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The present article establishes connections between the structure of the deterministic Navier-Stokes
equations and the structure of (similarity) equations that govern self-similar solutions as expected
values of certain naturally associated stochastic cascades. A principle result is that explosion criteria
for the stochastic cascades involved in the probabilistic representations of solutions to the respective
equations coincide. While the uniqueness problem itself remains unresolved, these connections
provide interesting problems and possible methods for investigating symmetry breaking and the
uniqueness problem for Navier-Stokes equations. In particular, new branching Markov chains,
including a dilogarithmic branching random walk on the multiplicative group (0, co), naturally arise
as a result of this investigation. © 2015 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4913236]

The role of scaling in the question of uniqueness of mild
solutions to 3D Navier-Stokes equations is the central
theme of this investigation. In particular, we describe a
framework where the uniqueness for both scale-invariant
and general problems is re-cast in terms of a non-
explosion property of associated stochastic cascades.
Thus, if the explosion event of the self-similar cascade is
probabilistically different from the explosion event for
the general, non-symmetric cascade in appropriate set-
tings, then we would have a manifestation of symmetry
breaking in the Navier-Stokes uniqueness problem-the
scaling-invariant case being qualitatively different. While
we are only able to prove partial results related to the
associated explosion problems, the main conclusion of
this paper is that the self-similar (scaling-invariant)
explosion and the general, non-symmetric explosion (in
appropriate functional settings) are the same, suggesting
that scaling symmetry may be directly involved in the
eventual solution of the outstanding Navier-Stokes
well-posedness problem. We note that the idea of employ-
ing scaling-invariant solutions in the context of well-
posedness goes back to Leray,” while the idea to use
stochastic cascades to prove existence of mild solutions is
due to Le Jan and Sznitman.*'

I. INTRODUCTION

A. Navier-Stokes equations and their scaling
properties

The physics of unrestricted three-dimensional incom-
pressible fluid flow is mathematically encoded in the corre-
sponding set of Navier-Stokes equations (NSE) governing
the time evolution of velocity (momentum) u and pressure
p in three dimensional Euclidean space. Letting u(x,?)
denote the velocity of an incompressible fluid at the position
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x € R? and time t >0, essentially Newton’s law of motion
may be cast as

Ou
—+u-Vu=vAu—-Vp+g,
ot L (1.1)

V-u=0,u(x,0") =u(x), xe R* >0,

where v >0 is a positive (viscosity) parameter, V =
(0/0x}),<je3, A =V -V is the (vector) Laplacian operator,
and g is an (external forcing) function with values in R3.
More generally (1.1) may be posed on a domain in R? with
boundary. However, for convenience in this paper we will
consider the free-space model without boundary or an exter-
nal force.

The term Ou/0t 4+ u - Vu represents the acceleration of
a fluid parcel within a Lagrangian reference frame. In partic-
ular, the non-linearity u - Vu is intrinsic to this description
of the flow and cannot be eliminated. The viscous force vAu
is the result of a linearization of stress-strain forces between
fluid parcels composing the fluid, and the divergence-free
condition V -u =0 provides conservation of mass; also
referred to as incompressibility. The pressure gradient term
Vp is a fourth unknown in the set of four equations describ-
ing the n =3 coordinates of velocity u = (uy,u,u3) and the
scalar pressure p. We refer to Refs. 24 and 31 for more back-
ground on the physical derivation of the Navier-Stokes
equations.

The unique determination of u from the given viscosity
parameter v > 0, external forcing g (in our case g = 0), and
initial data u is an obvious question for both the physics and
the mathematics of fluid flow. After more than one-hundred
years of research, it remains unknown whether smooth initial
data ug leads to the existence of unique smooth (regular) sol-
utions, valid for all time. It is believed that mathematical
progress on this issue is closely connected to understanding
the physical phenomenon of turbulence. As a consequence,
the resolution of the uniqueness and regularity problem for
the Navier-Stokes equations ranks among the most important
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open problems of contemporary applied and theoretical
mathematics.

The current state of the regularity issue may be viewed
through the prism of natural scaling (symmetry) peculiar to
of the Navier-Stokes equations as follows:

Ifu(x,7),p(x,7)isasolutionto (1.1),
then for any scaling parameter r > 0,
u,(x,7) = ru(rx, 1), p,(x, t) = r’p(rx, r°t) is also a solution
with initial data rug (rx). (1.2)
The quantities of the flow (typically represented by cer-
tain norms of u) that preserve this scaling are called critical,
the ones that grow as r — 0 are super-critical, and the ones
that decrease are sub-critical. For example, since the pio-
neering work of Leray in the 1930s (see Ref. 25, which still
remains a benchmark for the regularity problem), it is known
that NSE possesses global-in-time weak solutions that are
bounded in L?. If we re-scale the L*-norm of u according to
the scaling above, we obtain

3.0 := sup JJu(5)])3 = sup J P lu(rx, 7?1) Pdx
' 1€[0,00) 1€[0,00)
Lo
=l
and so || - [[, ., is a super-critical quantity. Yet, according to

Leray’s result, the solution is regular as long the L? norm of
the (vector) gradient remains bounded

H = up. |V, (1)]]72

t€[0,00

3
= sup J r Z (8X,.uj(rx,r2t))2dx = 1‘||Vu||§,oc,

1€[0,00) e ij=1

i.e., Leray’s regularity condition is sub-critical.

More modern regularity criteria still suffer similar scal-
ing defects: The Escauriaza, Seregin and Sverdk criterion
involving boundedness of the L*-norm (see Ref. 12), as well
as the Koch and Tataru condition of smallness of the initial
data in the BMO ™! functional space,?’ are each critical in
nature.

This gap between what is known for the solutions of
NSE (all of which are super-critical) and the sufficient condi-
tions for regularity, is one of the manifestations of the impor-
tant role scaling plays in the NSE well-posedness problem.

There is a growing consensus that functional and
harmonic analysis techniques alone would not be sufficient
to break the regularity problem by obtaining a super-
critical condition for well-posedness. Specifically, there
are examples on NSE-like systems that blow-up in finite
time despite many functional properties characteristic to
NSE, 11:18.27.30

This suggests a necessity of developing new approaches
to understand NSE and non-linear systems in general. In par-
ticular, our results suggest that the stochastic multiplicative
cascade framework introduced by Le Jan and Sznitman?'
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may provide new insights into the NSE regularity problem.
Indeed, in this note we establish a new scaling-critical condi-
tion for uniqueness of solutions, as well as provide evidence
of a connection between the issue of uniqueness and natural
scaling of the NSE.

A natural way to explore the role of scaling in the theory
of NSE is to consider scaling-invariant or self-similar solu-
tions, i.e., the solutions satisfying

u=up =p, Vr>0. (1.3)

Leray? observed that if u, p is a self-similar solution to
(1.1), then upon choosing r = r(t) = 1/4/t for fixed t>0,
one has

wwn-le) ()
where

—AU—%U—%(X-V)U—S-(U-V)U:—VP, V-U=0.
(1.4)

Leray himself had the idea to use this self-similarity (back-
wards in time, with r(¢) = 1/+/T — t) to produce an example
of blow-up in the NSE problem. This was eventually proved
impossible due to the work of Tsai,32 as well as Necas,
Razicka, and Sverak®® (see also Ref. 24) who established
that backward-in-time the only self-similar solution is 0.
Study of forward in time self-similar solutions, particularly
of Eq. (1.4), revealed several important existence and
uniqueness as well as regularity results.”'*'>2¢ In particular,
Meyer*® provided a framework of constructing solutions
that are unique in a weak L>-space starting from “small” ini-
tial data. We note that the self-similar solutions must invari-
ably possess singularity at the origin, as they are
homogeneous functions of degree —1. The weak-L? space is
a natural functional space for such functions. Later,
Gruji¢"® showed that the solutions built by Meyer are in
fact smooth (outside the origin). More recently, Jia and
Sverak!'®17 proved existence of smooth solutions for (1.4),
without a smallness assumption, pointing to a potential for
lack of uniqueness of self-similar solutions for “large” ini-
tial data and showing a pathway of how such solutions
might be used to produce blow-up in Navier-Stokes equa-
tions. Cannone and Karch'® also argued for the connections
between the theory of self-similar solutions with large ini-
tial data and possible emergence of singularities in the
NSE.

