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ON THE STRUCTURE OF THE ORBIT SPACES OF ALMOST
TORUS MANIFOLDS WITH NON-NEGATIVE CURVATURE

1. INTRODUCTION

Since perhaps the Gauss-Bonnet theorem, mathematicians have been looking for a
classification of compact smooth manifolds with positive or non-negative sectional cur-
vatures. In this general context, Karsten Grove initiated a program with the following
guiding principle:

Classify or determine the structure of positively or non-negatively curved manifolds
with large isometry groups.

A “large” isometry group can have many different meanings. One can simply assume
that the dimension of the isometry group G, which is a compact Lie group, is large relative
to the dimension of the manifold M on which G acts. Or instead one can look at the
dimension of a maximal torus 7" in G, that is, the maximal symmetry rank of G. In a

perhaps more subtle way, the so called fized point cohomogneity is defined as
dim(M/G) — dim(M),

where MY is the set of fixed-points. A low fixed point cohomogeneity action reflects the
property that the G action on the normal space of M is “large” , in the sense that the
quotient M /G has small dimension. For example, if the fixed point cohomogeneity is one
(that is, the action is fixed point homogenous), then G acts homogeneously on the normal
space of MGC.

Historically, Grove’s symmetry program has been motivated by a beautiful theorem

proved by Hsiang-Kleiner in 1989. The theorem states that if M is a compact, simply



2
connected, positively curved 4-manifold which admits an effective isometric action of a
circle S, then M is homeomorphic to either S* or the complex projective space CP2. A
classification of compact, simply connected non-negatively curved 4-manifolds was given
by Kleiner in his thesis [31].

For a more general setting one assumes that the manifold M admits a smooth
action by a ’large’ torus 71'. For manifolds with positive sectional curvature, the Maximal
Symmetry Rank Theorem proved by Grove-Searle [21I] can be applied. The theorem
states that if T" acts effectively, then dim(7") is less than or equal to |(dim(M) + 1)/2],
with equality holding if and only if M is a sphere, or the quotient of sphere by a linear
action of a compact Lie group. The key points are that if dim(7) > [(dim(M) + 1)/2]
then T acts ineffectively, and if the equality holds, then there is a circle subgroup S' ¢ T
such that its fixed point set M* 'C Mhasa totally geodesic component F' of codimension
2 in M. Thus F/S! is embedded as the boundary of M/S!, which is an Alexandrov space
with the same lower curvature bound as M. A common practice now is to look at the
set C at maximal distance from F/S* in M/S!. In the situation when M has positive
curvature, C' is a single point in M /S

We will call a G-manifold M fized point homogeneous if dim(M/G) — dim(MY) =
1. In the non-negative sectional curvature setting, the component in MY of maximal
dimension is in general only a component of the boundary of M/G. Moreover, the set C
at maximal distance from F'/G in M /G does not need to be a point, like in the case of
positive curvature. Recently Spindeler [42] proved that, in this parallel (but more difficult)
case, if M is G-fixed point homogeneous with non-negative sectional curvature, then M
can in fact be obtained by gluing two disk bundles along their common boundary. In
particular, we can write M = D(F') Uy D(N), where F is a totally geodesic component of
ME of codimension 2 in M, and N is a closed submanifold of M.

Suppose now that M is a compact Riemannian manifold on which a torus T' acts
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smoothly and effectively. Let T, be the isotropy subgroup of an arbitrary point x in M.
Then the inequality dim(7;) + dim(7") < dim(M) must be satisfied, otherwise the T,-
slice representation will not be faithful. If there is a point x in M such that dim(7}) =
dim(M) — dim(T'), that is, the isotropy subgroup is of maximal dimension, the action is
called isotropy mazimal. If we only have dim(7,) = dim(M) — dim(7") — 1, the action
is then called almost isotropy mazximal. In both cases one can easily check that T, acts
orthogonally on the normal sphere S of the orbit T'(z) of x by maximal symmetry rank.
Thus there must be a circle S' C T, fixing the normal space of T'(z') with a codimension two
fixed point component. It turns out that M is an S'-fixed point homogeneous manifold.

If the manifold M has a metric of non-negative sectional curvature that is invariant
under the T action, then Spindeler’s result can be applied to conclude that M is the
union of two disk bundles. Using this fact, Wiemeler classified simply connected, non-
negatively curved torus manifolds up to equivariant diffeomorphism in [46]. Here a torus
manifold, as a special example of an S'-fixed point homogenous manifold, is defined as
a 2n-dimensional orientable manifold with an effective action of an n-dimensional torus
such that M7T £ ().

Recently Escher and Searle [12] generalized Wiemeler’s result to simply connected
non-negatively curved manifolds admitting an isotropy maximal torus action. They proved
that Wiemeler’s result holds as well in this case. They also showed that if a T% action
on M" is almost isotropy-maximal with & > [2n/3], then the action is in fact isotropy-
maximal. This is consistent with a well-known conjecture on the maximal symmetry rank
([16], [17]) of non-negatively curved manifolds, which states that |2n/3| should be the
upper bound of the dimension of an effective, isometric torus action on a given M" of

non-negative sectional curvature.



1.1. Statement of the main result

One hopes to further generalize the previous results. We define an almost torus
manifold to be a (2n+ 1)-dimensional orientable manifold with an effective action of an n-
dimensional torus such that M7 # (). Tt is easy to see that the torus action on M is almost
isotropy maximal. Our main result is Theorem A which gives an explicit description of
the structure of the orbit spaces of almost torus manifolds. As compact manifolds with
non-negative sectional curvature, orbit spaces of almost torus manifolds are similar, but
more complicated, than orbit spaces of torus manifolds, which are described in Lemma 6.3
of [46]. And similar to the fundamental role that Lemma 6.3 plays in the classification of
torus manifolds, Theorem A also plays a fundamental role in the classification of almost

torus manifolds, as presented in [10].

Theorem A. Let M?"t! be a closed, simply connected, non-negatively curved almost

torus manifold. Then the following hold.
1. The torus action on M is locally standard.
2. M/T is diffeomorphic (after smoothing the corners) to a standard disk D™ 1.

3. Any codimension one face of M /T is diffeomorphic (after smoothing the corners) to

either a standard disk D™, or S* x D" 1,

In [46] it is shown that two nice manifolds with corners with contractible faces
and isomorphic face posets are homeomorphic. This fact is then used to prove that
a simply connected torus manifold M with vanishing odd degree integer cohomology is
determined up to homeomorphism by the combinatorial face poset P(M/T) together with
the characteristic map A (Theorem 3.4 in [46] ). In our case, Theorem A shows that the
orbit space of a simply connected almost torus manifold will not be a nice manifold with

corners. Hence we cannot apply the results of [46].
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However, by using the disk bundle decomposition (Theorem of an almost torus
manifold M?"*1 = D(F)Up D(N), it is possible to show that M?"*! can be equipped with
a unique smooth S! action (not necessarily isometric) that commutes with the original 7"
action. Thus the quotient of M /T with the extra S* action is a nice manifold with corners
whose faces are all contractible [10]. Therefore the classification of M?"*! can be obtained
using similar techniques as in the classification of manifolds with isotropy-maximal action

presented in [12].

1.2. Organization of the Thesis

The thesis is organized as follows. Chapter 2 is a preliminary section in which we
review necessary definitions and theorems that will be used in later chapters. Contents in
sections 2.1 to 2.3 are mainly gathered from [I] and [30)], as we review some basic materials
related to transformation groups. Sections 2.4 to 2.7 focus on torus actions, and include
important definitions and results that are essential to this thesis. These sections on torus
actions are throughly discussed and summarized, so that readers will have a concrete
understanding of the proof of the main result. In particular, we summarize results of
Spindeler on non-negatively curved fixed-point homogeneous manifolds and Wiemeler’s
classification of non-negatively curved torus manifolds. In sections 2.8 to 2.10 we talk
about non-negative curvature and Alexandrov spaces as well as rationally-elliptic spaces,
which are areas of great interest on their own. We will use some known results of those
areas, however, no details will be discussed.

Chapter 3 contains propositions and lemmas that are required to prove the main
theorem. We decompose the manifold M into a union of two disk bundles over two
submanifolds F' and N of lower dimension, using Spindeler’s theorem. We prove that there

are essentially three separate cases of the decomposition, depending on the properties of



6

F and N. The proof of the main theorem will be based on the discussion in this section.
The proof of the main theorem is presented in Chapter 4, which gathers results of
the previous chapters and uses an inductive argument for each case established in Chapter
3. In Chapter 5 we summarize the conclusion of this thesis.
In Chapter 6 we will describe how our main result can be applied to obtain a
classification of almost torus manifolds with non-negative sectional curvature [10].
Finally, in Chapter 7 we will outline a few future directions that are interesting and

that the author would like to explore.



2. PRELIMINARIES

In this section we will gather basic results and facts about transformation groups,
torus actions, torus manifolds, torus orbifolds, as well as results concerning G-invariant

manifolds of positive and non-negative sectional curvature.

2.1. Compact Transformation Groups

We refer to Bredon’s text [I] for most of the content in this subsection.
By a topological transformation group we mean a triple (G, X, ©) where G is
a topological group, X is a Hausdorff space and © : G x X — X is a continuous map such

that:
1. ©(9,0(h,x)) = O(gh,z) Vg,h € G and z € X,
2. O(e,x) =x Vz € X, where e is the identity of G.

The map © is called an action of G on X. We will call X a G-space if the underlying
action O is understood. The notation for the action will be omitted and (g, O(h,z)) =
O(gh, x) will be written as g(hz) = (gh)z.

Given a G-space X, we define the orbit of a point x € X to be G(z) := {gx : g €
G }. The isotropy group at x is defined as G, := {g € G : gr = x }. The notation for
an orbit can be also used for a set A C X, such as G(A) :={gr: g€ Gx € A}. Aset A
is said to be G-invariant if G(A) = A. We will sometimes denote the fixed point set
of the G action on M by M® := {2 € M : gr = xfor allg € G }, or sometimes we will
use Fix(M, G) instead.

The ineffective kernel of the action © is the subgroup ker® := NyecprG,. We say

that G acts effectively on M if ker® is trivial. The action is called almost effective
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if ker® is finite. The action is free if every isotropy group is trivial and almost free if
every isotropy group is finite.

Let X and Y be two G-spaces, an G-equivariant map ¢ : X — Y is a map such
that

o(g(x)) = gp(zr) VYVge Gand z € X.

We say X and Y are weakly G-equivalent if there is an automorphism a of G and a

G-equivariant homeomorphism ¢ : X — Y such that,

o(g(x)) = a(g)(p(z)) YVgeGandz € X.

In the case when « is the identity map, X and Y are G-equivalent under the G-
equivalence ¢.

We denote by X /G the set whose elements are the orbits 2* = G(x) of G on X, that
is, z* = y* if and only if x,y € X are in the same orbit. Define the canonical projection
m: X — X/G as n(z) = G(z), then X/G endowed with the quotient topology is called
the orbit space of X. The action is called transitive if the orbit space is a point.

So far we did not impose any restrictions on the topology of G. One of the reasons
why G is usually required to be compact is because the topology of M/G may not be

)

interesting. Here is an example of an “irrational flow” on a torus. Let R act on a torus

T? = (R/Z)? as follows.
t. (ez’27r:c 6i27ry) _ (ei27r(oc+t) €i27r(y+\/§t))_
Then any orbit of R is a dense subset of T2, resulting in the trivial (discrete) topology

on T?/R which is not so interesting. However, if G is compact, we have the following

properties:
Theorem 2-1. If X is a G-space with G compact, then

1. X/G is Hausdorff.



2. m: X — X/G is closed and proper.
3. X is compact if and only if X/G is compact.
Moreover, fixing x € X, the natural map
oy G/Gy = G(z) asgGy— gz

is a continuous bijection by the definition of G/G;. By Theorem G /G, is compact,
and thus since M is Hausdorff, «, is a homeomorphism.

We now assume that all groups G in this section are compact. Let X be a G-space.
For two points x,y in X, we have G(z) ~ G/G, and G(y) ~ G/G,. One can show that
there exists an equivariant map G(x) — G(y) if and only if G, is conjugate to a subgroup
of Gy (see for example I.4. of [I]). We let type(G(x)) be the type of the orbit of x defined
as the equivalence class of G(x) under equivariant homeomorphism. We also have the

following partial ordering of orbit types.

type(G(z)) > type(G(y)) if and only if G, is conjugate to a subgroup of G,

We will use the following facts about lifting group actions to covering spaces, details
can be found in 1.9 of [I].

Let X be a G-space and suppose we are given a covering space p : X' — X. It is
natural to ask if we can lift the G action ® : G x X — X to its covering space X'. Let G

be a Lie group, and 7 : G* — G be the universal cover of G. It turns out that the map
Po(mrxp):G*xX -GxX X

can be lifted to a unique map
P* G x X' = X'
to form an action of G* on X’. The action ®* commutes with the group of deck transfor-

mations of X’. Now assume G acts effectively, and let G’ be the effective factor group of
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G* for the action on X’. Then G’ covers G and the kernel of G’ — G is a subgroup of the
group of deck transformations of X’.

With some more effort, we have the following theorem.

Theorem 2-2 (9.11in [I]). Let G be a connected Lie group acting effectively on a connected,
locally path connected space X and let X' be any covering space of X. Then there is a
covering group G’ of G with an effective action of G' on X' covering the given action.
Moreover, G' and its action are unique. The kernel of G' — G is a subgroup of the group
of deck transformations of X' — X. If H has a fized point in X, then G = G’ and

Fix(X',G") = Fix(X', G) is the full inverse image of Fix(X,G).
And here is a small observation that we will make use of.

Lemma 2-3. Let © : GXx M — M be the action of a compact group G on a path-connected

space M. If there is a G-fized point in M, then any G orbit in M is contractible.

Proof. Fixing a G-fixed point xg € M, for any y € M, let ©, : G — M denote the map
©,(9) = g-y. Since M is path connected, take a path v : [0,1] — M with v(0) = y and

v(1) = xg. Then I' : G x I — M defined by:

[(g,t) = O,1)(9) = g-()

is a homotopy between I'(g,0) = ©,(g) and the constant map I'(g,1) = O, (g) = 9. O

2.2. Fiber bundles and G-vector bundles

This section is written based on Bredon’s text [I] and Kawakubo’s text [30]. Also
readers may want to compare [43]. Topological group actions appear naturally in the
theory of fiber bundles. In this section we give a brief review of fiber bundles, as well as

a few useful tools that will be applied in later sections.
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Definition 2-4. Let G be a topological group and let F be an effective right G-space.
Let X and B be Hausdorff spaces. A fiber bundle over B (the base space) with total

space X, fiber F, and structure group G is a map
m: X —- B

together with a collection ® of homeomorphisms ¢ : F x U — 7~ Y(U) for U open in B,

called charts over U, such that
1. moy is the coordinate projection from F x U to U, for each chart ¢ € ® over U.
2. The collection of U forms a basis for the topology of B.

3. If o, € ® are charts over U, then there is a continuous map 6 : U — G such that

(fyu) = @(f - 0(u),u)

forall f € F anduw € U. This map 0 is called the transition function for the charts

¥ and .
4. The set ® is maximal among collections satisfying the preceding conditions.
It is worth noticing that for a fiber bundle with structure group G:

1. The transition functions appearing in ¢ (f,u) = ¢(f-0(u),u) are not just any home-

omorphism of the fiber F', but are given by the action of some element of G.

