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In many statistical applications an interval is needed that will
contain the values of all J future observations with some pre-
assigned probability. For example, suppose twenty rockets have been
fired in a test program and three have failed. If two more test pro-
grams are to be conducted, an interval that will, with probability
l-a, contain the maximum number of failures in either of the two
programs is called an a confidence level prediction interval.

In this thesis a general procedure is given for predicting future
observations when there is one unknown parameter and other condi-
tions are satisfied. The normal and the gamma distributions are used
as examples to illustrate the procedure in the continuous case. It is
shown that Poisson random variables can be predicted using the nega-
tive multinomial distribution. Tables of negative multinomial
probabilities are provided and approximation procedures are suggested.

It is also shown that negative binomial random variables can be



predicted using the multivariate beta negative binomial and binomial
random variables can be predicted using the multivariate negative
hypergeometric distribution.

The prediction intervals given in this thesis can also be used
for simultaneous hypothesis testing for the Poisson, negative binomial

and binomial distributions.
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STATISTICAL PREDICTION INTERVALS

I. INTRODUCTION

This thesis is concerned with the development of statistical
prediction intervals for well known distributions. A statistical predic-
tion interval is defined as a random interval that depends on past
samples and that will contain all of a given number of future observa-
tions with a specified probability.

Statistical prediction intervals are frequently confused with other
types of intervals. In order to draw a distinction, one prediction
problem will be viewed in three different ways. In the first case there
is enough data to assume that the distribution of the future samples is
known. In the second, a tolerance interval is described and in the
third a statistical prediction interval is described.

Suppose telephone switchboard operators have recorded the num-
ber of incoming telephone calls at a factory each working day for the
past year. Assume the number of calls follows a Poisson distribution

with mean M\ and let x be the average number of incoming calls

each day. If the variance of X is small, then x is very close to
A with probability near one. An interval that would contain the num-
ber of incoming calls for 95% of the future days could easily be calcu-

lated by substituting x for \. The fact that x is only an estimate

of )\ would not appreciably affect the results.



Often there is not enough data to assume the parameter is essen-
tially known. If records on incoming calls have only been kept for the
past ten days then an interval that contains 95% or more of the number
of future incoming calls per day with 90% certainty is called a toler-
ance interval.

In many cases only the next few events or observations are of
interest. For example suppose the ten days of records on incoming
telephone calls must be used to find an interval that will, with proba-
bility . 95, contain the number of incoming calls for each of the next
five days. An interval like the one just described contains the value
of a fixed number of future observations with a specified probability
and is known as a prediction interval.

This thesis considers the following prediction interval problem.

Suppose X.,X X, Y. ,Y

X Xy 1 2,..,Y

y are independent observa-
tions from a family of distributions with one common unknown param-
eter. It will be assumed that the sum of the random variables is

sufficient for the one unknown parameter and certain other conditions

are satisfied. If X_ ,X,,...,X are observed before

1’772 I
Yl’ YZ’ RN YJ then how can XI’XZ’ - ’XI be used to find a pre-
diction region for Y, YZ’ ce s YJ? Specific distributions considered

are the Poisson, the negative and positive binomial, the normal with
known variance and the gamma distribution with an unknown scale

parameter.



Considering the importance of prediction intervals, surprisingly
little work has been done until recently. Several authors such as
Aitchison and Sculthorpe (1965), Chew (1968), Faulkenberry (1972),
Fisher (1956), Hahn (1969, 1970), Hewett (1968), Nelson (1970a,
1970b), Shah (1969), Thatcher (1964), and Weiss (1955) have given
solutions for specific distributions or suggested methods for finding
prediction intervals. Hahn and Nelson (1972) have recently surveyed
the literature and provided an excellent summary. Hora and Bueler
(1967) have discussed the uses of fiducial theory for prediction.

The work in this thesis is based on the paper by Weiss (1955)

and extensions by Faulkenberry (1972).



II. GENERAL PREDICTION RESULTS

A. The Problem

Prediction intervals are similar to confidence intervals in that
the probability statements are valid only before the data are taken.

Suppose X.,X,,...,X is a random sample from a normal distribu-

1’772 I
tion with mean p and known variance 1. Before the data are taken

a probability statement of the form below is valid.

Plp<X+Z a/\/T]:l-a

1-

where

and Zl-a is the 1-a percentage point of the standard normal
distribution. However after the data are taken p is either above or
below the fixed value x + Zl_a/\]—l_. The probability statement is no
longer valid and the 1-a is referred to as a confidence level. The
same type of statements are given for prediction intervals. The
probability statements associated with prediction intervals are only
valid in the usual probability sense before sampling. Like the confi-

dence interval, the prediction interval, in the long run, will only fail

to give correct results 100a percent of the time.



To clarify the type of statements to be made, consider a special
case. Suppose X and Y are independent identically distributed
random variables. The independence implies
PlY < K/X = x] = PlY < K]. In this context knowing x gives no
information about possible values of Y. However suppose there
exists a function ha(X) such that the joint probability statement of
the form P[Y S_ha(X)] = 1-a holds. In repeated sampling with X =x
and Y =y, vy will be in the interval (—oo,ha(x)] 100(l1-a) percent
of the time. Therefore, having observed X = x a 1l-a confidence
level would be associated with (—w,ha(x)] as a prediction interval
for Y. As with the confidence interval, strict probability statements
would be valid only before the data are taken, but the statement would
be meaningful after X = x has been observed. For any given value
of the unknown parameter in the joint distributionof X and Y
there may be many functions ha(X) such that P[Y < ha(X)] = l-a.

It will be shown that in some special cases there is one function

ha(X) that works for all parameter values.

Definition 1. Let X and Y be random variables and sup-

pose there exists a family of functions ha(x) such that

PlY iha(X)] = l-a. If for an observed x, there existsa unique a'

such that ha,(x) = K, then the predictive probability that Y < K

having observed X = x is defined to be 1-a' and denoted by



Ply sK;X] = 1-d'.

In Section IIB, the family of functions ha(x) with the required
properties will be constructed.

If X and Y come from a discrete distribution and the func-
tion ha(x) exists then there may not be a value K such that
P[Y < Kix] = 1-a for some specified a. Inthis case K will be
viewed as a random variable taking on one of two consecutive
values. For example, if X and Y are independent identically
distributed Poisson random variables, then it will be shown that
PlY <7;X = 3] =.9281 and PlY < 8:X = 3] = .9673. If a statement

;X =3]=.95 is required then K must

of the form P[Y < K- 95° .95

be a random variable of the form

7 with probability .4413

K 95 =
' 8 with probability .5587 .

The notation used for K 95 will be 7. 5587.

In the discrete case, the function ha(x) will be a random

variable for each observed x. This leads to the following definition.

Definition 2. A random function, g(Z), is a function of 2

and is a random variable for each observed value of Z = z.

If it is possible for each x and a (0 < a < 1) tofind a value

K such that P[Y < K;x] = 1-a then a predictive cummulative



distribution function (cdf) exists for each x. The notation used for

the cdf will be F(y;x). If the corresponding density function exists,

it will be referenced using f(y;x). If several previous observations
I

have been taken say XI,XZ, ce ,XI and X = in is sufficient
i=1

for the unknown parameter then the notation and concepts just
described above remain unchanged except X is the sum of I
observations rather than one observation.

Before developing a solution, a final comment is in order. Sup-
pose ha(X) is found such that P[Y _<_ha(X)] = 1l-a and when X
and Y are observed, vy >ha(x). Then either an event with proba-
bility at most a has occurred or one of the assumptions has been
violated- If X and Y are independent and from the same family
of distributions, then the assumption violated would be that the unknown
parameter for X is the same as the unknown parameter for Y. It
follows that prediction intervals can be used for hypothesis testing.

For example suppose X, Yl’ and Y2 are Poisson distributed with

parameters A_., A and X\ respectively. A prediction interval
X Y1 Y2
of the form [0 < Y1 <K, 0< Y2 <_K] could be used to test the
i : = = . . < <\ .
hypothesis H )\X )\Yl )\YZ vs. A )\X )\Yl or )\X YZ

Multivariate prediction intervals can be used to test simultaneous

hypothesis about unknown parameters.



B. The Theory

Suppose that the random variables Xl’XZ’ e ,XI,

Yl, YZ, cees YJ are independent from a joint distribution with one

unknown parameter and the sum of the observations is sufficient for

I J
the parameter. Let X = ZX.I, Y = ZYj and T =X +7Y. Then
i=1 j=1
X is sufficient for the distribution of Xl,XZ, cees XI, Y is suffi-
cient for Yl, YZ’ ces ,YJ, and T is sufficient for the joint distri-

bution of X and Y.

The random variable T has a probability distribution with an
unknown parameter. The distributions to be considered will be
restricted to those whose sets of positive measure do not depend on the
unknown parameter. In this way, the statement "for almost all t"
will refer to any distribution of T, irrespective of the unknown
parameter.

The problem is then to find the family of functions ha(x) such
that P[Y sha(X)] = 1-a and such that for each K in the sample
space of Y, there exists a unique a such that ha(x) = K. This
will be done by first constructing a (random) function ka(t) such that
PlY <k (T)l = 1-a. Theorem 1 below shows it is possible to construct

such a function.

Theorem 1. Suppose X and Y are independent random



variables with a joint distribution with one unknown parameter and the
sum of the observations, T =X + Y, is sufficient for the param-
eter. If the joint distributionof X and Y is continuous then

ka(t)’ a function of t, can be constructed such that

(1) PlY gka('r)] =1l-a.

If the joint distribution of X and Y is discrete then a ran-

dom function ka(t) of t can be constructed such that (1) holds.

Proof: Since T is sufficient, the distribution of Y given
T has no unknown parameters. It is then possible for each t to
find Kt (a random variable as described in the previous section in
the discrete case) such that P(Y iKt/T =t)=1l-a. Let ka(t) = Kt

for each t and let

1 if Y<k(T)
- a

$(Y, T) =
0 if Y>k(T).
a
Then
PlY gka(T)] = E[¢(Y, T)] = E[E(¢(Y, T)/T=t)]
= E[P[Y gka(T)/T=t)]] = E(l-a) = 1-a.
That is

P[Y gka(T)] = l-a.

Under conditions to be given, the set of y in the interval
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(-°°,ha(t)] maps onto an interval (—°°,hd(x)] and it is possible to find
the o value associated with the interval (—°°,ha(x)]. Let
ga(t) = t-ka(t). In the continuous case, a sufficient condition is that

ga(t) is a strictly increasing function. In the discrete case, a suffi-
cient condition is for ga(t) to be a stochastically strictly increasing

random function.

Definition 3. A function g (t) is said to be stochasticall
a y

strictly increasing if for almost all t, < tZ,

P[ga(tl) <x.]> P[ga(tz) < x whenever P[ga(tl) f_xo] 40 or

of of

P[ga(tz) f_xo] 71.

Theorem 2. Let ga(t) =t - ka(t). If ga(t) is a strictly
increasing function of t when the distributions of X and Y are
continuous or a stochastically strictly increasing random function of
t when the distributions of X and Y are discrete then

Pl[Y <K;x]=P[Y < K/T = xtK] = l-a.

Proof: First consider the continuous case. In Theorem 1l a
function of ka(t) was constructed for each a between zero and one.
It is possible to choose a by selecting the value of ga( ©) say
ga(t) = x provided that there is some a corresponding to the choice.
The value of a is uniquely chosenif 0 <a <1, as will be shown.

For each fixed t,
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l-a = P[Y <k (T)/T = t] = PlY < k (X+Y)/X+Y = t]

P[X > X+Y -k (X+Y)/X+Y t] = P[X >g (T)/T = t].

Since the distribution of X given T =t is free of unknown param-
. _ . . - S _

eters, assigning ga(tO) X, implies 1l-a P[X_xO/T tO] and

therefore a unique a can be calculated.

The fact that ga(t) is strictly increasing implies that if

-1
ga(t) = x then there is only one value of x such that g, (x) = t.
-1
Let ta(x) = ga (x) where ta(x) is defined for all x for which a
value t exists such that ga(t) = x. Then
-1

P[X >g (T)] = Plg

So

P[Y <k (T)] = P[Y _<__ka(X+Y)] = P[X > X+Y - ka(X+Y)]

P[X >T - k(T)] = P[X >¢ (T)] = Pt (X) > T]

H

P[X+Y <t (X)] = PlY < ta(X)—X] = PlY <t (x)-%;x].

The fact that ga(t) is increasing makes it possible for the
equality, PlY < ta(X)—X] = Ply < ta(x)—x;x] to hold. For if ga(t)
were not monotone, ta(x) would not be monotone and the set of values
of t such that t < ta(x) would not necessarily be an interval. This
means that the set of y where y <t(x)-x would not necessarily be

an interval. Therefore the equality would not necessarily hold.
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However, since gu(t) is strictly increasing,
Ply < ku(T)] =Py < tu(x)-x;x] and the function hu(x) can be
defined as h (x) =t (x)-x.
a a

A value of a will now be selected by setting gu(t) =x t+ K.

Since g (t) =t -k (t), g (t) = x+ K implies that k (xtK) = K,
a a a a

t (x) =x+K and h (x) =K.
a a

The proof of the theorem in the continuous case now follows in

a few short steps.

P[Y < K/T = xtK] = P[Y <k _(xtK) /T=x+K] = P[Y <k (T)]

PlY <t (x)-x;x] = PlY <h (x); x]
a a

=PlY <K;x].