The fact that self-similar solutions could be used to
prove/disprove well-posedness for general NSE is another
manifestation of the particular importance of scaling symme-
tries in the Navier-Stokes equations.

B. The question of symmetry breaking—The
description of the main results

In this paper, we seek to provide an approach to both
self-similar, as well as general NSE problems that could
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shed light into the specific issue related to this natural scal-
ing, to be referred to as symmetry breaking, namely:

Is the uniqueness of solutions to NSE tied to the unique-
ness of self-similar solutions?

If the solutions to (1.4) are unique, yet the solutions to
(1.1) are not, then we have a manifestation of symmetry
breaking in NSE, signaling that a possible lack of well-
posedness could be the result of a mechanism that magnifies/
creates deviations from natural scaling present in the initial
data. On the other hand, if the uniqueness for (1.4) is closely
tied to the uniqueness in (1.1), then the well-posedness prob-
lem is essentially connected to the natural symmetries of
Navier-Stokes equations. Thus, the notions of scaling invari-
ance and self-similarity, considered from the perspective of
symmetry breaking, provide the central focus of the present
paper.

We consider this issue in the framework of Le Jan-
Sznitman stochastic multiplicative cascades, developed in
Ref. 21, combined with the idea of majorizing kernels, intro-
duced in Ref. 3, to investigate existence and uniqueness of a
mild solutions to the NSE (see (2.2) below). In this frame-
work, a multiplicative cascade process is associated to the
mild formulation of NSE in Fourier space, and a solution is
recovered form the initial data via an expected value of a
certain recursive product along a generated tree. The space
of initial data allowed is in part governed by the choice of
the majorizing kernel (see Sec. II for details).

In order to guarantee finiteness of the tree, a thinning
procedure is usually employed. The thinning, which involves
a chance of artificially terminating a branch, is guaranteed to
generate a finite cascade, producing a unique mild solution
to NSE, but at an expense of shrinking the smallness condi-
tion on the initial data.

In contrast to the classical Le Jan-Sznitman approach,
we will not employ a thinning procedure to terminate the
cascade (see Sec. II). Elimination of thinning is a step
towards accommodating wider families of initial data by
relaxing, and eventually removing the aforementioned small-
ness condition. However, in the absence of thinning, one has
to deal with a possibility of the formation of infinite cascade
trees in finite time—the phenomenon called explosion, and
our main object of study.

In particular, we will not be concerned with the issue of
existence of mild solutions built with such procedure (the
solution is guaranteed to exist as long as the cascade is non-
exploding and the associated expected values are finite—see
Sec. IT). Also, we will not study regularity properties of such
solutions (a difficult question, especially for more general
spaces of initial data). Instead, our goal is to show that the
explosion phenomenon in such cascades can be used as a
surrogate for uniqueness for the solutions of the NSE in a
certain functional class, allowing us to classify the associated
uniqueness problems by the corresponding explosion time
random variables.

Specifically, we use this approach to study two families
of NSE initial data: one governed by the Bessel majorizing
kernel (2.6) (in which case we are able prove the non-explo-
sion), as well as the dilogarithmic kernel (2.5) (which allows
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for a much wider space of initial data, but with a more
nuanced explosion problem).

We also adapt this approach to the study of scaling-
invariant solutions (see Sec. III). This forces a very different
choice of the scaling parameter r (see (3.1)) than the one in
(1.3), partly because the problem is posed in the Fourier set-
ting. Nevertheless, we show that the self-similar mild formu-
lation we use—(3.2), and the Leray equation (1.4) are in fact
equivalent (Proposition 3.4). Moreover, although the result-
ing cascade is quite different from the general NSE case
described in Sec. II, the dilogarithmic density appears natu-
rally in the context of scaling-invariance (see (3.2)).

The explosion problems themselves are defined in terms
of the explosion time random variables in both non-
symmetric and scaling-invariant cases (see Definitions 2.1
and 3.1)—critical (with respect to the scaling) quantities.
Using the Le Jan-Sznitman martingale argument, we show
that in the case of general NSE, the non-explosion of the
associated multiplicative cascade provides a scaling-critical
sufficient condition for uniqueness—see Proposition 2.1 and
Remark 2.2.

A natural question is to compare the case of dilogarith-
mic majorizing kernel in general, non-symmetric setting to
the scaling-invariant case. While we were unable to fully
resolve the associated explosion problems, the main conclu-
sion of this analysis—see Theorem 3.1—is that at the level
of cascades, one has:

The explosion problem is the same in both self-similar and
general case (in dilogarithmic settings)

This result provides evidence for a lack of symmetry
breaking in the Navier-Stokes problem.

The rest of the paper is organized as follows.

In Sec. II, we will use the Le Jan-Sznitman cascade
without thinning, together with the idea of majorizing ker-
nels, to formulate an explosion problem (Definition 2.1)
closely connected to the issue of uniqueness of solutions to
the mild NSE formulation (2.2)—see Proposition 2.1. Two
particular kernels are considered (see (2.6) and (2.5)). In the
case of Bessel kernel, /;,, we can prove the non-explosion
(see Theorem 5.1 in the Appendix). In the case of less re-
strictive dilogarithmic kernel, 4,, we prove that the explosion
is related to the uniqueness property of a certain solution to a
non-linear PDE (see Proposition 2.2).

In Sec. III, an analogous procedure will be employed to
arrive to an explosion problem in the self-similar case
(Definition 3.1). In particular, we relate the solutions
obtained with this method to the solutions of the above-
mentioned Leray equation (Proposition 3.4), and prove
(Theorem 3.2) that the explosion itself is a zero-one event
(i.e., it is essentially deterministic). We also show in
Theorem 3.1 that this explosion event has the same distribu-
tion as the explosion in the dilogarithmic case described in
Sec. II—the evidence towards similarity between the two
uniqueness problems.

Section IV is devoted to comparison of the general
and self-similar cases from the point of view of the sym-
metry breaking question, and discusses some open
problems.
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Finally, the Appendix containing the proofs of the tech-
nical results related to the Bessel and dilogarithmic random
walks, which appear in the functional settings adopted in
Sec. II. It is worth noting here that dilogarithmic random
walk (which arises naturally in the context of this paper)
appears to be a new multiplicative stochastic process that
may be of broader interest, e.g., see Refs. 19, 22, and 23 for
other occurrences of the dilogarithmic distribution in
physics.

Il. NAVIER-STOKES CASCADES AND AN EXPLOSION
PROBLEM

Next, we will describe the mathematical framework we
use to analyze the existence and uniqueness problem for the
Navier-Stokes equations more precisely, by specifying the
meaning of “solution.” Due to lack of existence results for
smooth (classical) solutions, the notion of solution in the
weak sense is frequently used, where derivatives are in the
distributional sense, as this allows one to search among func-
tions u that are locally square-integrable in space. Namely, a
divergence-free vector field u(z) is called a weak solution if
for all v:R*>— R*—smooth, divergence-free functions
with compact support

(u(?), v) — {u(0),v)
- j( v(u(s), AV) + (u(s), (u(s) - V) ¥) ) d,
0

under the implicit assumptions on u that make the integrals
above valid. Here, (u,v) = [pau-vdx is the (complex) L?
inner product. This definition was introduced by Leray to
provide a mathematical framework that would accommodate
the possibility that velocities may not be smooth at some
“small set” of points where “turbulence” is present. Indeed,
Leray’s approach is proven to produce solutions that are
smooth except possibly a singular set of one-dimensional
Hausdorff measure zero (see Ref. 8).