2. The topology of G is integrated into the structure by requiring 8 : U — G to be
continuous. For example, # is automatically continuous when G has the compact-

open topology (compare with 1.5 of [43]).

Definition 2-5. A principal G-bundle is a fiber bundle with fiber G and structure group

G acting by right translation. (g € G takes g’ in the fiber to ¢'g.)
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Suppose X is right G-space and that Y is a left G-space. Then a left G action on

X xY is given by sending (z,y) to (zg~!, gy). We define the twisted product of X and
Y to be the orbit space

XXGY

of this action. That is, X xg Y is the quotient space of X x Y where [zg,y] = [z, gy] €

X xgY. The following theorem is standard in the theory of fiber bundles.

Theorem 2-6. Let p: X — B be a principal K-bundle and let F' be right K -space. Then
m:FxgX—B

defined by 7[f,z] = p(x) is a fiber bundle with fiber F' and structure group K and is called
the F-bundle associated with this principal K-bundle. If ¢ : K x U — p~}(U) is

a chart of the principal bundle over U, then the composition
GiFxUS (FxgK)xU S Fxg(KxU) 259 By p L (U) 2 7~ L(U)
is taken to be a chart of the associated bundle. (Note that ¢(f,u) = [f,¢(e,u)].)

Suppose the fiber F' of a fiber bundle X — B is a G-space for some group G, then

G acts on X if G commutes with the structure group of the bundle.

Theorem 2-7. Suppose that p: X — B is a bundle with fiber F' and structure group K.
Suppose that F is also a left G-space and that the actions of G and K commute [that is,
(gf)k = g(fk)]. Then there is a unique G action on X covering the trivial action on B

and such each chart ¢ : F x U — p~Y(U) is G-equivariant. [where G acts on F x U by
(9, (f, ) = (9, w))-

Corollary 2-8. If 7 : X — B is a principal G-bundle, then there is a canonical free G
action on X, which covers the identity on B (and is left translation in the fibers). The
map m : X — B induces a homeomorphism X/G — B, and thus may be regarded as the

orbit map for this action.
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For our applications G is always a compact Lie group. If E is any smooth manifold

on which G acts smoothly, freely and properly discontinuously, then B := E/G is a smooth

manifold as well, and the canonical map 7 : E — B is a principal G-bundle. Now suppose

F' is a smooth compact manifold and G acts on F' from the left. Then there is an F-bundle
associated with £ — B :

p:ExqgF — B

where the total space F xXg F' is a smooth manifold. Then the tangent bundle of E xg F
is the Whitney sum:

T(Exg F)=p"(7(B)) ® 77

where 7 is the subbundle of vectors in the tangent bundle 7(F X F') that are tangent to
the fibers. By [36], there exists ¢ : FF — R™, an embedding of F' into some R™ such that

1) is equivariant relative to a representation 3 : G — O(n) in the following sense:

(gf) = B(9)y(f) VieFged

Let £ xg R" — B be the n-plane bundle associated with £ — B. Then v induces an
embedding

U:ExgF — ExgR",[e, f] = [e,v(f)].

Let vy (E xg F') be the normal bundle of E xg F in E xXg R™. We have the following

theorem:

Theorem 2-9 ([45]).

7 @ vy (E x¢ F) = p*(E xg RY). (2.1)

We will state an example of Theorem as a corollary here, since it will be used

in the proof of Theorem A.

Corollary 2-10. Let § be a principal O(n)-bundle E — B = E/O(n), let ExXomR" — B

be the associated n-plane bundle. Let S~ be embedded in R™ and letp : Exom) st 5 B
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be the associated (n — 1)-sphere bundle. Denote the induced embedding as
v:.FE X0(n) I ) X0(n) R"™

Then we have

Tr(E Xom S @ ey = p*(E xo(m) R")

where Tr(E X o(n) S"=1) is the subbundle of vectors in the tangent bundle T(E X O(n) S
that are tangent to the fibers, and 6\11, is the normal bundle of E X o(n) S»lin E Xo(m) R",

which is trivial.

The following theorem from II.6 of Bredon’s text [I] is very useful.

Theorem 2-11. Let G be a compact Lie group, and X is an path connected G-space. If
there is an orbit which is connected (e.g. G is connected or X& # (), then the fundamental

group of X maps onto that of X/G. Thus if X is simply connected, then so is X/G.
We will use the following result (6.2 in [44]):

Theorem 2-12. Let 7 : X — Y be a principal S'-bundle and o : T* xY — Y an action of
T onY. If H'(Y,Z) = 0, then o has a bundle lifting, that is, an action & : T' x X — X
such that each g € T acts on X as a bundle map § (that is, § commutes with the S*

action on X, where S is the structure group), and o §(z) = gom(x), for allz € X.

It is sufficient for us to notice that the assumptions in Theorem [2-12| can be easily
generalized to a principal torus bundle whose base space admits a torus action. A gener-
alization of the theorem can be found in [27], in which the group action on the base space
is a general compact Lie group.

Next, we consider group actions on fiber bundles, in particular, the so called G-

vector bundle.
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Definition 2-13. Let p : E — X be a vector bundle (that is, the fiber is a finite dimen-
sional vector space and the structure group is the general linear group) and G acts on both

E and X such that p is G-equivariant. If for each g € G and x € X the map

g:p '(z) = p ' (gx)
18 a linear isomorphism, then p: E — X 1is called a (G-vector bundle.

The tangent bundle T'M of a smooth manifold M is an example of G-vector bundle
where G acts via the differential of the given action on M . If a G-invariant subspace E’
of E and the restriction p’ := p|p : E' — X satisfy the following conditions (1) and (2),

then FE’ is called a G-vector subbundle of F.
(1) For each x € X, the fiber E/, = E' N E, is a vector subspace of F,.

(2) p' : E' = X is a G-vector bundle with respect to the vector space structure of E/,

in (1).
Then we consider the equivalence relation ~ on E defined by
z~7 ifandonly if p(z) =p(2') and z - 2" € E} ).

The quotient space E/ ~ is denoted as E/FE’. Let 7 : E — E/E' be the canonical
projection map. Then there is a well-defined map p : E/E’ — X such that pon = p,
since we require the equivalence relation ~ to respect the fibers of E/E’, which for each

x € X, have the structure of the quotient vector space E,/E..
Theorem 2-14. The map p: E/E" — X is a G-vector bundle.

The proof of Theorem can be found in standard text books (see for example
[30]). We will continue with this topic in next subsection, when we consider smooth

actions.
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2.3. Smooth actions and G-invariant tubular neighborhoods

In this subsection, let G be a compact Lie group and M a smooth manifold. If the
the map ©® : G x M — M of a G action on M is smooth, then the action is called a
smooth G action. Each g € GG is a diffeomorphism on M and induces a natural action,

G xTM — TM, of G on the tangent bundle 7'M given by:
(g,vp) = Dgp(vp) Vv, € T,M,g€ G

where Dg is the differential of g. One can check that the exponential map exp : TM — M
and the canonical projection 7 : TM — M are both G-equivariant, since the G action on
T M preserves the fibers of the tangent bundle.

We continue the discussion of G-vector bundles, whose definition was given in Def-
inition Suppose a compact Lie group acts smoothly on a manifold M. The map

g: M — M is a diffeomorphism for each g € G. Hence g induces a bundle isomorphism
Dg:T(M)— T(M).

It is easy to verify that

g-v— Dg(v) Vge GveTM

defines a smooth action of G' on the total space T'(M) of the tangent bundle of M. Thus
T (M) is a G-manifold and since Dg restricted to each fiber is a linear isomorphism,
T(M) — M is a G-vector bundle. In particular, for each p € M, since the isotropy sub-
group G, acts linearly on T),(M), T,,(M) is a representation space of G, this representation
is called the isotropy representation at p of the G-manifold.

Now let N be a G-invariant submanifold of M. The tangent bundle T(N) — N is a
G-vector subbundle of the restriction T'(M)|ny — N of the tangent G-vector bundle T'(M)

of M. Thus by Theorem the quotient bundle

v=(T(M)|n)/T(N)
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is a G-vector bundle called the normal G-vector bundle of N in M.
In our setting, M is a Riemannian manifold and G is a compact Lie group acting
on M isometrically. If N is a G-invariant submanifold of M, the tangent bundle T'(NN)

has an orthogonal complement T (N) in T(M)|y such that
T(M)|y ~T(N) & T-(N) (2.2)

where & is the Whitney sum. Since the metric on M and N is G-invariant, each fiber
of T+(N) is a G-invariant subspace of the tangent space of M. Thus the normal bundle

T+(N) — N is a G-vector bundle. Moreover,
TH(N) = v = (T(M)|n)/T(N). (2.3)

This G-equivariant isomorphism can be seen from as follows: If £ — X and E/ — X are
two G-vector bundles, then they are naturally G-vector subbundles of F & E' — X and
satisfy

E~(E®FE)/E. (2.4)

The isomorphism is given by the inclusion of E into F @ E’ and then projecting to
(E®E')/E'. Now let E be T+(N) and E' be T(N) and combine equations [2.2| and [2.4| to
obtain equation There are two comments we should make about the isomorphism
First, it is clear from the construction that the isomorphism is G-equivariant. Second, v
is canonically endowed with a G-invariant metric by the isomorphism.

The structure of the normal G-vector bundle can be further discussed when G is a
torus.

We now return to the manifold M and a submanifold N. By a G-invariant tubular
neighborhood of N in M we mean a G-equivariant embedding f : v — M such that the
restriction of f to the zero section N of v is the inclusion of N in M. The restriction of f
to the unit disk bundle f : D(IN) — M is called a closed G-invariant tubular neighborhood

of N in M.
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The following theorem is well-known:

Theorem 2-15. Let G be a compact Lie group. For a G-invariant submanifold A of a

G-manifold M, there exists a G-invariant tubular neighborhood of A in M.

Recall that for a compact group G a G-orbit of x in M is an embedded G-invariant
submanifold of M. Let v be the normal G-vector bundle of G(x) in M. Then the fiber
v is a representation space of the isotropy subgroup G,. Possibly the most crucial basic

result in the theory of compact transformation groups is the so-called Slice Theorem.

Theorem 2-16 (Slice Theorem). Let G be a compact Lie group and M be a smooth
G-manifold. For any x € M, the normal G-vector bundle v of G(x) in M is isomorphic
to

G XGy Ve — G/Gm

as smooth G-vector bundles. Further, there is a G-equivariant embedding of the twisted

product G X, vy onto a G-invariant tubular neighborhood U of G(x) in M
v:Gxg, Ve >UC M.
A few remarks should be made with respect to the Slice Theorem.

1. The restriction of ¢ to the zero cross-section gives the natural G-diffeomorphism

from G/G; to G(x).

2. If we take M to be a Riemannian manifold with a metric such that G acts iso-
metrically, then the G, action on v, is given by the G, action on the orthogonal

complement of T, (G(z)) in T, M.
3. The image S, := ¢(v;) is called a slice at x. We have g(S;) = Sy, for any g € G.

4. The natural inclusion S, /G, — M/G is a homeomorphism onto the open subspace

G(S;)/G. Namely, at each point of the orbit space M /G there is an open neigh-
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borhood that is homeomorphic to S, /G, ~ T*(G(x))/G.. (See for example, [I] for

details. )

The Slice Theorem is fundamental in the study of compact transformation groups.
One of the many important applications of the Slice Theorem is the following well-known

theorem.

Theorem 2-17 (Principal Orbit Theorem). Suppose a compact Lie group G acts smoothly
on an n-dimensional smooth manifold M with connected orbit space M/G. Then there
exists a mazimal orbit type G/H for the action of G on M, that is, H is conjugate to a
subgroup of each isotropy subgroup. The union M(H) of the orbits of type G/H is open

and dense in M and its image M (H)/G in M/G is connected.

Although we will not discuss this further, it is worth noticing that the Principal
Orbit Theorem can be proven under the more general assumption that a compact Lie
group G acts locally smoothly on a topological manifold M (see [I]). But in the setting
of a smooth action (which implies local smoothness) on a Riemannian manifold, the proof
can be simplified using Kleiner’s isotropy lemma (see [31]).

Orbits of maximal orbit type as guaranteed by Theorem are called principal
orbits. The corresponding isotropy group is called the principal isotropy group. De-
pending on the relative size of their isotropy subgroups to the principal isotropy group,
an orbit is called exceptional when its isotropy subgroup is a finite extension of the
principal isotropy subgroup, and singular when its isotropy subgroup is of strictly larger
dimension than that of the principal isotropy subgroup.

The following two useful basic structure theorems (see for example [30]) will be used

repeatedly:

Theorem 2-18. Let G be a compact Lie group, suppose G acts smoothly on M. Then

each connected component of the fized point set M is a closed submanifold of M.
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Theorem 2-19. Let G be a compact Lie group and M a G-manifold. Suppose that every
orbit in M has type G/H. Then the orbit space M /G is a topological manifold and there
is a smooth structure for M /G such that the projection m : M — M /G is a smooth fiber
bundle with fiber G/H and structure group N(H)/H, where N(H) is the normalizer of H
in G.

2.4. Torus Actions

Recall that a k-torus 7% := (S')* is nothing but a compact, connected, abelian Lie
group that is diffeomorphic to a torus T* := (S1)*. A maximal torus in a compact
Lie group G is a torus subgroup of G which is not properly contained in any larger torus

subgroup of G. The dimension of a maximal torus T" in G is called the rank of G.

Example 2-20 (Standard maximal torus). A standard mazimal torus in SO(2n), where
(n>1):

cosfp sinby
—sinfy cosby

cosfy sinby

T?’L

—sinfy cos by 101,00,...,0, eR 5,

cosf, sinf,

—sinf,, cosb,

or equivalently, in U(n), where (n > 1):

4 9
el

162

K :01,02,...,0, €R 3,

10n
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A standard mazimal torus in SO(2n + 1), where (n > 1):

4
cosf; sinf,

—sinfy cosb;
cosfy sinby
—sinfy cos by
T = :01,02,...,60, €R
cos@, sinb,

—sinf,, cosb,

In general, a T™ torus in SO(2n) is maximal, and a T™ torus in SO(2n + 1) is mazimal.

The following well-understood proposition (see for example, [I]) describes the rela-

tion between two maximal tori.
Proposition 2-21. Any two mazximal tori of a compact Lie group G are conjugate in G.

There are a few advantages of considering torus actions in the context of isometric
group actions on Riemannian manifolds. In particular we have the following well-known

results.

Theorem 2-22 ([33]). Let M be a Riemannian manifold with an isometric torus action

T. The fized point set M satisfies:

(1) Each connected component N; of M™ is a closed totally geodesic submanifold of even

codimension.

(2) The structure group of the normal bundle over N; can be reduced to GL(r,C) where

2r = codim(N;). Thus if M is orientable, then each N; is orientable.

(3) The Euler characteristic satisfies x(MT) = Six(N;) = x(M).
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We wish to share a few comments regarding Theorem [2-22] The first item of the
theorem can be thought as a strengthened version of In the case when G is a finite
group, the equation of Euler characteristics in Theorem 2-22)holds if G is a cyclic subgroup

of a torus:

Lemma 2-23. Let T be a torus group and M be a compact T-manifold. Then for any

finite cyclic subgroup G C T, we have:
X(MF) = x(M).

