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Abstract approved _

This paper is concerned with the area of doubly stochastic
measures defined on the unit square and their associated Markov
operators.

Three types of points of density for a given doubly stochastic
measure W are studied. A point (x,y) is a weak p-point of
density for a measurable set E if each square centered at (x,y)
intersects E in a set of positive p-measure. Properties of such
points are investigated. A p-full rectangle A XB is defined as a
rectangle whose marginal measures, )\ (C) = p(CXB) ;CCA and
VH(D) =>|-L(A,XD); ‘DB, are equivalent to Lebesgue measure. It is
shown that these rectangles have their p-mass essentially at weak
pu-points of density. A theorem is proven which provides a path of
weak p-points of density through a sequence of p-full rectangles.

A point is called a p-point of density for A X B if it is a



weak p-point of density for A XB and if the limits of

J.L{[ x-h, x+h]><B} p.{A Xry-h, y+h]l
w{lx-h, x+h]xX} pw{Xx[y-h, y+h]}’

zero, exist and are positive. It is proven that AXB is p-full if

as h tends to

and of

and only if for almost all xeA, with respect to Lebesgue measure,
one can finda yeB sothat (x,y) is a p-point of density for
AXB, and for almostall yeB a similar statement holds. A
theorem of paths is also proven for this type of density point. The
third type of density point is defined by means of a Markov transition
function. The second type of density point is in the spirit of Lebesgue
density, the third has a probabilistic interpretation.

Using results from the finite case as a lead, near loops and
loops are defined. A near loop is a finite sequence of w-full rec-
tangles < AiXBi> ; i=1,---,2n with m(A1 M AZn) > 0 while
m(Ai e Aj) = m(Bi M Bj) =0 for all other i and j. Loops are
near loops with AZnC Al. Using the Douglas-Lindenstrauss
criterion for extremality as well as the above theorems on paths,

a characterization of doubly stochastic measures which are free of
near loops is given. Using this characterization it is proven that a
doubly stochastic measure which is free of near loops is an extreme
doubly stochastic measure.

Feldman's conjecture, that, given two doubly stochastic
measures My and M, with My << M. and with My extreme,

then Hy = My, is shown to hold for a large class of extreme doubly



stochastic measures, namely those free of near loops. It is not
known if there exist extreme doubly stochastic measures which are
not free of near loops.

Finally some work is done in the area of orbits as defined by
J. V. Ryff. It is shown that the subset of Markov operators, which
comprise the pre-image of an extreme point of an orbit, contains

an extreme point of the convex set of Markov operators.
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LOOPS AND POINTS OF DENSITY IN DOUBLY
STOCHASTIC MEASURES

CHAPTER I

PRECURSORS

§1. Introduction

An n X n doubly stochastic matrix is a matrix which has
non-negative entries and has row-and column sums of one. The set
of nXn doubly stochastic matrices is a convex set. G. Birkhoff
[ 2] characterized the extreme points of this convex set as the class
of permutation matrices, i.e. those doubly stochastic matrices with
precisely one 1 in each row and column. Birkhoff also posed the
problem of extending this result to the infinite case.

The paper by L. Mirsky [k15] gives a complete outline of the
development of the work done on Birkhoff's problem in the countable
case. Works by J. E. L. Peck and D.G. Kendall show that, with ap-
propriate topologies, the space of countable doubly stochastic ma-
trices is the closed convex hull of the permutation matrices.

This paper deals with the problem of extremality in the con-

tinuous case or, more precisely, the investigation of doubly stochastic

measures and their associated Markov operators. These two terms

will be defined in the next section. It should be noted that Markov



operators are basic to several areas, such as ergodic theory (see
[10]).

In his doctoral dissertation, R. E. Jaffa [ 12] defines what he
calls p-doubly stochastic matrices and proved that the extreme points
for the set of n X n p-doubly stochastic matrices are those matrices
containing no loops. Jaffa defines a loop to be a set of positive entries

of the matrix such as the following:

Note that the first and last entries are in the same column. In this
paper a generalized loop is defined for doubly stochastic measures.
Several types of density points are also defined.

In Section 2 of this chapter most of the terms which are needed
consistently are defined. Section 3 is devoted to examples and Section
4 contains the only known characterization of extreme doubly stochas-
tic measures.

Chapters II and III contain the main results of this work. In
Chapter II the results concerning density points are proven. This
investigation leads to theterm p-full rectangle which in turn suggests
the concept of a loop. Chapter III contains some results about loops
and near-loops as well as a characterization of a large class of ex-

treme doubly stochastic measures.



§2: Definitions and Notation

It can be shown [ 11, p. 173] that every nonatomic, separable,
probability space is isomorphic to the unit interval with the Lebesgue
structure. Separability of the spaces and the absence of atoms in the
measures will be needed. The unit interval, X, with Lebesgue
measure, m, is a natural setting for this investigation.

. 2 2
The notation X is used for XX X. Weuse m for
2
Lebesgue product measure on X .
The term doubly stochastic measure is given to any positive

Borel measure defined on Xz so that
p(A X X) = p(X X A) =m(A)

for every measurable A. We shall write DS to denote the class
of all doubly stochastic measures on X .
If f is afunction mapping X into the reals for which there

isa K <x such that
m{x:]f(x)l >K } =0,

f is said to be essentially bounded with respectto m. EB(m)
will denote the set of all [ m]-essentially bounded functions.
An operator T which maps EB(m) into EB(m) is

called a positive operator if and only if (iff)



f(x) > 0 for every xeX implies that (Tf)(x) >0 for every xeX.

Loo(X’ m) shall have the usual meaning as the space of equiva-
lence classes of functions from EB(m). Thus given [f]e Loo(X’ m),

we have

[£f] = {geEB(m):g(x) = f(x) [m]-a.e.},

where [m]-a.e. is used for the term, almost everywhere with
respect to m. The norm making LOO(X, m) a Banach space is the
essential supremum norm.

[T] will be used to signify an operator on the elements of one
of the spaces Lp(X, m), % >p>1. Such an operator is called
positive iff given [f]e Lp(X, m) such that g(x) >0 for each xeX,
for some ge[f], thenfor some he[T](f]), h(x) >0 for
every xeX.

A Markov operator, with Lebesgue measure invariant, is an

operator [T] defined on Loo(X’ m) which satisfies

1) [T] isa positive operator,
(2) [T1(1])=[1] where leEB(m) maps X onto 1,

(3) 5 h(x)m(dx) =§ g(x)m(dx)
X X

where ge[f] and he[T] ([{]).
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Let MO be the space of all Markov operators, with invariant
Lebesgue measure, called Markov operators here after.
For each [T] € MO there corresponds a function P(-, )
which maps X X % , Where ? is the class of Borel subsets,

into the reals such that

(1) P(x,-) is a probability measure on (X, ¢ ) and

(2) P(-,B) is a measurable function for each Be ? , [6.p.29].

The correspondence is given by

y | e ane (11 @),
X

This P(- ,-) is unique in the sense that if Pl(- ,*) corresponds to

[T] and PZ(Xa')=P1(x,') [m] -a.e. then

y f(y) P, (x,dy) e [T] ([£] ).
X

Sucha P(, ) is called a Markov transition function.

It should be noted that

(Tf)(x) = 5 f(y) P(x, dy)
X

is a mapping of EB(m) onto EB(m). We can then rewrite the

definition of elements of MO as those operators [T] defined on



LOO(X, m) such that

(1') T is positive,
(2') Tl =1 and

(3") STf(x)m(dx) = § f(x) m(dx).
X X

It is to be understood whenever T is written in place of [T] that

Ti(x) = 5 f(y) P(x, dy).
X

For any given [T] eMO, we have

IITI Nl = sup [T = sup [inf{M:m(x:|Tf(x)|> M) =0}].

0
Il = £l 21

By (1'), it is seenthat |[T] || o= 1. Applying (2') we obtain

firif,=1.
Furthermore

10T, = sw el = sup | |T60]miax).
£l =1 lell =1 “x

I f =fv0 and f =(-f)v 0, then f=f -f. Therefore,
(Tf) = T(f') - T(f). ¥ x. is such that Tf(x,) > 0, we obtain

0
(TE(xg) = (TH (xg) = T xg) - T Nxg) and  (TH ) < TE0x).



Furthermore, if x, is suchthat Tf(x,) <0, then
(THx,) = ~(TH (xg) = T xg) - T )xy) and  (TH (xp) < T )xy).
Consequently (Tf)' < T(f') and (Tf)” < T(") so that

| Tf] = (TH)" +(TH)" < T + Te") = Te +£7) = T|£|. Thus

NiT1ll,= sup | T£(x)| m(dx) < sup T | ] (x)m(dx)
1 § e §

hell =1 hell -1 Yx

= sup y Ifl(x)m(dx)zl
Il =1 Y%

by (3'). Finally |[T]]l ] <1 andby (2'),

fraf, =1

Each [T] ¢MO is defined on a dense subset of LI(X’ m)
and therefore can be extended uniquely to an operator on LI(X, m),
which is also writtenas [T], such that the norm remains 1.
The Riesz convexity theorem [9, p. 525] shows that [T] may be
uniquely defined on every Lp(X, m), 1<p<® andis a. contraction
mapping for each p.

In particular, [T] ¢ MO can be defined on LZ(X, m). There-

&
fore, there is associated with each [T] an adjoint [T] . This

is defined such that T*e[T] * where

(f, Tg) = (T, g).
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¥
Furthermore T has a Markov transition function P*(' ,+) which
will be called the adjoint process of P(-,:).

J. R. Brown [3] has proven that

ii) p{(AXB) = (xA,TxB) = y xA(X)TxB(X) m(dx)
X

gives a one-to-one correspondence between DS and MO.

Thus there is a measure p.* associated with p  such that

* %
X = = = X .

A measurable transformation ¢ froman X into X is

said to be a measure-preserving transformation if
-1
m(¢ ~B) = m(B)

for every Lebesgue measurable set B. Each such ¢ is essentially
-1
onto. I ¢ is measurable and if ¢ is one-to-one then ¢ is

called an invertible measure-preserving transformation. Since

- -1.-1 N
¢ 1(qu) = B, it follows that m[(¢ 1) B] = m[¢Bl=ml¢ 1(¢B)]=m(B).

Thus if ¢ is an invertible measure-preserving transformation then
-1 .
(4] 1s measure-preserving.
If [¢] denotes the class of all measure-preserving trans-

formations which equal ¢ [m] -a.e., then there is a [T¢] e MO

associated with [¢] such that



(T[] = [5o9].

®, will denote the set of [T]eMO which are so induced by
measure-preserving transformations. @ will be the set contained

in @1 of [T] ihducedby»invertiblé measure-preserving transforma-
tions.

® would seem to be the natural analogue to the permutation

matrix. J. R. Brown [3] proved the following theorem.

The Weak Approximation Theorem:

MO is a compact convex set of operators and & is dense in
MO in the weak operator topology of LP, l<p<ow. ¥ (Y,%.p)

is a separable measure space, then MO is metrizable.
Brown was then able to prove the following theorem.

The Strong Approximation Theorem:

MO is the closed convex hull of & in the strong operator

topology.

§3: Examples

Characterizing the extreme points of convex sets is of funda-
mental importance. Results such as Choquet's Theorem [19, p. 18 ]

have tended to focus even more attention on problems of extremality.
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The following list gives many of the known examples of extreme
points in DS and MO.

Example 1 shows that every [T¢] €@ is extreme in MO.
The measure-preserving transformations are fundamental in such
areas as ergodic and information theory (see [1] ). There has been,
consequently, a large amount of informatioﬁ compiled about <I>1.
For completeness, the proof that [T¢] e<I>1 is extreme is included in

Example 1.

Example 1: Every [T¢] €® is extreme in MO.

Suppose that given some [T¢] € Ql, we have

1 1 .
T¢f—fo¢—2T1f+2T2f, where [Tl] and [TZ] are in MO.

Let f = then

XE»

-1
¥ xc¢ E, Tle(x)+ TZXE(x) = 2. However, Tle(x)_<_1 and
-1
TZXE(x)_<_1 for every x. So Tle(x) = TZXE,(X)—l forall xe¢p E.

¥ xe~¢ 1E, then Tle(x) +T (x) = 0. Thus

2*E
Tle(x) = TZXE(x) = 0. Then for every measurable set E,

T X =T, X = X =T X -
- E
1*E 2"E ¢1E ¢

Therefore [T¢] is extreme.
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It can be shown [ 3] that

[T¢] €@, iff [T¢] e MO and is isometric.

