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3.1

A single shooting formulation parameterizes the control inputs with several optimization variables and just the initial conditions of the state trajectory. The evolution of the state is calculated by a single time-marching
numerical integration. The terminal state of the integration is passed back
to the optimizer and the error from the target, the defect, is assessed. To
solve the optimization problem, the defect must be driven to zero via an
equality constraint. This figure is a conceptual illustration. . . . . . . . . 35

3.2

A multiple shooting formulation parameterizes both the control inputs
and initial states at each discretized time point with optimization variables. This formulation requires more variables than single-shooting and
now has many more defect constraints to be enforced. The length of
the time-marching numerical integrations are now shorter and are dependent on only the neighboring control inputs. This renders the relationship between variables and constraints much more linear, and thus, more
amenable to large-scale constrained optimization techniques. This figure
is a conceptual illustration. . . . . . . . . . . . . . . . . . . . . . . . . . . 37

3.3

A conceptual illustration of a direct collocation formulation. Unlike multiple shooting, each discrete state point is connected with a single time step
of a numerical integration technique. Dynamical consistency is assessed
by the slope of the tangent lines at each collocation point. The trajectory
is dynamically feasible if all collocated tangent lines are equivalent to the
equations of motion. This figure is a conceptual illustration. . . . . . . . . 38

4.1

ATRIAS (Assume The Robot Is A Sphere) is a highly dynamic bipedal
robot whose passive dynamics are designed to approximate an agile and
efficient template: the spring-mass model. Standing 171 cm (5’7”) tall and
62 kg (137 lb) with batteries, the human-scale biped is designed to both
walk and run, and has the actuation, on-board power, real-time control,
and wireless communication necessary to trek untethered through real
environments. At present, there are three ATRIAS bipeds in circulation
functioning as common research platforms. . . . . . . . . . . . . . . . . . 44
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Figure

Page

4.2

The design evolution of ATRIAS from simple model to single-legged prototype to full biped. (a) spring-mass model for legged locomotion (b)
ATRIAS model with naming convention of the four-bar linkage members
(c) first-generation prototype monopod [120] (d) final prototype monopod (used for experiments in sections 4.4.2.4 and 4.4.3.3) (e) ATRIAS,
a bipedal instantiation of the spring-mass model, complete with lateral
actuation and inertial measurement for fully 3D locomotion. . . . . . . . 45

4.3

Workspace of the leg in the (a) sagittal plane and (b) frontal plane. (c)
The range of motion for leg length and (d) the maximum kinematic spring
deflection until the hard stops are reached. . . . . . . . . . . . . . . . . . 49

4.4

(a) The assembled ATRIAS leg mechanism, actuated in-plane by a twomotor stack assembly and rotated in the frontal plane through a pulley
connection to a third motor. (b) The exploded leg assembly, diagramming
the kinematic connections from the central motor stack, through the series
springs, to the four-bar leg mechanism. (c) A cross-sectional view of one
of the paired leg motors, including the transmission via harmonic drive. . 53

4.5

(a) The ATRIAS leg is capable of sufficiently sensitive force regulation
that it can be pushed around with a raw egg. (b) The same series-elastic
leg, which is capable of the sensitive force regulation, is also sufficiently
stiff to quickly break a wooden board. . . . . . . . . . . . . . . . . . . . . 55

4.6

(a) Construction details of the body to make it a strong protective shell
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Chapter 1: Introduction
1.1 The Performance Gulf of Bipedal Robotics
Legged robots, particularly bipeds, lag far behind their animal counterparts in speed,
agility, robustness to falls, and energy economy. This discrepancy effectively prevents the
practical implementation of bipedal robotics. The gap is arguably most stark when you
benchmark well-known robots, like ASIMO, for their energy consumption. The cost of
transport, a dimensionless metric of transport economy defined by energy cost per unit
travel per unit weight, is 16 times higher for ASIMO than it is for a human [64]. Such
inefficiency drastically curtails the life of its power supply, and with it, any widespread
practical application of these machines.
Perhaps less intuitively, this performance gap may actually reflect a knowledge gap.
Perhaps we don’t know enough about the fundamentals of legged locomotion in order to
build and control machines to our liking. As such, this thesis attempts to tackle questions
at the core of legged locomotion as general phenomenon, and we adopt optimization as
our primary tool for getting at the answers.

1.2 Key Questions of this Thesis
We believe the following are key topics are at the heart of understanding and synthesizing
dynamic bipedal locomotion.
1. By what principles do we design the passive dynamics of robots to have capabilities
comparable to animals?
2. What are the core control objectives of legged locomotion in animals?
3. How do these objectives manifest in robot control with thoughtful passive dynamics?
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1.3 Why Optimization?
Legged locomotion, when at its most dynamic (and most interesting), has complex mathematical properties that are stymieing to analyze and control. The system model is
nonlinear, hybrid-dynamical, nonholonomic, and underactuated while demanding both
significant efficiency and robustness in response to an unstructured and uncertain world.
In light of this, you might be forgiven if you wanted to throw your controls textbooks
out the nearest window1 .
However, numerical optimization methods are generally insensitive to these sort of
mathematical headaches. As such, an appropriately rigorous optimization may lend
some insight into problems that are opaque to most mathematical analyses. One can get
glimpses into questions like, “what is the most efficient way to run on sand?” (Chapter
5), or “what would locomotion look like for a running bird, hypothetically, if it cared
about steadying its body motion?” (Chapter 6), or “what is the optimal strategy to
move to a location that is dozens of steps away?” (Chapter 7). We also believe that
optimization may have a unifying role in locomotion. Once we properly understand
the control objectives of locomotion and have a robot design capable of achieving the
locomotion we want, then in concept, everything in between can be handled by an
optimization... that is, if the optimizer is powerful enough.

1.4 Outline
This thesis is divided into four parts. Part I gives context on current approaches to
bipedal locomotion control, the history and role of passive dynamics in legged robotics,
and describes trajectory optimization methods that are well-suited for enabling good
robot performance. Part II details how robot design with thoughtful leg compliance can
enable, not encumber, agile and efficient bipedal locomotion. Part III applies trajectory optimization as a scientific tool for investigating bipedal locomotion as exhibited by
animals (specifically, ground-running birds) and controlled in robots (robots with compliant legs, in particular). This part also builds a general case that optimizing control
for energy economy, while strictly enforcing safety limits, is sufficient to explain bipedal
locomotion in biology and achieve it in robots. Part IV uses trajectory optimization
1

Although, I implore the reader not to be quite so impulsive; Chapter 2 provides a bit more nuance
and context to the advancement and use of traditional control techniques in legged locomotion.
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techniques as a tool for robot control, applying this control to achieve dynamic walking
on the prototype biped, DURUS, and preliminary results on ATRIAS.

1.5 Thesis Format and Contributions
The scope of this thesis touches on a number of research areas, from optimization, to
mechanical design, to nonlinear control, to biomechanics. As such, this work benefited
significantly from the effort and expertise of many collaborators. As appropriate, each
chapter will denote significant contributions made by other researchers toward making
the case in this thesis.
Further, some of these chapters are text that are reprinted from my published work,
and some are taken from submitted (but yet unpublished) manuscripts. When this is
the case, it is marked by an inserted title page listing my co-authors as well as text
describing their contribution to the presented work.
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Chapter 2: Dynamic Bipedal Robotics
We want robots to walk and run out in the world, but so far, they’ve largely been stuck in
the lab. They lag behind their animal counterparts in speed, robustness, and economy. A
subset of roboticists have blamed this failure on far-too-restrictive approaches to control.
This “dynamic walking” community claims that standard motion control techniques are
suffocating the system’s unactuated dynamics, so-called passive dynamics, resulting in
very stiff and inefficient gaits. In the last 20 years, researchers in controls, robotics,
biomechanics, and computer science responded with a flourish of control techniques
which, to varying degrees, are relaxed and cooperate with passive dynamics. This chapter
chronicles these more dynamically-considerate control approaches (with an emphasis on
bipedal machines), how to evaluate them, what they’re missing, and where they need to
go in order to meet the mandates of our legged robots.

2.1 Motivation
Why legs? Why build robots with them? In fact, why should engineers and roboticists
study legs at all? Given decades of research and the fact that we rarely bump into
legged robots on the street, these are particularly apt questions to ask. We posit that
the reasons for legged research are practical, humanitarian, and scientific.
We want robots that can go where we can go, but perhaps don’t want to, e.g. burning
buildings and malfunctioning nuclear plants. For this we need robots that can navigate
our bipedal world. Even in non-human-designed environments, legs can be an advantage.
Scaling mountains and hiking through woods requires traversing rough terrain, vaulting
over obstacles, and a generally compact form factor. Such locomotive tasks are ideal for
legs.
“There is a need for vehicles that can travel in difficult terrain, where existing vehicles
cannot go... Only about half of the earth’s landmass is accessible to existing wheeled and
tracked vehicles, whereas a much larger fraction can be reached by animals on foot.” Marc Raibert [223]
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Figuring out legged robots can enable prostheses and orthoses (exoskeletons) for
medical and enhancement applications. Properly focused robotics research is likely to
reveal insights into human legs and terrestrial biological locomotion in general, as they
function on similar mechanical principles.
Most fundamentally, the basic science of legged locomotion is poorly understood,
even when not considering biology. While 20th century mathematical advances have
solved a vast array of motion control control problems, these controls frameworks and
tools are a poor fit for legged locomotion. Settling times and linearized stability aren’t
necessarily amenable to the control task of legged locomotion as specific states need
not be regulated in order to walk and run. The most basic control objectives of legged
locomotion, and how they can be achieved, are a challenge to divine.

2.1.1 Legged Robots: The State of the Art
Despite plenty of motivation, no robot has yet fulfilled all of the fundamental task requirements of legged locomotion, particularly speed, robustness, and energy economy.
However, some robots are much farther away from this goal than others.
Scores of humanoid prototypes have been constructed the last 30 years [5], and virtually all had their control grounded in a principle called zero-moment point (ZMP) [295].
The zero-moment point is the point at which a robot needs to apply its resultant force
such that there is no net moment on the robot. If this point rests within a support
polygon of the robot, such as its foot, then a controller can guarantee zero net moment
and it will not fall [296].
ZMP methods’ most famous ambassador is Honda’s ASIMO [237] (Advanced Step
in Innovative MObility), a humanoid capable of planned maneuvers such as walking,
climbing stairs, simple exercises, pushing carts, and the like. Of the dizzying number of
ZMP-driven humanoids [156, 311, 207, 161, 117, 174], ASIMO’s locomotive capabilities
stand out because of its recent hopping capability and generally well-choreographed 3D
locomotion.
However, ASIMO has many pitfalls, particularly robustness and economy. ASIMO
demonstrations rarely include push recovery or significant disturbance rejection. This
is likely due to inherent restrictions resulting from the ZMP framework, which requires
a flat-footed gait. By contrast, humans do not have a flat-footed gait and do not en-
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force zero moment, even when wearing clunky “robot shoes” [240]. Further, ASIMO’s
very artificial approach drastically amplifies its energy consumption. The cost of transport, the standard dimensionless benchmark for locomotive economy, is estimated for
ASIMO [64] to be at least 16-times higher than human walking [83]. This cost limits its
effective battery life to less than 30 minutes1 . Barring an unlikely order-of-magnitude
breakthrough in battery energy densities [246], practical application of ASIMO-style
humanoids is somewhat of a pipe dream.
Encouragingly, more dynamic robots have recently started gaining speed, robustness, and economy, in varying combinations in the past 10 years. Entries from Boston
Dynamics Inc. include the quadrupedal robot CHEETAH which can bound at 18 mph
(a robot better known by its recent incarnation as Wildcat). Boston Dynamics’ hydraulically driven BIGDOG [221] and LS3 are shockingly robust quadrupeds, famously
handling human kicks. The same company also built the humanoid PETMAN which
has a seemingly robust 3D walk, and can do push-ups and jumping-jack-like exercises.
Unfortunately, these prototypes all have absurdly high power draws, reportedly several
dozen horsepower, making mobile longevity a problem. MABEL [123] is a comparatively
economical spring-legged robot, capable of running [270], and handles obstacles rather
elegantly [271], but was always restricted to a rotating boom. Cornell’s Ranger is the
most economical legged robot ever built. Ranger is a biped-like walker, is only actuated
in leg swing and ankle push-off, and can walk a 40.5-mile ultra-marathon on a single
battery charge [25]. The Cornell Ranger also walks at a plodding pace, is not subjected
to significant disturbances, and is not particularly maneuverable.
While better actuator design likely plays a role in the improved performance of some
of these robots, perhaps similarly important is their eschewing of restrictive ZMP-based
control and their embrace of passive dynamics.

2.1.2 Passive Dynamics
“Passive dynamics”, coined by Tad McGeer in 1990 [185], describes the behavior of a
mechanical system when its actuators do not add or remove energy from the system, or
1

Other researchers are looking to solve humanoid agility problems by raising power capabilities [288].
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when it lacks actuators entirely2 . The concept is in many ways identical to “morphological computation” [210] and “intelligence by mechanics” [35] since they also refer to
system behavior without control from actuators.
While passive dynamics is a term seen mostly in the engineering literature3 , we can
see the effects of passive dynamics throughout biology. Running cockroaches can respond
to pushes faster than they can think [150], dead trout can swim upstream given common
stream conditions [22], and gibbons brachiate in a manner similar to a passive pendulum
[51]. Such biological observations indicate that properly designed passive dynamics can
equip our control systems with robustness, energy economy, and agility that would be
otherwise impossible.
We and others argue that legged robot controllers must be more permissive of their
passive dynamics for performance to sufficiently improve [64, 7, 169, 308]. However,
by and large, the control theory for such passive-dynamic-friendly actuation is still a
fledgling.

2.1.3 A Quibble
Amidst such complaining about control theory neglecting passive dynamics, someone
familiar with control theory might object:
“What do you mean by that? We explicitly incorporate these passive dynamics into
virtually every control technique.”
In fact, strictly speaking, this retort is correct. By definition, passive dynamics are
encoded into the equations of motion of every dynamical system. These unactuated
behaviors are even conveniently decoupled in most control equation forms. Take the
ubiquitous state equation for linear time-invariant (LTI) systems:
ẋ = Ax + Bu
where the state matrix (A) defines the relationship between the state (x) and its deriva2
While electrical or otherwise non-mechanical systems can also be described as passive (filters in
particular), we restrict the scope of this article’s dynamical discussion to mechanical systems.
3
Passive dynamics should not be conflated with the nonlinear control framework of “passivity” [251],
concepts which are indirectly related.
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tives (ẋ), i.e., the passive dynamics. Inspecting almost any technique from modern
control theory, e.g. pole placement or linear-quadratic regulators, will reveal this state
matrix at the heart of its control law. The same applies to more nonlinearity-friendly
stereotypical forms, like the manipulator equation:
H (q) q̈ + C (q, q̇) q̇ + G (q) = B (q) u
where nonlinear control techniques are dependent upon the fundamentally passive terms:
inertial (H), Coriolis (C), and potential (G). By this reasoning, it would be more brief
to list control techniques that don’t work with passive dynamics.
Asking proponents of passive-friendly controllers to define their ideal controller just
further confuses the issue. Arguably the most passive-friendly control possible is no
controller at all, as exemplified by purely passive machines [185]. In contrast, inspecting
such control laws reveals no state matrices or Coriolis terms, merely a bald array of
zeros.
However, this apparent paradox can be resolved by differentiating between working
“with” passive dynamics as opposed to “against” passive dynamics. For example, feedback linearization uses control to stamp out the natural nonlinearities of the dynamics,
leaving a conveniently controllable linear system in its wake. This, to some extent, is
working against passive dynamics, not with them.

2.1.4 Definition and Overview
There is no established demarcation line indicating whether a controller works with
passive dynamics. In fact, at no point in the literature is an operational definition of
“working with passive dynamics” clearly articulated. The passive quality of robotic gaits
are instead defined aesthetically, e.g. natural-looking [69] or dynamics-based [19]. We
can viscerally separate ASIMO from the Cornell Ranger by the degree to which their
controllers are generally not intervening with the dynamics, but this is not a satisfying
definition. We are ultimately forced to concede that these controllers fall on a spectrum.
This chapter seeks to categorize legged control techniques as they exist on this spectrum of passive-friendly controllers. We begin by enumerating the analytical, computational, and task complexities in legged control preventing satisfactory performance from
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modern control theory (Section 2.2). We bin all but the most dynamics-quashing walking and running approaches into five categories: the Raibert/McGeer/Ruina lineage of
dynamic robots (Section 2.3), underactuated control (Section 2.4), biological inspiration
(Section 2.5), canonical models (Section 2.6), and optimal/robust control (Section 2.7).
For perspective, we point out existing control gaps (Section 2.8.1). We then propose a
quasi-quantitative metric of a controller’s cooperation with passive dynamics, positing it
is equivalent to work optimality (Section 2.8.2). We contend that trajectory optimization
holds a lot of promise in future research (Section 2.8.3), argue that this will require more
thoughtful stability metrics (Section 2.8.4), and summarize the report (Section ??).

2.2 Limits of 20th Century Control Theory
Modern control theory can be thanked for its contributions to the Apollo program [184],
cruise control [277], and master-level backgammon algorithms [282], but a framework
for dynamic legged locomotion is conspicuously absent. We document the systematic
deficiencies in modern control theory, generally defined as techniques developed through
the twentieth century, as they apply to legged robots and passive dynamics in particular.

2.2.1 Analytical Complexities
Virtually every legged locomotion model is inherently nonlinear4 , nonholonomic5 , and
hybrid dynamical. Worse yet, the most dynamic legged robots are underactuated, a
term which control theorists never even defined until 1991 [203]. These mathematical
inconveniences are effective barriers against many analytically-derived control methods.
There is a strong impetus in control design to linearize systems since linear control
theory is an extensively matured discipline. Every legged locomotion model contains
an inverted pendulum, and consequently, its built-in nonlinearities. Further, traditional
linearization techniques yield heavily approximated walking models. For example, linear
approximations of inverted pendulums only apply near it’s upright position, i.e., fixed
4

The most notable exception is the linear-inverted pendulum model (LIPM) [154], which is primarily
an approximation used for large-dimensional planning and variations on ZMP-like techniques.
5
All models derived from the equations of motion of a relevant legged system are nonholonomic. As
will be explained Section 2.6.1, some models are holonomic approximations of dynamics, but are not
directly derived from equations of motion
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point, thus corresponding to walking models with small step sizes. Using linear methods
on legged locomotion either requires actuation-based linearization [154] or more inventive
techniques (Section 2.4.1).
Further, the equations of motion for legged locomotion models cannot be solved
analytically for an arbitrary point in time6 , and thus are nonholonomic. This is a problem since all trajectories must be integrated numerically, which is an inherently slower
process and makes analysis tricky. Further, planning several steps ahead becomes computationally catastrophic when analytical solutions are not available [211]. Controlling
nonholonomic systems can be aided through holonomic approximation (Section 2.6.1) or
a more model-based analysis and control (Section 2.6.2).
The step-to-step transitions of legged locomotion renders legged locomotion fundamentally hybrid-dynamical, meaning it is a combination of both continuous and discrete
dynamics7 . The most broadly useful nonlinear tools, such as Lyapunov functions and
zero dynamics, are not directly applicable to hybrid systems [312]. Further, hybrid systems can exhibit wacky phenomena like Zeno behavior [11], where walking phases switch
in rapid succession. Incorporating hybrid systems into control techniques requires a
number of mathematical innovations in order be addressed (Section 2.4.3).
The most analytically troublesome and potentially powerful property of legs is underactuation. When there aren’t sufficient actuators to directly control each degree of
freedom, motion control becomes a challenge (Section 2.4). This underactuation appears
in animals during their most dynamic and efficient motions, and robots should follow
suit.

2.2.2 Computational Complexities
Legged robots, particularly humanoid ones, have enough degrees of freedom that they become vulnerable to “multidimensional miseries.” More popularly known as the “curse of
dimensionality,” multidimensional miseries8 refers to the exponential explosion of computational complexity that inevitably emerges with more state variables added to a
6

At most, legged models are piecewise holonomic [137], as the peg-leg walker can be solved for
individual steps [243].
7
Legged locomotion even qualifies as hybrid dynamical when many discrete phenomena like impacts
are not modeled since it is a continuous system with phased operation [179]
8
Both phrases are attributed to Bellman [23, 171]
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problem, i.e., dimensions. With robots, each additional degree of mechanical freedom
adds two state variables, meaning two additional dimensions for an algorithm to explore.
This curse is a particular hindrance to dynamic programming methods, which require
representation of multidimensional state space (Section 2.7.3).
The regular phase changes and multiple gait possibilities present a problem to integrators and trajectory solvers. Integrating over discontinuities creates a non-smoothness
for optimizers, which can cause algorithms to stall. Further, more complex robots have
increasing numbers of dynamical modes, such as joint impacts, makes for a larger solution
space which is more difficult to navigate (Section 2.7.2).

2.2.3 Task Complexities
The demands of legged locomotion can be seen as a blend of agile, economical, robust9
tasks, as is observed in human locomotion. Persistence hunters have been tracked over
35 km on a hunt [176], demonstrating economy and robustness. Olympic runners hurdle
obstacles with an average speed over 8 meters a second, showcasing speed and robustness.
Robots, too, must achieve combinations of control requirements. These tasks demand
both energy optimal and robust control, which are difficult to achieve for many classes
of nonlinear systems (Section 2.7). Further, balancing control demands is even harder
when requirements are difficult to theoretically define, such as legged stability and agility
(Section 2.8.4). But regardless of definition, it is safe to say that the first highly agile and
robust legged robot controllers were developed, not by theoreticians, but by roboticist
Marc Raibert.

2.3 Raibert Revolution
In a century when mathematicians like Pontryagin, Kalman, and Bellman were revolutionizing the very foundation of dynamics and control, an outside observer might be
perplexed by the academic impact of Marc Raibert. There is no “Raibert Maximum
Principle,” or “Raibert Invariant Manifold,” or even a “Raibert Equation.” There are,
however, the “Raibert hoppers,” the “Raibert controllers,” and a company he founded
9

Unqualified robustness and stability, in the context of legged robotics, are overlapping concepts to
the point of near-interchangeability.

13
named Boston Dynamics. While industrial robot control was arguably conquered by 20th
century mathematical advances, the theoretical complexities inherent to legged locomotion stymied contemporary control theory. In the 1980’s, Raibert demonstrated that
legged robots can be built and dynamically controlled using intuitive principles, and 30
years later, control theory is still catching up.

2.3.1 Phase I: Raibert’s Hoppers
Raibert’s laboratory created highly-dynamic running robots with one [222], two [223],
and four [220] pneumatically and hydraulically powered legs. Unlike many dynamic
legged robots today [123, 14], Raibert’s hoppers often ran dynamically ran without a
boom, exhibiting fully 3D locomotion while powered via pneumatic tether. Further,
this series of robots were able to hop up and down steps [133] and, most impressively,
performed front flips [134] and back flips [213]. The control for these robots is based on
more intuitive legged dynamics concepts, such as adjusting step length and regulating
push-off magnitudes [135].
The success of this conceptual simple control inspired a wave of hoppers and runners,
all with different twists on the same energy-based control scheme. The number of hopping
prototypes in the immediate wake of Raibert’s work easily totals over twenty [242], but
the Bow Leg Hopper [315] and the ARL Monopod II [2] are fair representatives of their
planar control. The Bow Leg Hopper carefully injects energy during each ground phase
by releasing energy pre-stored in a spring. Like most hoppers, the Bow Leg stabilized
its lateral position by adjusting its leg angle proportionally to its velocity. The ARL
monopod II used a similar policy, but controlled its rotating torso by regulating leg
retraction on the ground. While the ARL-Monopod II is claimed to to have instantaneous
mechanical efficiencies that approach human running economy, a more general problem
with energy economy persists.

2.3.2 Phase II: McGeer’s Walkers
In 1990, Tad McGeer published his demonstrations of robots that walk down a slope
with no actuators at all. He called this phenomenon “passive dynamic walking” [185],
effectively coining the phrase “passive dynamics” for the field of robotics. What made
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McGeer’s approach particularly poignant was how natural and human-like these passive
gaits appeared10 , especially compared to the highly regulated motions of ASIMO unveiled
a decade later. This finding spawned a series of nonlinear analyses of passive-walking
behavior [284, 115, 107, 238], as well as other similar biped [65] and quadruped [204]
prototypes.

2.3.3 Phase III: Cornell University et al
After years of theoretical analysis of passive machines [62, 108], Cornell’s Biorobotics and
Locomotion Lab, headed by Andy Ruina, began adding control to passive walkers. The
result was the unnamed bipedal robot built by Steve Collins, sporting counter-rotating
arms and carefully placed mechanical hard stops [66]. Through mechanically triggered
ankle push off and no computer control, Collins’ robot was the first robot to demonstrate
walking as economical as human walking [64]. While this also inspired similar robots
[12, 308, 132], the impact of this finding resulted in a variety of “minimal” control
strategies for otherwise passive bipeds [145, 170, 309]. This work has arguably culminated
in the world’s most economical walking robot, the Cornell Ranger [25] (described in
Section 2.1.1), which uses optimal control techniques to minimize power draw from its
battery (Section 2.7.2). Like so many other passive-inspired walkers, the Ranger walks
using only an ankle push-off and an assisted leg swing. With such minimal actuation,
this robot could walk a record-setting 40.5 miles on a single battery charge [26]. The
message to control designers is clear; letting passive dynamics do some of the work can
yield impressively efficient results.

2.3.4 Passive Aggressive
It can be argued that passive dynamics can be overemphasized in robot design philosophy,
making robots impractical. The most passive possible robots are only designed for a
particular task, e.g., steady walking. Passive dynamic walkers are an illustration of the
potential power of passive dynamics, not an end themselves. This is most evident in
robots which attempt to adjust their passive dynamics during operation to optimize
passive gaits [283, 289, 292, 88]. Such approaches have not yet yielded superior control
10

Even though the swinging of human legs is not purely passive [307]
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or demonstrated more efficient gaits, but they can dramatically complicate mechanical
design [143].
The insights into passive dynamic walking can also be misinterpreted as an endorsement to “mimic” passive motions. Various controllers have been developed with the
stated purpose of mapping the trajectories of passive downhill walkers onto flat ground
[116, 268, 19]. While these are notable mathematical achievements, we argue this can
miss the point of dynamic locomotion. While this motion appears relatively human-like
and “natural”, motion controllers are now enforcing this trajectory, making control more
restrictive and expensive instead of relaxed and efficient. Further, these methods require
full actuation of the planted foot, requiring ZMP-foot conditions, perhaps suppressing
the walker’s otherwise elegant and efficient underactuated dynamics.

2.4 Underactuated Control
When a legged robot doesn’t have an actuated foot flat on the ground, it is underactuated
[122]. Several legged robots have exhibited this behavior under these conditions [223,
56, 123] despite their underactuation invalidating powerful nonlinear control tools like
feedback linearization.
Underactuation inherently forces control designers to work with passive dynamics.
As they are informally (and incompletely) defined, underactuated systems have fewer
actuators than they have degrees of freedom [203]. In a more mathematical sense, an
underactuated machine cannot drive its state variables in arbitrary directions, making
choices about which direction to drive nontrivial [202]. This limitation of control “directions” compels even the most linearizing control methods to work with passive dynamics
to some degree.

2.4.1 Feedback Linearizations, Walking, and the Acrobot
Likely the best known example of an underactuated system is the “pendulum on a
cart,” but the “acrobot” is arguably more illustrative of the complexity of underactuated
control. The acrobot is a double pendulum with only a single actuator connecting its
distal and proximal links, with the typical control target of swinging from the lowest
configuration to it’s upright, balanced configuration. This task is dubbed the “swing-up
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problem” [264]. The tumbling and counter-intuitive motions necessary to flail the acrobot
into the swung-up position make it an iconic example of the challenges of underactuation.
Spong was the first to develop a technique for such systems called partial feedback
linearization (PFL) [267]. While it is true that a broad class of underactuated systems
cannot be fully linearized via feedback, under certain conditions, it can be done partially
by transforming the coordinates of the input variables. For a “strongly coupled” system,
this change of variables can provably linearize some degrees of freedom, rendering them
amenable to linear control. Spong demonstrated partial feedback linearization by solving
the acrobot swing-up problem. PFL was also applied to walking models with identical
dynamics to the acrobot, achieving underactuated walking [54, 50]. While an important
tool, PFL can only work in systems with one unactuated degree of freedom, and highly
dynamic robots are likely to have several.

2.4.2 Transverse Linearization
Transverse linearizations, unlike PFL, can effectively linearize systems of any degree of
underactuation [257]. For any feasible maneuver in a system, there is a set of dynamics on a plane transverse to its motion, identified as transverse dynamics [21]. These
transverse dynamics describe how a trajectory behaves when it is perturbed, regardless
of the degree of underactuation. These transverse dynamics can be locally linearized,
enabling stabilizing linear control techniques [181, 103]. In effect, it allows for the simple
stabilization and linear analysis of trajectories for any underactuated system. But linear
approximations have limited regions of accuracy and, as mentioned previously (Section
2.1.3), they avoid potentially helpful nonlinearities instead of embracing them.

2.4.3 Hybrid-Zero Dynamics
Hybrid zero dynamics attempts to control nonlinear, hybrid systems by driving the system to a set of designed virtual constraints. Imagine a ten-link serially-chained robot,
with the nine distal joints fully actuated and the grounded hinge unactuated, and the
control designer is asked to make this high-degree-of-freedom robot behave like a simple
pendulum. The control designer could accomplish this easily by position-controlling each
actuated joint so that they are locked in place. These simple target dynamics are an ex-
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ample of zero dynamics [168] and were achieved by imposing virtual constraints enforced
by feedback control. Hybrid zero dynamics (HZD) is an extension of this zero dynamics
concept to hybrid systems, e.g., walking with impacts [303]. While zero dynamics and its
hybrid extension is a much more broad mathematical concept than just described [45],
this virtual constraint approach to joint control is largely the basis of HZD as applied to
legged locomotion.
The art of designing HZD controllers lies in the selection of virtual constraints. For
legged locomotion, the most prominent constraint formulation controls posture as a
function of leg angle [16] or similar gait quantity. In effect, such constrained robots
act like walking “kinetic sculptures” [113], linkage mechanisms which mechanically drive
their legs as they are pushed by the wind11 . The most prominent implementation of HZD
was in planar walking, particularly on the bipeds RABBIT [301], AMBER [310], and the
planar spring-legged MABEL (which showcased walking [124], large obstacle negotiation
[271], and running [270]). Further, HZD can also be used to reduce a complex robot to a
simpler legged model [215], or condensing the endless scope of possible trajectories into
a library of simpler motion primitives.