This formula can be found in many classical texts, for example, Corollary 5.60 of
[30].

Now we will give the definition of an almost torus manifold. Let M be a connected
Riemannian manifold equipped with an effective action by a torus T'. For any point x € M,
observe that the normal subspace T, M /T, (T (z)) is a faithful T,-representation, thus the
dimension of T, M /T, (T(x)) is at least 2dim(7,). More specially, we have the following
inequality:

dim(Ty) < 1/2(dim(M) — (dim(T) — dim(T%))) Vo € M,

which can be simplified as
dim(T") + dim(73) < dim(M).

We have the following definition to describe those actions for which the equality holds in

the above inequality.

Definition 2-24 (Isotropy-Maximal Action). Let M™ be a connected smooth manifold
with a smooth, effective torus T* action. We call the T* action on M™ isotropy-maximal,
if there is a point © € M such that the dimension of its isotropy group is n—k. Meanwhile,
an orbit with type T/H where the isotropy subgroup H C T has the largest dimension is

called a minimal orbit, that is, an orbit with dimension k — (n — k) = 2k — n.
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Remark: If T% acts isotropy maximally on M™, then since dim(7T") > dim(7T}) for any
x € M, it is necessary that k — (n — k) > 0, that is, 2k > n. The dimension of the torus

can not exceed half of the dimension of the manifold.

Definition 2-25 (Almost Isotropy-Maximal Action). Let M™ be a connected smooth
manifold with a smooth, effective torus T* action. We call the T* action on M™ almost
isotropy-maximal, if there is a point x € M such that the dimension of its isotropy group

isn—k—1.

An important subclass of smooth manifolds admitting isotropy-maximal actions are

the so-called torus manifolds.

Definition 2-26 (Torus Manifold). A torus manifold M is a 2n-dimensional closed,

connected, orientable, smooth manifold with an effective smooth action of an n-dimensional

torus T  such that MT # ().

For more details on torus manifolds, we refer the reader to Hattori and Masuda [26],
Buchstaber and Panov [3], and Masuda and Panov [34].

Torus manifolds arose as a generalization of the concept of a toric variety, which
is a normal algebraic variety, M, containing the algebraic torus (C*)™ as a Zariski open
subset in such a way that the natural action of (C*)™ on itself extends to an action on M
(see [2] for more details). In particular, in [9] a topological counterpart to non-singular
projective toric varieties was introduced, now called quasitoric manifolds. Originally they
were named “toric manifolds”, but then were renamed in [2] since the term toric manifold
is reserved in algebraic geometry for a “non-singular toric variety”.

It is natural to consider the odd dimensional analogue of a torus manifold. In

particular, we define:

Definition 2-27 (Almost Torus Manifold). An almost torus manifold M is a (2n+1)-

dimensional closed, connected, orientable, smooth manifold with an effective smooth action
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of an n-dimensional torus T such that M™ # (.

One can easily check that the torus action on a given almost torus manifold is almost
isotropy-maximal. Despite the differences in definition, the family of torus manifolds and
the family of almost torus manifolds share an important property, which we will explain
here. Let M be a G-fixed point homogenous manifold and recall that such a manifold
satisfies

dim(M/G) — dim(M%) = 1.
Notice that if the group G is a circle, then the codimension of a maximal component of

MC in M is exactly two. In particular, we define:

Definition 2-28 (Characteristic submanifold). Let T* act effectively and smoothly on
a closed manifold M™. Let F' be a connected component of MS for some circle subgroup
S c Tk. Then F is called a characteristic submanifold of M if it satisfies the following

properties:
1. codim(F) =2 in M;
2. F contains a T-fixed point.

Proposition 2-29. Let M be a torus manifold, or an almost torus manifold. Then every

point © € M7 is contained in some characteristic submanifold of M.

Proof. We will first prove the proposition assuming M?"*! is an almost torus manifold.
The Slice Theorem implies that if z € M is fixed by T™, the tangent space

T, M is a representation space of 7. Then T™ acts on T, M ~ R?"*! as a maximal torus

of SO(2n + 1). Since all maximal tori in SO(2n + 1) are conjugate, consider a standard

maximal torus in SO(2n + 1) like in Example Observe that

1. T™ fixes only a one-dimensional subspace of T, M. Thus the connected component
of M containing x is one-dimensional, and being a submanifold, it is a circle. Since

M is compact, M7 is a disjoint union of finitely many circles.
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2. There is a circle S € T™ such that codim(Fix(7,M, S')) = 2, so there is a codi-

. 1 .. . .
mension two component of M®" containing x via the exponential map.

Therefore, the fixed point x is contained in a characteristic submanifold.
In the case when we have a torus manifold M?", observe that the 7™ acts on
T, M ~ R?" as a maximal torus of SO(2n). Then by a similar argument as above, the

theorem holds. O

At the end of this section, we would like to make some comments concerning the
definition of characteristic submanifolds. The existence of a T"-fixed point is required
for Definition of characteristic submanifolds, but it is not necessary in the case of
a torus manifold with vanishing odd degree cohomology, as was shown in Lemma 2.2 of
[34]. In the case of almost torus manifolds, it is not known whether or not every maximal
component fixed by a circle subgroup contains a T"-fixed point. This will require further

exploration of the structure of almost torus manifolds.

2.5. Locally Standard Torus Actions

In this section we discuss locally standard torus actions and their properties.
The following definition of a locally standard action on an even dimensional manifold

was taken from [29].

Definition 2-30 (Locally Standard). A T" action on M?" is called locally standard if
each point in M>" has an invariant neighborhood U which is equivariantly diffeomorphic
to an open invariant subset of a direct sum of complexr one-dimensional representation

spaces of T™.

The definition can be made more specific, as in Davis and Januszkiewicz [9], where

it was called locally isomorphic to the standard representation.
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Definition 2-31 ([9] Locally Standard). A T™ action on M>" is called locally stan-
dard if each point in M>" has an invariant neighborhood U which is weakly equivariantly
diffeomorphic to an open subset W C C™ invariant under the standard T™ action on C™
(that is, the action of T™ as a standard mazimal torus of U(n), see Example , that

is, there are

e an automorphism 0 : T™ — T™,
e T"-invariant open sets U C M and W C C", and

e q O-equivariant diffeomorphism f:U — W.

An analogous concept for T™ actions on a (2n + k)-dimensional manifold can be

easily defined:

Definition 2-32 (General Locally Standard). A T" action on M?*"* is called lo-
cally standard if each point in M?"t* has an invariant neighborhood U which is weakly
equivariantly diffeomorphic to an open subset W C C™ x R* invariant under the standard

T" action on C", and the trivial action on RF.

The case when k = 1 in the above definition corresponds to our almost torus mani-
folds.

Suppose (M, T) is a torus manifold and the action is locally standard. For any point
x € M, there is a triple (U, f, ¢) where U is an open neighborhood containing x, together
with a diffeomorphism f: U — W C C", as well as a T™-equivariant embedding ¢ : T™ —
(81" € C™. Denote ¢ = (¢1,...,d,), where the coordinate functions ¢; : T — S' c C
(i =1,...,n) are homomorphisms. Then U is T-invariant and f is weakly T-equivariant

in the following sense:

flg-u) = (01(9) f1(w), ..., on(g) fn(u)) VYgeT,ucl.

A fundamental property of locally standard torus actions is stated in the following

proposition.
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Proposition 2-33. If a torus action is locally standard, then all isotropy subgroups are

connected, that is, all isotropy subgroups are subtori.

Proof. Let T denote the torus group. Given a point z € M, assume that the isotropy
subgroup T}, is not connected, then T, = T' x H where H is a non-trivial finite group
and T' is a maximal torus as well as the identity component of T,. Pick a non-trivial
element ¢ € H. Notice that g is not contained in the identity component 7' x {e}
of T,. By Definition there is an automorphism ¢ = (¢1,...,¢,) : T — TT,
with each ¢; : T" — S' C C is a homomorphism, and a ¢-equivariant diffeomorphism
f= (1., fn) : U — W where U C M is a T™-invariant open neighborhood of z,
W C C™ and each f; : U — C is a coordinate function.

The action of g on x is given by

flg-x)=o(9)- f(z) = (d1(g) f1(2), .., In(g) fn()).

Since f(g-x) = f(x), we have ¢;(g)fi(x) = fi(z) for any i = 1,...,n. Consider the index
set:

I={i|fi(x)=0€C,i=1,2,...,n}.

Define a torus (S')* ¢ C" to be
(SH* .= {(e®, ... ") |0, =1 if i € I}.

Clearly, the dimension k = n — |I| and (S')* fixes f(z).

On the other hand, if an index i ¢ I then f;(z) # 0, and so it is necessary that
#i(g) = 1. Thus we have ¢(g) € (S1)*. Since ¢ is an isomorphism and f is an equivariant
diffeomorphism, the subtorus T := ¢~1((S')*) satisfies g € T* C T,. Since T* is
connected, it is contained in the identity component of T,, but then ¢ is contained in
the identity component of T, a contradiction. Hence H must be trivial, and so T} is

connected. O
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Proposition 2-34. Let M be a closed Riemannian manifold and let T C Isom(M) be a

torus. Then the following hold.

1. Let N be a T-invariant closed submanifold of M. Suppose Ty C T such that Ty fizes
N. If N is locally standard with respect to the T/T) action and the Ty action is
standard (see Example on each fiber of the normal vector space of N in M,
then M 1is locally standard with respect to the T action on a tubular neighborhood of
N.

2. Suppose To C T acts freely on M, and consider the principal To-bundle M — M /T5.
If M /Ty is locally standard with respect to the T' /Ty action, then M is locally standard

with respect to T action.

Proof. Proof of (1): Since a tubular neighborhood of N is T-equivariantly diffeomorphic
to the total space of the normal T-vector bundle p : T*N — N, it suffices to show that
T+N is locally standard. Firstly, since N is locally standard, for z € N, by the Slice
Theorem, there is a tubular neighborhood T’ X1 Sz, where S, C N is a slice at x, that
is locally standard with respect to the T” := T/T} action. Let ¢ : U x R¥ — p~1(U) be
a chart over U containing x. We can choose the slice S, to be small enough such that
S, C U and only consider ¢ : S, x R¥ — p~1(S,). Since T} acts on TN by differential

map, define a T} action on S, x R* as
g1~ (8,’0) = (Sadgl(v)) v.gl € Tl, (S,U) € Sx X Rkv

by identifying R* with T;-N. Then ¢ is T}-equivariant by construction.

Furthermore, since S, is Ti-invariant, there is a T/, action on S, x R¥ by letting
g - (s,v) = (g's,v) Vg €T. (s,v) €S, x RE.

We claim that ¢ is then T.-equivariant. This can be seen from the fact that T, acts

isometrically and 7%, C T'/T} does not act in the normal space of N.
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All together this introduces a T = T" x T action on (T" x71 S;) x R*, and by

assumption, since the 7" action is locally standard on T’ X7 Sy and the Tj action is
standard on R¥, we have a locally standard T action on (1" x7; S;) x R,

Now define a map ® : (T" x7y S;) x R¥ — T+ N as follows
([¢',s],v) = ¢ - d(s,v) Vg €T’ seSy,veRF
This map is well defined, since for all gg € T, we have

(995", 908),v) = d'g5 " - D908, v) = g'g5 " g0 - B(s,v).

Moreover, it is clear that ® is a T-equivariant diffeomorphism. Since the T action on
(T" X711 Sz) % R* is locally standard, the image of ® is a locally standard open subset in
T+N. Therefore, T+ N, hence a tubular neighborhood of N in M, is locally standard via
exponential map.

Proof of (2):

(2) is true by a similar argument as the proof of (1). O

There are torus manifolds that are not locally standard. The example below can
be found in [29]. In the case of almost torus manifolds, one only needs to take a product
S x M*, where M* is a given torus manifold, to create an almost torus manifold that is

not locally standard.

Example 2-35 (Torus 4-manifolds that are not locally standard). For a fized positive
integer m > 1, define a smooth action of T?> C C? on T? x D2, where D? C C is the unit
disk, as

(g1, 92) * (h1, ha,v) = (g1h1, (92) " h2, g5 "v), (2.5)

for (g1,92) € T? and (hy, ha,v) € T? x D?. The isotropy subgroup at (hi,ha,v) is trivial

if v # 0 and isomorphic to Z, if v=0.
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Consider a diffeomorphism ¢ : O(T? x D?) ~ T3 — T3 as
(h1,ha,v) = (h1, hov™ ™", hgo™),

where v € S* C C is a complex number. We equip the domain of ¢ with the action defined
by [2.5, and notice that the action is free.

One can easily calculate the inverse of ¢ as the following
¢~ (h1, ha,v) = (h1, k50" ™™, hy'v).

Now take a torus manifold M of dimension 4, and let x be a point with principal orbit,
that s, the isotropy group of x is trivial. By the Slice Theorem, there is a closed invariant
neighborhood of x, denoted as N, an equivariant embedding ¢ : N — T? x D?, such that

on T? x D? the free T? action is given by the standard one:

(91, 92) - (h1, ha,v) = (g1h1, g2ha,v).

One can check that the diffeomorphism (¢~ o)|on : ON — O(T? x D?) is T?-equivariant.
We glue M\ (int(N)) and T? x D? along boundaries by ¢~* o1 to obtain a manifold M.
That s,

M’ = M\ (int(N)) Ug-10y T? x D?
One can show that this is a smooth torus manifold with a point whose isotropy subgroup

is not connected, thus by Proposition[2-33, M' can not be locally standard.

2.6. Orbit spaces of locally standard torus manifolds

In this section we review the structure of orbit spaces of torus manifolds (see [34]).
Let us start with an orientable manifold M with a smooth action of a torus T, and
we will call M a T-manifold. There are connections between T-manifolds with vanishing
odd degree integer cohomology and torus manifolds. All cohomology groups in this section

have integer coefficients.
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Lemma 2-36 (2.2 of [34]). Let M be a manifold with a smooth T action. Let H be a
subtorus of T and N a connected component of MH. If H®¥(M) =0, then H°%(N) =0
and NT £ ().

Theorem 2-37 (4.1 of [34]). A torus manifold M with H¥(M) = 0 is locally standard.

Given a torus manifold M?" with H°(M) = 0, let 7 : M — M/T := P be the
orbit map and P be the orbit space. Since M is locally standard, each p € P has a

neighborhood which is diffeomorphic to an open subset of the positive cone:
R ={(y1,.-.,yn) ER" 1y; > 0,i=1,...,n}.

Thus P can be identified as a smooth n-manifold with corners. An n-manifold with
corners is a Hausdorff space together with a maximal atlas {U,, ¢n}, where each chart
¢a : Usp = R is a diffeomorphism onto an open subset of RY,. Moreover, a coordinate

transformation
050 9a’: 9a(Ua NUs) — pa(Us N Up)

satisfies that ¢g o ¢5 ! restricted to each hypersurface of @, (Uy NU, 3) is homeomorphic to
a hypersurface of pg(U, N Up) of the same codimension.