Taking Fourier transform in x in the equation above, we
notice that

<ﬁ Z‘)7{7> - <ﬁ(0)7€]>

—

(—w(IE[a(s), ¥) + (a(s), Fl(u(s) - V)v])) ds,

ST

where w(&) = Flw|(¢) = (2n)_3/2fR3w(x) e *¢dE is the
Fourier transform of w.

Using the reality condition @i(—¢&) = a(£), the last term
can be written as

ﬁ (6 (s), i (s) * (&)
_ ﬁ@mm £ii(s),¥),

(a(s), F(u(s) - V)v]) =

where v« w(&) = [ps0(& — n)w(n)dn is the convolution of
functions v and w. Moreover, to incorporate divergence-free
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property in the first term of the inner product above, we can
write

<(2;W g (5) (), v>

= <(2f)|3/2 J u(n,s)Oeu(E —n,s) dn,V>7

R}

with

V() Oew () = —ileg - wim))mev(ny), (2.1
where e = £/|¢| and m..v = v — (eg - V)eg is the projection
of v onto the plane orthogonal to &.

Since [&][psu(n,s)O0(E —n,s)dy is divergence-free,
we conclude that weak solutions satisfy

13

i(r) —u(0)= J(—Vlélzﬁ(S) +

0

¢l
(27'[)3/2

X J (n,s)O(E —1,s) a’q) ds,

R3

which leads to the following mild formulation of the Navier-
Stokes equations:

t

A(E1) = (&, 0)e e ¢ Je—v\flzs el

(2n)3/2

X J U(n, 1 —$)OA(E—n,t —s)dnds.  (2.2)
R3

We note that weak solutions automatically satisfy the
above mild formulation, and the solutions to (2.2) are weak
solutions provided they are (uniformly locally) square inte-
grable in both space and time variables.

The stochastic cascade framework in Fourier space
was introduced in Ref. 21 for the analysis of (2.2). The
basic ingredients of the recursively defined stochastic
object (cascade) associated with the problem (2.2) con-
sists of (i) a continuous time binary branching Markov
process in three-dimensional Fourier wavenumber space
and (ii) an algebraic operation ©¢ defined in (2.1). The
stochastic process is initiated with a Fourier mode
0 # ¢ € R, where it holds for an exponentially distrib-
uted length of time T¢ with intensity v|€)>. Upon expira-
tion of time T, the particle either dies or splits into a
pair of frequencies (modes) (Wi, W,) € R® x R®. The
random events of either dying or splitting occur with
equal probabilities and independently of T¢. In the case
of a split, the new frequencies are subject to the local

conservation of frequencies condition
W, +W, =¢ (2.3)

and distributed according to
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h(n)h(& —n)

7 h(®) dn, (24)

Ef (Wi, W;) = JRgf('L &—n)

where /1 : R*\ {0} — (0,00) is a measurable function with
full support for which h * h(€) < oo for each & # 0, intro-
duced in Ref. 3 as a majorizing kernel for (1.1). The two spe-
cial choices given in Ref. 21 involved

1
hy(&) =e l/1E, E#0, (2.6)

for which one has the identities

hx h(§) = c|€|h(S),

with c=c, =7 if h=h,, and ¢ = ¢, =27 if h=h,. We will
refer to hy, as the Bessel majorizing kernel, and to h, as dilo-
garithmic majoring kernel. The connection with Bessel and
dilogarithmic distributions will be given in Propositions 2.4
and 2.3 (see also Remark 2.6).

We define the conditional densities

2.7

B ()hd(é '1) 4
Hy(n|&) = haxha(@  DE—nlnf
) == @ ~ 2 e =l

If the particle dies, the (Fourier transformed) forcing
term, evaluated at its parent mode and appropriately scaled,
is attached to the terminal node. Otherwise, if branching
occurs this rule is repeated from each of the nodes at respec-
tive frequencies W; and W,. The focus of the present article
is the unforced (g =0) equation (1.1), in which case such a
convention may be viewed as a “thinning” operation, that
may not be necessary so long as there are only finitely many
branches by any finite time ¢. If thinning is applied, however,
then the associated genealogical tree is that of a critical
binary Galton-Watson process and therefore in fact almost
surely finite, e.g., see Refs. 1 and 2.

To be clear, in the case of no-forcing (g=0) the Le
Jan-Sznitman algorithm results in a thinning of the full
binary tree that may be ignored so long as the branching pro-
cess is non-explosive. This observation will be elaborated
upon as a point of focus in the present paper.

The algebraic operation ®¢ is applied to a vector-
valued function of the offspring (Wy, Wg) e R? x R?, pro-
vided by the initial data iy : R> — R?, at each node of the
genealogical tree having parental Wavenumber ¢ as defined
by
(2.8)

o (17,)©etio (i) = —i(eg - o (1)) mertio(ny),

where e; = /|| and 7,.v = v — (es - v)e¢ is the projection
of v onto the plane orthogonal to &. Figure 1 shows a geomet-
ric interpretation of (2.8).

This stochastic cascade provides a weak solution to
(1.1) for initial data uy as an expected value of a cascade
product under the algebraic operation ©g

Chaos 25, 075402 (2015)

/‘ mer ()

tg(11) Og o(12)
= (e¢ - Uo(m2))mertto(m)

FIG. 1. Geometric interpretation of o (1;) st (1, ).

(&) = &7 EeX(x),
where X(t,) refers to a ®g-product of initial data and forcing
at wave numbers determined by the branching Markov chain
over nodes of the genealogical tree t, at time ¢, provided that
the indicated expectations exist. The latter existence of
expected values is an essential proviso whether the cascade
is thinned or not.

Of course the indicated expected values are to be inter-
preted component-wise when applied to vector quantities. In
addition to the obvious decay required on the magnitude of
the algebraic multiplications for existence of expectation
integrals, the rate of growth of the tree is also a significant
issue. Specifically, we will be interested in the possibility of
an explosion event in which infinitely many branchings occur
within finite time.

The phenomena of “explosion” of Markov processes
and its relationship to uniqueness/non-uniqueness of solu-
tions to the corresponding Kolmogorov equations is well-
known in the theory of stochastic processes; e.g., see Refs. 2,
13, and 29. The essence of explosion is that the stochastic
process may leave the state space in finite but random time ,
and then be instantaneously returned to the state space
according to some arbitrary distribution. Moreover, this
regenerative extension can then be repeated to obtain a
Markov process whose transition probabilities also satisfy
the same Kolmogorov (backward) equations. However, this
is a linear Markov process theory that does not directly apply
to (1.1). Nonetheless, the associated branching process is a
Markov process for which, in the absence of thinning, explo-
sion cannot a priori be ruled out. In this context we consider
the following.

Definition 2.1. The explosion time of the Fourier mode
cascade genealogy originating at & is the (possibly infinite)
random variable given by

(2.9)

(= C(fo = lim mlnz |Ws{1‘_2 slj»

n=00 |s|=

where for each n>1,|s| =n, denotes a genealogical
sequence s = (s1,...,5,) € {1,2}", and for j<n, s|j=
(S1,...,8;) is the restriction of s to the first j generations. The
random variables Ty, s € U ,{1,2}", are i.id. mean one
exponentially distributed random variables independent of
the Fourier modes Wy, s € U {1,2}". The event [{ < o]
is referred to as an explosion event.
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Define also

= mmz |WYU\_2 slis

|s|=n

and note that by monotonicity one has { = lim,_,,.(,,.

Various general conditions for explosion/non-explosion
will be given below. A consequences of non-explosion is as
follows.

While the full connection is incomplete, the following
provides some further evidence of a connection between
explosion and the uniqueness problem for (1.1).

Proposition 2.1. If there is no explosion then the sto-
chastic cascade solution provides the unique mild solution to
Navier-Stokes equations whenever the indicated expectations
exist.