2.4.4 Motion Primitives
Motion primitives are discrete representations of individual behaviors that can be assembled into a state machine, allowing for smooth transition from action to action. While
primitives certainly apply to a larger class of systems than underactuated locomotion
[199], or legs for that matter [20], they could have particular value in enabling legged
mobility. Real environments tend to be richly diverse with walls, hills, steps, bumps
and slicks, making it difficult to have an optimized plan for every conceivable option.
However, by stringing together a reasonably sized library of simple primitives such as
walking, trip reflexes, side stepping and turning, a fluid and adaptable behavior can
emerge. Behavior libraries also reduce the computational complexity of the problem,
in contrast to state lookup tables. Motion primitives have been developed for many
ZMP-constrained robots, but primitives have been developed for more dynamic bipeds
11

One key difference in this analogy of hybrid-zero dynamics to kinetic sculptures is energy conservation. Kinetic sculptures are constrained by mechanical linkages, which do not add energy to the gait in
and of themselves. Virtual constraints, in constrast, can add energy to the gait.
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[118, 216] and quadrupeds [258] as well. Motion primitives are also a very effective way
of producing dynamically accurate character animations that perform a variety of maneuvers [314]. This approach is made more tempting by evidence that motion primitives
have some basis in biology [102], but it is far from the only technique which can claim
to be biologically inspired.

2.5 Biological Inspiration
Biology still does legged locomotion best, making it an obvious source of inspiration
for design and control. However, bioinspiration and biomimetics means different things
to different researchers. They can mean mimicking morphology of linkages [178], mimicking muscle configurations [311], or even just mimicking the computational algorithm
used to compute control [297]. This section focuses on models and controllers based on
dynamical measurements of biology, not models simply bearing resemblance to biological morphology, since dynamical principles are more broadly extensible to control in
robotics.

2.5.1 On Central Pattern Generators
Central Pattern Generators (CPGs) are at the core of many periodic biological motions,
from chewing to breathing [182] and, most applicably, to legged locomotion [146]. Simply
speaking, CPGs are timed clock signals used to coordinate motions, not requiring higher
level control or sensory feedback. The spine from a lamprey, a jaw-less fish, will produce
periodic traveling signals down the spinal segments [61]. When mechanical feedback
is introduced to a spine, new signals are coupled into the system, creating complex
interactions. A viscerally compelling demonstration was done with a decerebrated cat,
showing that such an impaired cat on a treadmill will walk and even change gaits with
speed [234].
Roboticists have begun to model central pattern generators in robots, from snake[68] to cockroach- [17] to cheetah-inspired [236] machines. A recent review of CPGs and
robotics [146] presents four reasons for which legged locomotion is a good fit for using
CPGs. The author argues that CPGs:
1. are designed to produce cyclic behavior, e.g. walking and running

19
2. require relatively few parameters to define a behavior
3. allow for straightforward incorporation of feedback signals
4. have parameters that are well suited for optimization
Further there is growing evidence of the role of CPGs in aspects of human locomotion
[3, 4]. However, it is important to note is that CPGs are a controller representation,
and their existence or importance in biology does not inherent imply any control target
other than cyclic behavior.

2.5.2 Templates and Anchors
When combing biology for control inspiration, how can we make sure our insights are
insightful? How can we avoid copying superficial features (so-called “cargo cult” approaches [101]) or getting lost in the minutia of muscle movements? One method for seeking such clarity is through simple, reduced-order models. Bob Full and Dan Koditschek
suggested a methodological framework for investigating biological control called “templates and anchors” [105].
In short, template is a simple model and an anchor is a more detailed biological
model. For example, a running cockroach could be represented as a simple spring-mass
system in order to describe its overall behavior, dubbed a “template”. This reduced-order
behavior can be mapped to a more detailed multi-linked cockroach model, called an “anchor,” to discern the details of its controlled motions. This template-driven approach is
responsible for insights into cockroach locomotion [173], particularly clock-driven torques
[247], which were implemented on the cockroach-inspired hexapod robot, RHex [8, 239].
Likely the most profound template-based analysis for bipeds comes from a lesser
known ground bird called the guinea fowl. Animal running had long been approximated
by a spring-legged template model [186]. However, this model was derived using steady
running data. By running guinea fowl over visible and hidden steps and potholes, it was
made clear that running obeys this template even when not running steadily [74]. This
suggested that the spring-legged template had broader insight than the data from which
is was postulated, exhibiting predictive power. Such a template model could be used
as a basis for more model-based control techniques (Section 2.6.2). While this insight
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was derived via a very targeted hypothesis and experiment, others have sought a more
exploratory and computational method to studying biological control.

2.5.3 Computational Exploration
Some researchers have sought to identify underlying biological properties using exploratory, computational searches and fits. One approach meshes hybrid zero dynamics
and human data to find virtual constraints that match the kinematics of human locomotion [9]. While it is difficult to say whether human maneuvers obey virtual constraints,
the resulting reduced-order model (termed a canonical walking function [261]) has produced trajectories on the planar robot AMBER that match human limb kinematics [310].
Similar approaches have been attempted in finding underlying objectives of human
walking. By looping a trajectory optimization inside a further optimization, researchers
iteratively try to match optimal control of a fully articulated human model with human
maneuvers. Purportedly, a good match between the complex model and human data
should find a core objective to human locomotion [189]. However, one could question
whether the complexity and number of fitting terms in these objectives limits the predictive power of the findings. Further, the insights could be more clean and testable if,
instead of complex articulated models, more simple canonical models were studied.

2.6 Canonical Models
In contrast to investigating highly articulated models or developing techniques to control
mathematical classes of robots, some researchers have simplified legged locomotion to
simple relevant models for control insights12 . Some of these reduced-order models have
become so pervasive in the community that we dub them canonical models. While
many simple models have been proposed for legged locomotion [107, 255], we argue
the canonical models are composed of the rimless wheel [62], compass gait [266], springloaded inverted pendulum (SLIP) [245], and the five- [57] and seven-link [24] planar biped
models. A vibrant controls and analytical literature surrounds most of these models, but
we will just touch on the rimless wheel and the compass gait, and focus on the SLIP
model.
12

The canonical models listed here are the more prevalent examples of templates (Section 2.5.2)
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The rimless wheel is the crudest of walking models, simply a point mass with multiple
protruding spokes which roll downhill with repeated impacts. This canonical model
is something of an outlier, given it is entirely passive, requiring no controller. It is
primarily used as a simple platform for investigating stability [44] and bifurcations [18]
with minimal dimensionality.
The compass gait is directly inspired by the McGeer passive walkers (Section 2.3.2),
and is used to model passive walkers [94] and controlled passive-inspired walkers [42].
The compass gait comprises a free-rotating “stance” leg (typically a point mass) planted
on the ground, a point mass body, and a distal “swing” leg (sometimes connected through
a torque actuator). The dynamical equations are identical to the previously mentioned
acrobot (Section 2.4.1), and are similarly underactuated. Analysis and control of the
compass gait is largely identical to methods covered in Sections 2.3.2 and 2.3.3, with
some modern model-specific additions for rough terrain control [42, 140, 55]13 .
The SLIP model comprises a point body mass and a massless linear spring for a
leg. Originally named the spring-mass model [33], this simple approximation was mainly
aimed at modeling the bouncing-like motion of human running [49]. Since then, the
SLIP model has become a staple running model for animals and robots, and has even
been posited as a more relevant walking model [111]. While the SLIP model is reduced
in order, it is still rife with mathematical complexity (Section 2.2.1).

2.6.1 Holonomizing the Nonholonomic
Researchers have gone to considerable lengths to make legged models holonomic, especially the SLIP model. The dynamics equivalent to SLIP were shown not to have an
exact closed-form solution long ago [306]. In response, researchers have attempted approximations of the step-to-step mapping (return map) of the SLIP model [244], which
include turning off gravity during ground contact [110] and decomposing the motion
into sub-phases [15]. However, the best of these approximations result in state errors
around 3%, which would be unacceptable for multiple steps with the fairly sensitive SLIP
model. However, using actuation, holonomic symmetries can be enforced on SLIP-like
robots [211], facilitating predictable gaits on an infinite time horizon. This, of course,
13

There are some more general approaches which are applied to the compass gait [180, 69], which will
be elaborated upon in Section 2.7.5.
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will also exacerbate actuator costs with every step.

2.6.2 Model-Based Analysis and Control
Control of the SLIP model largely focuses on its state at the moment it touches the
ground, so-called touchdown conditions. If properly selected, the right touchdown conditions can result in a perfectly symmetric gait, called an equilibrium gait [93]. By
thoughtful analysis of the SLIP-model return map, touchdown conditions can guarantee
an equilibrium or other target gait within the current energy level [92]. Most conveniently, this guarantee extends simply to very rough ground without the need for viewing
the environment. Similar methods have been developed which incorporate energy variations, which were demonstrated to handle extremely rough terrain on a testbed planar
hopper [14].
Additionally, there is potential applicability of the theoretical SLIP model to practical
spring-legged robots. ATRIAS is a robot designed to approximate the SLIP model, and
theoretically capable of untethered outdoor locomotion (See Chapter 4). SLIP model
methods can even be used on robots with rotating torsos via a simple stabilization
technique called virtual pivot point [183]. However, for more general robots, the robust
and efficient SLIP-model controllers are likely not useful. Such robots require generalized
methods of optimal and robust control.

2.7 Optimal and Robust Control
By definition, optimal control encompasses controllers which attempt to maximize system performance as defined by an objective function. In legged locomotion, the objective
is often a measure of energy consumption, thereby making optimal control a method of
energy economical control. In linear control theory, this is exemplified by the linear
quadratic regulator (LQR), which guarantees optimal control inputs based on an objective defined via Q and R matrices.
Robust control, in contrast, seeks to ensure satisfactory system performance in
the presence of uncertainty. Traditional control techniques generally treat uncertainty
as Gaussian noise (LQG), frequencies of disturbances (H∞ ), or modeling uncertainty
(parameter-dependent Lyapunov functions [106]). While legged locomotion doesn’t have

23
a perfect definition of stability or robustness (Section 2.8.4), robust control generally
means “not falling down.”

2.7.1 LQR: Still Alive and Regulating
Despite the nonlinearities, underactuation, and other such mathematical obstructions,
the linear quadratic regulator is still a staple of optimal control in legged locomotion.
Partial feedback linearization, and transverse linearizations continue to keep LQR in
the picture. However, more and more, LQR is being used as a basis for trajectory
stabilization [286] or stabilizing linearized Poincaré maps [270], rather than computing
large motions14 . Instead, the higher level trajectory generation is computed by motion
planning methods like trajectory optimization.

2.7.2 Trajectory Optimization
Trajectory optimization is a process of finding a state or input trajectory which satisfies given constraints with the best possible performance. Trajectory optimization was
traditionally applicable to the orbital mechanics of space vehicles, where every ounce of
fuel matters [129]. Such a tool has obvious benefits to a field of robotics so plagued with
high transport costs.
While virtual constraints and CPGs can also be designed via optimization, trajectory
optimization uses the freest representation (time-varying trajectories), allowing for the
closest approximation of the true optimal solution. Much of the finesse in the process of
trajectory optimization happens in the problem formulation, not necessarily the choice of
optimizer. There are three primary approaches to formulating a trajectory optimization
problem, which conceptually differ in how they represent dynamics to the optimizer. 1)
Single shooting [166, 274] and 2) multiple shooting [190] both integrate the evolution of
the dynamics with time-marching integration [225]. 3)Direct collocation [294, 228] relies
on the optimizer to enforce the dynamical feasibility of the state trajectory, enforcing
the equations of motion directly as equality constraints. These formulations are given
more elaboration in Chapter 3.
14

One notable exception is the iterative linear quadratic regulator (iLQR), which iteratively solves
linear approximations of the nonlinear problem using LQR [175].
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However, these methods have long struggled with handling an unknown sequence of
contact conditions. Typically, changes in dynamics or impacts must be predefined by the
user with trajectory optimization methods, which creates problems when combinations
of contact sequences grow. Recently, two principled solutions have been developed to
circumvent this problem. 1) Approximating ground contact as a continuous, smooth
force model allows for a single set of dynamical equations that never need to switch
[287]. 2) Again, instead of switching dynamics explicitly, reformulating contact into a
linear complementarity constraint effectively changes the dynamics in a comprehensible
way for the algorithm [214]. Most impressively, the linear complementarity method was
able to handle the 25 individual contact conditions in the FastRunner simulated robot
[67], which has millions of combinations of contact modes as a result.
Keep in mind, optimal trajectories are not regulating controllers by themselves. If
perturbed, there is no guarantee that the system will converge back to the optimal
trajectory. However, if trajectory optimization could be performed in real time when
perturbed, then the new trajectory could take over. This is exactly the goal of a particular variant of dynamic programming, called differential dynamic programming.

2.7.3 Dynamic Programming
Dynamic programming15 is an optimal control approach which functions by recursively
solving pieces of the optimal control problem. Dynamic programming requires representing every possible state for your system, subjecting it to the so-called “curse of
dimensionality.” For lower-order systems like the compass gait, this is not a problem.
Using a standard algorithm called value-iteration [276], the simple compass gait model
can be made to walk on rough terrain [44] while selecting speed and economy tradeoffs [140]. Dimensionality can be reduced by decomposing the problem into multiple
low-dimensional subsystems to control [304], resulting in robust walking of a twelve
degree-of-freedom simulated robot.
Differential dynamic programming iteratively builds optimal trajectories by sweeping forward and backward in simulated time [149]. This process is effective at yielding
15

“Dynamic programming” was coined by Richard Bellman. Reportedly [86], Bellman called it “programming” merely to avoid mathematical terminology that would unnerve the DoD leadership, his
current source of funding. Further, while “dynamic” properly refers to a time-domain behavior, it was
also chosen because it was “impossible to use the word ‘dynamic’ in a pejorative sense.”
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practical trajectories, but suffers from the dimensionality problems common in dynamic
programming. However, by limiting the time horizon of the trajectories, and using prior
solutions as a “warm start,” locally optimal trajectories can be computed in real time
[278]. The result is a model-predictive controller which responds fluidly to perturbations
and modeling errors, and is dubbed “receding horizon” differential dynamic programming.

2.7.4 Capture Points
Capture points are part of a principled framework for robotic push recovery [218]. A capture point is a target foot position on the ground, computed using an inverted pendulum
model, which guarantees the robot will come to a complete stop, i.e., it is captured. For
any given robot state, there is a set of available capture points, called a capture region
[226]. These capture regions can be pruned away to eliminate known pits and drops. This
framework also can be computed for multi-step maneuvers, meaning certain regions are
“two-step” or “three-step” capturable. Further, by targeting the proper capture points,
the robot can be in a continual state of controlled recovery. The result is a series of
forward-falling steps, which many would argue is the equivalent of dynamic walking.

2.7.5 Lyapunov Methods: Funnels, Trees, and Semidefinite Programming
The “Lyapunov function” is a pillar of dynamics and control theory. Given a Lyapunov
function of a system, a manner of stability (“stability in the sense of Lyapunov”) is
mathematically guaranteed for a specified range of states. There are no caveats that
the system must be linear, holonomic, or fully actuated. The catch: finding Lyapunov
functions which satisfy the required conditions has long been something of an art.
A valid Lyapunov function can be visualized as a funnel around a target state. By
placing a ball (robot state) within the width of the funnel, it will eventually roll to the
center16 . These Lyapunov “funnels” are limited in shape and width, but they can be
chained together. The result is a constructed structure of funnels, which once inside, the
16
This is not strictly true as stability in the sense of Lyapunov does not guarantee asymptotic stability,
but it useful for illustrating the point.
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system is guaranteed not to leave [41].
This notion of funneling states into a target state can be extended into tracking
trajectories. Given a target orbit in state space, a “branch” trajectory can be grown
out of it, which lead back to the target orbit. Further, branches can be grown out of
those branches, procedurally filling up the state space. If a reasonably wide region of
Lyapunov stability can be generated around these branches, then the entire state space
can be covered in a basin of attraction [281].
However, the most challenging task for Lyapunov methods involves generating the
Lyapunov functions themselves. Fortunately, recent advances in semidefinite programming and sums-of-squares (SoS) programming allows for the procedural computation of
Lyapunov functions [152, 280]. This means that a combination of trajectory trees and
automatic computation of Lyapunov functions can guarantee robust control of highly
nonlinear, nonholonomic, and underactuated walking machines. This approach was
demonstrated on a simple compass-gait robot [180], showing significant promise.

2.8 Perspective
2.8.1 Gaps
With all of these techniques outlined, where are the major gaps to be filled? For one,
nonrigid terrain is only just being addressed [163, 157, 141]. Bipedal robots will need to
elegantly handle soft ground in order to be practical in field applications.
Despite advances by more computationally attuned researchers, dimensionality remains a significant problem for computational methods, and even some analytical methods too. It is still not clear how well Lyapunov trees will populate a multi-dimensional
state space. While the differential dynamic programming methods are a very promising counter to dimensionality, it’s not clear how well its time horizons will work on a
practical robot.
Still, fully three-dimensional motions have been limited to relatively static robots
(ASIMO or M2V2) or extremely high-powered robots (BigDog and LS3). While many
papers address this in simulation and theory, so many of these prototypes have yet to
be disconnected from harnesses, tethers, and booms.
Energy economy still requires a lot of progress to be practical. Only the Cornell
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Ranger, which is among the simplest and most specialized walking robots, is able to
reliably walk with human-like economy. It is fair to say that this excellent transport
cost comes very thoughtful consideration and control of passive dynamics. Which again
raises the question (Section 2.1.4), “how do you measure a controller’s use of passive
dynamics?”

2.8.2 A Passive Benchmark: Work-Optimal Task Performance
We propose a quasi-quantitative metric for assessing the degree to which a controller
works with passive dynamics. After surveying the array of legged controllers, it becomes apparent that the most passive-dynamics friendly controllers are more economical
in terms of “actuator effort.” Since we defined passive dynamics in this context as a
purely mechanical behavior, we argue that interference with passive dynamics is best
represented by mechanical work:

J=

N Z
X
i

tf

τi (t) θ̇i (t) dt

0

where J is computed by total integrated unsigned power of all N actuators, defined for
each actuator (i), a time-varying joint torque (τi ), and time-varying rotor angle (θi ).
This metric penalizes both positive and negative work as interference with the passive
dynamics.
We posit that a metric for the efficiency with which a controller works with passive
dynamics should follow a general efficiency formulation. For an actuated system, the
efficiency (η) is measured by the ratio of optimal work performance of the task with the
given mechanical system (Jopt ) to the work done by the controller in completion of the
task (Jact > 0):
η=

Jopt
≤1
Jact

Three notes about this metric are particularly important. 1) Work-optimal performance (Jopt ) can be numerically computed via trajectory optimization. 2) The task
must be specifically defined to compute an efficiency, e.g. walk ten meters and stop in
an upright position. 3) This means that for actuators with energy overhead not pro-
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portional to work, e.g. electromechanical motors and virtually any possible actuator,
behavior which maximally exploits passive dynamics is likely not identical to behavior
for optimal energy cost. In short, using passive dynamics to the greatest possible degree
can reach a point where it becomes counterproductive.

2.8.3 Phase IV: Trajectory Optimization?
Trajectory optimization has many uses (aside from computing the previously suggested
passive benchmark). Methods such as transverse linearizations need a trajectory to
linearize and regulate. The Cornell Ranger uses parameterized trajectories found via
optimization. Inverse optimal control methods use trajectory optimization as a principle
component of its inner optimization loop. However, perhaps the least known use of
trajectory optimization is for finding scientific insight in models.
The most prominent example of scientifically motivated trajectory optimization was
used to investigate simple legged locomotion models [274]. This investigation showed
that a simple point-mass body and force-vector leg, when optimized for actuator work,
discovered walking at low speed, running at high speed, and a novel gait called the
pendular run. Despite the low order of the model, no analytical approach discovered
these phenomena. This study perhaps only skims the surface of possible insights from
trajectory optimization of simple, principled models [272, 127, 141]. However, trajectory
optimization is largely limited in how it can encode stability, which may require morerelevant stability definitions.

2.8.4 Defining Stability
No mathematically convenient and sufficiently broad definition of stability exists for
legged locomotion. This is particularly problematic as trajectory optimizations require
specific mathematical definitions of its task, of which stability is primarily important.
Further, constraints and objectives must be easy to compute, which is not true of the
most permissive and interesting stability metrics like safety [162] and metastability [44].
Instead, smooth optimizers are typically restricted to limit cycles and limit-cycle stability,
which is a fairly narrow definition (see Chapters 6 and 7). If trajectory optimization is
to play a larger role in legged control, we need to more precisely define or more aptly
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calculate legged stability.
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Chapter 3: Optimizing Control
Optimization is a big field with many big unsolved problems. Here, we focus on control
optimization for legged locomotion, which is most relevantly classified as a nonlinear
hybrid-dynamical system. Optimizing legged locomotion typically entails optimizing a
gait in order to achieve periodic motion within physical robot limits while minimizing
actuation effort. Particularly, we seek an optimization methodology that is sufficiently
established and reliable that its results can be confidently reported for scientific purposes.
We believe that solution lies in trajectory optimization methods.
This chapter motivates the use of trajectory optimization methods with constrained
local nonlinear programming solvers as our investigative optimization tool of choice. We
then provide a brief overview of general optimization (or “programming”) methods and
highlight the importance of problem formulation in successfully optimizing control. We
then introduce the key trajectory optimization formulations, particularly single shooting,
multiple shooting and direct collocation methods, why they are successful, and what their
current limitations are in their application to legged robotics.

3.1 Our Goal for Optimization
In most contexts, optimization is purely an engineering endeavor; meaning, the goal is
the solution itself. To get the best solution you can, all manner of creative measures are
on the table to get a satisfactory solution to your problem. You can fiddle with mutation
rates of genetic algorithms, tune the settling time of simulated annealing code, and seed
initial guesses with intuitive or creative solutions with reckless abandon.
However, in a scientific investigation, the goal is insight and generalizable knowledge;
we want to know what this optimal solution tells us about the phenomena at work; in this
case, legged locomotion. In this thesis, we seek to report optimal solutions as scientific
results and for the purpose of hypothesis testing. We want to say, with a measured degree
of confidence, that “this” is the optimal solution to some standard problem in legged
locomotion, and this solution does or does not coincide with an a priori hypothesis.

31
When using optimization with this scientific intent, the standards of methodology
really matter, and that impacts our choice of methods. We select our methods with the
following features in mind: 1) repeatability, 2) standardization, 3) objective certification,
and 4) the minimization of “researcher degrees of freedom.” We argue that these requirements lend themselves most naturally to standardized local, deterministic, constrained
optimization solvers.
Repeatability
We want the results of our optimization process to be repeatable, which lends itself to
deterministic algorithms. This drives our decision to use local NLP solvers since gradientbased methods are largely deterministic in nature. To be clear, this does not necessarily
rule out global stochastic heuristics such as genetic algorithms, as one could document
random seeds for repeatability purposes. However, in practice, this degree documentation
requires a level of meticulousness that largely isn’t necessary with deterministic solvers.
Standardization
To the best extent possible, we want other researchers to be able to replicate our results.
This motivates the use of established solvers as a standard, like SNOPT [114], IPOPT
[27], or MATLAB’s fmincon. Designing an optimizer from scratch requires a number of
seemingly arbitrary algorithmic decisions to be made that likely differ from those other
researchers would make. Why add this uncertainty and noise to the replication process
if it isn’t necessary?
Objective certification
We want there to be a clear, objective, and standardized metric by which the optimizer
determines it has solved the problem. In local optimizers, typically the Karush-KuhnTucker (KKT) conditions are used to determine if a local solution is found within a
specified tolerance. In more global heuristics, convergence is often marked by a lack of
solution drift over a number of epochs, a metric which is very algorithm-dependent.
Further, many local solvers have a very standardized and principled way of handling
hard equality and inequality constraints. This is particularly true of interior point methods which are built around the use of barrier functions and ultimately certify a degree
of relative constraint violation (which we often set to 10−9 ). Unconstrained methods
and global heuristics tend to treat constraint violations as penalties. In these cases, a
decision is being made to define a cost in the true objective to be equal to a certain
degree of constraint violation. This means that the converged solution can be a sort of
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balance between the objective function value and the constraint violation that is shaped
by this arbitrary penalty function, degrading the generality of the solution.
Researcher degrees of freedom
The more opportunities a researcher affords themselves to tweak their methodology,
the more likely the result can be biased, consciously or otherwise, by the researcher.
These are called “researcher degrees of freedom” [259]. In optimization, there are many
parameters that define the optimization’s behavior, from optimization step sizes, to
mutation rates, to convergence criterion. The most problematic is the issue of initial
guesses. If we permit for the creative seeding of initial guesses, we risk inherently biasing
the result toward what we expect.
To minimize the influence of initial guesses in particular, we use optimal control
formulations that are known for their insensitivity to initial guesses: multiple shooting
and direct collocation. With these methods, we can run the optimizer with arbitrary
initial guesses and still get reliable convergence. In this thesis, we use zeros as our initial
guess whenever mathematically applicable (i.e., when you can’t divide by zero). We
discuss these formulations in more detail in section 3.2.

3.2 Formulations
When optimizing control, how you formulate the problem matters, and it matters a lot.
Here we explain a bit why the same problem, when formulated in a manner that seems
effectively identical, would make an optimizer behave in a significantly different fashion.

3.2.1 The “Curse of Dimensionality”
Many people with some familiarity with optimization will view an optimization problem
as a hilly N-dimensional landscape. Each optimization variable at your disposal is a
degree of freedom, or a dimension, by which you can traverse these hills, while the height
of the hills represents the cost of the solution. Many numerical optimization techniques,
in one form or another, try to find the bottom-most point (the optimal solution) by
descending the steepest gradient.
Thinking about optimization in terms of dimensions highlights some of the inherent
scaling difficulties of optimization. For one, the number of possible solutions to explore
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scales exponentially with the number of optimization variables. Further, with each additional variable, a new dimension of hills can emerge, behind which the solution you
want might be hiding. At the very least, more dimensions means more directions you
have to check in order to assess which way “down” is.
It’s easy to see how this dimensional view of optimization can instill a kind of fear
of optimization variables, so much so that this manner of problem was forebodingly
dubbed the “curse of dimensionality1 .” As such, there’s a general tendency to formulate
problems in a manner that minimizes the number of optimization variables. Many studies
optimizing varying inputs will represent them as a single polynomial function in order
to keep the number of parameters low.
The number of optimization variables becomes a particular issue in trajectory optimization problems. Ideally, control inputs are represented by a piecewise function,
discretized over many points in time in order to allow maximally flexible solutions. So
in effect, every control point for each actuator input adds a new dimension to the optimization landscape. So here, in terms of a sort of conventional optimization wisdom, is
why trajectory optimization can be, on its face, tricky to get optimizers to solve.
With this context on dimensionality in mind, it is this author’s hope that you will see
the beauty and irony in the decades-established solution to reliable trajectory optimization - adding even more variables. Yes, recommended practice for trajectory optimization
is to formulate the problem with many more variables than one might intuitively expect,
moreover, variables that are even seemingly superfluous [225]. This works because not
all dimensions are created equal. If the problem can be reformulated such that the
relationship between variables and constraints is more linear, then our best large-scale
“programming” tools are more effective at solving it.

3.2.2 “Programs”
In many fields, optimization problems are called “programs.” To a modern audience,
this usage of the word “program” might be confusing given the prevalence of computer
programming as a skill and profession. However, programs in the optimization context
have a definition that stems from its more mathematical origins that predate modern
computing.
1

This idea was mentioned briefly in section 2.2.2.
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Optimization problems are often classified as types of program, e.g. linear program,
quadratic program, convex program [40]. Some classes of programs are easy to solve.
linear programs (LP’s), programs with a linear objective and constraints as per the form
minimize

cT x

subject to aTi x ≤ bi , i = 1, . . . , m.
can be solved for a globally optimal solution with tens of thousands of variables and
constraints in mere milliseconds. Much of the same can be said of quadratic programs
(QP’s), which are formulated by
1 T
x Qx + cT x
2
subject to aTi x ≤ bi , i = 1, . . . , m.
minimize

that is, a set of linear constraints and a quadratic objective.
Now, strictly speaking, our typical optimal control problems in are none of these
things. In virtually all the legged locomotion problems we’re interested in solving are
nonlinear programs (NLP’s). But local methods for solving NLP’s often do so by iteratively solving LP’s and QP’s. In particular, Sequential Quadratic Programming (SQP)
[114], a common NLP-solving method, iteratively builds and solves quadratic approximations of the problem (a subproblem) until the NLP is solved. In this context, one
could hypothesize the advantages of formulating an NLP such that linear or quadratic
approximations are more accurate. This is what trajectory optimization formulations
leverage in order to make solving reliable.

3.2.3 Single Shooting
Single shooting is the most intuitive way to formulate a trajectory optimization problem.
As Figure 3.1 illustrates, the optimizer is being given the bare minimum number of
variables to solve the problem: one variable for each control input at each time point,
and one variable for each state at the initial time point.
In a single shooting formulation, there is an inherent imbalance in the effects of
control inputs early and late in the trajectory. Changes in control very close to the end
of the trajectory are integrated over a very short time window, and thus, their effect on
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the final state is comparatively linear. In contrast, control inputs near the beginning
of the trajectory are integrated over a long time span. This means that the effect of
those optimization variables is obscured by the effects of all the subsequent optimization
variables in the trajectory. This can confuse the optimizer, often causing it to fail to
converge, or be uncertain if it has found a solution [274].
state (x)

defect
time
input (u)

time
optimization variable

time-marching numerical integration

task target

interpolation

termination of numerical integration

discrete time points

defect (equality constraint)

Figure 3.1: A single shooting formulation parameterizes the control inputs with several
optimization variables and just the initial conditions of the state trajectory. The evolution of the state is calculated by a single time-marching numerical integration. The
terminal state of the integration is passed back to the optimizer and the error from the
target, the defect, is assessed. To solve the optimization problem, the defect must be
driven to zero via an equality constraint. This figure is a conceptual illustration.
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3.2.4 Multiple Shooting
Multiple shooting tries to solve this problem by rendering integration windows short
[39, 191, 256]. As Figure 3.2 illustrates, multiple shooting not only encodes the initial
state of the trajectory as a variable, but the state at every discrete time point as well.
Now, instead of satisfying just the one defect constraint at the end of the trajectory, the
trajectory must line up with every encoded initial state. This adds many more variables
and constraints to the problem, but shortens the length of the integration windows. This
formulation gives the optimizer a much more linear understanding of the problem, which
makes solving much more reliable. This is the method used in Chapters 6 and 8.4.
From an intuitive view, adding these variables to the problem gives the optimizer
more information about the problem it’s solving. Single shooting treats the state evolution like a black-box, compartmentalizing what might be going wrong in the trajectory,
leaving the optimizer hopeless to fix it. However, in multiple shooting, the optimizer
knows where the trajectory is taking a bad turn, and can correct it more directly.

