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1

A Study of Micro-Scale, Fractal-Like Branching Flow Networks for
Reduced Pumping Power and Improved Temperature Uniformity

1. INRODUCTION

Dramatic advances in electronics and communication technology make it
necessary to develop sophisticated, highly efficient heat sinks. Such advances have

resulted in compact electronic devices with high energy outputs leading to very
high power densities. For these reasons, thermal management of electronic devices
has gained great attention in the past two decades.

Convective heat transfer in micro-scale channels appears to be a very
effective means for cooling electronic devices. Multiple small diameter channels
yield increased surface area per volume as well as higher heat transfer coefficients

when compared with several larger scale channels occupying the same volume.
Therefore, micro-scale heat sinks provide an opportunity for significant

enhancement of energy transfer compared with heat sinks with macro-scale
channels. Straight parallel channels have been the predominantly studied design for

micro-scale heat sinks. Even though this design has a great potential for
transferring heat, it has two major drawbacks. First, although fluid generally flows
through these devices in the laminar flow regime, the pressure drop is proportional
to flow rate while inversely proportional to diameter to the fourth power. Therefore,

significantly more energy may be required to move fluid at a fixed flow rate
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through a microchannel versus macrochannel heat sink. Second, a non-uniform

axial temperature distribution in the heat sink could result in uneven thermal

expansion of the electronic device, damage to the electronic devices due to
expansion and contraction, and changes in

the electrical properties of

semiconductors, which could eventually reduce microprocessor performance andlor
lifetime. With the ever increasing compactness and power capabilities of electronic

devices, and consequently extreme power densities, increases in temperature
gradients along the microchannel are anticipated and are bound to become a major
concern with parallel microchannel heat sinks.

Table 1.1: Projected thermal packaging requirement by the year 2006 (Ng
et al., 1999)

Power dissipation (W)
Junction temperature (°C)
Ambient temperature (°C)

Chipsize(mm)

Thermal space claim (mm)
Thermal mass claim (g)
Pressure drop (Pa)
Thermal resistance, chip to
ambient (°C/W)

Microprocessor thermal
Packaging requirement
200
95
45

15X 15X0.3

100 X 100 X 50
250
40
0.25

Telecom thermal packaging
requirement

100
150
45

3X 1 X0.3

150 X 150 X 150
-

1.05

Current microchannel heat sinks employing water as the working fluid are

limited to cooling rates per unit surface area of 790 W/cm2 (Tuckerman et. al.,
1981). According to the projected thermal packaging requirements by Ng et aL,

(1999) in Table

1.1,

the telecom industry will require cooling capabilities
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exceeding

3000 W/cm2. Therefore, micro-scale heat sinks need major

enhancements to accommodate future power requirements. Such enhancements
could be accomplished by considering micro-scale heat sink designs with channel
networks other than the conventional parallel straight channel arrays. An alternative

design is a fractal-like branching channel network similar to those found in the
circulatory and respiratory systems in mammals and in vascular systems in plants.
Such flow networks are naturally efficient in transporting fluid.

The aim of this research is to analyze and compare pressure drop and
temperature distributions in micro-scale heat sinks with fractal-like branching

channels and with parallel straight channels. Three-dimensional numerical
investigations using the commercially available computational fluid dynamics
package, STAR-CD, were conducted on both a fractal-like branching channel flow
network and a straight channel flow network. Each network was tested for two heat

fluxes and a range of flow rates in the laminar flow region. Two heat sink
materials, stainless steel and copper, were investigated. Water was the only
working fluid employed in the study; however, the study was conducted with and

without variable fluid properties. Due to the limited change in thermophysical
properties of the solid material with temperature, they were held constant. CFD
results are compared with the projections of a l-D model programmed in MatLab®,

which serves as a predictive tool for pressure and temperature distributions.
Numerical results of pressure drop are validated with experimental measurements;

however, experimental verification of temperature distributions is intended for
future work.
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2. BACKGROUND LITERATURE AN!) HEAT SINK DESIGN

2.1 Literature Review

Tuckerman and Pease (1981) first introduced the idea of high performance
microchannel heat sinks applied to very-large scale integrated (VLSI) circuits. The

theory behind their experiment was that the heat transfer coefficient, h, under fully
developed flow increases proportionally with the inverse of the hydraulic diameter

of the channel. Also, high aspect ratio channels increase the available convective

surface area per unit volume. The increased heat transfer coefficient and surface

area per volume ratio serve to reduce the thermal resistance. A compact watercooled heat sink was designed and tested at a power density of 790 W/cm2. The test

model dimensions include channel width between 50 pm and 56 tim, channel
heights between 287 jim and 302 jim, and channel spacings between 44 jim and 50

jim. Flow rates were varied from 4.7 cm3/s to 8.6 cm3/s. A maximum temperature
of 71° C above the input water temperature was measured on the silicon substrate.
Their experimental results confirmed their theory.

Peng and Peterson (1996) experimentally investigated single-phase forced
convective heat transfer and flow characteristic of water in micro-scale heat sinks
with rectangular micro-channels having hydraulic diameters ranging from 133 jim

to 367 tm. Both laminar and turbulent flows were studied. Results showed that
channel geometry has significant effects on the heat sink performance. Laminar
flow heat transfer was found to be dependent on the aspect ratio and the ratio of the

hydraulic diameter to the center-to-center distance of the microchannels. The

behavior of fluid flow and heat transfer in micro-channel was found to be
substantially different from those in macrochannels. Empirical equations were
suggested to calculate micro-channel heat transfer and pressure drop.

Obot (2000) investigated the results of Peng and Peterson (1996) along with

several other papers dealing with friction and heat/mass transfer in microchannels.
He concluded that none of the studies clearly demonstrated that use of conventional

relationships for estimating friction factors or heat transfer in microchannels was

invalid. He further claims that comparisons carried out by Peng and Peterson
(1996) and others were not thorough which led to misleading observations since no

comparative evaluations with published experimental results for macrochannels
were made. The author recommends that careful corrections be applied to flowmeter calibration to account for differences in pressure, temperature, and density
between

conditions

during

experimentation

and calibration

to

minimize

uncertainties in flow rate which ultimately influence uncertainty in friction factor
results. Finally, Obot (2000) suggests that there is insufficient evidence to support
the occurrence of transition to turbulence in smooth microchannels for Re

1,000.
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Fedorov and Viskanta (1999) numerically analyzed conjugate heat transfer
in a three-dimensional micro-channel heat sink. Investigations were carried out for

different working fluids, solid substrate materials, and channel geometry. The
channel width for their analysis was fixed at 57 m. Two channel depths, 180 Jtm

and 370 pm, were investigated yielding aspect ratios of 3 and 6, respectively.
Working fluids considered include water, FC-77, and air. Substrate materials tested

were silicon (k

148 W/mK), copper (k = 401 W/mK), and diamond (k = 2300

W/mK).

Of the fluids tested, water was found to be most effective at transferring

energy, and thermal performance was found to be independent of the substrate
material as long as its thermal conductivity was relatively high. High aspect ratio
channels were found to be more effective at cooling than low aspect ratio channels.

Both the bulk and wall temperatures were found to decrease significantly with an

increase in channel height due to an increase in the flow cross-sectional area and
therefore an increase in the amount of the heat removed by advection of the coolant

in heat sink. Micro-scale heat sinks were found to be capable of handling heat
fluxes of the order of 100 W/cm2 with a heat sink temperature increase of less than
20° C, if operated at Reynolds numbers above 150.

Bau (1997) demonstrated, using a mathematical model, that a variable cross
sectional area microchannel can be optimized to reduce temperature gradients along

the channel length. Reduction in the maximum heated surface temperature can be

achieved by tapering a channel in the direction of flow. Two thermal resistances

were considered in the optimization analysis. The first is the calorimetric
resistance,

which is proportional to the difference between the conduit's exit

and inlet temperatures. Rcai increases as the conduit's hydraulic diameter decreases

because it is inversely proportional to the mass flow rate; hence inversely
proportional to the diameter squared. The second resistance, the cross-sectional
resistance

is proportional to the difference between the heated surface

temperature and the bulk temperature.

decreases as the conduit's hydraulic

diameter decreases because it is inversely proportional to the cross- sectional area.
Because the two resistances vary in an opposing manner with channel diameter, the
optimal conduit dimensions are those that minimize the total resistance,

Rcai +

Hetsroni et al. (2001) conducted both single-phase and multi-phase fluid

flow experiments in a microchannel heat sink having parallel triangular
microchannels. Hydraulic diameters of the channels ranged from 103 tm to 129
tm, with channel spacings equal to the base of the triangle. For a 15 mm x 15 mm

heat sink, this resulted in 21 and 26 channels with hydraulic diameters of 129 .tm
103 l.lm, respectively. The heat sink was etched in a silicon substrate with a Pyrex

cover that served as an isolator as well as a transparent cover through which flow
pattern and boiling phenomena could be observed. The heating source simulated a

computer chip in order to study temperature uniformity for a range of heat flux

from 9 W/cm2 to 22 W/cm2 at a single flow rate of 3.785

pus. Moderate

temperature non-uniformity on the heated surface, measured by thermal imaging

radiometer (IR), was observed for the single-phase experiment. Hydrodynamic
instabilities were observed when the flow started boiling. Even though multi-phase

flow was noticed to enhance heat transfer, the hydrodynamic instabilities were
reported to cause temperature non-uniformity on the heated surface under uniform

heat flux conditions. A non-uniform heat flux resulted in more dramatic
temperature non-uniformities when hydraulic instabilities were present than for the
uniform heat flux case.

Ledezma, et al. (1997) introduced a means to connect a heat generating
volume to a point heat sink using a high-conductivity material well distributed
through the volume. The goal was to minimize the thermal resistance between the

finite-size volume and the point. The volume is composed of low conductivity
material in which heat is being generated at every point. It is cooled by means of

conduction through a sequence of varying sized building blocks of a highconductivity material embedded in the volume, starting with the smallest blocks
and building on larger blocks. The solution was optimized numerically taking into
account the overall shape of the building blocks, the number of its constituents, and
the internal distribution of the high-conductivity inserts. The optimal distribution of

the high-conductivity material has the shape of a tree. The resulting tree network is
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entirely deterministic and the authors coin the term "constructal theory" for their
approach.

A subsequent paper by Bejan (2000) uses the constructal theory to pattern
internal fluid flow networks replacing the high-conductivity material employed in
Ledezma, et al. (1997). The stream of coolant enters a volume through a single port

and exits through another single port. The energy generated in the volume flows

first by thermal diffusion through solid material and to the fluid in the flow
network. Volume-constrained optimization of the paths of heat and fluid flow
began with the smallest volume element. It then continued to larger volume scales

in which each larger volume is a construct, or scaled replica, of previously
optimized smaller volumes. Optimization included the external shape of the
construct and the relative thickness of each duct for fluid flow. This method of
optimization also led to a tree shaped network of fluid channels that cools every

point of a given volume. Two fluid channel geometries were optimized; twodimensional parallel-plate channels and round tubes.

Kearny (2000) suggested that engineered fractals could enhance different

process applications. In particular, Kearny highlights applications where fluid
scaling and distribution are required. Mixing scales due to flow over multiscale

fractal structures are compared to scales in purely turbulent flow. The range of
scales in the former is narrower than in the latter causing better mixing with less
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energy input, therefore an increase in efficiency of mass and heat transfer.
Advantages of fractal mixing over turbulent mixing include a reduction of energy
use and a decrease in equipment size for the same product output.

West et al. (1997) studied the scaling laws in biological systems; in
particular, the 3/4 power law of metabolic rates. Scaling laws were derived from

branching fractal-like transport networks found in nature. These include the

mammalian circulatory systems and respiratory systems, and plant vascular
systems. The following relations are from West et al. (1997)

(2.1)

(2.2)
N = N0nR'

(2.3)

were proposed as universal scaling factors representative of branching structures
found in nature. In Eqs. 2.1 through 2.3, yand J3 represent the branching length and

diameter ratios, respectively. The index K represents the branching level, which
starts at K 0 (assigned to the initial channel) and continues through m, where m is
the total number of branching levels (exclusive of the 0th level). NK represents the
total number of channels at each Kth branch assuming

N0

initial channels. Variable
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n represents the number by which each channel bifurcates, DE is the Euclidean

dimension, and d and L represent the diameter and length of a segment,
respectively. Note that the hydraulic diameter of a rectangular duct can also be used
in place of d. The hydraulic diameter, dh, is defined by

dh

A

(WH)

'weited

2(W + H)

(2.4)

where W is the channel width and H is the channel depth.

Because a larger diameter of the initial channel followed by an increase in
the cross-sectional flow area following each fractal-like branching of a channel can

contribute to reduction in pumping power, it has the potential to increase the
overall thermal efficiency of a heat sink. Temperature uniformity along a fractallike network might also be enhanced because the cross-sectional thermal resistance
decreases along channel segments according to Bau (1997).

Pence (2000) proposed a fractal-like bifurcating flow network in a
two-dimensional heat sink using channel diameter and length scale ratios

across each bifurcation level similar to those proposed by West (1997).
Assuming a simple bifurcation into two new channels at each branch exit, dh
and L were found to decrease by a factor of 0.7937 and 0.7071, respectively.
This resulted in

a 26 percent increase

in the total cross-sectional flow
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area and a

12

percent increase in the total convective surface area.

She further assumed that the flow through each channel was laminar and fully

developed, both thennally and hydrodynamically.

Given that the Nusselt

number remains constant through each level of the bifurcation, an increase
of 26 percent in the heat

transfer coefficient

for

each

consecutive

higher-level branch was noted. The simultaneous increase in both the heat

transfer coefficient and the total convective surface area were proposed to

result in a 30 percent decrease in thermal resistance for each consecutive
higher-level branch. The decrease in thermal resistance was anticipated to
result in

a more uniform wall temperature distribution for

a

constant

heat-flux boundary condition as the required driving temperature difference
for convective heat transfer would be less than in the previous segment.