Connected and closed codimension one hypersurfaces of P are called the facets
of P. Points in the relative interior of a facet F}; correspond to orbits with the same
one-dimensional isotropy subgroup, which we denote by Tp,. Thus 7r*1(Fj) = Mj is
a codimension two, connected submanifold of M, that is, M; is a maximal connected
component of M Try, By Lemma M; necessarily contains a T-fixed point. Hence M;
is a characteristic submanifold. The number of characteristic submanifolds in M is finite,
since the T' action has only finitely many different isotropy subgroups and M is compact.

The vertices of P are codimension n faces corresponding to the T-fixed points of M
through the orbit map. The intersection of k facets is called a codimension k preface,

which does not have to be connected. Faces are connected components of prefaces. By
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the definition of manifold with corners, every codimension k face is contained in at most
k facets. If the number of facets meeting at each vertex is n, then P" is called a nice
manifold with corners. Notice that if the torus manifold M?" is locally standard, then P
is nice.

The mapping A : F; — Tp;,1 < j < m, is called the characteristic function
of the torus manifold M?". We will use A(F}) to represent the circle fixing Fj, follow-
ing Wiemeler’s notation. In general, a codimension k face corresponds to a fixed point
component of a T* subtorus. Let H be a codimension-k face of P". We can write H
as an intersection of k facets: H = Fj N---NF}j,. Assign to each face H the subtorus
Ty = 1p5y TR, Then My = 7 1(H) is a T"-invariant submanifold of codimension 2k
in M, and My is fixed under each circle subgroup A(Fj,), 1 <p < k.

Recall that a space X is acyclic if the reduced homology fI,(X ) = 0 for all . The
following theorem gives an equivalent condition of vanishing odd cohomology for torus

manifolds.

Theorem 2-38 ([34]). Let M be a torus manifold. The odd degree integer cohomology of
M wvanishes if and only if M is locally standard and the orbit space M /T is acyclic with

acyclic faces.

A manifold with corners is called a homology polytope if all its prefaces are acyclic
(in particular, connected). Orbit spaces of locally standard torus manifolds need not be
a homology polytope since prefaces need not be connected in general. For example, let

S§?" € C" x R, and a locally standard 7™ action on S?® (n > 0) can be defined as

11 1tn

(t1y.oostn) (21, vy 2n,y) = (€021, ..., €2, y).

Characteristics submanifolds of this action are spheres S2(*~1. In fact, all faces of S2*/T™
correspond to spheres of even codimension, hence the orbit space S?"/T" is face-acyclic

(see Theorem [2-11]). The intersection of k facets is connected unless k = n, in which case
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it consists of two disjoint fixed points {(0,0,...,0,£1)}. On the other hand, recall that a
convex n-polytope is simple if the number of facets meeting at each vertex is n. A simple
convex polytope is an example of a nice manifold with corners and is a homology polytope.
As examples of locally standard torus manifolds, quasitoric manifolds are defined as locally
standard torus manifolds such that the orbit spaces of these manifolds are simple convex

polytopes.

Proposition 2-39 (4.5 in [46]). Let Q be a nice manifold with corners. If all faces of
Q are acyclic and each two-dimensional face of (Q has at most four vertices, then the
combinatorial face poset (partially ordered set on all faces of Q), P(Q), is isomorphic to

the face poset of a product

[I=m = J[a™. (2.6)

i
Here X™ is the orbit space of the linear T™ action on S*™ and A™ is an m-dimensional

simple.

Notice that if M admits a T-invariant metric of non-negative sectional curvature,
then the condition that each two-dimensional face of Q@ = M /T has at most four vertices
holds. (Lemma 4.2 of [46], Lemma 4.1 of [16] ). In fact, in the context of non-negative

sectional curvature, we have the following.

Theorem 2-40 (6.3 in [46]). Let M>" be a simply connected torus manifold with an
invariant metric of non-negative sectional curvature. Then M?™ is locally standard and

M?"/T™ and all its faces are diffeomorphic (after smoothing the corners) to standard disks

D¥. Moreover, H°"(M;Z) = 0.

Hence for a simply connected torus manifold M with a T-invariant metric of non-
negative curvature, the orbit space M /T is a face-acyclic nice manifold with corners.

Applying Proposition [2-39] we know immediately that the combinatorial face poset of
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M/T is a product [, 2" xJ]; A"/. Using this fact, Wiemeler also derived the fundamental

group of a non-simply connected torus manifold.

Theorem 2-41 (7.3 of [46]). Let M?" be a non-negatively curved torus manifold. Then

there is a 0 < k < n — 1 such that 71 (M) = (Z3)*.

The bound on the order of the fundamental group given in Theorem is sharp

(see Example 7.4 of [46]).

2.7. Orbit Spaces of Torus Orbifolds

In this section we review torus orbifolds based on related materials in [I5]. Torus
orbifolds generalize the idea of torus manifolds. In particular, we recall facts about orbit
spaces of torus orbifolds.

We first recall the definition of an orbifold. For more details about orbifolds and

actions of tori on orbifolds, see Haefliger and Salem [25].

Definition 2-42. A local model of dimension n is a pair ((7,1“), where U is an open,
connected subset of R™, and I' is a finite group acting smoothly and effectively on U. The
quotient U /T is denoted by U.

Let (ﬁi,I’i), (i = 1,2) be a pair of local models. If there is an injective homomor-
phism ¢ : T'y — T’y together with a smooth ¢-equivariant embedding f : ffvl — ﬁ;, that 1s,
fly-a) =o¢(y)-f(a), forally € T'1,u € /U\I, then the induced map f : Uy — Uy on quotient

spaces is called an embedding, and (U1,T1) — (Us,Ts) is also called an embedding.

Similar to the definition of manifolds, an n-dimensional (smooth) orbifold, de-
noted by O, is a second-countable, Hausdorff topological space |O|, called the underlying
topological space of O, together with an equivalence class of n-dimensional orbifold

atlases defined in the following manner.
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For each point p € |0, there is a local model (ﬁp, I')) of dimension n, such that the
projection 7, : U, — U, := U, /T, gives an open neighborhood U, C |O] of p.

An n-dimensional orbifold atlas is thus a collection of local charts A := {U,}a
such that the neighborhoods U, € A cover O and for any p € U, N Ug, there is a
local chart U, € A with p € U, C U, N Ug and embeddings ([Z,Fy) — (Ua,Ty) and
(U3, T) = (Us, Tg).

Definition 2-43 (Torus Orbifold). A torus orbifold, O, is a 2n-dimensional, closed,
orientable orbifold with an effective smooth action of an n-dimensional torus T such that

OT £ 0.

Let p € O be a point. We define the stratum containing p to be the connected

component of the set
{q € O|T}, has the same identity component as T}, } .

The projection of the closure of a stratum is an orbifold face in O/T. Here are some

properties ([I5]) of orbifolds.

Lemma 2-44. The fized-point set of a torus orbifold O®" consists of finitely many iso-

lated points. Hence H°(O;Q) = 0 if O is simply connected and rationally elliptic (see
Definition m

Notice that the conclusion H°(O;Q) = 0 is weaker than H°%((,Z) = 0, which

appeared in the last section concerning torus manifolds. (Compare to, say, Theorem M)

Lemma 2-45. Let O* be a torus orbifold with H*¥(O0;Q) = 0. Fizp € O and let O, be

the closure of the stratum containing p in O. Then:

e codim(O,) = 2dim(T}), and O, is a torus orbifold with H*¥(O,; Q) = 0.
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e p lies in the closures of exactly dim(T),) strata of codimension 2. FEquivalently, a
point p* € O/T in the (relative) interior of a face of codimension k lies in exactly k

faces of codimension one in O/T.

Following tradition, a codimension one orbifold face is called a facet, and a one
dimensional orbifold face is called an edge. A zero dimensional orbifold face is called a

vertez.

Proposition 2-46 ([15]). Let O be a simply connected, rationally-elliptic torus orbifold.
Then the face poset of O/T satisfies:

1. FEach vertex-edge graph of each face is connected.
2. Each face of O/T contains at least one vertex.

3. Each face of O/T of codimension k is contained in exactly k faces of codimension

1.
4. Each one-dimensional face of O/T contains exactly two fized points of the T action.
5. Every two-dimensional face of O/T contains at most four vertices.

Remark:

As indicated in [I5], the properties established in this proposition are precisely those
required to prove that the face poset of O/T is combinatorially equivalent to the face poset
in Equation of Proposition More recently, it was shown in [12] that the orbit
space of a simply connected non-negatively curved manifold with isotropy maximal action

has the same combinatorial structure as the one given by Equation |2.6
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2.8. Alexandrov Spaces with Curvature Bounded from Below

For the content of this section we restrict our notion to non-negatively curved
Alexandrov spaces, however many definitions here make sense in a more general setting.
We refer to Burago, Burago and Ivanov [5] and Burago, Gromov and Perelman [4], also
Shiohama [41] for further details.

A length space (X,d) is a complete, locally compact metric space X with distance
function d, such that for any distinct points a,b € X there exists a point ¢ # a and ¢ # b
in X such that d(a,c) + d(c,b) = d(a,b). Since X is complete, by iterating the previous
procedure, we obtain a curve segment ~ : [0,d(a,b)] — X, joining a and b, such that the
length of « is equal to d(a,b). Thus a length space can be alternatively defined as a locally
compact and complete metric space such that there exists for every point a,b € X a curve
joining a and b whose length realizes d(a,b). Such a curve is called a geodesic.

In our case, let M be a complete, connected Riemannian manifold with non-negative
sectional curvature and G be a compact Lie group acting isometrically on M. We can
equip the orbit space X = M/G with the orbital distance metric induced from M. The
distance between p and g in X is the distance between the orbits G(p) and G(q) as subsets
of M. In this way, the orbit space X becomes a length space.

The definition of the dimension of a general length space is technical. However, in
our applications the dimension of M /G is clear without ambiguity. Namely, dim(M/G) =
dim(M) — dim(G(x)), where G(x) is a principal orbit. Now we want to define curvature
in a comparison sense.

Let p € X and let v : [0,7] — X be a geodesic parametrized by arc-length. Form
the Euclidean comparison of p and v in R? by choosing a point p and a straight segment

7o parametrized by arclength with end points @ and b in R2such that

bl = T; |pal = d(p,7(0)); |pbl = d(p,v(T)),
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where | - | is the Euclidean norm. We will denote the triangle Aapb in R? as Aapb for
convenience. Then (X, d) is said to be non-negatively curved, sometimes denoted as
Curv(X) > 0, if every point in X has a neighborhood such that whenever p and ~ lie in

this neighborhood, the following is satisfied:

[P0(t)| < d(p,~(t)) Vte[0,T].

A non-negatively curved Alexandrov space is a finite dimensional non-negatively
curved length space. One can define a general Alexandrov space with curvature bounded
below by an arbitrary constant & € R by replacing the comparison space R? with the two-
dimensional complete simply connected Riemannian manifold X with constant curvature
k. In particular when k is positive, the comparison space is a 2-sphere with radius 1/ VEk.
If M is a Riemannian manifold with non-negative sectional curvature and G is a group of
isometry, then in general M /G is an Alexandrov space with Curv > 0.

Now we move on to some important definitions in Alexandrov geometry. Let X be
an Alexandrov space with Curv(X) > 0. Let ¢1,¢2 : [0,€) — X (e > 0) be two geodesics
in X such that p := ¢1(0) = ¢2(0). Then for each fixed ¢ € [0,¢€) in the common domain
of ¢ and ¢, we can form a comparison triangle Acy (t)pes(t) in R2. The Euclidean angle
at p of Acy (t)pea(t) is denoted as Ley (t)pea(t). That is,

d(p, c1(t))? + d(p, ca(t))* — d(er(t), 62(t))2)
2d(p, 1 (t))d(p, c2 (t)) '

Ley (t)pea(t) = cos™ <
One can define the angle between c¢; and ¢ to be
L(cy,c2) := lim Ley (8)pes(t),
t—o0

if the limit exists. In a non-negatively curved Alexandrov space, one can show that the
angle £(c1, co) is well-defined. In fact, this is an immediate consequence of the following
equivalent definition of a non-negatively curved Alexandrov space (see [5] for a proof of

the equivalence of the definitions).
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Definition 2-47 (“Hinge” definition of Curv > 0). Let « and 8 be two geodesics (parametrized

by arclength) starting at the same point p, let

0(z,y) == La(z)pB(y)

be the angle at p in a comparison triangle for Na(x)pB(y).

An Alexandrov space X is non-negatively curved if it can be covered by neighborhoods
such that, for two any shortest segments o and [ contained in this neighborhood (and
starting from the same point p), upon fixring one of the variables x ory, the corresponding

function 0(x,y) is non-increasing in the free variable.
Moreover, the notion of angles satisfies the triangle inequality:

Theorem 2-48. Let X be a non-negatively curved Alexandrov space, and consider any

three curves 71, y2 and 73 starting from the same point. Then the following holds,

L(1,72) < L(y2,73) + £(71,73)-

Now it is the time to introduce the space of directions, which is an important notion

in this context.

Definition 2-49. (Space of directions) Let X be a non-negatively curved Alexandrov
space, let v : [0,€) = X and ¢ : [0,€) — X with ¢(0) = p be geodesics starting from p.
Then we say ¢ and v have the same direction if and only if £(~,c) = 0. This defines an
equivalence relation on geodesics emanating from p because of the triangle inequality. The
direction of v is defined as the equivalence class of geodesics whose angle with v is zero.
Thus the set of geodesic directions at p is a metric space with distance function induced
by £ (see Theorem . The space of directions at p, denoted as Xy, is defined as

the completion of the space of geodesic directions at p € X.

Note that the space of direction X, of any point p € X is again a non-negatively

curved Alexandrov space with dim(X,) = dim X — 1. The fact that a compact Alexandrov
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space of dimension 1 is either a circle (without boundary) or an interval with two boundary
points allows us to inductively define the boundary d.X of an Alexandrov space X. Namely,
0X is the set of points p € X whose space of directions ¥, has non empty boundary.
The space of directions of an n-dimensional Alexandrov space is an (n — 1)-dimensional
Alexandrov space with curvature > 1 and in fact is isometric to S7=1 at almost every

point:

Proposition 2-50 ([19]). Let M have non-negative sectional curvature and G be a group
of isometries. Letm: M — M/G be the orbit map. The space of directions ¥, atx € M /G
is isometric to SPL/GP, where p € M is a point with w(p) = x and S’pl is the unit normal

sphere in T;(G(p)).

One can also look at subsets of Alexandrov spaces, sometimes they can be Alexan-

drov spaces as well.

Theorem 2-51. A closed and connected locally convex (or convex or totally convez) subset
C of an Alexandrov space A equipped with the induced intrinsic metric is an Alexandrov

space with the same lower curvature bound.

Definition 2-52 (Critical Point). Let X be an Alezandrov space with curvature bounded
from below, and let E C X be a closed subset. Consider the distance function distg :
X \ E — R defined by distg(p) = dist(E,p). A point ¢ € X \ E is said to be a critical
point for distg if for any vector v € Ty X there is a distance minimizing geodesic ¢ from
q to X satisfying

£(v,¢(0)) < m/2.

A non-critical point is called a regular point.

A basic tool for our arguments is the following Soul Theorem adopted to Alexandrov

geometry from [37].
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Lemma 2-53. Let A be an Alexandrov space with distance function p and curv(A) > 0
and non-empty boundary C = 0A. Then the distance function to the boundary, or any
component of it, is concave, that is, for any x,y € A, let v be a unit speed geodesic segment

joining x and y, then for any a,b > 0 and a + b =1, we have:

dist(C,y(at1 + bta)) > a - dist(C,y(t1)) + b - dist(C,y(t2)).