3.2.5 Direct Collocation
Direct collocation (Figure 3.3) [294] can be viewed as a computationally advantageous
extension of multiple shooting. Instead of using time-marching integrators to evolve
the state as per multiple shooting, connect each discrete state point with a single time
step of a numerical integration technique. Now, draw a tangent line at the midpoint
of each connecting line (here dubbed a collocation point). The slope of this tangent
line gives us a visual representation of the derivative of the state, x, with respect to
the horizontal axis of time, i.e., ẋ. It is key to recognize that ẋ is also the first-order
dynamics of the system. If the slopes of each of these tangent lines are equal to the
system’s dynamical equations, then the trajectory’s dynamics are evolving correctly. So,
in direct collocation, we enforce a large number of defect equality constraints to ensure
that each of these tangent lines at the collocation points equal our system dynamics.
There is a notable computational advantage to this somewhat non-intuitive formulation. With direct collocation, the relationship between variables and constraints can
be expressed entirely with closed-form equations, even if the integral of our dynamical equations cannot (which is frequently the case in legged locomotion). This means
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state (x)

time
input (u)

time
optimization variable

time-marching numerical integration

task target

interpolation

termination of numerical integration

discrete time points

defect (equality constraint)

Figure 3.2: A multiple shooting formulation parameterizes both the control inputs and
initial states at each discretized time point with optimization variables. This formulation
requires more variables than single-shooting and now has many more defect constraints
to be enforced. The length of the time-marching numerical integrations are now shorter
and are dependent on only the neighboring control inputs. This renders the relationship
between variables and constraints much more linear, and thus, more amenable to largescale constrained optimization techniques. This figure is a conceptual illustration.
that both the values of the objective, constraints, and the gradients with respect to all
optimization variables can also be represented in closed form, greatly accelerating the
computation time of the optimization. In practice, this computational efficiency and
smoothness of the resulting equations has allowed our implementations to solve direct
collocation problems with over 10,000 variables and constraints. This is the method used
in Chapters 7 and 9.4.
One apparent downside of direct collocation is a loss of dynamical accuracy. Multiple
shooting is still free to use variable-time-step time-marching integrators to integrate
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the dynamics as accurately as possible, but direct collocation often operates with far
fewer integration steps and are roughly fixed in size. However, the degree to which
direct collocation makes optimization faster often allows for the user to select quite fine
resolutions, e.g. hundreds of time points. Further, in this application, the results of
these optimizations will often be regulated by a locally stabilizing controllers anyhow,
making a small degree of dynamical inaccuracy akin to noise in the system.
state (x)

time
input (u)

time
optimization variable

single numerical integration time step

task target

interpolation

midpoint tangent line

discrete time points

defect (equality constraint)

Figure 3.3: A conceptual illustration of a direct collocation formulation. Unlike multiple
shooting, each discrete state point is connected with a single time step of a numerical
integration technique. Dynamical consistency is assessed by the slope of the tangent lines
at each collocation point. The trajectory is dynamically feasible if all collocated tangent
lines are equivalent to the equations of motion. This figure is a conceptual illustration.
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3.3 Solvers
In this thesis, we use three particular constrained optimizers: MATLAB’s fmincon (SQP
solver), SNOPT [114], and IPOPT [27]. We use these because they are widely used
and standardized solvers, making replication maximally accessible. SNOPT and IPOPT
were used when problems were large in scale, such as multiple-step optimizations or
optimizing full-order robot dynamics.

3.4 Limitations of Trajectory Optimization
In most engineering and robotics circles, trajectory optimization methods are not a
common approach. For the reasons above, trajectory optimization methods are the best
fit for these investigations. Even though trajectory optimization is vastly underutilized
in this author’s estimation, it does have general limitations in application to robotics.
Most aptly, trajectory optimization is a highly model-based approach. In legged locomotion, many labs put great care into modeling their robots, making such model-based
approaches as viable as possible. However, model-free approaches such as reinforcement
learning [276] have a place (especially for adjusting policies online). Impact dynamics
and friction are notoriously difficult to model, so any gait controller that relies on the
accuracy of these dynamics would likely require online adjustment.
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Part II

Design of Dynamic Legs
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Chapter 4: ATRIAS
Preface
ATRIAS is the Dynamic Robotics Laboratory’s primary research platform, a springlegged human-scale bipedal robot designed to both walk and run outdoors. It was the
product of years of prototyping and design work, in-house software engineering, and was
benchmarked in a variety of dynamical tests.
To be clear, I did not design ATRIAS. My input on the mechanical design itself was
cursory. What I was particularly responsible for was building a case that ATRIAS works
as intended (via experiments) and demonstrate the novelty of our design concept to the
field.

Contributions
CH wrote the manuscript. JG, MJ, DR, AS, and JW co-wrote the manuscript. JG, AA,
and JH designed ATRIAS. JG and JW supervised the construction of ATRIAS. CH,
JG, MJ, DR, and AS devised and performed robot experiments. CH, MJ, and DR wrote
robot controllers. MJ performed the comparative simulations. AS performed the power
analysis. CH, JG, MJ, AS, and AA prepared figures. JH supervised the project. All
authors commented on the manuscript.
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ATRIAS: Enabling Agile Biped
Locomotion with a Template-Driven
Approach to Robot Design
(under review)

Christian Hubicki, Jesse Grimes, Mikhail Jones, Daniel Renjewski,
Alexander Spröwitz, Andy Abate, Jonathan Hurst
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Abstract
Practical bipedal robots need to be simultaneously efficient, robust, and versatile machines, but this long-held goal has proven to be challenging. We posit that the mechanical
design of the robot is a major bottleneck, equally important as its control algorithms
in facilitating highly dynamic locomotion. We designed the bipedal robot ATRIAS for
the express purpose of enabling dynamic walking and running gaits, untethered and
unsupported in non-engineered environments. To meet this goal, ATRIAS is designed
to approximate a dynamically capable, energy economical, and bio-inspired locomotion template, the spring-mass model. In this paper, we present our design solutions
that enable our approximation of spring-mass behavior. We show that experimentally
measured forces on ATRIAS yield tight matches to simulated spring-mass gaits when
dropped, pushed, or thrown. Further, ATRIAS reproduces the characteristic groundreaction forces of human walking and running, a key dynamical feature of spring-mass
locomotion. As an exhibition of agility and practicality, we demonstrate ATRIAS’ capacity to walk, hop on one leg, and recover from an unseen plunge into a 16.5-cm-deep
gravel pit. We further demonstrate ATRIAS energy economy through a near-passive
walking experiment: when ATRIAS is pushed, it walks 17 steps without its actuators
replenishing lost mechanical energy, and when thrown, completes three hops. These
combined hardware experiments validate ATRIAS’ capability as a platform for established spring-mass model control theory, biological hypothesis testing, and for agile and
economical locomotion in general.

4.1 Introduction
Bipedal robots face a daunting set of locomotion challenges, making them a tough topic
for mechanical design. To be useful, robots must be sufficiently economical to complete
their journey with limited and mobile power sources, robust to damaging falls, and
exhibit enough versatility in gaits and motions to cope with varied environments. To
date, most legged robots (and bipeds in particular) have failed to meet these demands
simultaneously, either being too energy-consuming or motion-specialized to make the
leap into application. We posit that such robots are held back by inherent dynamical
limits which are imposed by their mechanical design. No controller, no matter how clever,
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Figure 4.1: ATRIAS (Assume The Robot Is A Sphere) is a highly dynamic bipedal robot
whose passive dynamics are designed to approximate an agile and efficient template: the
spring-mass model. Standing 171 cm (5’7”) tall and 62 kg (137 lb) with batteries,
the human-scale biped is designed to both walk and run, and has the actuation, onboard power, real-time control, and wireless communication necessary to trek untethered
through real environments. At present, there are three ATRIAS bipeds in circulation
functioning as common research platforms.
can achieve ambitious agility and economy goals if the hardware is too encumbering.
ATRIAS (Assume The Robot Is A Sphere) is a human-scale bipedal robot (Figure
4.1) constructed with the primary goal of having the dynamical capabilities necessary to
freely traverse the varied environments of the human world. As such, designing ATRIAS’
mechanics to enable, not encumber, the locomotion dynamics is a paramount consideration. To ensure dynamical capability, we adopt a template-driven design approach. This
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Figure 4.2: The design evolution of ATRIAS from simple model to single-legged prototype to full biped. (a) spring-mass model for legged locomotion (b) ATRIAS model
with naming convention of the four-bar linkage members (c) first-generation prototype
monopod [120] (d) final prototype monopod (used for experiments in sections 4.4.2.4 and
4.4.3.3) (e) ATRIAS, a bipedal instantiation of the spring-mass model, complete with
lateral actuation and inertial measurement for fully 3D locomotion.
means that ATRIAS is mechanically designed to maximally embody the dynamics of a
target model, an uncommon design philosophy among human-scale robots. By approximating a dynamical model theoretically capable of a variety of agile and efficient gaits,
we can expect ATRIAS to be similarly capable in kind.
ATRIAS’ template-driven design approximates key features of the spring-mass model
(Figure 4.2a). The spring-mass model produces versatile locomotion, having been suggested as a unifying framework across walking and running gaits [33, 111], as well
as gaits for quadrupeds and hexapods [243]. It is a generally well-studied template
[254, 110, 248, 112, 77, 36, 209], which has spurred an abundance of specialized springmass control techniques. Their implementation on ATRIAS would make it an established
anchor for template-based control strategies in the real world.
Here, we present the design and experimental validation of ATRIAS as a humanscale spring-mass machine. Specifically, we highlight the key mechanical design features,
experimentally demonstrate ATRIAS’ capacity to be a versatile and energy-economical
machine through its embrace of spring-mass dynamics, and argue the merits of templatedriven design for practical robots.
In overview, we present this case in the following stages. For background, Section
4.2 catalogs the successes and limitations of bipedal robots and template-driven robot
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designs to date, and describes the spring-mass model (ATRIAS’ target template). Section 4.3 outlines the design features which were key to approximating the spring-mass
model, their design impact, and our solutions to constructing a pragmatic, templatedriven biped. Section 4.4 reports a number of hardware experiments which validate
that ATRIAS functions as a spring-mass robot. These passive-dynamic experiments also
demonstrate that dropping, pushing, or throwing ATRIAS yielded 3-5 passive hops or 18
passive walking steps before halting1 . We further demonstrate the capacity of ATRIAS
(Figure 4.2e), and its monopod predecessor (Figure 4.2d), to execute a variety of dynamic maneuvers when actuation is unleashed: walking with human-like ground-reaction
forces, hopping on one leg (a precursor to running), and reflexively recovering from a
hop into an unexpected 16.5-cm-deep gravel pit. Section 4.5 surveys future work with
ATRIAS, particularly in terms of control, biological investigations, and potential mechanical additions. In summary, Section 4.6, we take inventory of ATRIAS’ capabilities
and assess template-driven robot design as an approach to enabling agile legged robots
that are ready for the real world.

4.2 Background
The concept of legged locomotion is inspired by nature, but engineered systems, especially bipedal robots, often do not exceed the stage of morphological biomimetics.
Bipedal robots, for example, are frequently built with joints, actuation, and link lengths
approximating human morphology, but infrequently approximate biological dynamics.
The challenges of keeping balance, managing the dynamic interaction with the environment and adapting trajectories according to terrain changes are addressed in a number
of ways.
In varying combinations, preexisting bipedal robots have exhibited versatile behaviors, been off-tether capable, tackled the challenge of human-scale implementation, and
even approximated a dynamical template, but ATRIAS is the first robot to combine all
of the above. Aside from few hybrids, two general approaches are taken in designing
bipedal walking machines, namely fully actuated humanoids and minimally actuated
template-driven machines.
1

Tested by either tightly constraining or entirely eliminating positive actuator work.
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4.2.1 Fully-Actuated Humanoids
Fully articulated humanoid robots have been the most practical and publicly visible representatives of bipedal locomotion. Notable examples such as Honda’s ASIMO [131],
AIST’s HRP series [155], KAIST’s HUBO [207] are electromechanically driven, fully actuated machines capable of versatile, autonomous motion carrying their energy source.
These high-DOF robots address the challenge of bipedal balance by careful regulation
of their zero-moment point (ZMP) [295]. However, ensuring controllability of the ZMP
calls for actuators and stiff mechanical connections at every joint. This systematic rigidity prevents these humanoids from exhibiting the bouncy, highly dynamic locomotion
mastered by animals. This full-actuation approach also tends to consume a lot of power,
exhausting on-board batteries in impractically short time spans (estimated under 30
minutes in the case of ASIMO) [64]. So while quadruped robots have recently made significant economy gains [250, 269], humanoids still sport energy transport costs an order
of magnitude greater than their human counterparts. Further, with rare exception (as
with public demonstrations of PETMAN and ATLAS), the resulting gaits are typically
flat-footed or near-flat-footed, largely navigating via planned flat footholds.

4.2.2 Template-Driven Robots
Another class of bipedal robots locomotes with only little or no actuation utilizing the
passive dynamics of the mechanical system. While exhibiting very efficient locomotion, their action is limited to few gaits and very specific environmental conditions.
This class comprises the so-called passive dynamic walkers [64] and their motorized offspring, the design of which was driven by the inverted pendulum model for walking [185].
Delft’s robots Flame and TUlip are the largest scale implementations of this approach,
standing 1.2 m tall and weighing 15 kg, both were able to walk at 0.45 m/s [132]. The
most energy economical example is the Cornell Ranger, which bears the pseudo-biped
inverted-pendulum configuration common among passive dynamic walkers, but is sufficiently actuated and economical that it has walked over 64 km (40 miles) on a single
battery charge [25], an ultra-marathon by many definitions.
Few robots incorporated compliance to enhance dynamic capabilities alongside energy
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efficiency. These bipeds show more or less versatile behavior and a large range of gaits2 .
Among them are the Raibert hoppers [223], the ARL monopod [2], the CMU bowleg
[316], and the template-driven Jena Fox [229]. Other monopedal testbed hoppers have
been constructed for the purpose of testing model-based control techniques [14, 43].
Further, MABEL [123], a robotic precursor of ATRIAS, has been able to both walk and
run while attached to a boom [270]. Each of these compliant prototypes have showcased
their agility while leashed via power tethers, motivating us to empower ATRIAS with
the ability to cut the cord.

4.2.3 Spring-Mass Model: Dynamics and Control
The spring-mass model was originally proposed as a template for running and hopping
[33]. It has been used to model and explain animal locomotion by reducing the system complexity while preserving the general dynamics [95, 34, 78]. The use of highly
reduced-order models to describe dynamical systems for legged locomotion on land and
to investigate control strategies was formalized by [105].
One of the advantageous features of the spring-mass-models is its passive-dynamic
stability [253]. Stability analysis has been combined with the template model to test hypotheses of neuromechanical functions [104]. The use of stability as an objective function
for control gave rise to a number of control strategies to respond to various perturbations
during locomotion [254, 110, 248, 112, 77, 36, 209]. The same model has been able to
produce bipedal walking gaits [111], reproducing a number of features of animal walking
[177], and could be extended toward control strategies for trunk stabilization [183].
Spring-mass locomotion dynamics bear other attractive features, appealing to varied
scientific audiences. To roboticists, spring-mass locomotion sports a theoretical energy
cost of zero, teasing a solution to the cost-of-transport conundrum now endemic to
legged robotics. It is also a low-order dynamical system, typically requiring only four
state variables, rendering locomotion planning a more computationally-feasible problem.
Such advantages have spurred controls researchers to develop an abundance of specialized
spring-mass control techniques which could be plausibly employed on a spring-mass
robot [92, 13, 212]. For biologists, spring-mass dynamics serve as dynamical predictors
of animal locomotion, modeling organisms from cockroaches [34], to lizards [105], to
2

A notable multi-bipedal example is the hexapod, RHex [8], which crawls about on six springy legs.
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humans [33], to quail [31]. This general scientific interest in spring-mass locomotion
suggests that a spring-mass robot could be a blank canvas for implementing long-studied
controls concepts and testing biological hypotheses alike.

4.3 System Design
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Figure 4.3: Workspace of the leg in the (a) sagittal plane and (b) frontal plane. (c) The
range of motion for leg length and (d) the maximum kinematic spring deflection until
the hard stops are reached.
Rendering ATRIAS into both a template-driven and practical robot requires meeting two sets of specifications: 1) approximating key template features and 2) reconciling
practical robot design realities. Approximating template features facilitates the dynamic
behavior we require, while “design realities” ensure that the robot is sufficiently actuated, states are measured, components are protected and housed accessibly, and the
robot can maneuver outside the sagittal plane (the typical domain of the spring-mass
model). We then discuss mechanical phenomena present in the design that notably impact template adherence or overall robot control: geometric power, drive-train efficiency,
reflected inertia, and point feet.
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4.3.1 Template-Feature Implementation
Equipping ATRIAS with the dynamical advantages of the spring-mass model entails
approximating four of its key mechanical features: 1) a massless leg, 2) compliance
between the ground contact and hip joint, 3) restricting leg forces to the virtual leg axis
(i.e. zero-hip torque), and 4) positioning the robot mass center near the hip joint. These
template features are primarily achieved as a consequence of ATRIAS’ leg mechanism,
a two-degree-of-freedom compliant leg (Figure 4.2b).

4.3.1.1 Massless Leg
To approximate the massless leg of the spring-mass model, we designed ATRIAS’ leg
mechanism to be a lightweight four-bar linkage (schematic illustrated in Figure 4.2b).
The linkage has two degrees of freedom, allowing for a large range of motion for the
toe in the sagittal plane, as drawn in Figure 4.3a. The four-bar linkage is constructed
of lightweight and stiff carbon fiber with aluminum joints, totaling less than 4% of the
robot mass that inelastically impacts the ground with every step3 .

4.3.1.2 Compliance
Compliance on ATRIAS is achieved mechanically by installing fiberglass plate springs,
akin to those used in archery bows. By employing mechanical compliance, ATRIAS
enjoys the high restitution rates of mechanical springs. In comparison to virtual compliance approaches [136], mechanical springs alleviate dynamical concerns of actuator
bandwidth and spare the inefficiencies of electrical regeneration that would accompany
every loading cycle.
ATRIAS’ plate springs bridge the connection between the four-bar leg and the rest
of the robot, as visualized in Figures 4.2b, and 4.4b. These springs were constructed
from fiberglass bar stock because of its high energy density, high coefficient of restitution and stable spring stiffness with temperature, aging, and humidity changes. The
3

While a full impact analysis would be intricately state- and posture-dependent, the mass of the
components distal to the series plate springs offers a simple estimation, which weigh 2.4 kg, 3.9% of the
62 kg robot mass. This assumes that for most gaits, only one leg impacts per step.
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springs themselves exhibit an approximately linear spring behavior4 . When loaded via
the four-bar leg, the effective leg spring exhibits a “softening” behavior with respect to
the virtual leg length (the mechanical advantage of the linkage wanes as the leg crouches,
as illustrated in Figure 4.3d and later measured in section 4.4.2.1 and plotted in Figure
4.9a). This effective nonlinearity in compliance is no obstruction to ATRIAS’ dynamical
goals, especially when it is so simply characterized. The springs are mounted such that
they can be quickly replaced as needed, or swapped for springs with different stiffness
profiles.

4.3.1.3 Axial Leg Forces
All leg forces in the spring-mass model act exclusively in the axial direction. This feature
is a contributing factor for the model’s zero-cost gaits and its characteristic underactuated agility. While ATRIAS must be able to swing its legs and thus occasionally exert
non-axial forces on the leg, but while on the ground (or “during stance” as it is sometimes
referred), it must also have the capability to restrict its leg forces to the leg axis. By
design, the legs’ parallelogram mechanism configuration provides a convenient avenue for
ensuring only axial forces. As has been previously documented of this mechanism [120],
if the net torques on each of the proximal leg links are equivalent, there is no tangential
force on the leg. So, via a simple controller which regulates the two spring torques into
equivalence during stance, ATRIAS’ forces are rendered effectively axial. This manner of
restricting forces is implemented in two latter-described hardware tests: passive walking
(Section 4.4.2.3) and the passive throw (Section 4.4.2.4)

4.3.1.4 Hip-Centered Body Mass
In the spring-mass model, all mass is lumped into a hip-centered body. As the center-ofmass drifts away from the position of the hip joint, axial leg forces will induce increasing
net moments on the torso, causing the body to pitch. For ATRIAS, we required the
center of mass to be near the hip point to mitigate torso pitching.
Two design choices most affect this mass location: the proximal location of the leg
4

This roughly linear force-length relationship was measured experimentally using a custom-built loaddeflection measuring device.
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drive assembly and the arrangement of torso components. First, the leg drive assemblies
for each leg weigh 14 kg (28 kg in total), significantly more than weight of the entire
torso (22 kg), and the drives’ mass centers are just 2.9 cm above the hip point. This
distribution makes the mass-center difficult to offset significantly. Second, as shown in
Figure 4.6b, the torso is shaped such that several components can be mounted at or
below the hip point, partly balancing the necessarily high placement of the heavy lateral
actuators. Consequently, the center of mass of ATRIAS is raised 17 cm by the inclusion
of the torso, which has proven to be a manageable location in other walking experiments
with ATRIAS [224].

4.3.2 Robot Realities
While essential template properties are approximated with the above features, there is
a necessary set of requirements for the robot to function, untethered and unsupported,
in the real world. These include sensing and measuring forces, the software and electrical system, actuation, and component housing and protection. Further, we describe
compromises with the spring-mass template dynamics that emerge from practical robot
design, particularly the presence of large rotor inertias.

4.3.2.1 Actuation
ATRIAS is driven by six actuators in total, i.e., three actuators dedicated to each of its
legs. Within these actuator trios, two “leg motors” drive the sagittal motion of the leg
through an elastic connection to the leg linkages, while the third “hip motor” directly
controls the leg’s abduction and adduction (Figure 4.4a).
The paired leg motors each drive one of the anterior and posterior thigh members
through an in-series plate spring. Movement can be coordinated to achieve changes in
leg length or leg angle, Figure 4.3 (a) and (c). This configuration combines torques
synergistically between the motors when extending/retracting the leg during high-axialforce maneuvers, such as jumping.
The leg motor pairs are rendered series-elastic by plate-spring connections to their respective linkages (Figure 4.4b). ATRIAS’ series-elastic actuator design deviates from preceding examples [232] in that ATRIAS’ springs are designed to store significant amounts
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Figure 4.4: (a) The assembled ATRIAS leg mechanism, actuated in-plane by a twomotor stack assembly and rotated in the frontal plane through a pulley connection to
a third motor. (b) The exploded leg assembly, diagramming the kinematic connections
from the central motor stack, through the series springs, to the four-bar leg mechanism.
(c) A cross-sectional view of one of the paired leg motors, including the transmission via
harmonic drive.
of gait energy. For perspective, during a single-legged hopping test (Section 4.4.3.1), the
plate springs have stored as much as 90 J in one leg, the equivalent mechanical energy
of the robot hopping with 15 cm of total vertical travel.
The ATRIAS actuator configuration also comes with many of the familiar properties of series-elastic actuators. For one, the leg motors are isolated from impacts that
would otherwise jolt the rotor velocity with every footfall. Further, while series elasticity
typically erodes bandwidth for position-control tasks, on the converse, this compliance
assists bandwidth for force-control tasks [217]. For underactuated robots like ATRIAS
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where position- and velocity-control techniques will not fully regulate the robot state,
we posit that such force regulation will have particular advantages in gait control. In
particular, force control can be leveraged to render gaits largely invariant to non-rigid
terrain [164] (See Section 4.4.3.3 for an extreme example of hopping in gravel).
The leg motors were selected for their high torque density (Emoteq Corp.) and
paired with 50:1 compact harmonic drive transmissions (Harmonic Drive, LLC), further
amplifying torque (assembly depicted in Figure 4.4c). This transmission has minimal
backlash and also makes the actuator assembly very compact, allowing more room around
the hip joint to mount leg assemblies to the torso.
For lateral motion, the “hip motors” extend the planar leg into a 3-dimensional
workspace, as illustrated in Figure 4.3b. Each hip motor is placed high up in the torso
and drives a pulley segment on a large lever arm, creating a 56:1 gear ratio. A timing
belt is used between the pulleys for the benefits of high force capacity, ease of assembly,
and zero-backlash.

4.3.2.2 State Measurement
Control of ATRIAS is most feasible when all states are measured, both actuated and
unactuated. In addition to the standard practice of mounting encoders to each motor
rotor, ATRIAS employs high resolution sensors to measure the spring deflections and
the state of the robot in the world frame, all degrees of freedom which on ATRIAS are
underactuated [265]. For a comprehensive accounting of ATRIAS’ sensing components,
see Table 4.1.
Due to ATRIAS’ series-elasticity, the force generated by spring deflections is paramount
to the gait dynamics, effectively dictating the robot’s trajectory. This makes spring deflections high-value state information to capture. Deflections of each fiberglass plate
spring are measured by a set of two high-resolution absolute encoders (32-bit), which
consequently enables very accurate force measurements. When using spring deflection
to measure forces, and using simple PD regulation to track zero force, ATRIAS’ leg can
be controlled with enough force sensitivity that it can be pushed around by an unboiled
egg (Figure 4.5a). To demonstrate that this sensitivity in measuring and controlling
forces does not overly hamper the mechanism’s ability to quickly produce large forces,
the same experimental setup was used to quickly break a wooden board in half (Figure
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Figure 4.5: (a) The ATRIAS leg is capable of sufficiently sensitive force regulation that
it can be pushed around with a raw egg. (b) The same series-elastic leg, which is capable
of the sensitive force regulation, is also sufficiently stiff to quickly break a wooden board.
4.5b).
Position and velocity in the world frame are dominant in defining gaits, but for
ATRIAS, these degrees of freedom are non-trivial to measure. Many humanoid robots
move using flatly planted feet, which gives them an absolute point of reference to measure
their velocities in world coordinates. In contrast, ATRIAS has point feet which can be at
a range of angles during stance, and thus foot orientation cannot be used to easily infer
the robot’s state in the world frame (with only proprioceptive measurements). We include
a high-precision inertial measurement unit to estimate the robot pitch, angular velocities,
and integrate the cumulative Cartesian motion during unrestrained locomotion.

4.3.2.3 Software and Electronics Specifications
The design of the integrated electronics and software subsystem was driven by a design
decision to use available commercial hardware and open-source software. Sensor processing and motor control is facilitated by a number of microcontroller-enabled (ATmega128,
Atmel, San Jose, CA, USA) electronic stacks that are connected via Ethercat-bus to a
commercial computer (Mini ITX, i1000A, OEM Production, San Francisco, CA, USA).
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The control system runs at 1000 Hz on a real-time linux kernel5 and was developed using
Robot Operating System (ROS) and the Orocos framework. A detailed description of the
electronics/software system design is available in [208]. Each motor and the associated
sensors, among them 32-bit linear encoders (RL32BAT, Renishaw, Wotton-under-Edge,
UK), limit switches and thermal sensors (See Table 4.1), is controlled by one electronic
stack, placed in the body (see Sec. 4.3.2.4).

4.3.2.4 Component Housing and Protecting
In the case of a potentially damaging fall, internal components are protected by a shelllike body structure. This body is constructed using composites and composed of two
halves. To bear the impact, a stiff and strong structure is made from carbon fiber with
balsa core and fiberglass inserts for mounting points, Figure 4.6a. The other half of the
body shell is a non-structural and lightweight cover made from carbon fiber with no core.
The resulting shell is designed to be strong enough to resist damage from a fall during
a running gait, protecting components from impact damage and wires from snagging.
The components are bolted to the structural half of the body and are accessible
when the cover half is removed. Stiffness of this body structure was important to ensure
any body-mounted inertial measurement unit would suffer minimal kinematic flexibility,
which would add noise to sensitive measurements. The top of the body features a lifting
eye for use with the robot support boom (described in Section 4.4.1) or an overhead
gantry system for catching the robot in the case of falls during troubleshooting and
experimentation.
In the event of large lateral forces on the leg beyond the design limit, the knee allows
for a controlled break of the leg by way of a mechanical fuse, as shown in Figure 4.7.
The four-bar leg is inherently strong in plane and more flexible when loaded out-of-plane.
Use of nylon pins and screws allow the lower limbs (the anterior and posterior shins) to
break away cleanly to the left or right. These pins and screws are easily and quickly
replaced. Strain gauges are installed at the knee which measure these lateral forces on
the leg. By measuring this lateral force, the lateral actuator could be used to actively
reduce this force, keeping the toe forces in plane with the leg where it is strong.
99.9% of control cycles are clocked within 41 µs of the mean 1 ms sampling period, demonstrating
low jitter.
5
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Figure 4.6: (a) Construction details of the body to make it a strong protective shell to
house the various components of the robot (cover half not shown for clarity). (b) Layout
of components secured to the structure half of the protective body shell.

4.3.3 Design Discussion
4.3.3.1 Geometric Power
A fundamental consequence of ATRIAS’ leg configuration is a surplus expense of internal
power, so-called geometric power [298]. With two motors driving the four-bar linkage
leg, swinging the leg while loaded requires each motor to perform nontrivial positive
and negative work respectively, even if no net work is performed on the robot’s mass
center. In essence, geometric power is purely overhead. This phenomenon, plotted in
Figure 4.8, results from the leg-load sharing of the two motors and is inherent to the
ATRIAS configuration. However, electromechanical regeneration mitigates this overhead, as ATRIAS’ regeneration efficiency is calculated to be between 30 and 40%. For
measurement methods and more in-depth power analysis, see Appendix 4.7.

4.3.3.2 Drive Train Efficiency
The choice of a harmonic drive transmission also comes with a mechanical efficiency
cost. A prior iteration of the ATRIAS leg included an epicyclic cable drive [120], but
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Figure 4.7: When a lateral force, F, is applied at the toe that exceeds the designed failure
point a set of plastic shear pins break allowing the leg fall away and prevent higher loads
from damaging other, more expensive components. Strain gauges are included to measure
and control the magnitude of these lateral forces.
was removed due to its large workspace. While harmonic drives are sufficiently compact,
they also have lower mechanical efficiencies, typically around 50-80% (compared to the
cable drives of predecessors MABEL and ATRIAS 1.0 of 94%). These losses likely
exacerbate ATRIAS’ mechanical transport costs, but such drive friction may also reduce
the holding torques when executing more passive motions (the intended control approach
for ATRIAS).

4.3.3.3 Reflected Inertia & Torso Eccentricity
When regulating its angular orientation, ATRIAS must contend with both the lever arm
of its torso mass and the inertia of its spinning rotors. Acceleration of the sagittal motors
exerts significant reaction torques on the torso as a consequence of so-called reflected
inertia. While the rotor inertia for each of the sagittal rotor assemblies is rather small,
0.0019 kg m2 , when transmitted through a 50:1 harmonic drive, the reflected inertia
scales with the square of the gear ratio, i.e. a 2,500-fold increase. Consequently, when
the two leg motors accelerate in concert (such as in swinging motions), their combined
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Figure 4.8: (a) Instantaneous power generated by motors A and B during stance phase
of a walking gait, as described in Section 4.4.3.2. Motor B is producing negative power
for the duration. (b) The sum and difference of the absolute power produced by motor
A and B. The shaded region represents geometric power, a byproduct of the four-bar leg
and motor configuration. When swinging the leg while axially loaded (i.e., during stance
phase), geometric power acts as power overhead, exacerbating energy costs.
reflected rotor inertia sums to 9.50 kg m2 . This effective inertia is massive, totaling twice
the hip-centered inertia of all non-rotor components (4.65 kg m2 ). Such inertial effects
are a considerable drawback of large gear reductions in general, and harmonic drives is
particular (which are rarely manufactured with gear ratios less than 50:1).
However, effects of rotational inertias on torso pitching are mitigated by leg recirculation. It is generally uncommon for a gait to require both legs to swing in the same
direction, thereby canceling at least a portion of the inertial effects. Further, the resulting reaction torques have not prevented successful walking in practice, as multiple
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controllers have regulated the torso position of ATRIAS while walking (e.g., both with
torso angle controlled steady [224] and with the torso pitching significantly [130]).
Reflected inertia also brings deleterious effects on actuator performance for certain
tasks, such as force control. There are occasions in which it is likely useful for a robot
to regulate its leg forces (as demonstrated by “hopping in gravel” in Section 4.4.3.3),
which high rotor inertia is known to impede. Specifically, this inertia enforces an effective
motor acceleration limit, which curtails the actuator bandwidth for accurately rendering
desired forces [159]. While the ATRIAS leg is still capable of some demonstrative and
useful feats of force control (Figures 4.5 and 4.15 respectively), such large inertia is likely
the main limiting factor of ATRIAS’ actuation scheme.