Proof. If explosion does not occur then the stochastic
cascade is recursively well-defined and the same martingale
(inductive) arguments of Ref. 21 may be applied. O

Remark 2.1. For the converse case that explosion can
be shown to occur, one may construct the regenerative exten-
sions as mentioned above. However, it is not clear whether
or not this is a pathway to non-uniqueness.

Remark 2.2. Note that if we re-scale NSE according to
scaling (1.2), then the explosion time random variable for
the re-scaled cascade, {,, and { from Definition 2.1 have the
same distribution. Thus, the non-explosion provides a criti-
cal (or scaling invariant) condition for uniqueness of the
Navier-Stokes equations.

From the point of view of the uniqueness of solutions to
associated PDEgs, it is interesting to note that the absence of
explosion does correspond to the uniqueness of solutions for
an evolution equation. In order to state this equation we first
define an operator A by

A (x) = F 1 (ElF (&) (x),

where F~! denotes inverse Fourier transform.

This operator acts to increase the higher frequency
oscillations of f(x) by the same magnitude as differentia-
tion. As this operator is closely related to differentiation, it
is known as a pseudo-differential operator. The evolution
equation associated to the branching process as follows,
which contains this pseudo-differential operator, is as
follows.

Proposition 2.2. Let h="h,; or h=h,, and assume that
the pseudo-differential equation

(2.10)

v 5
5 Av + cA(?)
v(x,0) = F'(h)(x)

with ¢ = m® or ¢ = 2, respectively, has a unique mild solu-

tion satisfying |0(&,1)| < h(&) for all t>0. Then explosion
does not occur, i.e., P([{ < oo]) = 0.

Proof. Fix h=hy,, or h=h;, and ¢ = 7w or ¢ =2n,
respectively. Let, Z(&,t) denote the number of offspring by
time ¢ > 0 for the Fourier mode cascade genealogy starting at
time t=0 at frequency 0 # & € RX. In particular, after an
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exponentially distributed time with parameter |§\2, the parent
particle is replaced by two particles of frequencies n,& — g
where 5 has probability density

H(n|&) = h(& —n)/(ch * h(£)). 2.11)
For k> 1, let
m(&,t,k) = Pe(Z(&,1) = k). (2.12)

In particular m(&,1,1) = exp(—|&|*r). Explosion does not
occur if and only if Pz(Z(&,1) = 00) =0, or equivalently
Z/fi() m(ﬁa t, k) =1L

Let (¢, t,kz) = h(&)m(&, t,k). Then trivially v(&,z,1)
= h(&) exp(—|&|"t). Moreover, conditioning on the time
of the first branching, it follows using (2.7) that for k£ > 2,
v(€, 1, k) satisfies the integral equation

k—1 pt
77k = s b 7.
&1 K) c|f|;jojR3v<nr )

U(é - "7 r— S, k _j)d']e_mzsdsa 0(67 07 k) = 0
(2.13)
Let 0(&,1) = > 2, v(&,t,k). This series converges since

all terms are non-negative and the partial sums are clearly
bounded above by h(€). Note also that

00

m(&,1,k). (2.14)
=0

k

Summing (2.13) for £>2, and adding the missing term
v(€, 1, 1) one finds that  satisfies

o(8.0) =@ exp(—|e) +elel | | oln.r=o)

X 0(E—n,t— s)dne_‘é‘zsds. (2.15)
It follows that v(x,7), the inverse Fourier transform of
(&, 1), satisfies the following reaction-diffusion equation of
Ref. 27

% (x,1) = Av(x, 1) + cAlW?)(x, 1), (2.16)
with initial data v(x,0) = F ' (h)(x).
One may easily check that with 2 = F~'(h)
Al + cA(h)(x) = 0. (2.17)
By hypothesis, v(x, #) = /(x) and thus, using (2.14),
P:({ > 1) = Pe(Z(E, im (Enk)y=1, Vé&r
. (2.18)

Remark 2.3. Note that since hy and h;, are radially
symmetric, the cascade, hence m(& t,k) and m(&,1)
=Y om(& t,k) are also radially symmetric. In particular,
it follows that with H defined by (2.11)
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ml&), 1) = exp(—&[0) + &P j J mlnl 1 - s)
m(|€ = n|,t — s)H (| &) dpe ¥ ds.

Remark 2.4. In 2007, Chris Orum has announced the
equation of Proposition 2.2, and its role in the explosion
problem in a session of the 32nd Conference on Stochastic
Processes and their Applications, Champaign-Urbana.
However, the uniqueness/explosion problems remain
unsolved for general majorizing kernels h as initial data.

We conclude this section with a small further elabora-
tion on the probabilistic significance of the two kernels #,,
hp,. Additional features are discussed in the Appendix.

Let

(2.19)

(2.20)

Then, for either kernel h=h, or h=h;,, one has that
a;(&) = c7Y¢|,i=1, 2 (2.20) with ¢ = 7> or ¢ = 27, respec-
tively, defines the same pseudo-differential operator given
by a positive multiple of v/—A. However, the following two
propositions dramatically distinguish the associated branch-
ing Markov chains.

Proposition 2.3. Assume that h(E) = hy(&) = |&]%,0 #
Ec R Then for each se{1,2}°, the sequence
{|W5U+1|/|WSV| 3.]‘:0,1,...}, WS|0 = f, is an iid.
sequence under Pg, such that

|WVU+1| -2
P cdr| =2n “In
é( |W&l1|

W.;
P <ln| s+t € dt> = 27 ZIn|coth(r/2)|dt, € R.

1+r
1—r

dr
—, r>0,
’

Proof. Part (ii) is an immediate consequence of (i) by a
change of variables formula. As noted above, the distribution
of |[W| was computed as (1.22) of Ref. 21. Essentially, the
same calculations apply to the ratios of magnitudes as fol-
lows: For non-negative and integrable g on (0, c0), one has,
since & * h(&) = n /|&|, and using (2.4) that

wo) (m) dn
& = o r
“( H ) 'é‘J &) Ple =P

- A
- j<||>v| et

Sl R e
R V(v —2u-v+1)
*© dw dr
_ .3 .
- L leg(')rzzru-wﬂ
(oo} T 3 d d
:2n’2J J 8 _smq’> $dr
o Jo r2 —2rcos¢ + 1
P L+ r|dr
=2n"? ). —.
i L g(’)n|l—r\ r -
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Definition 2.2. The multiplicative random walk
{IWgjs1l :j=0,1,...} on (0, co) will be referred to as the
dilogarithmic random walk, or dilog random walk for short.

Proposition 2.4. For arbitrary & € R?, let W denote the
random vector in R with density

olel oIl o1&

Hy(n &) 2 e —n
Then
ie_zr(eZIE\ —1) forr> ¢
P(W| € dr) = |f|
(1 _6—21‘) for 0 <r< |§|

H]

In particular, along any path s, the sequence |Wy| =
1€l IWil, IWypl, ..., is @ Markov chain with stationary tran-
sition probability density

1
—e2(e®™ —1) forv> u,u>0

pv) =9 |
—(1—e) for 0 <v<u,u>0.
u
Moreover,
1
EeWy| = |¢|2+ (2.21)

Proof. For arbitrary & € R*\{0}, let W denote the random
vector in R® with density

elél o=l e=IE=l

Hyn &) = e =T

Let u =|¢|, and use spherical coordinates with p = |g|.
Direct calculations exploiting the cylindrical symmetry of
the distribution give

eM o0
P(W| >r>:£<2n>j e

n (22 2\1/2
XJ exp(—(p puCOS¢>+lf/2 ) singdddp,
0o (p*—2pucosd+u?)

e P (e~ (1)

=S(-1)

ot
u

For r > u, the integral in the last expression is (¢"/2)e™>" so
that in this case,

fef‘pf”‘)dp,

00 e—ll )
J e el gp —7372’

r

6721' 5
P(|W| >r) :W(e " 1)

Similarly, for » < u one obtains that

u (o¢] 1
U +J }e”e”“ dp=e" (u —r+ E)’
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so that in this case,

1 X I
P(W| >r) == (1—e?) + 2=
2u u
and the result follow by differentiation. L]

Remark 2.5. The calculation of the marginal distribu-
tion of |Wy| can be found in (Ref. 21, Proposition 2.1) for
h=hy. A similar calculation was provided here for ease of
reference. The Markov property follows by exploiting the
construction together with the form of the transition proba-
bilities as functions of the norms, see (Ref. 2, pp. 502-503).