In the discrete case, for each fixed t, gu(t) is a random
variable, so that it is not clear what would be meant by g;l(x). How-
ever, it is possible to define a random function tu(x) which plays a
role similar to that played by g;l(x) in the continuous case. Once
tu(x) is defined the proof follows a similar line to that of the continu-
ous case.

Note

l-a = P[gu(T) < X/T=t] = Z Z Plg () < xJP[X=x/T=t] .
t x

Then tu(x) can be defined by P[tu(x) <_t] = P[gu(t) f_x] which gives
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PlX >¢g (T)]

Z Z P(x > g () ]P[x = x/T = t]P[T=t]
t x
= Z Z Pt (x) > tIP[X=x/T=t]P[T=t] = Pt (X)>T] .

It is possible to find the probability distribution associated with

ta(x). First choose x and t and let tO be the largest value of

t such that tO < tl. Since ga(t) is stochastically strictly increas-

ing,

Plt (x) >t,] = Plg (t;) < x] < Plg (t)) <x]=Plt (x) >t

a

Therefore
P[ta(x) = tO] = P[ta(x) > to] - P[ta(x) Ztl] >0 .
This result implies ta(x) is a random function and (-OO,ta(X)-X] is
a random interval.
Define ha(x) = ta(x) - x and note that

{(x,y)5y <k (xty)} = {x,y)iy <h ()} -

Then choose a by selecting k(1 such that P[ka(XO+K) = K]=1.

This implies that P[ha(XO) = K] =1. For the chosen a, the

equalities below prove the theorem in the discrete case.
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P{Y < K/T = x*K] = P[Y < k (x,tK)/T = x *K] = P[Y < k (T)]

0 0 0

= Plg (T) <x] = P[t (X) > T]

P[X+Y < ta(X)] = P[Y < ta(X)—X]

= PlY <h (X)] = Ply <h (xo);x

a a

N

= P[Y gK;xo] .

This proves the theorem and provides a method of finding
P[Y < K;x] by using the distributionof Y given T =x+K to
find 1l-a. It should be pointed out that choosing the value of g, or

k(1 at a point does not constrain the form of the function.

C. Special Classes of Distributions

Showing that the (random) function ga(t) is (stochastically)
strictly increasing when the other conditions for Theorem 2 are
satisfied is not always easy. Three cases will be considered and

examples of each will be given.

1. Conditional Location Parameter Families

Theorem 3. Suppose the conditions for Theorem 1 are satisfied

and let FX|t(x) be the conditional cdf of X given t. Then

a) if £(t) 1is a location parameter for the distribution of X

given t, (F (x) = F(x-2(t)) where [£(t) is a strictly
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increasing function of t for almost all t
b) and in the continuous case if for every K1 and K2 such that
F(K;)#1 and F(K,) 40, K, <K, implies F(K,) < F(K,),
c) then ga(t) is a (stochastically) strictly increasing (random)
function of t.
In addition
d) if 2'(t) is a location parameter for the distribution of Y
given t where £'(t) is a strictly increasing function of t
for almost all t,
e) then P[Y < K; x] = G(K-£'(xtK)) where G(-) is the cdf of
Y - £'(t).
Before Theorem 3 is proved it should be noted that Theorem 5
below is similar. The main difference is that Theorem 5 assumes
2(t) and £'(t) are scale parameters. The proofs for both these
theorems are essentially the same so Theorem 3 will be proved for the

discrete case and Theorem 5 will be proven for the continuous case.

i 1) 1 - =
Proof for the Discrete Case ) FX|t[ga(t)] FYI t[ka(t)]
for almost all t. To prove this statement let the density function for
X given t Dbe let(x) and for Y given t be

= -y). Th i i
let(y) fxlt(t y). Then a change of variable gives
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DN D I

< - <
v (t) <x © <y <k(t)

or

L~ Fy (80D = Fyp i (0) -

FXIt

(k (t)) would also be a ran-

Since k (t) is a random variable, F
a Ylt a

dom variable. But to avoid introducing additional notation,

FYlt(ka(t)) will be taken as the expected value. That is, suppose

a with probability p

k (t) =4
atl with probability 1-p.
Then
FY|t[ka(t)] = Z fY|t(Y) = Z fY|t(Y)
_oo<y§_ka(t) -0 <y<a

+ (1- +1

( p)fY|t(a )
2) FY|tl[ka(tl)] = FY|t2[ka(t2)] for almost all t, and t,.

This follows since k () is defined so that P[Y<k ()T =t]=1-a
for almost all t.

3) Combining 1) and 2) gives

[k (t)]=F

L-Fye lgt))]=F )

1 [k (t,)]=1 - FX|t2[ga(t2)] .

Y|t Ylt2
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4) For almost all t:1 and tZ such that t:1<t:Z

S ] . . .
FXltl[ga(tl)] F ga(tl)] Since £(t) is a location parameter,

(
xltZ
FX|t1[ga(tl)] = Flg (t,)-2(t))] and FX|tZ[ga(t1)] = Flg (t;)-2(t,)]-
Let f(x) be the density function corresponding to F(-).

The expression ga(tl)-l(tl) and ga(tl)-l(tz) need clarifica-

tion. For 0 < p <1

a with probability p

glt)) =
atl with probability 1l-p
so that
a-£(t,) with probability p
2
ga(tl)-f(tz) =
a-f(t,)+] with probability 1-p
Then

e, 8460 = Fla ey

= 25 f(x) + (1-p) X 25 f(x)

-0 < x < a-l(tz) a-l(tz) <x§_a—£(t2)+l

and

FXltl[ga(tl)] Flg (t,)-2(t))]

= Z f(x) + (1-p)(a-£(t,)+1) = a > 0.

-0 < x ia-l(tl)



18
Note that the point a-f(t1)+1 has positive probability since it is a
translation of the point "a+l" which has positive probability with
respect to the distribution of X given T = tl- Recall that £(t) is
a strictly increasing function of t so that a-f(t2)+1 < a—f(t1)+1.
Therefore the probability at a-{ (t1)+1 is not included in the
probability summed to get F(ga(tl)—f(tz))- The probability at

a-£(t)+1 is included at least in part [(1 -p) > 0] when finding

F[ga(tl)—l(tl)]- Therefore

> .
FX'HIthN] FXWthJtﬁ]
3) i i 1 - =1 -
5) Item 3) implies FX|t1[gu(t1)] FX|tZ[ga(t2)] and
item 4) implies 1-- FXItl[ga(tl)] <1 - FX|tZ[ga(t1)] . Therefore

< < .
ga(tl) ga(t?.) when t, <t, for almost all t) and t, and ga( )
is a stochastically strictly increasing function of t.

To show part d) note the condition that ga(t) is strictly increas-

ing gives the condition needed to use Theorem 2. So

P[Y <K;x] = P[Y < K|T = x+K] = [K] = G[K-£(x+K)].

FYlT:x+K

Corollary 1. If £'(t) =bt, b >0, is alocation parameter for

the distribution of Y given t, then for some a, ku(t) = a t+ bt.

Proof: Choose A >0 andlet F [] be the cdf for the

Yt
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distribution of Y given T =t. Then

FY|t[ka(t)] = Glk (t)-£'(t)] = Gk (t)+2£'(2)-2'(8)-2"(t)]
= Glk _(t)+£'(8)-2"(t+2)] = FY|T:t+A[ka(t)+£ "a)]=1-a.
But
g elkal®] = Fy | pogyallegtta)]
s0
FY|T:t+A[ka(t)+£ "(a)] = FYIT:HA[ka(HA)] .

Then ka(t)+£ "(A) = ka(t+A)- But £(A) = bA, where b >0 so

ka(O) + bAa =k (a). Letting a =k (0) gives ka(t) = a + bt.

Q Q

2. Example: The Normal Distribution

Suppose XI’XZ’ Ca ’XI’ Yl’ YZ’ cee YJ are independent nor -

mally distributed random variables with unknown mean u and known
J

I
variance 0'2. Let N=1+4+7J, X = ZXi, Y:ZYJ. and T =X +Y.
i=1 j=1

The conditional distribution of X given t is used to show

£(t) = %It is a location parameter and the conditional distribution of

Y given t is used to find the predictive distribution. The distribu-

2
tionof Y given t s N(%t, o IEJ) and of X given t is
I 21J 1 ) .
N(ﬁt, o T\I—)' It follows that £(t) = Et is a location parameter for

the distribution of X given t. Therefore ga(t) is a strictly
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increasing function of T and Theorem 2 could be applied to find the
predictive probability for Y.

Since £'(t) = %t is a location parameter for the distribution of
Y given t, Theorem 3 can be applied to find the predictive proba-
bility. First note the distribution of Y - { "(t) = Y - %t given T =t

2
is normally distributed with mean zero and variance o IF}I and cdf

G(-). Let H(-) be the cdf of the standard normal distribution.
Then
J . IK-Jx IK-Jx NN
< K; = - = (x+ = _— =
P[Y < Kix] = GIK- L (x+K)] = G[==——1 = H[=( 1T |
oNNT/LT

where ; = x/I.

The predictive distributionof Y when J =1 and X has

- 2N
been observed to be x is normal with mean x and variance o —.
I
The fact that £'(t) = %t is a location parameter implies that

k (t) =a+ (J/N)t. For t =0, the value of a can easily be
q ;

found. Then

P[Y <k (T)] = P[Y < a+(J/N)T] = P[Y < a+(X+Y) =] = P[Y gl}aw?(] .

a

AL

The function ha(x) is linear. This suggests thatif X and Y are
from distributions which tend to be normal, as I and J become

large; ha(x) tends to be linear.
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3. Conditional Scale Parameter Family

Theorem 4. Let FXIt(X) be the conditional cdf of X given

t and FY|t(Y) be the conditional cdf of Y given t.

a)

If the strictly increasing function [£(t) is a scale parameter

K

for the distribution of X given ¢t (F(ﬂ(t)

and in the continuous case if for every K1 and KZ’ such that
F(Kl) 1 and F(Kz) 7 0, K, <K, implies F(KI) < F(Kz)'

then ga(t) is a (stochastically) strictly increasing (random)

function of t.
If the strictly increasing function £'(t) is a scale parameter

for the distribution of Y given t,

K

1 '(x-+K—)) , where G(*) is the cdf of

then P[Y < K;ix] = Gl

Y /2 '(t).

Proof for the continuous case: 1) 1 —Fxlt[ga(t)] = FYIt[ka(t)]

for almost all t. This equation is equivalent to

- k(t)
S‘ dFX't(X): Sa dFYlt(Y),
g (t) -0
a
where y =t - x and FX|t(t-y) = FY|t(y). The result comes from
a change of variable and noticing ga(t) =t - ka(t)’ so

ga(t) < x <9 jifandonlyif -0 <y S_ka(t)-
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2)

Y|t [k (t )] = ‘t [ka(tz)]° This equality follows from the
2

definition of ka(t) .

3) Combining 1) and 2) gives

L - FX|t1[ga(t1)] FY|t1[ka(t1)] = FY|tz[ka(tz)]

1

L - Fyy, [ga(tz)] .

It,
4) Since for K1 < KZ’ F(Kl) < F(KZ) and since £(t) 1is a

scale parameter,

) g(t)

1> Fl

g(t
(t

1 1

!(t )

Fx,l'tl[ga(tl)] F[ Ny ]= X|t2[ga(tl)]’

for almost all t1 < tz-

5) Item 4) states |t1[ga(t1)] > FX|t (g (t )] and item 3)

implies (g (t))] = [g(t,)] . This means g (t,) < g(t,)

X|t X|t

for almost all t, <t, or equivalently ga(t) is a strictly increasing

function of t.
Since the condition that ga(t) is a strictly increasing function

of t gives the final required condition for Theorem 2 to hold,

K] = G[ ] .

P[Y < Kix] = P[Y < K|T = x+K] = 1 (x+K)

Y| T=x+K

This proves part d) of Theorem 5.
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4. Example: The Gamma Distribution

Suppose the waiting time for an event to occur follows an
exponential distribution with expected waiting time 1/B. Let Xi
be the waiting time for a events to occur. Then Xi is distributed

according to a gamma distribution with density function,
- (B
f(x,) = ( )X, e , 0<x <.
Y i

Y are independent identically

Suppose XI’X ARRRER A

2,°'°)XI, YI)Y

distributed random variable from the gamma described above. Let

I J

X=2Xi, Y:ZYJ' and N =I1+17J.

i=1 =1

Since the gamma distribution is reproductive, X, Y and T have
gamma distributions with parameters (Ia,f), (Ja,B) and (Na,P)

respectively. The density functions are

_ B _Ia-1_-xP ©
fX(x) Y(ia) b3 e 0 < x <™,
Ja
B Ja-1 -yﬁ
f = 0 < < 0,
Y(Y) vy(Ja) 4 © 4
Na
B Na-1 -tp
= < 0,
fT(t) Y(Na)t e 0<t<
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Then

___Y(Na) x la-1 t-x Ja-11
(=) (<) :

T y(Ia)y(Ja) "t

_ y(Na) yJa-1 t-y Ta-11
fYIt(Y) Y(Ia)y(Ja)(t) &) t

and

is a scale parameter for the distribution of X

To show that f£(t) = ¢t

given t let z = x|t. Then
K K/t y(Na) Ia-1 Ja-1

=F(5) = 1- dz .