2.2 Heat Sink Design

The initial geometry proposed by Pence (2000) is studied here. The purpose

of the present investigation

is

to develop a predictive tool based on existing one-

dimensional pressure drop and heat transfer correlations for fractal-like heat sink

design purposes. A 3-dimensional computational fluid dynamics (CFD) study is
also performed to validate the assumptions in, and/or give guidance for improving,

the predictive model. Ultimately, in a future investigation, the CFD results will be
validated using experiments.
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The heat sink used for the experimental study has been fabricated in-house

using a micro-lamination process. Briefly summarized, the process used to
fabricate the heat sink employs a laser to micro-machine the fractal pattern into a
single laminate. This laminate forms the channel walls of the fractal pattern and is

diffusion bonded to top and bottom laminates, which form the remaining walls of
the channel network.

Several design limitations are imposed as a result of this fabrication
process. For example, the maximum diameter of the heat sink is restricted to 38
mm as a result of the diffusion hot press area. Also, a bridge structure is necessary

to secure and align the laminate pieces forming the channel walls (Pence, 2000).

Assuming n = 2, the presence of a sound bridge structure limited the number of
branching levels to 4 (m = 4) and the number of initial channels to 12

(N0

= 12).

Experience with the diffusion process suggests a minimum channel width of 0.1
mm

(Wm

= 0.1 mm). The lamination process also imposes a fixed channel depth,

H. Although deep channels are preferred, as was noted earlier in the review of
literature, the thickest laminate that could be laser micro-machined was 0.25 mm
(H = 0.25 mm).

Taking into consideration the design criteria outlined in equations 2.1
through 2.3 and an Euclidean dimension of two

(DE

= 2) for this particular heat
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sink design, a diameter ratio,

,

of 0.7937 and length ratio,

,

of 0.707 1 were

employed. The following equation,

WK

WK+IH
/3(WK+, +H)-WK+l

(2.5)

derived by substituting equation 2.4 into 2.1, allows the width of a Kth branch to be

determined from the K+ 1th branch, beginning with the terminal branch width, Wm=

W4 equal to 0.1 mm.

Likewise, the relation

Lm

Ltotai

(2.6)

can be used to determine the terminal channel length based on the total length
available, Ltotaj. Channel lengths for each branching level, Lk, are evaluated from

Eq. 2.2. For the present investigation, the 19 mm radius heat sink requires an inlet
plenum, which was fabricated with a 1.5 mm radius, leaving a value of Ltotaj = 17.5

mm. A solid substrate layer of a thickness of 1 mm is added to the top and bottom

of both fractal-like and straight parallel channels heat sinks for CFD analysis in
agreement with experimental test device. All channel dimensions are provided in
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Table 2.1. The laminate forming the channel walls of the fractal-like heat sink is
shown in Figure 2.1 with the supporting bridge structure.

Figure 2.1: Fractal-like heat sink channel wall laminate with bridge structure

A rectangular plate with straight parallel channels is evaluated and
compared to the fractal-like heat sink. The parallel channel heat sink and the
fractal-like heat sink have the same plate surface area, A. The length of the straight

channels conesponds to the width of the rectangular plate and is the same as the
total length of a fractal channel (17.5 mm). The length of the rectangular plate heat

sink is 63.1 mm. The hydraulic diameter of the straight channel is identical to that

of the hydraulic diameter of the terminal branch in the fractal-like heat sink, but

with a square cross-section, i.e. 0.143 mm on a side. To ensure that the channel
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cross section remains square during the diffusion bonding process, the center-tocenter spacing of the parallel channels is twice the width of each channel. Based on

this spacing, 220 straight parallel channels, denoted by

Nr

in Table 2.1, are in the

rectangular heat sink.

Table 2.1: Channel dimensions for fractal-like heat sink and parallel channel heat
sink
Type of Heat

K

Sink
Fractal-like

0

N0 = 12

1

2
3

4

Parallel
channels

N1= 220
N/A

(mm)
0.250
0.250
0.250
0.250
0.250

W
(mm)
0.643
0.333
0.208
0.141
0.100

0.143

0.143

H

0.180
0.143

L
(mm)
6.226
4.403
3.113
2.201
1.557

0.389
0.750
0.830
0.562
0.400

0.143

17.5

1.0

dh

(mm)
0.360
0.286
0.227

Nm
12

24
48
96
192

The surface area in contact with the working fluid (i.e., the convective
surface area) for the fractal-like heat sink,
channel heat sink,

A5

is 767.7 mm2. For the parallel

is 2200 mm2. Because one major advantage to microchannel

heat sink is the high surface to volume ratio, an

A5,

higher than A,f is a distinct

advantage of the parallel channel heat sink over that of the proposed preliminary

design of the fractal-like network heat sink. This should be kept in mind when
comparing results between the two heat sink designs. Figure 2.2 shows plan views

of both geometries, while the cross-sectional views are shown in Figures 2.3 and

2.4. A second comparison is made in which the channel convective areas are
identical between fractal-like and straight channel flow networks. In this latter
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_I

0.143mm

1mm
V

Ji

If

0.143mm

Figure 2.3: Cross-sectional view of straight channel heat sink (not to scale)

if

0.250mm

tmm

Figure 2.4: Cross-sectional view of fractal-like channel, width varies with fractal
level (not to scale)

In this chapter, literature relevant to the present study was reviewed and a
preliminary design for the channel networks proposed.
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3. ONE-DIMENSIONAL PREDICTIVE MODEL

This chapter deals with a one-dimensional analysis of internal fluid flow
and convection heat transfer. Due to the small hydraulic diameter characteristic of
microchannels, flow is generally restricted to laminar flow, i.e. Re <2300. Laminar
fluid flow and convection heat transfer through rectangular cross-section ducts are
predicted using hydrodynamic theory and empirical correlations for heat transfer.

Correlations that exist for internal flow heat transfer depend on the
development of the hydrodynamic and thermal boundary layers. The relative

development between these two boundary layers is determined in part by the
Prandtl number of the working fluid. Prandtl number, Pr, is defined as the relative

effectiveness of molecular transport of momentum and energy within the
hydrodynamic and thermal boundary layers (Thomas, 1999).

Pr=--=
k
a

(3.1)

For high Prandtl number fluids, such as oils, the velocity profile becomes fully
developed long before the temperature profile, and heat transfer is well predicted
by thermally developing correlations. For low Prandtl number fluids, such as liquid
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metals, the temperature profile is fully developed essentially the entire region over

which the hydrodynamic boundary layer is under development. Heat transfer for
these fluids is well predicted using hydrodynamically developing correlations. For
mid-range Prandtl number greater than unity, thermal and hydrodynamic boundary

layers develop simultaneously, as shown in Figure 3.1, with the hydrodynamic
boundary layer becoming fully developed before the thermal boundary layer.

Hydrodynamic and thermal entrance lengths in laminar flow can be
determined from the following equations (White, 1991):

Lh

L,

dh[

dh[

0.6

+0.O56ReDJ

(3.2)

+0056Re DJPr

(3.3)

1+0.O35ReD

0.6
1+0.O35ReD

respectively, where Re is defined as

Re

pUbdh

(3.4)

it!

The Reynolds number, Re, is defined as the ratio of inertia forces to viscous forces

within the fluid (Thomas, 1999) and depends on fluid density, p, molecular
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viscosity of the fluid,

.t,

hydraulic diameter, dh (Eq. 2.4), and the average or bulk

velocity through each channel segment, Ub. The bulk fluid velocity is defined as

b

A

(3.5)

(WH)

where Q is the volumetric flow rate.

M

developed flow

Figure 3.1: Hydrodynamic and thermal entrance regions

3.1 Pressure Drop

The proposed model assumes that both the thermal and hydrodynamic
boundary layers redevelop following each channel bifurcation. Additional
assumptions include constant fluid properties, and a constant heat flux at the duct
walls. Fluid is assumed to enter each channel with a uniform velocity distribution.

A no-slip condition at the wall yields a zero velocity at the wall everywhere along
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the duct. A retarding force due to molecular viscosity is exerted on the fluid by the
solid wall causing the fluid velocity to slow down near the vicinity of the solid wall

while the inviscid core is accelerated to conserve mass. The wall damping force is

felt farther away from the wall surface as the boundary layer develops along the

channel, as shown in Figure 3.2. At a distance Lh from channel entrance the
boundary layers merge at the center of the channel. Beyond this length, the

flow is

hydrodynamically fully developed and the velocity profile does not change with
increasing axial distance.

Ue
I'-'----

d

Entrance length, L
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Fully developed flow

Figure 3.2: Laminar flow entrance region

An increase in pressure drop, compared with that expected assuming a fully

developed profile, is expected in the entrance or developing region. This is
basically due to higher shear associated with the entrance boundary layer, and the

acceleration of the core

flow.

White (1991) suggests a dimensionless form of

pressure drop, which is based on an

apparent

friction factor that includes these

losses in addition to those in the fully developed region
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p0ps
1

=Ciapp

4x
(3.6)

C Re+ K /4

C1 app Re

1+cI2

3.44/[
(3.7)

(xid,)

(3.8)

Re

Values for çp,

and c are geometry dependant variables. Their values for

rectangular ducts are shown in Table

3.1.

Table 3.1: Rectangular duct constants to be used in Eq.

(3.7)

(White, 1991)

C.p

K,.

C

1.00

14.23

1.43

0.00029

0.50

15.55

1.28

0.00021

0.20

19.07

0.93 1

0.000076

0.00

24.00

0.674

0.000029

Pressure is evaluated at equally spaced nodal points, similar to those shown

in Figure

3.3.

Rearranging Eq.

3.6

to find pressure at a downstream node x+l

relative to its upstream nodal neighbor x yields
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Px+i = P

Pressure at the inlet, Px
= Pexit

P(1Cf,app

4Ax

(3.9)

ah

Po, is evaluated by applying Eq. 3.9 with Ax = L and Px+1

= 1 atm. For the fractahlike heat sink, the inlet pressure and then the pressure

distribution in the terminal channel is first evaluated. Pressure at the exit of the
upstream branch is set equal the inlet pressure and the process repeated for each
branching level.

Ax
Ii

pi

Po

Paim

Tb,00(

I

I

I

I

X0

X1

X2

X3

I

X4

I

I

I

I

X5

X6

X7

)Q

Figure 3.3: Discretized channel duct, the shaded area represents a cell, dots
represent the nodes

3.2. Local Heat Transfer Coefficient
As noted earlier, the temperature profile is assumed uniform at the inlet of
each branching channel. As fluid flows through the heated duct, the temperature of

the fluid in contact with the duct surface reaches the surface temperature T. As the

fluid moves downstream from the inlet of the duct where heating is first initiated,
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the heated wall effect is felt further from the wall of the duct. This causes the
development of the thermal boundary layer denoted by 3 in Figure 3.1. As for the

hydrodynamic boundary layer, at a distance L called the thermal entrance length,
the thermal boundary layers merge at the center of the channel. Beyond this length,

the flow is thermally fully developed, and is characterized by a temperature profile
that has a constant change with axial direction, i.e.

dx

= constant, if the heat flux is

uniform. For saturated water at 3000 K, the Prandtl number is approximately 5, for

which (according to Eqs. 3.2 and 3.3) the hydrodynamic boundary layer develops
faster than the thermal boundary layer.

The heat transfer coefficient is expressed in dimensionless form in terms of
the Nusselt number

Nu =

defined as the ratio

of

k

(3.10)

convection heat transfer for fluid in motion to conduction

heat transfer for a motionless layer offluid (Thomas, 1999). A decrease in diameter

will yield an increase in the heat transfer coefficient, h, under thermally fully
developed conditions in which case the Nusselt number is constant. Incropera and

DeWitt (1996) show an infinite Nusslet number at a duct entrance, which
monotonically decreases through the thermally developing region to the fully
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developed value. It is a goal of the bifurcating channels network to make use of the
high heat transfer coefficient under thermally developing flow conditions.

Wibulswas (1966) numerically determined the simultaneously developing

values of Nusslet number for rectangular ducts of different aspect ratios. The
transverse velocity components, v and w, were assumed to be zero. The boundary

conditions of the analysis were one wall with a constant heat flux along the axial
direction, and a uniform peripheral wall temperature at any cross section. This case,

referred to as Hl by Shah and London (1978), is recommended for heat exchangers
with highly conductive materials. Those values for the Hi case are shown on Table
3.2 as a function of Graetz number. The Graetz number is defined by

Gz=

RePr
x/dh

I
=T
X

(3.11)

The inverse of the Graetz number is defined as the axial coordinate for the thermal
entrance region, and is denoted by

x.

In the l-D model code, data from Table 3.2

are linearly interpolated to produce new columns corresponding to the channel
aspect ratios of the fractal-like heat sink and the straight channel heat sink designs.