Also that

[T¢] «c® iff [T¢] ¢ MO and is unitary.

Example 2 is actually an observation about the proof in Example

Example 2: I [T]eMO carries characteristic functions to

characteristic functions, then [T] is extreme in MO.

The operators in Example 2 can be characterized as the multi-
plicative elements of MO, i.e. those [T]e¢MO for which

T(fg) = (Tf)(Tg). |

The next example gives a result which is quite important. This
example expands the set of known extreme points considerably in that

it shows the adjoint of each [T] €@ ~ & isalso extreme.

Example 3: If [T] is extreme in MO, then [T]™ is
extreme in MO.

' | 1
The following justifies this statement. Suppose T"‘=-2-T1+—2-T2

where [Tl] and [T are in MO. By the definition of T*

5]
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we have

% oo (rr o lr o

st
L.

1 1 1% 1
= 2(xA,Tle) + E(XA,TZXB) = Z(TIXA,XB)+2(T2XA:XB)-

1 1
Furthermore, (XA,T*XB) = (TXA,XB) sothat T = —Z—TT + ET; .

Thus TT=T>2:<:T if [T] is extreme and so T1=T2=T*.

Most examples which are rather easily produced fall into the
classes of Example 1 or 3. That is to say they are either induced by
measure-preserving transformations or are the adjoint of such opera-
tors. R.E. Jaffa [12] gave the following example of an extreme

operator which is self-adjoint and not in <I>1.

Example 4: Define [T]eMO as follows:

1 , 1
Txg=zx 1 ¥ BE[0,3]

2B+7
3

Txn = X +lx if BC:[-I- 1]

B 2 XB =13

2 (B-3)
273

The following will show that [T]eMO~ & In Chapter Il a

X
theorem will be proven which may be used to show this [T] as

extreme in MO.

By using the representation ii) of Section 2 we obtain
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1 .
n(AX B) = (xA,TxB) = g xA(X)TxB(X) m(dx).
0

I AX Bg[o,%]x[o,-;-], then

1

k(AX B) = y xA(X)[%x 1(X)] m(dx).
0 2B+7
3
Since 2B+';—(_'_:_.[';—,1] we have w(AXB)=0. If

1 u
AXBC [3, 1]x [o,%] then

‘ 1 1
W(AXB) =2 fo () m(dx) = % foB[-Z-(x-?] m(dx).

2B+-3'

- 1 1
Thus p(AXB)=m(An ¢ 1B) on [5, 1] X [0,5] where
1
o(x) = -;‘ (x-g‘). Therefore, the mass which p assigns to
1 1
[-3-, 1] x [0,-3*] is uniformly distributed over
1 1 1 1
(3 10% (0.3 A foy iy =Tty

1 1 .
The same argument shows that the mass of [-3-, 11X [5, 1] s
uniformly distributed over [—;—, 1] % [—31-, 1] N {{x,y):y=x}. The
mass for [0, -31-] X [-;-, 1] is distributed over

[0, 2]x [—31—,1]ﬂ {(x,y): y§2x+% 1

The next example was suggested by J. R. Brown (personal

communication). This is extreme as will be shown by a result in
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Chapter IIIl. This example is also used to establish a theorem in

the next section.
Example 5: Define a doubly stochastic measure pn as follows:

Let

where

Let
® Kt 1
by
2

k=1

Finally let pu be the doubly stochastic measure which distributes

the mass b uniformly over the diagonal of the square [0,a] X [0,a]

and distributes the mass —842— . = > +++-*a b uniformly over
n (n-1)
one diagonal of each of the rectangles [an, an+1] X [an_l, an] and

[an_l,an]x [an’an+1] , n=1,2,3,---.

The next example has the unusual property that the intersection
of the set xX[0,1] with the mass of the measure consists of a
countable number of points. This is an extreme measure since it is

the adjoint of a measure concentrated on the graph of a
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measure~preserving transformation.

. . 1
Example 6: Define p as follows: p distributes the mass of >
uniformly on the set X2 ~{{x,y)ry = —;—(x+1) }. p distributes the
1
mass of % uniformly over X2 ~ {{x,y):y = (x+1)}. In general

1
p  distributes the mass Y uniformly over
2

x% A {(x,y):y = —1; (x+1)}.
2

Two examples are now given which are known to be not extreme.
They will be of some heuristic value in developing the theory appearing

in the subsequent chapters.
Example 7: Let [T]eMO be defined by

Tf(x) = y f(x) m(dx).
X

Then

p(A X B)

H

(XA,TXB) = y XA(X)TXB(X)m(dX)
X

1

X, (%) [ X (%) m{dx)] m(dx)
f oot o

1]

[ S‘XXB(X) m(dx)] S‘XXA(x)m(dx) = m(A) m(B).

Therefore p = m2 and [T] is the associated operator.
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Example 8: Let p be an element of DS and be defined as

follows:
s 1 2 1

p  distributes the mass a1 over X" mn{lx,y):y=x+ 3 }
s . 1 2

B distributes the mass 5 over X"~ {x,y):y = x}
. . 1 2 1

p  distributes the mass 3 over X n{lx,y):y=x > }.

§4. The Douglas-Lindenstrauss Theorem and Related Results

The only known characterization of the extreme points of DS
was obtained by Joram Lindenstrauss and R.G. Douglas. These two
simultaneously and independently arrived at the same result.
Lindenstrauss' work [14] was done for the unit square while Douglas
[7] worked in a more general setting.

2
The characterization stated here is for the unit square, X .

The Douglas-Lindenstrauss Theorem:

Let peDS. p is an extreme point of DS iff the subspace
L = {h:h(x,y) = f(x) +g(y) f,ge Ll(m)} CLl(p) is norm dense in

L, ().
The following is an obvious, useful corollary to this theorem.

Corollary: If a set M is dense in Ll(m) and
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I' = H:H(x,y) =F(x) + Gly), F,GeM} then L' is norm dense

in Ll(p) iff p is an extreme point of DS.

Proof: If p is extreme then L is dense in Ll(p). So
given ¢> 0 and an H(x,y)eLl(p), there is an f(x) + g(y)e L

for which

‘Y [H(x, y) - £(x) - gly)] »(dx, dy) <-§* .

XZ

Alsothereisan ¥ and G in M such that

f [£(x) - F(x)|m(dx) < §
X

and
5 lety) - Giy)|m(dy) < 3
X

Thus

f [H(x, y) - F(x) - Gly)|p(dx, dy)

XZ

|H(x, y)-f(x)-g(y)| p(dx, dy) + f |£(x)-F(x) | p (dx, dy)

x* x*

+ 5 | &(y)-Gly) | 1 (dx, dy)

2
X

< -% + gx | £(x)-F (x) | m(dx) + gxlg(y)_g(y)'m(dy) <
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Thus L' is norm dense in Ll(p).

The converse is obvious and so the proof is completed.

In the paper [ 14] which contained the above theorem,

Lindenstrauss also proved the following result.

The Singularity Theorem:

2
Every extreme doubly stochastic measure p on X is

. . 2
singular with respectto m .

In proving this result, Lindenstrauss made use of his theorem

and an idea which is very suggestive of some type of loop or circular

‘path.

The Douglas-~Lindenstrauss Theorem has led to considerable
work with the idea of subspace density, The following unpublished
result of J.R. Brown's (personal communication) may be useful in

consideration of subspace density.

Theorem:

There exist doubly stochastic measures which are extreme in

DS and yet L 1is not norm dense in Loo(p).

Proof: We claim that one such measure is given in Example 5,

Section 3.
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Let us take

C 8

A= o0 22! ¥ [agr 22!

Suppose for a given &> 0 thereisan f and g such that

Ix, G 9) - £x)-gll, <e-

Then txA(x,y) - f(x)-g(y)l < ¢ except ona set of p measure zero.
We next note some algebraic relations involving the a of the

measure.

a,=a
a2=a(1+fi) so %:;‘1" ='i' .
a.’3=a(1+'411+“(13)=a2+i(_)l S0 a3a—1a2='33.
In general one has
n " %n-1 =__L
a, nZ

Denote by f. the function defined on [0, al] such that

1
fl(x)=f(x) for every xe[O,al]. On [O,al]x [al,az] we

have
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X, G0 ¥) -£G)-g)] = [1-£,)-g(0)] <, [n] -a.e.

Thus given yoe[al,az] one obtains a corresponding x given by

0

a

-1
¢, {y,) = - —— (y,-a,).
1 Yo ay-a; 02

Define fZ(Y) = fl[ ¢Il(y)] and note that g(y) differs from 1--f2

by no more than ¢, [p] -a.e. Thus

a a

2 2 -1
{ omay = {07 0 miay.
al a].

By a simple change of variables we have

a a
2 ] 1
S f (y) m(dy) = ~ f (x) m(dx) .
2 4 1
a 0
1
Similarly, on [az,a3 the function f differs from f3-1

by no more than 2¢ where

a

3 1 a)
S f3(x) m(dx) = '(5 S fl(x) mi(dx) .
a2 0

In general, on we have that g differs from k-fzk

[2 5172 ]

by no more than (2k-1)e¢ where
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a a

2k . 1
5‘ ka(x)m(dx) = —2—]:-2- S;) fl(x)m(dx).
32k-1 (2k)
Thus
32k a2k
S [k-f,(y)-g(y)] m(dy) < (Zk-l)eg m(dy).
32k-1 32k-1
So
a a
2k 1 ka
2k-1 1 1
g g(y)m(dy) > - ( Z)E - > g £, (x)m(dx) +—".
21 (2k) (2x)“ Yo (2k)
) 1 1 ) .
With ¢ = > - 6 < S Wwe see that, given f integrable,
a a
2k 5 . 1-46. 1 1
gly)ym(dy) > - +[—>]-— £ (x)m(dx) .
2k 2 2 1
a1 8k 2k 0

Thus g 1is not integrable, and so L is not norm dense in Loo(p).

We defer the proof that p is extreme until Chapter III, in
which a theorem is proven encompassing this measure in its scope.

Thus the proof is completed.
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CHAPTER II

POINTS OF DENSITY

Chapter II is broken into three sections, each dealing with types
of density points. Section 1 introduces the concept of density as ap-
plied to elements of DS. New ideas such as p-full rectangles are
defined and related theorems are proven. The two main results of
the section are Theorems 6 and 7. Section 2 moves to a more restric-
tive point of density. Theorem 3 is the main result, toward which the
preceding theorems work. Theorem 4 is an analogue of Theorem 6,
Section 1 of this chapter. The final section deals with the strongest

point of density and certain subsets of DS.

§1: Weak p -points of Density

Let us examine the following operator:

T¢f(x) = f o ¢(x) = f(x),

i. e. that [T¢]e<1> induced by ¢(x) = x. The measure pneDS
associated with this ¢ is givenby p(AX B)=m(AN ¢-1B) =mi{A NB)
Thus, the mass of @ 1is distributed uniformly along the line y=x.

It is easy to see that any point (x,y), for which x 4 vy, has

associated with it rectangles A X B containing (x,y) for which
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m(AXB) = 0. Onthe other hand, every point (x,x) has the prop-
erty that every rectangle with (x,x) as an interior point has posi-
tive p-mass.

The following definitions are an effort to place these observa-

tions on a mathematical foundation.

Definition 1: A point (x,y) is called a weak p-point of density

for E iff

p{Sh[x,y] ~E}>0

for all h >0 where

Sh [x, y] = [x-h, x+h] X [y-h, y+h].

Definition 2: A point (x,y) is a weak p-point of density iff

M {Sh[x,y] } >0 forall h> 0.
We shall consistently use the following notation:

w-E-p-pod in place of weak p-point of density for E;

DE(E) = {{x,y): (x,y) is a w-E-p-pod} ;
X:(E) = {x:(x, y)eD: (E) for some vy} ;
Y::(E) = {y:(x, y)eD:(E) for some x}.
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The following propositions are offered to clarify the nature of

weak p -points of density.

Proposition 1: If FCE, then D:(F)CD:(E).

Proof: M {Sh[x, vl " F}l<upu {Sh[x, y] N E}.

