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Mass transfer from single rising gas bubbles is generally studied
by taking motion pictures of the rising bubbles and analyzing the film
for the instantaneous mass transfer coefficient. In this study, a
different approach was taken for the analysis of mass transfer. This
analysis solved the simultaneous differential equations describing mass
transfer by numerical techniques. The computer model developed is
restricted to pure single gas bubbles in water, with diameters in the
size range 0.01 < diameter < 0.30 cm. Given a bubble's initial
diameter and height of water over the bubble, the model predicts the
bubble's pdsition and moles of gas present in the bubble at any other
time.

The bubble rise velocity was calculated by considering a force
balance on a spherical bubble and used theoretical values of drag co-
efficients based on a sphere. Correlations presented by lHamerton and
Garner, Frossling, and Weiner worc used to solve for KL’ the convective
mass transfer coefficient.

attributed to the accumulation

The time dependent behavior of KL’

of surface active agents at the rising bubble's interface, was



accounted for by the development of a bubble age parameter, termed
critical time.

The differential equations were solved by a Runge-Kutta-Merson
routine, and the model applied to a carbon dioxide-water system. The
results were compared to data collected in the investigations of
Deindoerfer, Garbarini, and Datta. The computer predictions, with the
inclusion of the critical time parameter, corresponded closely to data
presented by the three investigators. The model, without the critical
time parameter, predicted mass transfer rates much higher than those
presented in the three investigations.

The model was extended to pure oxygen-water and air-water systems
to aid in the modeling of gas dispersion equipment used in aeration
ponds. Predictions indicate that the initial bubble diameter has a

significant role on the overall mass transfer.
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COMPUTER MODEL: MASS TRANSFER FROM SINGLE RISING
GAS BUBBLLES IN WATER

I. INTRODUCTION

Previous research and experimentation in gas absorption has often
centered on the study of single bubbles rising through liquids. The
behavior of single bubbles is studied to determine the fundamental
mechanisms involved in the absorption of gases. The experimental
technique of limiting study to single bubbles permits an analysis

_simplified to a few specific variables.

Analysis usually begins by describing mass transfer from the
bubble with appropriate differential equations. Assumptions are then
introduced into the differential equations, converting them to a form
that can be solved by photographic techniques. Motion pictures are
taken of a bubble's ascent and the film is then analyzed. This analysis
generates finite difference terms which are used in the solution of the
converted equations to determine instantaneous mass transfer rates.
The drawback of the photographic method is that bubble history and
instantaneous mass transfer rates must be determined by setting up
laboratory equipment, taking motion pictures, and analyzing the film.
This method also has image resolution limitations which restricts its
application to certain gas-liquid systems.

The prescnce of surface active agents (surfactants) is known to
retard mass transfer from bubbles and contribute to scattering of
data in gas absorption cxperiments. The cffects of these agents
Vhave not been satisfactorily incorporated into mass transfer theory,

and great care is usually taken to eliminate them from research



experiments. In contrast, industrial processes will invariably con-
tain trace amounts of surface active agents that will inhibit mass
transfer. As a result, cxperiments in gas absorption may not be
including an important factor of mass transfer which occurs in real
processes.

Modeling and design of gas dispersion equipment in aeration
ponds usually involves empirical correlations based upon several
equipment variables. The variables used include gas flow rate, type
of sparger, sparger orientation, and depth of sparger. [4] Use of
these parameters in correlations reflécts the lack of understanding
of the fundamental mass transfer mechanisms.

The intent of this study is to model rising gas bubbles by sol-
ving the same differential equations using numerical techniques. This
has the advantage of studying single bubble behavior without taking
experimental data, and is capable of modeling some gas-water systems
otherwise awkward for experimental setup. The carbon dioxide-water
system will be modeled and the results compared to data collected in
other investigations. The model will then be extended to include

pure oxygen-water and air-water systems.



II. THEORETICAL CONSIDERATIONS

When a gas bubble has a slight solubility in a liquid, the
mass transfer from the rising bubble is limited by the resistance
~in the liquid film surrounding the bubble. A material balance,
accounting for the moles of gas present in the bubble at any time

may be written as a differential equation:

dn _ .
at - K2 (Cug - Cp) (1

where n is the moles of gas, t is time, KL’ is the convective mass
transfer coefficient, a is the area through which mass transfer

occurs (bubble surface area), C is the concentration of gas

AS
in the liquid which is related by equilibrium relations to the
composition of the gas in the bubble, and CAoo is the concentration
of gas in the bulk liquid. The negative sign on equation (1)
implies that gas is transferred from the bubble to the liquid;

accordingly, the amount of gas within the bubble will always decrease.

The instantaneous velocity of the bubble is written as:
Frai 2

where VO is the bubble's rise velocity, and z is the bubble's position.
Equation (1) may be simplified if the following assumptions

arc made:

1. The gas is pure

2. The gas is idecal

3. Henry's law applies. (Appendix) [11]



4. The bulk concentration of gas, C, 1is essentially zero.

Aco
5. The system is isothermal.

6. Humidification and counterdiffusion effects are negligible.

7. Surface tension effects are negligible. (Appendix)

By the ideal gas law, the moles of gas present are related to the
bubble's pressure, P, temperature, T, and volume, V, by:

A
RT (3)

where R is the ideal gas constant. The time derivative of equation

{3) under isothermal conditions is:

dn 1 _PdV . vdp

a = ®T Car * Tae (4)

The assumption that the gas is pure implies that only one
component material balance equation is required to describe the
mass transfer from the bubble. For a mixture of gases separate
differential equations must be written to describe mass transfer
for each component, and a system of differential cquations must be
solved for the total moles of gas present. Negligible humidification
and counterdiffusion effects implies that counterdiffusion of liquid
vapor and dissolved gases into the bubble is negligible and will
not add to the moles of gas present in the bubble. Acéounting
for these effects would also generate other differential equations,
resulting in a system of equations to be solved simultaneously.

The pressurc within a bubble varies with the depth of liquid

and bubble size. Where surface tension effects are negligible,

the bubble's internal pressure is described by the expression:



P =P + p,. gz 5
ary CLE )

where P is the atmospheric pressure,

ATM is the liquid density,

DL;
g is the gravitational constant, and z is the height of liquid
over the bubble. In the case of an incompressible liquid, the

time derivative of equation (5) is:

dp dz
I T P8 I (6)

Henry's law applies for systems where the concentration of gas

in the liquid is small. Henry's law is written as:

X = HPi = mole fraction of gas (7)

where H, is the Henry's law constant, there are different Henry's
law constants for each gas-water system. Pi is the partial pressure
of the gas, and x is the mole fraction of gas in the liquid.