The best fit equation for Nu as suggested by Shah and London (1978) is in
the form:
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=

where

a1, and

a2

(3.12)

a1 exp(a2x)

are constants. However, for the present channel dimensions, this

does not provide a good fit for low x. Therefore the form

Nu =

1

(1 exp(a1 (X*)2

(3.13)
))

was assumed which goes to infinity as x' tends to zero. Typical values of this fit are

= 0.222,
coefficients

a1

12.8643, ; = 0.5770, for an aspect ratio of 0.5. Values of

a, and

a2

are found such that the residual error of the fit is

minimized. The residual error is defined by:

residual error

(NUdO(O

NUXfi,

)2

(3.14)

Nonlinear least-square regression is achieved by determining the coefficient values,
and

which minimize the residual error, Eq. 3.14. Taylor series expansion

is used to express Eq. 3.13 in an approximate linear form. The least-square theory

is then applied to obtain new estimated coefficient values for Eq. 3.13. Unlike

linear least square regression, nonlinear least-square regression is an iterative
method.
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Table 3.2: Nu HI as functions of Gz and x for
simultaneously developing flow (Wibulswas, 1966)
Nu111

Gz

Aspect Ratio, ci(

1.0

0.5

1/3

0.25

5

10

4.18

4.60

5.18

5.66

20

4.66

5.01

5.50

5.92

30

5.07

5.40

5.82

6.17

40

5.47

5.75

6.13

6.43

50

5.83

6.09

6.44

6.70

60

6.14

6.42

6.74

7.00

80

6.80

7.02

7.32

7.55

100

7.38

7.59

7.86

8.08

120

7.90

8.11

8.37

8.58

140

8.38

8.61

8.84

9.05

160

8.84

9.05

9.38

9.59

180

9.28

9.47

9.70

9.87

200

9.69

9.88

10.06

10.24

-

-

220

A comparison between tabulated data shown on Table 3.2 and data obtained

from the nonlinear least square fit are shown in Figure 3.4 along with the standard
error of the fit. The standard error of the fit is evaluated from
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In
I

fit error

(NUX data

NUXfi,

)2

='

(3.15)

n-2

Least Square Fit
Fit Standard Bror: 0.105673 for AR=1; 0.101633 for AR=0.5
0.089901 for AR=1/3; 0.077003 for AR=0.25

- - Nux-table,

11

x

AR=1
Nux-f it,
AR=1

10

Zg

- - Nux-table,
A R=0.5
Nux-f it,

AR=0.5

- - - - Nux-table,
AR=1/3

'I)

z
0
0

-J

Nux-f it,
6

AR=1/3
Nux-table,

5

AR=O.25
Nux-f it,

AR=0.25

4
0

0.02

0.04

0.06

0.08

0.1

0.12

Figure 3.4: Comparison between tabulated and fitted local Nusselt number

A sample case with a flow rate of 10 mI/s is shown in Figure

3.5.

Notice

that the assumption of a redeveloping thermal boundary layer at the inlet of each

fractal segment results in a high Nusselt number, hence high heat transfer
coefficient, at each channel inlet.
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Figure 3.5: Local Nusselt number for both fractal-like heat sink and straight
channel heat sink. Q = 10 mi/s

Like pressure, the local Nusselt number is evaluated at each axial node.
Local heat transfer coefficients are obtained by rewriting Eq. 3.10,

h

Nuk
dh

(3.16)

The wall temperature distribution of a channel is ultimately desired, and can
be determined from

q = h(T5

':;, )A5

(3.17)

32

Obviously,

Tb

is necessary to compute T. The internal flow convective heat

transfer process requires a change in the bulk enthalpy from the inlet to the outlet.
This change of bulk enthalpy represents the amount of energy absorbed by the fluid
and is given by

Aq"= rhc

(TbOU,

TbIfl)

(3.18)

Figure 3.6 shows an energy balance for a cell in the discretized channel.

q"

ft

Ax

Figure 3.6: Energy balance on a cell

Note that constant heat flux is assumed around the channel periphery.

Assuming the inlet plenum to have a fluid temperature of 23° C, the bulk
temperature distribution along the channel is determined form
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=

q"

A5

(3.19)

lncp

where

is the convective surface area given by

A5

= 'werted

= 2(H +W)Ax

(3.20)

The channel wall temperature, T, is obtained from Newton's law of
cooling, Eqn.

3.17,

in the from

TSX=---+TbX

(3.21)

as a function of axial position.

In this chapter, equations for determining streamwise pressure, bulk fluid
temperature and surface temperature distributions for one-dimensional fractal-like
branching and straight channel networks were outlined.

The one-dimensional model assumes laminar flow, constant heat flux
applied to the periphery of the channel networks and constant fluid properties. The

model also assumes that both hydrodynamic and thermal boundary layers
redevelop following each channel bifurcation.
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4. COMPUTATIONAL FLUID DYNAMICS MODEL

Numerical simulations of both the fractal-like and parallel channel heat
sinks were carried out using the commercial CED software STAR-CD (version

3.OB) from Computational Dynamics Limited. The finite volume method is
employed in STAR-CD to solve the full 3-D governing partial differential Navier-

Stokes equations. Ideal for the case of steady state incompressible flow and heat

transfer, the iterative method known as SIMPLE was selected for the current
investigations. A thorough description of this method is included in later sections of
this chapter.

Because the flow is incompressible, fluid density, p. is assumed to be
constant. However, fluid thermal conductivity, kf, viscosity, p. and specific heat, c,,

are temperature dependant properties, and are therefore treated as such in this
investigation, except for specific heat which is held constant for reasons discussed
in section 4.3. The equations governing steady-state fluid flow are listed below.

Continuity Equation:

aw

au

Jx

a

(4.1)
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Momentum Equations:

ax + ay +

az

J a

j

+

a)7

az

aX

a(

(a(uw) a(vw) a(ww)
P1

ox

+

ciy

+

ILL

0z

OX %

ap
+Ia I ,uauaz)I-ax

ay1

a(

(a(uv) a(vv) a(wv)1
+

a ( au
ai' +I
p

aI

(a(uu) a(vu) a(wu)'\

av
a)?)

+-11L1I+

aX

ay t\

ai
a
OX) O

( av
O)7

(4.2)

az

aI

av

a ( av
(JZ

OZ)

ap

(4.3)

ap

(4.4)

(JZ

Energy Equation:

1a(T) a(vT) a(wcT)
ay

a

az

1k+
-1kg +-1k1')
ax) ay ay) az ( az)

(4.5)

1

As there is no convection in the solid portion of the heat sink, the energy
equation reduces to the Laplace equation,

+---+=O
a2T
ax2

a2T

ay2

a2r

(4.6)

az2

The inlet boundary conditions are uniform velocity and temperature
profiles,
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U=Ub atx=O

T=Tb atx=O

The outlet boundary condition is set to atmospheric pressure,

PPatm atx=L
Due to symmetry, one-twelfth (1/12) of the fractal-like heat sink needed to

be analyzed by STAR-CD (Figure 4.1). A single straight channel was evaluated
with a half wall considered on either side. Side walls for both the fractal section
and straight channel section are treated as symmetry planes, i.e.,

(4.7)

1n

where n is normal to the plane of symmetry. The boundary conditions at the solid
and liquid interface are no slip and no temperature jump denoted as

Ulwafl

VIwaJJ

WIwaiiO

and
TflUId

=

T0l,d

4.1. Finite Volume Method
The finite volume method is also known as the control volume method since
the conservation laws are applied to a fixed volume in space. In the finite difference

method, conservation laws represented by partial differential equations (PDE's) are

treated mathematically. Essentially differencing schemes based on Taylor series

expansions are employed to convert partial differential equations into algebraic

equations known as finite difference equations (FDE's). In contrast, the finite
volume method develops the algebraic equations by applying the conservation laws

to the control volume. While interior node/cell equations reduce to the same
equations for both methods, the boundary conditions in the finite volume approach
tend to yield more realistic answers in fluid flow problems.

The following section explains how the finite volume approach is applied to

the problem at hand. Conservations laws presented at the beginning of this chapter

in the form of PDE's are transformed into algebraic equations using the finite
volume method.

4.2. Solution Algorithm

The differential form of the steady state transport equations represented by

the continuity equation, the three-dimensional momentum equations, and the
energy equation can be represented by a single generalized equation:
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div(pØU) = div(Fgradçb) +S0

The symbol b is the property of the transport equation. For continuity,

(4.9)

0

= 1. For

the momentum equation it is one of the velocity components u, v, or w; and for the
energy equation it is enthalpy, cDT. The left hand side of the equation includes the
convective acceleration terms, and the right hand side embodies the diffusive terms,

where F is the diffusion coefficient, and any source term(s). In this research, the
main momentum source, S, which causes flow to occur, is the pressure gradient.
There is no source term for the energy equation.

Due to the 3-D nature of the problem, each velocity component appears in

all three momentum equations, the continuity equation, and the energy equation.
Because of the temperature dependence of properties in the momentum equations,

all equations must be solved simultaneously. However, because the flow in the

present analysis is incompressible, density and pressure are not linked and an
iterative technique to improve initial guesses of the pressure and velocity becomes

an option. The SIMPLE method developed by Patankar and Spalding (1972) is

such a technique. A full discussion of the SIMPLE method is included in this
chapter, but first the importance of the staggered grid in implementing the SIMPLE
method is explained.

4.2.1. Staggered Grid and Momentum Ecivations
The 2-D field in Figure 4.2 shows finite volume cell boundaries as dashed

lines. Each cell is assumed to have uniform fluid and flow properties, which are
ultimately defined at the cell center and represented by a node. The shaded region

in Figure 4.2 represents a control volume containing node P. Adjacent nodes are
represented by capital letters N, S, W, E whereas small letters n, s, w, e represent
the boundaries of the finite volume cell. As the cell boundaries are where transport

occurs, it is more appropriate to evaluate the velocity at these locations than at the
center of the control volumes, where scalar properties are evaluated. In fact, solving

for both scalar and vector fields at the cell centers of a uniformly spaced finite
volume grid could result in a nonrealistic numerical solution. This may occur, for
example, when a checkboard pressure field, such as that in Figure 4.2, exists.
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Governing equations are derived in 2-D due to ease of demonstration. All
equations are easily extrapolated into 3-D. According to Eq. 4.9, for continuity çb =

1. For a 2-D steady flow field and the control volume represented by the shaded
region in Figure 4.3, the continuity equation yields

{(PUA)e (puA)} {(pvA) (pvA)}=O

Assuming incompressible flow, the discretized continuity equation reduces to

{(uA)11j

(uA)

}+ {(vA)111

(vA)11 }= 0

(4.11)

where A is the face area of the finite volume cell.

To solve for the u velocity component, the grid shown in Figure 4.3 can
either be staggered forward or backward. A backward-staggered grid is shown in
Figure 4.4 for the u-component control volume. This is the same cell as denoted by
the vertical hatching in Figure 4.3. The finite volume equation (FVE) for xmomentum, with 0 = u, is derived in accordance with Eq. 4.9 by integrating and
balancing the convection and diffusion at the control volume boundaries with the
momentum source.

Applying a centered-difference scheme to both the convective and diffusive
terms, Fnb, Dab, Pnb, irid nb at the faces of the u-component control volume, as

provided by Versteeg and Malalasekera (1995), yields

F

+F.i-Li

F.

= (pu)

=pujj

(4.15)

_.1p(+1,1 +1)

(4.16)

=(1,1 +,11)

(4.17)

=p(1,1+1 +,111)

(4.18)

x1

(4.19)

1

2

F,11 +

Fç =(PU)e

1

2

F1.+F11
'
'

F =(pv)

1

2
+ F,_1,11

F = (pv) =

2

F

D

xi

D=
F11

F11

(4.20)

x

xi+1

+ F11 + F1_,

4(y1 _)

+

F1_1,11 + F,1 + F1_1,1 + F11

D

4(y11
çb

0W

0e

+Ø

u1 +

2

2

OE +Øp

Ui+ij +U,1

2

2

(4.21)

(4.22)

(4.23)

(4.24)

47

+u,11

çt,, +q
S

(4.25)

2

2

ØN +Øp

Ujj+i +U1

2

2

(4.26)

Pw = P1-Li

(4.27)

Pe = PJ,J

(4.28)

Recall that the density is held constant. However, thermal conductivity and

viscosity, which are denoted by F, are allowed to vary. Hence, they will be
determined using the scalar control volume defined by the unstaggered grid. This
explains the need to average the F values in Eqn.

4.21,

which represents F values at

the nodes nearest to point s in Figure 4.4.

The x-momentum finite volume equation (Eq.

control volume (node i,J) shown in Figure

4.4

4.14)

for the u-component

with face areas assumed equal

reduces to the following discretized equation:

=

= aØ + aqi +

where 0 = u and

a

= [D +--')A

+ aNØN

Pc + Pw

(4.29)

aE

a

a, =D --1A
= a). = a + a + as + aN +

FA + FA

(FeAe

FcAs)

Versteeg & Malalasekera (1995) describe a general discretized equation given by

=

aflhuflb + (

i

p,,

)t

(4.30)

This form of the equation is independent of the differencing scheme. The
summation term includes all the neighbor nodes N, S, E, and W defined by the
staggered grid in Figure

4.4,

and the

a,j

and

coefficients contain combinations

of the convective and diffusive terms.

Following the same analogy for the y-momentum equation and developing
a v-component control volume centered at node (I, j), as shown in Figure 4.6, leads
to the following general discretized equation

a11v11 =

aflbvflb +

)4

(4.31)
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=

aflbuflb + (,,;_

=

aflbvflb +

(p;j_,

;1

(4.32)

;1 )AH

(4.33)

Because p was guessed, u and v' are not likely to satisfy continuity. Therefore, an

improved estimate of the pressure field, based on a reasonable correction to the
original pressure, is sought.

Subtracting Eqs. 4.32 and 4.33, which represent approximate velocity and
pressure distributions (u*, vi', and

from the original discretized momentum

equations (Eqs. 4.30 and 4.31), which represent the actual velocity and pressure

distributions (u, v, and p), yields the following equations for identifying the
difference between the guessed and derived velocities:

a11

(1 u1 )=

aflb (uflb

Uflb

)+

{(p,1,j

p-i,j )-

)=

aflb Vflb

Tnb

)+ b1,1

)-

v

)}

(4.34)

;,1 )K

(4.35)

Substituting the pressure correction, p', defined as the difference between
the correct and guessed pressure fields,

(4.36)
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and velocity corrections defined by

u=u-u

(437)

v=v_v*

(4.38)

yields correction formulas for velocity

= d (P;LJ
= d11 (p;j,

P;,J)

(4.39)
(4.40)

where

A

d, =-

A.

I,j

ajj

Finally, substituting Eqs. 4.39 and 4.40 into the velocity correction formulas
defined by Eqs. 4.37 and 4.38 give

=

+dH

(4.41)

v11 = v1 + d11

(4.42)
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The same procedure is followed for u,j and

to obtain velocity

conections of all velocity components in the continuity equation.