2.9. Positively and Non-negatively curved manifolds with large symme-
try

Throughout this section, let M be a complete Riemannian manifold with non-
negative sectional curvature. It was proved by Cheeger-Gromoll [6] that a complete mani-
fold with non-negative sectional curvature deformation retracts to a closed, totally geodesic
submanifold (the soul) such that the manifold is diffeomorphic to the normal bundle over

the soul. And in the compact case, we have the Splitting Theorem of Cheeger-Gromoll.

Theorem 2-54 (Splitting Theorem ([0])). Let M be a compact manifold of non-
negative sectional curvature. Then m (M) contains a finite normal subgroup v such that
(M) /1 is a finite group extended by ZF, and M, the universal covering of M, splits

isometrically as M x R*, where M is compact.

Recall an early, very general result on the structure of the group of isometries of a

Riemannian manifold (see for example [32]).

Theorem 2-55. The group of isometries Isom(M) of a compact Riemannian manifold
M is a Lie group with respect to the compact-open topology. For each x € M, the isotropy

subgroup Isomy(M) is compact. If M is compact, Isom(M) is also compact.

The fixed point set of isometries has a very nice structure:
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Theorem 2-56 (see for example [32]). Let M be a Riemannian manifold and A be any
set of isometries of M. Let I be the set of points of M which are fized by all elements of

A. Then each connected component of F' is a totally geodesic submanifold of M.

We can define the dimension of a fixed-point set to be the maximal dimension
of its connected components. One measurement for the size of a transformation group
G x M — M is the dimension of its orbit space M /G, also called the cohomogeneity of
the action. The cohomogeneity of the action is clearly constrained by the dimension of
the fixed point set MY of G'in M. In fact, dim(M/G) > dim(M)+1 for any non-trivial,
non-transitive action. In light of this, the fixed-point cohomogeneity of an action,

denoted by cohomfix(M; G), is defined by
cohomfix(M; Q) = dim(M/G) — dim(M) — 1 > 0.

A manifold with fixed-point cohomogeneity 0 is also called a G-fixed point homoge-
neous manifold. By Proposition if a T* torus action on M™ is isotropy maximal
or almost isotropy maximal, then M is S'-fixed point homogenous. If a non-negatively
curved S'-fixed point homogeneous Riemannian manifold has two maximal fixed point

components, we have the well-known Double Soul Theorem.

Theorem 2-57 (Double Soul Theorem ([40])). Let M be a non-negatively curved S*-
fized point homogeneous Riemannian manifold. If MS" contains at least two components
F and N with mazimal dimension, one of which is compact, then F' and N are isometric

and M s diffeomorphic to an S?-bundle over F.

The symmetry rank, symrank(M), of a Riemannian manifold M is defined as the
rank of its isometry group Isom(M), that is, the maximal dimension of a torus 7' C

Isom(M), where the T action is effective on M.

Theorem 2-58 (Maximal Symmetry Rank Theorem ([2I])). Let M™ be a closed,

connected Riemannian manifold with positive sectional curvature, then
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(i) symrank(M) < |2 |; and

(ii) If equality holds in (i), then M" is diffeomorphic to one of the following: S™,RP"™, L} .
or CP™ (for 2m =n).

In the proof of Theorem there is an important structure result which shows that

positively curved manifolds with maximal symmetry rank are S'-fixed point homogenous.

Lemma 2-59 ([21]). If a T action on M reaches maximal symmetry rank, then there

exists S C T such that
e there is a unique component F C Fix(M, S') with codim(F) = 2;

e there is a unique orbit N at mazimal distance from F such that S acts freely on

M\ (FUN).

Recall that a torus manifold is an example of an S'-fixed point homogeneous mani-
fold, indeed, of a nested S'-fixed point homogeneous manifold. Fixed point homogeneous
manifolds of positive curvature were classified in Grove-Searle [22].

More recently, Spindeler [42] has generalized Lemma for G-fixed point homoge-

neous manifolds to the class of closed, simply connected, non-negatively curved manifolds.

Theorem 2-60 (Spindeler’s Theorem [42]). Assume that G acts fized point homoge-
neously on a closed, non-negatively curved Riemannian manifold M. Let F be a fized
point component of maximal dimension. Then there exists a smooth submanifold N of M,
without boundary, such that M is G-diffeomorphic to the normal disk bundles D(F') and

D(N) of F and N glued together along their common boundaries;
M = D(F)Uy D(N).

Further, N is G-invariant and contains all singularities of M up to F'.
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Remark 2-61. In [/2], Spindeler also showed that the submanifold N is invariant under
H = IsompM, the subgroup of Isom(M) which leaves F' invariant. Then clearly G C H
and N will be invariant under H due to the fact that N/G C M /G is at mazimal distance
from F. Then by Lemma 3.3 of [{2], the gluing map 0 : OD(F) — OD(N) can be

constructed to be H -equivariant.
When M is simply connected, the codimension of N is at least two.

Proposition 2-62 ([42]). Let M, N and F be as in Theorem [2-60, If in addition M is

simply connected, then codim(N) > 2.

We will also use the following theorem which discusses the fundamental groups of

E, F,and N.

Theorem 2-63 ([I1]). Let M™ be a simply connected manifold that decomposes as the

union of two disk bundles as follows:
M"™ = D*(Ny) Ug D" (Ny).

If ky = ko = 2, then w1 (Ny) and w1 (N2) are cyclic groups.

Moreover,

1. If ki = 2, ma(N;) = 0, for i = 1,2 and w1 (N;) is infinite for some i € {1,2}, then

m(E) 272

2. If ki > 3, for some i € {1,2}, then m(E) = w1 (N;).

2.10. Rationally Elliptic manifolds and Nonnegative Curvature

Definition 2-64. A closed manifold M is rationally Q-elliptic if the rational homotopy

groups of the loop space QM satisfy:

Y dim(m(QM) ® Q) < 0.
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M is called rationally elliptic if it is both rationally Q-elliptic and simply connected.
One of the most interesting conjectures is the so-called Bott Conjecture.

Bott Conjecture. A simply connected manifold of non-negative sectional curvature is

rationally elliptic.

If a non-negatively curved Riemannian manifold is isotropy maximal, then the Bott

conjecture holds (see [42] and [15]).

Theorem 2-65 ([15]). Let M be a closed, non-negatively curved Riemannian manifold
admitting an effective, isometric, isotropy-mazximal torus action. Then M is rationally

Q-elliptic.

Spindeler also mentioned that from Corollary 6.1 of [23] it follows that a simply
connected manifold which decomposes as a union of two disk bundles is rationally -
elliptic if and only if the boundary of one of the two disk bundles is rationally Q2-elliptic.

Therefore, as a consequence of Theorem we have

Theorem 2-66 ([23] and [42]). Let M be a closed, simply connected, non-negatively
curved, fized point homogeneous manifold and let F' be a characteristic submanifold. Then

M s rationally Q-elliptic if and only if F' is rationally Q-elliptic.

The following corollary is parallel to Theorem in [15], whose proof can be

adopted with simple modifications.

Proposition 2-67. Let M be a closed, non-negatively curved Riemannian manifold admit-
ting an effective, isometric, almost isotropy-maximal torus action. Then M is rationally

Q-elliptic.

Proof. Let T be the almost isotropy-maximal torus isometry on M. The proof will proceed
by induction on the dimension d := dim(M/T") and no longer assumes that M is simply

connected.
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When d = 0, M is simply a torus, and hence rationally-€) elliptic. Suppose now
that every non-negatively curved, closed manifold admitting an isometric, almost isotropy-
maximal torus action with an orbit space of dimension d — 1 is rationally Q-elliptic. We
wish to prove that M is also rationally Q-elliptic.
One can decompose M using Theorem [2-60] since a manifold with almost isotropy-
maximal torus action is fixed point homogenous with respect to some circle subgroup of
T. We have:

M = D*(F) Up D(N)

where F' is a characteristic submanifold of M (recall definition , and we will denote
the circle fixing F' to be Ap C T. Since F' is a fixed point set, it is totally geodesic, and
the induced action of T'/Ar on F is almost isotropy-maximal with an orbit space F'/T of
dimension d — 1. Therefore by the induction hypothesis, F' is rationally Q-elliptic. Thus

by Theorem we know M is rationally Q-elliptic. ]
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3. DECOMPOSITION OF ALMOST TORUS MANIFOLD

In this chapter, we discuss the decomposition of a non-negatively curved almost
torus manifold using Spindeler’s Theorem [2-60} Firstly, in dimension three, using the
thesis of Galaz-Garcia [14], in which he classified fixed-point homogeneous 3-manifolds,

we obtain the following result.

Proposition 3-1. A simply connected, almost torus 3-manifold, M3, with non-negative
sectional curvature is locally standard, and its orbit space M3 /T" is diffeomorphic (after

smoothing the corners) to D?.

Proof. We consider an isometric, effective action of T' on a closed, simply connected,
non-negatively curved manifold M3 such that M7 # (). By Theorem the quotient
space M?3/T" is simply connected. Since a compact, simply connected, non-negatively
curved 2-dimensional Alexandrov space with non-empty boundary is homeomorphic to
D2 it follows that M?3/T" is diffeomorphic (after smoothing the corners) to D2.

To show that the T action is locally standard, we need to look at the T"'-fixed point

homogeneous action on M?3. Using Theorem the decomposition of M? is given by
M?3 = D?*(F) Ug D(N®),

where clearly F is one dimensional, that is, F' = S'. By Proposition we know k # 2.
In fact, we will show that k = 1. If k = 0, then since N is connected and T'-invariant, it
must be a fixed point. However each component of Fix(M?3, T!) has even codimension, so
N can not be an isolated fixed point. By Theoremthe T! action is free on M\ (FUN),
a contradiction. Therefore k can only be 1 and thus N = S'. In particular, N can be
either of the following

Case (1) a T'-fixed point component; or

Case (2) a T'-orbit with a finite, possibly trivial, isotropy group H.
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In Case (1), using the Double Soul Theorem , M is a S? bundle over S!, and
thus we obtain a contradiction to the hypothesis that M3 is simply connected (see also
the case 2.2.2.3 in [14]). Thus Case (1) does not occur.

In Case (2), if H is non-trivial, then we are looking at the case 2.2.2.2 in [14], where
it is shown that M3 ~ RP? x 8!, which is not simply connected, a contradiction. Thus
N is a T'-orbit with trivial isotropy.

At last we want to show that the T action is locally standard. Firstly, suppose
x € M\ F, then x has trivial isotropy.

Suppose that = € F, then x is a T'-fixed point. By the Slice Theorem, an open neigh-
borhood of z is equivariantly diffeomorphic to T, M, which is a standard T'-representation
space, and we are done. Otherwise if x € M \ F', then z has principal orbit, and thus the
Slice Theorem gives us a invariant neighborhood of z that is T'-equivariantly diffeomor-
phic to T x R?, where R? is a trivial T'-representation. It is not hard to see that the
T' xR? can be equivariantly embedded as an open solid torus in a linear T'-representation
space C x R ~ R3,

Therefore, the T action is locally standard on M?3. O

However, if the dimension is larger than three, an almost torus manifold can have a
different decomposition in general. Throughout the rest of this section, let M?"*! (n > 2)
be an almost torus manifold with an invariant metric of non-negative curvature. Let T"
denote the effective torus action on M and M7T the set of fixed-points. A connected
component S of M7 is a totally geodesic submanifold of even codimension (see Theorem
. At any x € S, since the normal space TxLS is a faithful T™-representation, we can
see that dim(7;-S) > 2n and thus dim(S) = 1. Therefore the set of fixed-points M7 is a
disjoint union of finitely many circles.

Since the T™ action on M?"*! is almost isotropy maximal, there exists a charac-

teristic submanifold F fixed by some circle subgroup A(F) C T™. By Theorem we
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can decompose M as a \(F)-fixed point homogenous manifold with non-negative sectional

curvature, as the union of two normal disk bundles:
M = DX(F?"~1)Up D(N), (3.1)

where E := 0D(F) = 0D(N).

Furthermore, in Theorem there are a few facts that only hold under the extra
assumption that the group is a torus. Firstly, since a torus is abelian and F' is a fixed
point component, it turns out that F' is invariant under 7". By Remark N is also
T™-invariant and the gluing of boundaries of the two disk bundles is a T"-diffeomorphism.
Thus even though the decomposition of the almost torus manifold M uses only the group
A(F'), the space D(F) Ug D(N) is T™-equivariantly diffeomorphic to M, such that all
submanifolds F', N and the boundary E are T™-invariant.

The following facts were used in [46] for torus manifolds, and it is not hard to
see that they hold for almost torus manifolds as well. We include the proofs here for

convenience and completeness.

Proposition 3-2. Let M, F and N be defined as in Theorem[2-60. Denote by tx : E —
X the projection map for the sphere bundle of E over X, with X := F.N. Ifx € F is a

T"-fixed point. Then:
1. Both mn and wp are T™-equivariant.
2. nn'(z) is a one-dimensional T"-orbit.
3. If ry oyt (x) is zero dimensional, then my o wy'(z) is a T"-fived point in N.

4. If iy o mpt () is one dimensional, then Tx o ' (x) is a one-dimensional T™-orbit
on which A\(F') acts almost freely, that is, there is a finite subgroup Hy C A\(F) such

that wy o W;l(l‘) is of type \(F)/Hy.
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Proof. To prove Part (1), note that by Theorem with X = F or N, the bundle
D(X) — X is the associated disk bundle of the normal T"-vector bundle of X in M ( see
Section [2.3] ), where the total space D(X) is a closed T"-invariant tubular neighborhood
of X in M (compare to Theorem . Therefore by the definition of a T™-vector bundle,
both 7n and 7wp are T™-equivariant. The proofs of Parts (2)-(4) in the proposition are
then a direct consequence of Part (1):

The proof of Part (2) follows from the fact that 7mp is T"-equivariant: Pick any
p € Tx'(x), we then have x = gz = grp(p) = mr(gp). Thus gp is in the fiber 7' (z) for
all g € T™, and therefore clearly T"(p) = 7' (2).

To prove Part (3), suppose 7TNO7T;1($) =y € N is a point. Since 7y is T"-invariant
and we already showed that T"(p) = W;1($), it follows that gy = grn(p) = 7n(gp) =y
for all g € T™. Thus y must be a T"-fixed point.

To prove Part (4), let B := my o 7' (). By Part (2), 7' (x) is a T"-orbit. Thus
B is a T™-orbit because 7 is T"-eqivariant. In particular since B is one-dimensional and
A(F) acts freely on 75! (z), the orbit type of B is A(F)/Hy, where Hy is a finite subgroup
of A\(F). O

One hopes to understand the fundamental groups of F' and N, given that M is simply
connected. We have the following theorem, upon which many of our future discussions

are based:

Theorem 3-3. Let M?"1 be a simply connected, non-negatively curved almost torus
manifold. Let

M ~ D(F) Uy D(N).

as in Theorem where F is a characteristic submanifold fived by T} C T™. Then the

following are true:

1. If codim(N) > 2;, then m1(F) =0 and 71(N) is cyclic;
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2. If codim(N) = 2 and N is fixred by the same circle subgroup that fives F, then

7T1(F) = 7T1(N) = 0,‘
3. If codim(N) = 2 and N is fived by some Ty C T™ such that Ty # T}, then w1 (F) = 0;

4. If codim(N) = 2 and N is not fized by any circle subgroup of T™, then 71 (F) and

m1(N) are cyclic;

5. In the cases when w(F) = 0 as in Part (1)-(3), the fundamental group m (N) is

generated by any T} orbit in N, where T} is the subgroup fiving F.