Remark 2.6. Euler’s dilogarithmic function may be
defined by

Lir(r) = — Jr In(1 — u)%,

0

r<l. (2.22)

The dilogarithmic function is a special case of polylogarith-
mic functions Lig(x) whose domain of definition may be
extended to include complex values of both x and s. An exten-
sive literature is available for properties and relationships
between polylogarithmic functions, with connections to
Bose-Einstein and Fermi-Dirac statistics, e.g., see Refs. 19,
22, and 23.

The explosion problem is solved for the Bessel kernel in
the Appendix (Theorem 5.1), but it remains quite illusive for
the dilogarithmic kernel. However, as will be seen in Sec.
III, the dilogarithmic kernel is somewhat singled out by the
self-similarity cascade.

lll. SELF-SIMILAR (NAVIER-STOKES) CASCADE AND
ITS ASSOCIATED EXPLOSION PROBLEM

In this section, we obtain a stochastic cascade associated
to the Navier-Stokes equation when self similar solutions are
considered. It should be remarked from the outset that the
kernel H, occurs naturally in this situation, as a direct conse-
quence of the scaling properties of the solutions of the
Navier-Stokes equations. We present first the mild formula-
tion of the Fourier transform of the Navier-Stokes equations
for self similar solutions. A probabilistic representation for
the solution of the resulting equation is given in terms of
what we call the self similar cascade. We show that impor-
tant statistical properties of this self similar cascade and the
Navier-Stokes cascade obtained using the dilogarithmic
kernel H, are identical.

As noted in the introduction, the scaling invariance of
the Navier-Stokes equations show that if u(x,7),p(x,?) is a
solution then for any r > 0,u,(x,t) = ru(rx,r’t), p,(x,1)
= r?p(rx,r?t) is also a solution of the Navier-Stokes equa-
tions. Assuming the initial data is also scale invariant,
uniqueness would imply the self-similarity property u, = u.
In the Fourier domain, this scale invariance corresponds to,
with v = u,,

so, with r = |¢],
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. I
9(&0) = i (en g),
€]
where ez = £/|&|. Thus, since v satisfies (2.2) it follows that
a self similar solution of the Navier-Stokes equations satisfies

(3.1)

. 2. _ ! e (1—s
u<e5,|f|2t>) = iig(es) + (27) 3/2J RIS
0

< [ (e lnfs) oct (e fe — ')
oo L
Inl’[¢ = nf?
The change of variables 7 = |&|if,s' = |¢|*s, and with
A = |1, gives

dnds

/.
ez, 2) e Zio(e) + (2) [

0
- 2 . 2
X Ju(e,,, 1] S)@.fll (eegfm lez — n| S)
1
X —s———— dnds.
nl"lez — nl

Recall that Hy(ye:) = (°|n)*|ez — n|*) ™" so one has

A
ies. /) = iafes)+ (n/2)"% | ¢ 00
0

ey, )6 ey s 1) ol
(3.2)

We refer to the parameter A > 0 as the similarity horizon.

A probabilistic interpretation for (3.2) follows similar
steps as those introduced before. Consider a binary tree
rooted at ¢ with vertices indexed by V = U,>{1,2}"—see
Figure 2 for an illustration. Denote by 9V = {1,2}"".
Elements in each of these sets are denoted by s and (s),
respectively. Let {Ty,s € V} be a collection of i.i.d. random
variables with an exponential distribution with parameter 1.
Given a direction e, let V~Vsl be a random variable with dis-
tribution H,(nle;), set W,, =e, — W, and for j=1,2,
define the directions e; = W;/|W,;|. Finally, given a hori-
zon Ay, define for j=1, 2 Ay = [Wy[* (A, — Ty). On each
(s) € OV, the branching process stops at level

Ny = inf{m >0: /lwm < T(‘Y‘m>}. (3.3)

Completely analogous to (2.9), the solution of (3.2) is
then given as an expected value of a recursive product
involving the algebraic operation ©, provided this expecta-
tion is finite. Furthermore, the evaluation of this recursive
product can be done if and only if along any path in the
binary tree, the random variable N defined in (3.3) is finite.

From the definition of the random variables, one has

sy =Tty = (- (g =T ) [W sy [ = T2 [W (5
—=Tisp2y) )W iy | = Tgimy)

n B n 1
= [[Wuul) (o= Tuer—s—7)
(ka ,; [T W
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€¢, A
Ty
A>T Ay > Ty
A < Tiq Az > Tho
Aog < T
Ao < Ty
A2z < Tiao
Ai21 > Tim

FIG. 2. Self-similar cascade with explosion cartoon.

where we have used that |V~V<X‘0>|2 = 1. Thus, for given Ay
and (s) € V, the event [N, = n] equals the event

. m 1
mf{mzo:z (SU)TE’IQ}_”
j=0 0‘ vk|

This motivates the following definition.
Definition 3.1. For a fixed unit vector ey, the similarity
explosion horizon is the (possibly infinite) random variable

- n 1
C(EQ) = lim inf T< = =—
1o b= 55 =0 W s

The self similar explosion event is defined as Ae,
= Up=1[C(e0) < m), so that P(Ay,) is the probability of self
similar explosion.

Note that with

~ n 1
(:,,(EO) = inf U)i
ol=n =5 —o Wy \

one has, by monotone convergence, that E(eo) =lim,_,
Cn(eO)-

While the self-similar cascade construction is quite dis-
tinct from that of the Navier-Stokes cascade, one may note
that for fixed (s) € 9V, the random variables R; =
|W<s[j>|7j > 1 are ii.d. with the dilogarithmic distribution

with density
21, (1 +7]
D(r)=—-1 .
=)

Indeed, since the distribution of W< q1) depends only in the
unit vector ey, the proof of Proposition 2.3 shows that R has
the dilogarithmic distribution. The claim for R follows by
induction.
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In order to relate the explosion problems for the self
similar cascade and the Navier-Stokes cascade, we have the
following result.

Proposition 3.1. For any n > 0, the distribution of Zn is
independent of the initial direction and

“ 1
inf T<Vll> s

|s|=n ~ 5
SR
k=0

Cu(eo) 2

where Ry = 1, and {Rij}joil is a sequence of i.i.d. random
variables with density D(r).

Proof. Let Q be an orthogonal 3 x 3 matrix and e a unit
vector in R?. Let 1, 1* be random vectors distributed accord-
ing to H,(y|Qe) and H,(n|e), respectively. It follows easily
that in distribution, # and »* are equal and thus independent
of the particular initial direction e used in H. The proof is
completed, since as noted above, D(r) is the density of Ri- ]

As a consequence of Proposition 3.1, the distribution of
the sequence ;,j > 1 is also independent of the initial
direction e.

Moreover, comparing the En above with {,,—defined in
the context of Definition 2.1 for the kernel 4,—we obtain
our main result connecting the self-similar and dilogarithmic
uniqueness problems.

Theorem 3.1. The events [Zjn(|§|) > 1] for a dilogarith-
mic density and [C,(es) > t|€|’] have the same distribution
independent on the choice of the initial wavenumber & or ini-
tial direction ez, and hence the explosion time ( from
Definition 2.1 for the dilogarithmic kernel, and the eventual
explosion { from Definition 3.1 have the same distribution,
independent of the choice of & or ey.