The mole fraction of gas may be written as:

moles gas/cm3

mole fraction gas = 3 3
moles gas/cm™ + moles liquid/cm

But the moles gas/cm3 is equal to C the concentration of gas

AS’

in the liquid, and the moles liquid/cm3 is equal to pL/molecular

weight of liquid. For water, is 0.995 g/cm3 @ 298°K and the

°L
molecular weight of water is 18 g/g mole; accordingly, the moles

3
of liquid/cm3 1s 0.055278. Upon substitution of CA for molcs gas/cm

S
in equation (7) yields:
CAS = P,
i

CAS + 0.055278




Solving for LAS one obtains:

HPi - 0.055278

C =
AS 1 - HP.
i
and when the constant 0.055278 is designated PRO, CAS becomes
, HPi - PRO
C,.= (8)
AS 1 - 1r.
1

Equation (1) may be rcarranged to yicld:

K = - dn/dt
L a(Cyg - 0)

If equation (4) is substituted for dn/dt, the following equation

results:
l_.(PdV R VdP)
K = RT dt dt
L= -
a(CAS)

Further simplification is obtained if equation (8) is substituted

for LAS:

- )
(1 Hli) PdV  vdp

K, = - ( + )
L RTa HP. - PRO dt = dt

Finally, with substitution of equation (6) for dP/dt one obtains:

- )
(1 - 1ry) PAV Vo g dz
K, = - I T )
RTa Hpi - PRO

The evaluation of KL by the photographic method requires the

solution of equation (9) which, in turn, requires the time derivatives



dv/dt and dz/dt. Motion pictures of the rising bubble are taken,
and the derivatives are approximated as finite differences by
analyzing the motion pictures. The carbon dioxide-water system is
well suited for gas absorption studies with motion pictures.

Its physical properties are well known, carbon dioxide is highly
soluble in water and the system satisfies Henry's law for the
investigated pressures. These characteristics allow the time
derivatives, particularily dV/dt in equation (9) to be readily

solved.



Another approach which does not involve use of photographic inves-

tigations may be taken for solution of differential equations (1)} and

(2):
dn
aE-= —KLa (CAS - CAm) (1)
dz
&=V (2

these equations may be solved numerically if the functional forms of
the right hand sides of equations (1) and (2) are known. The bubble
surface, a, can be calculated by assuming the bubble to be a perfect
sphere. CAS’ the bubble's equilibrium concentration, ‘is calculated
from Henry's law.

The bubble rise velocity Vo may be determined from a force balance

on a spherical bubble as [22]:
4d (p, -0 ) g
L 1/2

v o= [ J (10)
5 Cpep

where d is the bubble's diameter, oL and pg, are the liquid and gas

densities respectively and g is the gravitational constant. C,, the

D’
drag coefficient, may be evaluated using theoretical values of a sphere.
The values of CD have been found to deviate from theory for bubble dia-
meters greater than 0.3 cm; these values have been larger than those
predicted by thcory. [13]

K the convective mass transfer cocfficient, is a function of

L’
flow conditions (Reynold's number, Re) and relative diffusivities

(Schmidt's number, Sc). Previous workers [4, 21] have found that the

Frossling equation for a sphere describes mass transfer for bubbles less



than 0.1 cm in diameter, and that the Higbie equation holds for bubble
diameters greater than 0.3 cm in diameter. Hamerton and Garner, and
Weiner have presented correlations for bubble diameters in the range
of 0.1 <d < 0.3 cm. This bubble size range has been designated as
the transition region by Weiner.

The Frossling cquation has been employed to describe mass transfer
in pure liquids when bubbles act as spheres (diameter less than 0.1 cm)
and in cases where the presence of contaminants prevented bubble cir-

culation:

1/2 . 1/3

Sh = 2.0 + 0.55Re Sc

(11)

where Sh, the Sherwood number is a dimensionless parameter containing
KL. The Frossling equation for spheres is a semiempirical relationship
which combines two distinct contributions to the overall mass transfer.
The first term, 2.0, is the contribution from molecular diffusion and
can be derived by considering counterdiffusion in a stagnant medium.

l/ZSCl/B

The second term, 0.55Re is the contribution due to convective

’
transfer into a moving stream; it is the result of a best fit to exper-
imental data and theoretical considerations. Othcr investigators have
proposed empirical correlations of the form:

Sh = 2.0 + ClRel/ZScl/3 (12)
where variations of Cl’ a constant, are due to diffcrences of experimen-
tal fit. Table 1 [Appendix] summarizes these cxperimental corrclations
for forced convection from single spheres.

Natural convection may also have a rolc in the total mass transfer.

According to Garner and Keey, the effects of natural convection are
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negligible if the Reynolds number satisfies the expression [187:

1/2g.-1/6 (13)

Re > 0.4Gr
where Gr, fhe Grashof number, is a’dimcnsionless parameter used in
natural convection correlations. Calculation of Re, Sc, and Gr for the
bubble diameters studied in this investigation shows natural convection
effects to be negligible. [Appendix]

The Higbie cquation is based upon penctration theory with an
exposure time equal to the bubble's equivalent diameter divided by
the bubble's rise velocity. [9] In terms of Sh, the Sherwood number,
the Higbie relation is: [Appendix]

Sh = 1.13 (Resc) /2 (14)

This equation has been successfully used to describe mass transfer
for bubbles of diamcter greater than 0.3 cm.

Hamerton and Garner, [8], and Weiner, [21], both present correla-
tions for bubbles where the diameters were in the size range of
0.1 <d < 0.3 cm. Both correlations show excellent agreement and
are based on experimental fit of data. The mass transfer expressions
are:

Sh = 0.8 Re Weiner (15)

Sh = 0.11 ReScl/3 Hamerton & Garner (16)
The Sc number for a carbon dioxide-water system is cqual to 432; Sc1/3
is equal to 7.4. The Sc number is constant for the given gas-water

1/3

system, and substitution of the Sc term into Illamerton and Garner's
expression yields:

Sh = 0.814 Re (17)

The general form of all the presented correlations 1is:
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Sh = £ (Re) (18)
Equation (18) states that the Sherwood number is solely a function of
Reynold's number, or flow conditions. However, several investigators
have found that KL also exhibits a time dependent behavior. [3,7,13,14]
This time dependent behavior has been explained by two different
theories.

Leonard [14] has postulated that for a highly soluble gas, the
bulk liquid must migrate to the contracting bubble surface, and this
liquid motion retards mass transfer away from the interface. Mass
transfer is reduced by reducing the concentration gradient in the
liquid film.

Another explanation for the time dependent behavior of KL is
that trace amounts of surface active agents accumulate on the bubble
surface. These agents retard surface flow and reduce the mass transfer
rate. [7, 13, 14]

Upon bubble formation and ascent, liquid flow around the bubble
will create shear forces at the bubble surface and set up internal
circulation within the bubble. At the bubble surface, liquid elements
will flow around the bubble perimeter, adjacent to the circulating
gas. Prior to substantial accumulation of surfactanté, the bubble
surface will be mobile; that is, it is capable of rapid movement and
distortion. Rubble distortion will stem from mass transfer out of the
bubble, and momentum effects of gas and liquid motion (i.e., turbulent
liquid eddies). The microscopic fluctuations of a mobile interface

create a condition of continuous surface renewal. These fluctuations

cause the liquid to flow and yield to the bubble shape and exposes
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fresh liquid elements to the gas.

During bubble ascent, surfaée active agents will first accumulate
at the frontal zone of the bubble and be swept to the bubble's rear
zone by liquid shear forces. Eventually, agents accumulate over the
entire surface and reduce the shear forces to such an extent as to
stop internal circulation. The agents will act as a buffer layer
between the gas and flowing liquid and add rigidity to the bubble
interface. This results in a larger overall resistance to mass transfer
and reduced concentration gradient in the liquid film. [14, 7] After
surface active agents reach a saturation level, the bubble's interface
is no longer mobile. This state of the interface behaves similar to
that of a sphere. Accordingly, Frossling's equation can be then used
to describe the mass transfer from the bubble.