= u11 + d111

Vjj1 =

(4.43)

Pi+i,j)

+ d,11

(4.44)

where

A11
i+I,J

a113
A111

I,j+I

Equations 4.41-4.44 are substituted into the discretized continuity equation,
Eq. 4.11 which, upon reananging, gives the pressure correction equation

a11 pj

= a11

+ a1_1, p_

+ a11 p

+ a1,_1

The a coefficients and the term b4,1 are given by

a,j

= aj1j + a1_1,1 + ajj + a1,_1

a,11 = p(Ad)11

+ b'

(4.45)
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= p(Ad)
a111

p(Ad)11,

a1,1_1 = p(Ad)11

(pu*

j

(pu*A)+i

+ (*A)

(pv*A)jj+i

In principle, the pressure correction can be used to correct the pressure
according to Eqn. 4.36, in which case the SIMPLE procedure would repeat unit p',

u', and v' all go to zero. However, to ensure a stable solution, an under-relaxation
factor, a, which can vary between 0 and 1, is introduced yielding a new pressure

field defined by

+ap'

(4.46)

An under-relaxation parameter of 0.2 was employed for pressure in this study.

Velocities are also under-relaxed to improve the iteration process according
to:

aneW

cu+(ia)(')

'' =av+(la)v'

(4.47)

(4.48)
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where the values

and v'

are velocity values obtained from the previous

iteration. The velocity relation values, a and a, also vary between 0 and 1. For the
present analysis, these equations were expanded to 3-D and values of 0.7 for ct and
c'.

were employed. The SIMPLE algorithm follows the sequence shown in Figure

4.7. Note that Step 4 is added to solve for the other transport equations, which in
the present study is the energy equation.

The energy equation (Eq. 4.5) is analyzed using the original unstaggered
grid represented by the shaded control volume in Figure 4.3. The convective flux
per unit mass at the nbt face,

Fob,

is given by the following equation:

Fflb = (cpu)b

(4.49)

and the diffusion conductance at the face nb, Dab, is given by:

Dflb = 'nb

(4.50)

where F represents thermal conductivity. The steady finite volume form of the
energy equation becomes
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O=FAØ +FAØ FkØ +FAØ +DA[qi Ø]DAj
+ D A kbN

where

çb

J- D A

[Ø

q

øw]

I

(4.51)

= T.

Applying a centered-difference scheme to both the

Feb, Dab,

and

nb

at the

faces of the control volume in expanded form yields

F = (pcu) = pcu,.,

(4.52)

(Ppt4)e = PCpUi+ij

(4.53)

Fe

F = (pcv)5 = pcv1

(4.54)

F = (pcv) = pc,v131

(4.55)

r'11 +r_
2(x, x1_1)

2(x11x1)
+r1,_1

r1

D

2(y1
IT1

D

çb

+

F11

D

yj_1)

JI +

2(y11
+Ø
2

I,j

yj)
2

(4.56)

(4.57)

(4.58)

(4.59)

(4.60)
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ØE + Øp

7+i,j +

2
çb

+Ø
2

_ØNØP

2

7j

i
2

T,1+T1,
2

2

(4.61)

(4.62)

(4.63)

Solving the energy finite volume equation (Eq. 4.51) for the temperature at

the center of the original unstaggered control volume (node I, .1) shown in Figure
4.3 gives the following discretized equation:

a,jçjj = aØ = aØ + aEØE + aS(S + aNØN
=

+ a11Ø11 + a111Ø11

+

where

a

=D+!k

aE =De

a5

k

=[Ds +-')A

a =D _-')A

(4.64)
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a =a +aE +a5 +aN

+(FeAe FA +FA

F5A)

Recall the SIMPLE algorithm follows the sequence shown in Figure

4.7.

For the present analysis, these equations were expanded to 3-D and a temperature
relaxation factor of 0.95 was used.

START

Initial guessp*,

u*, v', T"

STEP 1: Solve discretized monntum equations
Equation (4.32) and (4.33)
u*, v*

STEP 2: Solve pressure correction equation
Equation (4.45)
p

Set

=

,

v' = v.

=

STEP 3: Correct pressure and velocities
Equations (4.36), (4.39), and (4.40)

= T

STEP 4: Solve the descietized energy equation
Equation (4.64)

Figure 4.7: The SIMPLE algorithm adapted from Versteeg and Malalasekera
(1995)
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4.3. Fluid and Solid Properties

Two types of solid materials are employed in the CFD model for the
conjugate heat transfer analysis: stainless steel

ss-302

and pure copper. Solid

material properties required as input by STAR-CD are density, specific heat, and
thermal conductivity. These properties were assumed constant since they changed
by no more than 4.5% for thermal conductivity and 0.5% for specific heat over the
operating temperature range between
K and 474 K for the
302

ss-302.

Table

evaluated at 293 K (Thomas,

293

4.1

K and 363 K for the pure copper, and 293

gives the properties of pure copper and ss-

1999).

Table 4.1: Solid material properties evaluated at 293 K (Thomas,

1999)

Properties
Density, p (kg/rn3)

Pure Copper

Thermal conductivity, k (W/m.K)

401

15.1

Specific heat c,, (J/kg.K)

385

480

ss-302

8933

8055

In addition to the previously mentioned properties, molecular viscosity is

also required for the coolant fluid. The coolant, water, exhibits changes in both

thermal conductivity and molecular viscosity on the order of 20% and 84%,
respectively, as the temperature varies from an inlet of 293 K to just below boiling
at approximately

373

K at atmospheric pressure. Specific heat, however, changes

only slightly, approximately 1.6% over a temperature range of

273

K to

305 K.

Because water remains below saturated conditions, the density is essentially
constant.

Each model is run first with constant fluid properties, then with variable
fluid properties with and without conjugate heat transfer. For the conjugate heat

transfer, solid thermophysical properties were held constant. For the constant
property case, the coolant properties were evaluated at 293 K and are shown on
Table 4.2.

Table 4.2: Constant coolant properties evaluated at 293 K (Thomas, 1999)
Properties
Density, p (kg/rn3)

Water
998.2

Molecular viscosity, u (kg/m.$)

0.00 1002

Thermal conductivity, k (W/m.K)

0.603

Specific heat C (Jfkg.K)

4183

For the case of variable fluid properties, Eq. 4.65 represents the form of
polynomial to which molecular viscosity and thermal conductivity data are fit

n

(a),

(lnTr'

(4.65)
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where q is either k or t and n represent the order of the polynomial. Polynomial fits

to tabulated molecular viscosity and thermal conductivity data (Thomas, 1999)
were supplied to STAR-CD. Figures 4.8 and 4.9 show the third order polynomial

fit for molecular viscosity and the fifth order polynomial fit used for thermal
conductivity, respectively.

In(ii) =

+ 9732.59(1/ln(T)) -525.57
Fit Standard Error = 0.0060967

131247.58(1/tn(T))3 - 61654.30(1/(In(T))2

-6
-6.5
-7

-7.5

-.-- data
-8.5

-Poly. (data)

-9
-9.5
-In

0.155

0.16

0.165

0.17

0.175

0.18

1/In(T)

Figure 4.8: Molecular viscosity polynomial fit for water between 273 K and 600 K
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In(k)= 239217513.94(1 /ln(T))5 - 20461 6858.68(1fn(T))4 + 70025080.64(1 /n(1))

-

11986316.55(1/!n(1))2 + 1026308.34(1/In(T)) -35168.91

Frt Standard aror = 0.004911466
-0.3

-0.35

-0.4

-0.45

-0.5

C

(k)

-0.55

-0.6

-0.65

-0.7

-o 75

0.155

0.16

0.165

0.17

0.175

0.18

1/In(T)

Figure 4.9: Thermal conductivity polynomial fit for water between 273 K and
600 K

In this chapter, the steady-state, incompressible Navier-Stokes equations

were discretized using centered finite difference approximations. Employing a
staggered grid arrangement, scalar properties are solved at the cell centers of the

unstaggered grid, whereas vector fields are solved at the cell centers of the
staggered grid. The SIMPLE method was introduced as a means of solving the

discretized conservation equations. Finally, polynomial fits to thermophysical
properties of the fluid were introduced to assess the influence of variable fluid
properties.
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5. RESULTS AND DISCUSSIONS

Several cases and comparisons between cases are provided in the following

sections. The first section deals with the case of constant heat flux imposed at the

fluid channel walls; therefore, there is no conjugate heat transfer. The second
section shows comparisons between non-conjugate heat transfer CFD cases with
and without variable fluid properties. Later sections include conjugate heat transfer.

Comparisons are made between the 1-D model and the 3-D CFD model results,
between CFD cases employing pure copper and ss-302 as the heat sink material,
and between CFD and experimental results.

5.1 Comparison of Non-Conjugate Heat Transfer from 1-D and 3-D CFD
Models

The basis for this comparison is to validate the l-D model that predicts

pressure drop, exit bulk temperature, and heat transfer coefficient and wall
temperature distributions. Flow networks, rather than heat sinks, are analyzed in the

non-conjugate cases. The total channel length and the surface area in contact with
the cooling fluid are the same in both the straight channel and fractal-like networks.
Focusing on a single fractal network, the number of the straight channels needed in
order to have approximately the same convective surface area (A = 767.7 mm2) in

contact with the fluid is 77. The total fluid flow through the 77 straight channels is

6.79 mlIs and 10.8 mi/s through the fractal-like flow network. The pumping power

is identical for each network and is equal to 8.9 W. A constant heat flux of 45
W/cm2 was applied to the periphery of each channel in both networks. Cooling

fluid properties are held constant for both the l-D model and 3-D CFD model.

For the l-D model, the pressure distribution through each network was
determined from Eqns. 3.6 and 3.9. The bulk and surface temperature distributions

were found from Eqns. 3.18 and 3.21. Refer to chapter 3 for full details. For the
present analysis, converged results were found with a step size of 0.01 mm. The

total pressure drop across the flow networks and outlet fluid temperatures from
both the l-D and 3-D models are shown in Table 5.1.

Table 5.1: l-D model and CFD results for straight channel and fractal-like
networks with the same pumping power, q" = 45 W/cm2, Q 10.8 mi/s (fractal)
and 6.79 mlJs (straight channel)

(kPa)
Outlet
Temp.

1-D model

Fractal
3-D CFD
model

83

301

1-D model

69

difference
relative to
CFD
20%

300

1K

305

125

Straight Channel
3-D CFD
difference
model
relative to
CFD
120
4%
304

1K

(K)

The l-D model and the 3-D CFD results for the straight channel network
are within 4%. However, for the fractal-like network, a substantial difference in

pressure drop, on the order of 20%, is observed. Pressure distributions for both

flow networks are shown in Figure 5.1. In the 1 -D model, a total fractal channel

length of 17.5 mm was assumed. For the 3-D model, the radial distance of the
channel network, as opposed to the actual centerline channel length, was set equal

to a total channel length of 17.5 mm. This difference accounts for the noted
discrepancy between the 3-D and l-D fractal channel lengths in Figure 5.1.

140

120

Fractal-cFD

100

a-

Fractal-i -D

80

sureb

rnzdel

60

Straight
channel-CFD

40

Straight

channel-i -D
node

20
0
0

5

10

15

streamwise distance (mm)

Figure 5.1: Pressure distribution for fractal-like and straight channel networks,
constant fluid properties, same pumping power, q" =45 W/cm2, Q = 10.8 mlIs
(fractal) and 6.79 mi/s (straight channel)

The results in Figures 5.1 indicate that the l-D model provides a good
qualitative assessment of the pressure distribution for a straight channel. For the
fractal-like network, the velocity profile was assumed uniform in the l-D model at

the inlet of each successive branching channel, resulting in the redevelopment of
the hydrodynamic boundary layer at the entrance of each fractal segment. This is

assumed at each wall, even though it is not truly anticipated at the top or bottom
channel walls between branching levels due to a constant channel depth. The 3-D
pressure distribution exhibits an instantaneous pressure recovery at each bifurcation

(as noted in Figure 5.1) resulting from an increased cross-sectional area that acts as

a "diffuser", and from minor losses which are not taken into account in the 1 -D
model. Despite the difference in pressure distribution for the 1-D model and the 3D CFD model, they follow a similar trend. Based on the 3-D CFD simulations, the
pressure drop through the straight channel network is about 56 kPa higher than that
through the fractal-like network.

Temperature distributions are obtained for various surfaces. For the straight

channel network, the streamwise surface temperature distribution at the center of

the inside wall of the fluid channel is obtained and plotted as a function of the
stream-wise distance. Figure 5.2 shows the location of the straight channel network
temperature distribution.
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q"

center of

inside wall

El

Figure 5.2: Location of the straight channel network temperature distribution

For the fractal-like network, streamwise surface temperature distributions
are obtained at three locations: 1) the outer surface of the fluid channel where walls

between consecutive bifurcations meet, 2) the inner surface representing the wall
created following each bifurcation, and 3) the bottom of the fluid channel. Figure
5.3

shows the locations

of the

fractal-like network surface temperature

distributions. Note the difference in length of each distribution, depending on the
wall of interest.

Bottom surfe
Outer surface

Inner s urfae
(K=O)

length deficit of
inner surface

Figure 5.3: Locations of the fractal-like network temperature distributions

Uncertainty in data reported from the 3-D CFD analysis is limited to errors

caused by mesh spacing, irregularity and non-orthogonality, and the choice of the
convection differencing scheme. Numerical errors in temperature for the straight

channel network are below ±0.3° C for the whole temperature field and below

±0.01° C along the wall where the temperature distribution was obtained.
Numerical errors in surface temperature for the fractal-like network are limited to
±2.2° C for the whole temperature field, to

±10

C for the outer and inner surfaces,

and to ±0.60 C for the bottom surface.

Numerical errors in pressure for the straight channel network are less than
±0.4 Pa for the whole pressure field, and less than ±0.06 Pa along the center of the

channel. Numerical errors in pressure for the fractal-like network are limited to
±2.7 Pa for the whole pressure field and to ±0.3 Pa along the center of channel.