Proof. Recall that when the dilogarithmic kernel is used
to determine the distribution of the branching frequencies, it
follows that for any (s) € 9V

W,
| <‘k>| , k>1

Ry, =—""—"+""— >
W1y

is a sequence of iid random variables with density D(r).
Now, with Wy = ¢, one has

Gu(l€l) = mf Z Wy T

Wv|l< 1 |

|
3'°+ZH Wl

j=1 k=

nfz Sl/-l )

p | .
=—i
éz\s\:n.
|| Jj=0 H|R|

If\ S

where Ry=1. Thus, the we obtain the equahty, in distribu-

tion, of the events [{,(|€]) > 7] and [{,(ez) > 7|&]*] O
In analogy with Proposition 2.10, one has the following:
Proposition 3.2. Let

:1+§:Z 1T, < A).

n=0 |v|=n
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Define m(i k) = P(Z(2) = k). Let m(2) = S25°, m(4,k).
Then,

A Ao
i) e [ e [ ] s
0 0Jo
x m((1 —2rcos 0+ r?)s)H(0,r) drd0ds. — (3.4)
Moreover, if m(1) =1 is the unique non-negative solution
then there is no similarity explosion.

Proof. Note that Z(1y) represents the number of
branches of the self-similar branching process started with
horizon Ay. Recall that from the definitions of A, Z is inde-
pendent of the initial direction. Each time the indicator
does not vanish, a branching occurs increasing the number
of branches by 1. The extra term is to count the initial
branch.

For k> 2, condition on the time of the first branching to
get

(k) = kij e ) Jnﬁ(ln\zs,j)

x 1i(|eo — n|°s, k — j)Ha(nleo) dnds, (3.5
where e is arbitrary.
Let H (0, r) denote the average of H, with respect to the

angle ¢,

2 sin 0

HO ) =—>— "
(0,7) 21 —2rcosf +r?

Then, the independence of the above equation with respect
to the direction ey is better illustrated in the following:

(i, k) = ki r e i) J JOO m(r’s. )

= Jo 0Jo

x m((1 = 2rcos 0 4 r?)s, k — j)H (0, r) drd0ds.

Summing on k the previous equation and adding the term
corresponding to k =1, one has (3.4). It is clear that m = 1 is
a solution of this equation, so non explosion is equivalent to
showing that this is the only non negative solution that is
bounded by 1. [

While we can not prove that m = 1 is the only solution
of (3.4), we note that the behavior at infinity can be used to
determined if 7 (1) < 1 on a set of positive measure. In fact,
if for some € > 0, m(4) < (1 — €) on a set E of positive mea-
sure, then 7 is bounded by a decreasing function. Indeed, for
any 4 >0, 0 <m(A) <1, and from (3.4) one has

A7) < et J)“ e f () D(r) dr

where u(E) = [, D(r)dr.
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We are now ready to establish one of the main results of
the paper. Define the finite horizon probability of explosion
in a similar way as that of self similar explosion. To be pre-
cise, let

A(L) =N1]E < 4.
Then, /i2(2) = 1 — P(A()), and thus

limsuprm(4) = o <1< P(A(2)) > 0.

A—00

We then have the following;

Theorem 3.2. The self similar explosion event is a 0, 1
event and independent of the initial direction.

Proof. Note that since IP(A (1)) is an increasing function
of A, m(A) is decreasing. Let 0 <o <1 be defined by
lim;_,o m(4) = o. Using dominated convergence, one can
take limit as A — oo in (3.4) to get o = o?, s0 =0 or 1.
The proof is completed, since P(Ae,) = 1 — o independent

of ey. O
An important consequence of this result is the following
corollary.

Corollary 3.1. For any & # 0, the explosion event for
the Navier-Stokes cascades defined in terms of the dilogar-
ithmic kernel H,;is a 0, 1 event.

Proof. The corollary follows from the equality, in distri-
bution, of the events [(,(|&]) > 7] and [, (ez) > 7|€|*] (See
Theorem 3.1). OJ

Similarly, the integral equations (2.19) and (3.4) can be
shown to be equivalent in the case the Navier-Stokes cascade
is defined using the dilogarithmic distribution.

Proposition 3.3. Let m(|&|, 1) be the solution of the inte-
gral equation

(el = 516 [ <500 .o
0 R?
<€ — ) n]€) ds 66

Then

m(2) = m(|&], 1/ |E]) 3.7)

is a solution of (3.4) Conversely, given a solution m(1) of
(3.4), Eq. (3.7) defines a solution of (3.6).

Proof. Introduce new variables 5 = ||y, s’ = |&|’s, and
recall that H,(n|€) dy = Hy(n'|ez) dy’. Then changing varia-

bles in (3.6), and with 1 = \§|2t, one has

q A /
(8] 4/18) =<+ | &0 [ m(ell.s 1)
< m(|Elles — .o /1P Ha(olec) dif '

With 72(A) as defined in (3.7), one has, dropping primes,

A
() = | | sl )n(les — o) s,
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The proof is completed by noting that (3.4) is obtained from
this equation by integrating the angular variables and, to
obtain the converse, reversing the steps. O

A. Self Similar cascades and Leray equation

In this subsection, we show that the self similar stochas-
tic cascade can be obtained directly from the Leray forward
equations (1.4).

Proposition 3.4. Let U(X) be a solution of the Leray
equation (1.4), U denote its Fourier transform. Then, with eg
a unit vector in R and >0,

u(es, 1) = A0 (Vies),

satisfies (3.2). In particular u(eg,0) = tig(ez).

Proof. Recall that the forward Leray equations are
obtained assuming a solution of the Navier-Stokes equations
of the form

U(x/ V1),

u(x,t) =—

<~

and are given by
1

2(X~V)U+(U~V)U:7VP, V-U=0.

(3.8)

1
_AU—-U-—
U 2U

Taking Fourier transform and projecting on divergence
free vector fields, one gets

(1 +187)0 + 5 (¢ )0 + (2
X J U —noUn)dy=0.
.

Let e; = &/|&| and define V(eg,r) = U(reg). Since

. dv
E.VU_’E’

one has, with some abuse of notation

1 dv - A .

1+)V+-r—+(2n) 3/2rJ U(&—n)oeU(n)dy = 0.
2 dr R3

Multiplying the equation by Zrerz, one obtains

d

T (PeV) = —(m) P2 J U&= n)©eU(m) dn.
.

Let V(e,r) = r2V(e,r). Then

4 (¢"V) = — (2n)73/22re"zj \~7(e,.e_,,7 Ire —n|)
di R3
x ¢V (e, [1]) ———— dn. (3.9)
Ire — n|”[n]

Note that one factor of r is used to get, up to a constant,
Hy(n|re).
One may easily check that

lim V(e,r) = tg(e).

r—0
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Indeed, since 1 (t, &) = rU(\/1&), for & = ez we have
tio(eg) = lim (7, e) = lingtﬂ(\ﬁ, &) = lim 1V ez, V1)
e 1— t—

= lirr(}\N’(eé, \ﬂ)
t—
Integrating Eq. (3.9), and accounting for the constant to
get H,, we obtain

Ve, r) =tg(e) — (n/2)3/2J 2se52J V(ewe y, |se — 1))
0 R’

x O:V (ey, [1])Ha(n|se) dn ds.

With the change of variables # = sy, and noting that eg._, =
e._, and that H,(n|se) dn = H,(y'|e) dn’, we have, dropping
primes

Vi) =iofe) - (1/2° [ 206 Viewysle - )

x @V (ey, s|n)Ha(nle) dn ds.

Let r=s"to get

72

Vi) = infe)~(n/2) [

|| Ve vile—n eV vilul Hatale)dndt.