Proof. Note that if M is simply connected, then the submanifold N in the decomposition
has codimension codim(N) > 2, by Lemma
Proof of Part (1)

To see Part (1), notice that since D(F) and D(N) are homotopy equivalent to
F and N respectively, we have m1(F) = m(D(F)) & m(M \ D(N)) & m(M \ N). If
codim(N) > 2, then by transversality, we also have m (M \ N) = w1 (M). Therefore F' is
simply connected if 71 (M) = 0 . By looking at the two long exact sequences of homotopy
groups induced by fibrations S < EF — F and S* — E — N with & > 2, we know
m1(N) 2 71 (E) is cyclic. This finishes the proof of Part (1).

Proof of Part (2)

As for Part (2), if codim(N) = 2 and N is fixed by the same T} that fixes F, then
we can apply the Double Soul Theorem , which concludes that M is an S%-bundle
over F', and N is isometric to F'. Thus by looking at the induced long exact sequence of
homotopy groups, we have w1 (N) = 71 (F) = 71 (M) = 0. This finishes the proof of Part
(2).

Proof of Part (3)
The proof of Part (3) is very similar to the proof of Proposition 3.6 of [18]( also

compare to Theorem 3.35 of [42]). Assume codim(/N) = 2 and that N is fixed by some
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T} C T™ that is not T}.

Denote T2 := Tl1 @ T21, a 2-torus in T™. If pg is fixed by T™, then pg € MT?. Since
by the T} action is free on E, we have E/T! ~ F. As for the T} action, since the
T™ action is effective, T} must act freely on the circle fiber of E — N. Thus we also have
E/T§ ~ N.

Consider the projections fi : E — E/T! ~ F and fo : E — E/Ty ~ N. Notice that
in fact fi = mp and fo = my, we use this alternative notation for this part of the proof.
From the long exact homotopy sequences of these fibrations we obtain:

m1(21)

(T m(E) Y () 51

and

---7T1(T21) 71 (i2) m(E) m1(f2) (V) = 1,

where the maps 41 and 75 are the inclusions of the fibers over a given base point. Set
Uk = Wl(ik)(ﬂl(Tk})) for k = 1,2. So 7r1(F) = 7T1(E)/U1 and 7T1(N) = Fl(E)/UQ and we

have a commutative diagram:

m(B) L ()

im(fl) lhz

T (F) — % 70 (B) /UL U,
Here the lower map is given by h; : m(F) = m(E)/Ur — m(F)/U1Us, and analogously
for the map on the right.
Then since E = 0D(F') is connected, by Seifert-van Kampen there exists a unique
homomorphism h : 7 (M) — m1(E)/U1Uz making the following diagram commute:

m(B) 2 ()

lm(fl) J{
ho

71 (F) —— m (M)
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Since h; and hgy are surjective, the induced map h is also surjective. Since w1 (M) = 0,
we have 71(E) = U;U;. Hence 71(E) is generated by the orbit T} (q) and Tj(q) for a
given point ¢ € E. Therefore the orbit map 7, : T? — E, g — g - q induces a surjection
m1(7g) : m1(T?) — m1(E). Pick a point go € E such that mr(qo) = z is fixed by 7™. Then
the map 7p 074 : T? — F induces a surjection 71 (7?) — m(F) since both maps induce
surjections of fundamental groups. Then since z is a fixed point, the image of mr o 7, is
a single point. This implies that 71 (F’) is trivial. This completes the proof of Part (3).
Proof of (4)
Part (4) follows from the proof of Part (3), or follows directly from Theorem
Proof of (5)
To show Part (5), notice that if F' is simply connected, then it follows from the long

exact homotopy sequence of the fibration
SRR RN 3

that (i) : m1(S') = Z — 71 (E) is onto. So 71(FE) is cyclic. Moreover 71(FE) is generated
by the inclusion of a fiber of 7.

Then it follows from the long exact homotopy sequence of the fibration 7y : £ — N
that 7 (E) is mapped onto 71 (N), and so m1 (V) is generated by the inclusion of a T"-orbit

of type A(F) from E to N, by the loop:

’710:51:)\(F)—>N,

Z — 2z,

where g € N is any base point of N. One can also see that the fundamental group of N

is in fact generated by a T™-orbit 7wy (75" (z)) (see for any point x € F. O

We will now see that the characteristic submanifold F' is an almost torus mani-

fold with non-negative sectional curvature. First note that F' is totally geodesic with
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codim(F) = 2, and admits an effective T"~! = T /\(F) action such that FT" ' =
MT N F # (). In the case of non-negatively curved torus manifolds, by [46] we know a
characteristic submanifold is always simply connected, which is a very convenient property
in the inductive proof of Theorem [2-40l However, in the case of almost torus manifolds,
in general a characteristic submanifold F' need not be simply connected. Nevertheless,
according to Theorem [3-3] at least we know that the fundamental group of F is cyclic.
This turns out to be sufficient for us, as we can lift the action onto the universal cover of

F.

Proposition 3-4. Let M be an almost torus manifold with nontrivial cyclic fundamental
group and T the corresponding torus. Let M be the universal cover of M, then the T
action on M lifts to a T action on M. If M has a T-invariant metric of non-negative
sectional curvature, then M has a T-invariant metric of non-negative sectional curvature.

Moreover,

1. If m (M) is finite, then M isa closed, simply connected almost torus manifold with

the lifted T™ action.

2. If m (M) is infinite, then M= Moy xR where Mgy is a compact and simply connected
torus manifold with the lifted T" action. The lifted T™ action on the R factor is

trivial.
Moreover, if (M, T) is locally standard, then (M,T) is locally standard.

Proof. Recall that the group of deck transformations T of M is isomorphic to 7 (M). Also
recall that if M is a Riemannian manifold, then the covering space M is also a Riemannian
manifold on which I' acts isometrically.

Let g be a T-invariant metric on M with non-negative sectional curvature and

p: M — M be the universal covering map. Let the pull back metric on M be g =p'g.
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Using O’Neill’s equation, we see that
Ky(0) = K5(@) + 3/4/|[V, W%,

where o is a plane generated by a pair of orthonormal tangent vectors V, W of M and
o is the plane generated by their horizontal lifts ‘7, W of tangent vectors of M. In the
case of a covering map, since p is a local diffeomorphism, dim(M) = dim (M), that is, the
dimension of the vertical space is zero. Therefore [\7, W]J— = 0 identically and thus M is
a manifold with non-negative sectional curvature.

Let G denote the covering group of T" arising from Theorem which gives us an
action G x M — M covering the action T'x M — M. It is not hard to see that G is

invariant under the pullback metric g, that is, G acts on M isometrically . To see this,

notice that the following diagram commutes:

GxM—=M

TXM-—M

where we use ¢ : G — T to denote the covering map. Let heGandh e T with gp(ﬁ) = h.

For any tangent vectors V, W of M , a direct computation yields

G(dhV,dhW) = (p*g)(dhV, dhW')
= g(dp(dhV), dp(dhWV'))
= g(dh(dpV'), dh(dpWV))
= g(dpV, dpW)
=g(V,W).
Thus G acts by isometries on (Mv ,4)-

Now we can finish the proof by considering whether the fundamental group of M is

finite or infinite. We consider first the case where it is finite.
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Proof of Part 1: 7 (M) is finite.

If 71 (M) is finite, then the projection p : M — M has a finite fiber since the lifting
correspondence 71 (M) — p~1(x) is surjective. Thus since M is a compact manifold, it
turns out that M is also a compact manifold. To see this, let {(7;3}5 be an arbitrary
open covering of M. For any point x € M, since p_l(x) is finite, we can choose an open
neighborhood O, of z in M such that {V;* :i=1,...,i;} is a finite partition of p~1(O;)
into slices (that is, all V;* ~ O, and are pairwise disjoint) and moreover, we can require
that each V¥ is contained in some [7[/3 Since M is compact, the open cover {Oy}ren
of M has a finite subcover {O;}. Thus {p~1(O;)} is a finite covering of M. Since by
construction each pil(Oj) is contained in finitely many [7/5, this implies that there is a
finite subset of {(7;;} 3 that covers M. Furthermore, since each O; can be chosen as a chart
of the manifold M, the argument also proves that M is a manifold as well.

We now know that the universal cover M is a compact manifold. Applying Theorem
to the T action on M, since the fixed point set M7 is non-empty, we know that T
must be lifted to another torus G T, covering the T action on M. Moreover, Theorem
implies that Fix(ﬂ ,T) # (. Therefore in this case M is a closed, simply connected,
almost torus manifold. We now consider the case where the fundamental group of M is

infinite.

Proof of Part 2: m(M) is infinite.

In this case, since we assume that 71 (M) is cyclic, in fact m (M) = Z. By Cheeger-
Gromoll’s Splitting Theorem (see , the universal covering space M of Misa complete,
non-compact, non-negatively curved manifold which has an isometric splitting into the
Riemannian product My x R, where My is a compact, simply connected, non-negatively
curved manifold and R has the flat metric of a straight line. Moreover, by Theorem 1 of

Hano ([24]) (also, compare to Corollary 6.2 in [6]) the group of isometries Isom(M) of M
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also decomposes into a direct product
Isom(]\7) = Isom(Mj) x Isom(R).

By Theorem the action of T" on M can be lifted to an action of a Lie group G on M.
In particular, since the T action has a fixed point in M, the theorem implies that G can
be chosen to be a torus isomorphic to T such that Fix(M, G) = Fix(M,T) # 0. Thus M,
is a simply connected torus manifold. Furthermore, since Isom(R) = R is the group of
rigid motion on R, a proper connected subgroup of Isom(R) can only be the trivial group.

Thus the torus T' C Isom(Mj), inducing the trivial action on the R factor.

As a conclusion, the proof of Part 2 is complete.

Finally, suppose that the G action on M is locally standard. Let p : M — M and

©: G — T be the covering map. For any T € M and ge G:
p(g-7) = ¢(9)  p(@).

Let z € M. If U is an invariant neighborhood of a point & € p~!(z), without loss of
generality we can assume that U is a tubular neighborhood and S3 C U is a slice at 7.
Since p is a local diffeomorphism, we can choose U to be small enough such that p is

one-to-one on a neighborhood of S3. Define the map & : U=0G Xg. Sz — M by

o([,5]) = ¢(9) - p(s) VgeG,se Sz

Note that regardless whether the fundamental group of M is finite or infinite, the
covering map ¢ : G — T is an automorphism of T (we have G=T ). One can check that
® is an embedding of U into a tubular neighborhood of z, which implies that M is locally

standard around z. Since p is surjective, M is locally standard. ]

Now we investigate the T"-invariant submanifold N of M?"*! as in the decomposi-

tion In the rest of this chapter, we establish necessary information on the structure of
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N, so that the proof of Theorem A can be broken into cases that depend on the different
structures of N.

Since F' is a characteristic submanifold, there is a T"-fixed point x € F. By our

discussion in it follows that there is a T™-orbit my (7' (z)) in N.
Remark 3-5. Let x € F be a T"-fized point, then mn (7' (x)) can be
Case A: a 0-dimensional T™-orbit, that is, a T"- fized point, or

Case B: a one dimensional T™-orbit, that is, a circle.

We will see that the dimension of N and the dimension of the effective torus action
on N will depend on whether N has a T™-fixed point. In the rest of this section, we will
treat the various subcases that arise from Case A and Case B above.

Case A: We now treat Case A in Remark where dim 7y (7' (z)) = 0. In this case N
necessarily contains a T"-fixed point. Provided the dimension of our almost torus manifold
M is at least five, we can show that both F' and N are simply connected in the following

proposition. The reader should refer to Proposition for the case when dim(M) = 3.

Proposition 3-6. Suppose dim(M) > 5, and that dim(ny(7,'(x))) = 0. Then both
F and N are simply connected (and so dim(N) > 3). Moreover, N is a closed, non-

negatively curved almost torus manifold, fized by a subtorus T' C T™, 1 <1< n — 1, with

2l = codim(N) in M.
The proof is similar to the argument made in [46].

Proof. Let y = ny(m5" (x)) denote the T"-fixed point. Let C be the 1-dimensional fixed
point component in M7 that contains y. Recall that A(F) acts freely on M \ (F U N),
thus we have C' C N.

Since T™ acts effectively on M, by the Slice Theorem, T, M is a faithful represen-

tation space of T™. Because Ty, M =~ R2"+1 the linear action of 7™ on TyM is equivalent
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to an action of a maximal torus in SO(2n + 1) on R?"*! and thus must be standard with
respect to a certain choice of local frame. Therefore T, M is T"-equivariantly diffeomor-
phic to C" x R, where C" =~ TyLC, on which the T™ action is standard, and the R factor
is a trivial T"-representation that is tangential to C' ~ S™.

Now, because the tangent space TN is an invariant subspace of T, M, it is clear
that

T,N ~C" ' &R,

for some [ < n, and there is a subtorus 7" of T" fixing T, N, such that 2l = codim(N).
Hence the dimension of N is 2(n — ) + 1, where the number [ is at least one, since
codim(N) > 2, by Proposition [2-62]

As for the fundamental groups of F' and N, Theorem implies that 71 (F) = 0,
and the fundamental group of N is generated by the inclusion of a A(F)-orbit from E to

N, by a loop
Yo : ST = A(F) = N,
Z > 2,

where xg € N is any base point of N. By Lemma any A(F')-orbit is null homotopic
since N has a fixed point, thus 71 (N) = 0. Notice this rules out the situation of [ = n,
that is, where T™ fixes IV, as then N must be a one dimensional closed manifold, hence
S, which is not simply connected. Hence the inequality [ < n — 1 in the statement of the
theorem is justified.

Finally, as a fixed point component of a torus, N is totally geodesic. The in-
duced T™/T" action is effective, with non-empty fixed point set. Therefore N is a simply
connected almost torus manifold, with an invariant metric of non-negative sectional cur-

vature. O

Case B: Next we turn to Case B in Remark where dim(TrN(ﬂ'El(:L‘))) =1.



60

We start with the following proposition on the dimension of V.

Proposition 3-7. Suppose that dim(mx (75" (z))) = 1. Then for some k >0, a subgroup

Tn=1=k C T" fizes N, and N can have the following dimensions:
B-1: dim(N) =2k+2, k <n —2 and codim(N) =2(n—k —1)+1; or
B-2: dim(N) =2k +1, k <n—1 and codim(N) =2(n—k —1) + 2.

