be restored.

To restore unique factorization in I(\/ -23), the integer a

in I(\l -23) is considered as the ideal (a). Then the properties

of ideals can be used to factor (a) uniquely as a product of prime ideals .
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