The proof is completed setting 4 =r? and defining

u(e,r?) = V(e,r). O

Remark 3.1. As an aside, one may note that the choice
of the scaling parameter r is completely arbitrary.
Corresponding to the choices r = 1//t made by Leray, and,
say, r = 1/|x|, respectively, let u;(x,1) = (1/y/1)U(x//1),
and uy(x, 1) = (1/|x|)V(x/|x|,7/|x|*) Let us note that U and
V can be related by an application of the Kelvin transform
T | with respect to the unit sphere in R3. To see this, recall
that T [u(y)] = (a/|y)u((@®/|y]*)y), defines the Kelvin
transform of u with respects to the sphere of radius a. Now,
letting X = x/+/t one has

I
Vi

:ﬁU(xxﬁ/lxlz) - %ﬁ(x/|x|,ﬁ/|x|)

T, [(1/ V) uX)] U(X/Xp)

- §v<x/|x|,r/|x|2).

IV. CONCLUSIONS AND FURTHER DIRECTIONS

The primary goal of this article was to precisely formu-
late a notion of symmetry breaking for the three-dimensional
incompressible Navier-Stokes equations, and to provide an
approach to the resulting symmetry breaking vs or not di-
chotomy. The notion that is introduced builds on a variant of
classic scaling and self-similarity ideas of Leray.>> Namely,
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symmetry breaking is defined as a phenomenon in which one
has uniqueness of self-similar solutions, but non-uniqueness
of general solutions. The approach is derived from a stochas-
tic cascade representation (NSC) of the Navier-Stokes equa-
tions introduced by Le Jan an Sznitman,?' together with a
corresponding development of a cascade representation
(SSC) of (mild) self-similar solutions. The essence of the
approach is to exploit a notion of branching process explo-
sion as a surrogate to non-uniqueness. A branching random
walk cascade, namely, the binary branching dilogarithmic
random walk on (0, co) viewed as a multiplicative group, is
obtained as a common element of both representations for
comparison. A principle result was the equivalence of the
explosion phenomena for (NSC) and (SSC). In addition, it is
shown that the explosion criteria are critical in the sense of
scaling, and a zero-one law is established for the explosion
event.

It remains to firm up the precise connection between
explosion and non-uniqueness. A related semilinear pseudo-
differential equation of Proposition 2.2 and an integral equation
of Proposition 3.2 can be associated with the branching num-
bers in such a way that uniqueness of solutions to either in an
appropriate space is shown to be equivalent to non-explosion.
In fact, although not obvious, as shown by Proposition 3.3, the
two equations are equivalent. However, the yet unproven con-
nection between explosion criteria and uniqueness is expected
to be that non-explosion corresponds to the uniqueness of mild
solutions represented by (NSC) and (SSC), respectively.
Proving this in appropriate function spaces is a substantial chal-
lenge to the overall approach. Assuming that this will be
achievable, the surrogate results will prove that the equations
are in fact not symmetry breaking.
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APPENDIX: BESSEL AND DILOGARITHMIC MARKOV
CHAINS AND EXPLOSION

This Appendix records some general approaches to the
explosion problem that may eventually prove useful as we
learn more about the dilogarithmic branching random walk.
In fact, we are able to demonstrate their effectiveness when
applied to the simpler case of the Bessel kernel, which we
show to be non-explosive. At a heuristic level, it is the mean
reverting property (2.21) that makes the Bessel kernel sim-
pler to analyze.

The first approach to explosion exploits the monotonic-
ity in the sequence {(,}.

Proposition 5.1. Let { be as in Definition 2.1, and
assume that for some >0,

asn — oQ.

n 1
A
2B [[—=7 -0,
i1 A+ (W
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Proof. To prove non-explosion it suffices to show that
for any B >0,

P\c\(C,, > Beventually) = 1,

or equivalently that
Pig([£ < B]) = Pig( N [C, < B]) = lim Py ({, <B) =0,

where we have used the monotonicity of the sequence {(,}.
For the latter observe that

Pig(l <B) = P:(IﬂanIWWI vv<3>

n 2 -2
< 2P (Z Wiy Ty < B)

J=1

*12 Wy =Ty )
= Z”PK‘ (e J=1 > e 8 ,

for any 4>0, where 1]j = (1,1, ...
otherwise arbitrary, tree path (1,
inequality, one has

,1) is on the fixed, but
1,...). By the Markov

*AZ‘WH/‘ Ty
P|§\(€n < B) < Z”E‘,ﬂe =1 e’B

_2n }B
‘E‘H2+ W1y

which converges to 0 as n — oo. O

As an illustration of this methodology, we provide a
proof of Theorem 5.1 below, establishing that the branching
Markov Chain defined using the Bessel kernel /(&) to deter-
mine the distribution of the branching Fourier frequencies
does not explode. The mean reversion property (2.21) pro-
vides some indication as to why one may expect the corre-
sponding branching Markov chain to be non-explosive, as
will be shown is indeed the case. Namely,

Theorem 5.1. The explosion horizon is almost surely in-

finite for the Bessel Markov chain.

For the proof we first note the following more refined
property of the Bessel Markov chain.

Lemma 5.1. Assume that W is a non negative random
variable with probability density

1 :
—e (e 1)

—(1—e?)

forw > u,u >0
for 0 <w <u,u>0.
where u is an arbitrary positive constant. Then
A
Fy—— < VA, Yu,i>0.
A

+ W?
Proof. Use integration by parts to note that

A
Jﬁ ¢~ dw = V/Jarctan (w/ ﬂ) e 2"
At+w
+2V7 J arctan (w/x/Z) e dw.
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One has

A < 2
e el

LM 2 1> 2
_ _ % gw-= —2w d
u,[ol—i—wz " uL Z—I—wze v
+ lro A e
ul, A+w?
_ Varctan (u / \/Z)
u
1 > —2w
—=2V2| arctan (w/ \//_1) e "dw
u 0
1 -
- VJarctan (u / \/Z)
1 - —2(w—u)
+-2V| arctan (w/ \/Z) e dw
u

2(w—u) dw

zzuﬁj arctan(w/\/_)( ~Av) — e72) dy
— % Ju arctan (w/ﬂ) e " dw

u
n\/-J ( —2(w—u) _672\4/) dw
u Jy,
1
=nVi—(1—¢).
2u

The result follows by noting that (1 — e
Proof of Theorem 5.1
Note that successive use of conditional expectations on
Fj, the sigma field generated by the branching process up to
the jth branching event, and Lemma 5.1 one has

n—1
A A
—ablhw. | T3
o ,11/1—1- |W/|2 \ (A—i— |Wn|2>

) /x <1 for any x. [J

lﬂHl+|W|

n—1 2
< (VD) Eg [TT—2—
(] _/'13)“+|W./‘2

< (mVA)".

The theorem follows applying Proposition 5.1 with
A< 1/(2n). O

Use of the monotonicity approach is less transparent for
analysis of the dilogarithmic explosion problem. Another
approach is generally possible that builds on a variant of the
Biggins-Kingman-Hammersley (BKH), e.g., see Refs. 4-7,
computation of the speed of leftmost particle for additive
branching random walks in terms of multiplicative branching
random walk. It is potentially applicable to the dilogarithmic
kernel precisely because for any path s € {1,2}*

YI

and the ratios are i.i.d. That is, for any path s € {1,2}>
sequence {|Wy;| :j = 0,1,...} is a random walk on the mul-
tiplicative group (0, co) starting at |W| = |&|. That is, for
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the dilogarithmic kernel the branching Markov chain is in
fact a branching random walk on the multiplicative group
(0, 00).

First, let us recall the general heuristic underlying
(BKH) speed calculations on the additive group of real num-
bers: Suppose that {S, :n=0,1,2,...} is an additive ran-
dom walk on R with mean zero and starting at zero. Then by
the weak law of large numbers P(S, < nc) — 0 as n — oo
for any ¢ < 0. Let m(0) = Ee! and consider the following
large deviation inequality:

m(0)" = e’

> e"P(S, > nc). (A2)
Thus,

P(S, > nc) < exp{—n(0c —Inm(0))}, (A3)

and, in particular,

P(S, > nc) < exp {—n sup(0c — lnm(@))} =) (A4)

c<0

where I(c) = sup,o(0c — Inm(0)) is the Legendre transform
of Inm(0) at c. The Cramer-Chernoff theorem provides gen-
eral conditions for which

lim InP (S, > nc)

n—00 n

= —I(c).