5.2 Comparison of 3-D Non-Conjugate Heat Transfer Cases with Constant and
Variable Fluid Properties

The effect of taking into account variable working fluid properties is
investigated in this section. The working fluid specific heat changes only slightly,

approximately 1.6%, over a temperature range of 273 K to 373 K; hence, it was

assumed constant in the present analysis. However, thermal conductivity and
molecular viscosity vary dramatically, by 20% and 84%, respectively, as the
temperature varies from an inlet of 293 K to 373 K.
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Table 5.2 shows a comparison between the 3-D results of cases run with

constant fluid properties and with variable fluid properties. Variable thermal
conductivity and molecular viscosity are incorporated in STAR-CD in the form of

temperature dependent polynomials (see Equation 4.65). Figures 4.8 and 4.9
provide the polynomial fits for thermal conductivity and molecular viscosity,
respectively.

Tabie 5.2: Comparison between the 3-D CFD results of constant and variable fluid
properties, q" =45 W/cm2
Flow
Rate

Constant Fluid Prop.

,p

(mb's)

Variable Fluid Prop.

(kPa)

Outlet
Temp.
(K)

Max.
Surface
Temp.
(K)

I

299.7

I

325

I

I

304.9

I

352

I

10.8

I

69

6.79

J

120

P
(kPa)

Outlet
Temp.
(K)

Fractal
64
299.7
Straight Channel
100
304.9

difference relative to
variable properties
P
Outlet
Max.
Temp.
Temp.
(K)

Max.
Surface
Temp.
(K)
322
I

8%
I

20%

I

<1 K

3K

<1 K

5K

Table 5.2 shows that whether molecular viscosity is allowed to vary with

temperature or not has a considerable impact on the pressure drop results. The
pressure drop with variable molecular viscosity is significantly lower than it is with
constant molecular viscosity, on the order of 8% for the fractal-like design and 20%

for the straight channel design. The reason why pressure drop decreases with
variable molecular viscosity may lie in the fact that the molecular viscosity tends to

decrease as the temperature increases, as noted in Figure 4.8. A decrease in
molecular viscosity leads to a larger Reynolds number for the same flow rate. This
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results in a reduced wall stress, hence a lower pressure drop. On the other hand, the

increased Reynolds number contributes to an increase in the hydraulic entrance

length which would tend to result in a higher pressure drop as the developing
region is increased. It appears from Table 5.2 that of these two competing factors,

the lower friction factor has more effect on the pressure drop. The differences in
pressure drop between the constant and variable fluid properties cases suggest that
the 1-D model needs to be modified to handle variable molecular viscosity in order
for it to be a more dependable predictive tool.

The pressure distributions with constant and variable fluid properties for
both flow networks are shown in Figure 5.5. It is clear from this figure, due to the

similar shape in distributions with constant and variable properties, that the
entrance length is not considerably altered between the two cases.
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bottom surface. Numerical errors in pressure for the straight channel network are
approximately ±0.4 Pa for the whole pressure field and ±0.04 Pa along the center of

the channel. Numerical errors in pressure for the fractal-like network are limited to
±2.7 Pa for the whole pressure field and ±0.07 Pa along the center of channel.

5.3 Comparison between 1-D Model and 3-D CFD Model with Conjugate Heat
Transfer

This section compares l-D predictions with 3-D CFD results, where
conjugate heat transfer is included in the CFD code. Fluid properties are assumed

constant in both models for the present analysis, as are the solid properties of
copper.

The first set of computations was conducted with a 50 W/cm2 heat flux
applied to one surface on each heat sink; i.e. with fractal-like and straight channel
flow networks. The pressure drop, exit bulk fluid temperature, and maximum solid

temperature for both models are shown in Table 5.3 for four laminar flow
conditions. A second set of computations was conducted with a 1100 W/cm2 heat
flux and the results are provided in Table 5.4. The 2.5 mI/s flow rate case in Table

5.4 was omitted from the second set since a boiling temperature was reached, a
situation which is not taken into account in terms of modeling in either model. The
10 mi/s case with 100 WIcm2 heat flux was selected as the base to which others are
compared. Detailed results of the base case are provided in this section.
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Table 5.3: A comparison between l-D and 3-D model results for straight channel
and fractal-like heat sinks. q" = 50 W/cm2
Flow
Rate

1-D model

(mLIs)

P

(kPa)
2.5
5.0
7.5
10.0

29
50
75

2.5]

14

5.0

7.5
10.0

12

28
43
58

Outlet
Temp.
(K)
347
320
311
307

346
319
311

306

3-D CFD model
Outlet
Temp.
(K)
Fractal
12
340
27
317
44
309

Max.
Solid
Temp.

AP

(kPa)

63

difference
relative to CFD
,P Outlet
Temp.

356

<1%

322
318

19%

3K
2K
2K

<1%

<1 K

<1%
<1%

<1K

7%
14%

331

305

Straight Channel
14
346
28
319
43
311
58
306

354
332
324
320

< 1%

7K

< 1K

<1 K

Table 5.4: A comparison between 1-D and 3-D model results for straight
channel and fractal-like heat sinks. q" = 100 W/cm2. *: base case
Flow
Rate
(ml/s)

5.0
7.5

10.0*

5.0

7.5
10.0*

I -D model

P
(kPa)

Outlet
Temp.
(K)

29
50
75

347
329
320

28

346
328
319

43
58

3-D CFD model
P
(kPa)

Outlet[

Temp.
(K)
Fractal
27
340
44
324
63
317
Straight Channel
28
346
43
328
58
319

I

difference
relative to CFD

AP ]Outlet

Max.
Solid
Temp.

Temp.

369
352

J

370
355

[

J 343[
I

J

7%
14%
19%

[

7K
5K

L 3K
J

<1%
<1%

L 34L<
[

J

<1 K
<1 K
1% L< 1K

Evident from Tables 5.3 and 5.4 is that the bulk exit temperature from the
1-D model and the 3-D CFD model for the straight channel network are within 1 K

for all flow rate ranges investigated. The pressure drop is within one percent. For

1
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the fractal-like heat sink, outlet bulk exit temperatures predicted from the l-D
model deviate from the 3-D model results by 2 K at the highest flow rate to a
maximum of 7 K at the lowest flow rate. Noticeable differences in pressure drop

for the fractal-like heat sink are observed between the two models, with the l-D
model predicting pressure drops up to 20% higher than the 3-D model. Maximum

solid temperature observations on the heat sinks in the 3-D models are also
provided in Tables 5.3 and 5.4, and discussed in further detail later in this section.

Because fluid properties were kept constant, other factors are anticipated to

have contributed to the observed differences in outlet fluid temperature and
pressure drop between the l-D and 3-D fractal-like models. Differences between
these two models that may contribute to the variation in results are discussed. The

convective surface area of the l-D model is greater than that of the 3-D CFD
model, as noted in section 5.1, hence, less energy is transferred to the fluid in the 3-

D model resulting in a lower outlet fluid temperature. Possible contribution to
observed differences in pressure drop were addressed in section 5.1.

Pressure distributions in the straight channel and fractal-like channel heat
sinks for the base case of 10 mi/s and 100 W/cm2 are shown in Figure 5.7. Similar
to what was observed in Figure 5.1, an increase in pressure between bifurcations is
observed and assumed to be a result of an increase in flow area.
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Figure 5.7: Pressure distribution in fractal-like and straight channel heat sinks with
constant fluid properties. q" = 100 W/cm2, Q = 10 mI/s

Details of the flow field following a bifurcation are now investigated.
Figure 5.8 shows the local coordinate system for the first branching level (K=1).

\\

(K=O)

Figure 5.8: Local coordinate system (ri, , ç) for the first branching level
(K=l) (g is out of the page)

Velocity magnitude contours at mid-depth of the channel in the TI- plane

are shown in Figure 5.9. As the cross-sectional area is increased following the
bifurcation, the flow is decelerated. This is most noticeable along the outer channel

walls. It is also clear from Figure 5.9 that the boundary layer at the outer wall does
not redevelop at the point where the walls of the two levels coincide, as assumed in

the l-D model. However, development of a new laminar boundary layer, where the

influence is felt upstream, is clearly noted at the inner wall. Mid-depth profiles of
the streamwise velocity at the inlet and exit of the K=1 branch are shown in Figure
5.10 and Figure 5.11. Figure 5.10 shows velocity profiles in the r- plane at several

axial locations of

in the first branch level (K=1). Note that the two first-level

branches have minor image profiles. Figure 5.11 shows velocity profiles in the -ç
plane of the same branch.
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VELOCITY MAGNITUDE
M/S
hER - 636

LOCAL MX- a109

LOCAL MN- O,1243E-01
9.109
8.459
7.009
7.160
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5.860

5210
4.561
3.911
3.261

2611
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1.312
0.6622
0.1 243E-01

L

Fractal-Like Branching Channel
Solid MaterIal: Pure Copper
Flow Rate (H20)- 10,0 mi/s. Heat Flux- 1 MW/rn"2 (100 W/cm'2)

Figure 5.9: Mid-depth velocity magnitudes at the junction between level 0 branch
and level 1 branch (11-a plane)
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Figure 5.10: r- plane velocity profiles for the first branching level (K=1) with
constant fluid properties, Q = 10 mbs (E' = /L')

In Figure 5.10, r = 0 corresponds to the origin of the inner wall. Note,
however, in reference to Figure 5.8 that r = 0.3 does not correspond to the origin of

the outer wall for the K = 1 branch. Also note that L', used to non-dimensionalize
the streamwise distance

in Figures 5.10 and 5.11, is the length of the inner wall.

Because of possible changes in r along the channel, this is left in dimensional
form.
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Figure 5.11: -ç mid-plane velocity profiles for the first branching level (K=1)
with constant fluid properties, Q = 10 ml/s

In Figure 5.10, the r- plane velocity profiles are asymmetric. The velocity

at the initiation (JL' = 0) of the inner wall (11 = 0) of the first (K = 1) branch is
approximately the centerline velocity exiting the original (K = 0) channel. This

E31

accounts for the large velocity gradient observed in Figure 5.10 at this point. Of

particular interest, however, is that this gradient at r = 0 does not significantly

decrease in the streamwise direction,

,

suggesting that redevelopment of a

hydrodynamic boundary layer along this wall may not be occurring to the degree

assumed in the 1-D model. Rather, it appears that the boundary layer along the

outer wall continues to develop, as indicated by the decrease in velocity with
increasing JL'. Finally, the flow is decelerating at the downstream location. This is
due to the increase in flow area accompanying the downstream bifurcation, which
causes the flow to decelerate and is felt immediately upstream of the bifurcation at
EJL' = 1.0.

No asymmetry is observed in Figure 5.11 because the channel depth
remains constant. The boundary layers continue to develop along
flow

,

and the total

tends to slow down at the end of the channel because of the increase in the

cross-sectional area caused by the bifurcating channels. The shape of the /L' = 1.0

profile may be a consequence of strong secondary flow recirculation. Figure 5.12
shows the v and w velocity components at the end of the K = 1 branch in the

11-c

plane. Flow recirculates at the end of the channel redistributing momentum to the
top and bottom of the channel. This

flow

behavior could result in a velocity profile

where the streamwise velocity magnitude is highest on the top and bottom sections
of the channel and lower toward the center of the channel, as shown in Figure 5.11

for JL' = 1.0. Note that the secondary velocity vector fields shown in Figure 5.12

are taken from a y-z plane versus a 1- ç plane (see Figure 5.8).

This

accounts for

the large v and w velocity magnitudes observed in the figure.
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Figure 5.12: The v and w velocity components at the end of channel level 1 in the
ç plane

It appears that flow deceleration and recirculation may be responsible for
the pressure recovery observed at the bifurcation in Figure

5.7.

Because the shape

of the 1-D and 3-D pressure distributions with constant properties is similar, with
the exception of the pressure recovery, including diffuser effects in the 1-D model

appears necessary. It also appears that the entrance effects, although physically
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different from what is assumed, are well provided by the correlation proposed by
White (1991).

Temperature distributions were also obtained from the 3-D conjugate model

at various surfaces. For the straight channel heat sink, streamwise temperature
distributions at the center inside walls of the fluid channel (B, C, D) and along the

heated surface of the sink midway between channels (A) where the plate
temperature is highest are provided. Figure 5.13 shows the locations of the straight

channel temperature distributions. Temperature distribution E is provided as a

means of comparison with a 1-D conduction model. All five temperature
distributions are shown in Figure 5.15.

Symmetry

Figure 5.13: Locations of the straight channel heat sink temperature distributions

For the fractal-like channel heat sink, five streamwise temperature
distributions at the locations shown in Figure 5.14 are provided in Figure 5.16. The

distributions are at (1) the outer surface of the fluid channel where the walls
between consecutive bifurcations meet (2) the inner surface representing the wall
created following each bifurcation, (3) top and bottom walls of the fluid channel
and (4) a radial surface temperature distribution along the symmetry line between
channel networks. Again the surface temperature is the highest along the plane of
symmetry. As with the straight channel heat sink, the fractal-like heat sink is heated
from below.

Top and bottom
surfaces
Outer surface
Inner surface

(K=O)

length deficit of
inner surface

Radial solid
surface and
plane of
symmetry

Figure 5.14: Locations of the fractal-like heat sink temperature distributions

Figures 5.15 and 5.16 show 3-D CFD wall temperature distributions as a
function of streamwise position in copper substrate heat sinks with 100 W/cm2 heat

flux imposed at the bottom of the heat sink and total flow rates of 10 mi/s. Due to

high thermal conductivity of the copper, all interior walls of the straight channel

heat sink exhibit the same temperature profile as noted in Figure 5.15. The two

temperature distributions on the heated plate surface, at locations A and E are
indistinguishable due to the high thermal conductivity of copper. The heated plate

surface temperature remains, with the exception of the channel inlet, approximately
five degrees hotter than the inside surfaces.
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Figure 5.15: Temperature distribution for straight channel heat sink with constant
fluid properties. q" = 100 W/cm2, Q = 10 mlls
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Figure 5.16: Temperature distribution for fractal-like heat sink with constant fluid
properties. q" = 100 Wfcm2, Q = 10 mb's

In Figure 5.16, the outer surface of the fractal-like channel shows
temperature spikes immediately following each channel bifurcation. This is
partially a result of an increase in the cross-sectional area following a bifurcation.