Proposition 2: If E is a measurable subset of XZ, then

D®E), X(E) and Y®(E) are closed.
M M M

Proof: Let < (xn, yn)> c D: (E) such that <(xn,yn)>
converges to (xo,yo). Then given ¢ > 0, Ixn-xol <e and
IYh'Yol < ¢ whenever n > N(¢). Then, since ('xn,yn)eD:(E),
we have p{Se[xn,yn] ~ E} > 0 and since Se[xn, Yn] C SZe[XO’YO] ,
by Proposition 1, we have H{SZE[XO’YO] ~ E} > 0 for every

w
> . .
e>0 Thus (XO’YO)er, (E)

Now let <xn> - X: (E) and suppose <xn> converges to x
For each x thereisa vy such that (x ,vy )eDw(E). There is
n n n’ 'n M

a subsequence <yn > which converges to a Yo Now for any
k
i > i > .
given h > 0, (xnk,ynk)esh[xo,yo] if n, N(h) Thus

p{Sh[x, yl ~ E} > p,{Sh'[xnyn] ~ E} >0 for n large enough and

1
h small enough so that Sh' [xn, Yn] C Sh[x, y].
One proves that Y: (E) 1is closed with a completely analogous

method. Thus the proof is complete.

0
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The facts that a set has density points and positive mass should

be connected. The first theorem of this section suggests that our

choice for density points is a sound one.

Theorem 1: Given E measurable, p(E)> 0 iff EN D:(E) £

Proof: If W(E)=0 then by definition D‘:(E) =f. If
E N D:(E) =4 then for each (x,y)e¢eE there is an h(x,y) such
that p,{Sh[x, y]™" E} =0 for all h<h(x,y). The collection of
sets {Sh[x, y]} cover E. We need, however, at most a countable
set {Sh [x,y]} tocover E since mZ(XZ) = 1. Then
k

o0 'oo
wB)=u v {S, [nyl " B}< ) u{s, bnyl "B} = 0.
k=1 k 1 k

The proof is complete.

Corollary 1.1: If E is measurable, p{E ND:(E)} =0 .

o W,
Proof: Let F =E N DH(E). Then F K\DH(F) = for if

(x, y)eD: (F) we seethat F(CZE and by Proposition 1,
D:(F)C D:(E) so that (x,y)fF. Thus by Theorem 1 u(F) = 0.

The proof is complete.

The following lemma allows a slight alteration of the above

corollary in a special case.
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Lemma 1: If E is measurable then D:(E) N E = D:(E) CE.

Proof: I (x, y)eD: (E) then p {Sh [x,y] "E} > 0 for
every h> 0. So Sh[x, y] W E is larger than the singleton
{(x,y)}. Thus (x,y)e_E_. So D:(E)C E N D: (E) C E. Thus

E N D:(E) = D‘:(E) C E. The proof is complete.

Corollary 1.2: I E is closed, pn{E AD:(E)} =0,

Proof: E A D:(E) - D‘:(E)c E. So
w w w
EADI-L (E) = E ~ DI-L (E). By Corollary 1.1 p{E~ DI-L (E)} = 0. The

proof is complete.

Definition 3: Let neDS. Let A X B be a measurable rectangle.

The marginal measures on A X B determined by n are

A (C) = n(C X B)
¥
with C a measurable subset of A and

vH(D) = p(A X D)

with D a measurable subset of B.

The term marginal measure is not new [17, p. 212]. Interms
of elements of DS itplays a very special role. The following shows

why this is to be expected.
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Suppose pneDS. Let A X B be a measurable rectangle with
marginal measures )\H, vH. The space A X B, with the measure
M restricted to measurable subsets of A X B, forms a measure
space in which p IA X B is, in a sense, doubly stochastic with
respect to )\IJ' and v

It is natural to next question the behavior of such a space if
)\IJ‘ and vu are relatedto m on A and B respectively.

We need the following notation:

g~ m iff Y<<m and > > m.

In the following theorem we find a most satisfying c onnection

between marginal measure being equivalent to m and points of

density.
Theorem 2. Let )\IJ' and vu be marginal measures on A X B.
If )\H'\' m on A then m{A"'X(:(AXB)} =0,
= 0.

v ~m on B then m{B—»Y:(AXB)}

Proof: Suppose m{A ~ X:(A X B} > 0 then
p{lA ~ X(:(A X B)] X B} > 0 as )\I-LN m. By Theorem 1, there

is a point

(x,y)eD:{[A~X:(AXB)] X B} ~ {[A~ X::(AXB)] X B}.
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Thus, (x, y)eD: (A X B) by Proposition 1. Therefore, xe¢ X::(AXB),
a contradiction.
An analogous argument shows m{B ~ Y:(A X B)} =0. The

proof is complete.

One may consider the rectangle A X B, with pu restricted
to the measurable subsets of A X B, as a doubly stochastic measure
space with respect to the marginal measures. When these marginal
measures are equivalent to m, these rectangles are like elements
of DS, but with mass less than one. Such rectangles will be seen
to behave as basic building blocks, in some ways resembling a base

for a topology. Such rectangles deserve to be named.

Definition 4: A rectangle A X B is called a p-full rectangle iff

A ~m on A and v ~m on B.
M M

We can now restate Theorem 2 to read:

If AXB is p-full then m{A~ X‘:(AXB)} = m{B~Y:(A><B)} = 0.

This gives a strong connection between p-full rectangles and p-points

of density. This, along with such easily established facts as:

w

w
i , i << E D (E
given p, pZeDS with M then DI-L (E) C , (E) for

1 2

any measurable E,



29
leads one to attempt to find further connections between absolute
continuity and density. The next theorem will be of considerable use

later.

Theorem 3: If My << B pl,pze_]:l§ and if A XB is pl-full

then it is p.z—full.

Proof: We need to show that )\P‘ ~ m and that vp. ~ m.
2 2

We point out that )\H <<m and v << m for any rectangle, in
v
fact, )\P‘ (C) = p(C XB) <p{C XX)=m(C) so )\P‘ < m. Similarly,
vp <m, forany pneDS and any A X B. Therefore, we really
only need to showthat X >>m and v >>m on A and B
"2 "2
respectively. Suppose m(C)> 0, CC A, then, by hypothesis,
)\H (C)> 0 so that pl(C XB) > 0, We are given that By <<H,
1
so we have pZ(C X B) > 0, which is to say )\P‘ (C)> 0. So
2
A >>m, thus X ~m on A. Similar arguments show
P P
2 2
v ~m. The proof is complete.
"2
The next two theorems give some idea of the nature of these
basic blocks we have called p -full rectangles. Both theorems deal
with a property nearly like that of basic open sets in a topology. In

fact, Theorem 5 shows that, no matter what rectangle is given, there

is a p -full subrectangle containing all the mass of the given rectangle.
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Theorem 4: If A X B is p-fulland CC A such that m(C)> 0

then there isa DCB suchthat m(D)> 0 and C XD is p-full.

Proof: Let X\ and v}‘L be marginal measures for A X B
and CC A, m(C)> 0. Let ( ) = |..I.(C X+) bea marginal
measure for C X B. Then let = {yeB: —-E'—(y) > 0}. Recall

dv
L) < . B '
C( ) <m(-) always, so that Im (y) < 1. Denote by )\H and

vLL the marginal measures of C X D. Note
4o (B~ D) -f ——“—— (y) m(dy) = 0

as — =0 on B~D. Then

N, (B) = u(E XB) = p(EXD)+u(EXB~D)=pEXD), ECC,
as

Of_p,(EXB~D)§|.L(CXB~D)=VHC(B~D)=

Thus )\H(')=)\ll(-) for - C C thus )\}l'»m on C. Next we

notice that vl'Jl(')=v () on - &€D. I m{F)>0 FCD

Me
then
L dv
VI{F)=v (F)-= —EC gm >0 as — >0 on D.
M pe dm dm

F

Thus vL«-m on D and C XD is p-full, The proof is complete.
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Corollary 4.1: If A X B is p-fulland DC B, m(D)> 0, then

thereisa CCA, m(C)> 0 and suchthat CX D is p-full.
Proof: The same argument as used above proves this.

Theorem 5: If w(A X B)> 0 then there is a p-full rectangle

"CXDCAXB suchthat p(CXD) = pAXB).

Proof: Let XN and v be the marginal measures of the

set A X B. Define

C = {xeA: &%T‘X) > 0}
and

dv
D= P > .
{yeB I 0}

Then

2 (y) =0} < il (x) = 0] X X)

pllay): G- = SE

il

N {x: %%(x) =0} = y ‘ac%,; (x) m(dx) = 0.
dA
{x: o (x)=0}

Thus p(C X D) = p(A X B). Now note that X (E)=p(EXB) =u(E XD)
as p(EXD) =0. Thus for ECC, A is the marginal measure for
C XD; similarly v is the marginal measure for C X D. So if

C1 C C, m(Cl)'> 0, we have
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A(C,) = k(G XD) = gc D m(dn) > 0 as

1

>0 on C.

Similarly v(D1)> 0 when ch: D, m(D1)> 0. Thus A~ m
on CXD and v~m on CXD. So CXD is p-full. The proof

is complete.

Theorem 6 will utilize an idea which recurs with sufficient
frequency to imply it as a fundamental concept. Recall in Section 4,
Chapter I, it was pointed out that in the proof of the Singularity
Theorem a circular path of special points was used. This theorem
discusses paths of density points.

We need the following lemma.

Lemma 2: If vu"'m and m(D)> 0, DC B, then
m(C) =m {xeA: (x,y)eDi(AXB) for some yeD} > 0.
If )\H"' m and m(C)> 0, CCA, then

m(D)=m{yeB:(x,y)eDﬁ(AXB) for some xeC} > 0.

Proof: Suppose xeA ~ C then for every yeD,
M {Sh[ x,y] ™ (AXB)} =0, for h lessthan some h(y). Then
n {Sh[x,y] N (A~C)XD} =0. As in Theorem 1, {Shk[x,y] }
covers (A~C)XD sothat p{(A~C)XD}=0. Butif
m(C) =0, w(AXD) =y (D)=p{(A~C)XD}+ u(CXD) =0 and

then m(D) = 0.
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Thus m(C) > 0. The proof is complete.

Theorem 6: Let < Ai X Bi> be a sequence of p-full rectangles

with marginal measures N ., and v ,. Let
i pi

By =Bty = A1 Borrl T Boggr 7

and m(Ai f\AJ.) = m(Bif\ Bj) = 0 otherwise. Then for almost all

B :BZ, A2=A

1 3’

yleBl, with respect to m ([m]-a.a. V€ Bl) there is a path

w
< > m X
(xn, Yn) such that (xn, yn) € DI~L (An X Bn) (An Bn) and

YTV X5 %3 V3 TV " X T X1 Yokel ~ Yoke2'

Proof: Note that m{A ~ x‘: (A,XB)}=0 and
m {Bi~Y(:(AiXBi)} =0 for all i, by Theorem 2. By hypothesis,
w m = = = w m
m {YH(AIXBI) Bl} m(Bl) m(BZ) m{Yp(AZXBZ) BZ} as

B1 = BZ' Then

B,~[¥%AXB )Y A _XB )]} = {Bm[ﬁm UYCa xB)])
mB VY AXB)NY AXB I =miB N Y (AXB)YY (A XB,

P —— e
=m{[B;Y (A XB)] U [B N Y (A XB,)])

So

(1) m(Bl)=m{[Y(:(A1><B1)f\Y:(AZXBZ)]ABI}.

w
= M m
Let G {xeAz. (X’Y)er(AZXBZ) A2><B2 for some
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~

ye B1 m[Y::(Al X Bl)m Y::(AZXBZ)]}' So given xeG there is no
w w .
ye[Y“(AIXBl)f'\ Yp.(AZXBZ)] e B1 for which
w
X M .
(x, y)eDM(A2 BZ) (AZXBZ) Thus by Theorem 1,

p.{GX[Y:(AZXBZ)K'\Y::(AIXBI)]f'\Bl} =0, Thus

w[GXB,] =u{GX[B,~ Y (A XB)) N Y (A,%B,)])
+p{Gx(B, N [Y:(AIXBI) AY:(AZXBZ)])}
=u{GxB, ~ Y‘:(AIXBI)A Y:(AZXBZ)}
by (1). So

w w
< ~
p.[GXBZ] _p.{XXBZ YM(AIXBl)r‘\ YM(AZXBZ)}

—— ~ w w -
= m{B2 [YM(AIXBI) ~ Yp\(A2>;<B2)]} = 0.

Thus m(G) =0 as xuz('é) -0 and A,XB, is p-full.

2
Thus m(G) = m(AZ).

So we have now that for [m]-a.a. yleBl there is an

w
m X
xleA1 and an xZeA2 such that (xl’yl)er.(A1XB1) A1 B1

Furthermore by

w
~
and such that (XZ’Yl)EDp.(AZXBZ) AZXBZ'

using [m]-a.a. y,eB; we use [m]-a.a. xzeAz.