To apply this to the computation of the speed of left-most par-
ticle of a branching random walk one reasons as follows: At
the nth generation, the expected number of particles located to
the left of ¢ <0 is 2"¢ () for large n. Thus, the external
speed is given by y=c such that 2"¢~"(¢) ~ 1. The (BKH)
theorem confirms this. For the calculations involved here, it is
actually enough to calculate a lower bound on the speed.

This principle translates to the multiplicative group as
follows:

Proposition 5.2. Consider a binary branching random
walk on the multiplicative group (0, 0o). That is, the nth gen-
eration particle position for the genealogy s = (s1,...,8,) €
{1,2}" is given by the product [];_, Y;, where (Yu1,Yue2)'s
are i.i.d random vectors with positive components. Then

n 1/n
lim min Yy =é,
Jim min <H su>

where 7y is the speed of the additive branching random walk
with displacements InY,, v € U {1,2}".
Proof. Simply write HJ: Y, = exp {Z};l InYy;}. Then
Z lanV
lim min’~"

n—oo |5‘ n

n 1/n
lim min Yy = exp
e <]1_! s{/)

The assertion follows from the (BKH) theory since the expo-
nential function is a continuous bijection. ]
This now provides the following approach to proving non-
explosion by exploiting the theory of the speed of extremal
(leftmost) particles in branching random walks. Namely,
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Proposition 5.3. For s € U, {1,2}", let {T,} be i.id.
mean one exponentially dlsmbuted random variables inde-

pendent of random variables in R3, and independent of
{W,}. Assume that

1/n
lim inf mm <H Wyl > > 0.

A =n

(A5)

Then P([{ = o0]) = 0.
Proof. In view of the Borel-Cantelli lemma one has that

pr<min2|wvy| v{}<M> 00,

n=1

foreachM > 0 (A6)

is a sufficient condition for explosion to be a null event.
Observe that for arbitrary M, A >0,

Pe[miny " [W,,|°Ty <M
(o )
—AmmZ|WW|

|s|=n

=P > e M

—/min Z |WSU|7 sl
=

|s|=n

< eMEe (A7)

Also, since the mean of squares is larger than the square of
the mean, and since the arithmetic mean is larger than the
geometric mean, one has

man:|Ww|_2 sl

|s|=n

n

2
|Wq;| /T, >nmm< Z|WW\7 )

(A8)

n 2/n
2nmin H|WSU|_]‘/TSU .
|s|=n i

So the problem is reduced to showing that

1/n
. /T_YU> >0, (A9)

The indicated (positive) lower bound is possibly infinite. Since

,mm(HIW 1™ )
(1)

the two multiplicative factors can be treated separately.
Moreover, the factor of n may in (A8) may be included in
either of these factors. The next calculation shows that it is
most effectively assigned to the first factor.

lim inf min (H |WSV|71
n—oo = j:l

[s|=n
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Namely, let 7, be the speed for [}, /7. Then, 7, is
directly computable from the above variant Proposition 5.2
on (BKH). However, it is sufficient to bound y, away from
zero. Accordingly one has the following simple estimate.

For M >0 and u > 0, one has

nio;P(mlnHm <M> < Zz"P<H\/TTl,<M>
22’?(21—”;111(%) <lnM>

sl —EZIn(Tlv) )
= ZZ"P(e ’ j=1 > efzmlnM
n=1
- n(1n2+u1nM+1nr(1_u))
<D e (A10)
n=1

This series converges for I'(1 —%) <3 M‘” Thus, taking
u =1, the series converges for any M < ﬁ It now follows
from the Borel-Cantelli lemma that

1
P> NG > 0.

Regardless of the approach taken, the resolution of the
explosion problem clearly involves a thorough understanding
of the dilogarithmic branching random walk and its properties.
We conclude this Appendix with a few properties that may
prove useful to this end and, at least, provide some insight into
the technical nature of the problem in a future analysis.

To the best of our knowledge, the dilogarithmic random
walk is introduced in the present article for the first time.
However, an extensive treatment of the dilogarithm function,
its properties and a selection of other applications in both
physics and mathematics, is available in Ref. 19.

For the purposes of this article, let us note the invariance
(multiplicative group symmetry about the identity) of the
distribution of the ratios, one has

‘Ws[j+1|
P <r
"‘( Wyl =

27 2[Liy(r) — Lip(—r)] if 0<r<1

= 1 1
1 —2n2 [L12<—) —Li2(——>], if r>1.
r r

(Al1)

On the other hand, it is a rather direct calculation to
check that

Proposition 5.4.
W,

:W (‘): 00, Y0#£EeR3,
w

Eeln :W(‘) 0, VO#£¢eR’,

Vm>1,0+#¢&e R

Eg (ln

IWs|1| < oo
|WSIO| ’
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|Wv\/| . 1 2

In particular, In|W,| = In|g| + ZJ | In 7t W= 12

is a martingale.

As a consequence one has the following

Corollary 5.1. The dilogarithmic random walk is 1-
neighborhood recurrent in the sense that for fixed but arbi-
trary s € {1,2}>, for each 6 > 1

P(IWy,| < 145i0.) = 1.

In particular, the path-wise explosion times are a.s. infinite
for each path s.
Proof. By the Chung-Fuchs theorem it follows that

In|Wy,| is O-neighborhood recurrent. That is, given € > 0
P(|In|W,| < €i.o.) =P(e < |Wy,| <e‘io.) = 1.

The assertion follows by taking € = In(1 4 9). O
Corollary 5.2.

2 a
=—arctan( — |, 0>0, a€eR.
m (\/5)

Proof. Define, g(x) = ER2+ ~.
the integral to get, with ¢ = 2/7?

B a*R?
a’R? + 0

J ustlfy differentiation under

© =2 1+r
g'(x):cxj 7r2 ‘ T
0o (F24x2)° |1-r
~d - 1+r
:ch —((1‘2+x2) 1)ln i dr
o dr l—r
1—¢ M
1 -
—ecx lim J + limJ ((r2+x2)_l)ln‘—+’ dr
e—0* 0 M—oo 14e 4 —r

. 1 2—¢ 1
=cx lim 5 In
=0\ (1—¢€) +x2 € 1—|—e) +x2

><1n<2+6) —cx lim 5 dr
€ e—0* 0 I +X2 l+l‘ —r

Mo 1
+ lim lim 55 dr)
e—0TM—oo I+e r“—4Xx 1+r rfl
r=1—e

2 1
=l hm arctan(r/x) + (x/2) (ln( +r)> .

5 lim lim
+ X% 0T M—00

x |arctan(r/x)+(x/2) (ln Ci_;>>

2 n 2 1
- —c—— " __Z_ - Al2
Cl+x22 w1+ x2 ( )

r=0

—C

M

r=1+e

Note that g(1) = 1/2. Indeed, one has

Jl L dr JO@ o
ol 472 142

Thus, with ¢ = 2/7?

r+1 dr

r—1

r+1
F—1
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1 00
1 r—+1|dr 1 r+1|dr
1) = - -
s(1) C01—|—r2nr—1 r+cL T2 e
2 r—l—ldr+ < 1 I r+1|dr
=c n ¢ n
T N S | L1+ =1
0 1| dr
e w0, (A13)
1 r—1{r
Then, from (A12) and (A13) one has
2 (n 2
= (5 — arct = Zarctan(1
g(x) - (2 arc anx) —arc an(1/x)
and the result follows setting x = /0/a. O

Corollary 5.3.
Jj
n H RI2
lim H =L
j=1 0 + H RZ
i=1

exists, 0> 0.

Proof. The limit exists by virtue of being a positive super-
martingale. L]
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