Because the flow decelerates with increasing area, a decrease in the heat transfer

coefficient results. However, the bulk fluid temperature and heat flux remain
constant and consequently, an increase in wall temperature is observed. The top and

bottom surfaces also exhibit this trend for bifurcation levels two and greater. The

outer surface temperature is the highest among walls because the velocity is
significantly decelerated along this wall, as noted from Figure 5.10. The top and
bottom surface temperature distributions are essentially identical because of high

thennal conductivity of the copper and similar convection areas and thermal
boundary layers. Because of the difference between the length of the inner and
outer surfaces noted in Figure 5.14, the inlets of the two surfaces following each

bifurcation do not match exactly; hence, peaks in streamwise temperature
distributions will not be aligned.

The heated surface temperature of the fractal-like channel heat sink in
Figure 5.16 is much higher than the surface temperature of the fluid channel at the
inlet. This is also observed for the straight channel in Figure 5.15. However, unlike

the heated surface temperature in Figure 5.15, in Figure 5.16 it does not have the

same trend as the inner wall surface temperature. This is partially due to the fact
that the plane of symmetry, which is parallel to the side channel wall in the straight
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channel heat sink, is not parallel to the side channel walls in the fractal-like channel
heat sink.

Figure 5.17 shows r- plane temperature contours mid-depth between top
and bottom walls at the first bifurcation, i.e. between level 0 and level 1. A hot spot

is noticed at the outer surface immediately following the bifurcation. Figure 5.9
shows corresponding velocity magnitude contours at this bifurcation where flow
deceleration is observed. A secondary effect, perhaps, also contributing to the hot

spot, is a secondary flow established following a bifurcation as noted in Figure
5.12.
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Figure 5.17: Temperature contours midplane between top and bottom walls at the
junction between the level 0 branch and the level 1 branches

[ITS]

Temperature profiles along (K = 1) are shown in r- and -ç planes, in
Figures 5.18 and 5.19, respectively. Temperature profiles behave in an opposite

manner as the velocity profiles. Temperature is at a maximum value near the
channel walls where the velocity is minimum and at a minimum value where the
velocity is the highest. Refer to the corresponding velocity profiles in Figures 5.10
and 5.11.
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Figure 5.18: r- plane temperature profiles for the first branching level (K = 1)
with constant fluid properties. q" = 100 W/cm2, Q = 10 mlJs
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Figure 5.19: E-ç plane temperature profiles for the first branching level (K = 1)
with constant fluid properties. q" = 100 W/cm2, Q = 10 mI/s

Figures 5.20 and 5.21 show mid-depth velocity and temperature magnitude

contours in the r- plane, respectively, between branch level 2 (K = 2) and level 3

(K = 3). Refer to Figure 5.14 for level identification. As in the case of channel
bifurcation between level 0 and level I, which was shown in Figure 5.9, the T1plane velocity contours are asymmetric. The low velocity region at the outer wall

has a significant influence on the thickness of this outer wall boundary layer.
Likewise, Figure 5.21 shows that the outer channel is the hottest in this region.
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Figure 5.20: Velocity magnitude at the junction between level 2 branch and level 3
branches
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A closer investigation of the velocity direction in this region shows flow

reversal. Figure 5.22 illustrates a particle recirculating in a magnified region of
5.20. However, Figure 5.22 is taken from a plane 16 J.tm from the top surface as
opposed to 125 J.Lm or midplane, as was the case for Figure 5.20. Flow circulation

is also observed from the velocity profile denoted as jL' = 0 in Figure 5.23. Note
that the third level channel segment, that is shown in Figure 5.23 is tapered. This
results in a channel width,

,

at jL' = 0 to be larger than 1 at EJL' = 1.

The presence of this recirculation region ultimately is causing hot spots

along the outer channel walls and will need to be considered in the design and
optimization of fractal-like heat sinks.
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Figure 5.23: r-E plane velocity profiles for the third branching level (K = 3) with
constant fluid properties, Q = 10 ml/s

The temperature distribution on the surface of the fractal-like heat sink
subjected to a constant heat flux is shown in Figure 5.24. Note the hot spot near the

center of the symmetry plane, which is located the farthest from a channel
containing the coolant. The radial temperature distribution along the plane of
symmetry is shown in Figure 5.25 for both heat sink designs. The fractal-like heat

sink shows a more uniform temperature distribution, in the sense of a lower
temperature difference, than the straight channel heat sink. The difference between
the maximum and minimum temperatures along the heated solid surface is 8 K for
the fractal-like heat sink and 24 K for the straight channel heat sink.
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Figure 5.24: Temperature contours for the heated surface of the fractal-like heat
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Figure 5.25: Heated surface temperature distribution for fractal-like and straight
channel heat sinks with constant fluid properties. q" = 100 W/cm2, Q = 10 mlJs

Numerical errors in pressure for the sample case are limited to ±2.9 Pa for

the fractal-like heat sink and to ±0.4 1 Pa for the straight channel heat sink. In all

conjugate heat transfer results, localized numerical errors in temperature, on the

order of several degrees, were noticed. To minimize these errors requires
substantial grid refinement, mainly in the region where fluid and solid cells are in
direct contact and temperature gradients are large. Such refinements were carried

out; however, no results were obtained due to software/hardware limitations.
Therefore, temperature results from conjugate heat transfer cases are provided

merely as a qualitative assessment. Although the solid portion temperature
numerical error is negligible for both the fractal-like and straight channel heat sink,

errors from the inside channel wall are expected to propagate. The bottom surface

temperature errors for the fractal-like heat sink are shown in Figure 5.26. They
range from ±0.02 to ±0.8 °C.
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Figure 5.26: Uncertainty along the bottom surface of fractal channel, q" = 100
W/cm2, Q = 10 mi/s

5.4 Solid

Material Comparison

In the previous conjugate analyses the solid material in the heat sinks
considered was pure copper. This section compares the performance of pure copper

to stainless steel 302. The reason stainless steel was considered is because certain

fabrication capabilities are not yet well suited for copper lamination. First, laser
micro-machining temperatures are such that ablative material is ejected onto the
cut, in effect, resoldering the cut. In addition, pure copper when diffusion bonded
can form solid bridges blocking the smaller channels in the heat sink. The present

section explores the influence of solid properties on 3-D CFD model results,
whereas experimental results are provided in the next section.

Table 5.5: Pure copper results compared to ss-302. Variable fluid properties, q" =
100 W/cm2

Flow
(mIJs)

AP

(kPa)

5.0

7.5
10.0

Fractal
SS-302

Pure Copper

16

30
46

Outlet
Temp.
(K)
340
325
317

Max.
Solid
Temp.
363
348
340

AP

(kPa)
16

30
47

Outlet
Temp.
(K)
340
325
317

Max.
Solid
Temp.
474
463
456

difference relative to pure
copper
AP
Outlet
Max.
Temp.
Solid
Temp.

<1%
<1%
2%

<1 K

<1K
<1K

111 K
115 K

116K

Table 5.5 provides pressure drop results, outlet temperatures, and maximum

solid temperature for both fractal-like heat sinks. Stainless steel 302 has

a

significant influence on the plate temperature, on the order of 30 percent higher
than that of copper. This is expected from the fact that thermal resistance of the

solid material is inversely proportional to the thermal conductivity and the
thickness of the solid material. According to Table 4.1, thermal conductivity of
pure copper is 27 times higher than the thermal conductivity of ss-302, thus the
thermal resistance of pure copper is 27 times less than that for ss-302, provided that

both heat sinks have the same solid portion thickness. Figure 5.27 shows
temperature contours at cross sectional views in the i-c plane at tL' = 0.5 for both

materials. Copper is the solid material in the top figure whereas ss-302 is the solid

material in the bottom figure. There is a temperature range of 26 K for copper
compared with a 133 K range for ss-303 for the plane shown. Note the temperature
uniformity in pure copper compared with that in ss-302.
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0.5. q" = 100 W/cm2, Q = 10 mlIs

5.5 Comparison of Pressure Drop from 3-D CFD Model and Experiments
Doen (2000) provided pressure drop data for two prototypes of the fractal-

like heat sink. Because the experimental test devices had an inlet plenum, this
plenum was modeled in the CFD analysis assuming a uniform inlet velocity to the

plenum. Fluid properties were assumed constant in the CFD analysis because all
experiments were conducted with no heat source imposed on the fractal-like heat

sink; hence no change in temperature dependent fluid properties are expected.

Pressure drop for several flow rates are provided in Figure 5.28. Fourth order
polynomial fits are also shown to see more clearly the trend of the data.
Experimental errors are on the order of 3 kPa, not taking into account uncertainties

in channel dimensions following the bonding process. Results in Figure 5.28
suggest that the CFD is validated for flow with an inlet plenum. Because flow

without an inlet plenum cannot be tested experimentally, validation of CDF
pressure results are assumed by extrapolation. Validation of temperature as well as

improved CFD analysis of conjugate heat transfer will follow in subsequent
investigations.
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Figure 5.28: CFD pressure drop results including inlet plenum compared with two
actual prototypes
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6. CONCLUSIONS AND RECOMMENDATIONS

Most previous research on micro-scale heat sinks has been dedicated to
parallel straight channel designs. The development of such devices emphasized
optimizing aspect ratios to achieve the highest heat transfer coefficient possible.

Even though such studies showed that micro-scale straight channels could
significantly enhance heat transfer coefficients, temperature non-uniformity along

the surface of these heat sinks and the high pressure drop through them are major

drawbacks. hi the present research, fractal bifurcating flow networks with and
without solid substrates were investigated for their potential for lower pressure drop

and more uniform surface temperature distributions. Global measures of pressure

drop and exit fluid temperatures and streamwise surface temperature and static

pressure distributions are presented and compared for two flow networks: the
straight channel network and fractal-like channel. Two models were used in this
research: a l-D model based on theory and empirical correlations and a 3-D CFD
model. Flow rate, heat flux, and substrate material were varied. Both constant and
temperature dependent fluid properties were considered.

Several cases and comparisons between cases were conducted. The first
comparison dealt with the case of constant fluid properties with heat flux imposed
at the fluid channel walls; therefore, there was no conjugate heat transfer. The same
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pumping power of 0.89 W and a heat flux of 45 W/cm2 were applied to both
designs based on the same convective surface area. From the 3-D CFD analysis, the

fractal-like network showed a pressure drop of 69 kPa, while the straight channel
network had a pressure drop of 125 kPa. A noticeable difference in pressure drop

for the fractal-like network was observed between the two models, with the 1 -D

model predicting a pressure drop up to 20% larger than the 3-D model. This
difference in pressure drop is believed to be the result of a local pressure recovery

at each bifurcation. The pressure recovery is believed to be the result of an
increased cross-sectional area. The maximum surface temperature difference in the

fractal-like channel network is 10 K lower than the straight channel network for a
total flow rate of 10.8 mI/s through the fractal network.

The second comparison was between non-conjugate heat transfer CFD
cases with and without variable fluid properties. Constant fluid property results
from a previous section were used in this comparison. Pressure drop results were

significantly lower with variable molecular viscosity versus constant molecular
viscosity, on the order of 8% for the fractal-like design and 20% for the straight

channel design. This was attributed to the decrease in wall shear stress with
decreasing viscosity. The effect of varying thermal conductivity on the maximum

surface temperature was found to be on the order of 8% for the straight channel
network.

Variable thermal conductivity and variable viscosity should be

incorporated in the 1-D model.
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A conjugate heat transfer analysis was applied to both designs based on

identical heated plate areas. For this case, the convective surface area for the
straight channel heat sink is 2.87 higher than that for the fractal-like heat sink.
Despite this advantage for the straight channel heat sink, the fractal-like heat sink

showed better temperature uniformity over the heated surface. Pressure drops

calculated from the 1-D and 3-D CFD models were the same for the straight
channel heat sink. However, the l-D pressure drop for the fractal-like heat sink
cases was higher than the CFD results for the reasons discussed previously in the

non-conjugate case. Velocity profiles for the fractal-like heat sink from the CFD
model were presented. Non-uniform velocity profiles, as opposed to the uniform
ones assumed in the 1 -D model, were observed at the inlet of successive branching

channels. However, the pressure recovery resulting from an increase in area was
determined to have a more significant impact on the pressure drop than the uniform
inlet velocity assumption.

Two solid materials were used as substrate materials in the conjugate CFD

model: pure copper and ss-302. The surface temperature is significantly lower with

pure copper versus ss-302 due to the high thermal conductivity, and low thermal

resistance of copper. Stainless steel (ss-302) caused high surface temperature
making it inadequate for electronic devices.
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A CFD model with an inlet plenum and constant properties was validated
with experimental data from two prototypes.

Recommended future work includes:

Performing a conjugate heat transfer analysis based on the same convective
surface area for both designs.
Modifying the 1 -D predictive tool to account for variable fluid viscosity and

variable thermal conductivity and "diffuser" effects.
Constructing different fractal geometries, i.e. different bifurcation angles.
Validating velocity profiles using Particle Image Velocimetry (PlY) studies.