FylelKI8) = T SO Yooy ® R

In a similar way it can be shown that '(t) =t 1is a scale parameter

for the distribution of Y given t. Theorem 4 implies that

K /x+K
S YN zJa_l(l-z)Ia_ldz.

K.
y(Ia)y(Ja)

P[Y gK;x]=G(X+K .

can be found by using

A value K suchthat P[Y iK;x] = .95
K such that

tables of incomplete beta functions to find a value 0

=.95. Then K = Kox/(l-KO).
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5. Conditional Monotone Likelihood Ratio Family

Definition 4. A real parameter family of distributions is said to

have a monotone likelihood ratio if the densities exist such that when-

ever t1 < t;2 the likelihood ratio

is a nondecreasing function of x in the set of existence, that is,

(x) and
1

for x in the set of points for which at least one fX| ¢

(x) 1is positive.

Theorem 5.

a) If the distribution of X given t has density fX|t(x)
which has a monotone likelihood ratio and cdf FX|t(x) and
b) if for almost all t, <t there exists a measurable set A

1 2

in the sample space such that

§dF (x)#SdF (x)
A Xy A Xt

c) then ga(t) is a (stochastically) strictly increasing (random)

function of t.
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Proof: 1) As in the case of Theorems 3 and 4 we have

FXltl[ga(tl)] = FX|t2[ga(t2)] :
This follows since
FY|t[ka(t)] =1 - FX|t[ga(t)]

by a change of variable and since for almost all tl and tZ and

FY|tl[ka(tl)] N FY|t2[ka(t2)] =l-a

by the definition of ka( ).

2) It will be shown that for t1 < t?_

FX|t1(ga(t1)) > FX|t2(ga(t1))-

This will be done by considering t in the distribution of X given

t as a parameter and testing HO: T = t1 against Ha: T = tz-

To find a best test of size a 7 0 the Neyman-Pearson Lemma can

be used. The form of the best a-level test is

1 if ; (x)/fXIt (x) >K

f
x|t 1

0
¢ (%) = B(x) if ¢ (x)/fXIt (x) = K

2 1 0

fX|

0 if fX|t (x)/fX|t (x) < KO

2 1
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where 0 < B(x) < 1. Since fX|t(x) has a monotone likelihood

ratio, fXItZ(X)/fXItl(X) is an increasing function of x. Then

q)a(x) can also be written in the form

0
q)a(x) = B if x = XO
<
0 if x X,
Let X, = X, in the continuous case and X T x4 with probability

B and the next smaller value of x with probability 1-B in the

discrete case. Then

00 o0
Eth)(l(x): S‘ dFXItl(X) =q = S " )dFXItl(X)
X1 Eatl
Since ¢a is unique (Ferguson, 1968), ga(t) = %, and

Let ¢O(x) = a. Then the test ¢O(x) has power a and it is

seen that E ¢ (X)< E_ ¢ (X), since ¢ (x) is a best test of size
tl a - t2 a a

a. If Etl¢a(X): Etzq)a(X) then q)o(x) —a is a

best of size a and q)a(x) must have the form

a and Etzqao(X)
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X|t2 t)
¢a(x) = B if let (%) = folt (x)
2 1
0 if <
i fX|t (x) KfX|t (x)
2 1
Then P =a and fX|t2(X) = KfXItl(X) almost everywhere and this

implies K = 1. But this contradicts condition b) of the theorem.

Therefore Et ¢a(X)< Et ¢a(X) or

1 2
(.oo 00
. dF (x) < 5 dF (x)
X|t X|t

ga(tl) 1 ga(tl) 2
50

Fx|t1(g(t1)) > FX| tZ(g(tl))

3) Items 1) and 2) established FX|t1[ga(tl)] = FX|t2[ga(t2)]

and FX|t1[ga(tl)] > FXItZ[ga(tl)] . Therefore ga(tl) < ga(tz) and

ga( -)  must be a (stochastically) strictly increasing (random) function

of t.

Theorems 2 and 5 will be used to predict observations from the
Poisson, the binomial and negative binomial distributions. In each of
these cases it will be shown that the distribution of X given t s
distributed according to some member of the exponential family which

has a monotone likelihood ratio.
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III. THE POISSON DISTRIBUTION

Theorems 2 and 5 will be used to solve a special case of the
problem stated below. This result will then be extended to solve the
more general problem. Suppose. Xl’ XZ’ cees XI are independent

Poisson random variables observed for periods { 1’ 4 PURRE ,ZI

respectively. The expected number of observations per unit of time,

N\, is unknown. Suppose J more observations Yl’ YZ’ cee YJ
will be taken for periods of length my, My ..., My respectively.
I I
Let X = in and L = Zli. The problem is then to find random
i=1 i=1

variables Kj such that

aj with probability pj

J a;t1  with probability L-p,

where a, 1is an integer and

A. Predicting One Future Poisson Observation

J J
Let Y=ZY,, T=X+Y and M:ij. Then X, Y,
j
j=1 j=1

and T are Poisson distributed with parameters L\, MA and

(L+M)\N respectively. Since T is sufficient for the distribution of
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X and Y, if ga(t) is a stochastically monotone strictly increas-
ing random function of t, then P[Y S_K;x] = PlY f_K| T=x+K]J.
The condition will be satisfied if the distribution of X given t has
a monotone likelihood ratio.
The distributionof X given t and Y given t are easily

found. Since X and Y are independent

The density function for t is given by

-AML+M), t t
+
f (t):e )\(L M) “031:2:
T t!
Then
£ 1 (x) St Iy y™V 4 (==X ()Y
x|t £ (t)  f(t) X1Y! ‘L+M’ L+M
T T
bt x t-x
=( Jp (1-p)"
where p = TiM Similarly
[t ),EtY y
= - .
let(y) (Y)p (1-p)

The conditional distribution of X given t is binomial. Since the
binomial distribution has a monotone likelihood ratio (Ferguson, 1968)

Theorem 5 implies ga(t) is a stochastically monotone increasing
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random function of t.

Theorem 2 then implies

K
+ +K -
PlY < Kix] = P[Y < K|T = x+K] = Z (XYK)pX K-yp)Y .

y=0

For example if L =M and J =1 then

7
3] = 10y L,10-y L)y _
p[Y57,3]_Z(Y)(Z) (5) = .9281
y=0
and
8
. 3] = Iy Lill-y lyy
PlY 58,3]—Z(Y)(2) (507 = . 9673,
y=0

95;3]

7 with probability . 4413 and use K 95 - 8 with probability

To find a value

such that P[Y <K .95 wuse

K.95

T
.5587 (denoted as 7.5587).

It is now possible to find the predictive density function f(y;x).

Theorem 6. Let Z be a random variable with a negative

binomial distribution with parameters x and q = Then

LM~

Proof: The conclusion follows from the two well known results

given by Beyer (1966).
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xtK
1) z (J+x 1 pr _ Z(X;K)quKﬂ{—J
j=0 j=x
x+K K
2) Z (Kj+x)quK+x'-j } Z(K;X)quK+x-j .
j=x j=0

From 1) and 2) it follows that

K

+ - + _-
Pz < K] = Z(_] x-1 x _] Z(K;X)pJqK X-j

j=0 j=0
= P[Y < K|T = x+K] = P[Y < K;x] .
Theorem 6 makes it possible to set up a one-sided or two-sided

prediction interval or any other sort of prediction region and find the

probability that the future observation will be in that interval or region.

B. Predicting J Future Poission Observations

The predictive probability of J future observations,

1 TRERE YI = KJ; x] when Y is sufficient for the distribution

of YI’Y sy ey Y

2 3 is given by the predictive probability that Y = K.

times the probability Yl = Kl’ . ,YJ = KJ given Y = K. That is

P[Y = Ky x] = P[Yy=K.;xJP[Y, = K

1 l,"‘,YJ:KJ/Y:K]-

e Yy
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It is now easy to extend the above results to the case where

1 <J <.

Theorem 7. If X, Yl’ YZ’ C e, YJ are independent Poisson
random variables with parameters AL, )\ml, )\mz, Ce, )\mJ
respectively, (L, m1 , mZ’ e, mJ known) then

m, K m_ K

~ cer e K. +x-1 L \x 1 1 J\J

P[Yl'Kl’ e "YJ'KJ’X'X] - (Kl, . -,KJ)(L+M) (L+M) "'(L+M) ’
J J
where M = S‘mj and K. = ZKJ,- That is, the multivariate pre-
Ld
j:l J:l

Y when X = x 1is a negative

dictive distribution of Yl’ YZ’ R

multinomial (Johnson and Kotz, 1969).

Proof: First observe

m. K
PIY 7K, Y,7K,, -, Y =K ] = (KlK ,KJ_I)(—MI') L (_Kdl) !

That is, the conditional distribution of Poisson random variables given
their total follows a multinomial distribution. This can be shown as

follows:
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P[Y K, ,YJ=KJ]
PlY. = ,...,Y = =K. =
[ 1K) J KJ/Y K.] P[Y=K.]
-)\M)\K. Ky KJ
1 "My

! !

_ K, .KJ.

)\Mv)\K.MK

K. !

tl

Then
P[Y1=Kl, e YJ:KJ;X:X]
= P[Y=K. ;x=x]P[Yl:Kl, Ce YJ:KJ/Y=K.]

[K i il v ][(K l)(%fl-..(%fj
zv(x)K(lK +xi{ L+M ‘ j< ;(

which is the density function of a negative multinomial.

As in the case of one future observation it is possible to use the
predictive density to assign probability to various types of prediction
regions. One particular type of special interval is
Y

Y Y;0<_YJ.<_K for j=1,2,...,7].

l, 2,"', J-
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C. Computing Form of the Negative Multinomial

Values of K have been tabled in the Appendix for 2, 3, 4 and
5 future observations for a = .1, .05 and .0l1. The values in the
tables are random variables as described in Section IIA. In order to
keep the size of the tables reasonable, only one decimal of K has
been tabled. The values have been truncated rather than rounded.
Let L be the period of time X was observed and M be the
period of time each Yj will be observed.

The problem of computing tables is then to find K such that

P[Y1 _<_K1,...,YJ <K;x]=1-a using
(1) PlY, <K, ..., ¥ <Kix]
K K '
= -1)! +.
_ Z E (ylﬂ- +YJ+X 1! < y1+y2 +YJ
y oy tx-1)! P4

IS S ¥
P=1TyiMm 2% 97 LM

where

Direct computation of K for large values of x requires
excessive amounts of computer time except when p is near 1.
However a transformation makes possible the computation of the tables

using a reasonable amount of computer time. Let

= » = + 3 r v ey = + e .
217V E7Y Y, 257y Yot oty
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min[zJ, (T-1)K]

JK
X zJ ]
S - L. +x-1)1! —_—
®-1)1 [, 2gtebia 2 (z;-2; )
=0 = -
zJ zJ_1 ma,x[O,zJ K]
min[zZ,K]

zl=max[0, zZ—K]

Computational form (2) requires considerably fewer arithmetic
operations than form (1). In addition computations used for tables of
J future observations, can be used for tables of future J+1

observations. To illustrate this define

min[zZ,K]
B 1
SZ:Z :K B Z ¥4 '(Z -7 )'
2 _ [0 —K] 1 2 1
z, max|0, z,
and
min[zJ, (J-HK]
; Z 1 s
] H - - ' —1: ]
! ZJ : z :max[O z —K] (ZJ ZJ-I) ! zJ_l :
J-1 T

Then
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K

2K
X Z2
< ;x) = -1)!
PlY, <K Y, <K;x) —L(X_l)! Zq (z,+x-1) Sz,zz,
z2=0

and

L. JK,

N - B J
< K, < Kyeney <K; = +x-1)!
<K Y,<K YJ__Kx] =0/, @ (z +x-1) 1S

=0
Zy

Ply

1 J,z ,K '

J

Perhaps as important as the fact that computations used for J
future observations can be used for calculations for J+1 future

observations, is the fact that SJ . K is independent of p, q and
H J-’
x. Therefore one set of SJ z K values can be used to develop the
’ J-,

entire table for J future observations. Computational form (2)
requires storing (ZJ +x-1)! in memory. For the CDC 3300, at
Oregon State University (zJ+x—l) must be less than 171. If larger

values are needed, an alternate computing form is available. Note

that
1
! _ 1 - !
zl.(z2 zl)....(zJ zJ-l)'
! 1 !
o 73 %1
- 1 - 1 - 1. .. 1 - 1 1
zl.(z zl). ZZ(Z ZZ) zJ_l.(z zJ-l)'zJ

This observation can be used to show
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P[Y, <Ko, Yo < K;x])
. (-1 . ,
IK ] mm[zJ (J-1)K] ] mln[z2 K]

_ X J‘zJ’+x~l { J) (ZZ)
-2 ), () ) .
zJ=0 zJ_1=max[0,zJ-K] z1=max[0,z2~K]

Then by defining
min[zZ,K]
: z
2
CZ,ZZ,K - Z (zl)
zlzmax[O,zz-K]
and
min[zJ,(J~l)K]
z
- J
2.k Z (z )CJ—I,z VK
J z =max|[0, z -K] J-1 J-1
J-1 T

it can be seen that computing form (3) has the same advantages as does

form (2). However, for form (3) the largest number stored is

z +x-1

J i + tx-1)/2 i i
- ) where W s (zJ x)/2 or (sz )/ whichever is an

zJ+x-l
W
150122 =7.1560 x 10307 which may be stored in the

) is much smaller than (z_+x-1)! .

integer. The term ( 7

For example (
306 . .