Proof. Let x € F be a T"-fixed point and let S := 7[';1(1') be the S!-fiber of 7 : E — F.
By Proposition we know that S is a T™-orbit fixed by T" := T"/\(F).
By the Slice Theorem, a tubular neighborhood of y € S in M is equivariantly

diffeomorphic to

T" xq Ty S,
where the normal slice TS admits a T" action. Since T X T;S — T"/T" = \NF) is
oriented vector bundle over a circle, it is trivial. Hence the tubular neighborhood can be
simplified as

A(F) x Ty S.
Since F has an invariant collar in D(F) and D(N), there is a one dimensional subspace
in TyJ-S that is normal to E. Thus we can decompose T, yJ-S into a direct sum of subspaces
of the form W &R, where the R factor is normal to E. The orthogonal T" action is trivial
on the R factor. Since dim(7’) = n — 1, the T" action on W ~ R2»~D+1 ig equivalent
to a linear action by a maximal torus in SO(2n — 1), and thus must be standard with
respect to a certain choice of basis. Thus we will identify W = C"~! & Rq according to
Definition such that the 7" action is standard on C"~! and trivial on the Ry = R

factor. Namely, we have a tubular neighborhood U around y of the form
U:=\F) x (C"1®Ry) ®R. (3.2)

Recall that 7y (75'(z)) is a T™ orbit of type T"/(Hy x T'), where Hy C A(F) is a

finite subgroup. Since 7y is an equivariant submersion (thus an open map), by choosing
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a smaller U if necessary, the T"-invariant image my(U) is a tubular neighborhood of
(75" (@) of the form

’R’N(U)E)\(F) XHO V,

where V' denotes the normal space of the T"-orbit 7x (7' (z)) in N. The differential
d(mn)y : TyM — Ty ()N is a linear surjection. Because 7y is T"-equivariant, there are a
few consequences. Firstly, vectors that are tangential to the orbits are preserved, and thus
the normal space T;-S = (C" '@ Ry) @ R is mapped onto V. In fact, since the R factor
is normal to N, thus lies in the kernel of d(7x),, the subspace C"~1 @& Ry is mapped onto
V. Further, each 2-dimensional C-factor in C*~! @ Ry is either preserved or collapsed via
d(mn)y, in particular those collapsing C factors correspond to a subtorus of 7" that fixes
N. Therefore, depending on whether the Ry in C*~! @ Ry is in the kernel of d(7mn)y, the

open neighborhood 7x(U) in N can be either of the following
AMF) x g, (CF x R), or (3.3)

AF) x g, Ck. (3.4)

Thus the dimension of N is either 2 + 2k or 1 4 2k, with 0 < k < n — 1. However, in the
case when the dimension is 2 + 2k, the value of k can not be n — 1, since if m (M) = 0 the

codimension of IV is at least two by Proposition [2-62 O

Remark 3-8. In the above case, notice that if k = n — 1, then N is a codimension 2

submanifold of M that is not fived by any circle subgroup of T".

Case B-1: Now we consider the first case of Proposition where dim(N) is even. The
following proposition shows that IV is an S'-bundle over a simply connected almost torus

manifold.
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Proposition 3-9. Suppose that T"'~F fites N and dim(N) = 2k +2, 0 < k < n — 2
(as in (i) of [3-7). Then A(F) acts freely on N and N/X(F) is a closed, simply connected

almost torus manifold with an invariant metric of non-negative sectional curvature.

Proof. First, by the proof of Theorem the quotient space N/A(F) is totally convex
and hence a non-negatively curved Alexandrov space. The induced T* := (T™/T"*=1) /\(F)
action on N/A(F) is effective, with a fixed point given by the image of the \(F)-orbit
(s (@),

Moreover, by Theorem [3-3] since codim(N) > 2, the fundamental group of 7 (N) is
generated by a A(F) orbit. Hence the fundamental group of the quotient space N/A(F)
is trivial.

It remains to show that N/A(F) is in fact a smooth manifold. It suffices to show
that the A(F') action on N is free. Suppose there is a point € N such that x has non-
trivial isotropy subgroup in A(F'). Then there is a non-trivial Z, C A\(F') for some prime
p such that Z, fixes . We consider the induced Z, action on the fiber S2(n—k=1) of B
By Lemma we have y(S%) = x(Fix(5%,7Z,)) # 0. Hence there is a fixed point on
S (1=n—k—1). Thus Z, fixes a point on E, contradicting the fact that the action of

A(F) on FE is free (see [2-60)). Therefore A\(F') acts freely on N. O

Case B-2: In the second case of when dim(N) = 2k + 1 is odd, the effective torus
action in N2?**1 is (k + 1)-dimensional. Thus N admits an isotropy maximal action.
Although simply connected non-negatively curved manifolds with isotropy maximal action
are classified in [I2], it is not known whether N is non-negatively curved. However,
we can prove that in general the quotient N/A(F') is a non-negatively curved, simply
connected rationally elliptic torus manifold. We begin by first showing that N/A(F) is a

non-negatively curved, simply connected, rationally elliptic torus orbifold.
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Lemma 3-10. Assume T '7F fires N?**1 (0 < k < n — 1) as in the second case of

Proposition then X2k := N/X(F) is a rationally elliptic torus orbifold.

Proof. Firstly, the isotropy maximal T%*! action on N can not have a fixed point, since
the largest isotropy subgroup has dimension (2k + 1) — (k + 1) = k. Thus the \(F)
action on N has empty fixed point set, that is, all isotropy subgroups of the A(F) action
are finite. Let x € N. Then there is a A(F)-invariant neighborhood U, of x such that
Uz /\F) = S, /H, where S, is a slice at x and H, is the finite isotropy group of x.
Therefore N/A(F) is an orbifold with charts given by {Us, Hy, Uy — Uy /A(F)}. In fact,
the orbit space X2 := N/A(F) is a torus orbifold with effective T% = T**+1/\(F) action.

Now we want to show that X2* is rationally elliptic. First, by Theorem the
fundamental group of N is generated by a A(F) orbit, and thus X2* is simply connected.
Then it suffices to show that NN is rationally Q-elliptic (see Definition [2-64).

Recall that 7y : E — N is a S?®)~Lbundle with 0 < k <n—1 and E/\(F) = F.
Thus there is a fiberation S2"~%)~-1 < F — X which induces the following long exact

sequence.
e o g1 (X) = T (82 o (F) = (X)) = e (S2R1)

We know that spheres are rationally Q-elliptic (for example, by Theorem . Fur-
thermore, since F' is a closed, non-negatively curved Riemannian manifold admitting an
effective, isometric, almost isotropy-maximal torus action, by Corollary F' is also
rationally Q-elliptic. Therefore, from the long exact sequence, we can see that X is also

rationally Q-elliptic. O

Lemma 3-11. The circle A(F') act freely on N. Therefore N/A(F) is in fact a smooth

torus manifold.

Proof. Let m: N — P := N?+1/T**+1 he the projection map. By Proposition we

know that X2¥ := N/A(F) is a simply connected, rationally elliptic torus orbifold. Thus
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by the results in [15] (also, compare to the remark at the end of Section [2.7]), the orbit
space P = N/T = X /T has the face poset structure as in Equation

In order to prove the lemma, we need the following claims:

Claim (1): Points of minimal orbits have connected isotropy subgroups, that is, a

minimal orbit is a free A\(F) orbit fixed by T% = T*+1/\(F).

To prove Claim (1), let y € N be a point on a minimal orbit C. Since dim(Tka) =
(2k+1) — (k+ 1) = k and the A(F') action is almost free, it follows that ijﬂ ~ Tk x H
for T# c TF*! and a finite group H C A(F). The normal space of C' is isomorphic to
CF as a representation space of T* x H. Since a linear T% x H action on CF can not be

effective if H is non-trivial, the subgroup H must be trivial. Therefore Claim (1) holds.
Claim (2): All interior points of P correspond to principal orbits.

To prove Claim (2), let € N such that 7(z) is an interior point of P, that is,
dim(T%*1) = 0 since otherwise z is fixed by at least a circle in 7%+ and thus lies on some
facet of P. Suppose TF*! is non-trivial, then 2 is an exceptional orbit. According to the
proof of Theorem m X is a non-negatively curved Alexandrov space (with no boundary)
on which the T% action is isometric and effective. Since P has face poset structure as in
Equation there is a codimension two submanifold K in N Sl, where S! is a circle in
T*, such that K := K/A(F)/S! is a boundary component of X := X/S'. Since the S!
action is isometric, X is a non-negatively curved Alexandrov space with boundary. By
Lemma the distance function dg : X — R is concave. Note that exceptional orbits
corresponding to points in the interior of P are critical points for dz (see [20]). By the
concavity of dz, any critical points for dz must lie at maximal distance from K (compare

to Lemma 3.21 of [42]). Thus = corresponds to a point in

C:={y € X : dg(y) is maximal}.

It suffices to show then that C' corresponds to the boundary of P, that is, points on C
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correspond to points on N with singular orbits. However, one can adapt the proof of

Lemma 6.3 in [46] to show that this is true and Claim (2) follows.

Now we want to show that all points on N corresponding to the boundary of P
have connected isotropy subgroups. Now assume that x € N corresponds to an interior
point of a face A of P*. By Claim (1), if A is a vertex, then the isotropy subgroup of
x is connected. Otherwise suppose codim(A) = m, 1 < m < k, then z is contained
in A2k-—m)+1 .— 771(A), which is a codimension 2m fixed point component of some
subtorus 7™ c T**!. By Equation every face of P contains a vertex. Thus A
contains a minimal orbit ( of type A(F)), and so the effective T*~™+1 action on A is
isotropy maximal. In particular, x corresponds to an exceptional orbit. It follows that
A/A(F) is a torus orbifold. On the other hand, since A is a T%*!-invariant, totally geodesic
submanifold of N (see Theorem , it follows that A/\(F) is a non-negatively curved
Alexandrov space because N/A(F') is non-negatively curved. Notice that to carry out the
argument in Claim (2), all we need is a non-negatively curved Alexandrov space which is
also a torus orbifold. Therefore, it follows that all interior points of A/A(F) correspond
to principal orbits by the argument in Claim (2). Therefore the isotropy subgroup of z is
T™, a connected torus. Thus we have proved the following:

Claim (3): All points on the boundary of P have connected isotropy subgroups.

To finish the proof, note that by Claim (1), a minimal T**!-orbit has trivial isotropy,
thus the principal isotropy group for the T#*! action on N is trivial. Assume a non-trivial
finite subgroup H C A(F) fixes a point y of N, thus Tka >~ H x T;. But then Tka is not

connected, contradicting Claim (2) or Claim (3) . Therefore the A\(F) action is free. [
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4. ORBIT SPACES OF ALMOST TORUS MANIFOLDS

4.1. The statement of the main theorem

In this section, we prove the following theorem, which extends Lemma 6.3 in Wiemeler’s

[46] to almost torus manifolds.

Theorem 4-1. Let Mt be a closed, simply connected, non-negatively curved almost

torus manifold. Then the following hold.

1. The torus action on M is locally standard.
2. M/T is diffeomorphic (after smoothing the corners) to a standard disk D",

3. Any codimension one face of M /T is diffeomorphic (after smoothing the corners) to

either a standard disk D™, or S' x D"~ 1.

4.2. Outline of the Proof of Theorem [4=1]

The proof of Theorem is by induction on the dimension of M?"*! a closed,
simply connected, non-negatively curved almost torus manifold. We have proven the
anchor of the induction in Proposition Now assume that dim(M?"*!) > 5 (n > 2),
and that the theorem holds for any closed, simply connected, non-negatively curved almost

torus manifold of dimension 2k + 1 with £ < n.

Recall that by Theorem we have a decomposition
M2n+1 — D(N) UE DQ(FQn_l),

where F' is a characteristic submanifold of M fixed by a circle A(F) C T", and 7p : E — F
is a principal A(F')-bundle. Also recall that there is a T"-fixed point x € F such that

7' (z) is a T™-orbit on which the A(F) action is free.
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Recall that we have the following cases, which are established in Chapter 3.

Case (A): dim 7y (75" (z)) = 0. In this case N is a fixed point component of some

subtorus.

Case (B-1): dimny (7, () = 1 and dim(N) = 2k + 2 is even, and there is a

subtorus 7" 1=% (0 < k < n — 2) fixing N.

Case (B-2): dimny(7,'()) = 1 and dim(N) = 2k + 1 is odd, and there is a

subtorus 7" 1=% (0 < k <n — 1) fixing N.

4.3. Proof of Theorem in Case (A)

Proof. By Proposition both F' and N are closed, simply connected, non-negatively
curved almost torus manifolds (in particular, dim(N) > 3). Therefore, by the induction
hypothesis, F' and N are both locally standard, and both N/T and F/T ~ E/T are
diffeomorphic, after smoothing the corners, to standard disks.

Now we want to show that M is locally standard, by showing that D(F') and D(N)
are locally standard.

By the induction hypothesis, since D(F) — F is a D?-bundle with A(F) being the
structure group, the A(F) action on each D? fiber is given by a standard T action on
C. Thus by Proposition it follows that D(F') is locally standard with respect to the
T™ action. As for D(N), since N* is a fixed point component of a subtorus 7" * with
2(n — k) = codim(N), the T"* action on the D*"*) fibers of D(N) — N is a linear
action by a maximal torus of U on C" %, thus must be standard (see Example .
Then by Proposition it follows that D(NV) is locally standard. Therefore M is locally
standard.

Now we want to show that M/T is a disk. Firstly, 7 : D(F) — F is a D?-bundle

on which A(F) is acting as the structure group. Since 7 is T"-equivariant and the action
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of A(F') in each fiber is standard, the induced fiberation

D(F)/T — F/T,

has the property that all fibers are diffeomorphic to D?/A\(F) ~ I. Then because F/T is
diffeomorphic (after smoothing the corners) to D™ by the induction hypothesis, D(F')/T

is a product

D(F)/T ~ F/T x I ~ D" ~ D",

Similarly, since m : D(N) — N is T"-equivariant and N is fixed by a subtorus 7"~% ¢ T

with 2(n — k) = codim(N), the induced fiberation
D(N)/T — N/T,

whose fibers are the quotient of D2~ %) by a linear T" % action, which is equivalent to
the standard action of a maximal torus (as in Example . Thus it is not hard to see
that all fibers of D(N)/T — N/T are diffeomorphic (after smoothing the corners) to an
(n — r)-simplex A™~". Thus, since N/T = D*+! by the induction hypothesis, D(N)/T is

in fact a product as follows,
D(N)/T ~ N/T x A"~k ~ DF+1 s pn=k ~ pntl,

Finally, since the gluing map 0D(F) — 0D(F) is T"-equivariant by Remark and
(0D(F))/T = E/T ~ F/T ~ D", it follows that

M/T ~ D(F)/T Ugp D(N)/T ~ D" Upn D**! ~ D1,
Therefore M /T is diffeomorphic (after smoothing the corners) to a standard disk. O

Notice we can summarize the last part of the proof of Case (A) into the following

statement:

Lemma 4-2. In the bundle decomposition M = D(F) Ug D(N), suppose
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1. F/T (thus E/T) and N/T are both diffeomorphic (after smoothing the corners) to

a disk;

2. All fibers of D(N)/T — N/T are diffeomorphic (after smoothing the corners) to

disks.

Then M/T is diffeomorphic (after smoothing the corners) to a disk.

Proof (summary). If F/T ~ D", then np : D(F) — F is a disk bundle over a disk with
group A\(F), hence 7p is a trivial bundle with D(F)/T ~ F/T x I ~ D",

If N/T ~ D™ and all fibers of D(N)/T — N/T are diffeomorphic (after smoothing
the corners) to disks, then D(N)/T — N/T is a disk bundle over a disk, hence a trivial
bundle. Thus D(N)/T is a product of disks, that is, a disk.