At the molecular level, these mentioned events have a significant
effect on the diffusion of gas at the gas-liquid interface and will
influence the overall rate of mass transfer from the bubble. Although
the general effects of surface active agents in known, mass transfer
theory has not satisfactorily described or predicted the effects with
accepted concepts. Since all industrial applications involve surface
active -agents within the liquid, mass transfer in recal liquids must
account for the effects of these agents. The author believes this can
be done by using a time dependent mass transfer cocfficient, K . The

L

time dependent behavior of K may be explained using the concept of

L

critical time. The critical time concept relates to the accumulation

"of surface active agents on the bubble. This concept can he developed



if the following assumptions are made:

13

1. The concentration of the surface active agents in the

liquid is uniform.

2. The rising bubble captures all the surfactant that comes

in contact with the bubble's projected area.

3. The bubble's diamcter and risc velocity are constant.

The hypothetical volumetric rate of liquid which comes in contact

with the bubble is given by the expression:

Volumetric rate of liquid contact

fl

2
cm” - cm/sec

cms/sec.

"The rate of surfactant captured by the surface is

Surfactant Volumetric rate
capture = of liquid .
rate contact

Based upon the three assumptions, this surfactant
be constant and the total amount of surfactant on

be directly dependent on time:

Total surfactant Surfactant
on bubble = capture ,
surface rate

moles/scc ¢ scc

moles

(projected area) - (bubble rise velocity)

then:
Surfactant
concentration
in liquid
capture rate will

the surface will

" Time (19)

where the time is mcasurcd from the initial relcase of the bubble

~into the liquid pool, or the bubble age.
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If a critical time, tc’ is defined as the time required for sur-
factant to accumulate upon the bubble surface, and completely cover
the bubble, or reach a saturation level, the amount of surfactant
at any time can be evaluated by equation (19). The critical time
concept also infers that there will be two different mass transfer
mechanisms at the bubble surface: the mass transfer prior to tC
when the total surfactant is increasing, and mass transfer at tc and
after, when the surfactant level has reached its saturation level and
remains constant.

In modeling real systems, the mass transfer coefficient for time
greater than or equal to tc was evaluated by Frossling's equation.
For any bubble with a diameter in the transition region, the mass
transfer coefficient for time less than tC was cvaluated using a
combination of Frossling's equation and Hamerton and Garner's transi-
tion equation. During this time period a changing weight factor was
assigned to the contribution by each correlation and the total mass
transfer was taken as the sum of the two contributions. The weight
factors were based upon a relative time, t/tc, and were linear with
respect to time as shown by equation (19). The contributions to
mass transfer during this time period are:

Transition contribution = (1 - t/t ) Sh L
C transition

Frossling contribution = (t/tc) Sh

Sheorag = (L - t/t) sh

Frossling

v (t/t)sh (20)

transition Frossling
This assignment of weight factors implies that bubble interface

without surface active agents is mobile, and that the portion of
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interface covered by agents is immobile. A correlation factor,
o, [12] has been used to account for the effects of surface active
agents on mass transfer but this parameter does not consider the

mechanism which inhibits mass transfer.



Figuro 1

MODEL: SINGLE RISING GAS BUBBLE IN LIQUID

pJ
ATM

Water

e
I
<
o)

!
i




17
ITI. INSOLUBLE GAS CASE

The simplest case of a bubble rising in a fluid serves as a start-
ing point for analysis. This case consiéts of a single spherical
insoluble gas bubble rising in a liquid column. Solution is directed
toward description of a bubble's size and gas concentraticn. The
applicable assumptions in the derivation of equation (9) are used again.
These assumptions are:

1. The gas .is ideal.

2.' Humidification and counterdiffusion effects are negligible.

3. Surface tension effects are negligible.

The bubble's initial diameter and position fixes the moles present in
the bubble by:.

3
® + p gz)nd
_ ATM L (21)

6RT

The moles of gas, n, are constant and the bubble's volume at any sub-

B2

n:

sequent position is:

nRT - - nRT 22)

P Parm * PLE?

The diameter of the bubble is evaluated with the assumption that the

Vv =

bubble is a perfect sphere:

1/3

6V,1/3 6nRT
d = [— = | ] (23)
" (Pppy * Pp8HT
The surface arca of the bubble is:
2/3. 1
q = _”dz _ [ 6nRT ] / - /3 (24)

D
Parm * PLBZ
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The gas concentration in the bubble is:

c 2P . Parm * P82 (25)
A RT RT 7

—

After stipulating the initial size and position of the bubble, the
volume and gas concentration of the bubble at any other specified
condition can be calculated.

The next level in analysis involves rclaxing the insoluble gas
restriction. Analysis becomes more complex when considering the general
case of mass transfer from a single rising spherical bubble and numeri-

cal methods are employed for solution of this case.
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Iv. COMPUTER MODEL DISCUSSION

As shown in thc theorctical considerations scction, the cvaluation
of equation (1) requires a mass transfer coefficient value, KL’ which is
a function of the bubble rise velocity. In turn, the evaluation of
the bubble rise velocity by equation (10) requires the diameter of the
bubble which can be evaluated only after equation (1) hés been solved.
Equation (2) is also a function of the bubble rise velocity. Due to
the interdependency among the equations, the differential equations (1)
and (2) must be solved simultancously by numerical integration tech-
niques.

Three numerical mcthods, Euler's, Runge-Kutta, and RegulaFFalsi
have been used for solving differential equations (1) and (2). The
Euler's and the Runge-Kutta methods were used to calculate the position
of the bubble and the moles of gas present in the bubble at any time.
These two single stcep methods provide a solution to a differential
equation if an initial condition‘is known. The Regula-Falsi method,
an iterative technique used to solve for the root of an equation, was
applied to determine accurate values of a bubble rise velocity at any
diameter and position [Appendix]. The values of the bubble rise
velocity obtained using the Regula-Falsi method were used in the Euler's
and thc Runge-Kutta solutions of equations (1) and (2).

Initially, the Euler's method was sclected since it permitted an
easy check of the solution through hand calculations of initial
iterations. A Runge-Kutta-Merson routine, which is a fourth-order

Runge-Kutta alogarithm with logic incorporated to adjust the step size
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in order to maintain desired accuracy, was used exclusively in the
final solution of equations (1) and (2) after the.technique was
validated by comparing its solution to the Euler's solution.

The Regula-Falsi method is used to solve for the root of an
equation. The bubble rise velocity function, equation (10), may be
altered to a new functional form such that the root of this new form
will be the bubble rise velocity [Appendix]:

f(VO) = 0, VO = rise velocity

This application of the Regula-Falsi method uses four subprograms
in calculation of a bubble rise velocity. A bubble rise velocity will
be a function of the diameter of the bubble, bubble and liquid density
difference, and bubble drag coefficient. When the diameter and position
of the bubble are known, SUBROUTINE END will approximate the bubble rise
velocity by an upper and lower value of rise velocity. These upper
and lower bounds of velocity are used by FUNCTION RISE to initiate the
Regula-Falsi iteration scheme. FUNCTION RISE converts the velocity
values into a functional form that is compatible with the Regula-Falsi
method. FUNCTION DRAG calculates a drag coefficient for any bubble
Reynold's number. These drag coefficients are called and used by
FUNCTION RISE. FUNCTION REGULA calls FUNCTION RISE and performs the
Regula-Falsi iteration until the risc velocity function converges to
zero. Upon satisfaction of the convergence criteria, the accurate
value of bubble risec velocity is transferred for use in either the

Euler's or Runge-Kutta methods.