CDC 3300. But 170! =7.2574 x 10 and is the largest factorial that

can be stored. So form (2) can be used when (zJ+x-—l) < 170 and

form (3) can be used when (zJ+x—l) < 1028.

But form (3) also has a difficulty which can partly be overcome.
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In order to compute C for various J and K, it would be
J, zJ, K

reasonable to start by computing a two-dimensional array containing

(a+b

a) for all required values a and b. However two-dimensional

arrays are more difficult to access, causing method 3 to use more
computer time. Also two-dimensional arrays become large very fast.
For example if z_+x-1 =170, the required array could not be
stored in the CDC 3300. However both of these computational prob-
lems can be overcome at the expense of some additional computing

time. At each computational step, a series of combinations of the

z
+
form ( J l) are needed, where 2z is constant and
z; J+1
max[O,zJ+l-K] < zJ ﬁmln[zJ+l,JK]. These combinations can be

computed and stored in a one-dimensional array. In the next computa-

Z +1
+1
tional loop, combinations of the form ‘ Jz ) are needed. These
J
are easily computed since
+ +1
(ZJ+1 1) %741 (ZJ+1)
27 41725V %y

Because the one-dimensional array requires little storage, memory
space is no longer a problem. There is additional computer time
required, since the combinations will be recomputed many times.

The values of CJ z K tend to get too large and the values of
b J.’

SJ 7z K tend to get too small. In special applications, it is easy to
b J-’

combine the two methods so that overflow or underflow will not be a
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problem.

Equation (1) was coded for J =3 K=0,1,2,...,19 and
x=1,2,...,20. About ten minutes of computer time was used to
calculate the probabilities with q = .2 . Identical results were

obtained using both the computing forms. The computer time used
when forms (2) and (3) were used was less than 15 seconds in each

case.

D. Approximating the Negative Multinomial

The tables in the Appendix are bulky and do not include all cases
that may be of interest. C.G. Khatri and Sujit Kumar Mitra (1969)
give methods for approximating the negative multinomial distribution.
In this thesis, another approach will be taken.

Suppose Y has a negative binomial distribution with param-
X

eters x and p. Then YZZZ,1 where z, has a geometric

i=1
distribution with parameter p. Since the variance of z, is con-

stant for all i, the central limit theorem implies that as x tends
to infinity, Y tends to be normally distributed.
The situation is similar in the multivariate case. The vector

Y.) is the sum of x multivariate geometric random

(Yl’YZ""’ J

variables with mean vector (q/p,q/p,---,q/p) and a positive

definite covariance matrix || 6,13, q/ptq/p| where 6,13. is the
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Kronecker delta. The central limit theorem as given by Samuel S.
Wilks (1962) states that Y Y, YJ has a asymptotic distribu-

tion which is multivariate normal with mean vector x(q/p,...,q/p)

and covariance matrix xV where

’

2 2 2 |

r+r r r

2 2
T r+r r2
V =

2 2 2

Lr r r+r

and r = q/p.
If it is assumed that Yl, YZ’ cee, YJ are approximately multi-

variate normal then

1/2

1/2
P[Y. < N(x+c)+x (N(N+1)) / W(J,p,y) for j = 1,2,...,7]1 = v,

;=
where N = M/L, c¢ is a correction term, W(J,p,y) 1is the 100y
percent point of the distribution of the maximum of J joint unit
normal random variable with correlation p = M/(L+M). This follows
since for the negative multinomial E(Yj) = x(q/p) = x(M /L),

var(YJ.) = x(q/p)(1+q/p) = x(M/L)(1+M/L) and

)2 2 '

cov(YJ,, Yi) = x(q/p)” = x(M/L)

If the value K is approximated using

A 1/2 1/2
/ /W

K = Nc + x (N(N+1)) (J,p,y) + Nx
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A
the difference K-K will be small when x is large. The values of
W(J,p,y) have been tabled by Gupta (1963) and Milton (1963) for
some values of p.
The tabled values of K were fitted to the equation
1/2 . . .

K=A+ Bx + Nx using regression techniques for values of x
between 21 and 40. The largest residual was less than .2 . This
was somewhat surprising since the tabled values were truncated after

the first decimal. It was observedthat A and B were functions

of N =M/L. In fact fitting A and B to the equations

>
n

+
CO ClN

-1
N
d0 + le + d2

vy}
"

usually gave values of A and B to within .1 of the values
obtained from the tables and often much closer.

The values of A and B can be calculated using Table 1.
The three examples illustrate the accuracy of the method. They also

A
indicate that K-K 1is small even when x is small.
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Example 1. Two Future Observations. For y=.90, L =M=,

A bl A
A =.0710, B =2.2889, and K= .0710 + 2.2889X + X.

A\
X K Tabled K
1 3.36 3.0
4 8.65 8.5
9 15.94 15.7
16 25.17 25.0
25 36.52 36.2
36 49.80 49.9

ExamEIe 2. Three Future Observations. For y = .95, L =4,

A A A
M=1, A=.2832, B =1.1798, K= .2832 + 1.1798X + .25X.

A

X K Tabled K
1 1.71 1.6
4 3.64 4.1
9 6.07 6.0
16 9.00 8.9
25 12.43 12. 4

36 16. 36 16.4
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Example 3. Five Future Observations. For vy =.90, L =10,

A A A
M=1, A=.0736, B=.7000, and K= .0736 +.7X +.1X .

X IK Tabled K
1 . 87 .7
4 1.87 1.8
9 3.07 2.9
16 4.47 4.3
25 6.07 5.9

36 7.87 7.7



Table 1. One-sided Poisson prediction jntervals.

< .
P(YI_K!,,, YJ-

N = M/L.

A A
< K;x) =y, K= A+BX +NX,

Two Future Observations

A

y=.90 A
B

A

Y= .95 A
B

_ A
y=.99 A
B

Three Future Observations

2.

= -.2166 + .2876N
= +.5103 + 1.7916N -

= -.0448 + .7058N
= +.5967 + 2. 1991N -

= +.3764 + 1.8174N
= +.7890 + 2. 9167N -

0639N

5966N
0622N

. 1033N
.4233N

.5035N
.1716N

.6159N

. 1347N

- 1198N
.5223N

. 4376N

v = .90 A = -.1307 + .4355N
B = .5752 + 1.9594N

y = .95 § = .0578 + .9016N
B = . 6585 + 2.3450N

y=.99 A = .4606 + 3.3391IN
B = .8323 + 3.

Four Future Observations

y= .90 A=-.0575 +.
B=.6174+

y=.95 3;: L0985 + 1
B=.7133+2

y=-99 5:.62%+3
B =.8533 +3

Five Future Observations

v =-90 §=.01zo+
B =.6613 + 2

y = .95 A=.1831+1
B =.7338 +2

v = .99 §,=.5712-+z
B = .8886 + 3

.2185N

.01301IN

.01445N

.0959N

.01625N

.02012N

.01549N

.01814N "

.02028N "

.01752N

.01852N

1

.01470N'1

1

1

1

1

1

1

1

.02110N "}

1
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IV. THE NEGATIVE BINOMIAL DISTRIBUTION

The development of prediction intervals for the negative binomial
random variables is similar to that for the Poisson random variables.

Suppose X,,X,,...,X. are independent negative binomial random

172 I

variables with an unknown parameter p and known parameters

r.,,Ir,,«-+,r

1’ T2 respectively. Suppose Y, YZ’ o, Y are inde-

I 1 J

pendent observations each from a negative binomial distribution with
unknown parameter p and known parameters sl, sZ, c e, sJ

respectively. Let

I I \ J J

X=ZX., G=Zr., Y=ZY., F3=Zs, and T=X+Y.
1 1 J J

i=1 i=1 j=1 j=1

The problem is then to find random variables Kj such that

aj with probability pj

J aj+1 with probability 1l-p,

where a. 1is an integer and
J

< < < ; =y .
PlY, K, Y, <Ky oo, Yo S Kpsx] =y

1 1’72

A. Predicting One Future Negative Binomial Observation

The random variables X, Y and T have a negative binomial
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distribution with unknown parameter p and known parameters a,

B and a+P respectively.

Since T is sufficient for the distribution of X and Y
PlY < Kix] = P[Y < K| T = x+K]

if ga(t) is a stochastically strictly increasing function of t. This

condition will be satisfied if the distribution of X given t has a

monotone likelihood ratio.

The density functions for X, Y and T are

_ fatx-1y a X _
fX(X)_(O.-l P(l‘P) H X_O,]-,Z)"'

_ (Bty-1} B y _
fY(Y)_‘ ﬁ-l ,P (1'P) ) y'—O,l,Z,..., and
_ fotBtt-1} aotf t ~ '
fT(T) - ( 0-+F3‘1 p (l'P) ) t = 0, 1, 2, o e respectlvely.
Then
atx-1y B+t-x-1
£ ( _( a-1 )( B-1 )
X|t * - atP+t-1
( 0.+[3—1)

t, _ylatB) y(t-x+8)y(x+ta)
x " y(a)y(B) y(t+a+p)

This is a beta negative binomial density as described by Thomas S.

Ferguson (1968) and Johnson and Kotz (1969). Similarly
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gty xlatB) yly+B)y(t-yta)
1 = ) Yy “verarer

In order to show ga(t) is a stochastically strictly

increasing function of t, it will be shown that f (x) has a mono-

X\t

tone likelihood ratio. The ratio is

fxleni® ¢ —{t=x)! (t+i-x+B-1)!

fx‘t(x) T Y (t-x+B-1)! (t+i-x)!

where C is a constant for fixed a, B and t. When t < x < t+i,
the ratio is of the form f(x/t+i)/0. If P =1 then the likelihood
ratio is constant for values of x <t. Inthis case, the likelihood

ratio is monotone. If B >1, then

1™ (prioxtBo1)(bhiox+B-2). . . (tHi-x+])

le t(X) (t-x+B-1)(t-x+P-2). .. (t-x+t1)

where there are P-1 factors in both the numerator and denominator.

(t+i-x+B-7)

(t-x+6-j) where

The ratio of the factors is of the form
j=1,2,...,B-1 . Each of these ratios is increasing as x increases
when 0 < x <t. Therefore the likelihood ratio is monotone and ga(t)

is stochastically strictly increasing. Then Theorem 2

implies

K
col = x+Ky y(a+B)  y(x+K-yta)y(y+B)
) PIY < Kix] Z( v VYay®  yrkrarh)
y=0
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For any value of K Equation (1) makes it possible to find the pre-

dictive probability.
Theorem 8. Let Z be a random variable with a beta-negative

binomial distribution, with parameters a, B, and x, thatis,

£ (z) = (z+x—l y(at+B) y(xta)y(z+B)
Z x-1 T y(a)y(B) y(xtztat+P)

Then P[Y <K;x]=P[Z <K].

Proof: Two well known results will be used.

1
a)g za-l(l-z)ﬁ-ldz - Ya)y(P)

0 y(a+pB)
x+K K
x+J l XJ xtKy j K+x+j _ K+xy j Ktx-j
j=0 j=x j=0
Then
K
_ y(atB) Y(at+x)y(j+B) ¢jtx-1
Plz < ¥] y(a)y(B) ylatB+x+j) ¥ x-1
j=0

:MZ g X(l ZJ+5 (j+x-l)

y(a)y(B) x-1



50

K
_Y((c?)t/(ﬁ) g 202 Z(K;X)ZK+Z—J(1-Z)J dz
0 i<
= 1
—_ MB_) K+X S a+K+X—j J+F3
" J@v(B) Z(j )) - (1-2)7 Pz
j=0

K
_ z y(atp) Y(K+x-1+a)v(i+E(K+X)
y(a)y(B) vy(K+x+atp) j

j=0

= P[Y < K;x] -

Theorem 8 makes is possible to set up a one- or two-sided prediction
interval or any sort of prediction region and find the probability that
it contains a future observation.

Since the beta positive and negative binomial distributions are
not well known a comment is in order. Thomas S. Ferguson (1968)
points out that if U has a beta distribution and if the conditional dis -
tribution of V given U = u is binomial then the distribution of V
is beta-binomial. It will be shown that if the conditional distribution of
V given u is a negative binomial distribution rather than a binomial
then the marginal distribution of V is beta-negative binomial. The

density functions of V given u andof U are

rtv-1y r v

(N):( u (l-u), v=0,1,2,...,

v-1

and
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_Ya)y(B) a-1 B-1
fU(u) = Yath) u (1-u) 0

IA
=

(A
—

respectively. Then

£ (v) = (0.)+‘3 r+v- I)S‘ atr- l ) )v+5—1du

v (a
_ Yla)y(B) r+v 1y ylatr)y(v+B) B
Y(O.'i‘ﬁ ( X+I‘+O.+B) v - 0,].,2,...

Johnson and Kotz (1969) give additional details and references for

these distributions.

B. Predicting J Future Negative Binomial Observations

The results for one future observation can be extended to J
future observations using methods similar to those used in the exten-

sion for Poisson random variables.