Finally, M /T is the gluing of two disks along a disk E/T, therefore a disk. O

4.4. Proof of Theorem in Case (B-1)

Proof. By Proposition the A\(F) action on N is free and (N*)2**! .= N/A(F) is a
closed, simply connected almost torus manifold with an invariant metric of non-negative
sectional curvature. Moreover, since dim(/N) is even, we have codim(N) > 2, and thus
by Theorem F' is simply connected. It then follows by the induction hypothesis that
F is locally standard, hence D(F) is locally standard by Proposition Now we turn

back to N, whose properties will be demonstrated via a series of claims.
Claim: N is orientable.

Recall that a smooth manifold N is orientable if and only if the tangent bundle 7
is an oriented bundle.
Firstly, N* := N/A(F) is orientable since it is simply connected. To see this, assume

N* is not orientable, then the orientable double covering ¢ : N* — N* has connected
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total space N*. Moreover since N* is a manifold, it is path-connected. Therefore the
lifting correspondence 71 (N*) — ¢~ 1(b) is surjective for any base point b € N*. Since
m1(N*) = 0, it turns out that ¢ is a homeomorphism, which is a contradiction. Thus the
tangent bundle 7+ is an orientable bundle.

Let 7N be the subbundle of 7 consisting vectors that are tangential to the fibers

of the principal S'-bundle p : N — N*. Thus we can write 7y as a Whitney sum:
TN = p*(Tn+) © TEN,

where p*(7n+) is the pull-back bundle. Let ¢ be the 2-plane vector bundle associated with
N — N/X(F) defined as

me t N X\my R? = N/A(F).

Since the structure group A(F') preserves the orientation on N, ¢ is orientable. Corollary
implies that
P (¢) = 7N @ e'(N),

where €' (N) is the normal bundle of N in N X,z R?, which is trivial since the nor-
mal bundle of A\(F) in R? has a non-vanishing cross section. Therefore, we have bundle

isomorphisms:
™~ @ e (N) = (p*7v- @ T N) @ €' (N) = p*riv- & p*(¢) = p* (Tav- © ¢).
Thus by looking at the first Stiefel-Whitney classes, we obtain:

wy(7n) = wi(Tn @ el(N))
= p w1 (TN © ()

= p*(wi1(7n+) + wi(()).

Recall that the first Stiefel-Whitney class vanishes if and only if the vector bundle

is orientable (see for example, Proposition 4.36 of [7]). Thus both w;(¢) and wy(7y+) are
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zero, and therefore wy (7n) = 0, and thus 7y is an oriented bundle, that is, NV is orientable.

Claim: The structure group of the bundle E — N can be reduced to a torus.

Denote | = n — k — 1, and recall that codim(N) = 21 + 1 and N2#+2 is fixed by an [-
torus. By the proof of Proposition [3-7] and Theorem there is a connected component
N’ in M™" such that N c N’ with codimension 1. Since codim(N’) = 2dim(7"), the
induced T action on the normal space of N’ is a linear action of a maximal torus in
GL(l,C). By looking at the T'-representation space T;-M, for a point z € N (see Example
, one can see that there is a T' C T" fixing a submanifold N7 with codim(Np) = 2
and N C N’ ¢ N;. We have

v(N1) & TNy =78, M,

where 7y, M is the tangent bundle of M restricts to Ny and the normal bundle v(Ny) is
a complex line bundle with structure group GL(1,C) (By Theorem [2-22)), which can be
reduced to U(1) = T* since T! is isometric and fixes Nj.

In fact, it is not hard to see that there is a nested sequence
NcN=NcCc---CNCM

of submanifolds such that each Nj is the fixed point component of a T ¢ T' = T with
dim(N;) — dim(Nj41) = 2. By the previous argument, the normal bundle of each Nji;
in Nj is a complex line bundle with the structure group isomorphic to a circle Ti+Y)T9.

Thus the normal bundle T+ N’ = T N; splits into a sum of complex line bundles
T+(N')=E & @ E,

and thus the structure group of TJ-(N "} can be reduced to the product of the structure
group of these line bundles, which is exactly T".

Since N is an orientable hypersurface of N/, the normal bundle of N in N’ is trivial.
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Thus the structure group of the normal bundle T (N) in M is also given by T”, and thus

the group of the associated bundle £ — N is also given by T".
Claim: D(N) is locally standard.

Since my : E — N is A\(F')-equivariant and A(F") acts freely on both E and N, there
is an induced S%-bundle

TN+t EJNF) = F — N*,

whose structure group is still 7. Let p : P — N* be the principal T"-bundle associated
with 7y« and denote T” = T™/T" as the complementary subtorus of 7", and notice that
A(F) c T". By Theorem since N* is simply connected and thus HY(N*,Z) = 0,
there is a bundle lift of the T" action to P, commuting with the canonical 7" action on P.

Let the associated S?-bundle:
mp: P xp S% — N* (4.1)
be defined, where the T™ action on P x7+ S? is given by
g-[p,v]=1[p-g,v] VgeT",pePuves

Then since the two bundles 7p and 7+ share the same fiber space and the same associated

principal bundle, they are isomorphic. In fact, we have a T™-equivariant diffeomorphism
F~P X SQZ, (4'2)

by letting the unspecified 7" action on each S? fiber to be the action induced by the T”
action on F'.

Now we show that D(N) is locally standard. Firstly, notice that the A(F') action
is free on M \ (F'U N) by Theorem and we have shown that the action is free on
N. Thus the A(F) action is free on D(N). The bundle D(N) — N descends to a bundle

D(N)/X(F) — N* with same structure group 7" and fiber D?*!. Thus since dim(7") = I,
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the torus T" acts on D?*! by a maximal torus (as Example 2-20]). Thus since N* is locally

standard by the induction hypothesis, D(N)/A(F'), hence D(N), is locally standard by

Proposition 2-34

To show that M /T is a disk, first notice by the inductive hypothesis, F/T = E/T
and N/T ~ N*/T"~! are diffeomorphic, after smoothing the corners, to a standard disk.
We want to show that the fibers of D(N)/T — N/T are diffeomorphic (after smoothing
the corners) to disks, then by using Lemma we can conclude that M/T is a disk.

Observe that since the bundle
F~Pxp S N*

has the same fiber D?*! and structure group 7" as the bundle D(N) — N. Then because
we have shown that M is locally standard, the 77 = T* action on D#*! is standard, and
hence the quotient D?+1/T" is a disk. This completes the proof of Theorem for Case

(B-1). O
4.5. Proof of Theorem in Case (B-2)
Proof. In this case, recall that N2**1 is fixed by a subtorus 7" *~! with 0 < k < n — 1.

By Lemma and Lemma the A(F') action on N is free, and N/A(F) is a simply

connected, non-negatively curved torus manifold.

2

Therefore, since the effective T5t! action on N2*! induces an effective TF =
TFHL/XN(F) action on X2F := N2k+1/)\(F) with non-empty fixed point set, by the classifi-

cation of torus manifolds with non-negative curvature (see [46]), we know:

1. X2k is locally standard. Note that this implies that D(NN) is locally standard which
we can see as follows. Similar to Case (B-1), D(N) — N is a D? bundle, the T fixing

N acts on each fiber by a maximal torus, thus the action is standard (see Example
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2-20)) and each fiber of D(N) — N is diffeomorphic (after smoothing the corners)
to a disk. Furthermore, N — X is a principal A(F')-bundle, using Proposition m

we can see that D(N) is locally standard.

2. X/T = N/T is a disk and all its faces are contractible.
Now, we turn to F' and D(F), this time we have two cases to consider.

Case B-2-i, where dim(N) < 2n — 1.

The fundamental group of F is trivial if dim(N) < 2n—1 (by Theorem [3-3)), thus F is
a simply connected, non-negatively curved almost torus manifold. By the induction
hypothesis, F' is locally standard and F/T ~ E/T ~ D™. The previous discussion
on D(N) — N allows us to apply Lemma to conclude that M/T is a disk.
The Proposition implies that D(F') is locally standard, and hence M is locally

standard.

Case B-2-ii, where dim(N) = 2n — 1.

Since codim(N) = 2 and N is not fixed by any circle in 7™, the S'-bundle my : E —
N induces a fiberation E/A(F) ~ F/A(F) — N/AF) where we have shown that
N/X(F) ~ D", Thus, by considering the long exact sequence of homotopy groups

m1(SY) = m (F/T) — m (DY),

we know that 71(S') = Z is mapped onto 71 (F/T), and thus m (F/T) = . Re-
call that 71 (F) is cyclic and thus because 71 (F) generates 71(F/T) (see 2-11]), the
fundamental group of F' can only be Z. Thus F satisfies Proposition [3-4] The uni-
versal cover F of F splits into a product Fy x R where Fj is a simply connected,
non-negatively curved 2(n — 1)-torus manifold, admitting an (n — 1)-torus action
lifted from T™/A(F'). The group of deck transformation I' = 71 (F') = Z acts on R

exclusively. Then it follows that

F/T ~ (F/T))T ~ Fy)T x R)Z ~ D"' x §*,



75
where Fy/T ~ D" ! follows from Lemma 6.3 of [46]. Since the structure group of
D(F) — Fis A(F) C T", D(F)/T — F/T is a trivial fiber bundle because it has

trivial structure group. Thus D(F)/T is a product
D(F)/T ~F/T x I ~D" 1 x 8! x1I,

where I is the quotient of a D?-fiber by A(F).

On the other hand. D(N)/T — N/T is a D?-bundle over N/T, which is a trivial

bundle since we have shown that N/T is a disk. Thus D(N) is a product
D(N)/T = N/T x D> = D" ! x D2
We obtain
M/T = (D" 1 x SY x I) X pn-1yg1 (D" x D?) = D"

where one of the boundary component of S! x I is glued to the boundary of D?. We

conclude that the orbit space M /T is, as desired, a standard disk.

In either of the above cases, F' is locally standard, thus Proposition [2-34] implies
that D(F) is locally standard. Therefore, as we already shown that D(N) is locally

standard, M is locally standard.

At this point, the proof of Theorem is complete. O
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5. CONCLUSIONS

Given a simply connected, non-negatively curved, almost torus manifold A/2"*1 in
this dissertation we first obtain a thorough description of the disk bundle decomposition
of M according to Spindeler’s Theorem [2-60l There are several factors affecting the
fundamental groups of F' and N. The codimension of N is affected by two factors: (1)
The existence of T"-fixed point in N. (2) The rank of the subtorus that fixes N. The

three basic cases that occur can be summarized as follows.

Case (A): If N contains a T"-fixed point, then dim(N) = 2k + 1 (N has even
codimension) with 1 < k < n —1 (N ~ S! is impossible in this case), and N is
a fixed component of a nontrivial 7" *-subtorus. In this case both N and F are
simply connected non-negatively curved almost torus manifolds. In particular, F//T

and N/T are contractible faces of M/T.

Case (B-1): If N does not contain a T"-fixed point and dim(N) = 2k + 2 is even,
then there is a subtorus 77 1% that fixes N (0 < k <n—2,so the codimension of
N is strictly greater than two). In this case we do not know whether N admits a 7"-
invariant metric of non-negative curvature. Nevertheless, F' is a simply connected
non-negatively curved almost torus manifold. We also obtain that the A(F") action
is free on N, and it turns out that N is a principal A\(F')-bundle over a simply

connected non-negatively curved almost torus manifold N/A(F).

Case (B-2): If N does not contain a T"-fixed point and dim(N) = 2k + 1 is odd,
then there is a subtorus 7" 1% (0 < k < n — 1) fixing N. We prove that N/\(F)

is a simply connected non-negatively curved torus manifold.

If codim(N) < 2, then F is a simply connected non-negatively curved almost torus

manifold. In the situation that codim(N) = 2, we prove that F' is a non-negatively
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curved almost torus manifold with infinite cyclic fundamental group. This is the only
case where F' is a characteristic submanifold that does not project to a contractible

facet in M/T.

After a case by case argument, we conclude that

. The torus action on M is locally standard, in particular, all isotropy subgroups are

connected.
. M/T is diffeomorphic (after smoothing the corners) to a standard disk D"+,

. Any codimension one face of M /T is diffeomorphic (after smoothing the corners) to

either a standard disk D", or S! x D"~1,
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6. FURTHER RESULTS AND IMPLICATIONS

We will outline how the contents of Chapters 3 and 4 contribute to the classification
of almost torus manifolds in [I0]. In particular, we will state the results we obtain by
using the work of this thesis.

Firstly, it has been shown in [I8] that an isometric T fixed point homogeneous
action on a non-negatively curved 3-manifold can be extended to a smooth 72 action.
We can prove the following general theorem using induction on the dimension of M, in

particular, the contents of Chapter 3 were used for the inductive argument.

Theorem 6-1 ([I0]). Let M?"*! be a simply connected, non-negatively curved almost
torus manifold. Then there exists a unique, smooth T action on M?*"*1 that commutes

with the isometric almost isotropy-mazimal T" action on M?*"T1,
Moreover, using the extended action we can prove:

Proposition 6-2 ([I0]). The extended, smooth and effective T"*! action on M?"+1
a simply- connected, mon-negatively curved almost torus manifold, has only connected
isotropy subgroups, and the quotient space and all of its faces are diffeomorphic (after

smoothing the corners) to disks.
Finally, it is possible to obtained a classification of almost torus manifolds.

Theorem 6-3 (Classification of Almost Torus Manifolds [10]). Let T" act isometri-
cally and effectively on a simply-connected, non-negatively curved, almost torus manifold,
M2t Then M2 is equivariantly diffeomorphic to the quotient by a free, linear torus

action on a product of spheres.

We want to briefly mention the idea of the proof of Theorem Observe that the

T+ smooth isotropy-maximal action on M?"*+! has free rank 1 by Proposition 5.4 in
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[12], and the action is isotropy-maximal. Therefore there is a T' C T™"! that acts almost
freely on M?"+1. The situation breaks into two cases: Case (1), where the T action is
free, then M?"+1 /T is a torus manifold, and Case (2), where the T action is almost free.

In both cases, M?"+1 /T is rationally elliptic, since M>"*! is rationally elliptic. Therefore

Theorem follows by results of [46] and [12].
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7. FUTURE DIRECTIONS

There are a few questions that are closely related to almost torus manifolds. In
particular, answering these questions may lead to generalizations of the techniques that

are used in the proving of the main theorem of this thesis.

1. Let S! be a circle of T. One can ask: Does any codimension two component of M* '
contain a T-fixed point? We know this is true for locally standard torus manifolds
with acyclic faces, which is equivalent to the condition that the odd degree coho-
mology groups of the manifold vanish. One can then ask: What would be a parallel
topological condition for locally standard almost torus manifolds? In particular, how
can we generalize the connection between locally standard torus actions to rationally

elliptic manifolds? We refer the reader to the results in [42], [46], [34] and [15].

2. In [15], they considered torus orbifolds and proved some results that are similar to
those in [46]. We can define an almost torus orbifold in a similar way, and it would
be interesting to see if we can get parallel results as in [I5]. This research is also
interesting as the concept of orbifolds arises in many industrial applications that

involve the study of the quotient of manifolds by groups of symmetry.
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