Validating bottom channel wall and heat sink surface temperature
distributions using thermal imaging.
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APPENDIX A: NOMENCLATURE
Latin symbols
A
area
Cf
friction constant
c
specific heat
D
diffusion term
Euclidean dimension
DE
d
diameter
hydraulic diameter
dh
F
convection term
H
channel height
h
heat transfer coefficient
K
branch level
k
thermal conductivity
L
channel length
L'
wall length to non-dimensionalize
The streamwise distance
m
total number of branching levels
m
mass flow rate
N
total number of channels
n
number of bifurcating channels
per single segment
P% vetted
wetted perimeter
pressure
p
energy
q
heat flux
q"
volumetric flow rate
Q
T
temperature
U
velocity
W
channel width
U, v, w
velocity components
*
x
axial coordinate for the thermal
entrance region
x, y, z
orthogonal coordinate system

Dimensionless groups
Gz
Graetz number
Nu
Nusselt number
Pe
Peclet number
Pr
Prandtl number
Re
Reynolds number

r,

Greek symbols
a thermal diffusivity
a aspect ratio
branching diameter ratio
F diffusion coefficient
y
branching length ratio
boundary layer thickness
t
molecular viscosity
density
p
local coordinate system
ç
,

Subscripts
apparent
app
bulk, average
b
cross-section
entrance
e
constant heat flux
Hi
hydrodynamic
h
plate
,
surface
fractal surface in contact
with fluid
parallel channel surface in
contact with fluid
thermal
wall
local
s.f
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APPENDIX B: MATLAB CODE
The main body of the code:

M=input('enter the total number of branching level (including the
0th level):');
n=input('enter the number of branches per single channel
bifurcation:');
r=input('enter the number of 0th channels:');
h=input('enter the depth of channel (in mm):');
w(M)=input('enter the width of the terminal channel (in mm):');
Lf=input('enter the total length of fractal (in mm) :');
Q=inputLenter the inlet volumetric flow rate (in ml/s):');
rho=input('enter the fluid density (kg/m'3):');
nu=input('enter the fluid viscosity (N.s/m2) :');
Cp=input('enter the fluid specific heat (J/k.m3):');
Kf=input ( 'enter the fluid thermal conductivity (W/m. K) :')

q=input('enter the value of heat flux (Wim'2):');
Tin=input ( 'enter the inlet temperature (K) :');
Pr=nu*Cp/Kf; %evaluaLinq Praridtl nurftber

* * * * * * * * * * * * * * -k * * * * * * * -k * * * * * * * -k * * * -k * * * k * * * * * * * * * * * *

% calculating the dimensions of the fractal channel
% -k * *

* k * * * * *

* * * * * k * * * * * * * * * * * k * * * k * * *

* * * * * * * * * * * * *

%***w***********w***w*******************************

D2;
beta=n" (-1/ (D+l));

alpha=n"(-l/D)
for i=(M-l) :-l:l;
w(i)=w(i+l) *h/ (beta* (w(i+l)+h)-w(i+l))

end
L(M)=Lf/(l+l/alpha+l/alpha'2+l/alpha"3+l/a1pha"4)

for i(M-l):-l:l;

L(i)=L(i-fl) /alpha;

end

% calculating the inlet radius

inrad=w(l)*r*l.1/(2*pi);
I calculating aspect ratio for each segment
for 1=1:5;
AR(i)=w(i) /h;
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if

AR(i)>l;

AR(i)=l/AR(i)
end
end

% calculating bulk velocities
Vin=Q/l00"3/pi/ (in_rad/l000) "2;
for 1=0:4;
V(i+1) =Q/ (r*ni) /l00"3/ (w(il) Il000*h/l000)
end
%

calculating the

hydraulic diameter

for

each segment

for i1:M;
Dh(i)=4* (w(i) *h) / (2*w(i)+2*h)

end

% calculating the dimensions of the square plate
At= (pj* (Lf+in_rad) 2_pi*in_rad2);
Ls=sqrt(At);

%

charme I

ws=Dh(M);

length of

squaYe

plate

width of square plate

channel

calculating the dimensions

of the rectangular plate

Lr=Lf;

length of rectangular

place channel
wr=Dh(M);
plate channel
*********A**

I width of rectangular

A A *

* A * * * * A * * * * * * * -A

* *

A A * * -A -A- * * * -A * * A A * * A A * * * * A * * * * * -k A * * * A

* * * * * * * * * * * * * * * -k * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

% This section

channel /square
%

*
%

of the program calculates contact

plate channel/ rectangulas plate channel

A A A * * * * * -A

contact with

fluid

-A-

*****AA******

A * * * * * * * * * * * * * -* * * A * * * * * * * * * * * * * * * * * * * * * * * * * * * * A * * A * *

for irl:M;

A(i)(2*h+2*W(i)

end

in

area of fractal

)

*],(j)
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AfrO;
for i=l:M;
Aff=A(i)

(i-i) *r;

AfAf+Aff;

end
ns=floor(Af/ (4*ws*Ls));

Vs=Q*1e_6/ns/(ws/lOOO)2;
square plate channel

% bulk velocity of the

nr=77; %nr=floor(Af/ (4*wr*Lr))

Vr=Q*1e_6/nr/(wr/lOOO)2;

% hulk velocity of the

rectancTular plate channel
Asns* (2*ws+2*ws) *Ls;
Ar=nr* (2*wr+2*wr) *Lr.

* * * * * * * *

* * * * * * * * * * * * * * * * * A * * * A *

* A * * * A * * *

* * *

* * * A * * * A- * * * * * * * A *

* A

********

% total surface area of channels (fractal/square/rectangular walls
in contact
% with fluid/total surface area
* * * * * * A A

yf=Af/At;

ysAs/At;

yr=Ar/At;

% mass flow rate per each channel segment/ square/rectangular
for i=l:5;

ACf(i)h*w(i)

end

Acsws*ws;
Acr=wr*wr;

for i1:5;

mff(i)=rho*V(i)*Acf(i)/(1000)"2;
end
mfs=rho*Vs*Acs/lOOO'2;
mfr=rho*Vr*Acr/l000"2;
*********************************-k***********-k******-*********

% temperature difference per channel segment/square/rectangular
% ****************-A-*,*****A-*******A*Ar*A-***-A-***j-*******-k***-A-***k

Touts=q* (As/ns/l000"2) /mfs/Cp+Tin;
Toutr=q* (Ar/nrIl000"2) !mfr/Cp+Tin;
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T(1)Tin;

for i=2:6;
T(i)=q*(A(i_1)/1000'2)/mff(i_1)/Cp+T(i_1);
end

% calculating Reynolds number for each segment including inlet
plenum
Rein=rho*Vin* (in_rad*2/l000) mu;

for il:M;

Re(i)=rho*V(i)*Dh(i)/l000/nu;
end

% calculating Reynolds number for square and rectangular plate
channe I S

Res=rho*Vs*ws/l000/nu;
Rer=rho*Vr*wr/1000/nu;

% square plate channel
% rectangular plate channel

I calculating the hydrodynarnic entrance length for each segment and
inlet plenum
xin=in_rad*2* (0.61(1+0. 035*Rein) +0. 056Rein)

for i1:M;

x(i)=Dh(i)*(0.6/(l+0.035*Re(i))+0.056*Re(i));
end
% caiculating the hydrodynam.ic entrance length for square and
rectangular plate channels

xs=ws*(0.61(1+0.035*Res)+0.056*Res);
xr=wr*(0.6/(l+0.035*Rer)+0.056*Rer);

I tables to be used to find friction factor in a rectangular duct
I for DEVELOPING flow

AR_D[1.00 0.50 0.20 0.00];
CRe=[14.23 15.55 19.0724.00];
Kalpha=[1.43 1.28 0.931 0.674];
c[0.00029 0.00021 0.000076 0.000029];
% tables to he used to find friction factor in a rectangular duct
% foy' a FULLY DEVELOPED flow

AR_FD[0.0 0.05 0.1 0.125 0.167 0.25 0.4 0.5 0.75 1.0];
fRe_FD=[96 89.91 84.68 82.34 78.81 72.93 65.47 62.19 57.89 56.91];
* * * * * * * * * * * * * * 'k * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *

* * * * * * * *
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% ************************j*,*A-*fr*****,*****,-*********

% calculating pressure drop for each branching segment
9- *

fr

* * * fr * *

* * * * * * *

* * *

* * * * fr * * * -k * *

fr * * * fr * * * * * * * * * *

fr * * *

% evaluating constants for the developing flow (fract:al)
for i=l:M;

CRe(i)=interpl(ARD,CRe,AR(i));
Kalpha(i)=interpl (AR_D, Kalpha,AR(i));

c(i)=interpl(AR_D,c,AR(i));
end

% evaluating constants for the fully developed flow (fractal)
for i=l:N;

fRe(i)=interpl(AR_FD,fRe_FD,AR(i));
end

I evaluating pressure drop in Fractal
a=2;
y=o;
tot_p=O;

z(l)0;

for irl:M;
dp=O;

if x(i)>L(i);
for j=O.5:O.5:floor(L(i))
z(a)=j+y;
si=j/Dh(i)/Re(i)

CfRe=3 .44/ (si) 'O .5+ (CRe(i) + (Kalpha(i) /4/si)
(3.44/ (si) "0.5)) / (l+c(i) /si"2)

DP(a)=((rho*V(i)2)/2*CfRe/Re(i)*4*j/Dh(i));
DPi (a) =DP(a) -dp;

dp=DP(a);
a=a+l;

end

if floor(L(i))<L(i);
z (a)=L(i) +y;

si=L(i)/Dh(i)/Re(i)
CfRe=3.44/(si)"O.5+(CRe(i)+(Kalpha(i) /4/si)(3.44/(si)"0.5))/(l+c(j)/sj"2);
DP(a) = ( (rho*V(i) "2) /2*CfRe/Re(i) *4*L(j) /Dh(i) )
DPi (a) =DP(a) -dp;

dp=DP(a);
a=a+i;

end
else
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for j=O.5:O.5:floor(x(i));
z (a)

=j

+y;

si=j/]Jh(i) /Re(i)

CfRe=3.44/(si)"O.5+(CRe(i)+(Kalpha(i)/4/si)(3.44/(sj)"O.5))/(1+c(j)/si"2);
DP(a)=((rho*V(i)2)/2*CfRe/Re(i)*4*j/Dh(i));
DPi (a)=DP(a) -dp;

dp=DP(a);
a=a+i;

end
if fioor(x(i))<x(i);
z (a) =x(i) +y;

si=x(i) /Dh(i) /Re(i)

(3 .44!

CfRe=3.44/(si)''O.5+(CRe(i)(Kaipha(i)/4/si)(si) "0 .5) ) I(i+c(i) Isi"2)

DP(a)=Nrho*V(i) "2) /2*CfRe/Re(i) *4*x(j) /Dh(i))
DPi (a)=DP(a) -dp;

dp=DP(a);
a=a+i;

end
z(a)=L(i)+y;
f=fRe(i) /Re(i);

DP(a)=rho*f*(L(i)_x(i))/Dh(i)*V(i)"2/2;
DPi (a)=DP(a);
a=a+i;

end
end

DPGO;
a=a-i;
for i=1:a;

DPGDPG+DP1 (i);
end

DPS(1) =DPG;

DP_step=0;
for i=2:a;
DP_step=DP_step+DP1 (i);
DPS (i) =DPG-DP step;

end

%

calculating pressure drop for the inlet plenum (fractal)
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if xin>5*h;
si=5*h/ (in_rad*2) /Rein;

CfRein=3.44/(si)'0.5+(l6+(1.25/4/si)(3.44/ (si)"O.5) ) / (l+0.0O02l2/si2)

DPin_D=( (rho*VinS2)/2*CfRein/Rein*4*(5*h)/(in_rad*2))
DPin=DPin_D;
else
si=xin/ (in rad*2) /Rein;
CfRein=3 .44/ (si)

0 .5+ (16-s-(l .25/4/si)

(3.44/ (si)'0.5) ) / (l0.00O2l2/si2)
DPIn_D= ( (rho*Vin2) /2*CfRein/Rein*4*xin/ (in_rad*2H;
fin=64/Rein;
DPinFD=rho*fin* (5*h_xin) / (in_rad*2) *Vin2/2;

DPinrDPin_D+DPin_FD;
end
***k************************************** ************************

% calculating pressure drop for square and rectangular plate
channels
1>

* * * * * * * * * * * * * * * * * -k * * * * * * * k * , * * * * * k * * * * * * * * * * * * * * ** * * * * * * * * * * * * * * * * *

I NOTE: aspect ratio for both square and rectangular channels is 1
% Therefore; coefficzent for both developing and fully developed
regions are
%

the

same for

both type of channels

CResr=14 .23;
Kalphasr=l .43;
csr=0 .000029;
fResr=56 .91;

I evaluating pressure drop in square plate channel
as=2;
ys=rO;

tot._ps=0;

zs(1)0;

dpso;
if xs>=Ls;
for j=0.5:0.5:floor(Ls);
zs (as) =j+ys;

si_s=j /ws/Res;
CfRes=3 .44/ (si_s) '0.5+ (CResr+ (Kalphasr/4/sis)

(3.44/(si_s)"O.5))/(1+csr/si_s'2);
DPs(as)=((rho*Vs"2)/2*CfRes/Res*4*j/ws)
DP1s (as)=DPs (as) -dps;

dps=DPs(as);
as=as+1;

end
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if floor(Ls)<Ls;
zs (as) =Ls+ys;

si_s=Ls/ws/Res;
CfRes=3 .44/ (si_s) "0.5 (CResr+ (Kalphasr/4/si_s)

(3.44/(si_s)"O.5))I(l+crslsi_s"2);
DP5 (as) = ( (rho*Vs2) /2*CfRes/Res*4*Ls/ws)
DP1s (as)=DPs (as) -dps;

dps=DPs(as)
as=as+l;

end
else

for j=0.5:0.5:floor(xs)
zs (as) =j+ys;

si_s=j /ws/Res;

CfRes=3.44/(si_s)"0.5(CResr(Kalphasr/4/si_s)(3.44/(si_s)"0.5))/(l+csr/si_s"2);
DPs (as) = ((rho*Vs2) /2*CfRes/Res*4*j/ws)
DP1s (as) =DP5 (as) -dps;

dps=DP5 (as)

as=as+l;

end

if floor(xs)<xs;
zs (as) =xs+ys;

si_s=xs/ws/Res;
CfRes=3 .44/ (si_s) "0.5+ (CResr+ (Kalphasr/4/si_s)