Theorem 9. If XI,X,.--,X,Y Y

2 I 1’ » Y are independent

URRE 5

negative binomial random variables each with unknown parameter p

and known parameters TysTos s rI, Sy CPYRERRE sJ respectively,
then
PlY =K, Y,°K, Y =KX x]
+ + + +
i v(atB) (s ty )v(s,ty,)- - vis, y)v(x a)( yhx-1
J Vi:V9s -5 Y )
1"72 J
y(a) I y(s.) ylatx+ Bty
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where

I
x:in, a:Zri, y:Zyj and ﬁ:Zsj-

i=1 i=1 =1 j=1

This is the density function of the multivariate beta-negative binomial

distribution.
J
Proof: Let K. = ZKj and Y = ZYj. Then
j=1 j=1
(sl+Kl-l sJ+KJ-l
Kl K )
P[Y1=Kl,...,YJ:KJ|Y:K.]: SR 1
(" )
This follows since
s +tK. -1 s_tK _-1
_ _ _ 1 1 J T B K.
1 J
and
B+K. -1 K.
P[Y:K.] = ( K. )pﬁq
Then
PlY.=K Y =K_|Y=K.] = Py, Ky ’YJ:KJ]
l l, L ) J_ J_ . P[Y:K ]

The theorem follows from the equalities below.
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P[Yl:Kl’ o s ey YJ.:KJ.; X:X]
= P[Y=K. ;X:x]P[Y:Kl, e YJ:KJ| Y=K.]
(s +K ) (s +K )
- y(at+B)  y(xta)y(K.+B) (K +x-1 ]
v(a)y(B)  y(xtK+ta+p) K.+;3-1)
K.
_ y(a+B) vis) HKy) - vls R (xte) K. +x-1
J y(x+K+a+B) (K Ky, KJ) '
y(a) IT ¥(s,)
=1

This is the density function for the multivariate beta-negative binomial.
It can be used to find the predictive probability associated with any

prediction region.
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V. THE BINOMIAL DISTRIBUTION

The development of prediction intervals for binomial random
variables is similar to that for the Poisson and negative binomial

random variables. Suppose Xl’XZ’ e ,XI are independent

binomial random variables with common unknown parameter p and

known parameters m_ ,m_,...,m_ respectively. Suppose

1 2 I

Yl’ YZ’ cee YJ are independent observations each to be taken from a

binomial distribution with unknown parameter p and known param-

eters n., n_,--.,n T respectively. Let

1’ 2

I I J

x=zx., MIZm., Y=S‘Y,, N:Zn. and T=X+Y .
i i L7 j

= i=1 =1

i=1

The problem is then to find random variables Kj such that

aj with probability pj

) aj+1 with probability l—pj

where 2, is an integer and P[Y1 <Kpoos Y < KJ;x:x] = y.

A. Predicting One Future Binomial Observation

The random variables X, Y and T have binomial distribu-
tions with common unknown parameter p and known parameters M,

N, and (M+N) respectively.
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Since T is sufficient for the distributionof X and Y,

P[Y < K;x] = P[Y < K|T = x+K]

if ga(t) is a stochastically strictly increasing function of t. This
condition will be satisfied if the distribution of X given t has a
monotone likelihood ratio.

The density functions for X, Y and T are

M, x M-x
= 1’ - 1, 2', 1) 1
fX(X) (X )p (1-p) , x =0, M
N N
£ (y) =( pYa-p” Y, y=o0.1,2,...,N and
Y
+ +
f (t) = (M N)pt(l-p)M N t, - O, 1, 2', ,M+N
T t
respectively. Then
My N
_ (x)(t-x) .
(x) = —/———, max[0, t-N] <x < min[M, t] .

X|t (M:N)

The conditional distribution of X given t is hypergeometric.
Since this distribution is known (Ferguson, 1968) to have a monotone

likelihood ratio, it follows that

S (K:\:-Y)(I;I) ,
. (xx

P[Y < K;x] = P[Y <K|T=x+K] =
y:max[O,K+x—M]

K < min[N, x+K] .
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Theorem 10. Let Z be a random variable with a negative

hypergeometric distribution with density function

(xl\—dl) (I\ZI)M'XH

z'% T TMFN
(x+z-l

s 0 <z <M+N-x.
)M+N-z-x+l

Then

Proof: It will be shown that for

max[0, K+x-M] < K < min[N, x+K] ,

i (icre-)(3) Z (M) e

M+N M+N‘
M+N-x-y+1
y=max[O,K+x—M] (x+K y=0 Wx+ty-1 N-x-y
To show this equality note that
K ( K
Z K+x-2)(y) M+Ny- z M+N-x+K) x+K
M+N ( (
y=max[0, K+x—M] x+K y=max[0, K+x-M]
and
K
-x+
z x-l)(V)M xtl M'N' x+y 1) {(M+N-x+y) !
M+N —x)y ! (N-y) 1 (M+N) !
+N-x-y+1
y=0 X+y-l)M N-x-y y:o

M+N) z (x+y 1) M+N-x- y
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Since Lieberman and Owen (1961) and Thatcher (1964) have shown

K

MN+N) z M+1\1;I—-;:-K) (x+K (M+N) Z (x+y l)(M+N X- y
y:max[O,K+x—M]

the results of the theorem follow.

The negative hypergeometric distribution arises when sampling
without replacement in the same way the negative binomial distribution
arises when sampling with replacement. Suppose an urn contains M
black balls and N white balls and sampling without replacement is
continued until X Dblack balls are obtained. If Y is the number of
white balls obtained, then Y has a negative hypergeometric distri-
bution.

As in the case of the other discrete distribution, the theorem
makeé it possible to set up a one- or two-sided prediction interval or
any sort of prediction region and find the probability that it contains a

future observation.

B. Predicting J Future Binomial Observations

The above results can be extended to J future observations

using methods similar to those used in the preceding sections.

Theorem 11. If Xl,XZ,..-,XI, Yl,YZ,---,YJ are independ-

ent binomial random variables, each with unknown parameter p and
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known parameters My, My, My Ny, N, e, Ny then
1 n
ML l 2) (J)
-x+
(M-x+1) ‘x-l)(l;l) K,k
P[Y,=K.,Y.=K.,..., Y =K_; X=x] =
1 71072 2 J T M+N
(M+N-x-K.+1) (X+K._1
where
I I J J
X—Zx, MZZm., N:Zn, K:ZK
1 1 J J
i=1 i=1 j=1 j=1
J
Proof: Let Y = ZYJ and note that
j=1
(nlwnz) ‘nJ)
_ _ B B e J
P[Yl—Kl,YZ—KZ,...,YJ—KJ|Y—K.] = (N) .
K.
Then
P[YIZKI, ce YJ=KJ, X=x]
= PlY =K.;X=x]P[Y =K, .., YJ=KJ| Y=K.]
n n
1 {“2 J
- (M-x-1) x-11VK. 1 2 J
M+N N
|£M+N-X-K.+1) (x+K;—1 (K)
(O ()
0
__ (M-x+1) x - LK TR Ky
_ M+N )
(M+N-x-K.+1) K1
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This is the density function of the negative multivariate hypergeo-
metric distribution. It can be used to find the predictive probability
associated with any prediction region.
Finally it should be noted that exact probabilities for any x

and M are easily computed when Kl = KZ = ... = KJ and

n., =n —---=nJ using
K

K
(M-x+l)(iv_11, Zl nl) i(nJ
M+N (yl Vg
0 YJ:O

(M+N-x-K+ D[ ol
' 1

(M-—x+l)(i\/_11) [kzl (nl !
Y1

i M+N I
+N-x-K+
(M+N-x-K+1) +K.—l) 20
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VI. COMMENTS AND SUGGESTED TOPICS FOR
FURTHER STUDY

The result in Theorem 2, that under given conditions,

PlY < K;x] = P[Y < K|T = x+K] ,

can be expanded for J future observations at least for the normal

distribution.

Theorem 12. If XI,XZ,---,XI, Yl,YZ,--- 3

independent normally distributed random variables with a common

2
unknown mean and known variance o and if

I J I
T:ZX.+ZY. and t ZZX.+JK
i j 0 i
i=1 j=1 i=1
then
< =
PlY, <K, Y, <K, ,YJSKIT to!
I I
= < =
Py, <K, Y, <K, Y, <K le le]

The proof is long and not very interesting or useful. It depends
on the special properties of the normal distribution. However, the
theorem does suggest it may be possible to extend Theorm 2 for use

in predicting J future observations directly.
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The idea of conditioning on the sum of the observations can be
used when there is more than one unknown parameter. For example,
consider predicting one future observation for the normal distribution

when both parameters are unknown. It can be shown that the distribu-

tion of XI’XZ’ ce ’XJ given T =t is multivariate normal with
mean vector (t/(I+1),t/(I1+1),...,t/(I1+1))' and covariance matrix
1 -1 -17]
I+1
_—l -1 I i

Then t may be treated as a parameter and a uniformly most accu-

rate invariant or unbiased confidence interval, I(x), may be found
I

for t. Subtracting in from each point in I(x) gives a predic-

i=1
tion interval for y. This interval is the same one given by Hahn

(1969). The idea of conditioning of the sum of the observations and
then removing remaining parameters by requiring invariance or

unbiasness may be useful for other distributions.
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APPENDIX

Table of Negative Multinomial for Predicting
Poisson Observations

Section IIIC described the computational aspects of this table.

The table can be used to find K such that

Recall that K in the discrete case is a random variable. The
fractional part of the tabled values are the truncated probabilities that
K take the integer part plus one of the tabled value. The tabled
values are as described in Section IIA. To find conservative predic-
tion intervals choose the smallest integer greater than the tabled value
of K. Values have been tabled for 2, 3, 4 and 5 future observations,
for =.1, .05 and .01 andfor x taking on values one through
forty. The value L is the number of periods of time x was
observed and M is the number of periods of time each Yj will be

observed. Note the tables are only a function of L /M.
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2.00 165.3 17.4 18,1 18.7 19,4 20.0 20.6 21.3 21.9 2.5 23.1 23.8 24sb 25,0 25.6 26.3 26.9 27.5 28.1 28.7
2.20 15,4 16.0 16.5 17.2 17.3 1844 18.9 19.5 20.1 20.7 21.3 21.8 224 22,9 23,5 24,1 24.T7 25,2 25.8 26.4
2.25 15.1 15.7 16,3 16.9 17.5 18.0 13.6 19.1 19.7 20.3 20.8 21sbk 21e% 22¢5 231 23,6 24e2 24e7 25.3 25.8
2.32 14.7 15.2 15.3 16.3 16.9 17.5 183.0 18.6 19.1 19.06 20.2 207 213 21,8 22.3 22.9 23.4 23,9 24.5 25.0
2.43 1603 14,8 15,4 15,9 16.5 17.0 17.6 18.1 18.6 19.2 16,7 2062 20,7 21e3 2148 -22,3 22,8 23.3 23,8 2u.b4
2.53 13.8 1w.3 14,8 15.4 15.9 16.4 16,9 17.5 17.9 18.5 19.0 19.5 20.0 ?20.5 21.0 21.5 22.0 22.5 23.0 23.%
2.60 13.3 13e3  14.4 1468 15,4 15.9 10.4 1oe8 17.4 17.83 18.3 18.8 19.3 19.8 20.3 20,8 21,3 21.7 22.2 22.7