1

Now let

w
= . 3 X
F {yl ¢B, : thereisno y,;eB, such that (x,,7,) ¢ D“ (A, XB,)

1

w w
when (XI’YI)EDp.(AIXBl) and (XZ’Yl)er.(AZXBZ)}'
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We want to show m(F) = 0.

If m(F)> 0, then by Lemma 2

m{E} = m{xeAz:(x,y)eD::(AZXBz) for some yeF} > 0.

Then by the fact that 1'n{A3 ~ X:(AZXBZ)} = 0 we see that, for
[m]-a.a. xeE, thereisa y suchthat (x, y)eD::(A3><B3).

Thus for [m]-a.a. yleF there is (x )eD:)(AIXBl),

1’71

w w,
(xz,yl)er(Aszz), and y,eB, such that (xz,y3)eDH(A3><MB3).

3
s0 yl/F. Thus m(F) = 0.

We have shown then for [m]-a.a. yleB there is a path

1
(Xl’yl)’ (XZ’YI)’ (xz,y3) -ending in A3><B3. Suppose this is true

for a path length 2k+17 i.e. for [m]-a.a. yleBl there is a

path  (x),v,), (x50 ¥1)s (%, 93)s 0 s (X Vo 1) (R Vpp ) BY

choosing from B, [m] -a.a. y, Wwe generate [m]-a.a. of

1

B2k+1’ by using Lemma 2 and the exact argument used above. How-

ever, we can travel from A to A

X
2k+1 % B2k+1 2k+3 B2k+3

exactly as we did above to lengthen the path to 2k+3 and the proof

is complete.

It has been suggested that the mass of an extreme doubly
stochastic measure is necessarily distribtued over sets which are
linear; either lines as in Examples 4 and 5 of Section 3, Chapter I, or

at least sets having Hausdorff dimension [ 11, p. 53; 17, p.134] less
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than two.

While Theorem 7 is by no means a characterization of extremal-
ity, nor an answer to the dimensionality problem, it does, however,
show that the mass of an extreme point of DS must be concentrated
on sets which are quite widely dispersed. We have established, then,

another reason to recongize the importance of points of density.

Theorem 7, If [TI-L] is extreme in MO, then for every
measurable rectangle A X B, m(A)m(B)> 0, there is a set

CXDCAXB with pn(CXD) =0 while m(C)m(D) > 0.

Proof: Suppose there are no such subsets CXD in AXB.
Let CCA and DCB where m(A~ C)> 0 and m(B~ D) > 0.
Form {C XD}; {(A~C)xD}, {(A~C)X(B~D)}; {CX(B~D)}.
Each of these is p-full. This is seen by first noting that )\IJ' <m
and v|~L <m always. Next if )\H(E) =0 then p(E XD)=0 so
that, by assumption, m(E) must be zero. Similarly vI-L > > m.
The same argument can be given for each of the sets.

By Theorem 6, we can obtain, for [m]-a.a. yeD, a path
through this sequence, call it (xl, yl), (XZ’ yl), (XZ’ y3), (x4, y3).
We note, however, under the assumption that p[Sh(x, v CXD]> 0
for (x,y)eC XD and h> 0, as longas
m{[x-h, x+th] © C}m{[y-h,y+h] ® D} > 0. (Note that any of the

other sets in the sequence could replace CXD.) Thus for
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[m] -a.a. Yl eD, wehave an X, such that
m{[xl-h, x1+h] ~C} >0, for h> 0, and such that we can obtain
a path as stated. So for (x4, Vs )eC XB~D we have

m{[y3—h, y3+h]mB~D} >0 forall h> 0. Thus

m{[xl—h, x1+h]r\ C} m{[yS—h, y3+h]r\B ~D} >0

so that by assumption p{Sh(xl,VS)m C X (B~D)} > 0, for all
h > 0.

Then for [m]-a.a. y €D, there is a path of the form
(x1:77)s (50 79)s (x5,75), (%),75)-

Now if [TH] is extreme in MO, by the Douglas-Lindenstrauss

Theorem, we can approximate (x,y) by a sequence

Xc XD

< fn(x) + gn(y)> in the norm of Ll(p). There is a subsequence,

we also call < fn(x) + gn(y) >, which converges [p]-a.e.

Thus [p]-a.a. paths are points of convergence, by Corollary 1. 1.
We have now obtained the following:

(xl, yl) K (xz,yl) N (XZ’ y3) ’ (xl, y3) is a path of points on which

< fn(x) + gn(y) > converges uniformly to Xc ><D(x, y). Let >0

be given and N(¢) > 0 be such that (%, Y)-fn(x)-gn(Y)|< €,

IXexo
on the path, for n > N(e). Let £(x)+ gly) =fn (x) + g, (y),
0 0

n0> N(e) fixed. Write
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(1) 1-ix)) - gly))] <
(i) fix,) +ely) | <
(1) fx,) + gty )] < e
(iv)  fGxy) + glyy)] < e

Alternately add and subtract these as (i) + (ii) - (iii) + (iv)

indicates to obtain

| 1-£6x))-gly ) +Ex,) + gly ) - £(x,) - gly,) +Ex;) +gly;)| < 4e.

Thus | 1| < 4¢, a contradiction. The proof is complete.

Corollary 7.1: If [TI-L] is extreme in MO, then every open set

iy 2 . .
U of positive m  measure contains a rectangle E XF for which

p(EXF) =0 while m(E)m(F) > 0.

2 . .
Proof: X is Lindeloff so that we may write
o0
U = v { (ai’bi) X (Ci’di)}'
i=l
By Theorem 7 we know that each (ai’bi) X (Ci’ di) contains a

desired E XF. The proof is complete.
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§ 2: p-points of Density

The term "point of density" is reminiscent of the classical
term " Lebesgue point of density" as found in some of the older
texts (e.g. [ 17, P 287]). Any new concept, if it is to warrant
the name density, should, in some sense, extend the classical case.

Fu‘rther thought about the weak p-points of density leads one to
question their strength. There may be a point (x, y)eD:(XZ) for
which any averaging limit, such as in Lebesgue density, actually
vanishes. The density of the mass at such a point would be highly

suspect.

We offer a second type of density point.

Definition 1: A weak-A XB-pu -point of density is called an

AXB-u-point of density (AXB-p-pod) iff

® {[ x-h, x+h] X B}
{[ x-h, x+h] X X}

I: 1lim >0

h—o M

and

. AX[y-h, y+h]}
I1: lim &{ 2 - > 0,
p oo R{XX[y-n, y+h]}

By writing the limits I and II as positive, we mean, of
course, that they must exist and be positive at x and y. The

question arises as to how often this occurs. Let us denote by [TI-L]
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the operator associated with pe¢DS given to us by (ii), Section 2,

Chapter I.

Proposition 1: The limits in I and Il exist [m]-a.e.

Proof:

X[ x-h, x+h]’ T X8
m([ x-h, x+h]) ’

wi{l x-h, x+h]><B} _
p{l x-h, x+h]XX} ~

lim
h— 0

lim
h— 0

by (ii), Section 2, Chapter I and by the definition of doubly stochastic

measures. Thus

) -h, xth|XB . 1
lim };H’;_h x+h]]><'x}} = lim - X (Y)THXB(Y)m(dY)
1

= lim o~ .
h~0 * Y[x-h, x+h] TpXpImdy)
which is recognized as the Schwarz or symmetric derivative of the

absolutely continuous, monotonically nondecreasing function

§

TpXB(Y)m(dY) at" x. Itiswellknownthatthe Schwarz derivative
[0,2z]

exists and is equal tothe ordinary derivative whenever the latter exists

[18, p.36]. We also know thatthe ord’inary derivative of S; ]TpXB(Y)m(dY)
0,x]

exists [m]-a.e. andisequalto TpXB(x) [m]-a.e. [20,p. 89], since
TpXB is Lebesgue integrable. Thus the Schwarz derivative exists

[m]-a.e. The second part is proven the same way. The proof is
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complete.

We shall consistently use the following notation:

DH(AXB)z {(x,y):(x,y) is an AXB-p-pod},
XH(AXB) = { x: (x,y)eDH(AXB) for some vy},

YH(AXB)z {vy: (X’Y)GDI-L (AXB) for some x}.

Note p-pods are only defined for rectangles.

Proposition 2 is a useful analogue to Proposition 1, Section 1,

this chapter.

Proposition 2: If CXDCCAXB then DH(CXD)CDH(AXB).
Proof. If (x,y)eDH(CXD), then

0< lim HJ[X_hZ’hX-‘-thD} < lim

h— 0 h—0

w{l x-h, x+th]XB}
2h ’

Similarly, II holds and (x, y)eDH(A XB). The proof is complete.

We have seen the evident importance of p-full rectangles and in
Theorem 2, Section 1 of this chapter, we see the start of a possible
characterization of these rectangles by points of density. The rest
of this section, except for the last theorem, is devoted to accomplish-

ing this characterization.
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Lemma 1: If )\HN m on A, for rectangle AXB, then

I holds [m]-a.e. on A.

Proof: Let E = {xe¢A: I fails}.

First we note that the limit exists [m]-a.e. by Proposition labove.

We, therefore, need only consider those xe¢A for which

u {[ x-h,x+th] XB}

‘hh__r?o p{[x-h,x+h] XX} 0.
Now since
p{[x-h, x+th] X X} = 2h
we have for xeE,
lim p{[x-h, xth] XB} 0.
h — 0 2h
But
. p{[ x-h, xth] XB . 1
lim : = lim - (x T Xy)
h— 0 2h he o 2b [x-h, xth]’ " pn"B
= lim - f T . (y)m(dy)
_h1TO h prym y
[x-h, x+h]

= TpXB(x) [m]-a.e.,

as was seen in the proof of Proposition 1. Thus

p{[x-h, xth] XB}
2h

lim

=T x) [m]-a.e. on E.
i pLxB(
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Thus Tp,XB(X):O [m]-a.e. on E. Thus

0= S‘E THXB(Y)m(dY) = S‘x XE(Y)THXB(y)m(dy) = (XE’THXB)
= u(E XB).

So )\H(E) = 0 implying m(E) = 0. The proof is complete.

Lemma 2: If vu'vm on B, for rectangle AXB, then

II holds [m]-a.e. on B.

Proof: This proof is that of Lemma 1 after one notes that

— = *
wAAXDy-hoy4h]} = 00T X pan) T TRXAr Xy oh, yen]

For then the limit becomes

1 &
== T, (x)m(dx)
h—o 2P h -0 2 JYyon,yn] HA

lim L R{AX[y-h,y+h] } = lim
= T*x (y) [m] -a.e.
[TRAT:N

Thus T::XA(y) =0 [m]-a.e. on F = {y: II fails}. Then

o §

F

Thus m(F) = 0 and the proof is complete.

T X G0midx) = (T*x, ,xg) = ¢y T xg) = BAXF) =v (F)
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Lemma 3: If )\pwm on A, for AXB, then xeX:(AXB)

and I holds [m]-a.e. on A.

It vp.wm on B, for AXB, then er:(AXB) and

IIholds [m]-a.e. on B.

Proof: Theorem 2, Section 1, says )\Mw m vyields
m(A) =m{A N X::(AXB)}. Lemma 1 says m(A)=m{xeA:I holds}.
Thus m(A) = m{xeA: I holds and xex‘:(AXB)}. The other half

has a similar proof. The proof is complete.

Lemma 4: If AXB is u-full thenfor [m]-a.a. =xeA
there is a 'y for which II ~ holds and (x,y )ED:(AXB) and
for [m]-a. a. ye B there is an x for which I holds and

(x,y)e D:(AXB).
Proof: Let

C = {xeA: there is no yeB for which (x,y)eD:(A«XB) and

II holds}.

Let D= {yeB: (x, y)eD:(AXB) for some xe¢eC}. I m(C)> 0,
then, as v ~ m, we have, by Lemma 2, Section 1, this chapter,
that m(D) > 0. Lemma 2 above says that for [m]-a.a. yeDCB
II holds. Then for [m]-a.a. yeDCB, (x,y)eD:(AXB)v for

an xe€C and II holds. This contradicts the definition of C and
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so m(C) = 0.

The other half has an identical proof. The proof is complete.

We have now proven the analogue to Theorem 2, Section 1

of this chapter.

Theorem 1: If AXB is u-full then

m{A~ XIJ:(AXB)} =m{B"-’ YIJ:(AXB)} = 0,

Proof: ILemma 3 and 4 combine to give the result and so the

proof is complete.
Lemma 5: ¥ I holds [m]-a.e. on A, then )\HN m.