Figure 2

THEORETICAL BUBBLE RISE VELOCITIES VERSUS BUBBLE DIAMETER
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Figure 3
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The behavior of many physical processes, particularly those
in systems undergoing time-dependent changes, can be described by
ordinary differential equations. This development will be restricted
to first-order ordinary differential equations which are by defini-

tion, of the form [1]:

= £(X,Y) (20)

Systems of first-order ordinary differential equations are of the

form:

le
d—X—‘:: fl(X, Yl, Yz, Yn)
dY2
*dT)-(—-': fz(X, Yl, YZ, e s \n)
(27)
dYn
'ax—*:: fn(X, Yl, Y2, oo Yn)

A solution Y(X) is desired which satisfies equation (26) and an
initial condition. In general, it is impossible to obtain an ana-
lytical solution to cquation (26). Instcad the intcrval in the
independent variable X over which the solution is desired, [a,b] is
divided into subinterval or steps. The value of the truc solution,
Y(X) is approximated at n + 1 evenly spaced values of X, (XO, Xl’

X2 . Xn), so that the step size h is given by:

_ b-a
h = = (28)
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and

X, = Xy +ih, i =0,1,2, ...n (29)

Thus the solution, Y(X) is given as tabular values for discrete
values of X only.
Let the true solution of Y(X) be denoted as Y(Xi) and computed

approximation of Y(X) at these same points be denoted Yi so that

Y, = (X)) (30)

The true derivative dY/dX at any Xi will be approximated by f(Xi,

Y.) so that:
i
£(X, Y5) = £(X;, X1 (31)

When the numerical calculations are done exactly, that is
without roundoff error (see below), the difference between the
computed Yi and true value Y(Xi) is termed the discretization or

truncation error, e,

e, = Y. - Y(X,) (32)

i
The local discretization error encountered in integrating a differen-
tial equation across one step is sometimes called the local trunca-
tion error. The discretization error is determined solely by the
particular numerical solution procedure selection; this type of
crror is independent of computing machine characteristics.

An inherently different kind of error results from computer
design. In practice, computers have a finite memory, and thc number
of digits retained for a number by the computer is fixed. Thus any

number with more significant digits than can be rctained must be



25

approximated by '"rounded" values. This error is termed roundoff
and is dectermined by the computing characteristics of the machine.
Some upper bound can usually be found for truncation error of a
particular numerical mcthod. Roundoff error, on the other hand is
extremely complex and unpredictable.

Common numerical alogarithms used for solving first order
ordinary differential equations with an initial condition are often
based upon direct or indirect use of Taylor's expansion of the
solution function Y(X). A Taylor's serics expansion of Y(X) about
some starting point XO is: ,

Y(XO + h) = Y(XO) + hf(XO, Y(XO)) + %T-f'(xo, Y(XO))

3 (33)
+h 1A
=T £1(X, Y(X)) +

where f1(X, Y(X)) = d/dX [£(X,Y(X))]

and LY (0) = d2/aXP[E(X,Y (X)) ]

If Y(XO) is specified as the initial condition, f(XO, Y(XO)) can
be computed directly from the differential equation:

dY
T = £06Y) (26)

Similiarly, alogarithms for stepping from Xi to Xi+1 can be based

upon the Taylor's expansion of Y(X) about Xi:

2
Y(X, ) = V(X)) F REQL,YOG)) + By £ XL YX)
3 n
' %7 X LY(X D)+ %T f(“‘l)(xi,Y(xi)) (34)
+ hn+1

(n) . .
e )? £277 (8,Y(8)) where ¢ is in the interval (X,,X. ;)
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Unfortunately, in the general case, the differentiation of £(X,Y)

becomes enormously complicated. Except for the simplest case,
_ 2 .
Y(Xi+1) = Y(Xi) + hf(Xi, Y(Xi)) + 0(h™) (35)

The direct Taylor's expansion of equation (34) is not often used.
Here ”O(hz)” means the maximum local truncation error is of order
2. In general "O( )" means terms of order () and is uscd to csti-
mate local and overall truncation error.

Fuler's method is a single step method that solves first order
differential equations by calculation of one derivative per step.

The general form of a first order differential equation 1is:

%% = f(X,Y) (26)
and Euler's alogarithm assumes the form:

Y1 = YO + hf(XO, Y(XO)) (35a)

Y, = Yy o+ hECY, YD i>1 (35b)
where h is the step size used by Euler's method.

There is a simple geometric interpretation for equation (35b).
The solution across the interval (XO,X 1 ) is assumed to follow
the line tangent to Y(X) at XO. (See Figure 5) When Euler's
method is applied repeatly across several intervals in sequence,
the numerical solution traces out a polygon segment with sides
of slopes fi’ i =0,1,2,3...n-1. [1]

The maximum local truncation error computed from a Taylor

expansion term 1is:
2

1

e =
t

‘ =3

£'(£,Y(£)) where & is in the interval (Xi’Xi+1) (36)

N
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where the local truncation error is proportional to h2.

A detailed error analysis using Luler's method is given in
numerical methods books [1]. The result presented without deriva-
tion stipulates that the total truncation error is proportional to
h:

otal - 1i - Y(X3) = 0(h) » (37)

Note that the local truncation error is of order h2 but the total
truncation error is of order h.

Local truncation error, e, may be expressed as absolute
error |e|, or as a percent of the current value of the dependent
variable, Y. (i.e., %e = |e/Y| x 100, termed percent or relative
error) [5]. Once the truncation error has been specified, it is
used in estimation of the accuracy or the reliability of a numerical

solution.
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A main program, LEULER, utilized Euler's method for solution
of equations (1) and (2). Program EULER called subprograms END,
RISE, DRAG, and REGULA in determination of accurate values of risc
velocity. Subprograms CONV and CONC were called to calculate con-

vective mass transfer coefficients, K, , and equilibrium concentra-

L’

tions, C respectively. Subprograms MAIN and BUBBLE were used

AS?
to enter initial bubble conditions and calculate initial bubble
characteristics, respectively.

The system of equations (1) and (2) have dependent variables
with differences in order of magnitude of approximately 108.
(i.e., 10—7 <n < 10_9 moles and 0 < z < 450 ecm). Thus use of an
absolute truncation error of magnitude e equal to 0.0001 per step
would be appropriate for equation (2) but inappropriate for
equation (1) because e is several orders of magnitude greater than
n. Use of a relative error criteria in the Euler's method program
showed that the relative error in z was always larger than the
relative error in n at a given step size in t. With this relation-
ship between relative error in equations (1) and (2), then an
absolute truncation error in z was specified with assurance that the
absolute truncation error in n was satisfactorily small. Stated
another way, cquation (2} was the stiffer of the two cquations and
would sct the step size necessary to maintain a desired solution
accuracy.