2.¢€7 13,0 13.6 14.0 14.5 15.0 15.5 16.0 1A.5 16.9 17.5 17.9 18.4% 18.%9 19,4 19,8 20.3 20.8 21.3 21,7 22.2
Z.80 12.5 12.9 13,5 13.9 14.4 14,9 15.3 15.8 16.3 16.7 17.2 17.6 18+.1 18.6 19,0 19,5 19,9 20.% 20.8 21,3
2.69 11.9 12.2 12.7 13.1 13.6 14.0 14.5 14.9 15.3 15.7 1€.2 16.6 17.0 17.5 17.9 18.3 18.7 19.2 19.6 20.0
J.2¢C 11,1 11.6 12.0 12.4 12.8 13, 13.7 14,1 145 14,9 15,3 15.7 1641 16.5 16,9 17.3 17.7 18.1 18.5 18.9
.23 19.8 11.2 11,5 11,9 12,4 12,8 13.2 13.6 13.9 14e4t 1448 15.1 15,6 15,9 16.3 16.7 17.1 17.5 17.8 18,2
2.0 10.6 40.9 11.4 11.39 12.2 12.6 12.9 13.4 13.7 4.1 14,5 14.9 15.3 15,7 160 16.4 16,8 17.2 17.6 17.9
3.680 10.3 1d.7 11.1 11.5 11.9 12.3 12.6 13.0 13,6 13.8 14,1 14,5 14e% 15,3 15,6 16,0 16,4 16.7 17.1 17.5
3.69 10.1 10.5 10.% 11,2 11.6 11.9 12.4 12.7 13.1 13.5 13.8 14.2 14.5 14,9 15,3 15.6 15.9 16,3 16.7 17.0
3.67 3.9 10.3 10.7 11.0 11.4 1148 12.1 12.5 12,9 13,2 13.6 13.9 14¢3 14e7 15,0 15.4 15.7 16+1 1€.4 16.8
3.75 S.7 10.1 13.5 19.3 11.2 11.6 11.9 12.3 12.6 12.9 13.3 13.7 14¢0 14,6 14,7 15,1 15.4 15.8 16,1 16.5
3.80 9.6 19,0 10.4 10.7 11.4 11,4 11.8 12.1 12.5 12.8 113, 13.5 13.9 4.2 14,6 14,9 15.2 15.6 15.9 16.3
4.900 3.2 9.6 3.9 10.3 10.6 10.9 11.3 11.6 11.9 12.3 12.6 12,9 13¢3 13,6 13.9 14,3 14.6 14.9 15,2 15.6
4.25 8.4 9.1 ER) 9.7 10.0 1f.4 10.7 11,0 11.4 11,7 11.9 12.3 12.6 12,9 13.2 13,5 13.8 14,1 14,5 14.8
4.73 3.6 3.9 9.3 9.0 9.9 106.2 13.5 10.8 11.2 11.5 11.8 12.1 12.4 12,7 13,0 13,3 13.6 13.9 14,2 14.5
4.50 8.4 8.7 3.9 9.3 9.6 9.9 10.2 10.5 10.9 11,1 11,4 11.7 12.0 12.3 12,6 12.9 13.2 13.5 13.8 14.0
k67 3.1 3.4 8.7 9.0 3.3 9.6 3.9 10.2 10.5 10.8 11.0 11.4 11,6 11.9 12.2 12.5 12.86 13.0 13.3 13.6
5.00 7.7 7.9 8.2 8.5 3.8 €.0 9.3 9.6 9.9 10.2 10.6 10.7 10.9 11,2 11.5 11.8 12.0 12.3 12.6 12.8
5.31 7.3 7.5 7.8 3.0 8.3 .6 8.8 9.1 9.4 9.6 5.9 10.1 10,4 410.7 10.9 11,1 11.4 11,7 11.9 12.1
5.52 7.0 7.3 7.6 7.8 8.1 8.4 8.6 8.9 9.1 9.4 2.6 9,9 10.1 10.& 10.6 10.8 11.1 11.4 11,6 11.8
6.C0 6.0 6.8 7.0 7.3 7.€ 7.8 3.0 8.3 8.5 8.7 8.9 9.2 9.4 9.6 9.5 10.1 10.3 10.6 10.8 10.9
€.33 5.3 6.5 6.3 6.9 7.2 7.5 7.7 7.9 8.1 8.3 8.6 8.8 8.9 9.2 Sele 9.7 9.8 10.1 10.3 10.5
6.50 6.1 6.l 6.6 €.8 7.0 7.3 7.5 7.7 7.9 8.1 8.k 8.6 8.8 9.0 9.2 9.5 9.7 9.9 10,0 10.3
£.67 6.0 6.2 6.5 6.7 6.9 7.1 7ol 7.8 7.8 7.9 8.2 B.b 8.8 8.8 S.0 9.2 2.5 9.7 S.8 10.0
7.09 5.3 6.0 6.2 6.5 6.7 6.8 7.0 7.3 7.5 7.7 7.8 . 8.0 8.3 8.5 8.7 8.8 9.0 9.3 2.5 9.7
Te5* 5.5 5.7 5.3 6.0 6.3 6.5 6.7 6.8 7.0 7.3 7.5 7.6 7e8 8.0 8.2 8.4 .6 8.7 - 8.9 9.1
A.00 5.2 S.b 5.b 3.8 5.9 e.1 6.3 6.5 6.7 6e8 7.0 7.2 7.4 7.6 7.8 7.9 8.1 8.3 8.5 8.6
3.90 4.9 5.1 5.3 5.5 5.7 5.8 6.0 6e2 6.4 6.6 6.7 6.9 7.0 7.2 Tele Teb, 7Ta7 7.9 8.0 8.2
9.0 4.7 4e9 S5ed 542 5.l 5e6 5e7 5.9 640 6.2 €.l 6.6 Q8.7 8.9 7.0 T.2 Tele 7.5 Te7 7.8
9.51 heb 4.7 4.8 5.0 5.2 S 5.5 5.7 5.8 5.9 €e1 6.3 €.5 €sb €.7 6.9 7.0 7.2 Tole 7.5
16.600 boty 4.5 4.7 4.3 “.9 Sel 543 5.5 5.8 Se7 5.9 6.0 €.2 €.3 €.S 6.6 6.8 6.9 7.0 T.2
11.09 4.9 4o2 4.3 4e5 4.6 b.7 4.9 5.0 5.2 53 5.5 Seb S5e7 5.8 5.9 6.1 6.3 6.b 6.5 6.7
1z.C¢0 3.3 3.9 4o U 4ol 4.3 4.5 bed 4o7 4.3 4.9 £.0 52 £¢3 5.5 5.6 5.7 5.8 5.9 6.0 6.2
12.C¢C .6 3.7 3.8 3.9 4.0 Lol 4.3 bols 4.5 LY 4.8 4.8 beS 51 5.2 Sels 5.5 5.6 5.7 5.3
14.C9 3.4 3.5 3.6 3.7 3.8 2.9 4.0 4ol 4.3 bob 4.5 4eb 4.7 4e8 4.9 5.0 ° S.1 5.3 .4 5.5
15.00 3.1 3.3 Jou 2.5 3.6 3.7 3.8 3.9 4.0 4ol 4.3 4ol 4.5 4eb Le? 4.8 4.8 4.9 5.0 5.2
1e.00 2.9 3.1 3.2 3.3 3.5 l.0 3.7 3.7 3.9 J.9 4.9 4ol 4.2 bele 4.5 beb 46 b7 XY} 4.9
17.40 2.8 2.9 3.9 3.1 3.3 Job 3.5 3.6 3.7 3.8 1.8 3.9 4, 0 boel he2 4.3 bol 4.5 @.6 ho?
18.01 2.7 2.3 2.3 2.9 3.1 1.2 3.3 3.4 3.5 3.6 2.7 3.8 3.8 3.9 4.0 LTS 4.2 4.3 ol 8.5
19.c0 2.6 2.7 2.8 2.3 2.9 3.0 3.2 3.3 3.4 3.5 1.6 3.6 3.7 3.8 3.8 3.9 4o 0 bel 4e2 43
26.C0 2.6 2.5 2.7 2.8 2.8 2.9 3.0 3.1 3.2 Je3 3.4 3.5 36 3.7 3.7 3.8 3.8 3.9 4.0 LTPY
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90% PRIDICTICN INTEZRVAL = THREE FUTURE OBSERVATIONS

CASERVED NUMBER CF CCUNTS
21 22 23 24 25 26 27 28 29 20 21 32 33 34 35 36 37 38 39 0

32.5 3.8 35,0 3643 3I7.6 38.8 40.0 41.3 42.5 43,7 4.9 HB.2 ~LT7.4 4B.E 49,8 51,0 52.2 53.4 S54.6 55.8
27.5 28.7 29.7 30.8 3I1.8 32.9 33.9 35.0 36.0 327.0 38.1 I9.1 Tul.1 41.2 42.2 43.2 44,2 45.2 u46.2 47.2
2H.86 27.7 23.7 29,7 30.7 31.7 32.7 33.7 3Iu.7 25,7 3647 37.7 3B.7 39.7 w06 4l.6 42.6 3.6 WU.5 45.5
25.1 26,1 27.1 28.0 29.06 2%.9 30.9 31.8 22.8 33.7 32u.6 35.6 IE.5 3I7.4 38,3 33,3 40.2 H1.1 42,0 42.9
24.1 25.0 25.9 ¢26.8 27.8 28.7 23.6 30.5 3i.4 32.3 33,1 34.0 3u.9 35.8 3€.7 3I7.6 38.4 39.3 u0.2 1.0
22,7 2.5 24.4 25.2 26.1 26.G 27.8 ?28.6 2%9.5 30.3 321.2 32.0 32.8 33.7 3u.5 35.3 3I€.1 3€.9 37.8 38.6
2l.4 22.2 23.0 23.3 24.7 2%.5 25.3 27.0 27.8 28B.6 29.4 30.2 31.C 31.8 32.5 33.3 3u.1 3I4.8 35.6 3Jb.b
20.7 21.4 22,2 23.0 23.8 2u.6 25.3 26.1 ?26.8 27.6 28.4 29.1 26.¢ 30.6 31.6 32.1 32.8 33.6 34.3 35.1
13,84 24.6 21,3 22.9 22.8 23.5 24.3 25.0 25.7 Zh.b4 27.2 27.9 8.6 29.3 30.0 30.7 31.5 32.2 32.9 33.6
L3¢5 2300 20,8 21.5 22.2 22.9 23.7 24.b4 2541 25.8 2€.5 27.2 27.% 28.6 29.3 30.0 0.7 31.4 32.0 32.7
17.6 13.3 16,9 19.6 20.3 20.9 21.6 22.2 22.8 23.5 2u4.1 24.8 25.4 26.0 26.7 27.3 27.9 28.6 29.2 29.8
16.2 16.8 17,5 18,0 18.7 19.3 19.8 20.5 21.0 =21.& 22.2 22.8 23.4 23.9 24.5 25.1 25.7 26.3 2€.8 27.4
15.9 16.5 17.1 17.7 13.3 16.9 13.5 20.0 20.6 1.2 21.8 22.4 22.9 23.5 2u4.0 2u.6 25.2 25.7 26.3 26.3
15,4 16,2 16,6 17.2 17.7 16,3 13.8 19,4 20.0 2C.f 21.1 21.7 22,2 22.7 23.3 23.8 24.4 24.9 25.5 26.0
15.0 15.6 16.2 16.7 17.3 17.8 13.4 13,9 19,5 20.0 20.6 21.1 21.7 22.2 22.7 -23.3 23.3 2u4.3 24.8 25.4
1L.6 15.1 16.6 15.2 16.7 17.2 17.3 18,3 18.8 19.4 19.9 20.4 20.9 21.4 21.9 22.5 22.9 23.5 24.0 2u.5
14.1 14,5 15.1 15.6 16,2 1€.? 17,2 17.7 18.2 13.7 19.2 19,7 20.2 20.7 21.2 21.7 22.2 22.7 23.2 23.7
13,3 1443 14.8 15,3 15.8 16.3 16.8 17.3 17.8 18.3 18.8 19.3 19.8 2).3 20.7 21.2 21.7 22.2 22.7 23.1
13.2 13.7 14,2 2s.7 15,2 15,7 16.1 16.6 17.1 17.6 18.0 18.5 18.9 13.4 19,9 20.4 20.8 21.3 21.7 22.2
12,5 12.9 13.4 13.8 14.3 14.8 15.2 15.7 16.1 16.6 17.0 17.4 17.8 18.3 18.7 19.2 19.6 20.0 20.5 20.9
11.8 12.3 12.7 13.1 13.6 13.9 14.4 14.8 15,2 15.7 1€.1 16.5 16.9 17.3 17.7 18.1 18.6 18.9 1S.4 19.8
114 11.9 12,3 12.7 13.1 13.,9% 13.9 14.3 14.7 1%.1 15.% 15.9 16.3 1€.7 17.1 17.5 17.% 18.3 18.7 19.1
11.2 11,7 12,0 12.5 12,2 13.3 3.7 1.1 {4,5 14,9 15,3 15,7 16.0 1€.5 1€.8 17.2 17.6 18.0 18.4 18.7
10,9 11l.4 11.9 12,2 12.6 12.9 13.4 13,7 14.1 14.5 14.9 15,3 15.7 16.0 1E.& 16.8 17.2 17.86 17.9 138.3
10.7 11.1 11.5 1.9 12.3 12.7 13.0 13.4 13.8 14.2 14.& 14.9 15.3 15.7 16.0 6.4 16.8 17.1 17.5 17.8
10.6 13.9 11,3 11,7 12.1 12.5 12.3 13.2 13.6 13.9 14.3 14,7 15.0 15.4 15.8 16.1 16.5 16.8 17.2 17.6