Proof: We always have XI-L <m. Nowlet CCA, m(C)> 0.

Recall that

1 1
lim o p{[x-h,x+h]XB}= lim o Sl

T Xn(y)m(dy)
h— 0 h— 0% Y[x-h,xth] * B

= Tp,XB(X) [m]-a.e. on X.

1
Thus lim — p{[x-h,x+h]XB} = T x.(x) [m]-a.e. on CCACX.
h—o %P n"B

But for [m]-a.a. xeA, the limit on the left is positive. Thus,

for [ml]-a.a. xeC, T x.(x)> 0. So S
"B C

giving p(CXB)> 0. Then )\H(C)> 0 and )\H"' m on A.

Tu XB(Y)m(dY) >0
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The proof is complete.
Lemma 6: If II holds [m]-a.e. on B, then va m.

Proof: The proof is similar to the above. Let D(CB, m(D)>0,
then T:XA(Y) >0 [m]-a.e. on D. Thus R(AXD)> 0 and so

vp ~ m. The proof is complete.

We are now in the position to obtain two characterizations of

p-full rectangles. We have proven the following theorem.

Theorem 2: AXB is p-~full iff

m(A) = m{xeA: I holds}
and

m(B) =m {yeB: II holds} .
Proof: Apply Lemmas 1, 2, 5and 6. The proof is complete.

We stated our intentions were to obtain a characterization in
terms of points of density. We now give a second characterization,

similar in nature to Theorem 2, but concerned with p~-points of density.
Theorem 3; AXB is p-full iff

nﬂA~Xﬁ$XE}:O

and

m{B~Ypmxm}=o.
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Proof: Theorem 1 gives the result one way. Now suppose
m {A ~ XP(AXB)}= 0. Note that A M X,.L (AXB)C{xeA: I holds JCA
so we have m{A M XH(AXB)} <m{xeA: I holds} <m(A). By hy-
pothesis m{A M XH(AXB)} = m(A) so mixeA: I holds }=m(A).
By Lemma 5, xpvv m. Similarly, if m{B ~ YH(AXB)} = 0,

vp"' m and so AXB is p-full and the proof is complete.

An analogue to Theorem 6, Section 1 of this chapter is now given

in terms of p-points of density.

Theorem 4: Let < AiX Bi> be a sequence of p-full rectangles with
marginal measures )\p and vI~L . Further assume
i i

B. =B A =A3,-'-,B

1 2 2 A2=A -+ and

2k-1 7 Bar Ao Poker

m(Ai a Aj) = rnL(B,1 s Bj) = 0 otherwise. Then for [m]-a.a. y‘leB1

there is a path < (xn,yn)> such that

Y TV Xy T Xy V3 TV, X T Xop i1 Yore1 T Yaks2r

and such that (Xi’ Yi) € D|~L (-Ai X B.l)-

Proof: Theorem 3 says that m(Ai) =m{XI~L (AixBi) a Ai}
and that m(B,) =m{Y (A XB) ™M B.}. So
1 b1 1 1

m(Bl) =m{YH(A1XB1) m Bl} =m{YH(A2XB2) MB =m(B2) as

5}

= m m
B, =B,. Therefore, YH(AIXBI) YH(AZXBZ) Bl;é 8.

Tet Yy be an element of this intersection. Then there is an

xleAl and an xZeA2 such that (XI’YI)EDp(AIXBl) and
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(XZ’YI)EDP,(AZXBI)' Let

= m m . 1
F={yeB Yp(AIXBl) Y].L(AZXBZ)' there is no y3eB for

1 3

1 X . i = . = = .
which (Xi’yi)er(Ai Bi)’ i=1,2,3; Y15V, %, x3}

We need to show m(¥) = 0.

If m(F)> 0, then

m(E)=m {xeA: (x,y)eD(:(AZXBZ) for some yeF}> 0

by Lemma 2, Section 1. Then by Theorem 4, Section 1l there is a

set DCB3 such that E X D is p-full, m(D) > 0. By Theorem

3 we know that [m]-a.a. xeE arealsoin XH(EX D). Thus for
[m]-a.a. xe¢E there isa yeDCB3 such that (x, y)eDH(E X D)
and by Proposition 1, DH(E XD)CDH(AZXB3). Thus, for [m]-a.a.

yleF, there is a y3eB3 such that (xl,y1

X
)eD (A, XB)),
X X . h F)=0.
(XZ’YI)EDI_L(AZ BZ) and (XZ’Y3)ED|.I,(A3 B3) Thus m(F)
So starting in any p-full rectangle of the sequence, we can
travel two steps away in the sequence. An identical induction argu-

ment as that given in Theorem 6, Section 1 can be applied and the

proof is complete.

§3. Strong p-points of Density

As was stated earlier for each [T]eMQ there is a Markov

transition function, P(x,B), such that
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1
T(-)= y f(y) P(-,dy)e[T][£].

0
So we can canonically pick out a T acting on EB(m) which
represents [T] and the "lifting" is done through the associated
transition function.

Let us now consider exactly what p-points of density are in

terms of the Markov transition function. We see that I of the

definition becomes

1 1
lim - p{[x-h,xth]XB} =lim 5~ T Xg(y)m(dy)
2h
h—0 zh h—0 [x-h, x+h] kB

TpXB(x)’ [m]-a.e.,

i

1
S' xB(z)P(x,dz), [m]-a.e., = P(x, B).
0

Similarly, II becomes

lim -é}— p{AX[y-h, yth] } = P*(y,A) [m]-a.e.
h—~0 h

where P*(- ,*) is the adjoint process of P(-,:). Thus for
[m]-a.a. xeA suchthat I holds, P(x,B)> 0 and for
[m]-a.a. yeB suchthat II holds, P¥*y,A)> 0.

So, in an exact sense, an A XB-p-point of density is a point

(x,y) such that one may move, in one step of the process, from the
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point x toa set B containing y with a positive probability.
Furthermore, one can step from vy toaset A, xeA, with
positive probability.

Let us now return to the examples. Recall Lindenstrauss
proved that the extreme points of DS are singular with respect to
mz. Each example of an extreme point has as points of density a
considerably stronger type of point than we have examined. In fact,
if we wish to approach extremality by points of density, those with
which we have worked evidently are not sufficient since every point
in X2 is an mz-point of density for every rectangle of positive
mass which contains it.

Being led by the examples and the probabilistic considerations

we give our last type of density point.

Definition 1: An AXB-u-point of density (x,y) is a strong-AXB-

p-point of density (s-AXB-u -pod) iff Pp(x,y) > 0 for some

Markov transition function P (-,-) associated with .
M
We shall consistently use the following notation:

Di(A XB) = {(x,y):(x,y) isan s-AXB-u-pod}
Xi(AXB) = {x:(x,y)eDi(AXB) for some vy}

Yi(AXB)z {y:(x,y)eDi(AXB) for some x} .
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By Definition 1 Di (AXB)(C DH (AXB). It should be noted
that if both P:L(‘- ,*) and Pi(* ,°) represent p then
P:’L(x, 2) = Pi(x, ) for [m]-a.a. x. Thus the set on which
P:L (x,y) > 0 differs from the set on which Pi (x,y) > 0 byno
more than a set which has both m2 and p measure zero.
Another point worth noting is that, under this definition, the measure
mze_D_S has no strong points of density.

The first two propositionsserve to clarify the nature of points

in Di(A XB). Proposition 1 is a familiar analogue to Proposition

1, Section 1.

Proposition 1: If CXDCAXB then Di(CXD)CDi(AXB).

Proof: If (x, y)eD:L (CXD) then (x, y)er(C XD) and is
thereby in DH (AXB). The fact that (x,y)e Di (C XD) vyields that
PH (x,y)> 0 for some PH(- ,-) and so (x, y)eDi(A XB). The

proof is complete.

2
Kim [ 13] discusses a subset of MO, CMO =‘{[Tp]e_l\/_19: p<m-}.

He proves that CMO 1is nowhere dense in the uniform topology.
Using the idea of strong points of density we shall investigate the

following space. Let

(i) m{xi(xz)} = 1
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(ii) m{Yi(XZ)} =1

(iii) mZ{D: x%) 1= 0.

Let

S = {[Tp]el\/[_(_)_ﬁ p  satisfies (i), (ii) and (iii)}.

The natural tendency for our investigation is to point toward
singularity when it is possible. The first theorem shows that S

is at least disjoint from CMO. We need a lemma.
2
Lemma 1: K m{Cn Xi(XZ)} > 0 then p{(CXX)M Di(X )}> 0.

Proof: A useful representation for peDS is given by

w(E) = § [ ) xglxy)P, (x,dy)]midx),
X S;c E K
[16]. By hypothesis

2

F(x) = 5 X (x,y)P(x,dy) > 0
X Di(X ) ™ (C XX)

on a set of positive Lebesgue measure, because for xeC "M Xi(Xz),
we can find a y such that (x, y)eDfL (XZ). Therefore, if

xeC N X° (XZ), there isa y for which ¥ s 2 (x,y) = 1.
P DH(X ) ™ (CXX)

For [m]-a.a. xeCM Xi(XZ), this (x,y) 1is such that P(x,y)>0

and so F(x)> 0 ona set of positive [m]-measure. Thus, by
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noting F(x) >0 for all xe¢X, we have

b {(Cx x) AD° (xH)} = SF(x)m(dx) > 0.
B X

The proof is complete.

The theorem now follows easily.

Theorem 1: S C CMO.

2
Proof: . Let [TH] €S, then p is such that m {

(2){

p®(x%}=0,
T

thus m Di(xz)} = 0. We have, by Lemma 1, that

p{Di(XZ)} > 0, since m {Xi(XZ)} = 1. Thus pn 1is not absolute-

2
ly continuous to m  and the proof is complete.

The following discussion is devoted to establishing a lemma
similar to Lemma 1. We will need this new lemma later.

We shall be concerned with the adjoint operator for [ TH ] ¢ MO.
We shall use the notation [TH]* for the adjoint of [TH] and p*

for adjoint measure and P:(- ,*) for the adjoint process. Also let

E* = {y,x): (x,y)eE}.

ey e . . W sk _ w sk
Proposition 2: (i) DH*(E ) = [DH(E)]

() B L AXB]¥ [DH(A xB)] *

] § ]
(iii) DH*([AXB] *) = [DH(A XB)]* .
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Proof: (i) (y,x)eD::*(E*) iff for all h > 0

0<p* {S (y,x) "E¥*} = p{(y',x'):x"e[x-h, x+h],

y'e[y-h,y+h] and (y',x')eE*}

"

p{(x',y"): (x',y")e Sh(x, y)and (x'y)e E}

1l

k{S (x,y) "E} iff (x,weD‘:(E)

i (y,x)el D:’(En *

(ii) Given part (i) we need only prove that if I and II
hold for (y,x) and p* they hold for (x,y) and p. First
note that [AXB] ™ = BXA. Soif (y,x)e(AXB)* then yeB and

xeA. We know, p*{[y-h,y+th]XA}=p{AX[y-h,y+h]}. Thus

1 1
(1) lim 5~ p*{[y-h,y+th]XA} = lim == p{AX[y-h,y+th]}
2h 2h
h—0 h— 0
and
(2) lim L p*{BX[x-h,x+th] }= lim p {[x-h,x+h]XB}.
h—0 2B h—0

We see that (y,x)eD“ *([AXB]*) = DP- >.'<(B XA) iff the limits on the
left, in equations (1) and (2) above, are positive. Therefore, by (1)
and (2), (y,x)eDM L[AXB]¥) iff the limits on the right in (1) and (2)

are positive. This is to say (y,x)e D“ *([AXB] >k) iff  (x,y)e D“(AXB),
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iff (Y,x)e[D“(AXB)]*.

(iii) Given (i) we need only notice that, by definition
of Pz(; ,*) that P“(x, y) = pz(y,x) to show that

DIS-'- *([AXB] * = [Di(AXB)]*. The proof is complete.

We now can prove the following proposition.

Proposition 3: (i) Xi >k(XZ) = Yz(XZ) .
s 2 s 2

iil) ¥ (X)=X"(X).
( % " )

Proof: Note that Proposition 2, part iii, says

DZ*{(XZ)*}zDZ*(XZ)z[Di(XZ)]*. Thus (y,x)eDz*(Xz) iff

(x,v)e DZ (XZ). Thus

{y:(y,x)eDZ*(Xz) for some x} = {y:(x,y)eDZ(XZ’)for some x}.