Speece [19] had previously solved equation (1) for the

oxygen-watcr system by converting the differential cquation into
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a finite difference equation. In addition, the bubble rise velocity
was set equal to a constant and the convective mass transfer rela-
tionship was simplified. His numerical solution represents the use
of Euler's method and unfortunately no mention was made of his
truncation error or of the error criteria used. As a result, the

validity of his solution is unknown.
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The solution of a differential equation by direct Taylor's expan-
sion of the object function is generally not practical if derivatives
of higher order than the first are retained. For all but the simplest
equatiqns, the higher-order derivatives become quite complicated.
Fortunately it is possible to develop one step procedures which
involve only first-order derivative evaluations, but which also produce
results equivalent in accuracy to the higher-order Taylor's formulas.
These alogarithms are called the Runge-Kutta methods. Approximations
of the second, third and fourth order, (that is, approximations that
have an accuracy equivalent to Taylor's expansions, retaining terms
in h2, hs, and h4, respectively) require the estimation of f(X,Y) at
two, three and four values, respectively, of X on the interval Xi<X<Xi+l.
All the Runge-Kutta methods have alogarithms of the form:
Yi+l = Yi + h¢ (Xi, Yi’ h) (39)
where ¢, termed the increment function, is simply a suitably chosen
approximation of f(X,Y) on the interval Xi<X<Xi+l' All the fourth-order
Runge-Kutta formulas are of the form:
Y., =Y, +h(aK, + bK, + oK, + dK,) + 0(h”)
where a,b,c and d arc constants and Kl’ KZ’ K3 and K4 are approximate
derivative values calculated on the interval Xi<X<Xi+l'
Program REST solves cquations (1) and (2) by the Runge-Kutta-Merson
alogarithm which calculates five derivatives values per step. Subpro-
grams REGULA, RISE, END, and DRAG are called by REST in determination

of accurate values of bubble rise velocity. Subprograms CONV and CONC

are called by REST and used to calculate the convective mass transfer
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coefficient, KL’ and the equilibrium concentration, CAS’ respectively.
Initial bubble conditions, the bubble's position and diameter, and a
critical time value are read into REST. The éritical time, tc’ and
time; t, are transferred into CONV for the cal;ulation of an overall

Sherwood number (Shtotal)'
"An absolute value of local truncation error, e, is specified in
REST and the Runge-Kutta—Mefson subroutine (by Dr. Eugene Elzy, Chemical

Engineering Department, OSU) used in this model adjusts the step size
to maintain the desired accuracy in both equations. An accuracy criteria

of e equal to 0.001 was used. The results obtained with this criteria

were found to be adequate.
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V. RESULTS

The computer model, with and without the inclusion of the critical
time parameter was applied to the carbon dioxide-water system. Without
the inclusion of the critical time parameter, the computer model yields
results predicting much higher mass transfer rates than those shown in
data of Deindoerfer. Inclusion of the critical time parameter resulted
in predictions corresponding closely to data collected by three differ-
ent investigators. Figures 7a, 7b, 8a, 8b, Qa, and 9b show the
comparison of the computer model to the data of Deindoerfer, Garbarini,
and Datta, respectively. [2,3,6] The plots include the computer
model's prediction of bubble position and volume versus time and compares
it to the data of the three investigations.

In the three comparisons, there is an excellent agreement betwecen
the computer model and experimental volume-time relations. However,
the agreement between Garbarini's and Datta's position-time data and
the computer model prediction of position-time is not as good as the
comparison of volume-time relations. This poor comparison with the
position-time data is undoubtedly due to the fact that both experiments
involved initial bubble sizes greater than 0.5 cm in diameter. The
model used theoretical values of drag coefficients which were lower than
experimentally obtained drag coefficients. Experimental drag coeffi-
cients of bubbles in contaminated liquid deviate from spherc values at
a bubble diameter cqual to 0.3 cm, are greater than theoretical values
for bubble diameters greater than 0.3 cm.

This difference in drag coefficients results in predicted rise
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velocities greater than experimental rise velocities; thus this poor
compafison between the predicted bubble position and experimental
position should be expected. The comparison of Deindoerfer's data and
the computer model indicates the adequacy of the model for bubbles
having initial diameters less than 0.3 cm. In this case where the
initial bubble diameter was equal to 0.285 cm the agreement between

the position predicted by the model and the experimental position is
excellent. Sincc the model uses theoretical values of drag coefficients,
the use of the model to describe mass transfer for bubbles having an
initial diameter greater than 0.3 cm should be done judiciously.

A critical time value of 4.0 seconds for Garbarini's and Datta's
data, and a critical time of 2.0 seconds for Deindoerfer's data was
used. This smaller value of tC used with the data of Deindoerfer
indicates that the water used in the Deindoerfer experiment was probably
contaminated to a higher degree than the water of Garbarini or Datta.
Lochiel and Calderbank also concluded that the results of Deindoerfer
were due to contaminated liquid [6].

Use of a critical time of 4.0 seconds indicates that removal of
all contaminants is difficult even in research situations [13. The
mass transfer coefficient, KL’ has been reported to be time dependent
even in highly purified liquids; this behavior may be due to the re-
searcher's inability to remove all of the contaminants.

The bubble's volume-time relationship or mass transfer history

is a more desirable parameter than the bubble's position and time

relationship, since it has a potential application in real processes.
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Figures 10a and 10b show the behaviér of carbon dioxide bubbles
in water when the initial bubble diameter is varied. A large bubble
will rise and burst on the liquid surface, releasing a portion of gas
to the atmosphere. A bubble of a sufficiently small diameter will
virtually disappear before reaching the liquid surface. Bubbles that
are very small and disappear indicate a poor design, since no mass
transfer takes place in the liquid above the disappearance height.

To obtain. a certain amount of gas transfer, there exists an optimum
bubble size that will have mass transfer occuring until the instant
the bubble just reaches the liquid surface. Figure 10a also shows
that the bubble surface/volume ratio has a significant role on the
remaining bubble. The bubble surface contracts towards the center

of the bubble at an increasing rate just prior to disappearance.
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Figurc 11 plots the moles present in a carbon dioxide bubble in
water for various liquid heights. A constant initial bubble size was
used, and little difference is noticeable from this plot. However,
due to an increased concentration driving force at deeper sparger
depths, the bubble has slightly higher mass transfer rates, and a
slightly smaller diameter at any time relative to a shallower sparger

height.
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Weiner presents a correlation based on liquid physical properties
which predicts the critical Reynolds number, Reb, at which mass trans-
fer description changes from the transition equation to Higbie's

equation. The critical Reynolds number is given by:

(38)

where y is liquid surface tension, and v is the liquid kinematic
viscosity. This Reynolds number is also the approximate value at
which the drag coefficient deviates from the coefficient predicted
for a sphere[21]. This correlation is strictly a function of liquid
physical properties; accordingly, the Reynolds number is constant
for any gas-liquid system. Weiner plots the Frossling, the transi-
tion, and the Higbie equations on log-log paper; all three equations
plot as straight lines Figure (12). Hamerton and Garner's transition
equation will yield straight lines having different slopes when
different Schmidt numbers, Sc, are used in the various gas-water
systems. When the slope of the transition equation changes, the
intersection can be calculated knowing the critical Reynolds, num-
ber, Rec, and the slope of the transition equation. Mass transfer
correlations based on Reynolds number can then be calculated for a
varicty of gas-water systems. This allows systems such as air-water

and oxygen-water systems to be modeled.
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Pure oxygen and air are modeled by the introduction of the
appropriate physical constants: llenry's law constant, Schmidt number,
the gas molecular weight and the mass diffusivity. Program REST will
model pure and two component gases. It treats two component gases as
having one soluble and one insoluble component. Air is modeled as
initially containing 21% oxygen with nitrogen being considered as
insoluble.