4.3.3.4 Feet, in absentia
Unlike many of its robotic counterparts, ATRIAS has no actuated feet, nor feet of any
meaningful sort. Its legs terminate with simple rubber nubs, approximating point feet.
This makes standing still non-trivial as point feet have no effective polygon of support.
Further, the spring-mass model supports only axial leg forces, and therefore has no
control authority to regulate body position while standing.
So with these potential impediments in mind, why not include feet? In short, we
don’t have a firm understanding of how feet will impact ATRIAS’ desired gait dynamics,
perhaps jeopardizing the driving motivation of ATRIAS’ design. For example, expanding
the surface area of the foot will yield a larger support polygon, but affects the rotational
dynamics during walking and running. Also, an overly heavy foot exacerbates ground
impacts, eroding energy economy and exciting inconvenient oscillations in the serieselastic actuators.
Further, ATRIAS’ inability to statically balance is not a crippling design flaw. While
the spring-mass model does not have the proper actuation to balance without taking
recovery steps, ATRIAS does, as it can apply tangential forces at the toe to actively
regulate the body state. Further, more dynamic approaches to stability are available for
legged robots even if only axial forces are employed, such as taking a step to recover
[219, 275]. At this current juncture, we argue that building feet is a complex solution
to an otherwise manageable problem. However, we do posit other potential benefits of
more elaborate feet in Section 4.5.3, suggesting they may be a promising subject for
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future design work.

4.4 Experiments
Assessing the design of ATRIAS requires validation on two fronts: 1) the degree to
which its passive dynamics match the template spring-mass model, and 2) its dynamical
capabilities, or agility, when actuated. After explaining our experimental setup in Section
4.4.1, Section 4.4.2 validates ATRIAS’ template behavior with a number of passive tests.
In these passive tests, actuation is either thoughtfully limited or eliminated entirely in
order to isolate ATRIAS’ passive dynamics, and compare them to the spring-mass model.
Section 4.4.3 demonstrates the capacity of ATRIAS to perform a variety of sustained
dynamic maneuvers while retaining key features of its passive motions.

4.4.1 Experimental Setup
In pointedly testing ATRIAS’ dynamical features, experiments were conducted while
constraining its motion to a roughly planar workspace. Such restriction facilitates a
more controlled test of ATRIAS’ actuation capacity and spring-mass properties (which
primarily manifest in the sagittal locomotion plane). This approximately sagittal constraint was achieved by connecting the torso to a pivoting boom.
The boom offers a 2.0-meter turning radius and three degrees of freedom: boom azimuth, boom altitude, and robot pitch (each can be individually locked or freed). This
spherically constrained motion approximates sagittal-plane locomotion for large radii
[63]. Further, these three rotational axes are measured with encoders, allowing measurement of the world-frame for both experimental analysis and feedback for real-time
control. All state information from the boom is collected using the same software/electronics infrastructure as the robot, recorded at the same 1 kHz control rate.
To minimize unintended interference in experiments, the boom is designed with minimal rotational inertia and rotational friction. The boom’s two protruding rods, for
constraint and catching respectively, are constructed with carbon fiber tubes, helping
limit the boom’s rotational inertia to just 4.3% of the boom-robot system. To limit
friction, the rotational joint is a four-point contact ball bearing, with any routed cables
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connected through a low-friction slip ring6 . The resulting drag force against the robot
is estimated to be less than 1 N, only 0.2% of ATRIAS’ body weight.
Further, the boom is designed with other practical functions for robot experiments.
To raise the robot for drop tests, the boom provides a motor-driven hoisting line, allowing
for both easy lifting and more precise test replication. To provide safe and clean drops,
a quick-release mechanism connects to the robot and is disconnected via a swiftly pulled
pin. The boom also serves as a safety mechanism, catching the robot on an independent
slack line if the torso dips too low.
When possible, ground reaction forces are measured with a force plate that is mounted
flush with the laboratory floor. Typically used in biomechanics labs for gait analysis, this
force plate (OR6-7-4000, AMTI, Watertown, MA, USA) measures forces (x, y and z) and
moments (Mx , My and Mz ) at a sampling rate of 1 kHz. Force plate measurements are
synchronized to the robot’s data collection system by means of an electronic triggering
signal. Measuring spring deflections provides another mode for force reporting, which is
particular apt for logging multi-step maneuvers for which the single force plate spans an
insufficient surface area. Each experiment indicates which manner of force measurement
was employed.
Some experiments and demonstrations were performed using the monopod prototype
of ATRIAS shown in Figure 4.2d. The monopod leg design is nearly identical to the
ATRIAS biped, differing primarily in torso configuration (and of course, includes only
one leg). Most relevantly, the monopod weighs only 30 kg, just under half the biped’s
62 kg weight, better suiting throwing experiments (Section 4.4.2.4) and testing the most
dynamic maneuvers (Section 4.4.3.3).

4.4.2 Template Validation
4.4.2.1 Identifying Spring-Mass Behavior
One straightforward way to assess ATRIAS’ spring-mass dynamics is by identifying a
force-length relation and a decayed oscillation model for the robot. Using mechanical
stops, we locked the ATRIAS’ motors in place and disabled control, permitting a fully
6

While the presented experiments used an off-board power tether, the robot can function fully untethered, using on-board lithium-polymer batteries and computing, with wireless communication to a
user-interface computer.
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passive robot test. We configured the support boom to restrict torso rotation and horizontal motion, allowing only for the vertical oscillation of a spring-mass system. Using
the boom’s winching cable, we raised the robot slightly off the ground and dropped it.
In Figure 4.9a, we see the resulting force-length curve, resembling a nonlinear spring
with a softening behavior. This softening curve is an expected feature of ATRIAS’
leg configuration, where the apparent falling-rate leg length stiffness results from the
nonlinear geometric relations inherent to the fourbar linkage. We can see the previously
derived theoretical force-length relation [120] matches very closely to the loading side
of the experimental curve. On the unloading side, we see hysteresis associated with
dissipative losses that must be offset through actuation.
We can determine the magnitude of this dissipation by examining the decay of the
spring-mass oscillations. We the fitted the experimental data to a linear damped springmass model with one degree of freedom. Figure 4.9b illustrates a comparison to the
fitted model parameters7 , m = 59.9 kg, k = 6.543 N/m, c = 38.0 Ns/m, and ζ = 0.061.
This damping ratio is relatively small, suggesting ATRIAS has the potential for very
mechanically efficient gaits.

4.4.2.2 Passive Drop
While the previous analysis estimates the dissipation in ATRIAS’ springs, a number of
other factors can contribute to energy losses in legged robots (e.g. impacts, friction,
backlash). In this test scenario, we evaluate the magnitude of these combined losses (including spring dissipation) through passive bouncing. We constrained movement to the
vertical direction and dropped ATRIAS from a fixed height (5 cm) with a mechanically
fixed leg length (84 cm), allowing the springs to absorb the impact. We argue that this
test is an energetic worst-case scenario. A drop is likely to incur a relatively high ratio
of mechanical energy losses compared to other possible maneuvers as a vertical drop
has all of its kinetic energy invested in its vertical velocity, the precise direction of the
impending impact.
After the drop, ATRIAS bounced into an airborne state three times before settling
into a grounded state, as shown Figure 4.10. This clearly demonstrates both spring7

Reported values for robot mass that vary slightly across experiments are due to the inclusion/exclusion of the onboard battery pack.
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mass dynamics and dissipation. When dropped from 5 cm, the robot returns to a height
of 2.4 cm on the next apex. By examining the potential energy lost between these
subsequent apexes, we determine a coefficient of restitution of 69.0%. This worst-case
test suggests that ATRIAS can mechanically store a minimum of 69% of its gait energy
from one step to the next8 , further implying ATRIAS’ capacity for efficient locomotion.
1.00

0.95

RobotnTrajectory
Touch-downnHeight
StancenPhase

PassivenDrop

Hip
Height

0.90

HipnHeightn(m)

0.85

0.80

0.75

0.70

0.65

0.60
0.0

0.5

1.0

1.5

2.0

2.5

Timen(s)

Figure 4.10: A passive drop experiment, designed to elicit the robot’s passive spring-mass
dynamics as expected in hopping gaits. ATRIAS is dropped onto its unpowered leg with
its motors mechanically locked, isolating the passive plate springs as the single of springmass dynamics. The center of mass position (solid line) exhibits a “bouncing” trajectory
characteristic of a spring-mass system. Periods of ground contact, i.e. the stance phase,
(shaded region), and the threshold height where ATRIAS makes ground contact (dashed
line) are also visualized. An illustration depicts the passive drop experimental setup,
the support boom constrains the body rotation and all non-vertical motion, and groundreaction forces are measured by a force plate.
8

For impacts up to 1 m/s projected along ATRIAS’ leg length, which is the estimated maximum
velocity of ATRIAS during the passive drop experiment.
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4.4.2.3 Passive Walking
This experiment evaluates whether ATRIAS’ passive dynamics exhibit spring-mass walking dynamics in low-energy gaits. Particularly, we are looking to see if ATRIAS will exhibit the characteristic double-humped ground reaction force associated with spring-mass
walking, and more profoundly, human walking [111].
Unlike the passive drop test, in order to walk, ATRIAS’ motors must be unlocked
and able to swing. However, in order to approximate a passive robot test, we employed
a controller that reciprocates the legs while avoiding performing any instantaneous net
work on the robot. During a leg’s stance phase, the phase with the most potential for
significant energy exchange, the two leg motors regulate two key outputs to facilitate
passive spring-mass dynamics: the net leg torque (which is driven to zero) and the set
point of the virtual spring (which maintains a nominal position). The net leg torque
is zeroed by controlling the spring deflections to be equivalent, as suggested in Section
4.3.1.3, and is accomplished by using simple PD regulation of the two motor torques. A
second regulator simultaneously controls the position of the virtual spring set point. This
was accomplished in the prior experiments (Sections 4.4.2.1 and 4.4.2.2) by mechanically
locking the motors at a specified separation distance, which we now also achieve using
PD regulation.
During swing phase, the controller positions the leg to a touchdown angle which
would yield limit-cycle walking for the spring-mass model. Such touchdown-angle-driven
control has been used to control spring-mass models [112], incidentally demonstrating
ATRIAS’ potential amenability to spring-mass control techniques. At the beginning of
leg swing, a position controller drives the swing-leg’s toe position along a spline, tracing
a path between the current position and the desired leg angle. Again, for this test,
the robot was mounted to the boom with the torso rotation locked as this is a test of
spring-mass dynamics, not torso regulation or frontal stabilization.
After a human operator pushed ATRIAS to a 1 m/s walking speed, ATRIAS was
released and continued to walk for 6.3 m over 17 steps before slowing to a stop as illustrated in Figure 4.11. We believe this hardware test demonstrates ATRIAS’ substantive
mechanical efficiency in terms of conserving gait energy. While we haven’t eliminated
all candidate energy sources (e.g., tracking errors in the zero-work controllers, energy
exchange during swing phases), this result implies ATRIAS does not inherently require
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large injections of mechanical energy in order to walk.
The passive walk test also produced the typical double-humped ground reaction
forces of the spring-mass model (Figure 4.11). More notably, the experimental data
fits well with a simulation of the spring-mass model, simulated using ATRIAS’ mass,
spring-function, and initial conditions. This demonstrates that spring-mass dynamics
can be the dominant dynamics of ATRIAS even with little-to-no energy injection from
the actuators. Further, the correspondence between model and simulation suggests that
ATRIAS is a well-suited platform for spring-mass control policies.

4.4.2.4 Passive Throw (Monopod)
To elicit ATRIAS’ passive dynamics in aerial gaits such as hopping and running, we
connected the ATRIAS monopod to the boom and tossed it, observing its subsequent
bounding gait. Like the passive walking test (Section 4.4.2.3), the leg was actively reciprocated during swing phases, in this case resetting to a constant attack angle. During
stance, again, the plate springs were regulated to enforce zero net hip torque while the
effective rest length of the virtual spring was held constant, thereby imparting zero net
work on the robot. Due to its lighter weight, this test was better suited for the monopod as it is far easier for a human experimentalist to throw. The torso rotation was
mechanically locked to the boom.
Upon throwing, the monopod completed five hops before dissipative effects led to a
fall. Such successive passive hops provides evidence of ATRIAS’ mechanical efficiency
even with higher energy gaits, where impacts losses are typically exacerbated. This
again demonstrates that gait energy can be substantially preserved from step to step
with ATRIAS.
Further, the thrown monopod shows marked similarity to the spring-mass model,
as plotted in Figure 4.12. The ground-reaction forces display the characteristic singlehumped force profile of spring-mass running (as well as animal running). When directly
compared to a simulated spring-mass model with the same mass, spring function, and
initial throwing conditions, the ground-reaction forces match very closely to the monopod
over the first three hops. This degree of model matching strongly indicates that ATRIAS
bears dynamical properties of spring-mass locomotion.
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Figure 4.12: The ATRIAS monopod prototype being tossed to observe its passive dynamics while hopping or running. The monopod completed five hops before falling. For
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simple spring-mass model (dashed lines) with the same parameters and initial conditions.
The latter oscillations in each experimental force trace are an artifact of measurement,
where forces are measured using spring deflections, which oscillate upon take off.

4.4.3 Performance Demonstration
4.4.3.1 One-Legged Hopping
Hopping represents a high-power mode of locomotion, requiring fast push-off while legs
are heavily loaded. For ATRIAS, hopping also serves as a mechanical precursor for the
strenuous dynamical demands of running. To validate ATRIAS can handle the rigorous
power requirements of hopping and running, we commanded ATRIAS to hop on one leg.
In this test, ATRIAS starts from standing position and begins an uninterrupted
sequence of hops with one leg for support. For hopping control, we commanded the
springs to generate ground-reaction force trajectories associated with a spring-mass hopping model. The boom was configured to lock the torso angle to facilitate this high-power
test.
Upon startup, ATRIAS demonstrated notably high hopping heights, which we claim
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are on-par-with or greater than human capabilities. The biped reached a height of
over 9cm within the first hop, and continued to hop on the same leg for dozens more
cycles with an average toe clearance of 9.6 cm (±0.9 cm, N = 55), as shown in Figure
4.13. However, a more apt measurement of hopping prowess is the center-of-mass height,
which cannot be cheated by rapidly retracting legs during flight. ATRIAS’ center of mass,
as approximated by the hip point, also consistently clears 9cm over its takeoff height.
This is higher than humans hop (less than 4.4 cm) when asked to do so continuously
on one foot [53] (See Appendix 4.8 for detailed analysis). The rate of hopping was also
similar as the robot hopping frequency was 2 Hz, very close to the preferred human
hopping frequency of 2.2 Hz. Arguably, this hopping frequency was “comfortable” for
ATRIAS as well, since the hopping frequency was that of ATRIAS’ passive springmass model, thereby approximating maximum efficiency. The robot performed this test
multiple times, stopping only on command, showing that the hardware is sufficiently
high-powered for continuous hopping on just one leg. We claim that this sustained
human-height-matching hopping capability is novel for a human-scale robot that can
function untethered.

4.4.3.2 Sustained Walking
While Section 4.4.2.3 demonstrated spring-mass walking in the short term with a nearly
passive machine, we seek to demonstrate that such walking can be sustained on ATRIAS.
To do so, we implemented a controller based on a simple state machine.
The walking controller alternates between stance and swing phases, with each leg
occupying the opposite phase of its counterpart. The phase switch is triggered by the leg
currently in stance reaching a predefined extreme angle. During stance, the leg has to
support and propel the body. The motors generate holding torques allowing the springs
to be loaded and to redirect the trunk’s vertical motion, thus supporting the robot’s
weight during the stride. A hip torque is generated by distributing the holding torque
unevenly between the motors rotating the leg, propelling the robot forward. During
the swing phase, the leg is driven forward, first shortening to ensure sufficient ground
clearance and extending again towards the end of swing, culminating in leg retraction
when nearing touchdown. Timing of motion and phasing is based on the stance leg
motion, introducing a virtual constraint.
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Figure 4.13: ATRIAS hopping on one leg over more than 50 hops. The toe (dash-dotted
line) consistently clears a height of 9.6 cm (±0.9 cm) and the hopping robot achieved
a sustained body trajectory (solid line). Biomechanics measurements suggest that this
hopping height is higher than humans typically exhibit on one leg when hopping continuously. The stance-phase (shaded region) duty factor for the hopping cycle is 50%
(±2%), demonstrating non-trivial flight times. Further, five points of interest in the hopping cycle (apex, touch down, nadir, take off, apex) are labeled and shown as performed
by ATRIAS.
The robot exhibited compliant walking generating ground reaction force profile similar to those observed in human walking, as plotted in Figure 4.14. To our knowledge,
this characteristic double-humped force pattern has not yet been reported in robotic
walking.

4.4.3.3 Hops in a Box of Rocks (Monopod)
Nonrigid surfaces and uncharacterized terrain are inevitable in natural environments. As
a test of ATRIAS’ reflexive capability to handle extreme and unmodeled terrain changes,
we challenged the hopping ATRIAS monopod with a pit of pea gravel, or to be flippant, a
box of rocks. We commanded the monopod to hop vertically on the laboratory floor, and
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Figure 4.14: A stroboscopic image of a sustained ATRIAS walking gait and its associated axial leg forces, demonstrating that sustained walking is viable for ATRIAS while
sporting the characteristic “double-humped” force profile of both spring-mass walking
and human walking.
while airborne, pushed it over the pit. This “rocks test” assesses how closely ATRIAS can
maintain its nominal mass trajectory despite an extreme disturbance, testing whether
ATRIAS’ mechanical system is capable of responding to surprises in the real world.
Admittedly, a box of gravel is an unusual robot test, but is an appropriate reflexive
challenge in both magnitude of disturbance and unpredictability of terrain dynamics.
Extending 16.5 cm beneath the floor, this box of rocks is hazardously deep for a hopping
robot, a full 17% of ATRIAS’ nominal leg length. Further, while an open-air fall is
simple to model and easy to plan for, granular media is notoriously not [317], making
a gravel trap an apt analogue for the unknowns of real-world terrain, less befitting of
intricate model-informed control design. Further, this gravel is somewhat loosely packed,
meaning that ATRIAS will likely plunge the entire 16.5-cm depth of the trap, requiring
significant energy injection from the actuators to maintain its hopping height. For this
hardware test, the boom was locked to constrain the robot to only vertical motion.
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The test controller was designed to regulate the ground-reaction forces, as measured
by the springs, tracking the force trajectory associated with its nominal hopping gait.
By controlling these forces, in effect, the robot mass trajectory is regulated irrespective
of the terrain beneath it. In essence, the controller does not “switch” when on the rocks
as opposed to the floor, but merely regulates force using a PD+feed-forward controller.
Properties of this “force control” technique are elaborated upon other studies [164],
including it being work-optimal disturbance rejection for dissipative surfaces [141]. The
rocks were not modeled and neither the controller nor its gains were tuned for these
terrain dynamics, as not to meddle with the reflexive nature of this rocks test.
After over a dozen cycles of steady-state hopping, the ATRIAS monopod was nudged
over the rocks. The robot plunged the full 16.5-cm depth of the pit, as shown in the
film strip in Figure 4.15a. ATRIAS regulated its forces by rapidly extending its leg,
thereby injecting lost energy. After eight complete hops in the box, ATRIAS jumped
out of the pit and resumed its prior steady hopping on the laboratory floor. Figure 4.15b
shows the hopping apex height was largely maintained despite the sizable terrain change.
For perspective, this disturbance is dynamically extreme for legged locomotion, but was
handled by the ATRIAS monopod without planning or switching controllers.

4.5 Future Work
4.5.1 Control
In a broad view, various control frameworks are potentially suited to take advantage of
ATRIAS’ agile, yet underactuated, dynamical capabilities. Hybrid-zero dynamics (HZD)
[303], receding-horizon differential dynamic programming [90], and sum-of-squares verified trajectory libraries [180] are a few examples of control frameworks that can support
ATRIAS’ high degree of underactuation. More specifically, approaches have also been
developed to tackle more biped-specific issues such as torso and frontal-plane stabilization.
While the presented hardware performance tests were performed with locked torso
rotation, many solutions exist for handling torso dynamics (some of which have already
achieved walking with ATRIAS). Within the framework of spring-mass techniques, the
torso angle can be regulated by constraining the direction of resultant leg forces through
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Figure 4.15: As a test of reflexive actuation in a surprise terrain change, the ATRIAS
monopod hopped into, and out of, a 16.5-cm-deep gravel pit. The controller was not
switched depending on terrain and the robot was unaware of the impending trap. (a)
Images of the monopod plunging into the rock trap. (b) The hip height of the monopod
before, during, and after the terrain change, showing it can largely maintain its apex
hopping height despite the 16.5 cm depth of the trap.
a predetermined intersection point, i.e., virtual pivot point [183]. ATRIAS has this
capability to arbitrarily constrain leg forces, as demonstrated in Sections 4.4.2.3 and
4.4.2.4, and thus is amenable to virtual pivot techniques. Also, hybrid zero dynamics
(HZD) has long offered various solutions to torso management and has been implemented
on ATRIAS [224, 130].
Further, HZD formulations have been posited to formally collapse robot dynamics
into a simpler spring-mass model using virtual constraints [215]. With ATRIAS, such
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dynamics-matching techniques may be most applicable for two reasons. First, the passive
dynamics already approximate a spring-mass model, likely requiring much less control
effort to formally match the target model. Second, its impact-minimizing spring configuration is beneficial in satisfying hybrid invariance, a key control constraint for HZD
methods. In effect, the discontinuous jump in state space is very small for the robot mass
velocity and rotor velocity, which are normally quite sensitive variables for generating
an invariant manifold.
While dynamic locomotion outside the sagittal plane remains an open controls challenge, several strategies already exist which can feasibly be implemented on ATRIAS.
Despite traditional zero-moment point strategies being rendered moot by ATRIAS’ point
feet, strategically analogous push-recovery methods can be adapted to stabilize ATRIAS
in three dimensions [275, 219]. Hip abduction angles have been used to heuristically
stabilize the Raibert hoppers [223], and more formal abduction-control strategies have
also been developed for the spring-mass model [209]. A strategy that works within the
framework of spring-mass locomotion may help maximally leverage the machine’s passive
dynamics to achieve agility and efficiency.

4.5.2 Biological Investigation
Due the general similarities between spring-mass model and biological locomotion (Section 4.2), we can tune ATRIAS’ parameters to more quantitatively match animal dynamics. Humans, birds, and other bipeds have long been characterized by an equivalent legspring stiffness, which ATRIAS can approximate by installing plate springs with stiffness
to match. In addition to effective stiffness, recent system identification work on groundrunning birds from ostrich (120 kg) to quail (0.2 kg) has also estimated their effective
leg dissipation [31], suggesting that coping with this dissipation significantly influences
their gait strategy. Interestingly, running ostriches (the species closest to ATRIAS in
mass) exhibited a damping ratio of 0.058, which is notably similar to ATRIAS’ damping
ratio of 0.061. This suggests that ATRIAS can embody both the energy-cycling and
energy-dissipating dynamics of animal gaits.
This quantitative similarity to measured animal dynamics can be used to investigate
animal running in a particularly comparable way. Specifically, if the underlying dynamics of ATRIAS are similar to animals, we hypothesize that energy-optimal control of
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ATRIAS should yield similar gaits to animals, which also likely minimize energy costs
[274]. Tight correlations between optimal ATRIAS running and animal running would
provide strong evidence for a more predictive reduced-order biological model. Such a
model could be used to quantitatively predict animal maneuvers; a potentially important
biological finding.

4.5.3 A Purpose for Feet
For traversing a fully three-dimensional environment, non-trivial feet can be helpful for
stabilizing yaw accelerations. Unlike for static stabilization, where significant torques
would need to be generated in the sagittal plane, yaw torques need only be resistive to
be usefully stabilizing [128]. Such a foot mechanism could be rendered comparatively
lightweight and engineered to exert minimal sagittal torques, thereby not interfering with
ATRIAS’ sagittal-plane spring-mass template.

4.6 Conclusion
We present ATRIAS as an example of applying template-driven design to a versatile,
human-scale bipedal robot. By leveraging a low-mass fourbar leg mechanism and serieselastic plate springs, ATRIAS exhibits spring-mass locomotion when dropped, pushed, or
thrown. Thoughtfully actuating ATRIAS allows for both sustained walking and hopping
on one leg (higher than humans), demonstrating a capability for executing a variety
of gaits (a limitation of prior template driven robots). This versatility included hopping into, and out of, an unseen 16.5-cm-deep gravel pit, demonstrating notable control
authority.
To our knowledge, ATRIAS is the first documented bipedal machine to replicate the
human-like ground reaction forces of spring-mass walking and running. This characteristic “double-humped” force profile was measured both during a 17-step “passive” walk
(using a near-zero-work leg controller) and a sustained steady walking (using a simple
proof-of-concept walking controller). It also hops with ground-reaction forces similar to
animal running.
These biology-matching results advance a broader point regarding bioinspired robot
design. Robot mechanisms need not be morphologically biomimetic (e.g. ATRIAS’
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spring-loaded fourbar leg mechanism) in order to produce biologically relevant dynamics
(human ground-reaction forces). Further, these human-like dynamics emerge from efficient control of appropriately designed passive dynamics, and do not necessarily need to
be the explicit target of a feedback control loop.
The template-driven design approach is paramount to ATRIAS’ dynamical capabilities. The extent to which it performs varied motions are predicted by the spring-mass
model. ATRIAS embodies an extension of template dynamics to more practical machines, avoiding the limitations of rigidity and actuation typical to humanoid robots. It
demonstrates that template-driven design is not limited to laboratory platforms, and in
fact, can be a vessel for achieving the efficiency, versatility, and dynamism demanded of
bipeds that the world will want.
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4.7 Power Analysis
Using a preliminary example gait controller (as per Section 4.4.3.2), we were able to
identify ATRIAS’ typical, main actuator power profile. ATRIAS’ load scenario is given
through its four main actuator velocities, their in-series spring/actuator torques, and the
measured power. This was particularly important for assessing the empirical effect of the
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leg mechanism’s geometric power on the electrical economy on a walking gait (See Section
4.3.3.1 and its associated power data, Figure 4.8). Observing a walking gait with a speed
of 0.85 m/s, the mean data of 12 consecutive steps were recorded and analyzed. A motor
model was implemented to fill gaps from non-measurable, otherwise missing dynamical
motor characteristics (See Table 4.1 for a list of available sensors). Power “components,”
such as ratio of regeneration, electrical power losses, and individual motor powers were
non-measurable, mostly because they were not accessible in the ATRIAS setup. Only
the instantaneous summed power of all four actuators could be measured by a power
clamp. Consequently, we present an ATRIAS motor model that provides otherwise
unaccessible system parameters such as a) instantaneous power applied to accelerate
actuators, b) electrical power losses, c) actuator efficiencies, d) and the instantaneous
regeneration of actuators and amplifiers. The model further allows for precise estimation
of the swing and stance phase power characteristics of the ATRIAS system given the
example gait controller.

4.7.1 Experimental Setup
Full dynamics in a legged robotic system can be derived if both kinematic and dynamic
data are available. ATRIAS’ sensor infrastructure provides sufficient information to calculate the instantaneous load on each actuator continuously during the swing and stance
phases. Axial leg forces and tangential leg torques were measured indirectly through the
robot’s deflecting leg springs, one for each of ATRIAS leg motors (Section 4.3.2.2). Leg
forces and torques are derived through the robot’s kinematics and the measured actuator
forces and torques. In a system without internal actuator torque estimation, swing phase
dynamics cannot be estimated. Few robots are equipped with a full set of joint torque
sensors, and only sparse data of robot swing phase dynamics is available from literature.
ATRIAS’s internal leg dynamic measurements directly enable us to measure those values
and apply them in the motor model to gain insights into details of the system’s motor
power.
All sensor data was recorded at a sampling frequency of 1000 Hz. The data of the
walking ATRIAS robot was recorded over 12 full locomotion cycles. A full cycle was
arbitrarily defined between the beginning of the left leg swing phase, and the end of the
left leg stance phase. The average gait cycle time was 1.1sec, at a gait cycle duty factor
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of 0.6 (Figure 4.16, stance duration per gait cycle). The motor-torque crossing from
loaded to unloaded, of the left leg motor-B, was used to define the onset of swing phase,
and the end of stance phase again. All cycles were cut manually, and trajectories were
interpolated with 1000 samples.

4.7.2 Motor Model
We implemented a variant of the motor model by [233], for each of ATRIAS’ four main
actuators. We extended Roos’ motor model with the capability of identifying actuators
in generator mode; in phases of negative power, those actuators would push electrical
power back into the robot’s electrical grid. We found that this regenerated power was
almost always instantly re-used by one of the other motors, and did not charge the
batteries. This a consequence of the geometric power inherent to the mechanism as
described in Section 4.3.3.1.
Motor power Pm is described as the sum of electrical losses Pelec and mechanical
losses Pmech [233] (equation 10-13). Mechanical losses depend on the instantaneous
power applied through the load (Tl , θ̇l ) and through accelerating the motor and gear
components (Jm motor inertia, Jg gearbox inertia).
Pm = Pelec + Pmech
Pmech = (Jm + Jg )θ̈l θ̇l n2 +
Pelec = Rm I 2 = Rm

(4.1)
Tl
θ̇l
µg

2
Tm
2
kT

(4.2)
(4.3)

θl indicates the position of the load, here the actuator position in [rad], θ̇l its velocity
and θ̈l its acceleration. Tl in [Nm] is the load torque measured through spring deflection,
µg is the approximation of the harmonic drive gearbox efficiency. Electrical losses are
calculated through the motor winding resistance (Rm in [Ω]), and the motor coefficient
kT . n is the gear ratio of the harmonic drive. We externally measured ATRIAS’ electrical
power Pclamp and compared it to the model-predicted motor power Pm,robot , as sum of
its four main leg actuators [motor ID’s: (L) left and (R) right side, A and B motor]:
Pm,robot = Pm,LA + Pm,LB + Pm,RA + Pm,RB

(4.4)
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The above motor model, however, does not account for the imperfect generator mode
of the actuators and power amplifier in the case of negatively applied power. Only externally applied loads, or load through acceleration can produce negative power (equation 4.2). By including a generator efficiency term:
Pmech,regen,motorID = −µregen Pmech,motorID

(4.5)

we identified the efficiency of regeneration between µregen = 30 % and 40 %.