Thus (i) and (ii) are true and the proof is complete.

We are now in a position to prove the lemma we need.

Lemma 2: If m{Df\YS (XZ)}> 0 then p{(XXD)™ Di(XZ)} > 0.
—_— n

Proof: Lemma 1 shows that for p* we have that if
m{D"x° (x})} >0 then u*{(DXX) D° (x5} >0. B
b " p* -

2
Proposition 3, part (i), m{D r\Xi >k(XZ)} =m{D"M Yz(X )} and by
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Proéosition 2, part (iii), we have
(DXX) mni*(xz) = (DXX) [Di(xz)] % = [ (XX D)~ Di(XZ)] * g0
w*{ (DXX) N Di*(XZ)} = {(XXD) Di(XZ)}. The proof is

complete.

The above lemma will be used to prove the next theorem. The

rest of this section is devoted to proving that the subspace

v = {[TH]ES: for [m]-a.a. x, (x,y)eDi(XZ) for exactly

one vy}

is precisely & the set of all operators induced by measure-

1’
preserving transformations.

Let A|.L be a mapping of X into X defined by AH(X) =y
such that (x, y)eDi (XZ) if sucha vy exists and AI-L (x) =0
otherwise, where [TH]G\II.

Theorem 2 establishes that AI-L is an essentially onto map.

Theorem 3 shows that given [TH]E\I/, if we let TA f= fOAI-L’ then

M
[TA ] = [TH]. Finally Theorem 4 shows that [TA ]le¥ if and only
e o
if [TA e 2.
M
Theorem 2: AI-L is essentially an onto map.

Proof: Let AH,(X) denote the ranges of AIJ‘. Let

Y =X :\pr‘(X). If yOeY we have the following two cases.
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case 1: There is no x such that (x, yo)e Di(Xz). However,

since [Tp]e\Il cs, m{Yﬁ(XZ)} =1 sothat m{X~ Yi(Xz)} = 0.

case 2: If X is such that (xo,yo)eDi(Xz), there is a

A # Yo such that Ap(xo) =y

However, if the measure of this set were positive, Lemma 2 would

yield that p{Di(XZ) A (XXY)}> 0. Then

m{x:(x,y)eDi(Xz) for some yeY} > 0.

But this contradicts the fact that [m]-a.a. x has exactly one

Yo such that (x,y)e Di (Xz). The proof is complete.

Theorem 3. If [Tp]e\II, then [Tp] =[TA 1 where TA f=f¢Au.

B N

Proof: We have

1
Tpf(')= S;) f(y) P(-, dy)

and

T £(:)= fen ().
All M

Thus TPXB(X)=P(X,B) [m]-a.e. .We have [Tp]e\If,  so
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0 otherwise

However

1 if A (x)eB
K

T Xpb) =Xg(a, 0 -

0 otherwise

T = - . =
hus TpXB T [m]-a.e. So [Tp] [TA] and the

A XB
M M

proof is complete.

Theorem 4: v = &

Proof: If A}‘L is a measure-preserving transformation,
then given x we have that (x, AI~L (x)) eDi(Xz) and is the only atom
for (X, %, P(x,')). So P(x, Ap(x)) = 1. Thus condition (i),
for [TA ] is satisfied. Also each such AI~L is an essentially onto
map so tl'ltat (ii) is satisfied. Finally p is singular to rn2 for
each AI~L so that (iii) is satisfied. Thus -[TA ]eS and as Al-*
1

is a transformation, [TA ] ew.

1
Now suppose [TA ] e¥, then
1

-1 |
AI~L B ={x: for some yeB, P(x,y)=1}.
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Thus for every xe A;IB, P(x,B)=1 and so P(x,X~ B)=0.

Now

m{A_lB} = p{a lBX X} = g T 1(x)m(dx) + § P(x, B)m(dx)
] ] -1 ] -1
A B A B
m M

-1
as P(x,B) =0 when XEAP- B. Furthermore

m(B) = p(XXB) = § TMXB(x)m(dx) = g P(x, B)m(dx) .
X X

Thus we have

m(B) = g P(x, B)m(dx) + g P(x, B)m(dx) .
-1 -1
A B A B
m M

Thus

m(B) = m(A:B) + S'/_I\/P(x’ B)m(dx).
Ap. B

However,

1]
—
b

§ P(x, B)m(dx) (x)TMxB(x)m(dx)

A s
A‘IB X A_IB
n n

1t
—
>

(x) x4 3x))m (dx)

[
)
>

(x) x (x)m(dx) = 0.
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-1 . .
Thus  m(B) = m(AHB). So AH is a measure-preserving map.

The proof is complete.

It is clear that, given a [TH]eS' for which [m] -a.a. X
has exactly one y with P(x,y) > 0 and [m]-a.a. y has
exactly one x with P(x,y)> 0, the AH is an invertible
measure-preéerving transformation. The importance of the sets

® and <I>1 has already been pointed out in Chapter I
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CHAPTER III

LOOPS, NEAR LOOPS, AND ORBITS

§1. Near Loops and Loops

In the work by Robert E. Jaffa [ 12], the concept of a loop in a
matrix was introduced. Quite simply, the idea is that one has a loop
if one can travel from the position (i,j), a nonzero entry, along
the ith row to the position (i,j+£), another nonzero entry, then
along the j+f column to the (i+k, j+£) position, a nonzero entry,
and continue in this manner until arriving back in the jlCh column.
Jaffa proceeds to characterize the extreme points of the set of what
he calls p-doubly stochastic matrices by showing that they and only
they are devoid of loops. He shows, in the finite case, that if matrix
M induces measure Py and matrix M induces P, such that

1 2
Py~ P, then Py =P, when either M, or M, is extreme.

1 2
The theorems on paths of Sections land 2 of Chapter II take on a
new significance when one considers Jaffa's loops are finite paths
which repeat. Thus, by recalling how a p-full rectangle can be
characterized and noting Jaffa's method cannot be extended to the

continuous case directly, we consider what might be a likely concept

to call a loop in this generality.



62

X >
A% B of

Definition 1. A finite sequence <A1XB

p -full rectangles is a near loop iff

B .
1C BZ’ AZAM A

. > :
3’ ’ BZn—lcz“.BZns m(Aan Al) 0

m(Aif\ Aj) = m(Bif\ Bj) =0 forall i j otherwise.
We shall use the following notation

NL = {[TI-L] eMO: pn has a near loop}.

L
Let NL = MO ~ NL = {[TH]eMO which are not in NL }.

Following the lead of the finite case we make the following

conjecture:
a4
[ T]e MO is extreme iff [T ]e_N£

It has been conjectured by Professor J. Feldman that the con-
tinuous case of Jaffa's result holds; that is:

I [T J]eMO is extremeand n, <u,, K.,eDS, then
e 2 10 M=

This conjecture has received considerable attention recently. Among
those who have considered the question is R. G. Douglas [ 8], who
proves that given a vector lattice, F, which is weak *dense in Loo(p,)

and a pn extreme in DS and v <<u such that
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y fdp = \S.‘ fdv, for all {fe¢F bounded, then v =p.
X X

Lindenstrauss' space L = {h:h(x,y) = f(x)+gly), f,ge Ll(m) }
satisfies these conditions except for the fact that it is not a vector
lattice. In fact, xwv vy = f(x)+g(y) since
[£00) + g(0)] -[ £(0) + g(1)] -[ £(1) + g(0)] +[ £(1) +g(1)] = 0 but
(OVv0) -(0V1l)-(1lvO)+(lvl)=-1.

The first theorem we shall prove is a most important charac-
terization of elements of E It will allow us to prove Feldman's
conjecture to be valid for a large subclass of DS and give us a

method of establishing extremality of an element of DS.

~
Theorem 1: [Tu]e_lzl_l__,_ iff for any given p-full rectangle AXB and
€ > 0 there are two functions, f,ge Ll(m), such that

S X p 5 g (% V) -£(x)-g(y) | (dx, dy) < e

XZ

and such that f(x) = 0 for all xeA.

’ [ d
Proof: Suppose [TH]eNL , then pn is free of near loops.

Let A1><B1 be the given p-full rectangle. )\2 and v, we

designate as the marginal measures of (X~ AI)XBI. Denote by

d)\z
A2={xeX~A1: Ti-r-;(x)>0}
and dvz
B2={yeB1: dm(y)> 0} .
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¥ p(X~A

1 X Bl) > 0, in the proof of Theorem 5, Section 1,

Chapter II, it was proven that AZXB is p-full. If

2

p(X ~ AIXBI) =0, let f(x)=0 and gly) = Xg (y). We may write
1

XBI(Y) = XXXBl(x,y). Thus

5 by xp. V) " Xyxp (x, ) | (dx, dV)_<_§ Xyex g, (%0 V) (dx, dy)

1
XZ 1 1 1 XZ

- g Xp xp (XY)rldxdy) -
g2 U1

= m(Bl)-p. (AI X Bl)

]

m(Bl)—m(Bl) =0,

So if p(X~A ><B1) =0, we have our conclusion.

1
We have p-full rectangles A1><B1 and A2><B2 such that

A2 C X'VA1 and BZC Bl. In precisely the same manner, let

A3><B3 be "all" the mass in A2><X~ BZ’ i. e. the p-full rectangle

. XX~
in A2 X BZ'

Continuing as above, we generate a sequence <An XBn> of

p-full rectangles for which B1 o BZ’ AZ'.'_) A3, B3D B4, <+« and,
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since [TH] eNL , m(Alf“Ai) =0 for all i.

Now let us denote

0 00
A_ = -/ = A R
0 P’ A,1 and B0 . B.

-
fl
p—

-

Then

(o0} (o0}
uHX~AO~Apx§ﬂ:HU}JAyX(;JBﬁ
j=1 i=1
(o0} ~ -~ (o0}
=p{l(~ A )m A IX(w By )]
j=1 i=1

0 0

= A A X
H{EEH;HA%nwAanJ]}

1A

0
~ © ~
i=1

<p{(X~A ~A)XB }

1

+p{(X~A A2 A4)><B3}+---=0.

1

Similarly

o0 o0 o0 o0 ~
wl v A XX~ U Bl=u[ v {ALX ~ B
i=2 j=1 Y i=1 j=1

< p[AZX(X"'B ~ 133)]+ p[A4><(X~B~B ~BS)]

1 1 73

- =0,
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Finally we note that p,(AIXBj) =0 for j> 2.

Allowing f(x)= -x, (x) and gly) = X, (y) we have
A B
0 0
XAIXBl(x,y) - f(x) - gly) = 1+0-1=0, if (x,y)eAIXBl,
= 0+1-1=0, if (x,y)eAOXBO,
=0+0+0=20

. 2
if (x,y)eX [AOXBO A XBI].

1

Thus

y Ixp wp (0 ¥) - 1) - gly)] p(dx,dy) =0
2 1

and f(x) = 0 for all xeAI.

Let us now assume that we can approximate, in the L1(|.L)
norm, xAXB(x,y), AXB p-full, by a function f(x)+ g(y),

f,geLl(m) and f(x) =0 for xecA.

ti

>
We can then get a sequence <fn(x)+gn(y) R fn, g,¢ Ll(m)

and fn(x):O on A, which converges in mean to XAxB" Then

there is a subsequence, which we shall also write as <£n(x)+ gn(y)> ,

converging to XAXB[ p]-a.e.

Now let A XB A_XB ,*--,AZnXB

1 1’ 2 2 n be a near loop. Let

2

< >
fn(x) +gn(y) converge to XAIXBl

Section 1, Chapter II, [n]-a.a. (x,y)eA1 ><B1 is the start of a

(x,y) [n]-a.e. By Theorem6,
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path through the near loop. Thus, as [p]-a.a. points of the near
loop is a point of convergence, Theorem 6 gives us a path,

(x2yy)e (e vy h Gpeya)ds (g ygds o (g 0 Yon 1)y (g Yon o)
of weak-p-points of density for AiXBi respectively and as points
of convergence.

Since this is a finite sequence, there is an N(¢) such that

- - . >
IXAIXBI(X.l:Yj) fn(xi) gn(yj)l <e, if n> N(e) ,

for every (x.l, yj) in the path.

Wetake f(x)+ g(y)=f (x)+g (y), n,> N(¢) and notice

n, n, 0
first that f(xl) = f(xzn) = 0 by hypothesis. So |1-g(y1)|< € as
f(x)) = 0, |f(x2)-g(Y1)| <k, |f(x2)+g(y3)| <e, 0, |f(x2n_2)+g(Y2n_1)|<s
< = < -

and |g(y2n_1)[ e as f(x, )=0. Thus | 1+f(x2n_2)| (2n-2)e,
which we obtain by adding and subtracting the first 2n-2 1inequalities.
However, since lg(yzn_l)l < e we have that lf(xzn_2)| <2¢.