16,4 1047 11,1 11,5 11.8 12.2 12.6 12.9 13.3 13.7 14.0 1b.4 14,8 15,1 15,5 15,8 16.2 1€.6 1€.9 17.2
190.2 10.5 10.9 til.s 11,7 12.1 12,5 12.8 13.2 13.8 13,9 14,3 14,86 14.9 15.3 15,7 16.0 16.4 16.7 17.0
9.8 10.2 13.5 10.9 11,2 11.6 11.3 12.3 12.6 12.9 13.3 13,7 14.0 14.3 14.7 15.0 1%.3 15.7 16.0 16.3
9.4 9.7 10.0 10.4 10.7 11.0 11.4 11.7 12.0 32.3 12.7 12.9 13.3 13.6 12, 143 14.6 14.9 15.2 15,5
3.2 9.5 9.3 10.2 10.5 10.8 11.2 11,5 11,% 12,1 12.5 2.3 13.1 13.4 13,7 14.0 14.3 14.6 14.9 15,3
8.9 3.2 a,5 3.4 10.2 0.5 10.%9 11.1 11.5 11.8 12.0 12.4 12.7 12.9 12.3 13.6 13.9 14.2 14.5 1¢.8
8.7 3.9 9.3 2.6 9,9 1r.2 10.5 10.8 11.1 11,s 11,7 12.0 12.3 12.6 12,9 13.2 13,5 13.3 1u4.0 14.3
842 8.5 8.3 9.0 EY .6 9.9 1¢.2 10.5 10.9 11.0 11,3 11.6 11,9 12.2 12.5 12.7 12.9 13.3 13.5
7.8 8.0 8.3 3.0 3.9 a.1 9.4 3.7 3.9 10.2 106.5 1C.7 11.0 11.3 11.5 11.8 12.0 12.3 12.6 12.8
7.6 7.3 8.1 et 8.7 8.9 9.2 9.5 9.7 5.9 10.2 10.5 10.7 10.9 11.2 11.5 11.7 12.0 12.2 12.5
740 7.3 7.9 7.8 3.0 8.3 3.6 8.8 9.0 9.3 9.5 9.8 9.9 10.2 10.5 10.7 10.9 11.2 11l.& 11,6
68 7.2 7.3 7.5 7.7 7.9 . 8.2 gets 8.7 8.9 c.1 E 9.6 °.8 10.0 10.2 10.5 10.7 10.9 11.1
6.6 6.8 7.1 7.3 7.6 7.8 8.0 8.3 8.5 8.7 8.9 9.1 CIY S.6 ¢€.8 10.0 10.2 10.5 13.7 10.9
6.5 6.7 6.9 7.2 Tels 7.7 7.8 8.1 8.3 8.5 8.7 8.9 9.2 N 9.6 9.8 10.0 10.2 10.5 10.7
6.3 6.5 6.7 6.9 7.1 7ol 7.6 7.8 7.9 8.2 8.4 8.6 8.8 9.0 9.2 9.5 9.6 9.8 10.0 10.2
5.9 6.1 6.4 6.0 6.7 €.9 7.1 74 7.6 7.8 7.9 8.1 8ot 8.6 8.7 8.9 9.1 9.3 S.5 9.7
5.6 5.9 6.0 hed - €.6 6.8 6.9 7.2 7ol 7.6 7.7 7.9 3.1 8.3 3.5 8.7 8.8 ' 9,0 .9.2
S.b 5.0 5e7 5.9 6.1 €.3 6.5 £.7 6.8 7.0 7.2 7.4 7.6 7.7 7.9 8.0 8.2 8.4 8.6 8.8
5.1 5.2 5.5 5.7 5.8 6.0 6.2 6ot 66 €.7 6.9 7.0 7.2 7ol 7.6 7.7 7.8 8.0 8.2 8.4
4.3 5.1 5.3 3.5 5.6 £.8 5.9 6.1 6.3 6.5 6.6 6.8 6.9 7.0 7.2 7ol 7.6 7.7 7.8 8.0
4e7 4.9 5.0 5.2 5.t 5.6 5.7 5.8 6.0 6.2 €.3 6.5 €.7 6.8 €.9 7.1 7.2 7.4 7.6 7.7
[ 4,h wo7 4.3 4.9 Sl 5.3 5.5 5.6 5.7 5.8 6.0 6.1 6.3 €.5 6.6 6.7 6.8 6.9 7.1
[ 4el bols 4ed 4?7 L.8 4.9 5.1 5.2 Sels 5.5 5.6 5.8 5.9 E.0 6.1 6.3 6ol 6.6 6.7
3.8 3.9 bel (] Yol L,6 Yo7 4,3 4.9 5.0 €.2 5.3 St 5.6 5.7 5.8 5.9 6.0 E.1 §.3
3.7 3.8 3.9 4ed 4ol 4.l bele 4. 4?7 4e8 4.8 4.9 5.1 5.2 5.4 5.5 S.6 5.7 5.8 5.9
3.5 3.6 3.7 3.8 3.9 4.C 4.2 4.3 bty Le5 4eb 4,7 4e 8 4.9 5.0 5.2 5.3 Sete 5.5 5.6
3.3 3.5 3.6 3.7 3.8 3.8 3.9 4.0 4e2 4ol bt 4e5 4eb We?7 4.8 4.9 5.0 S.1 5.2 5.3
3.2 3.3 I 3.5 3.6 .7 3.8 3.9 3.9 'S} 4.2 4ol bels 4.5 beb bWe7 4.8 4.9 4e9 5.0
2.9 3.1 3.3 Job 3.5 Teb 3.7 3.7 3.8 3.9 4,0 bel 4e2 4.3 Lol 45 4.6 4o7 4.8 4.8
2.9 2.9 3.1 3.2 3.3 T.b 3.5 3.6 3.7 3.8 3.8 3.9 4.0 4o 4.2 4.3 bl 4.5 4.6 4.7
2.8 2.8 Z.9 3.9 3.2 2.3 Jet 3.5 3.6 3.7 3.7 3.8 3.9 3.9 4.0 bl 4.2 4,3 4ol 4.5

L
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29.9
2545
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15.7
15.1

THREE FUTURE OBSERVATIONS
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95% PREDICTICN INTZRVAL -~ THREE FUTURE OBSERVATIONS

CBSERVED NUMBER CF COUNTS
/M 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40

1.09 35.3 35,6 37.9 39.2 40.5 41.8 43.1 b44.4 45,6 46.9 48.2 49.4 50.7 51.9 53.2 S4.4 55.7 56.9 58,2 59,4
1.20 30.0 1.1 22,2 32,3 34.4 35.5 3b.6 37.7 3%9.8 9.8 40,9 41.9 63,0 44.1 45,1 46.2 7.2 &8.3 49,3 50.3
1.25 28.9 30.0 1.1 32,2 33.2 34.3 35.3 3643 37.4 33.4 3%.4 406.5 41.5 42.5 43.5 44.5 45,5 46.5 47.5 48.5
1.33 27.% 28.4  2%.4 30.4 31.4 22,4 33,3 34.3 35.3 36.3 37.2 38.2 39.1 40.1 41.0 42.0 42.9 43.9 44.8 45,8
1.479 26.2 27.2 29%.1 29,1 30.0 31.0 31.9 32.9 323.8 34.7 35,7 36.6 37.5 38.4 39.3 40.2 41.1 &2.0 42.9 43.8
1.50 24,7 25.6 26.5 27.4 28,3 29.2 30.0 30.9 3I1.8 32.7 33.5 34.4 35,3 36.1 37.0 37.8 38,7 39.5 40.4 41.2
1.60 23.4 24,2 25.0 25.3 26.7 27.6 283.4 29.2 30.0 30.9 31.7 32.5 33.3 34.1 34.9 35.7 36.5 3I7.3 38.1 38.9
1.67 22.6 23.4 24.2 25.0 25.8 26.6 27.4 28.2 29.0 29.9 30.6 31.4 32.1 32.9 32,7 34.5 35.2 36.0 3€.8 37.5
1.75 21.6 22.4 2342 23.3 2447 25.5 25.3 27.0 27.8 8.6 29,3 30.0 30.8 31.5 32.3 33.0 33.8 34.5 35,2 35.9
1.80 21.1 21.9 22.5 23.4 2441 24.9 25.6 26.4 27.1 27.8 2846 29.3 30.0 30.8 31.5 32.2 32.9 33.6 34.4 35.1
2.00 19.3 20.0 20.7 21.% 22,0 22.7 23.4 2441 24.8 25.4 26.1 26.8 27.4 28.1 28.7 29.4 30.0 30.7 31.3 31.9
2.2C 17.& 13.5 13.1 19.7 20.4 20.9 21.6 22.2 22.8 2.4 24.0 24,7 25,2 25.8 2€.5 27.0 27.7 28.2 28.8 29.4
2.25 17.5 18.1 18.7 19.4 19.9 2(.6 21.2 21.3 22.4 23.0 22, 2442 2448 25.4 29.9 26.5 27.1 27.7 28.3 28.8
2.33 16.3 17.5 13.2 18.8 19,4 1€.2 20.5 21.1 21.7 22.2 22.8 23.4 24.0 2446 25.1 25.7 26.3 26.8 27.% 27.9
2.40 16.6 17.1 17.7 14.3 18,9 19.5 20,0 20.6 21.2 21.8 2243 22,9 23.5 24.0 24u6 -25.1 2547 26+2 2647 273

«£0 1640 1646 17.1 17.7 18.3 18.8 19.4 19.9 20.5 21.0 21.6 22.1 22+€ 23.2 23.7 24.2 24.8 25.3 25.8 26.4
2.60 15.5 1640 16,6 17.1 17.7 18.2 13.7 19.3 19.8 20.3 20.8 21.4 21.5 22.4 22.9 23.5 23.9 24.5 24.9 25.5
2.€7 15.2 15,7 16.2 16.8 17.3 17.8 1%.4 18.9 19.4 19.9 20.4 20.9 21.4 21.9 22.5 22.9 23.5 23.9 24.5 24.9
2.6C 14.6 15.1 15.6 16.1 15.6 17.1 17.6 18.1 18.6 19,1 19.6 20.1 20.6 21.0 21.5 22.0 22.5 22.9 23.5 23.9
3.0n 1342 16443 14,7 1542 15.7 16.2 16.6 17.1 17.6 18.0 185 18,9 19.4 19,8 20.3 20.8 21.2 21.7 22.1 22.6
3.20 13.0 13.5 13,9 1444 14,9 15.3 15.8 16.2 16.7 17.1 17.5 17.9 18.4 13.8 16.2 19.7 20.1 20.5 20.9 21.4
3.23 12.6 13.1 13,5 13.3 14.4 14.8 15.3 15.7 16.1 16,5 1€.9 17.4 17.8 18,2 18.6 19.0 19.4 19.8 20,2 20.6
3.40 12.5 12. 13.3 13.7 14.2 14,6 15.0 15.4 15.8 16.3 16,7 17.1 17.5 17.9 18.3 18.7 19.1 19.5 19.9 20.3
2.€0 12.1 12.6 12.3 13,4 13,8 14,2 14.7 15.0 15.5 15.8 1€.3 16.7 17.0 17.5 17.3 18.3 18.7 19,0 19.4 19.8
3.60 11.9 12.3 12.7 13.1 13.5 12.9 14.3 14.7 15.1 15.5 15,9 16.3 16.7 17.0 17.5 17.8 18.2 18.6 18.9 19.4
2.67 11.7 12.1 12,5 12.9 13.3 13.7 14.1 14.5 14.9 15,3 15.7 16,0 16.4 16.8 17.2 17.6 17.9 18.3 18.7 19.0
3.75 11.5 11.9 2. 12. 13.0 13.5 13.8 1442 14,6 15.3 1S.4 15.7 16,1 16,5 1E.8 17.2 17.6 17.9 18.4 38.7
3.8C 1les 11,8 12,2 12.6 12.9 13. 13.7 1441 14.5 1449 15,2 15.6 15.9 1643 1€.7 17.0 17.4 17.8 18.1 18.5
4.00 10.9 11.3 11.7 12,0 12.4 12.8 13.1 13.5 13.8 14.2 1446 14.9 15.3 15.7 16.0 1644 1647 17.0 17.4 17.7
4.2% 10.4 10,8 11.1 11,5 11.8 12.2 12.5 12.8 13.2 13.6 13.9 14.2 14.6 14.9 15.2 15.6 15.9 1€.2 1E.6 16.8
4433 16.3 10.6 10.9 11.3 11.7 11.9 12.3 12.7 12.9 13.3 13.7 14.0 14,3 14.7 14.9 15,3 15.6 15.9 16.3 16.6

4.50 9.9 16.3 10.5 10.9 11.3 11.6 11.9 12.3 12.6 12.9 13,3 13.6 13.9 14.2 14.5 14.8 15.1 15,5 15,8 16.1
4.67 9.7 9.9 10.3 19.7 10.9 11,3 11.6 11.9 12.3 12.6 12.9 13,2 13.5 13.8 14.1 14.4 14.7 15.0 15.3 15.6
5.0C2 9.1 9.5 9.8 106.1 10.64 10.7 19.9 11.3 11.6 11.9 12.2 12.5 12.8 13.0 13.4 13.6 13.9 14.2 14.5 14,8
5.33 8.7 8.9 9.3 9ebH 9.9 1.2 13.5 1€.7 11.9 11.3 11.6 11,8 12.1 12.4 12,7 12.9 13.2 13.5 13.7 14.0
5.50 8.5 8.4 9.1 9.4 9.7 9.9 10.2 10.5 10.7 11.0 11.3 11.6 11.8 12.1 12.4 12.6 12.9 13.1 13.4 13,7
6.00 7.9 8.2 8.5 8.8 3.0 9.3 3.6 9.8 10.0 10, 10.6 10.8 11.0 11.3 11.6 11.8 12.80 12.3 12.5 12.8
£.232 7.7 7.9 8.1 Bats 8.7 8.9 3.1 9.4 9.6 9.8 18.1 10.4 10.6 10.8 11.0 11.3 11.5 11.8 11.9 12.2
5.50 7.5 7.7 7.9 3.2 8.5 8.7 8.9 9.2 9.5 9.7 2.9 10.1 10.4 10.6 10.8 11.0 11.3 11.5 11.7 11.9
6. €7 7.4 7.5 7.8 8.0 8.3 g.0 3.8 9.0 9.3 9.5 9.7 9.9 10.2 10.4 10.6 10.8 11.0 11.3 11.5 11.7
7.00 7.0 7.3 7.6 7.8 7.9 8.2 3.5 8.7 8.9 9.1 9.4 9.6 9.8 9.9 10.2 190.5 10.7 10.8 11.0 11.3
7.5¢0 6.7 6.9 7.1 7.4 7.6 7.8 8.0 8.2 845 8.7 8.8 9.0 9.3 9.5 Q9.7 9.9 10.1 10.3 10.5 10.7
3.00 6.4 6.6 6.8 7.9 7.2 7.5 7.7 7.8 8.0 8.2 8.5 8.7 2.8 9.0 §.2 9.4 9.6 2.8 * 9,9 10.2
8.510 6.1 He3 6.6 6.7 6.9 7.1 7.3 7.5 7.7 7.8 8.0 8.3 8.5 8.6 9.8 8.9 9.1 9.4 9.5 9.7
9.00 5.8 6.0 6.3 0.5 6.6 €.8 6.9 7.2 7.4 7.6 7.7 7.9 8.0 8.3 8.4 8.6° 8.8 8.9 9.1 9.3
9.50 5.7 5.8 5.9 5.2 6ets 6.6 0.7 6.9 7.0 7.2 7ol 7.6 7.7 7.9 8.0 8.3 8.4 8.6 8.7 8.9
13.62 5.5 5.6 5.8 5.9 6ol 6.3 .5 6.7 6.3 6.9 7.1 7.3 75 7.6 7.8 7.9 8.1 8.3 8.4 8.6
11.00 S.0 5.2 Sat S.0 5.7 5.8 6.0 6.2 6.4 €.5 6.7 6.8 6.5 7.1 7.2 7.4 7.6 7.7 7.8 7.9
2.0C 4.3 4.9 5.0 5.2 S.t4 5.5 5.7 5.8 5.9 6.0 6.2 6.4 6.5 B.7 6.8 6.9 7.0 7.2 7.4 7.5
13.60 4.5 4.7 4.3 4.9 Sel} €.2 S.b 5.5 5.6 5.7 5.8 5.9 €.1 E.3 €. 4 6.6 6.7 6.8 6.9 7.0
14,08 4.3 L) 4.6 b7 4.8 4.9 5.0 5.2 5.3 5.5 .6 5.7 5.8 5.9 €. 0 6.2 6.3 6.5 6.6 6.7
15.09 4.0 b.2 4.4 4.5 be6 L,7 4.8 4.9 5.0 5.2 5e3 5.4 5. € 5.7 5.8 5.8 5.9 6.1 E.2 6ol
15.00 3.9 3.9 Lol 4.3 4ot b.5 4.6 4.7 4.8 4.9 5.0 5.2 5.3 S.4 5.5 5.6 S5e7 5.8 5.9 6.0
17.00 3.7 3.9 2.9 4.0 4.2 L.3 4.4 4.6 4.7 4.7 4.8 4.9 5.0 Sel 5.3 Set 5.5 Se6 5.7 5.8
18.00 3.5 3.7 3.4 3.9 3.6 Lel 4.2 LRy 4.5 4.5 4e7 4.8 4.8 4.9 5.0 5.1 5.3 S.b S.f 5.6
19.60 3.5 3.6 3.7 3.8 3.8 2.9 440 4.2 4.3 Lot 4.5 4.6 L4 4.8 4.8 4.9 5.0 5.1 5.2 S04
20.C3 3.4 3.5 3.0 3.7 3.8 2.8 3.9 3.9 4e1 4.2 4.3 4.5 4,5 4.6 L% 4.8 4.8 4.9 5.0 S.1