4.7.3 Power Analysis Results
The average, minimal and maximal leg forces and leg torques per full gait cycle of this
example gait are given in Figure 4.16 (top and bottom, respectively). The leg force
profile shows the walking-gaits-specific double hump profile, with a maximum leg force
of 650 N. Leg torques reached from −130 Nm up to 100 Nm, and showed much higher
variations, compared to the robot’s leg forces (Figure 4.16).
Quantitative results from the ATRIAS motor model are presented in Table 4.2, separated by stance phase values (40 % of cycle time), swing phase values, and full cycle values
(1.1 sec in average). The motor model is based on individual sensor data of the left and
right ATRIAS leg, and indicates that both legs are not working in complete symmetry.
Because the robot is walking in a circle, forces and torques applied are different between
its inner (left) and outer (right) leg. Here shown are only motor model power values
for the left robot leg. Power values are provided, hence the mean of stance and swing,
weighted by the duty factor, gives the full cycle power values. The externally applied
load (Pl,A and Pl,B ) during stance phase is caused by impact and weight of the robot, and
during swing phase by the mass and inertia of the legs (Pl,AB,swing ≈ 15 W). Swing power
values are very low, due to the low-weight leg design of ATRIAS. During stance phase
motor-A shows a large positive power consumption Pl,A,stance = 273 W, as it is supporting the weight of the robot. Motor-B is showing an almost equally large, but negative
power, because the direction of torque is opposite to that of motor A (four-bar construction), while the direction of movement is identical (backwards). Parts of this negative
power are being pushed back through the amplifiers, into other, power-draining motors
(Pregen,B,stance = −57 W). As a consequence of a large stance phase torque at lower
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Power Type
Pm
Pm
Pm
Pmech
Pmech
Pmech
Pl
Pl
Pl
Pacc
Pacc
Pacc
Pelec
Pelec
Pelec
Pregen
Pregen
Pregen
Pclamp

Motor
A
B
ABAB
A
B
ABAB
A
B
ABAB
A
B
ABAB
A
B
ABAB
A
B
ABAB
ABAB

Side
L
L
LR
L
L
L
L
L
LR
L
L
LR
L
L
LR
L
L
LR
LR

Swing
135
119
584
151
157
606
14
16
19
12
-31
-24
20
13
137
-36
-51
-159
559

Stance
363
-57
517
265
0
510
273
-268
22
-9
25
20
99
0
128
0
-57
-121
573

Full
265
19
546
216
67
551
162
-146
21
0
1
1
65
6
132
-15
-55
-137
567

Table 4.2: Pm indicates the cummulative, modeled motor power (Equation 4.1), Pmech
the modeled, instantaneous sum of the external load power Pl and the internal load power
Pacc (both with positive and negative values). Latter is caused by the acceleration of
motor and gearbox components. Swing time of this gait covers approximatively 40 %.
The externally measured power, over all four motors, is shown as Pclamp . All values are
reported in [W].
motor speed, the electrical power losses of motor-A are significant: Pelec,A,stance = 99 W,
or almost 1/3 of the load power.
Mechanical swing phase power (instantaneous sum of load and acceleration) is roughly
equal between motor-A and motor-B actuators. Though leg masses are low, both actuators require larger accelerations during swing phase, which is 20 % shorter than the
robot’s stance phase. Further, leg length is shortened in addition to the swing-forward
movement, which adds an additional acceleration component to the actuators. For the
full cycle and both legs, the motor model predicts an electrical power consumption of
Pm = 546 W, versus a measured power consumption of Pclamp = 567 W. For the 60 kg
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Figure 4.16: ATRIAS’ leg forces (top) and leg torques (bottom), x-values are normalized
by a full gait cycle of a walking gait with an average forward speed of 0.85 m/s. Values
of the left leg only are shown. The plot starts with the swing phase, stance phase begins
at 40 % of the gait cycle. Continues, bold lines show average force and torque values over
12 strides, grey shaded areas indicate the maximum and minimum band. Maximum leg
forces during the walking experiment were around 650 N. Stance phase of the leg torques
indicates an initial braking phase (average −25 Nm), followed by a longer pushing phase
(average 55 Nm), and a final, short braking torque burst (−30 Nm). Strong oscillations
of the leg in swing phase are visible both as leg forces, and as leg torque during the first
40 % of the gait cycle.
ATRIAS system, this corresponds to an electrical (metabolic) cost of transport of 1.13
for this preliminary example gait.

4.8 Comparative Hopping Analysis
While one-legged hopping is a common diagnostic test for various human medical conditions, the center-of-mass hopping height is rarely measured and reported in human
studies. We estimate one-legged hopping height in humans using more commonly reported measurements, which we analyze using work-energy methods. Specifically, we
infer center-of-mass hopping height using subject mass (m), peak force measurements
(Fpk ) and center-of-mass compression while on the ground (hc ). We used measurements
of these quantities from [53], which included an experimental control group which hopped
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on one foot at a “comfortable” 2.2 Hz human hopping tempo.
We begin by defining work-energy equations at the highest position of the center of
mass (apex), and the lowest point while the ground (zenith).

Eapex = Ezenith + Wnonconserved

(4.6)

At both apex and zenith, the center-of-mass velocity is zero, reducing the energy
terms to the difference in gravitational potential. Further, since the force-length relation
of human hopping was highly linear (r2 = 0.99 and visible in [53]) (Figure 3a), we can
accurately approximate the leg work as the area under the force-length curve, which is
a triangle:

mg (hhop + hc ) =

1
Fpk hc
2

(4.7)

where hhop is the desired quantity, the vertical distance the center of mass travels
after take off. Given quantities are: m, the subject mass, g, gravitational acceleration,
Fpk , the peak leg force, and hc , the distance the leg compresses during stance. This
equation simplifies to:


hhop =


Fpk
− 1 hc
2mg

(4.8)

where [53] (Table 1)) gives m=59.1±9.2 kg (very close to ATRIAS’ 62 kg with batteries), g=9.81 m/s2 , Fpk =1570±207 N, and hc =8.18±0.36 cm.
Further, we employ an error propagation analysis on peak force and leg compression
(the parameters that change from hop to hop) given their reported standard deviations.
We derive a standard deviation for hhop , σhhop as:
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s

σhhop
σhhop




δhhop 2 2
δhhop 2 2
=
σFpk +
σhc
δFpk
δhc
s


2
Fpk
hc 2 2
=
σFpk +
− 1 σh2c
2mg
2mg

(4.9)

(4.10)

which evaluates to hhop =2.9±1.5 cm, significantly lower than ATRIAS’ hopping height
of 9.6±0.9 cm. In the main text (Section 4.4.3.1), we report the high end of this computed range, which is 4.4 cm. Further, we can employ a maximally generous statistical
interpretation and assume the best-case values within the human statistical range (high
leg compression, 8.54 cm, high peak force, 1777 kg, and low mass, 49.9 kg), and compute
a human hopping height of 7.0 cm, which is also eclipsed by ATRIAS.
We believe that our presented center-of-mass measurements demonstrate ATRIAS’
capability for sustainable one-legged hopping on par with human capability. We believe
this is the first documentation of sustainable human-level hopping performance with a
human-scale biped that can operate off-tether. While other tether-free-capable humanoid
robots can hop [58], and ASIMO can hop on one leg, it is difficult to estimate exactly
how far the center of mass is vaulted from presented data. Further, the high-powered
HRP3L-JSK [288] has been shown to jump a significant 44 cm off the ground. However,
this HRP3L-JSK test attempts a single hop using both legs, does not attempt a safe
landing, and rapidly retracts its legs during flight, thereby inflating “hopping height”
significantly beyond the height of the center of mass.
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Objectives and Optimal
Phenomena in Bipedal
Locomotion
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Chapter 5: Optimization-Inspired Control
This chapter contains a brief study investigating energy-optimal running on terrain
with unknown ground impedance. It is also an early foray into an approach we dub
“optimization-inspired control.” By using trajectory optimization to optimally solve individual scenarios, or slices of the overall control problem, we can then identify patterns
in the individual solutions that inspire a general solution. We then test this insight into
the general control policy as a scientific hypothesis, seeing if a controller which enforces
our insight exhibits energy optimal performance.

Contributions
CH wrote the manuscript and devised and performed the numerical experiments. JH
supervised the investigation and co-wrote the manuscript.
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Abstract
Soft ground is a ubiquitous hazard for legged locomotion and has yet to be conquered
in a robust, dynamic, and economical manner. In search of a controller to meet these
demands, we found that a simple force controller is energy optimal for spring-loaded running on unknown ground dissipation. The simplicity of this optimal controller suggests
a fundamental insight into legged locomotion.

5.1 Introduction
Handling uncertain terrain is an enduring challenge in legged locomotion, especially when
running. We believe the solution lies in fundamental principles of spring-mass running.
Some controllers for the Spring-Loaded Inverted Pendulum (SLIP) have been successful
in rejecting potholes and slopes by adjusting leg posture mid-flight. However, negotiating
soft terrain, such as soil or sand, requires thoughtful actuation while in brief contact
with the ground. This challenge is further complicated as the SLIP model is nonlinear,
hybrid-dynamical, high-dimensional, underactuated, and analytically unsolvable. This
investigation discovered a simple feedback force controller that completely rejects soft
ground in a single step for minimum energy cost.
In simulation, we demonstrate that the controller navigates even extremely soft
ground without any estimates or foreknowledge of the ground properties. Further, we
present evidence from numerical optimizations that this controller is, in fact, the energyoptimal solution for handling any dissipative terrain. We conclude that these features
make the force controller well-suited for real-world locomotion and realizable on hardware
that approximates SLIP-model running.
Solving an optimal control problem with such mathematical barriers required an
unconventional approach. We use trajectory optimization as a starting point, manually
inspecting numerical optimal trajectories for similarities. Informed by these similarities,
we hypothesized a general optimal controller and, as validation, compared it to the
performance of optimal trajectories. We call this process optimization-inspired controller
synthesis.
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Figure 5.1: (a) An actuated variant of the Spring-Loaded Inverted Pendulum (SLIP) model,
including a motor that regulates axial spring compression during stance, and a linear damping
ground model acting inline with the leg. (b) A visualization of an equilibrium gait, where apex
velocity and height remain constant across flight phases. On soft ground, this is only possible if
the actuator intervenes during the stance phase, as shown above.

5.2 Background
The research trail of running robot control was blazed by the Raibert hoppers [223],
whose simple and effective controllers inspired a wave of stable, energy-based running
controllers[1]. Hybrid-Zero Dynamics has yielded robust and efficient control of multilinked bipeds, handling steep, unexpected drops[206]. Ernst, Geyer, and Blickhan[93]
(EGB) developed a steady-state flight-phase controller for the energetically-conservative
SLIP model. While airborne, EGB control selects a leg angle which guarantees the same
flight speed on the next step (an equilibrium gait) even without detecting the impending
ground. However, guarantees made by EGB control and its predecessors assume a rigid
landing surface. This investigation seeks a stance-phase controller complementary to
EGB control which rejects the effect of soft surfaces while performing minimal actuator
work. Such a controller, as Fig. 5.1b illustrates, would ensure economical, robust control
while running on surfaces like soil, sand, and snow.
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5.3 Methods
5.3.1 Trajectory Optimization
Using the actuated SLIP model shown in Fig. 5.1a, a trajectory optimization problem
was formulated. Given A) an initial apex condition, B) a leg angle at touch down1 ,
and C) a ground-damping coefficient, find a torque trajectory2 which 1) results in an
equilibrium gait3 (as defined in Fig. 5.1b), and 2) minimizes actuator work4 .
Using Sequential Quadratic Programming5 , energy-optimal torque trajectories were
computed for the SLIP model6 at various initial conditions and assorted surface consistencies. However, any individual trajectory is only useful for its respective narrow case
and, at 103 seconds per optimization, are cripplingly complicated to compute in real time.
While these trajectories are impractical on their own, we suspected that inspecting them
all for similarities could yield insight into a simple, general solution.

5.3.2 General Optimal Control
Despite the optimal torque trajectories being widely varied, the axial ground reaction
forces were remarkably similar across all tested surfaces. Even when a particularly soft
surface caused the robot to sink 10% of its leg into the ground, conditions which could
be likened to a sand dune or snow drift, the axial forces were nearly identical to that
of rigid ground. This surprising similarity among energy-optimal trajectories led us to
formulate a hypothesis: “a controller that replicates the axial forces experienced on rigid
ground is an energy-optimal control policy on soft ground.”
To test this hypothesis, we compared the energy economy of an axial-force controller
1
On rigid ground, these leg angles at touch down would produce equilibrium gaits, and are computed
using EGB control.
2
The input trajectory is a piecewise-linear, time-scheduled, torque applied to the leg-length control
motor at the moment of touch down.
3
An “equilibrium gait”, similar to a “limit-cycle” gait, “periodic gait”, or “steady-state gait”, has
equivalent state variables from step to step at the apex of flight.
4
The objective function is defined as the time integral of the unsigned derivative of actuator work,
resulting in minimal motor intervention in the passive dynamics.
5
Using MATLAB’s constrained minimization algorithm, fmincon, with an equality constraint.
6
SLIP model parameters are estimates from our experimental monopod, ATRIAS 2.0: m = 32kg,
l0 = 0.90m, k = 3.0 kN
, τmax = 25N m, motor inertia I = 0.003kgm2 , transmission ratio: 50:1, and
m
ground damping coefficient, b, is experiment dependent.
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Figure 5.2: Energy consumption of “force control” matches optimized trajectories, strongly
suggesting that force control is an optimal solution to handling soft terrain. Energy error bars
correspond to a 1% solver constraint tolerance.

to optimal energy consumption. To facilitate the necessary closed-loop control of the
ground-reaction forces, a PI controller7 was implemented which tracks the axial force
trajectory experienced on rigid ground (dubbed force control for brevity).

5.4 Results and Conclusions
We compared the energy consumption and disturbance rejection of both force control
and optimal trajectories. As shown in Fig. 5.2, when applied to the same situations
as the optimization, force control preserved the equilibrium gait8 on soft ground for the
same energy cost as the optimized trajectories9 . We present this as numerical evidence
which confirms our hypothesis that force control is the energetically optimal solution to
running on soft ground.
We believe this solution is a fundamental insight into control of the SLIP model. By
using numerical optimizations to inspire and test hypotheses about optimal control, we
were able to bypass the mathematical complexity inherent to the model. We believe this
approach, coined optimization-inspired controller synthesis, can apply to a broad class
of problems.
7

Integral control was necessary to eliminate steady-state error; Gains of KP = 10m, KI = 20 m
were
s
manually tuned.
8
Equilibrium gaits were reliably produced within a 1% state variable tolerance.
9
Small variance in the SQP performance is likely due to local minima caused by trajectory representation and the state variable tolerance allowing slightly “lazier” solutions.
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Force control also has many practical advantages. The policy is simple, tracking
easily computed force profiles instead of expensively computed optimal input trajectories.
Further, it requires no estimation of the ground dynamics in order to be robust or
optimal. This feature combines well with EGB flight control, since EGB requires no
knowledge of the ground geometry, as demonstrated in a recent simulation study[163].
These features allow force control to be tested on practical surfaces with robotic hardware
that can approximate SLIP-model dynamics.
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Chapter 6: Objectives of Ground-Running Birds
Preface
Ground-running birds are an oft-ignored example of agile bipedal locomotion, but they
can do amazing things (see the manuscript). This paper is an ambitious combination
of experimental bird data collected from five different species (courtesy of Aleksandra
Birn-Jeffery and colleagues) and a novel approach to mathematical modeling of animal
locomotion, which is my primary intellectual contribution to the study. This paper
was the result of a collaboration with Dr. Monica Daley’s research group at the Royal
Veterinary College.

Contributions
All authors discussed and commented on the manuscript. MAD designed and supervised
experiments. JWH planned and supervised simulations. ABJ and YB collected and
analysed experimental data. CMH ran simulations and optimisations. DR co-supervised
simulations. ABJ, CMH and MAD wrote the paper. ABJ and CMH contributed equally.
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Abstract
Cursorial ground birds are paragons of bipedal running that span a 500-fold mass range
from quail to ostrich. Here we investigate the task-level control priorities of cursorial
birds by analysing how they negotiate single-step obstacles that create a conflict between
body stability (attenuating deviations in body motion) and consistent leg force-length
dynamics (for economy and leg safety). We also test the hypothesis that control priorities shift between body stability and leg safety with increasing body size, reflecting use
of active control to overcome size-related challenges. Weight support demands lead to
a shift towards straighter legs and stiffer steady gait with increasing body size, but it
remains unknown if non-steady locomotor priorities diverge with size. We found that
all measured species used a consistent obstacle negotiation strategy, involving unsteady
body dynamics to minimise fluctuations in leg posture and loading across multiple steps,
not directly prioritising body stability. Peak leg forces remained remarkably consistent
across obstacle terrain, within 0.5 body weights of level running for obstacle heights from
0.1-0.5Lleg. All species used similar stance leg actuation patterns, involving asymmetric
force-length trajectories and posture-dependent actuation to add or remove energy depending on landing conditions. We present a simple stance leg model that explains key
features of avian bipedal locomotion, and suggests economy as a key priority in both level
and uneven terrain. We suggest that running ground birds target the closely coupled
priorities of economy and leg safety as the direct imperatives of control, with adequate
stability achieved through appropriately tuned intrinsic dynamics.

6.1 Introduction
Modern bird success is commonly attributed to flight but could equally be ascribed to a
heritage of bipedal agility tracing back 230-million-years to theropod dinosaurs. Ground
birds, such as quail and ostriches, move with speed and economy through complex natural
terrain environments [6, 32, 79, 151, 235]. These athletes span the broadest body mass
range among extant bipeds, over 500-fold from quail to ostrich. Birds thus provide a
natural animal model for understanding the functional demands of striding bipedalism
and how these demands change with body size [109, 144, 231].
Here, we ask two questions fundamental to locomotor behaviour: What are the task-
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level leg control priorities of running animals? and How do these priorities vary with
terrain and body size? Running animals must control their legs to balance numerous,
sometimes conflicting task-level demands including minimising energy cost [48, 231, 274],
avoiding falls [60, 76], maintaining desired speed and direction [32, 46, 73, 150], and
avoiding injury from excessive leg forces [28]. Many features of steady locomotion emerge
from minimising muscle work and energy cost, suggesting economy as a key priority
[48, 167, 274]. Yet, steady locomotion is likely rare in the complex topographies of natural
environments [200]. Therefore, priorities might sometimes shift away from economy,
particularly in non-steady behaviours, because animals must avoid catastrophic falls
and injury to survive.
The ideas above suggest locomotor stability might be among the key control priorities
of animals, yet stability remains poorly understood and challenging to measure. Avoiding
falls has potential as an ultimately relevant and general definition of stability, because
falls increase risk of predation. Yet, falls can be preceded by musculoskeletal injury
from repetitive high-stress loading [291]. Thus, both instability and injury can be the
proximate causes of falls, so body stability and leg injury avoidance have the potential
to be key and distinct priorities.
Here we use body stability to refer to attenuating deviations in body centre of mass
(CoM) motion from steady gait, as opposed to the looser definition of general stability
as avoiding falls. Mathematical analyses of body stability (local or cyclical asymptotic
stability) focus on whether gait perturbations diminish over time, returning the body
CoM to the nominal periodic gait [35, 37, 82, 110, 252]. For example, Poincar sections
have been used to observe the deviations of the body CoM states at apex height [37,
110]. Empirical evidence suggests that running animals do exhibit stable body motion,
recovering from unexpected perturbations within 2-3 steps [75, 150].
Pinpointing the underlying mechanisms used by animals to achieve stability is also
challenging, because significant interplay occurs between intrinsic musculoskeletal dynamics and active neural control. Here, we conceptually distinguish between stability as
a control priority a direct objective of the applied active control, and intrinsic-dynamic
stability properties conferred by the inherent dynamics without neural feedback control.
Intrinsic stability mechanisms can be revealed by subjecting an animal to a sudden,
unexpected perturbation, to observe the immediate response in the short time period
before feedback is possible [72, 104, 150]. Animals employ intrinsic-stability mechanisms
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to minimise gait disturbances and facilitate rapid recovery from surprise perturbations
[73, 150]. This minimises the need for active control intervention. Yet, it remains unknown whether running animals rely heavily on intrinsic stability mechanisms even for
anticipated terrain changes, or, instead, also target body stability through active control.
Active mechanisms may include anticipatory manoeuvres to minimise the initial effects
of a terrain change on body trajectory, and reactive responses to return the body toward
steady gait once perturbed.
There are several lines of evidence to suggest that animals might actively target
body stability as a control priority, even in uneven terrain: 1) previous perturbation
experiments have demonstrated that animals minimise deviations from steady body CoM
dynamics and recover quickly to steady gait [73, 97, 99, 121, 150, 193], 2) hopping
and running humans target steady body CoM trajectory on variable terrain, and use
active mechanisms to do so in expected conditions [99, 100, 121, 193, 195, 194], and
3) animals have been observed to allow variance in joint dynamics while minimising
variance in body CoM trajectory [52, 313]. These findings have led to the suggestion
that steady body CoM trajectory is a direct target of neural control [52, 99, 193, 195,
313]. Additionally, minimising fluctuations in body CoM trajectory has potential to
minimise external mechanical work, which factors into the energy cost of locomotion
[274]. Nonetheless, uneven terrain locomotion has been studied in relatively few animals
and terrain conditions; thus, it remains unclear whether animals prioritise steady CoM
trajectory over a wide range of species and terrain contexts.
Here we study running dynamics of birds negotiating a visible, single-step obstacle
(Fig. 1), which allows the birds to plan their strategy, from which we can infer task-level
control priorities. The single-step obstacle puts demands for body stability (attenuating
deviations in body trajectory) in direct conflict with demands to regulate leg posture and
leg loading, which influence musculoskeletal loads and thus both economy and leg safety.
Active manoeuvres to negotiate an obstacle fall between two hypothetical extremes:
crouching, which minimises fluctuations in body trajectory (Fig. 1 A) or vaulting, which
maintains consistent leg force-length dynamics (Fig. 1 B). In a crouching strategy,
birds shorten the leg to accommodate the obstacle, using posture change to minimise
deviations in body trajectory from steady gait, which also minimises external mechanical
work. However, crouched posture demands increased muscle forces due to changes in leg
posture and musculoskeletal gearing [28, 75, 187]. Changes in leg posture and loading
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have significant implications for the metabolic energy cost of locomotion, because cost
depends on muscle force [167, 187] and work [274]. In a vaulting strategy the bird
launches upwards in anticipation of the obstacle (Fig. 1B), actively deviating from steady
gait to raise body height on to the obstacle and minimise fluctuations in leg posture and
loading [32]. We suggest that a greater degree of crouching reflects priority to stabilise
body CoM trajectory and minimise external work, whereas vaulting reflects priority to
maintain consistent musculoskeletal force-length dynamics, for effective gearing and leg
safety. Thus, this terrain perturbation allows us to test the hypothesis that stability of
body CoM trajectory is a direct priority of active locomotor control.
To also test the hypothesis that control priorities shift between body stability and
leg safety with increasing body size, we compare obstacle negotiation behaviour among
birds from bobwhite quail (0.22kg) to ostrich (117kg), spanning a 500-fold mass range.
This hypothesis is based on the idea that non-steady locomotor behaviours may reflect
use of active control to overcome the inherent challenges of body size large animals are
at high risk of injury due to high musculoskeletal stresses, whereas small animals are
less injury prone [293], but live in rougher terrain relative to their leg length. Large
animals are limited by the strength of their legs because peak loads increase with body
mass, but strengths of musculoskeletal structures increase with cross-sectional area [28].
To ameliorate this problem, large animals run with straighter legs to minimise muscle
and bone stresses [28, 109]. Nonetheless, large animals face inherently high risk of
injury because changes in leg posture or loading (ground reaction forces, leg touchdown collisions) could increase muscle and bone stresses beyond safety factor limits. In
contrast, small animals run with crouched (flexed) leg posture [28, 109], which allows
smooth body motion with robustness to terrain variation [76, 186]. Thus, we aim to use
the spectrum of ground bird body size and leg posture as a window into the relationship
between control priorities, morphology and terrain conditions. We reason that control
priorities and morphology may have co-evolved to overcome the consequences of scaling.
We therefore predicted that small animals would prioritise body stability, using postural
changes to minimise gait deviations to a greater degree than larger animals. We expected
large animals to prioritise leg injury avoidance, minimising changes in leg posture and
peak forces.
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Figure 6.1: Obstacle negotiation strategies as a window into task-level control priorities. Schematic illustration of idealised strategies, as hypothetical reference points: (A)
Adopting a crouched leg posture on the obstacle could allow constant body motion, minimising deviations in body centre of mass (CoM) trajectory and mechanical energy, but
would increase muscle force required to support body weight, due to altered gearing. (B)
Vaulting onto the obstacle can maintain typical leg posture and body trajectory on the
obstacle step, but requires work to increase mechanical energy (Etot) in step -1. (C) An
additional possible strategy that can occur without anticipatory adjustments is exchange
between kinetic energy (Ek) and gravitational potential energy (Ep). This can occur due
to altered landing conditions in the obstacle step (Ek Ep, [75]), in the obstacle dismount
(Ep Ek, [32]) or both. It is also possible to use a combination of multiple strategies.

6.2 Results
Surprisingly, we discovered that all species, regardless of body size, used a dynamically
similar behaviour. The birds negotiated the obstacle over three steps (Fig. 2A), performing an anticipatory vault onto the obstacle in step -1, maintaining a nearly-symmetric
stance on the obstacle (step 0), but with a significantly more crouched posture (Table S2,
S5), and dismounting the obstacle using an energy-exchange strategy (step +1). Birds
used a consistent balance of vaulting and crouching, with crouching on the obstacle ac-
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counting for 30% of obstacle height for the 0.1Lleg obstacle (Table S2, HTD, level vs.
step 0 = -0.03), which did not differ significantly across species (Fig. 3, Table S1, species
effect p = 0.91). In the obstacle dismount (step +1, Fig. 2A), birds landed with a steeper
leg angle, avoiding high peak forces and converting gravitational potential energy, Ep, to
forward kinetic energy, Ek. Step +1 dynamics, and in particular the steeper leg contact
angle and exchange of Ep to forward Ek, is qualitatively similar to the dynamics of birds
negotiating an unexpected pothole or a visible downward step [38, 73].

A

Stepw-1

Stepw0

C

Stepwm1

0 .4

0.5Lleg
0.4
0.3
0.2
0.1

3

GRF
/BodyweightsP

Step -1

0 .2
∆EPw
/Joules/mgLlegP

B

bobwhitewquail
pheasant
guineawfowl
turkey
ostrich

0 .0
Step 0

2

1

0
0.0

− 0 .2

0.5

1.0

0.0

0.5
Fractionwofwstance

1.0

0.0

0.5

1.0

Step m1

0 .0

0 .1

0 .2

0 .3

0 .4

0 .5

Obstaclewheight/Lleg

Figure 6.2: Observed obstacle negotiation strategy. Ground birds from bobwhite quail to
ostrich use similar dynamics to negotiate obstacles, reflecting a consistent combination of
vaulting onto the obstacle (step -1), some crouching on the obstacle (step 0), and energyexchange in the dismount, converting Ep to Ek (step +1). (A) Dynamics illustrated by
velocity vectors (arrows), centre of mass position (balls), leg posture (stick figures), (B)
ground reaction force (GRF), and (C) change in potential energy per step during obstacle
negotiation. A and B show a grand mean across species. In step 0, crouching accounts
for 30% of the obstacle height across species. Peak forces remain within 0.5 body weights
of level gait (B, grey shading). See Supplementary Tables S1-S6 for detailed statistics.
Deviations from steady gait during obstacle negotiation scaled similarly across species,
once normalised to dimensionless quantities based on body mass, gravity and isometric
leg length scaling (see methods for calculation). Small birds did run with more crouched
postures on average during their nominal steady gait (Fig. 3) consistent with previous findings [109]. Yet, small birds did not make greater use of postural change during
obstacle negotiation to minimise change in body dynamics (Fig. 3). We observed no
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significant trends with body size on obstacle negotiation strategy (Fig. 2C and Supplementary Tables S1-S6). The evidence therefore refutes the hypothesis that active control
priorities shift significantly with body size. Thus, although the crouched posture of small
animals may provide intrinsic stability against unexpected disturbances [76], this does
not imply body stability as a task-level control priority.
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Figure 6.3: Scaling of leg posture in level and 0.1 Lleg obstacle terrain. Leg posture
is measured as a posture index equal to the ratio of hip height to the sum of the
hindlimb segment lengths [109], measured at mid-stance during running. Despite differences among species in leg posture during steady gait, all species used a similar range
of posture in uneven terrain. Contrary to predictions, small birds did not make greater
use of postural changes to stabilise body trajectory.
Across species, the degree of crouching on the obstacle remained consistent with
increasing obstacle height, accounting for 34% of obstacle height for 0.5Lleg obstacles
(Table S5, HTD, step 0, 0.5Lleg = -0.17). Deviations in leg posture and body dynamics
did increase with obstacle height, reflecting a consistent balance between vaulting and
crouching strategies, with no evidence of a breakpoint or shift in strategy with increasing
obstacle height (Fig. 2C). The observed behaviour is inconsistent with body stability as
a dominant control priority, and instead appears to reflect the influence of competing
demands. Consequently, we focus our analysis below on interpreting the data with
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respect to alternative possible priorities, such as injury avoidance and energy economy.
Force trajectories remain remarkably similar to level running (Fig. 2B), with peak
ground reaction force (GRF) within 0.5BW of the level mean, even during negotiation
of 0.5Lleg obstacles (maximum change +0.36BW, see Table S2). Peak forces did not
significantly differ from level running for 0.1-0.2Lleg terrains. The largest shifts in peak
force occurred in step -1, during the anticipatory manoeuvre (Fig. 2B) and were statistically significant only for obstacle heights 0.3-0.5Lleg (Table S5). The loading phase of
the force profiles retained a similar profile to that observed in level terrain. Force profiles deviated from the level terrain trajectory in the unloading phase, or second half of
stance. A pronounced asymmetry in the GRF was apparent across species and conditions
(including level terrain), with peak GRF at 20-45% of stance (Fig. 2B).
In addition to consistent leg forces, we observed similar leg actuation trends across
terrains and species. Birds added energy through leg extension during leg unloading,
with an asymmetric profile corresponding to the asymmetry in force (Fig. 4). In obstacle terrain, the vaulting behaviour in step -1 was achieved by increasing force and
leg extension during the latter half of stance (Fig. 2B, Fig 4). Quail exhibited more
variance than other species in the leg length trajectory (Fig. 4). Yet, the net increase
in hip height upon landing on the obstacle did not significantly differ between quail and
other species (Tables S3, S6, step 0, HTD). Instead, the variance in leg length trajectory
in quail appears to reflect higher co-variance between leg length and leg angular trajectories, but not a significant difference in body CoM dynamics. The variance in quail leg
trajectory suggests more complex factors in the most crouched species, such as nonlinearity of leg stiffness and/or greater use of rotational leg actuation. Nonetheless, quail
do show increasing leg extension with obstacle height (Fig. 4), and posture-dependent
actuation similar to other species (below).
Across species, we observed a consistent correlation between net limb work produced
during stance and landing conditions, a pattern previously reported as posture-dependent
actuation [32, 75]. Here, we found a significant positive linear correlation between the
leg loading angle (TDangle between the leg and body velocity vector) and net limb
work across species and body size (Fig. 5). The slope of this relationship was similar
across species, and the variance explained was consistently high (Fig 5; R2 between
0.57-0.73). These findings demonstrate a consistent pattern of posture-dependent leg
actuation across species, which adjusts body mechanical energy in uneven terrain by
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Figure 6.4: Virtual leg length trajectories for each species measured in the pre-obstacle
step. Colour legend same as Fig. 2A. In obstacle terrain, leg extension in the second half
of stance increases with obstacle height, across species. Although quail exhibit greater
variation in leg extension, they exhibit a similar trend of increasing leg extension with
obstacle height. Quail did not differ significantly from other species in hip height at TD
or change in potential energy per step, so the difference in leg trajectory reflects greater
co-variance in leg angle and length.
inserting and removing energy depending on landing conditions. Thus, two key aspects
of leg actuation patterns are consistent across species 1) positive work actuation through
leg extension in late stance, and 2) scaling of the magnitude of net work through posturedependent actuation. Thus, we find that species spanning a 500-fold range in body mass
employ similar leg actuation strategies for obstacle negotiation.
To investigate implications of bird leg actuation patterns for economy of locomotion,
we tested whether a model with minimum-work actuation could replicate the observed
force and leg-length trajectories of running birds (Fig. 6 & 7). We found that stance force
and leg dynamics closely match the predictions of a damped-spring-mass-leg model with
minimal work applied through an actuator in series with the passive elements (Fig. 6AC). By fitting two parameters (leg stiffness and damping), and applying work-minimising
optimisation, we found good fits to force and leg length trajectories across species for
level terrain locomotion (MSE 0.01-0.03, see Supplementary Figs S1-S3 and Table S7
for further model analysis). All species exhibited similar goodness-of-fit between model
and experimental data. The model predicts leg actuation in the second half of stance
through net extension of the leg, similar to observed leg trajectories (Fig. 6C). Thus,
work-optimal solutions derived from this model suggest that it is most economical to
actuate the leg during the second half of stance.
Finally, we found that a model simulating body stability as a control target during the
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Figure 6.5: Across species and terrains, we found a positive correlation between leg
loading angle, TD (the angle between the leg and the body velocity at touchdown) and
work done by the leg during stance. Regression fits are shown for each species, with a
representative data set shown for pheasants (all step types and all terrains).
obstacle dismount (Fig. 7A) demonstrates that directly targeting a return to steady gait
requires faster loading rates, higher peak forces and greater leg work than observed in the
experimental data, even for the smallest 0.1Lleg obstacles (Fig. 7B). These simulations,
along with the experimental data, suggests that birds do not directly target body stability
as a control priority, but instead use unsteady body dynamics in a strategy prioritising
economical energy management through minimal actuation, using posture-dependent
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series with the passive elements. (A) Schematic of the model used to simulate running.
(B) Comparison of bird ground reaction forces in steady running (mean s.d.) to force
predicted by minimal-work optimisation. (C) Virtual leg length (distance between body
centre-of-mass and foot point) for the work-optimal solution compared to the measured
virtual leg length of each species (mean s.d.).

actuation to negotiate obstacles with minimal fluctuations in leg posture and leg loading
across several steps.