Figure 13 plots a pure oxygen bubble's diameter versus time
for an initial bubble diameter of 0.25 cm and liquid height of
6 feet. After 20 seconds, the bubble volume is observed in Figure
13 to be increasing with time, whereas the volume of a carbon dioxide
bubble of an identical initial diameter always decreases with time.
This demonstrates the opposing effects of mass transfer and decreasing
hydrostatic head. Since the solubility of oxygen is approximately
twenty-five times lower than the solubility of carbon dioxide a lower
mass transfer rate for oxygen results. At these lower rates, the
hydrostatic head decrease becomes more apparent and causes the bubble
to expand.

Figure 14 plots the moles present of a pure oxygen bubble versus
time, at various liquid heights. The initial bubble diameter was con-
stant at 0.25 cm and tC was equal to 2.0 scconds. For this case, the
overall oxygen transfer was proportional to the ascent time or to the
liquid height. This is a result of a relatively constant bubble
diameter, surface area, and convective mass transfer coefficient. The
majority of oxygen remains in the bubble, and is lost when the bubble

burst at the surface.



Figure 16 plots the moles of oxygen present in an air bubble
versus time at various liquid heights. The initial bubble diameter
was constant at a diameter equal to 0.25 cm and tC equal to 2.0 sec-
onds. Overall oxygen transfer is again roughly proportional to the
time of bubble ascent, and the majority of oxygen remains in the
bubble prior to bursting at the liquid surface.

Figure 17 plots the moles of nitrogen present in a bubble of
air versus time at various liquid heights. The initial bubble diameter
is 0.25 cm and critical time constant is 2.0 seconds. Overall
nitrogen transfer is roughly proportional to bubble ascent time, but
the percentage of nitrogen transferred is only half that of oxygen.
This is related to the solubility of nitrogen, which is roughly one
half the solubility of oxygen.

In acration, the desired parameter of intercst for a constant
sparger or liquid height, is the percent of oxygen transferred during
the bubble ascent. For example, it may be desired to transfer 95
percent of the initial 02 present during the ascent. This requires
an evaluation of what the initial diameter of the bubble should be.
The percent oxygen transferred becomes the boundary condition of
differential equation (1) and solution to this boundary value problem
must be solved by gucssing an initial bubble diameter and checking
the total mass transfer against the desired value of percent oxygen
transferred. This mcthod of trial and error is called a ''shooting

problem." [1]
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Figure 18 plots the percent oxygen transferred of air bubbles
in water versus initial bubble diameter. Various initial bubble
diameters were used to determine the percent oxygen transferred for
a liquid height of 15 feet and t. equal to 2.0 seconds.

Figure 15 plots the percent oxygen transferred of pure oxygen
bubbles in water versus initial bubble diameter. Various initial
bubble diameters were used to determine the percent oxygen trans-
ferred for a liquid height of 15 feet and t. equal to 2.0 seconds.

Figures 15 and 18 both show the significance of initial bubble
diameter upon the percent of oxygen transferred. As the initial
bubble diameter decreases, a greater percentage of oxygen transfer
is realized until virtually all of the oxygeén has been transferred.
The significance of the bubble's surface area to volume ratio is
observed since the percent of oxygen transfer increases dramatically

as the initial bubble diameter decreases.
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VI. CONCLUSION

A model which requires a critical time aging correlation has
been developed and this model adequately describes mass transfer
from single rising gas bubbles. The initial bubble diameter has a
significant role in the overall mass transfer of a single bubble.

Futurc work should include provisions for multicomponent
diffusion, and extension of the critical time concept to include

bubble swarms, and mass transfer during bubble formation.
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G

T

T

ATM

APPENDIX A

Notation Used

area through which mass transfer occurs

concentration of A in equilibrium with
A in gas bubble

concentration of A in bulk liquid
drag coefficient

bubble diameter
diffusivity of A in B
truncation error
function of
gravitational constant
grams

Grashof numbcer

integration step size
Henry's law constant

convective mass transfer coefficient

moles

bubble internal pressure

atmospheric pressure

partial pressure of component i
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Unit Dimensions
cm2 L2
mole/cm3 M/L3
mole/cm3 M/L3
dimensionless
cm L
cmz/sec Lz/t
cm/sec2 L/t2
gr M
ddp ghpoy, ,
_— dimen-
2 .
u sionless
2
mole frac- Lt°/M
tion/ATM
cm/sec L/t
moles M
. 2
ATM M/ Lt
2
ATM M/Lt
2
ATM M/ Lt



R

Re

Sc

Sh

Y

Z

ideal gas constant

bubble radius

Reynolds number

Schmidt number

Sherwood number

time

absolute temperature
critical time

bubble volume

bubble rise velocity
mole fraction
independent variable
dependent variable

bubble position

Greek Symbols

average density of static head

liquid density
bubble density
surface tension
kincmatic viscosity
viscosity
difference

correlation factor

/\'I'M~cm3

g-mole-°K

sec

°K

sec
3

cm

cm/sec

dimensionless

cm(ft)

gr/cm3
gr/cm3
gr/cm3
dynes/cm
cmz/scc

gr/cm-sec

dimensionless
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L

dimen-
sionless

dimen-
sionless

dimen-
sionless

L/t

M/L

M/L°
M/L>
M/t2
L2/t

M/Lt
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APPUNDIX B

Surface Tension Effects on a Bubble's Internal Pressure

For a spherical bubble, the intcrnal pressurc is [17]:

2 . . .
P = plgz) + 7¥" where vy is surface tension r is

Pam *
the bubble radius
or

,
AP = X
T

i

The surface tension of water is:

y = 71.97 dynes/cm @ 25°C [20]

Conversion from dynes/cm2 x 9.869 x 10.7 = ATM
Letting r = 0.005 cm, d = 0.01 cm
¢
AP =_§LZL;£;% = 2.88 x 104 dynes/cm2
5x 10
-3
AP = 28.4 x 10 © ATM
AP = 0.0284 ATM

This AP will be negligible compared to the total hydrostatic

head, where total head is: 1 - 1.4 AIM.
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APPENDIX C

Bubble Force Balance

For an object where total drag is due to pressure as well as

frictional effects [22].

F o pLVOO2
p
ﬂdz
Ap - maximum projected area = 7
F - total buoyant force = (pL - pg) g x bubble volume

3
md
(o - og) g %

Substituting into the left hand side of Al:

3 2
Ch og)ﬂg d7/6 v,
= C o -
“dz/4 DL 2
2
(b, —pJ)gdd v
L g = C.p o
6 DL 2
(b, - p)g
_4}3g CL g = vocz
p °L
1/2
4d(p, - p g
L g -y (10)



APPENDIX D

Experimental Correlations of Forced Convection Mass Transfer from Single Spheres [18]

Table 1
Equation Range of Variables Reference
Sh + 0.55 Rel/ZScl/3 2 < Re < 800 Frossling (1938, 1940)

Sh

Sh

Sh

Sh

Sh

5
+ 0.6 Rel/“Scl/3

1/2..1/3

+ 0.54 Re Sc

1/2. 173

+ 0.95 Re Sc

.35
1/2 CO

+ 0.575 Re S

5
+ 0.79 Rel/"Scl/3

0.6 < S¢c < 2.7

2 < Re < 200

0.6 < Sc < 2.5

50 < Re < 350

Sc =1

100 < Re < 700

1200 < Sc < 1525

1 < Re

1 < Sc

20 < Re < 2000

Maxwell & Storrow (1957)

Ranz & Marshall (1952)

Hsu, Sato, & Sage (1954)

Garner § Suckling (1958)

Griffith (1960)

Rowe, Claxton, & Lewis (1965)
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APPENDIX E

Penetration Model for a Bubble

1/2
DAB
L TE lligbie Penctration Model

exp

For a bubble tCXp = bubble diameter/ bubble velocity

texp = d/VO
1/2
K = 2 DAB Vo
L md
This may be converted to thc dimensionless Sherwood Number, Sh
B 1/2
KL d DAB o} d
- YW B .
AB AB
r 1/2
V. d 1/2
= 2 0 . d 5
m DAB NE
r 1/2
- ? Vod v
TV DAB
vV d N
Since -{}— = Re and 5 T Sc,
AB
2
Sh = 2 ( %— RcSc)l/
Sh = 1.13(ReSc)1/2 (14)

[9]
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APPENDIX F
Regula-Falsi Technique

This method is used to solve for the root of an equation:
ie. f(X) =0
Solve for X.