Thus we get 1 < 2ne, a contradiction. Thus there can be no near

loops. The proof is complete.

The next theorem gives us the tool we need to prove that Exam-
ples 1 through 6 of Chapter I are actually extreme points of DS since
. L
it is evident that each of these operators are in NL. More impor-
tantly, this theorem allows us to complete the proof of the theorem of

Section 4, Chapter 1.
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Every example of an extreme point of MO known to us lies

Tam " d

in NL.

) N
Theorem 2: If [T JeNL then [T'] is extreme in MO.
BT [

Proof: Let AXB be any given rectangle for which
p(AXB)> 0. By Theorem 5, Section 1, Chapter II, there is a sub-

set A XB CAXB suchthat p(AXB)=p(A XB)) and A XB

is p-full. Then we have )(AXB(x,y)zxAIXBl(x,y) [w]-a.e. In

Theorem 1 above, we actually proved that given a p-full rectangle,

A_XB there are sets AOXB

T
, if [T ]JeNL, for which

0’

XAl XBI(X’Y) = XAO(X) - XBO(Y) [w]-a.e. We therefore have

XAXB(X’ y) = on(x) - XBO(y) [w]-a.e. Therefore, every simple

function ¢(x,y) over the algebra of finite unions of measurable
rectangles is of the form {(x)+ I'(y). Then, by the Douglas-
Lindenstrauss theorem discussed in Section 4, Chapter I, we have

that [TI-L] is extreme in MO and the proof is complete.

We now prove a lemma needed for the theorem which proves

Feldman's conjecture for those [T ]e’N\LJ

Lemma 1: I [T ]eNL and L. <<un,, then [T ]« NL.

Proof: By Theorem 3, Section 1, Chapter II, if A1><B1 is

|J2-fu11 and M, << My then A1><B1 is p,l-full.
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e ... A X ;
If A1 Bl’ A an is a near loop for My then each

A_1><B_1 is |.L2—fu11 and therefore |.L1—fu11. Thus, this is a near loop

~
for pn 1 Therefore, M, has no near loops and so [T ]eNL.
2

The proof is complete.

Nt
Theorem 3: (Feldman's Conjecture) If [Tp le NLL and
1

<< then T J=[T .
M, <<py [ o “2]

Proof: Form tp,2+(1-t)p,1. This is in DS for every
te[0,1] as DS is convex. Let te(0,1). Then t|.L2+(1-t)|.L1<<|J.1

for each such t. By Lemma 1, [T ]e‘N\L’ for te(0,1).

th,H(1-t)u

By Theorem 2 above, [T 1 is therefore extreme in MO

tt(1-t)e
Thus t|.1,2+(1—’c)|.1,1 is extreme for every te(0,1) which can only

happen if By = My i.e. [TI-L ] = [TI-L ] .  The proof is complete.
1 2

We have not been able to prove the converse of Theorem 2.
We offer an alternative to the near loop which may help solve the

characterization problem.

Definition 2: A near loop is a loop iff AZnC_',A1 .

Let L ={[T ]eMO: n hasa loop}. Then L CNL and
N

cL.

&

We conjecture that

L = NL.
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If our two conjectures were true we could establish Feldman's con-

jecture for all external [ T]e MO.

We shall now give some general theorems on the nature of loops.

h : 1 P X :
Theorem 4 Given a loop A1><B1 R ’AZn an, there is a loop
P XB! - ' 1 = A - B! t - B!
Al XB), ,AL XBY  such that A =Ay, B, =B, B} = B},
T = A ... ' - R! 1
A2 A3, ’an-l an and AZnCAZn:AI'
Proof; Since A1><B1 , U, AZnXBZn is a loop, A2><B2

is p-full and B1 CB2 such that m(Bl) > 0. By Theorem 5,

Section 1, Chapter II, there is a set A’2 C:'A2 such that A‘ZXB

1
is p-full. Continuing similarly, we take B‘3 c B3 as that set
which makes A'2 ><B'3 p-full. We thereby obtain the desired
" subloop" and the proof is complete.

Hereafter we shall assume any given loop is of the form in
Theorem 4.
.1 A X s X . i
Corollary 4 Let 1 B1 , AZn an be a loop. There is
1 1 ... 1 1 L
a subloop A1><B1 ) , A2n><BZn such that A1 AZn'

Proof: The process is evident. AZnC A1 so we let B‘1 C'.'B1
such that A_ XB'" is p-full. Then we continue around the loop as

2n 1

in the proof of Theorem 4. The proof is complete.

We would like to prove that extremality of p implies that
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[Tp.] e_'IrJ_. We obtaina partial solution, in that we need a property

which we do not know that all loops possess.

« 2 . X
We shall say that a loop, A1><B1 , s AZn an, has

property P, if there is a set B'1 CBI’ with m(B‘l) > 0,

such that for [m]-a.a. V€ B'1 the path,

(x157)s (x5 7)) Geynyg)smoulx, o0y, q)s (2,095, ), given

by Theorem 6, Section 1, Chapter II, has X, = Xy

Theorem 5: If [TI-L] is extreme in MO, then there is no loop

with property P.

: X s, X .
Proof Let A1 B1 AZn an have property P

Let B'1 C’B1 be the set described. Then for [u]-a.a.

(Xl, Yl) € D:;)(A1 XBI) we have a path ending with a point

w
X .
(215 Y5 1) €D, A5 X B,

It [TI-L] is extreme, we must be able to approximate
XAIXBI(X’ y) in L, (k) with f{x)+ gly), f,geL,(m), usingthe

Douglas-Lindenstrauss Theorem. Then there is a subsequence

<fn(x) + gn(y) > converging to (x,v) [ w]-a.e. Therefore,

X
A1><B1

<fn(x)+ gn(y)> must converge for [p]-a.a. paths in the loop and
since |.L(A1><B'1) > 0, the sequence converges for [w)-a.a. paths

starting with V€ B'1 .

Choose such a path, (xl,yl), (xz,yl), s, (xzn, YZn—l)’ with

x; =x The convergence of <fn(x) + gn(y)> is uniform on this

2n’
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path. Let f{(x)+ g(y) = fn (x) + g, (y) where n, is fixed and

0 0
> i - - < > .
n, N(e), with IXAIXBl(Xi’Yj) frn(xi) gm(yj)l e for m> N(e)
Thus | l-f(xl)-g(yl)l <e, lf(x2)+g(yl)l <e," 7, lf(xzn_2)+g(y2n_1)|<s
and lf(X1)+g(Y2n_1)| < eg. Now the calculations are the same as in

the proof of Theorem 1 above to obtain 1< 2ne. Thus [TI-L] is

not extreme and so the proof is complete.

In the work by Jaffa [ 12], where he proves that a p-doubly
stochastic matrix M is extreme iff it is free of loops, he intro-
duces the term distinguished row or column of a submatrix M'.

This is a row or column with at most one nonzero entry. Jaffa shows
also that M is extreme depending on the existence of a distinguished
row or column for every nonzero submatrix of M. We present a cor-

responding theorem for the continuous case in one direction.

Theorem 6: If [TI-L] is extreme in MO, then for every rectangle
AXB, n(AXB)> 0, thereisa DCB, 0<m(D)<m(B), such

= > 0.
that TP’XD(X) THXB(X), for xeC, for some C CA, m(C)> 0

: < <
Proof: Suppose for every D C B that O“Tpr TpXB’

[rn]-a.e. on A. Then TpXB?—T > 0, [m]—a.e. on A,

wXB~ D
for al ‘ i =
or all DCB, since T|.LXB TI-LXD + Tp,XB“' D.

However, we assumed T|.LXB~ D < T|.LXB as m(B~D)> 0.

So we have for any DCB, with m(B)> m(D)> 0, that




73

< < -a. e, . ’
0 Tp.XD Tp.XB [m]-a.e. on A. Then for any subset CCA

with m(C) > 0, we have n(CXD) = g Tp.XDm(dX)> 0, as
C

T >0 on C. Thus for every subset CXDCAXB with

p*D
m{C)m(D) > 0 we have p(CXD)> 0. This contradicts, by Theorem
7, Section 1, Chapter 1I, the fact that [Tl-'-] is extreme. Thus
thereisa DCB with 0 < m(D) < m(B) such that Tp.XD = Tp.XB

on some subset CCCA, m(C)> 0. The proof is complete.

We now merely point out that this says (XC, Tp.XD) = (XC’Tp.XB)’
implying that (XC’Tp.XB - D) = 0.
A similar concept of distinguished column could be given in an

analogous manner.

§2: Orbits

J. V. Ryff has written a number of articles concerning elements
of MO [21,22,23]. In some of these articles he has introduced what
he calls orbits of elements of Ll(m) under elements of MO.

Namely, the orbit of fe Ll(m) is

Q(f) = {ge Ll(m): Tp.f =g for some [TM]G_I\AQ}.

Professor Ryff has compiled extensive information on these orbits
and has recently succeeded in characterizing the extreme points of

the convex set (f) [21]. The extreme points are precisely those
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g which arise from operators of the form [T¢][ Tcr]*’ ¢ and
¢ measure-preserving transformations and [Td] % the adjoint
of [TO_] where T¢f =fc¢ and T_f=for.

We have seen that not all extreme points of MO come from
measure-preserving transformations. What is more, there are
extreme points, e.g. Examples 4 and 5, whose adjoints do not arise
by such a transformation. However, the above characterization of
the extreme points of Q(f) opens the question: are all extreme
points of MO of the form [T¢][ Tc]* ? We shall, therefore,

devote some attention to this type of operator.

Theorem 1: Let ¢ and ¢ be measure-preserving transforma-
tions of X onto itself. If ¢ is invertible, then [T¢][TU]*=[TG]*

where a = ¢_10‘. In this case [T¢][T0']* is extreme.

Proof: We may take [To‘] and [T¢] as defined on the
Hilbert space Lz(m) as was shown in the precursory chapter.

Then we may write (f, T T*g) =(T [£, T T‘T*g) since ¢ is an
o ¢-,1 éc

invertible measure-preserving transformation iff [T¢] is in MO
and is unitary.[ 3]. [T¢] is unitary iff T¢ and T: are iso-
metric. Now (f, T T*g) = (T .f, T*g). Thus
o o ¢—1 u

, T T*g)=(T_ T = | *g), T

€ TS =TT 4t @)= (T, T ). Then
*
=[T *,

[T¢][T0'] [ 0'T¢—1] However,

(TO_T¢_1)(B)(X) = (T¢_1XB)(O' x) = XB(¢‘1[crx] ). Thus
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[T [T J=[T ] sothat [T J[T *=[T I We have
o -1 -1 ¢ o -1
4 $ o . $
seen that every measure-preserving transformation induces an

extreme operator. Also

m{(¢_10')_lB} = g T 1 xB(x)m(dx)z (1, T 1 XB)
X ¢ o ¢ o

=L TT X )

= (T*
. )_(TUI,T

X
-1 "B
¢

and since [TO_]*eMO when [TO_]eMO we have T:f1=1 so

-1
that m{(¢-10') B}=(1, T -IXB) =(T 1, T T ) again as

-1%B
¢ ¢ é

[T ] is isometric when ¢ is measure-preserving. Thus

¢
- -1
m{($”'c) B}=(l,xg) =m(B) as T =1 Thus

[T¢][TO_]*=[T 1]* is extreme since [T _1] is extreme.

¢-°' ¢ o

The proof is complete.

We now shall adopt a useful notation, as above [T¢] is that
operator induced by the measure-preserving ¢ such that
Tf=fo¢. Let p

¢ ¢
by u¢(A><B) ={x,, T

be the element of DS associated with [T¢]

¢XB)' Also, we shall use

X - * - = XA).
w4 B) (XA’TCFXB) so that p_ (AXB) (TO_xA,xB) I-lo.(B A)

Finally denote as “950' HAXB) = (xA, T¢T?XB).