6.3 Discussion
Obstacle negotiation strategies as a window into task-level control priorities We examined running dynamics of cursorial birds spanning a 500-fold range in body mass as
they negotiated a visible, single-step obstacle. Potential manoeuvres to negotiate this
obstacle span a spectrum between two hypothetical extremescrouching, which prioritises
body stability, minimising fluctuations in body trajectory and external mechanical work,
versus vaulting, which requires external mechanical work but minimises fluctuations in
leg force-length dynamics. If birds directly targeted body stability as an active control
priority, we would expect, at least for small obstacles, they could use postural changes
to avoid deviations in body trajectory from steady gait. Such behaviour has been observed in humans hopping and running on varying terrain [99, 100, 121, 193, 194, 195].
The birds strategy, while achieving general stability (they dont fall) is inconsistent with
body stability as the direct target of active control. We find, instead, across species and
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Figure 6.7: Simulations predicting the force and energy consequences of targeting body
stability during the obstacle dismount (0.1Lleg), further suggests that birds target injury
avoidance and economy rather than body stability. We used identical simulation and
trajectory optimisation methods here as used for level running (Fig. 6), with model
parameters, including leg stiffness and damping, fixed to those for guinea fowl levelrunning. (A) Comparison of the measured centre-of-mass trajectories (mean s.d.) and
three simulated trajectories. The first two trajectories target alternative hypothetical
interpretations of body stability, actuating with minimal work with the constraint to
match the aerial phase of the undisturbed -2 step (blue) or the immediately preceding
+0 step (red). The third trajectory (green) matches the experimentally observed step
+1 aerial phase. (B) GRF for the simulated and measured (mean s.d.) strategies and
their respective actuator work.
terrain heights, birds negotiate the obstacle using a consistent balance between vaulting
and crouching that minimises fluctuations in leg posture and leg loading across multiple
steps. We therefore reject the hypothesis that birds directly target stability of body CoM

108
trajectory as a predominant control priority in uneven terrain.
The obstacle negotiation behaviour of birds is consistent with economical whole-body
energy management as a key locomotor control priority. Posture-dependent actuation
regulates the total mechanical energy of the body, through energy insertion and absorption (Fig. 5), and modelling studies have demonstrated that it has a stabilising effect in
uneven terrain (Schmitt and Clark, 2009). Posture-dependent actuation also helps attenuate fluctuations in leg posture and loading, because it directly links leg force-length
dynamics to work output. Altered leg posture and loading at touchdown elicit the actuation necessary to return the system towards the total mechanical energy of the nominal
steady gait [75]. Additionally, posture-dependent work occurs in late stance [75, 72], coinciding with predictions of our minimum-work model (Fig. 6). Thus, birds may achieve
general stability through economical energy management, via posture-dependent actuation, rather than through direct control of body CoM trajectory.
We found a striking similarity in the slope of posture-dependent actuation across
species (Fig. 5). Posture-dependent actuation has also been previously observed in
guinea fowl negotiating drops [73, 71], pheasants negotiating obstacles [32], and humans negotiating obstacles [197]. This phenomenon may arise from shared features of
vertebrate locomotor systems, including intrinsic musculoskeletal properties and reflex
mechanisms. In vertebrate legged locomotion, stance phase muscle activity is determined through a combination of feedforward and feedback control, with the feedforward
activation starting late swing, in anticipation of stance, due to significant neuromuscular
delays [75, 72, 80, 84, 87]. Deviations between anticipated and actual leg loading lead
to altered intrinsic dynamics and feedback-mediated changes in muscle force and work
[75, 72]. The observation of posture-dependent actuation in humans and several species
of avian bipeds suggests that it may be a general feature of vertebrate legged locomotion.
Our reduced-order, minimum-work model of running further supports economical
energy management as a key control priority of avian bipedal locomotion. The model
successfully replicates the asymmetric force and leg-length trajectories of running birds
(Fig. 6 & 7), and reveals that actuation through leg extension in late stance is economical for an intrinsically damped leg. Consistent with this, birds increased leg actuation
in late stance when vaulting onto the obstacle (Fig. 4). However, the simple prismatic
leg model does not encode postural gearing effects on muscle force, and therefore cannot
predict the specific balance of vaulting and crouching onto obstacles used by running
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birds. The observed balance likely results from a trade-off between costs of external
mechanical work [188, 274] versus increases in muscle force costs associated with crouching [187]. Future studies could investigate this further by incorporating leg kinematics
and postural costs into a leg model. Nonetheless, the current model does replicate key
features of bird running, including the asymmetric force and leg length trajectories (Fig.
6) and obstacle dismounting behaviour (Fig. 7). The force asymmetry may be a universal feature of legged animal locomotion [47], but energy-conservative models, such as a
spring-mass model, cannot reproduce it [33, 186]. Thus, our minimum-work actuation
model provides a more accurate and explanatory reduced-order template of animal locomotion and supports economical energy management as key task-level priority governing
leg control in running birds.
The observed obstacle negotiation strategy is also consistent with load regulation
for injury avoidance as a key priority of leg control in running birds. Peak leg forces
did not change significantly for 0.1-0.2Lleg obstacles, and remained within 0.5BW of
level for obstacles up to 0.5Lleg. Swing leg trajectory likely played a critical role in
controlling landing conditions to regulate leg loading. While the current study did not
examine swing-leg dynamics in detail, previous studies have demonstrated the critical
role of swing leg trajectory in determining landing conditions, and the coupling between
swing and stance dynamics [38, 76, 158, 290]. Birds use a swing leg trajectory involving
leg retraction in late swing [32, 73], with the specific retraction velocity tuned to target
landing conditions that minimise fluctuations in leg loading in uneven terrain [38]. Lateswing retraction velocity also determines the maximum terrain drop before the leg misses
stance entirely, and is therefore critical for avoiding falls [37, 76]. A swing control
strategy that has been hypothesised in theory, but not observed in animals, is to optimise
swing leg trajectory to minimise deviations in body CoM trajectory, prioritising body
stability [38, 92, 290]. However, this strategy can result in large peak leg forcesfor
example, increasing by +2-3BW for a 0.4Lleg downward step [38, 290]. These forces
could encroach dangerously towards safety factors of vertebrate bone, which are 2-4
times peak steady locomotor forces [29]. Even submaximal increases in force can lead
to micro-damage and repetitive loading injury if insufficient repair occurs between bouts
[126, 291]. Birds consistently preserve similar peak forces across uneven terrain, both
in this and in previous studies [32, 38, 73], suggesting injury avoidance as a key control
priority.

110
Regulation of peak forces in uneven terrain also further supports economy as a priority, because minimising forces reduces energy expenditure. Metabolic energy cost of
locomotion depends strongly on both muscle work and force [167, 188, 272, 274]. The cost
of external mechanical work by vaulting onto the obstacle may be offset by avoiding excessively crouched postures on the obstacle, which would increase muscle force costs, due
to changes in gearing [28, 187]. Thus, overall, our experimental and modelling evidence
suggest both economy and injury avoidance as critical and closely coupled task-level
priorities governing leg control in running animals.
Does body size influence non-steady locomotor control priorities?
Body size affects morphology [59, 85, 160], locomotor performance [139, 147, 148,
285, 299] and physiology [28, 138, 192, 198, 279]. As animals increase in size, they
tend towards more upright, straight-legged posture, which reduces the muscle stresses
required to support body weight [28, 30]. Here, we present findings that suggest these
scaling trends in musculoskeletal structure do not substantially influence obstacle negotiation strategies. Birds spanning a 500-fold range in body mass used consistent obstacle
negotiation manoeuvres and similar leg actuation patterns. The observed manoeuvres
suggest economical energy management and injury avoidance as key priorities, irrespective of body size and leg posture. In the wild, injuries can result in predation, and food
energy resources are often limited, thus, injury avoidance and economy are likely to be
important factors in fitness.
Understanding how body size influences bipedal locomotion can provide insight into
the co-evolution of behaviour and morphology among living and extinct animals, allowing
us to better reconstruct the behaviour of extinct animals from fossil evidence [144]. Birds
share numerous features of leg morphology with non-avian theropod dinosaurs, such as
Velociraptor, a dromaeosaur, and the bird-like troodontids [205]. Although the largest
theropods may not have been fast runners [144], evolution of striding bipedalism among
theropod dinosaurs and their bird descendants [98] may reflect selection for robust and
economic locomotion in uneven terrain. Bipeds tend to have longer leg lengths compared
to quadrupeds of similar body size [230], which may allow them to negotiate larger
obstacles with minimal external work and postural change. We suggest that unified leg
control among ground birds may reflect a shared heritage of bipedal agility in the lineage
of theropod dinosaurs and their bird descendants.
Birds do not exhibit a shift in obstacle negotiation strategy with body size, and we
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suspect that similar examples may be found in other animal orders. However, the specific
strategies used may vary across clades. Animals with substantially different locomotor
mode and leg number (e.g., quadrupeds, hexapods) may use different strategies to negotiate obstacles because increased leg number allows greater intrinsic stability and a larger
range of behavioural options [201, 262, 263, 300]. Additionally, the animals used in this
study are large relative to the body size range among extant animals (e.g. insects). Small
animals do not suffer from long physiological delays [192], and may use feedback mechanisms on a relatively shorter timescale. These factors may result in different specific
strategies among different clades. Nonetheless, previous obstacle negotiation studies, in
smaller animals, have also observed anticipatory strategies involving substantial changes
in body dynamics and leg posture [165, 241, 300]. The current study suggests that body
size alone does not necessarily lead to a shift in control priorities and obstacle negotiation
strategy within a group of animals with similar locomotor style (e.g., striding bipeds).
Future work should address whether similar control priorities are observed among legged
animals in different clades.
Potential implications for control of legged robots In engineered systems, like robots
and prosthetics, using body stability as a direct control priority is commonplace because it maintains the system within known dynamics and control authority [302]. This
approach takes many forms, e.g., locally stabilising a nominal gait with feedback [25],
designing gaits that result in smaller gait deviations when perturbed [69], planning rapid
returns to a nominal gait [89], or rejecting perturbations entirely [92]. Our results suggest
a different approach, embracing the looser definition of stability as fall avoidance, consistent with the mathematical concept of metastability, which has been recently extended
to the analysis and control of legged systems [44].

6.4 Conclusions
The findings here, in context of previous studies, support a unified model and set of
task-level control priorities for robust and economical bipedal locomotion, schematically
illustrated in Fig. 8. The model is a damped, spring-mass system with an actuator
in series with the passive elements (Fig. 6A), and the task-level control priorities are:
1) ensuring leg-ground contact to avoid falls, while 2) regulating peak force and leg
posture for economy and leg safety and 3) applying minimal work actuation to manage
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the body total mechanical energy. The observed convergence toward steady gaits may
be a consequence of these priorities, not a direct objective (not direct targeting of a
nominal desired trajectory). Our findings refute stability of body CoM trajectory, per
se, as a direct priority of control in running birds. We suggest that, for bipedal robots
and prosthetics to match the robust, agile and economic locomotion of animals, control
approaches must embrace a more relaxed notion of stability, optimising dynamics based
on key task-level priorities without encoding an explicit preference for a steady gait.
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Figure 6.8: Schematic illustration of the hypothesised task-level priorities and leg control
targets of running birds, highlighting principles that have emerged from this and other
recent studies (see text). Bird may achieve safe leg forces and economical step-to-step
energy management in uneven terrain by controlling swing leg trajectory to target safe
landing conditions (Blum et al. 2014), and applying cost-minimising actuation during
stance, through leg extension in the latter half of stance (Fig. 6). Posture-dependent
actuation tightly couples swing and stance dynamics (Fig. 5), and allows economical
energy management while also attenuating fluctuations in leg posture and loading.

6.5 Methods
6.5.1 Experimental Protocol
We collected both kinematic (body and leg motion) and kinetic (ground reaction force)
data for five cursorial ground bird species spanning a 500-fold body mass range: Northern bobwhite quail (Colinus virginianus, N=6, mass 0.220.02kg), common pheasant
(Phasianus colchicus, N=4, mass 1.030.21kg), helmeted guinea fowl (Numida melea-
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gris, N=5, mass 1.240.30kg), wild North American turkey (Meleagris gallopavo, N=6,
mass 3.00.3kg) and ostrich (Struthio camelus, N=4, mass 116.86.1kg). All birds, except
the ostriches, had their primary wing feathers clipped to prevent flight. The ostrichs
wings obscured leg and body markers so the distal end of each wing was wrapped in
VetwrapTM to restrict wing fanning. This did not appear to have adverse effects on
medio-lateral stability. The Royal Veterinary College Ethics and Welfare Committee
approved all procedures under the project protocol title Kinematics and kinetics in birds
running over uneven terrain. The protocols did not require any invasive or surgical procedures.
In this study, birds ran over terrain with a single-step visible obstacle, with ample
distance, time and practise runs to anticipate the obstruction, allowing them to optimise
behavioural strategy based on task-level priorities (e.g., stability, minimal work, safe
forces, etc.). The obstacle required a single step upon the obstacle before stepping back
down (not hurdling). This visible, single-step perturbation contrasts with a persistent
terrain change, for which recovery to the unperturbed gait might be unreasonable, or
an unexpected perturbation, which reveals intrinsic stability mechanisms but does not
necessarily reflect an optimised strategy.
Level terrain running served as a control for each species. All birds except ostriches
ran over obstacle heights scaled between 0.1 0.5 nominal leg length (Lleg). A substantial
scaling effect on leg posture has been reported by Gatesy & Biewener (1991) based on
a posture index equal to the ratio of hip height to the sum of the hindlimb segment
lengths. Our posture index values ranged from 0.36 in the quail to 0.74 in the ostrich
when measured at mid-stance during moderate-speed level running (Fig. 3). To compare
intrinsic stability and control strategies across species, we wanted to compare behaviour
in appropriately scaled terrain conditions. Yet, the co-variance between leg posture and
body mass in animals makes it challenging to tease apart their respective effects. Scaling
the obstacles based on a birds hip height would be two-fold problematic: 1) birds do not
have a single true hip height that can be definitively measured, because standing posture
varies considerably from mid-stance running posture, and 2) due to the substantially
crouched posture of small birds, scaling of obstacles based on hip-height would amplify
the apparent stability of smaller animals, for their body mass. Consequently, we reasoned
that the fairest comparison between animals of differing body mass should be based on
scaling of obstacle heights relative to an isometrically-scaled leg length reference value.
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We therefore calculated a nominal leg length based on body mass and assumptions of
geometric similarity, without the confounding effect of leg posture, using the following
formula:
where Lleg is the leg length and m is the body mass, and the coefficient 0.2 was
selected to obtain a leg length (in metres) proportional to an intermediate posture (approximately that of a turkey). This obstacle scaling choice means that, relative to
mid-stance hip height, obstacles were larger for the more crouched species. We feel this
is a fair, conservative, test for the hypothesis that crouched postures reflect increased
priority for stability in rough terrain.
Each obstacle was placed in the mid-section of a runway with ample length at either
end to allow acceleration to a steady speed before encountering it. The obstacle spanned
the medio-lateral width of the runway, so it was not possible to manoeuvre around it. To
minimise experiment complexity, we restricted obstacle heights to those the birds could
run over (continuous striding with positive forward velocity), to avoid categorical shifts
in behaviour to jumping. The birds were encouraged to run back and forth across the
runway by locating dark resting boxes at either end (for smaller species), or a pen at
one end containing a few members of the flock (for the ostriches).
The ostriches were restricted to 0.1Lleg obstacles due to safety considerations for the
birds and handlers. However, comparison of 0.1Lleg obstacle negotiation across species is
the most appropriate for scaling comparisons because the potential for different strategies
is most pronounced for small obstacles. A shift away from steady gait is clearly required
once obstacles reach heights that challenge stance posture or swing foot clearance limits.
However, for small obstacles, use of postural strategies to achieve a steady gait is a
plausible option that could minimise external mechanical work (Fig. S2). Comparing
species negotiating a similarly scaled obstacle allows us to evaluate the extent to which
they employ leg postural strategies (crouching) to attenuate deviations in body CoM
trajectory in uneven terrain, a strategy that suggests body stability as a control priority.

6.5.2 Data Collection and Processing
We collected ground reaction force data at 500Hz from force plates embedded in the
runway. Force data were pre-filtered using a low pass filter of 100Hz. For all birds
excluding the quail, the runway contained six Kistler force plates (0.6 x 0.9m; model
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9287B, Hook, Hampshire, UK). Due to the lack of resolution in the model 9287B force
plates for small animals, we created a different runway for the quail, containing two
Squirrel Kistler plates (0.12 x 0.2m; model Z17097, Hook, Hampshire, UK), but the
experimental procedures and data collection protocol were otherwise identical.
We collected kinematic data at 250Hz from markers placed cranially and caudally on
the birds back and on the feet located at the tarsometatarsalphalangeal joint and digit
III. The back markers were averaged for an initial estimate of the body centre of mass
(CoM) velocity and position. The foot markers were averaged to estimate foot position
and calculate the effective leg length and angle. For all birds, except the ostriches,
the kinematics were recorded using 8-12 Qualisys cameras (Gothenburg, Sweden) placed
evenly around the field of view. Due to difficulties with maintaining Qualisys markers
on the ostriches, the ostrich data were collected using high-speed video (HSV) cameras
(AOS Technologies AG, Dttwil, Switzerland). Paper markers were placed on the same
landmarks. HSV was collected using two lateral view cameras on either side of the
runway. Sagittal plane 2D data points were digitised in the DLTdv5 code (Hedrick,
2008). Kinematic recording devices were triggered synchronously with the force plates.
For simplicity, all data analyses were restricted to the sagittal plane, considering only
the vertical and fore-aft dynamics in both the experimental and modelling analyses.
Step types across the runway were identified with respect to the obstacles, where the
on obstacle step was defined as step 0. We collected at least 6 trials per condition per
individual within each species. We included trials in which the bird ran in a straight
line and appeared steady to the human eye in the initial approach to the centre of the
runway. In post-processing, we selected steady approach trials by restricting the analysis
to trials in which the fore-aft impulse of step -2 (two steps before the centre) was within
zero 1s.d. of the level data distribution for each species. A net zero impulse corresponds
to perfectly steady forward locomotion. Across species, this fore-aft impulse criterion
corresponded to a maximum 10% change in forward speed. This criterion minimises the
variance due to acceleration in the initial approach before encountering the obstacle, but
does not restrict non-steady strategies for obstacle negotiation. The data were segmented
into step cycles for all subsequent analysis. Once only steady trials had been selected,
the numbers of level trials included in the full analysis were: quail 17; pheasant 17;
guinea fowl 55; turkey 100; ostrich 12. And for the obstacle trials: quail 53; pheasant
298; guinea fowl 204; turkey 258; ostrich 26.
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We twice-integrated forces to obtain body centre-of-mass motion, using initial conditions obtained following methods of Birn-Jeffery & Daley (2012). We then calculated
mechanical energies, peak forces and leg posture over the step cycle, defined as touchdown of one foot to touchdown of the contralateral foot. In obstacle terrains, average
trajectories were calculated for steps approaching the obstacle (step -1), on the obstacle
(step 0) and dismounting the obstacle (step +1). As a control reference, average trajectories and 95% confidence intervals were generated from level terrain data for each
species.

6.5.3 Statistical Analyses
All statistical tests were run following checks for normality and were completed using
Matlab R2012a. To allow comparisons across species and minimise variance due to
within-species individual size differences, all variables in the analysis were normalised
to dimensionless quantities based on body mass, gravity and nominal leg length Lleg
(Birn-Jeffery and Daley, 2012; McMahon and Cheng, 1990). Average forward speeds
differed among species; in particular the quail and ostrich ran at lower average speeds
than the other species. Therefore, to control for the effects of speed in the comparisons
across species, we restricted the data to aerial running gait (not walking or grounded
running) and included speed as a covariate in the statistical analyses.
For the statistical analysis of obstacle negotiation dynamics, we took the difference
between the obstacle terrain values and the level terrain mean value; thus measuring the
deviation from steady gait. This means that any statistical differences among species
reflect differences related to obstacle negotiation, not differences in steady-state gait.
For the species with multiple obstacle height conditions (galliforms), we ran an
ANOVA with obstacle height nested within step type, species as a random factor, speed
as a continuous covariate and an interaction term between speed and step type. If the
main effects were found to be significant for a specific variable, we ran post hoc pairwise
comparisons with a sequential Bonferroni correction (Holm, 1979; Rice, 1989) (see Tables
S1-S3). The pairwise comparisons of obstacle heights within step type (Table S2) were
completed after removing species effects, which were calculated separately through post
hoc pairwise comparisons between species (Table S3). We separately analysed the 0.1
Lleg obstacle data across all species including ostrich, using an ANOVA with step type
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as a fixed effect, species as a random factor and speed as a covariate. Post hoc pairwise
comparisons with sequential Bonferroni corrections were completed if the effect of step
type or species was significant (see Tables S4-S6).
For the regression analyses in Figure 4, we used reduced major axis least-squares
regression to test for a linear relationship between TD and net leg work. A single
regression was fit for all data from each species, including all steps in level and obstacle
terrain conditions.

6.5.4 Modelling
We used a simple, reduced-order dynamical model (Figure 5A) to quantitatively analyse
the trajectories of bird locomotion, particularly, a non-conservative variant of the springloaded inverted pendulum (SLIP) model. The SLIP model of running has long been used
to model the energy exchange, CoM trajectories, and GRF of biological (Blickhan, 1989;
Daley and Biewener, 2006; McMahon and Cheng, 1990) and robotic (Altendorfer et al.,
2001) runners. This model features a lumped mass body, a massless leg, a frictionless
pivot at the point of ground contact, and a linear leg spring that connects the body and
ground. The total GRF exerted by the leg in the SLIP model has a characteristically
symmetric half-sine shape as the spring stores and releases energy conservatively during
stance.
To account for GRF asymmetry, we took our model out of the energy-conservative
regime by adding a damper to simulate realistic energy losses, and an actuator in series
with the spring and damper to replace the lost energy. We modelled the inherent leg
dissipation as a linear damper, acting in parallel with the linear leg spring. To reinsert
energy into the system, we include an axial actuator in series with the spring, analogous
to a muscle in series with a springy tendon. This model decouples force and posture,
such that the model allows arbitrary force-length trajectories (Fig. S1). We did not
place any inherent limitations on the motion of the actuator, e.g., acceleration or length
limits, although the trajectory optimiser ultimately found solutions that did not require
unrealistic accelerations. This linear actuator can only act in the axial direction. The
equations of motion for the actuated model are defined in Equations (1-2) (1) (2) where,
x, y are the Cartesian coordinates of the body mass relative to a foot-point origin, with
unsigned gravitational acceleration (g), body mass (m) and: (3) (4) (5) where lt is the
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total leg length, la is the actuated leg length, and lp is the passive leg length (Fig. 6A).
Parameters k and c are the model spring stiffness and damping coefficient, respectively.
Processing Measurements into Model Boundary Conditions Our data processing
methodology took averaged GRF and CoM trajectories for each species and converted
them into parameters and boundary conditions for the actuated model. For the model to
be useful, it is important that if we simulate a point mass with the empirically measured
touchdown (TD) conditions, and play back the measured bird GRF, we should see an
integrated CoM trajectory that matches the mean measured bird CoM trajectory. However, point-mass locomotion models are inherently sensitive to TD conditions, meaning
that even small errors of this single time-point measurement can lead to significant deviations between the mean-measured bird CoM trajectory and the point-mass playback
simulation (in essence, a dynamical disagreement).
Using optimisation, we adjust the four TD state variables (leg length, leg angle,
velocity magnitude, velocity angle) and flight phase duration to minimise the discrepancy. We minimised the Euclidean distance between measured CoM trajectory and the
point-mass playback, adjusting them by no more than one standard deviation from the
mean, while traveling the same horizontal distance during the full step cycle. Sequential
Quadratic Programming (SQP, as implemented by MATLABs fmincon) was used for optimisation and all equations of motion were integrated using MATLABs ode45 (tolerance
2.23x10-14).
Final state targets for the trajectory optimisation are constrained to intersect the
state trajectory of the subsequent aerial phase (velocity magnitude, velocity angle, vertical position, and not the horizontal position). While targeting the precise measured
take-off state for the measured stance phase would seem an obvious choice, targeting a
single exact state is often unnecessarily constraining to the optimisation problem. Instead, targeting the aerial phase permits more solutions with slightly different take-off leg
lengths and distances traversed, allowing the optimiser more freedom to select the most
energy-efficient option while still achieving the observed gait dynamics. We argue that
the close trajectory matches to measured data in spite of the greater optimiser freedom
strengthens the case for the validity of the model.
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6.5.5 Trajectory Optimisation
To facilitate energy-optimal control, we numerically solved for the work-optimal GRF for
a simplified actuated model (Fig. 6A) using trajectory optimisation. For each species,
this model was given average measured bird mass and landing conditions from processed
experimental data. The optimisation found the actuators leg-extension trajectory, which
minimises the net unsigned work, a simple proxy for metabolic cost (Srinivasan and
Ruina, 2006), Equation (6): (6) where J is the value of the objective function, F is the
leg force, is the velocity of the actuator thrust, and ts is the duration of the stance
phase. We use smoothed approximation of the absolute value function, as used in prior
optimisation studies (Srinivasan and Ruina, 2006), where is small (0.001). We also
imposed hard equality constraints on the optimiser to find solutions that satisfied the
boundary conditions calculated by the data processing, allowing for differences in total
distance travelled, step length, and speed to avoid overly constraining trajectories.
Using a multiple-shooting formulation (Bock and Plitt, 1984) allowed for more reliable trajectory solving with a wider array of initial guesses, discretising the input tape
into a 20-segment piece-wise differentiable curve (much finer resolutions did not yield
any significant differences). We solved the optimization problem using an SQP solver
(implemented using MATLABs fmincon) and different initial guesses were spot-checked,
never revealing different solutions of any significance.

6.5.6 Parameter Search
While all other model parameters were experimentally measured, the parameters k and
c must be fitted for the birds. To fit these two parameters, the trajectory optimisation
was looped inside a gridded search, producing a two-dimensional table of work-optimal
trajectories for a range of parameter values (knorm = [7:0.5:17] and cnorm = [0.0:0.05:0.7]
where knorm is the normalised spring stiffness (kLleg / mg) and cnorm is the normalised
damping coefficient ( )). We then selected the parameters for each species for which the
work-optimal solution provided the closest fit to the mean measured GRF, as measured
via mean-squared error (MSE). The result was a fitted work-optimal prediction for the
steady running of each species (Fig. 6B). Note that because the set of solutions were all
work optimal for their respective parameter values, before selecting the best fit to data,
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there was no guarantee of a good match between model and data (see Supplementary Fig
S1-S3). Therefore the modelling approach could have failed to fit the data, potentially
refuting the work-minimising hypotheses.
Searches for the best fitting parameters, k and c, can be visualised as a fitting landscape (see Supplementary Fig. S3). Valleys in this surface reflect better quality fits, as
defined by mean-squared error (MSE) between predicted and measured GRF trajectory.
While some regions of this fitting landscape clearly performed better than others, there
was often a large set of solutions that performed similarly well. Among these solutions,
we eliminated a subset that performed actuator work at the instant of touchdown, because this immediate (and typically brief) period of work was associated with poorly
matched parameter/boundary condition combinations. More details on the parameters
of these best-fit trajectories are provided in Supplementary Table S7.
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Chapter 7: Optimal Locomotion without Limit Cycles
Preface
Limit cycles are a near-ubiquitous framework for optimal motion generation and stability
analysis in legged locomotion. However, the results of the bird obstacle experiments
suggest that birds over a huge range of sizes do not explicitly control to target a limit
cycle. This raised the question, “what would locomotion look like in a world where
we know, for a fact, that limit cycles are not a priority?” This chapter is a draft of a
manuscript that seeks to answer that question.
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Abstract
We investigate the task-optimality of legged limit cycles and present numerical evidence
supporting a simple general locomotion-planning template. Limit cycles have been foundational to the control and analysis of legged systems, but as robots move toward completing real-world tasks, are limit cycles practical in the long run? We address this
question both figuratively and literally by solving for optimal strategies for long-horizon
tasks spanning as many as 20 running steps. These scenarios were designed to embody
practical locomotion tasks, such as evading a pursuer, and were formulated with minimal constraints (complete the task, minimize energy cost, and don’t fall). By leveraging
large-scale constrained optimization techniques, we numerically solve the trajectory for a
reduced-order running model to optimally complete each scenario. We find, in the tested
scenarios in flat terrain, that near-limit-cycle behaviors emerge after a transient period
of acceleration and deceleration, suggesting limit cycles may be a useful, near-optimal
planning target. On rough terrain, enforcing a limit cycle on every step only degrades
gait economy by 2-5% compared to optimal 20-step look-ahead planning. When perturbing the scenario with a single “bump” in the road, the model converged in a manner
giving the appearance of an asymptotically stable orbit, despite not explicitly enforcing
asymptotic stability. Further, we show that the transient periods of acceleration and
deceleration may be near-optimally approximated by planning with a simple “sliding
mass” template. These results support the notion that limit cycles can be useful approximations of task-optimal behavior, and thus are useful near-term targets for long-term
planning.