For the terminal velocity of a bubble, a function may be defined as:

vo= Hdlegeie g (10)
3Ch P

Trial and error involves guessing a value of VO’ determine CD’

the drag coefficient and solving for a subsequent VO' If the

guessed V0 is equal to the calculated VO’ then that VO is correct.
Defining:
_ 4d(p,-p g
f(VO) - [——ﬁ—é——g—— /2 vV (assumed) (A2)
3C. p 0
D "L
f(VO) = (0, when the correct value of V0 is inserted.

Two values of VL and Vr are set such that the
Sign f(VL) # Sign f(Vr)

or Sign f(VL) <0

Sign f(Vr) >0

f(VO)

Two similiar triangles are formed, and the points [VL, f(VL)],
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[Vr’ f(Vr)] forming a straight line, with f(Vz) = 0. The straight
line equation for [VL’ f(VL)], [VZ’ f(Vz)], [Vr’ f(Vr)] is:
E(V)) - £(V) (V) - £(V))

= (A3)

Vo - VL Ve T VL

But f(Vz) = 0 for straight line.

Solving for V., at that point:

2

0 - £(V) £V ) - £(V)

SEV) [ ——
YR - £

V_E(V) + V E(V)

FVo= v
(V) - £(V) L2

VEV) + VEV) + VE(V) -V E(V)

= V2
£(V.) - £(V))

VLf(Vr) - Vrf(VL)

£(V) - £0V))

=V, (A4)

Values for VL and Vr are determined by comparing the desired bubble
diameter to values of diameter established in SUBROUTINE END (D,VL,VR).
Previous hand calculations show how bubble velocity varies with
diameter. Using these hand calculations as a rough estimate,

values of VL and Vr are determined by picking bubble diameters, lecss

‘than and greater than the desired bubble diameter from figure 2.



V2 is calculated by the derived equation. From the velocity

function value of VZ’ logic is employed to reassign the value

of V2 as either VI or Vr. The subsequent straight lines have

V. intercepts closer to the correct value of V This iteration

0 0’

is repeated until the velocity function is close to zero. See the

flowsheet for Regula-Falsi on the following page.
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Flowshecet

REGULA-FALST LOGIC

1/2
4dg (py = p )
£V = 0= 3C g ¢ - Y guess
D" L )
pick VL such that f(VL) <0

pick Vr such that f(Vr) >0

Vv E(V) - Vo £(V))

(AZ)

\Y =

2 f(Vr) - f(VL)

sign f(VL) = sign f(VZ)

?

Return
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APPENDIX G 72
Error Criteria - Euler's Method [5]

For a function Y(X), the definition of Taylor's scries expansion

Y(X) about X is

2
Y(X,, ) = Y(X) + hE(X,, Y(X)) + %T.f'(xi, Y(X)) + .
n .(n-1) n+l .(n)
Ce R h— o, Yo+ B e YD)
where & in the interval (Xi+1’ Xi) (34)

Euler's approximation of Y(Xi+1) is:

YO, ) = Y(X) + REQX, (X)) (35b)

and the sum of the remaining terms of the Taylor's expansion of

Y(X) represents the error of thec approximation. Since Taylor's series
converge fairly rapidly, the bulk of the error can be represented by
the first term of the neglected series or:

2
P (X, Y(X)) (AS)

=n

e =

[\

2|

expanding the function f' by Taylor's series (approximation of a

derivative):
o F(X e Y(X 1)) - £0X, Y(X))
- h
f. 1 - f.
groo L1 ' (AG)

substitution of (AG) into (A5) yields:



. b . -
e =5y It - £l (A7)

The absolute truncation error, |e|, is simply the absolute value of

the right hand side of equation (A7) and functional values of fi+1
and fi arc evaluated by program EULER and equation (A7) cstimates
the local truncation error. For equations (1) and (2) this
truncation error is then compared to a desired accuracy, and the

step size, h, is adjusted accordingly to maintain the desired

accuracy.
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APPENDIX H 74

Natural Convection Effects
Natural convection effects are negligible compared to forced convection

if the expression holds: [18]
Re » 0.4 Gri/% g 1/0 (A8)

where Gr is the Grashof number and:

3
dp . g4p
RS P
T = 7

At 25°C, the density of pure water is:

pp = 0.9964 gr/cm3

and the density of carbon dioxide-water solution at a partial

pressure of one-two ATM is: [15]
pL = 0.997
or Apy is equal to:

bpy = 0.997 - 0.9964 = 6.0 x 1074 gr/cm3

The remaining physical constants are:

= 8.93 x 10—3 gr/cm - sec

980. cm/sec2

g
Solving for Gr yiclds:

_ d3(0.9964)(980)(6 X 10—4) (cms)(gr/cms)(cm/secz)(gr/cms)

Gr
-3.2
(8.93 x 10 ™)

2
(gr/cm - sec)

or: Gr = 7346 d3



The approximate range of d is:
0.05 <d < 0.35 cm

Checking the Gr number at

the extremes of the range:

d = 0.35 Sc = 432 d = 0.05
3 3
Gr = 7346 (0.35) Gr = 7346 (0.05)
Gr = 315 Gr = 0.918
A bubble rise velocity yields the corresponding Re:
d = 0.35 d = 0.05
Re = 1112 Re = 19.75

From the relationship of AS8:

?

1112 > 0.4(315) /2 (432)"1/©

1112 > 2.57

Then natural convection effects are

convection.

?

19.75 > 0.4(0.918)1/2(432)’1/6

19.75 > 0.139

negligible compared to forced
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Gas-Water Physical Properties

APPENDIX I

Gas-water diffusivities @ 25°C [16]

Carbon dioxide

@ 27°C
-5 2
Oxygen 2.50 x 10 cm /sec
. -5 2
Nitrogen 1.90 x 10 cm /sec
Kinematic viscosity - water [22]

-

1.96 x 10°° cmz/scc

(1.987 x 10‘5)* cmz/sec

@ 25°C  8.668 x 10°°

@ 27°C (8.593 x 10

cmz/sec

3)* cmz/scc

Schmidt numbers v/DAB Sc Sc1/3
8.593 x 107> cn’/sec
Carbon dioxide = - —c > 432%* 7.559
1.987 x 10 cm /sec
-3 2
Oxygen - 8.668 x 1?5 sz/sec 346 7.020
2.50 x 10 cm”/sec
-3 2
Nitrogen - 8.668 x 1?5 cmz/sec 456 7.698
1.90 x 10 cm”/sec
Henry's law constants: 25°C (mole frac/ATM) Reference
Carbon dioxide 6.08 x 10_4 [11]
-Oxygen 2.30 x 10_5 [10]
Nitrogen 1.14 x 107> [10]