Theorem 2: Let ¢ and o be measure-preserving transforma-

tions, as above. Then

Mg o and Moo
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‘(A Xo _IB)

uq,(AXB) L

and

-1
X = X ]
b (BXB) = (97 AXB)

4

Proof:

= (T* = *
) = (T )-(TO_T

$%A’ Xp ¢><A,T(r><B) as [TG]

u¢(A><B) = (X, T¢xB

is isometric given ¢ measure-preserving. Thus

% % B3
X = o =

u¢(A B) (TO'T¢XA’ Xg°o) (T¢xA, Tox 1)
c B

-1
=<xA,T¢zj 1) TRy lAXe B,

c B
Now take

~ % _ % _ o *
o wAXB) = (X, T Xg) = (T¢><A, T, T xg)= X9 T¢TG Xg)

¢
=x _; » T T * Xg) = # *(¢'1A><B)-
The proof is complete.
Proposition 1: Let ¢ and ¢ be any given measure-preserving

transformations. Then there is an fe Ll(m) such that T T: f

4

is extreme in (f).

Proof: Merely take f =¥ 1 for some measurable A.
c A

Ryff shows that g is extreme in Q(f) iff g is equimeasurableto
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f. I { is the characteristic function ¥ 1 then any g

e A
equimeasurable to { must be essentially a characteristic function

where m(B) = m(c ~1A) = m(A). Then

*B
T * = (T = (T , T = XA )
¢ A o A
* - * . .
Thus To' X 1 =Xp and so To_ X, s extreme in (¥ 1 ).
¢ A ¢ A
Therefore, T T*x is extreme as T T*x =T X, =X
¢ 0'0_-1A o) 0'0_-1A oA ¢_1A

and m(gb—lA) = m(A). The proof is complete.

We have already discussed an example in Chapter I which was
self-adjoint and is not induced by a measure-preserving transforma-

tion, namely, that operator [T] where

1 1
TX, =5 X , AC[o, 7]
A 2T 3
3
Ty. = sl aciioan .
A 1 1 2 A’ —*+3’
2(A73)

We pointed out that Theorem 2, Section 1, Chapter III, implies that
this operator is extreme in MO.
We shall now prove this operator is not of the form [T¢][T0_] *
We note, as [T] is not induced by a nf;}e‘asure-preserving
transformation, if [T] were to have the form [T¢] [ To_] * by

Theorem 1, neither ¢ nor ¢ could be invertible.
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Theorem 3: There are extreme Markov operators which are not

£
of the form [T¢][TU] where ¢ and ¢ are measure-

preserving transformations.

Proof: Assume that [T], as described above, has the

form [T¢][TU] *  for some measure-preserving ¢ and o.

1
Let A be any measurable set contained in X and let B S_:_[ 0, 3

-1
be measurable. Then |.L¢{BXA}= M {BXs "(A)}, by Theorem

po

2 above. Thus, using T =T T;F , we have

¢

*x
o {BXA}= (x5, TX o )= (T Xgs X _q )
) B "7 -1, B X -1,

= (TX,, X ) as [T] =[T1*
B cr-lA

1 1
Thus u¢{BXA}—(2x X oy )=30 s Toxy), by the

2B+'3— o A 2B+§

definition of [T]. So, |.L¢{B><A}= lzp(r{(ZB+%)><A}. Thus
-1 1 1 -1
(1) m{Bn¢ A} :Em{(2B+§)f\0' A)}.

Next let us look at p(r*{AXB}z N ¢'1A><B} by Theorem 2.

po !

1 -
Thus, |.LU*{A><B}— (x 1 ,TXB) = (X 102X ) by the defini-
o] ¢ A 2B+§'
: _ 1 -
tion of T. pc*{AXB}— (x 10X 1)_Zm{q&
¢ A 2B+§

1

) [

Af\(ZB+—31-)}.

Thus as p(r*(A XB) = p,(r(B XA) = m(Bf\cr-lA), we have




79
-1 1 -1 1
(2) m(B No A) =Em{¢ AN (2B+—3-)}.
1 1
Now let C = 2B+§-g[§, 1]. Form
-1
B *{AXC }= p¢¢*{ ¢ AXC}, by Theorem 2. So

1
kL {AXCl=(x ., , Tx.). Then p__{AXCl}=(x , .[x 5 D,
o * @ lA C o X s ]_A %(c-%) 2 c]

as Txc = X, LT3 X for Cgl[é—, 1]. Then
2(63)
$ A (C-3x) ¢ A

1 1 : 1
p¢{‘£(C-E)XA}+ Ep¢{CXA}

it

~ -1
m{-lz*(C—*;-) ¢ 1A}+-;‘m{cf“ ¢ A }.

-1
We note that B = -;-(C - -;-) and that o *{Axc }:p’(r (CXA)=m Mo "A).

Therefore,
1 -1 -1 1 1 -1
(3) m{(2B+3)"o A}em (B¢ A}l+5m{(2B+3) ¢ A} .

Now, (1) and (3) vyield

iedmtessine ) e ho el

m { (2B+%)f\ o

(4) m{(2B+3) "o 'A} =m{(2B+3) ¢ A}

forall BC[0, 3]. Also, (2)and (4) yield
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(5) m{(2B+3) "o 'A}=m{B o A}

1
2
From (5) and (1) comes

(6) m{B o 'a}=m(Bn ¢ A}

for all Bg[O, -;—]

We note that every C g[-;—, 1] is the image of some
BC_;[ 0, -;-] under the map 2B +?];’- . Thus (4) and (6) give us that
for any measurable A,CC X, we have |.L¢{A><C }= m, {AXC }.
Thus ¢ =0.

We notice now that [T] has the following unusual property,

. 1
since Tx 1 =-£x.1 ,

[0: 3] {_3-,1]
x . Tx 1)=%5. X . ®x, (xmdx) =0
We have just shown that for [ T] =[T [T ]*, ¢=0. So

[T] =[T¢][T¢] *  Then

(x » Tx )
(0,31 To,31 [0 * *To3]
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> 0, thus =0 [mla.e.

But [T ]*<MO says T¥*x T *x
22 1, = 1
? R *To,3]

Therefore, given any measurable AC X, we have

0=(x ,T

% _ _ 1
A Te )—(T¢xA,x 1)—M¢{[0, JXA}

0,—
[0,3

=m {[O,-l-] r\¢'1A}.

N
[0,3]

However, by (2) and (6), we know that

] a1 S
m{[0,2] ~ ¢ A}=-2'rn{[§-, 1]~ ¢ "A}. Thus, we have
m{[O,—l']r'\ ¢’1A} = 0 implies that m{['?];-, 1] m.¢’1A} = 0 ‘which
implies m{ ¢_1A}= m{A}=0 forall ACX. Thus, wehave
reached a contradiction. Our assumption that [T] = [T¢][T0'] *

is, therefore, wrong. The proof is complete.

Next we question the validity of the proposal that all operators
of the form [T¢][ To‘]* are extreme. The following theorem shows

this is not the case.

Theorem 4: Not all [T]e MO which are of the form

[T] = [T¢][T0']* ‘are extreme.

Proof: First, by Theorem 1, we must look towarda ¢ and
o which are not invertible.

Our claim is that if we let

g {x) = 2x (mod 1)
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and if we let

o(x) = 3x if xe[O,-él-]
and

L,

pl) =3 (3x-1) if xe[3

then [T¢][ To_] g is not extreme.

1 . x 1 . x+1 .
Now note that T* f(x) = > f(-—-z) + > f(--'—-"2 ) since

(£, T_g)

i

S f(x)g(2x)m(dx) + S f(x)g(2x-1)m(dx)
[0.3) [3.1]

% SXf(g)g(y)m(dy) + %g f(%'l') g(y)m(dy)

X

1

=% SX [42)+ f(%'l“)] g{y)m(dy) = (T:_< f,g).

%* 1 1
Now . (AXB) = (xA,T¢T¢xB) = S XA(X)T¢['EXZB+EXZB-ll(x)m(dx)'

X
Therefore

P LAXB) = —12- EXXA(X)T¢[XZB] (x)m(dx)+‘i‘5‘ XA(X)T¢[X2B_1](X)m(dX)

X
1 1 3x-1
=3 S. 1 XA(X)XZB(Z’:x)m(dx) + 2 S]t xA(x)XZB(——é-—)n(dx)
[0.3] [3: 1]

+';' S‘ , XA(X) XZB_I(Sx)m(dxH%S‘ XA(X)XZB-I%;%HX)'
[0.3] [31




Thus we have that
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1
BggalAXB) = ‘m{[o "]f“ Af“[—-] } o+ 2m{[—— 1] mAr\43B+ }
1 - 1 1 4B-
+3mﬂm%L“Am[%}H}+EmH§J] ~ AN —-—}
¥ BC[0,5], then
4B+1
“¢g*(AXB)=%m{[O“] Af\ }+—m{[— 1] ~ m—-—3—+—-}
- imanirao B ).
¥ BC[3,1], then
1 2B-1 1 1 4B-
By g xAXB) =3nﬂ[0—] J%—}+Enﬂ[?l]mAJ\—?J}
=*;-m{A i —;—[(23-1) v (4B-1)] }.
We have obtained for AC__:_[O,%] , Bg[o’l] ,
b (AXB) = ~m[An £ B]
po * 2 370

Thus, on [0,'1-] X [0,%],

W

line vy =

For

By

Thus, on [

X.

ACI3 1],
(A XB) ——m[

L 1uro L

the mass is distributed uniformly along the

BC[0,5],
A= (4B+1n .

the mass is distributed uniformly along



the tine y=2x -1 i
e line y—4x 4
For AC[0.3], BE[51],

L 4AXB) =2 mlA~ S (2B-1)].

"o
Thus, on [0,%] X [-12, 1], the mass is distributed uniformly along
. 3 1
the line y—2x+2.

For ACI[5.1] BCI(3.1],
1 1
Thus, on [%, 1] X[%, 1], the mass is distributed uniformly along

3 1
the 1i = = -
e line y=7% x + 4
It is obvious that each point (x,y) on the graph of one of these
lines is a strong p-point of density. Furthermore, it is clear that

1
for any Yy e[—z', 1] we can obtain a path of points onthe graphs suchthat

3 1 1 1
(x,y)ely=5x+7 }C[O,gl X [3,1] ,

Gcye {y = 3=+ K310 x D510

w

1 1 1
(x,,y,)e{y =7x - 4}C[§, 1]><[0,2 and

(xl,yz)e {y=%x } C [0,';'] X [0,'12] .

By Theorem 6, Section 1 of this chapter we can conclude that

[T¢][TO_]* is not extreme. The proof is complete.

The idea that there must be a close correlation between the
extreme points of MO and those of the orbits of functions in

Lj(m) gains stature with the last two theorems of this section.
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We first state a theorem which is actually a corollary to Theorem

6, Section 1 of this chapter.

Theorem 5: If [TH] is extreme in MO, then there is a set
BCX with 0<m(B)<1 and such that TpXB(x) = xA(x)+F(x)

where m(A)> 0 and F(x)=0 on A.
Theorem 5 suggests the following conjecture:

If [TH]eMO is extreme, there is an feLl(m) such

that Tpf is extreme in (f).

This gives a result toward an even stronger statement: If [TH]EM'O?

is extreme there is a characteristic function, 0<m(A)Y< 1,

XA’
such that TpXA is extreme in SZ(XA), i. e. TpXA = Xp where
m(B) = m(A). It should be pointed out that this conjecture does not

require [T“] to carry all characteristic functions into character-

istic functions.

The last theorem in this paper shows there is a further con-

nection between extreme points of MO and those of £f(f).

Theorem 6: Let Mfg = {[,Tp‘]eMO: Tf=g}. I g is extreme

in Q(f), then M contains an extreme point of MO.

fg

Proof: Let t[Tl] + (l-t)[TZ] eM for [Tl] and .[TZ]

fg
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in MO and 0<t<1l. Then t(Tlf) + (I-t)(TZf) = g implying
Tlf = Tzf =g since g 1is extreme in Q(f) by assumption. Thus

[Tl] and [TZ] are in Mfg which says that Ngz'g is an extermnal

subset of MO.

MO is compact in the weak operator topology [3]. Now let
< [Ta] > C:Mfg be a net which converges to [T] in the strong
operator topology. Then Taf converges to Tf for all fe¢ Ll(m).

Thus as Taf =g, forall a, wehave Tf =g. Therefore,

[T]eM

fg’ consequently M is closed in the strong operator

fg
topology. It is known (see[9, p. 477]) thata convex set has the

same weak operator topology closure as it does in the strong operator

topology. Thus Mfg is closed in the weak operator topology.

It is basic to the proof of the Krein-Milman Theorem [ 9, Zd, 247,

that a closed, compact, convex, extremal subset of a convex set ina
locally convex topological vector space contains an extreme point of
the convex set.

Thus Mfg contains an extreme point of MO. The proof

is complete.
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