7.1 Introduction
Applied robotics is a task-driven enterprise, but our best mathematical formulations
rarely conform precisely to the task at hand. So by and large, robot control formulations are developed in constant compromise between what is task-relevant and what is
mathematically tractable. Legged locomotion is no exception.
For highly dynamic locomotion in particular, limit-cycle locomotion is a prominent
task-simplifying framework. Enforcing limit-cycle stability reduces an otherwise largescale planning operation down to a state-regulation problem; far friendlier territory for
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Figure 7.1: Scenarios used to investigate properties of task-optimal locomotion strategies. a) “Missing the Boat” requires crossing a finish line within a specified time limit
after starting from a rest position. b) “Tax Day” specifies the robot cross a finish line
within a time limit and must both start and end in a specified rest posture. c) “Induced
Vamoose” mandates a minimum distance from a constant speed pursuer for a specified
time frame, finishing in an upright posture. d) “Far Trek” demands locomotion exceeding a specified average speed for a 20-step maneuver while satisfying equivalence in the
boundary conditions, approximating infinite-horizon locomotion planning.
modern control theory. Further, legged animals in hosts of experiments appear to exhibit
and regulate limit cycles, thus teasing a biological basis for this control simplification.
But what is the price of this mathematical convenience in practical tasks? Particularly, in a robotics field struggling to mitigate the poor energy economy of its machines
[64], perhaps non-limit-cycle strategies could yield meaningful efficiency gains. In short,
if we restrict our control to the limit-cycle framework, would we miss the solutions being
cast aside?
We specifically address the following questions about the role of steady (limit-cycle)
locomotion in the context of longer-time-horizon tasks:
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Question 1. Does limit-cycle locomotion emerge as an optimal strategy for practical
locomotion tasks?
Question 2. What is the additional energy cost of enforcing a limit cycle in rough
terrain when compared to best-possible step planning?
Question 3. Does task-optimization yield a stable-appearing limit cycle upon task
perturbation?
Question 4. Is there a heuristic for planning transient non-steady maneuvers?
We investigate these questions by numerically searching for energy-optimal strategies
to simple and practical task scenarios using trajectory optimization techniques. These
scenarios are designed such that transient behaviors are required, such as starting and
stopping (Fig. 7.1), in order to see if limit-cycle locomotion emerges in the long run,
despite not being explicitly demanded. We also further complicate scenarios with rough
terrain (both a single mid-course bump and randomly generated rough terrain), in order
to compare optimal performance to control that directly targets a limit cycle.
In multiple tasks, the optimized strategies often approached, or exactly rendered, a
limit cycle (often after a transient acceleration period). On rough terrain, we found that
directly enforcing a limit cycle had little energetic consequence when compared to an
optimally-planned sequence of over 20 steps. Further, when a single bump in the road was
placed, the resulting planned trajectory approximated that of an asymptotically stable
limit cycle. Lastly, while inspecting for the emergence of limit cycles, we found that the
transient behaviors in task-optimal motions matched the dynamics of a sliding mass. We
suggest that planning whole robot motions, using a simple sliding mass as a template,
could provide computationally simple and near-optimal locomotion task planning.

7.2 Background
Task-optimal locomotion planning has both engineering and scientific applications. However, it represents a significant ongoing computational challenge; thus, it continues to be
approached in a number of ways, with varying degrees of task-optimality and dynamical
agility. Broadly speaking, long-term planning is achieved by either 1) constraining the
scope of the planning to achieving task-feasibility [318], 2) simplifying robot dynamics
to a template dynamical model [105], or 3) approximating the task with shorter-horizons
[91], e.g., limit cycles.
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Finding an optimal, or at least efficient, task solution is notably more computationally
demanding than achieving a feasible solution, which may be all that is required for many
tasks. Zero-moment point methods [153], perturbation theory [249], low-order action
spaces [44], and feedback linearization [212] have all been implemented to develop realtime task-feasible trajectories. Techniques that plan using a reduced-order robot model
typically employ either the linear-inverted pendulum (LIP) [305] or the spring-loaded
inverted pendulum (SLIP) models [212].
Operating on short-term targets, limit cycles have long been a focus of legged locomotion dynamics [142] as they can be used as a straightforward state target for sustained
locomotion. Robots that successfully stabilize a limit cycle can theoretically move indefinitely [25], and many machines can even demonstrate this stability passively [185], albeit
for small state regions. Techniques for regulating limit cycles are myriad [70], and have
been used to efficiently walk [180] and run [206] and recover successfully in the face of significant terrain perturbations. Further, humans exhibit an apparent limit-cycle stability
as well [81], teasing some biological relevance to the approach. Model-predictive control
techniques have been able to plan with increasingly distant time horizons [90], but it’s
still not clear what a useful near-term state target would be on for longer time-horizon
tasks.
Task-level control optimization can also shed light on biological debates. Several overarching hypotheses have been posited as frameworks for animal locomotion [137]. The
apparent stability of limit-cycle locomotion in animals can be viewed as a self-stable mechanical phenomenon with largely feed-forward control stabilization. Additionally, the
cyclical motions of biology could be a product of their periodic neuromechanical architecture [146]. However, an alternative view predicts that features of animal locomotion
emerge from the completion of practical tasks [172]. Effective task-level optimizations
and insights from their solutions would bear directly on this “task-optimality” hypothesis.
In this investigation, we seek insights from long-horizon strategies for legged locomotion tasks that are as close to optimal as possible, evaluating the relative optimality
of limit cycle targets. Therefore, our optimization methods can eschew the need for
any real-time trajectory generation [90], and use slower but more precise constrained
optimization techniques. In this way, our approach mirrors that of prior optimization
investigations seeking insight into locomotion strategies [274, 158].
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Figure 7.2: a) The actuated spring-mass model tasked with optimally completing the
specified scenarios and b) A diagram of the actuation schemes in flight and stance.

7.3 Problem Setup
Our problem-solving methodology consists of a simple hopping model, a series of defined
task scenarios, and a trajectory optimization procedure to find optimal solutions.

7.3.1 Model
For our plant model, we employed an actuated and dissipative variant of the SpringLoaded Inverted Pendulum (SLIP), shown in Fig. 7.2, which despite being a simple
model, still captures key mechanical properties of legged systems. In terms of mathematical properties, the simple model resembles more complex robots in that it is nonlinear, hybrid dynamical, underactuated, and has no exact closed-form solution. However,
the reduced number of dynamical states and actuators make longer-horizon trajectory
optimization of this model somewhat tractable.
Importantly, unlike the typical SLIP model, this model has inherent dissipative losses,
a requirement for meaningful implementation of energy-optimal control. This model
variant, when asked to run steadily with minimal actuator work, also generates dynamics
and ground-reaction forces that are highly similar to running animals, including the
asymmetry in ground-reaction forces [31].
We focused our analysis on running gaits for both computational and scientific reasons. In terms of computation, running can be formulated by a one-legged model, re-
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sulting in fewer design variables to optimize. Also, since the aerial running phase can
be solved in closed-form, the “flight-to-stance” sequencing allows for more steps to be
encoded with fewer variables than walking (and much fewer than multipedal gaits). Further, in the scientific literature, reduced-order modeling of biology is less controversial in
running as even unsprung running models will exhibit spring-mass dynamics [274], while
models for bipedal walking are further from consensus [111, 273].
As per standard practice, the dynamics of the model were split into stance and flight
phases, respectively defining the dynamics when the leg is on and off the ground. The
stance equations of motion are given as:

ẍ =
z̈ =

F (x − xt )
mr
F (z − zt )
−g
mr

where x and z represent the Cartesian position of the point mass, F is the axial leg
force, m is the robot point mass, g is gravitational acceleration, r is the leg length (the
Euclidean distance between the toe and the mass position), while xt and zt encode the
stationary toe position. The force is produced by a massless actuated spring-damper leg,
where:

F

= k (ra − r) + c (ṙa − ṙ)

where ra is the rest length of the leg as defined by the actuator position, and k
and c are stiffness and damping coefficients respectively. Actuation is driven by the
acceleration of the leg length, r̈a , and represents the control input during stance. Nonzero compression of the stance leg at the instant of touchdown is prohibited (i.e. r 6= ra ).
All parameter quantities (m = 1, k = 20, c = 0.5, g = 1) are normalized to the Froude
√
number (v/ gLnorm ) and are thereby dimensionless (Lnorm = 1). The stiffnesses are
chosen to be similar to reported human values [177] with dissipation values similar to
other running biped studies [31].
Flight dynamics initiate when F intersects zero and are defined as a purely ballistic
trajectory. The swing of the massless leg in flight is modeled such that it can move
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instantaneously, achieving desired touchdown conditions within set functional limits of
the model1 . We justify this assumption as it accounts for the fact that a bipedal robot
has a second leg to swing, positioning itself in anticipation of the next touchdown (and
it is a common assumption in other SLIP studies).

7.3.2 Task Scenarios
We formulated real-world-inspired tasks which represent practical locomotion functions
while minimally constraining possible strategies. In each of these scenarios, we used the
loosest “stability” constraint possible for this legged model, only prohibiting falls (i.e.,
the center of mass (CoM) must always be above the terrain). This freedom permits the
optimizer to explore all manner of counter-intuitive strategies, such as moving backward.
All of our specified tasks demand that energy costs are minimized as the sole term of
the objective function, and for three key reasons. First, minimizing transport costs is an
important goal for robots toward achieving functional autonomy [64]. There is also copious evidence from studies of models [274] and experiments [31] that minimizing energy
costs is a high priority for legged locomotion in animals. Most critically, adding multiple objectives to the problem muddies the water in terms of interpreting the resulting
solutions since this will require the experimenter to decide (somewhat arbitrarily) how
to weight each objective. The energy-cost objective is defined as the specific mechanical
cost of transport:

PN R ts
COT

=

i=1

0

|F ṙa | dt


i

mgd

where N is the total number of stance phases and ts is the stance duration. Due to
the inherent nonsmoothness resulting from the absolute value, a smooth approximation
was used to facilitate more reliable solving of the nonlinear program (NLP).

|x| ≈
1

p
x 2 + ε2 − ε

Functional limits for the model are set as follows: −1 ≤ r̈a ≤ 1; 0.5 ≤ r ≤ 1; and 0 ≤ F ≤ 3.
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where ε is small (0.001).
Again, these problems are always formulated with a single objective, and therefore,
have no weighting coefficients that can be tweaked which shape the solution. All task
specifications other than minimizing energy costs, such as avoiding falls and passing
finish lines, are enforced as hard equality constraints or hard inequality constraints as
appropriate, and must be satisfied within defined tolerances (10−6 ).

7.3.2.1 Missing the Boat
Getting from A to B is a ubiquitous colloquial definition of locomotion. The “Missing
the Boat” task demands that the hopper jump on the boat before its colleagues cast
off. Operationally speaking, the task requires surpassing a point a predefined distance
away in less time than a predefined time limit. The hopper starts at zero velocity and
is dropped from a 1.05Lnorm height, but has no additional constraints on its terminal
state. With no posture-related terminal state constraints, the hopper is likely to plan a
less-than-graceful arrival (Fig. 7.1a).

7.3.2.2 Tax Day
More often than not, arriving at a desired locomotion is a necessary, yet insufficient,
condition for accomplishing a locomotion task. The “Tax Day” scenario requires the
hopper arrive upright at a mailbox to mail a letter before the postbot arrives, thereby
meeting an unspecified important filing deadline (Fig. 7.1b). This task is identical to
the prior “boat” task except that it places a constraint on the final state. The hopper
must finish its maneuver in a final apex condition (velocity and height) equivalent to the
initial apex condition (zero velocity and 1.05Lnorm high).

7.3.2.3 Induced Vamoose
Sometimes, locomotion is less about arriving at a location than it is leaving one; and
perhaps with haste. In the “Induced Vamoose” task, the hopper must maintain a safe
distance from an approaching adversary: an unsavory robotic assailant brandishing an
unsavory robotic weapon (Fig. 7.1c). For a specified time duration, the hopper’s CoM
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must stay out of a danger zone that sweeps forward in time with constant velocity.
Further, the robot’s CoM must also be above a defined vertical threshold at the end of
its sprint (1.05Lnorm ), as not to lie down and be easy prey for the merciless attacker.

7.3.2.4 Far Trek
Finally, when a task destination is sufficiently far away, it is generally assumed to be
at an infinite time horizon. In the “Far Trek” scenario, the hopper decides to take
an infinite-time horizon voyage, efficiently going where no underactuated spring-massdamper hopping model has previously gone (Fig. 7.1d). We specify the hopper to move
at a required average velocity over the course of a predefined number of hopping steps,
simulating a desired arrival time at a distant location. To approximate the infinite
horizon, we enforce a cyclic constraint at the boundary conditions of the multi-step
maneuver, requiring equivalence in apex height and velocity.

7.3.3 Terrain Perturbations
This investigation also seeks insight into how terrain affects task-optimal locomotion. For
the “Far Trek” scenario, we perturbed the robot model with two terrain conditions to test
the effect on two quantities of interest: apparent trajectory stability and energy economy.
To probe for apparent stability of these task-optimal trajectories, we confronted the robot
model with a single obstacle in the middle of the task2 (step 11 of 21). An obstacle
height of 0.1 Lnorm was selected as it was big enough to potentially change the optimal
strategy, but small enough to be completely rejected by crouching if deemed desirable
by the optimizer (results depicted in Fig. 7.5a).
We also investigated the energy costs of enforcing limit cycles by subjecting the
hopper to “rough terrain,” in order to see if the additional computation of planning
many steps ahead is worthwhile energetically. To model rough terrain for completing
the “Far Trek” task, we modified the scenario such that the terrain height of each
step varies in a uniform distribution between 0-0.05 Lnorm . Further, we iterated the
√
optimization to command a range of average speeds (vavg from 0.5 to 3 Lnorm g) in
2
The optimizer was able to plan for this obstacle, so it could be considered a perturbation to the task,
not the gait.

0

lnorm

2

0

4

2

6

4

8

"Far Trek"

6

"Induced Vamoose"

"Tax Day"

"Missing the Boat"

10

8

12

10

14

12

z
x

16

Figure 7.3: Optimal trajectories plotted in Cartesian space for each task scenario, designed to give an intuitive
impression of the optimized strategies. Solid and dashed lines signify stance and flight phases respectively and
black dots mark the position of the toe and CoM at the beginning and end of each stance phase. The opacity of
the plotted lines increases with time.

0

1

0

1

0

1

0

1

132

133
order to compare transport costs across speeds (results depicted in Fig. 7.5b). In all
optimizations, the optimizer has full awareness of upcoming terrain, and thus has the
ability to plan accordingly.

7.3.4 Optimization
While a 20-step journey may not intuitively sound like a “long run,” finding an optimal
strategy for a long-time-horizon problem can be a challenging computational task, ultimately requiring the optimization of many thousands of variables and constraints. To
accomplish multi-step planning, we formulated a large-scale directly collocated nonlinear program and solved it using large-scale constrained optimization techniques. Constrained optimization techniques like Sequential Quadratic Programming (SQP) are
well suited to task optimizations since task constraints can be formulated neatly, independently, and can be strictly enforced. To first formulate the problem to be solved,
we used a optimization-parsing package for MATLAB we title: Control Optimization
Accelerated by the Large-scale Export of Symbolic Collocated Elements (COALESCE).
COALESCE builds a fast and smooth optimization problem using a direct collocation
approach [294], which treats system dynamics as constraints to be enforced directly by
the optimizer, not by a time-marching integrator [225]. After symbolically generating
an objective, constraints and a sparse Jacobian, we solved the problem with SNOPT, an
SQP implementation designed for large-scale constrained optimizations [114].
In formulating the direct collocation constraints, we used an implicit Euler integration
scheme to accelerate solving. Switching to Hermite-Simpson integration, a more accurate
method, required significantly more computation time (approximately 10 minutes instead
of 20 seconds), but did not yield any significant differences in optimal strategy. Presented
solutions discretized the problem to 50 nodes per stance phase, with flight dynamics
enforced as jump maps since they are ballistic and thus solvable in closed form. The
phase ordering was scheduled a priori, chaining stance and flight phases in succession.
For the “Missing the Boat” and “Tax Day” tasks, the optimal number of steps was
unknown, so individual solutions were computed with between 4-21 steps and the lowest
cost solution was chosen post hoc.
This optimization procedure was very reliable in finding and certifying locally optimal
results. In terms of the “locality” of the optima, solutions were routinely found with
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arbitrary initial guesses (all zeros or ones). Different initial guesses were spot checked, not
revealing notably different solutions from previously certified solutions (small differences
would vanish upon tightening optimality tolerances, which are ordinarily 10−6 ). Further,
the optimization was benchmarked on problems with known optimal solutions, such as
a minimum work problem with no dissipation nor energy-changing task requirements.

7.4 Numerical Experiments
We generated optimal solutions for each task scenario3 (Fig. 7.3), inspecting the state
trajectories for limit cycles and other general patterns. In general, each of the solutions
appears to take all obvious measures toward minimizing energy costs (e.g., landing on
the boat, head-first, right at the finish line as not to waste any gravitational potential
energy), suggesting the optimizer is successfully finding optimal solutions to the problem.
Fig. 7.4 visualizes the phase plots of the optimized maneuvers so that limit cycles
can be seen directly (as overlapping orbits). Each of the first three tasks appear to accelerate and asymptotically approach a steady gait before performing stopping maneuvers
(Fig. 7.4a-c). In the case of “Tax Day,” the robot appears to be nearly maximally
accelerating and decelerating (i.e., bang-bang) throughout the task, so it likely furthest
from achieving a repeated cycle. After the first 3-4 steps, the “Missing the Boat” and
“Induced Vamoose” tasks appear to hover in the vicinity of a limit cycle before rapidly
braking (or crashing) at the end of the task.
Most notably, the “Far Trek” task was very steady to the point of near-numerical
accuracy (Fig. 7.4d), in spite of having the freedom to choose any number of non-steady
solutions. This suggests that once a satisfactory limit cycle gait is found, there is likely
little utility adjusting the gait unless speed changes are desired. Put another way, it
suggests that a unique optimal gait corresponds to each desired speed.
In the single-bump terrain perturbation, the hopper chose to vault slightly higher
onto the obstacle and quickly (and asymptotically) return to a limit cycle (Fig. 7.5a).
In the “rough terrain” experiment, the cost of transport for an enforced limit cycle was
only slightly more expensive (2-5%) than the optimal planned strategy, across all tested
3

Specific
p task parameters: “Missing the Boat” task finishpline, df inal = 10Lnorm , and time limit,
tlim = 10 g/Lnorm
adversary
√ ; “Tax Day,” df inal = 10Lnorm , tlim = 10 g/Lnorm ; “Induced Vamoose” √
velocity, vadv = 1 Lnorm g, number of steps, Nsteps = 21; “Far Trek” mean velocity, vavg = 2 Lnorm g,
Nsteps = 21.
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speeds.

7.5 Discussion
Question 1: Does limit-cycle locomotion emerge as an optimal strategy for
practical locomotion tasks? In short, yes, to varying degrees. As can be seen in
numerous phase plots, many orbits emerge that trace over each other very closely. This
most pronounced in Figure 7.4d, the “Far Trek,” where the limit cycle is nearly exact.
In the other scenarios, while a clear drift a the limit cycle can be seen in this modeling
experiment, such a subtle change might be dismissed as noise in robot measurements (or
in animal experiments).
What is the additional energy cost of enforcing a limit cycle in rough
terrain when compared to best-possible step planning? With randomly bumpy
terrain, the additional cost of enforcing a limit cycle was quite small (Figure 7.5b),
inflating the cost of transport just 2-5%. This suggests that the computational challenge of carefully optimizing a strategy for every step of upcoming rough terrain may
not yield much energetic benefit. Previous metastability analyses suggested a similar
conclusion/recommendation, but primarily for the purpose avoiding falls [44]. As such,
assuming a limit cycle in the presence of “randomly” rough terrain may be adequate for
practical energetic purposes.
Question 3: Does task-optimization yield a stable-appearing limit cycle
upon task perturbation?

In Figure 7.5a, the evolution of the terrain-perturbed

trajectory looks like the convergence of an asymptotically stable limit cycle. This is
notable since this “apparent asymptotic stability” is emergent, as the optimization was
not explicitly tasked with finding asymptotic convergence to limit cycles. This behavior
was produced by long-time-horizon task constraints and energy-cost minimization. This
suggests that encoding asymptotic stability is not the only approach for achieving control
that exhibits stable-looking behaviors.
Question 4: Is there a heuristic for planning transient non-steady maneuvers? When inspecting many of these phase plots, one can see indications of “bangbang”-like accelerations in tasks requiring fast movement (such as in “Tax Day”). Bangbang is most iconically attributed to minimum-time control of a sliding mass. As such, we
attempted to reproduce the velocity profiles exhibited by our hopper by giving the same
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Figure 7.5: The effect of planning with terrain perturbations on optimal strategies. a)
A phase plot (horizontal velocity, vertical velocity, and vertical position) of the result
of a single obstacle “bump” placed into the middle of the Far Trek scenario. Beginning
with the on-obstacle step (lightest line shading), the planned trajectory quickly and
asymptotically returns to a nominal limit cycle as an emergent behavior. b) A specific
mechanical cost-of-transport (COT) plot (Energy cost/distance/weight) for the Far Trek
scenario with randomly generated bumpy terrain. This plot compares two strategies, one
optimized with full knowledge of every forthcoming obstacle over 21 steps, and the other
constrained to a limit cycle for those 21 steps (defined by apex conditions). The cost of
transport across many different commanded average speeds shows only a small energetic
benefit (2-5%) in meticulously planning a strategy to optimally negotiate a sequence of
small obstacles.
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task constraints to a simple “sliding mass” subject to an external force. The dynamics
for this simple system are defined as:

ẍ =

F (t) − cẋ
m

where x is the horizontal position, F (t) is a bounded time-varying control input, m
is the block’s mass, and c is a viscous friction coefficient. After some manual iteration
of the sliding mass model parameters (upper and lower force limits, and linear viscous
friction), we produced the velocity profile for the sliding mass completing the “Tax Day”
scenario (Fig. 7.6).
The resulting velocity profile bears a striking resemblance to our optimized hopper
strategy. This makes a good deal of intuitive sense. If our optimizer is successful at
minimizing energy costs, it should be stripping away extraneous costs and reveal the
basic physics of moving a mass from A to B. What is not necessarily obvious is that
this clear pattern would emerge in spite the nonlinearity and underactuated/hybriddynamical mode of propulsion present in our hopping model. We posit that this property
may be true of even more complex robots, which may take advantage of fundamental
sliding-mass physics for the purpose of long-horizon planning.

7.5.1 Application to More Complex Systems
The employed spring-mass-damped hopping model is quite simple. It does not include
many potential sources of energy loss which would be seen on practical machines, including rigid-body impacts, swing-leg costs, thermal dissipation, transmission losses and
torso-stabilizing costs. However, we argue that the energetics of locomotion transport
economy are likely similar across legged machines and cost models. Numerical gait generation studies have suggested that optimal trajectories are somewhat invariant to the
details of the energy-cost objective [272]. In more complicated legged systems where
transport costs have been rigorously analyzed across speed, the same smooth concaveup speed-cost relationship emerges [227] matching what is shown in Figure 7.5b. This
general relationship also appears to be true of animals, from walking humans [170], to
running ostriches [235], to trotting horses [96]. We suspect that the energetics of trans-
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Figure 7.6: The optimal velocity profile of the hopper performing the “Tax Day” scenario (top) compared to a sliding mass (with viscous friction subject to a time varying
horizontal force) completing the same task (bottom). This close similarity implies that
assuming a simple sliding mass may be a “good-enough” approximation for scheduling
velocities for optimal locomotion planning.
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port could be mapped to a sliding-mass template by tuning the sliding-mass dissipation
as we did to produce Fig. 7.6.

7.6 Conclusion
We investigated the role of limit cycles and their apparent stability in optimally accomplishing legged locomotion tasks. While the formulated tasks were presented in a
somewhat tongue-in-cheek style, they were designed to address serious questions about
the role of limit-cycle targets in locomotion planning. We note that in several tasks,
near-limit cycle behavior resulted for a portion of the scenario, if not its entirety. Further, adding obstacles as perturbations to the scenario revealed an apparent asymptotic
convergence to a limit cycle, despite not directly encoding asymptotic stability into the
optimization. These observations suggest an inherent utility to limit cycles in legged
locomotion. Further, the apparent asymptotic stability of the limit cycle suggests that
such stable-looking orbits can emerge from energy minimization and task constraints,
not necessarily any explicit stabilization of limit cycles.
We also suggest that “sliding mass” dynamics appear to approximate observed optimal strategies, despite being among the simplest possible systems to optimize. This
suggests that long-term planning motions for analytically complex legged systems may
be meaningfully reduced to short-term planning operations. We posit that this template
can be used to rapidly compute near-energy-optimal state planning for arbitrarily long
locomotion tasks.
Lastly, we make a general note regarding the dynamics of task-optimal legged locomotion. While limit cycles and asymptotic limit-cycle stability are handy and efficient
targets of control design, our investigation observes these properties as purely emergent
phenomena. This observation contributes to a utilitarian explanation for the ubiquity
of periodic locomotion in nature, suggesting that it likely best serves the task at hand.
Pressures for task-optimality likely mold both engineering and biology; be it for robot
control or animal survivability, in the long run, it’s the task that matters.
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Part IV

Robot Control
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Here, we present a set of robot experiments on two spring-legged bipedal robots:
DURUS (robot experiments) and ATRIAS (simulation). Specifically, they are meant to
advance two points.
1. Robotic gaits generated via trajectory optimization can be ported to a practical
robot controller in a straightforward fashion. We can take these optimized trajectories
and map them into virtual constraints [302], i.e. kinematic constraints enforced via joint
control. 2. The resulting gaits for these full order machines are coherent. Specifically, the
products of the optimization aren’t a garble of noise, but instead, have ground-reaction
forces that strongly resemble control of the spring-mass model (the guiding template for
the design of these robots). This is a key step in the process toward showing robotic
ground reaction forces that are similar to animal locomotion.
This process of moving from optimization to robot control is demonstrated with two
different methods and two different robot models: DURUS and ATRIAS. Both robots
are bipeds with series-elastic legs, and thus likely suitable platforms for embodying the
dynamics of the spring-mass model. Table 7.1 outlines the key differences in the presented
control implementations.

Transcription Method
Virtual Constraints
V.C. Representation
Walking Modes
Full Order Simulation
Robot Experiments

“Controlling DURUS”
Multiple Shooting
Optimized Directly
Canonical Walking Function [261]
Double and Single Support
Sustained Walking
Preliminary Sustained Walking

“Controlling ATRIAS”
Direct Collocation
Mapped Post-Optimization
Cubic Spline
Single Support
Sustained Walking
Preliminary Unassisted Steps

Table 7.1: A breakdown comparing the presented control implementations on DURUS
and ATRIAS in subsequent chapters.
Research Contributions: Mikhail Jones and Ayonga Hereid
Experimental Support: Andrew Peekema and Eric Cousineau
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Chapter 8: Controlling DURUS
This chapter presents results of walking experiments with a prototype of the “DURUS”
spring-legged biped using 1) a virtual constraint based controller 2) within the framework
of hybrid zero dynamics 3) generated by a multiple shooting optimization. Much of
this implementation parallels a collaborative manuscript in submission: “Hybrid Zero
Dynamics based Multiple Shooting Optimization with Applications to Robotic Walking,”
authored by Ayonga Hereid, Christian Hubicki, Eric Cousineau, Jonathan Hurst, and
Aaron Ames as part of a collaboration with Texas A&M. This chapter focuses on the
use of multiple shooting to improve the speed and reliability of the optimization of the
controller and the results of this optimization. The result is an energy-efficient gait on a
spring-mass robot, which is a key step toward realizing the objectives and findings from
Chapter 6 on a machine.
Contributors to the robot design from Oregon State University: Siavash Rezazadeh
and Jonathan Hurst. Contributors to the robot design and construction from SRI International: Curt Salisbury, Pablo Garcia, Stephen Morfey, Mark Baybutt, Paul Birkmeyer,
Zack Shivers, Mallory Tayson-Frederick, Allegra Shum, Dave Adams.

8.1 The DURUS Prototype
DURUS, upon completion, is slated to be a fully articulated humanoid, complete with
arms and hands and even fingers, and is designed to be far more energy efficient than
previous humanoid robots. We aim for this efficiency by a combination of spring-leg dynamics, efficient cycloid drive transmissions, and energy-efficient control techniques (here
computed by multiple-shooting optimizations). At the time of this thesis submission, the
final DURUS humanoid design is under construction at SRI International. This thesis
uses a planar legged prototype of DURUS as a hardware platform for optimal control on
a spring-legged machine (Figure 8.1).
Like ATRIAS, the premise of DURUS’ design is to embody the dynamics of the
spring-mass model. Where DURUS differs primarily is in task focus, that is, it’s designed
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Figure 8.1: A prototype of the spring-legged bipedal robot, DURUS.
to walk, not run. This fact drove key design decisions, particularly the placement of the
leg springs. Running requires larger leg forces, and thus larger spring deflections than
walking. This meant that these walking-only DURUS springs could be shorter and
lighter, and thus fit down at the most distal point of the legs, unlike ATRIAS’ four-bar
transmission between the spring and ground.
This DURUS prototype has seven links: three articulated links comprising each leg
and a rigid torso, with a total of four motors. On each leg, the two proximal links are
rigid members and the distal link is a coil spring, as shown in Figure 8.2. The hip joints
(qsh and qnsh ) and knee joints (qsk and qnsk ) are driven by actuators. The remaining
articulated joints at the ankles (qsa and qnsa ) are not directly connected to motors, but
are instead kinematically constrained by a pulley system to point roughly toward the
robot’s hip. Mathematically speaking, the pulley system is configured such that:
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qsk = −2qsa

(8.1)

qnsk = −2qnsa .

(8.2)

The fact that multiple states of the system (i.e., the spring lengths and foot angle) are not directly controlled indicates that this robot is underactuated, and thus not
particularly amenable to traditional control techniques. Instead, we treat DURUS as
a well-suited platform to implement energy-optimal control on a bipedal robot with
spring-mass dynamics. To that end, we need a method for turning the resulting trajectories from our trajectory optimizations into a controller, which we achieve using virtual
constraints.