(3.44/(si_s)"0.5))/(l+csr/si_s"2);
DPs (as) = ( (rho*Vs2) /2*CfRes/Res*4*xs/ws);
DP1s (as)=DPs (as) -dps;
dps=DPs (as);

as=as+l;

end
zs (as) =Ls+ys;

fs=fResr/Res;
DPs (as) =rho*fs* (Ls-xs) /ws*Vs2/2;

DP1s(as)=DPs(as);
as=as+l;

end
DPGs=0;
as=as-l;
for i=l:as;
DPGs=DPGs+DP1s (i);
end

DPSs(l)=DPGs;
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DP_steps=0;

for i=2:as;

DP_steps=DP_steps-i-DP1s
DPSs (i)=DPGs-DP_steps;

(U;

end

%

evaluating pressure

drop in rectangular plate channel

ar=2;
yr=0;

totpr=0;
zr (1) =0;

dpr=0;
if xr>=Lr;

for j=0.5:0.5:floor(Lr)
zr (ar) =J+yr;

si_r=j /wr/Rer;
CfRer=3 .44/ (si_r) "0.5 (CResr+ (Kalphasr/4/si_r)
(3.44/ (si_r) "0.5)) / (1+csr/si_r"2)

DPr(ar)=((rho*Vr2)/2*CfRer/Rer*4*j/wr);

DP1r (ar) =DPr(ar) -dpr;

dpr=DPr(ar);
ar=ar+1;
end

if floor(Lr)<Lr;
zr (ar) =Lr+yr;

si_r=Lr/wr/Rer;
CfRer=3 .44/ (si.r) "0.5+ (CResr+ (Kalphasr/4/si_r)

(3.44/(si_r)"0.5))/(1+crs/si_r"2);
DPr(ar)=((rho*Vr2)/2*CfRer/Rer*4*Lr/wr);
DP1r(ar)=DPr(ar)-dpr;
dpr=DPr(ar);
ar=ar+l;
end
else

for j=0.5:0.5:floor(xr);
zr(ar) =j+yr;

sir=j /wr/Rer;
CfRer=3 .44/ (si_r) "0.5+ (CResr+ (Kalphasr/4/si_r)

(3.44/(si_r)"0.5))/(l+csr/si_r"2);
DPr(ar)=((rho*Vr2)/2*CfRer/Rer*4*j/wr);
DP1r(ar) =DPr(ar) -dpr;

dpr=DPr(ar);

ar=arl;
end
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if floor(xr)<xr;
zr (ar) =xryr;

si_r=xr/wr/Rer;
CfRer=3 .44/ (si_r) "0.5 (CResr+ (Kalphasr/4/si_r)
(3.44/ (si_r)"0.5) )/(lcsr/si r"2)

DPr(ar)=((rho*Vr2) /2*CfRer/Rer*4*xr/wr);
DP1r(ar) =DPr(ar) -dpr;

dpr=DPr(ar);
ar=ar+l;
end
zr (ar) =Lr+yr;

fr=fResr/Rer;
DPr(ar) =rho*fr* (Lr-xr) /wr*Vr2/2;
DP1r(ar)=DPr(ar);
ar=ar+l;
end
DPGr=0;
ar=ar-l;

for i1:ar;
DPGr=DPGrDP1r (i);
end

DPSr(l)=DPGr;
DP_stepr=0;
for i=2:ar;
DP_stepr=DP_steprDP1r (i);
DPSr (1) =DPGr-DP_stepr;

end

plot(z,DPS,'-',zr,DPSr,'-',zs,DPSs,'-');

********************w***.A**************.k******..*.k*.,.k******,*****
*t****************w***********w***w**kw***********w***********w*
% This part of the program is to evaluate the Local Nusselt Number
% and temperature distribution
% **W************-i-*****-*.A***k***.A.**************k****.k**k****.k***
9

%

%

calculating

the thermal

entrance length for each fractal segment

for irl:5;

xt(i)=(Dh(i)*(0.6/(l+0.035*Re(j))+O.056*Re(j)))*pr;

end

calculating the thermal entrance length for straight channels

xts(ws*(0.6/(l+O.035*Res)+0.056*Res))*pr;
xtr=(wr*(0.6/(l+0.035*Rer)0.056*Rer))*pr;
9 * * * * * * * * * * -k * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
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% evaluat;inq bocal Nusselt: Number along tthe fracLal
an=2;

yn= 0;
zn(l)0;

Tb(l)=Tin;

for ±1:M;
P(i)2* (h+w(i)

xO=[O.25, -0. 15, -551;
options=optimset('MaxFunEvals' ,1000);
sd=lsqnonlin(@sd4a,xO,-100,100,options,AR(i));
sdl=lsqnonlin(@sdl,xO,-100,100,options,AR(i));

x_s=0.000l/(Dh(i)*Re(i)*Pr);
Nu(an_1)=1/(sd(1)+sd(2)*exp(sd(3)*x_s));
hx(an_1)=Nu(an_1)*Kf/(Dh(i)/1000);
Ts(an-1)=q/hx(an-1)+Tb(an-l);

t=floor(L(i)/0.1);

for j=0.1:0.l: (t!l0)
zn(an) =j+yn;

xs=j/(Dh(i)*Re(i)*Pr)
if xs<0.005;
Nu(an)=l/(sd(1)sd(2)*exp(sd(3)*x_s));
else

Nu(an)=1/(sdl(1)+sdl(2)*exp(sdl(3)*x_s));
end
hx(an)=Nu(an)*Kf/(Dh(i)/1000);

Tb(an)=q*P(i)*O.1/1O0O'2/(Cp*mff(i))Tb(an_1);
Ts (an) =q/hx(an) +Tb(an);

end

an=an+l;

if (t/10)<L(i);

zn(an)=L(i) +yn;

x_s=L(i) / (Dh(i) *Re(i) *Pr)

if xs<0.005;
else

Nu(an)=1/(sd(1)ssd(2)*exp(sd(3)*x_s));

Nu(an)=l/(sdl(1)+sdl(2)*exp(sdl(3)*x_s));
end
hx(an)=Nu(an)*Kf/(Dh(i)/1000)

Tb(an)=q*P(i)*(L(i)_t/1O)/10O02/(Cp*mff(i))+Tb(an_1);

Ts (an) =q/hx (an) +Tb (an)

end

an=an-s-1;

ynzrynL(i);
end
j-

*****-k*********************w***************************
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% evaluaLinq Local Nusselt. Number for Square PlaLe Channel
%

*w***************************A******************

ans=2;
zns (1) =0;

Tbs (1)=Tin;

ps4*ws;
ARS=l;

xO=[0.25,-0.15,-55J
options=optiniset('MaxFunEvals' ,l000);
sds=lsqnonhin(@sd4a,xO,-100,lOO,options,ARS);
sdsl=lsqnonhin(@sdl,xO,-lOO,lOO,options,Aps);
x_s=0 .0001/ (ws*Res*Pr)
Nus(ans-l)=1/ (sds (l)+sds (2) *exp(sds(3) *xs))
hxs (ans-1) =Nus (ans-l) *Kf/ (ws/l000)

Tss(ans-1)=q/hxs(ans-l)+Tbs(ans-l);
t=floor(Ls/0.1)

for j01:0.1: (t/l0);
zns (ans) =j;

x_s=j/ (ws*Res*Pr)
if x_s<0.005;
Nus(ans)=1/ (sds (1)+sds(2) *exp(sds(3) *xs))
else

Nus(ans)=1/(sdsl(l)+sdsl(2)*exp(sdsl(3)*xs));

end
hxs (ans) =Nus (ans) *Kf/ (ws/1000)

Tbs(ans)=q*ps*0.1/10002/(cp*mfs)+Tbs(ans_l);
Tss (ans) =q/hxs (ans) +Tbs (ans)

ans=ans+l;
end
if (t/l0)<Ls;
zns (ans) =Ls;

xs=Ls/ (ws*Res*Pr);

if xs<0.005;
else

Nus (ans) =1/ (sds (1) +sds (2) *exp(sds (3) *xs))

Nus(ans)=l/(sdsl(l)+sdsl(2)*exp(sdsl(3)*xs));
end
hxs (ans) =Nus (ans) *Kf/ (ws/l000)
Tbs (ans) =q*ps* (Lst/10) /l000"2/ (Cp*mfs) +Tbs (ans-l)
Tss (ans) =q/hxs (ans) +Tbs (ans);

ans=ans+l;

end

% evaluating Local Nusselt Number for Rectangular Plate Channel
9A * * A * * * * * A A * * * * * A * * * A * * * A * * * A * * * A * * * A * * * -i * * * * * * * A A * * * * * A A * * * * * *

anr=2;
znr (1) =0;
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Tbr(l)=Tin;
prl=4*wr;
ARR=l;
xO=[O.25,-O.15,--55];
options=optimset('MaxFunEvais' ,l000);

sdr=lsqnonlin(@sd4a,xO,-100,lOO,options,ARR);
sdrl=lsgnonhin(@sdl,xO,-lOO,lOO,options,ARR);
x_s=O.000l/ (wr*Rer*Pr);

Nur(anr_1)=l/(sdr(l)+sdr(2)*exp(sdr(3)*x_s));
hxr(anr_1)=Nur(anr_l)*Kf/(wr/l000);
Tsr(anr-1)=q/hxr(anr-l)+Tbr(anr-l);
t=floor(Lr/O.l);
for jrO.l:O.l:(t/lO);
znr (anr)

=j;

x_s=jI (wr*Rer*Pr);
if x_s<O.005;

else

Nur(anr)=l/(sdr(l)+sdr(2)*exp(sdr(3)*x_s));

Nur(anr)=l/(sdrl(l)+sdrl(2)*exp(sdrl(3)*x_s));
end
hxr(anr)=Nur(anr)*Kf/(wr/l000);

Tbr(anr)=q*prl*O.1/lOOO2/(Cp*mfr)Tbr(anr_l)
Tsr(anr)=q/hxr(anr)+Tbr(anr);
anr=anr+l;
end

if (tIlO)<Lr;

znr (anr) =Lr;

x_s=Lr/ (wr*Rer*Pr)
if x_s<O.005;

else

Nur(anr)=l/(sdr(l)+sdr(2)*exp(sdr(3)*x_s));

Nur(anr)=l/ (sdrl(l) +sdrl(2) *exp(sdrl(3) *xs))
end
hxr(anr)=Nur(anr)*Kf/(wr/l000);

Tbr(anr)=q*prl*(Lr_t/lO)/lOOO2/(Cp*mfr)+Tbr(anr_l);
Tsr (anr) =q/hxr (anr) +Tbr(anr)

end

anr=anr+l;

figure;
plot (zn,Nu,
figure;

plot(zn,Ts,

'-' , znr,Nur, '-' , zns,Nus, '-')

'-' ,znr,Tsr, '-' ,zns,Tss, '-');

Nux=[4.18 4.60 5.18 5.66; 4.66 5.01 5.50 5.92; 5.07 5.40 5.82
6.17; 5.47 5.75 6.13 6.43;...
5.83 6.09 6.44 6.70; 6.14 6.42 6.74 7.00; 6.80 7.02 7.32

7.55; 7.387.597.868.08;...

7.90 8.11 837 8.58; 8.38 8.61 8.84 9.05; 8.84 9.05 9.38
9.59; 9.28 9.47 9.70 9.87;...

122

9.69 9.88 10.06 10.24];

xstar=[10 20 30 40 50 60 80 100 120 140 160 180 200]';
xstar_l=1. /xstar;

ARsd=[1.0 0.51/3 0.25];
xO=[0.25,-0.15,-55J;
options=optimset( 'MaxFunEvals' ,1000);

sdt=lsqnonlin(@sdl,xO,-100,100,options,1.0);
Nuxt(:,1)1./(sdt(1)+sdt(2).*exp(sdt(3).*xstarl));
sdt=lsqnonlin(@sdl,xO,-100,100,options,0.5);
Nuxt(:,2)z1./(sdt(1)sdt(2).*exp(sdt(3).*xstar_1));
sdt=lsqnonlin(@sdl,xO,-100,100,options,1/3);
Nuxt(:,3)1./(sdt(1)+sdt(2).*exp(sdt(3) .*xstar_lfl;
sdt=lsqnonlin(@sdl,xO,-100,100,options,0.25);
Nuxt(:,4)=1./(sdt(1)+sdt(2) .*exp(sdt(3) .*xstarl));

Subroutine 1 (M-File sdl): Evaluating Local Nusselt Number
function F=sd(K,arl);

xstar[10 20 30 40 50 60 80 100 120 140 160 180 200]';
xstarl=1. /xstar;
ARsd=[1.0 0.5 1/3 0.25];

Nux=[4.18 4.60 5.18 5.66; 4.66 5.01 5.50 5.92; 5.07 5.40 5.82 6.17;
5.47 5.75 6.13 6.43;...
5.83 6.09 6.44 6.70; 6.14 6.42 6.74 7.00; 6.80 7.02 7.32
7.55; 7.38 7.59 7.86 8.08;...
7.90 8.11 8.37 8.58; 8.38 8.61 8.84 9.05; S.84 9.05 9.38
9.59; 9.28 9.47 9.70 9.87;...
9.69 9.88 10.06 10.24];
Nuxl=interp2(ARsd,xstar,Nux,arl,xstar, 'linear');

Nuxp=1./ (K(1)

+K (2)

.

*exp (K

(3) .

*xstar 1))

F=Nuxl-Nuxp;

Subroutine 1 (M-File sd4a): Evaluating Local Nusselt Number at Entrance
function F=sd(K,arl);

xstar=[140 160 180 200 1e20]';
xstar_1=1. /xstar;
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ARsd=[1.0 0.5 1/3 0.25];

Nux=[8.38 8.61 8.84 9.05; 8.84 9.05 9.38 9.59; 9.28 9.47 9.70 9.87;
9.69 9.88 10.06 10.24;
1000 1000 1000 1000];
.

.

Nuxl=interp2(ARSd,xstar,Nux,arl,xstar, 'linear');

Nuxp=l./(K(l)+K(2).*exp(K(3).*xstar_1));
F=Nuxl-Nuxp;