*
These values were used in the computer model instead of the

values listed @ 25°C.
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FUNCTION CONUCUERLT 20 ACED
FPATA (SC=346.), (LIFF=2.5FK=-5)
CATA (MU=E.593F~-3)

HEAL M)

THIS FUNCTION CALCULATES MASS ThAMEFER CORFF
RASED UFON FITHFh FROSSLIMNG FON OB ThAEMNSTTION

78

FON

ANT USES A VEICHT FACTO0K FReSEE UPON THE ChITICAL

TIME CONETANT
TRANSITION EGN

SM=SC*+% 433333

HE = VUFEL*L /MU
IF(KFELF.60)C0 10 20
SHFRT = (el 1%SM*HE

FROSSLIMG ECN CALCULATION

SHELKF = 2+ + e55*%SMASURT (KE)
IF(XeCT«LACFIGO TO 22

CONV =((1e=2/ACEI)*SHFERT+X/ACF*SHFERF) T IFV /T
RETUERN

CONV = SHEKRF*D'IVF/D

KFTURN

SHFh=2e¢ + (eS55%x5M*SGRT (RED

CONV = SHFR*[IFF/D

RFETURN

END

FUNCTION CONCCZ,»PFPART)
DATA (PROF=0.055278)5 (HENhY=2.3F=-5)

TIS FUNCTION CALCULATFS THE ECILIBRIUM CONC. OF

Co2 IN VATFR FOK £ CIUVFN BFhFSSUKES USES HENKYS
LAY AND CONC UNITS IN MOL/CM*%3

PRESS = (24 4+ 34.)/34%FART

FEAC = HFNhY*FRFESS5/C] e =HENhY*}FRhFSS)
CONC = FhAC*FLOF

RETUHBN

END
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punction b SF(PsVFL)

<FAL MOL MV M

coMMON PHESS
DATACCHAU=YEL ) (MU =324), (MU=8.593F=-3), (TEMP=29H.).
15 CEAS=KL05), (FI=314159)5 (ROL=+9Y5)

VOL=F1+4Tx*3 /6.

MOL =FKFSSH¥UOL/CAS/ZTEME

ROGAS=MOL*ML /UOL

THIS FUKCTION CALCULATKES THF TERMINEL VELOCITY FUNCTION

IN THF FORM SUITARLFE FOR THE HEGULA FALSID THECHMICUE
SOLVING THE SOLUTION OF £AN KGUATION

REN=D*UFL /MU
PROP=4 e # CRAV/ (3« ¥10L)

KRISE=SCKT (FROP*D* (ROL-KOCAS) /DRAGC(HEN) ) -VEL
RETURN
END

FUNCTION ThAG(RA)

DIMENSION KECI2),CLC(12)
PATACHF=-0301030Cs0e0,0e30010300,069E9T0s 160,
11301030051 e60UHYTHILe052e30103052e6YBYT(5360534301030)
TATA(CT=1e6GHY T, 1634240235 1149219,0851258,

10 6283KU, (Ve BU3NH e 13672150 elis=0el51H115=0Ca3001030,
1-00e371611,=00e436714)

CALCLATFE ThACG COFFFe BY LINFAR INTELRFLATIONM FO  OF LhAC

REYNOLI'S NOe« OF TATA FOK A SOLILI SHFHERE

IF(KL.LT«?«5)C0 10 30
KL=ALOG 1O (hA)

DO 200 K=1,12

IF (il eLTeHE(KIICO 10 15

CONTINUK

IF(HACT 20000020 TO 2%

FRAC= (KL =HE(K=1))/(hF(K)=-KkF(K=-1))
IOC=CI(F=1)=FRACH* (CD(K=-1)=CL (K))
THAC=10.*1120C

KETURN

ThAG=20. /1A

KFTUKN

DhAC=0e390

RETURN

FND

Us
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SURLOUTINME FNI'(Ds VL UR)
PIMENSINN VC1O)LTIACLW)
["C.T{\'(\/::(,‘,.H, e3P 1YsBeliUsl U591 e58Yes36eslilesSeH)
CATACHTIA= 0o o115 e 01255 4 (15, el3e2335 0815 05546)

THIS FUNCTIONM CALCULATFS £N INITIAL UVFLOCITY SUITABLE FOk
THE LI1MITS OF 1HE HECULA FALSI 1TECHNMIGUE

cEeETEe!

oOaQaan

IF(DLEH0253C0 TO 30

Lo 15 Jd1=3,190

IFC(DeLF.I'IACJSINIICO TO 25
15 CONTINUFK

VRITR(ALL,GSID

95 FOLMAT (10, "LIAMETER OUTSIDE OF LATA RANCGE

KETHBEN

25 UL=U(JI+1)
IFCEIACII) =D (TP 03IVLEVJIDD
VKR=U(JI=1)
IF(P=-TIACII=1) LT+ @2IVh=V(JI=2)
RETUKN

30 Uhk=0.001
UL=3.
KETURN
END

16

10
15

20

FUNCTION REGULACD)
DATACTOL=.0000001)

THIS FUNCTION CALCULATES A& RUBRLES TERMINAL VFLOCITY
BY THE RBEGULA FALSI TECHNIGUE

CALL FND(D»VUL,Uh) .
UFL2=(VL*KISE(D,VR)-UR*KISE(L,VL))/ (RISE(T,UR) -
IRISKE(L, VL))

IFCRISE(LSUFL2) o LT eV e e AND o RISF (s UL) s LT e (e o Ok

FRISEC(DLUFRL2) e CT o (e e AND e RISECLSVL) e (Te@e )0 TO 14

VR=VFL?2

GO T0 15

VL =V¥lL.2 .
IFCARSCHISE(D,VEL2) Y e LT 0. 40001C0 1020
GO TO 16

REGULA = VEL2

RETURN

END

1A=, F8el)



H=
D=
Z=
ACE
PAR

kK

TND
SN e

ol

« 285

4.92
=2
T1.
TIME D

0

- 1000
« 3000
- 70200
1.0000
1.5000
2.2000
3.0000
43000
S.0000
6.0000
72000
8.3000
9.2800

OF FORTRAN

IAMETER

« 28500
« 27579
« 25835
22774
«21119
« 19063
17896
«16193
« 14430
« 12595
« 10664
« 08613
«D6375
« (33558

EXECUTION

HEIGHT

49200
4.8232
4.6339
4.2723
4.0240
3.6314
3.2663
2.5742
1.9381
1.3612
« 8469
4067
«3515
“D.2153

VOLUME

1.212E~02
1.098E-02
9.029E~-03
6.+ 184E~-03
4.932E-93
3.627E~-03
3.001E-03
2.223E-03
1.573E-93
1.046E-03
6+ 349E-D4
3.345E~-D4
1.356E~-04
2.358E-05

MOLS MOL FRAC
5.675E~87

5.129E~-07 1.00000
4.196E-07 1.00000
2.847E-07 1.00000
2.256E-27 1.00000
1.642E-07 1.00000
1.345E-987 1.00000
9. 7THY0E~-D8 1.00000
6.801E-08 1.00000
4 449E~-DY5 1.00000
2.661E-08 100000
1.385E~28 1.00000
5¢555E-69 1.00000
9.584E-10 1.00000
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