-qsh
-qnsh

qnsk
z

qsk

-qsa

-qnsa

-qsf
qnsr
qsr
x

Figure 8.2: The kinematic layout of the planar model of the spring-legged bipedal robot,
DURUS, where the relative angles are given for stance and non-stance legs (subscripts
s and ns) for the hip, knee, ankle, foot angle, and spring length (subscripts h, k, a, f ,
and r respectively).
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8.2 Control via Virtual Constraints
I offer an intuitive image of a virtual constraint. Imagine holding a biped robot stationary
in a pose with one foot in the air and the other foot balanced on its toe. While still, a
position controller holds all of these joints in place. Now, as you tilt this robot ever so
slightly forward on its toe, the motors are commanded to lurch the joint positions to a
slightly different pose. Then, pull the robot back to its original tilt, and the robot resets
its joints back to its starting position. The joint angles are constrained to the forward
tilt of the robot by action of the motors, not by a kinematic linkage, and is therefore a
virtual constraint. Creating a gait controller via virtual constraints is a key component of
the hybrid zero dynamics approach [303], an increasingly popular framework for bipedal
control [261, 271].
In a mathematical sense, each actuated joint angle is constrained to a monotonically
increasing quantity. In our case, we choose the horizontal position of the hip joint (in an
efficient and desirable gait, the approximate center of the robot is likely always moving
forward). The commanded joint angle are then functionally related to this monotonic
variable via a function of choice. This chapter utilizes a canonical walking function
because of its prevalent use by our collaborating control specialists at Texas A&M [261].
This function was shown in human kinematic studies to match the motion of human
limb movements and is given by:

yd (τ, α) = e−α4 τ (α1 cos (α2 τ ) + α3 sin (α2 t)) + α5

(8.3)

where the desired motor position yd is defined parameters α1 through α5 define the
shape of the virtual constraint with respect to the monotonically increasing τ . This τ is
the horizontal position of the hip normalized from zero (backward-most position during
the gait cycle) to one (forward-most position during the gait cycle).
Typically, these shape parameters are designed via a nonlinear programming problem seeking a periodic orbit1 and sometimes minimizing actuator effort. However, these
1

In this context, the significance of a periodic orbit [130] is called hybrid invariance, which confers
a dynamical significance which is not particularly germane to these results. More information can be
found in the formative paper on hybrid zero dynamics by Westervelt et al [303] and briefly described in
Section 2.4.3.
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optimization problems suffer from the same unreliability that so many other control optimizations do. As such, we apply the same lessons we learn from trajectory optimization
methods and create a multiple-shooting approach to hybrid zero dynamics to solve issues
of optimization reliability.

8.3 Multiple Shooting and Hybrid Zero Dynamics
Note: Section 8.3 is a reprint of the methods in the submitted manuscript,
outlining the definition of a hybrid system, hybrid zero dynamics, and derives
the notation for combining multiple shooting with hybrid zero dynamics. The
following transcription is primarily the work of Ayonga Hereid, and provides
mathematically formal language to clarify the implementation of the above
concept.
Hybrid systems are systems that consist of both smooth, continuous dynamics and
discrete dynamics and, as such, have a wide range of applications to various types of
physical systems [125]. A typical example of these applications is bipedal robotic walking.
In particular, we consider hybrid systems with multiple domains of continuous dynamics
applicable to periodic multi-contact bipedal locomotion.
A multi-domain hybrid control system is given as a tuple [9, 260]:
H C = (Γ, D, U, S, ∆, FG),

(8.4)

where Γ = {V, E} is a directed cycle with vertices V = {v1 , . . . , vp } and edges E =
{e1 = (v1 , v2 ), . . . , ep = (vp , v1 )}, where p is the number of domains, D = {Dv }v∈V is
a set of domains of continuous dynamics, U = {uv }v∈V is a set of admissible controls,
S = {Se }e∈E is a set of proper subsets of Dv called the guard, ∆ = {∆e }e∈E is a
set of smooth reset maps that maps x ∈ Se to the next domain Dv+ in the cycle,
FG = {FGv }v∈V is a set of control systems defined on D. Any applicable state-based
feedback controllers, uv , that have been applied on the control system, FGv , yield closedloop dynamics. We define the resulting autonomous hybrid system as a multi-domain
hybrid system:
H = (Γ, D, S, ∆, F),

(8.5)
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where F is a set of smooth vector fields on D with ẋ = fv (x).

8.3.1 Hybrid Zero Dynamics
To motivate later construction, we consider an affine control system modeling an underactuated mechanical system with generalized coordinates q ∈ Q, where Q is the
configuration space, given by
ẋ = f (x) + g(x)u,

(8.6)

where x = (q, q̇) ∈ Dv , u ∈ Uv , and (f, g) ∈ FGv . Suppose that for Dv there is an
associated output y(q), e.g., virtual constraints in the case of mechanical systems, of
vector relative degree two. Differentiating y(q) twice yields
ÿ = L2f y(q, q̇) + Lg Lf y(q, q̇)u,

(8.7)

where L represents the Lie derivative. Assume that the decoupling matrix, A = Lg Lf y(q, q̇),
is invertible due to proper choice of outputs, i.e., y(q) has the same dimension as the
control input u and the Jacobian Dy(q) has full rank. An input-output feedback controller,

u(x) = −A−1 L2f y(q, q̇) + KP y(q) + KD ẏ(q, q̇) ,

(8.8)

drives the output y(q) → 0 exponentially. In addition, the control law also renders the
zero dynamics submanifold
Zv = {x ∈ Dv |y(q) = 0, Lf y(q, q̇) = 0}

(8.9)

invariant over the continuous dynamics of the domain. However, it is not necessarily
invariant through discrete dynamics. Therefore, a submanifold Zv is impact invariant if
∆e (x) ∈ Zv+ ,
A submanifold Z =

S

v∈V

∀x ∈ Se ∩ Zv .

(8.10)

Zv ⊂ D is called hybrid invariant if it is invariant over all

domains of continuous dynamics and impact invariant through all discrete dynamics, i.e.,
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solutions that start in Z remain in Z, even after impulse effects. If a feedback control law
renders Z hybrid invariant, then we say that the multi-domain hybrid control system has
a hybrid zero dynamics (HZD), H |Z . The restricted continuous reduced-order dynamics
and reset maps are given by
ż = f |Zv (z),

z ∈ Zv ,

z + = ∆e |Se ∩Zv (z − ), z − ∈ Se ∩ Zv , z + ∈ Zv+ ,

(8.11)
(8.12)

for each v ∈ V .
The stability of hybrid systems, particularly those exhibiting periodic behaviors, is
determined by the existence and stability properties of periodic orbits. If the system has
HZD, there exists a hybrid periodic orbit, O|Z , of H |Z , as shown in Figure 8.3. It is
shown in [196, 10] that if there exists a feedback control law that ensures the invariant
manifold is sufficiently rapidly attractive, then existence and stability of the periodic orbit
O of the full order system can be determined from those of the reduced-dimensional zero
dynamics periodic orbit, O|Z , through the canonical embedding ιv : Zv → Dv given by
ιv (z) = (0, z).

8.3.2 Multiple Shooting Optimization
To design hybrid zero dynamics for multi-domain hybrid control systems, a constrained
optimization is often constructed to obtain the parameter set that determines the corresponding hybrid zero dynamics. Yet most of those optimization problems use direct
shooting methods (heretofore referred to as single shooting methods2 ), which are often
unlikely to converge or are very sensitive to initial guesses. In particular, when the hybrid zero dynamics are multi-dimensional, i.e., having multiple under-actuated degrees
of freedom, the nonlinearity of the underlying zero dynamics differential equation further complicates convergence. On the other hand, direct multiple shooting methods
(multiple shooting for brevity) are designed to mitigate this NLP nonlinearity, without
2

In a detailed survey paper, [225] makes a clear conceptual distinction between indirect methods (such
as indirect shooting, indirect multiple shooting) and direct methods (e.g. the direct shooting and direct
multiple shooting methods addressed in this paper). In practice, direct methods are significantly more
common in legged robot control than indirect methods. So for ease of communication, we both drop the
“direct” adjective and rename “direct shooting” to “single shooting” [166] to verbally distinguish it from
“multiple shooting.”
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approximation, by parameterizing both control inputs and states.

8.3.3 Overview of Current Approaches
We start with a brief overview of the prevalent HZD based optimization framework,
single shooting, and then introduce the basic idea of multiple shooting methods when
applied to a general optimal control problem.
HZD-based Optimization. For each continuous domain of the system (8.4), assume
we have the zero dynamics in the form ż = qv (z, α) under the appropriate feedback
controller. Note that we state the dependence of the zero dynamics on the parameter
set explicitly. The goal is to find a set of parameters α∗ and the fixed point z ∗ of the
zero dynamics that results in a hybrid periodic orbit O|Z . Most optimization problems
for hybrid zero dynamics are defined as:
argmin
α,zv−

s.t

X

Jv (z(t), α)

(8.13)

hv (z(t), α) ≤ 0,

(path constraints)

v∈V

gv (zv− ) = 0,
∆e |Se ∩Zv (zv− ) ∈ Zv+ ,

(guard constraints)
(invariance constraints)

where Jv (z(t), α) is the cost function defined on each domain, and z(t) is the solution of
zero dynamics of the domain Zv with initial condition zv+ computed from the reset map
given in (8.12). The path constraints and the objective function are evaluated by integrating the zero dynamics with the given initial conditions. Though this single-shooting
formulation has fewer optimization variables, any small changes in the optimization
variables will propagate (in ways that are possibly highly nonlinear) as the dynamics is
integrated over the full continuous domain.
Multiple Shooting Optimization. An optimal control problem is an optimization
problem that finds the control input u(t) of a control system determined by the ODE
ẋ(t) = f (x(t), u(t)), t0 ≤ t ≤ tf ,

(8.14)

to minimize the objective function J(x(t), u(t)). Instead of using parameterized con-
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trollers like an HZD-based optimization, a multiple shooting approach discretizes both
control inputs and states, which grants the optimizer the ability to more directly shape
the evolution of the state. Given a discretization of the time interval
t0 = t0 < t1 < t2 · · · < tn = tf ,

n ≥ 1,

(8.15)

the multiple shooting optimization is defined as:
argmin J(w)

(8.16)

w

s.t x0 − x(t0 ) = 0,

(initial condition)

xi+1 − x(xi , ui ; ti+1 ) = 0,

(continuity condition)

h(xi , ui ) ≤ 0,

(path constraints)

g(xn , un , tf ) = 0,

(terminal constraints)

where w = (x1 , u1 , . . . , xn , un , tf ) is a vector of optimization variables with xi = x(ti )
and ui = u(ti ), and x(xi , ui ; ti+1 ) is the solution of system (8.14) at ti+1 starting from
xi with the control input ui .

8.3.4 A Combined Approach
In this section, we present a combined approach, hybrid zero dynamics based multiple
shooting, which commingles the underlying advantages of multiple shooting methods
with zero dynamics.
Let TvI ∈ R be the time where the system hits the corresponding guard of the domain.
We uniformly divide a continuous domain into n shooting grids, i.e.,
0 = t0 < t1 < t2 · · · < tn = TvI ,

n ≥ 1.

(8.17)

with an abstract example shown in Figure 8.4. For each shooting grid si defined on
t ∈ [ti , ti+1 ] ⊂ R, let the initial condition zvi and control parameters αvi of the zero
dynamics be the optimization variables. Hence the solution of the zero dynamics on
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shooting grids can be represented as initial value problems defined below:
ż = qv (z, αvi ),

z(ti ) = zvi ,

t ∈ [ti , ti+1 ],

(8.18)

where i ∈ {0, 1, . . . , n − 1}.
HZD-based multiple shooting. Combining both HZD-based optimization and multiple shooting optimizations, we propose a HZD-based multiple shooting optimization
problem for a multi-domain hybrid system:
argmin
w

s.t

X

Jv (wv )

(8.19)

v∈V

zv (zvi , αvi ; ti+1 ) − zvi+1 = 0, i ∈ [0, n − 1],
αvi − αvi+1 = 0, i ∈ [0, n − 1],
hv (zvi , αvi ) ≤ 0, i ∈ [0, n],
gv (zvn , αvn ) = 0,
∆e |Se ∩Zv (zvn ) ∈ Zv+ , v, v + ∈ V, e ∈ E,
αvn − αv0+ = 0, v, v + ∈ V,

where w is the combination of optimization variables defined on each domain, i.e., w =
S
i
i
I
n
n
0
0
v∈V wv with wv = (zv , αv , . . . , zv , αv , Tv ), and zv (zv , αv ; ti+1 ) as the solution of system
(8.18) at ti+1 . The first two constraints establish both state continuity and parameter
equality between two connected shooting grids, and the last constraint enforces equality
of parameters between two domains. The other constraints originate from (8.13) to
satisfy HZD requirements.
With the goal of finding an efficient walking gait, we define the cost function as the
mechanical cost of transport of the gait:
Jr (wr ) =

W
,
mgd

(8.20)

where W is the total absolute mechanical work done by the actuators, m is total mass
of the robot, g is acceleration due to gravity, and d is the distance traveled during one
step. W can be computed as the summation of the work done at each shooting grids,
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Figure 8.3: A periodic orbit of hybrid zero dynamics of a hybrid system with two sets
of continuous dynamics (single-support and double-support walking). In typical hybrid
zero dynamics optimizations, achieving this periodic orbit is formulated as a “singleshooting” problem.
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Figure 8.4: Using a multiple-shooting formulation, we break the HZD optimization problem into smaller interconnected subproblems.
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Wi (zri , αri ), with
Wi (zri , αri ) =

Z

m
ti+1 X

ti

uaj (zri , αri ) · q̇ja (zri , αri ) dt,

(8.21)

j=1

for i ∈ {0, 1, . . . , n − 1}, where q̇ a are the velocities of the actuated joints, ua are the
corresponding actuator torque values.
We also added additional practical path constraints that are both physical limitations
of the robot and some practical gait guidelines: actuator torque limits, joint velocity
limits, joint angle ranges, non-stance foot height clearance, torso angle range.

8.4 DURUS Experimental Results
With the virutal constraints optimized for energy economy, we then enforced the virtual constraints generated by the optimizer using PD control on joint positions. Once
implemented on DURUS, the robot only needed to be given an initial push to begin
walking (Figure 8.5). After this initial push, the PD motor controllers enforced the
virtual constraints generated by the optimizer (Figure 8.6). The robot walked for over
three minutes without interference from experimenters before being held to a stop. The
robot walking with an average hip velocity of 0.66±0.088m/s, a “leisurely” walking gait.
Further, the energy economy of the machine of was measured, yielding an electrical cost
of transport of 1.0 ± 0.093 as measured by a current clamp on the power source. This
normalized energy cost is less than a third of the widely reported cost of transport of
3.2 from ASIMO [64].
While this prototype does not currently provide the state information necessary to
report the robot ground-reaction forces, we can report the qualitative nature of forces by
closely viewing the springs. In many of the steps, a viewer can count two compressions of
the spring during one ground contact. This roughly correlates with the widely reported
forces of human walking, which characteristically sports two swells of force (or humps).
Future work will seek to measure these forces more quantitatively. However we can
report the GRFs in simulation. Figure 8.7 shows the simulated ground reaction forces
that show the quantitative profile with a “double hump,” a key characteristic of human
walking dynamics [110].

155

Figure 8.5: A photograph of a planar walking experiment with the DURUS prototype.
The robot is connected to a central rotating boom by a pin joint to restrict the robot to
near-planar locomotion without mechanical restricting the sagittal pitch.
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Figure 8.6: DURUS’ actuated joint angles over time during a walking experiment, plotted
against the desired joint angles.

Figure 8.7: The magnitude of the ground-reaction forces for a simulation of the tested
DURUS gait. The profile resembles the double-humped profile characteristic of human
walking.
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Importantly, these double-hump forces were in no way a direct target of the control or
the optimization. Given a robot with spring-mass dynamics, these forces simply emerged
as a consequence of energy-optimal control. These results advance a general point that
thoughtful passive dynamics, when combined with optimization of practical and relevant
objectives, yields dynamic locomotion similar to the dynamics of biology.
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Chapter 9: Controlling ATRIAS
In this chapter, we present simulation results from implementing optimal control on
ATRIAS (the robot described in Chapter 4). The ATRIAS model used for optimization
and optimization formulation software, COALESCE, were developed by Mikhail Jones.
The full-body simulator, coded in Simulink, was developed by William Martin of Hartmut
Geyer’s laboratory at the Robotics Institute at Carnegie Melon University. Mikhail Jones
also provided significant ideas and support in the formulation of the virtual constraint
controller and Andrew Peekema assisted with robot experiments.

9.1 Gait Generation via Direct Collocation
Optimizing a gait for a full-order model of ATRIAS is a difficult optimization problem.
The system has 22 continuous states and has underactuated degrees of freedom at the
point foot and each of the four springs. The only four actuators in the planar model
drive θ1s , θ2s , θ1ns , and θ2ns as depicted in Figure 9.1. For this complicated optimization
task, we elected to use a direct collocation formulation [294] with the NLP solver, IPOPT
[27], because both have been most effective at handling large-scale problems.
To build the direct collocation problem into efficiently executable code, we used
optimization parsing software called COALESCE. COALESCE, Control Optimization
Accelerated by the Large-scale Export of Symbolic Collocated Elements, was built by
Mikhail Jones at Oregon State University’s Dynamic Robotics Laboratory to parse a
general optimization problem for rapid solving by optimizers like IPOPT. This made
setting up the direct collocation formulation of the ATRIAS optimization problem quite
straightforward.
We tasked the optimizer with finding a periodic orbit that exceeds 0.5m/s, subject to
joint limits, actuator torque limits, friction cone limits, the bounds of the motor torquespeed curve, and an 8 cm swing-leg clearance constraint. Lastly we tasked the optimizer
to minimize the cost of transport as defined by:
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Figure 9.1: The ATRIAS robot broken down into its key coordinates. ATRIAS’ four
motors directly control θ1s , θ2s , θ1ns , and θ2ns . We create virtual constraints such that
these four angles evolve in concert with the robot as it moves through its optimized gait.
Figure reproduced from [130].

R tf
COT

=

uT u
mgd

0

where u = [ u1 u2 u3 u4 ]T , meaning a vector containing each of the motor
torques, tf is the final time, mg is the robot weight, and d is the distance traversed by
the hip over the course of the step.
The resulting optimized torque inputs are reported in Figure 9.2. Further, Figure 9.3
shows the ground reaction forces of this gait. At first glance, two pronounced humps can
be seen in the ground reaction forces. While this might be mistaken for the characteristic
double-humped gait with some additional noise, what it much more closely resembles
are the multi-oscillation gaits described in theoretical spring-mass locomotion studies
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[111]. These multi-oscillation gaits are typically caused by a spring stiffness that is too
large. This is likely the case on ATRIAS as the leg stiffness increases as the robot is
stands more upright (unlike DURUS, which has a stiffness independent of posture). To
implement a spring stiffness more closely analogous to animal locomotion, future work
will have softer springs installed on the robot and control bounds will be placed on the
effective leg length to limit effective leg stiffness.
Also, this gait optimization was formulated such that it did not have a period with
both legs in contact with the ground (a double-support phase). Such double-support
phases are useful in allowing leg forces to escalate more gradually, as both legs can share
the load. This lack of a double-support phase may be contributing to the sharp escalation
of forces, an impulse which may magnify the additional oscillations that follow.
200
150

Torque (N-m)

100
50
0
-50
-100
-150
-200
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Time (s)
Figure 9.2: The input torques of the optimized ATRIAS gait.

9.2 ATRIAS Controller Generation
For ATRIAS, we again turned to virtual constraints to realize our optimized gait on
the machine. However, we took a different approach to generating virtual constraints
than we did with DURUS. Instead of formulating a virtual constraint in terms of a
non-piecewise function (i.e., the canonical walking function), we take the piecewise timedependent output of the optimizer and remap it to a virtual constraint. Particularly, we
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Figure 9.3: The ground reaction forces of the torque-optimized ATRIAS gait.
take the positions of the four motor angles (θ1s , θ2s , θ1ns , and θ2ns from Figure 9.1) as
defined by the optimizer, and map it as a function of stance leg angle:

θleg = θT +

1
(θ1s + θ2s )
2

(9.1)

where

θleg is the effective stance leg angle and is used to create θ1ns (θleg ) and
θ̇1ns θ̇leg . We now implement a PD position controller such that:



u = KP (θd − θa ) + KD θ̇d − θ̇a

(9.2)
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where θd and θ̇d are computed as a function of θleg , and KP and KD are the proportional and derivative gains to drive θa to the desired positions and velocities.

9.3 Simulation Results
With this PD controller enforcing virtual constraints, we then simulated the gait in
a high-fidelity Simulink model of ATRIAS. This simulator attempts to capture the full
conditions of the experimental environment, including the inertia and weight of the boom
and the spherical constraint it adds to the motion of the robot. This model also adds
Gaussian noise to each sensor input in order to account for some measure of robustness
to noisy sensor data.
This controller, when implemented on the high-fidelity simulator, walked around the
track for several laps. Figure 9.4 shows the still images from the renderer of the robot
performing its gait. Figure 9.5 reports the vertical ground reaction forces for four consecutive steps as computed by the simulator, which bears resemblance to the optimizer’s
reported forces in Figure 9.3. What this simulation demonstrates is a proof of concept:
gaits designed in an optimizer can be applied to a robot in a rather straightforward
manner.

9.4 Preliminary Experiments
Further, this gait was preliminarily implemented on the ATRIAS robot, taking four
unassisted steps before accelerating into a fall. A number of implementation details
could be a source of the current limitations on hardware. Friction models are only so
accurate, for instance, so controller gains can be adjusted empirically to suit the true
parameters of the machine.
The employed method of enforcing virtual constraints can also yield some unexpected
consequences on hardware. The controller switches between swing and stance legs once
θleg reaches the gait’s maximum value. When the robot is leaning forward and reaches
this switching angle, the swing leg is likely lagging somewhat behind its target just by
the nature of feedback tracking controllers. From the swing leg’s perspective, the switch
to being a stance leg is coming prematurely and the leg is commanded to immediately
snap to its new stance-leg position. This jolts a large impulse into the robot, causing
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Figure 9.4: Tiled images of ATRIAS walking in a full-body control simulator. This
simulink model includes all robot inertias and masses, friction models, contact models,
boom inertias, and applies Gaussian noise to all the sensors. The robot took several
full laps of the walking track, demonstrating an effectively stable embodiment of the
optimized gait.
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Figure 9.5: The ground reaction forces of the ATRIAS walking gait as reported by the
full-body simulator.
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it to accelerate with each step to the point of falling. This phenomenon matches the
behavior we see in current experiments.
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Chapter 10: Conclusion
This thesis work touched a relatively broad array of disciplines, from avian biomechanics,
to robot design, to numerical optimization, to nonlinear control. However, they all
contribute to this common set of conclusions:
• Whether for animals or robots, considering passive dynamics (and spring-mass dynamics in particular) is critical to understanding and enabling dynamic locomotion.
• Running animals prioritize energy economy while enforcing strict injury constraints
without a preference for gait steadiness, which is also a good idea for robots.
• These priorities can be encoded in robots with spring-mass dynamics via optimization, which we demonstrate in simulation and experiment.

10.1 Chapter Breakdown
The following are our key findings and points in a chapter-by-chapter breakdown:
1. Bipedal locomotion may be better achieved by thoughtfully designing a robot’s
passive dynamics and optimizing control.
2. Today’s control techniques are limited, but control optimization may be an effective
way to bypass the mathematical complexities of locomotion.
3. We use trajectory optimization formulations, such as multiple shooting and direct
collocation, to solve these hard optimization problems.
4. Building a robot to embody a spring-mass model, as per ATRIAS, can enable robot
dynamics that can achieve efficient, agile, and biologically comparable locomotion.
5. You can use optimization to inspire controllers for tasks such as running on soft
ground.
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6. We deduce the control priorities of ground-running birds as 1) enforcing strict
margins of leg safety and 2) minimizing energy costs, and do not show a preference
for steady gaits as part of their objective.
7. Steady gaits emerge in many practical scenarios even when steady gaits are not
part of the control objective.
8. Optimizing for energy economy can be applied directly to experimental walking on
DURUS, a spring-mass robot, and we achieved similar gait dynamics to humans
as a result.
9. We preliminarily demonstrate simulations of walking with ATRIAS, prioritizing
energy economy and injury avoidance (the same objectives as found in our bird
study).

10.2 Discussion
10.2.1 Task-level Objectives of Animals
Our work examined the control priorities of running birds with a variety of analyses of
a broad size array of birds on a multitude of obstacles, and as a result, we were able
to learn a lot from this investigation. We were able to discern the lack of a control
priority for steady gait in obstacle negotiation. It also suggested a clear role for the
intrinsic dynamics of animals, particularly that intrinsic dynamics need to stabilize the
gait which is being controlled with primarily leg safety and efficiency in mind. We were
further unable to determine a significant difference between locomotion strategies across
species that diverged evolutionarily millions of years ago, likely lending us insight into
the locomotion of their common ancestors, i.e. theropod dinosaurs. The invariance of
control priorities across diverse musculoskeletal postures also suggests a commonality
that could span across vertebrates in general. The results also posed some additional
questions that merit future work.
Work or Force? Muscle work and muscle force are tightly coupled quantities,
making them difficult to distinguish in our experiments which is a more important objective for birds to minimize. When we optimize control of our bird model to minimize
work, the force magnitudes are also minimized as a consequence. When we see very
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similar maximum leg forces across birds, this likely has a strong injury avoiding effect,
but it also likely reduces muscle work. The tightness of this peak force matching does
seem to strongly imply an aversion to maximum forces (and thus injury avoidance), but
this interplay of force and work make it difficult to definitively describe the work-force
relationship in bird priorities.
So how do we find out which is more important, work or force? One way is to perform
a new obstacle experiment with a different manner of obstacle. Using patches of soft
terrain with varying impedance properties, it is possible to modulate the energy cost
of an obstacle without inherently raising peak leg forces. Elevated platform obstacles,
as per prior experiments, inherently require changing the vertical net impulse to raise
and/or lower the birds’ center-of-mass, but flat terrain that is soft does not necessarily
require such a change in net impulse. To this effect, experiments were conducted with
guinea fowl running over sand, dissipative foam, and elastic foam and are still under
analysis.
Can we Predict Bird Locomotion from Scratch? Are injury avoidance, energy
economy, and our discovered model sufficient to predict locomotion in novel terrain
scenarios? One likely source of refinement is in the model. This current model has a
telescoping leg and thus does not encode postural costs. It is likely these postural costs
drive the degree of vaulting we see in our obstacle experiments. These costs may be
included by segmenting the leg with a revolute joint and rendering the actuator, spring,
and damper rotational. As a result, crouched gaits will exacerbate the torques required
to produce necessary gait forces. The relative length of these leg segments can also be
interpreted from measured bird kinematics, and perhaps not require additional fitting
parameters.

10.2.2 The Role of Limit Cycles in Locomotion
The limit cycle modeling study can be interpreted in a few ways, and thus may benefit
from some elaboration. The fact that limit cycles, or behaviors that look like limit
cycles, seem to emerge from just energy economy and physical limits implies that limitcycle objectives are unnecessary to explain steady locomotion we see in nature. One
could also counter that the study supports steady locomotion as an objective of animals
simply because this study shows that limit cycles are so efficient (i.e. limit cycles might

169
make for a convenient proxy for animals to achieve economical locomotion). Further, the
terrain simulations show that targeting a limit cycle wastes very little energy even when
compared to the best-possible 20-step strategy. So, isn’t it reasonable to hypothesize
that it’s simpler for animals to focus on being steady rather than always trying to figure
out the most efficient way to move?
The bird study bears directly on this question. The fact that we could not discern
any preference for steady gaits across a 540-fold mass range of birds strongly suggests
that limit cycles are not a control target of animals, at least on the 1-2 step horizon.
It’s certainly possible that steady gaits might be a target more than two steps away,
allowing for significant transient behaviors in the interim. Such a hypothesis may be in
agreement with the observed animal data.

10.2.3 The Purpose and Scope of Robot Experiments
In our robot experiments, one could ask a number of questions about why this manner
of gait enforcement was chosen. Our gaits were all enforced via position control of the
actuated joints. There are certainly advantages to this mode of control, but I do not
claim this is necessarily the best way to put a gait on a robot. Further, the position
controllers were proportional derivative controllers. In essence, they were comparatively
simple and could benefit from all manner of sophisticated control theory, such as feedback
linearization or other model-based methods. This work did not stress improving the mode
of gait enforcement because this was not the purpose of these demonstrations.
The robot experiments aimed to show that 1) the gaits that are generated via trajectory optimization can be meaningfully rendered on a real machine and 2) these gaits
bear dynamical resemblance to animal locomotion. This was accomplished on DURUS,
demonstrating a gait that had the characteristic double-humped ground-reaction forces
of human walking. Importantly, this human-like GRF was achieved without any explicit
objective to be human-like. The optimizer was asked to achieve an efficient and steady
gait, and the spring-legged machine adopted human-like dynamics as a consequence.
Similar preliminary work was done on ATRIAS, a machine which has the physical
capability to run, perhaps providing a more direct comparison to the theoretical running
work in this thesis. For practical reasons, such as time constraints and an aversion to
breaking the robot with high-force maneuvers, we started by getting ATRIAS to walk.
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In the future, getting ATRIAS to run in a manner that is quantitatively comparable to
birds would tie the work of this thesis together in an even stronger fashion. In essence,
the conclusion would be that a properly designed robot would run like a bird, not because
it was programmed to, but because it is the energy-optimal and safe way to run.

10.3 Optimization as a Unifying Framework
So how and why is optimization the unifying framework of this thesis? For one, it was
a pivotal tool that was used across so many of these studies. Optimization was a lens
by which we could view the best possible solution, and compare what we saw to our
hypotheses. It allowed us to see force control as a soft-ground strategy and probe the
objectives of birds. We could use it to ask questions about the ultimate role of limit
cycles and find the best way to control complicated robots, taking into account all their
motors and moving parts.
More fundamentally, optimization is a conceptual framework for all of this research.
It underlies a unifying set of hypotheses that this thesis is built upon. 1) Animals are
likely to control themselves in a way that best serves their interests, and robots should do
the same. 2) Birds aren’t limiting their control to mathematically convenient solutions,
and nor should our machines. 3) Nature’s solutions are not limited by what a control
designer thinks may be best, and robots shouldn’t be so burdened either. Optimization
is the purest embodiment of this utilitarian philosophy.
Optimization is also not just closing a technical gap for the science of legged locomotion, it’s narrowing the imagination gap. Legged robotics has long benefited from very
smart people engineering clever and intuitive controllers that got us through our first
robotic steps. To this day, many of the great control ideas in the field, when put on a
robot, still look eerily similar to these initial flashes of genius. But as the tasks for our
robots get harder, and our robots get more dynamic and complex, the best course of
action will no longer be so easy for us to imagine, but may still be penetrable by an optimizer. By embracing optimization, we may find more than just a fancy solution-making
contraption. Optimization may be our new source of inspiration, and one that sparks
the generation of ideas that we’ll need next.
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