vL
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1.60
1.20
1.25
1.33
1.40
1.50
1.63
1.67
1.79
1.20
2.00
2.20
2.25
2.23
2.00
2.50
2.60
2.67
2.80
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3.20
3.33
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«S0
3,60
3.67
3.75
3.840
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4.33
4.50
467
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5.33
5.50
6.00
€.22
8.50
E.E7
7.00
7.50
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9.53
10.0°
11.00
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17.03
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15.00
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21

40.8
34.9
33.7
31.9
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28.8
27.3
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2049
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13.3
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43.7
37.2
35.9
4.6
32.6
7.8
29.1
2R.2
27.8
261
2u.2
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21.9
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20.9
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19.6
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45.0
38 .4
37.1
I5.1
33.7
31.7
37.0
2943
27.9
27.2
24.9
23.1
22.7
22.9
21.5
20.8

T 20.2
19.8 .

12.9
17.9
17.1
16.6
1643
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15. 4
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1t b
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46.5
39.6
3g.2
26.2
34.7
32.7
30.9
29.9
28.7
28.0
25.7
23.8
23.3
22.7
22.1
21.4
20.7
2.3
19.6
18.5
17.6
17. ¢
io.8
16. 4
16.0
15. 8
15.6
15. 4
14.8
16,41
13.9
13.6
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12.5
11.9
11.7
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PREDICTION TNTERVAL

CBSERVED

26 27 29
47.8 49.2 50.6
40.8 41.9 43.1
39.4 40D.5 41.6
37.2 33.3 39.3
3.7 3.7 37.7
23, 34.6 35.5
31.8 32.7 33.86
2c.8 31.6 32.5
29.5 3J).4  31.2
28.8 29.7 35.5
2E.4  27.1 27.9
2b.4 25,1 25.8
22.9 24.6 25.3
23.3 23.9 24.6
2c¢.8 23.4 23.9
22.0 22.6 23.2
21.3 21.3 22.5
206.9 21.5 22.0
20.1 29.7 21.2
19.0 19.6 20.0
1.1 13.5 19.0
17.5 17.9 18.5
17.2 17.7 18.1
1.8 17.3 17.7
16,5 16.9 17.4
16,3 16.7 17.1
15.9 16.+ 16.8
15.8 15.2 16.7
1£.2 15.6 15.9
14,5 14.9 15.3
143 14.7 15.0
13.9 14.3 14.6
13.6 13.9 1&.2
12.8 13.2 13.5
12.3 12.6 12.8
11.9 12.3 12.6
11.2 11.5 11.8
10.8 11.0 11.4
10.6 13.8 11.1
1.4 10.7 10.9
1.0 10.3 10.6
Q.6 9.8 10.0
9.1 S.4 9.6
£.8 8.9 9.2
8.5 3.7 8.8
g.1 3.3 8.6
7.8 7.9 8.2
7.4 7.6 7.7
6.9 7.0 7.3
6.6 5.8 6.9
€.3 6.5 6.6
.9 6.1 6.3
t.8 5.9 5.9
S.6 5.7 5.8
St 5.5 5.6
£.1 5.3 Sets
4.9 5.0 5.2
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NUMBER CF COUNTS
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51
4
42
40
38
36
34
23
31
31
28
26
25
25
24
23
23
22
21
20
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53.3
45.4
43.8
4l.4
39.7
37.4
35.4
4.2
32.8
22.0
29.3
27.1
26.6
25.8
25.2
2b. b
23.6
23.1
2.2
21.0
12.¢
19.4
13.90
18.6
18.2
17.9
17.7
17.5
1€.3
1€.0
15.8
15.3
14.9
14.1
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13.2
12.4
11.9
11.7
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11.0
10.5
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S4.6
4E.5
44,9
42,4
40.7
3e.3
36.3
3c.0
32.6
32.8
30.0
27.7
27.2
26.4
25.8
24.9
24.2
22,7
22.8
21.6
20.5
15.8
1¢.5
19.0
18.7
18.4
18.0
17.8
17.2
16.4
1.1
15.7
15.3
14,5
12.8
13.5
12.7
12.1
11.9
11.7
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55.9
47.6
45.9
43.5
41.6
39.2
37.1
35.8
bt
33.6
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957% FREGICTICN INTERVAL - FIVE FUTURE CBSERVATIOANS

COSERVCD NUMBER OF CCUNTS

LM LM 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40
1 1 1.0 T3.1 39.4 40,7 42,0 4Z.4 44,7 4E.L 47.3 4B8.8 49.8 51.1 52.4 53.7 54.9 656.2 57.5 58.7 60.0 €1.2
6 & 1.2) 32,5 3.6 34,7 I5.8 36,9 23,9 39.1 60,2 1.3 42.4 43,5 44,6 45.6 46.7 47.8 4B.8 49.9 50.9 52.0
5 4 1,06 31,3 22.4 32,5 3.6 3IE.6 6.7 3I7.€ 38.8 29.9 40.9 41.9 43.0 4.0 45.0 46.1 47.1 4B8.1 49.1. S0.1
4 3 1.33 23.6 33.6 31,7 32.7 33.7 34,7 25.7 36.7 37.7 38.7 39.6 40.6 41,6 42.6 %3.5 4L4.5 45.5 U4b.4 &7.4&
75 1.4 23,4 29,4 30,4 31.3 32,7 3.2 4.2 35.1 36.1 37.0 37.§ 38.9 3G.8 40.8 1.7 42.6 43.5 44.E 45.4
32 1.5 2heB 2747 28.6 25,5 3Ceb 21,3 32,2 23.1 34.0 34,9 325.8 36.6 37.5 38.4 39.2 40.1 40.9 41.8 42.7
8 &5 1,A0 25.3, 26.2 27.1 27.9 28.8 29,6 20.5 31.3 32.1 33.0 33.8 34.6 35.5 36,3 37.1 37.9 38.7 39.5 40.3
5 3 1.47 24.5 29.3 2.1 26.9 27.8 28.6 29.4 30,2 31.0 3I1.8 32.6 3I3.4 34.2 -35.0 35.8 36.6 37.4 38.1 38.9
7 4 1.7% 27,5 26,3 25,1 25.9 2€.7 27.4 28,2 29.0 29.8 30.5 31.3 32.0 32.8 32.6 34.3 35.1 35.8 36.6 37.3
g 5 1,8n 22.9 23.7 24.5 25.3 26,0 26.8 27,6 28.3 29.0 29.3 30.6 31,3 32.0 32.8 33.5 34.2 34.9 35.7 36.4
2 1 2.t 21.0 21.7 22.4 3.1 23.8 24,5 25.2 25.S 26.6 27,2 27.9 28.6 2%9.3 29.9 30.6 31.3 31.9 32.€ 33.2
11 5 2,72 1.4 20,0 23.7 21.4 21,2 22.6 23.3 23.3 24.5 25.1 25.7 2b.4 265.3 27.6 28.2 28.8 29.4 30.0 30.6
e 4 z,0s 12,0 19,7 23.3 20,5 21.C 2242 22,8 23.4 24,0 24.7 25.3 25.5 2€.5 27.1 27.7 28.3 28.8 29.5 20.0
73 2,73 13.5 19,1 19.7 20.3 20.% 21.5 22.1 22.7 23.3 23.9 24.5 25.1 25.7 26.3 26.8 27.4 28.0 283.6 29.1
12 5 2.4: 13,0 18.7 19,3 19,8 20.5 21.0 21.& 22.2 22.8 23.4 23.9 24.5 25.1 25.6 26.2 26.8 27.3 27.9 28.5
5 2 2.%0 17.5 18,0 13.6 19,2 19.8 29,3 20.S 21.5 22.0 22.6 23.1 223.7 24.2 24.3 25.3 25.8 26.4 26.2 27.5
13 5 2.if 15,9 17.5 18,0 13.6 19.1 19.7 2C0.2 20.8 21.3 21.8 22.4 22.9 2%.5 23.9 24.5 25.0 25.6 26.0 26.6
8 3 2.7 16,6 17.1 17.7 18.2 18.7 19.3 19,8 20.4 20.9 21.4 21.9 22.4 22.9 23.5 23.9 24.5 25.0 25.5 26.0
16 5 2.8 15,9 14,5 16.9 17,5 18,0 18.5 19,0 19.6 20.0 20,6 21.0 21.6 22.0 22.5 23,0 23.5 24.0 26.5 24.§
31 2,00 15.0 15.6 1o.0 16.6 17,0 17.€ 17.€ 18.5 18.9 19.4 19.9 20.4 20.8 21.3 21.7 22.2 22.7 22.1 23.€
16 £ 2,2: L7085 14403 14.8 15,2 15,7 1642 16.6 17.0 17.5 17.9 18,4 18.8 13.3 19,7 20.2 20.6 21.0 21.5 21.9 22.4.
10 3 3,33 13,4 12,8 14,3 14,7 15,2 15,6 16.1 16.5 16.% 17.4 17,8 18,2 18.7 19.1 19.5 16,9 20.4 20.8 21.2 21.€
17 5 3,45 13,2 12,5 14400 14,5 14.9 1%,4 15,8 16.3 16.7 17.1 17.5 17.9 18.4 183.8 19.2 19.6 20.0 23.5 20.8 21.3
702 2,58 1:.€ 17.3 13.8 14,2 14.€ 1F.C 15.5 15.S 1€.3 16.7 17.1 17.5 17.9 14.4 18.7 1S.1 19.6 19.9 20.4 20.7
18 5 3,60  12.5 17.0 13,5 13.9 1443 14.7 15,1 15,5 15.9 16.3 16.7 17.1 17.6 17.9 18.3 18.7 19.1 19.5 19.9 20.3
117 7,67 12.4 12,8 17,5 13,7 14,1 14,5 14,9 15,2 15,7 16.1 16.5 16,9 17.3 17.7 18.0 18.5 18.8 19.2 15.6 19.¢
15 4 3.7% 12,2 22.6 13,0 13.4 13.8 14.2 14,6 15.0 15.4 15.8 16.2 16,6 16.9 17.4 17.7 13.1 18.5 18.8 19.2 19.6
19 5 3,497 12,1 12,5 12,9 12,3 13,7 14.1 14.5 16,8 15.3 15.7 16.0 16.4 16,8 17.2 17.6 17.9 1.3 18.7 15.0 19.4
4 1 4,60 11.4 11,9 12,4 12,8 13.1 17,5 13.2 14,3 14,7 15,0 15.4 15.7 16.1 16.5 16.8 17.2 17.6 17.9 18.3 18.%
17 & 4.2% 11,0 11.5 11,8 12.2 12,86 12.9 13.3 13.€ 12,9 14,3 16,7 15.0 15.4 15.7 156.0 16.4 16,7 17.0 17.4 17.7
13027 4,23 12.9 11,3 11.6 11.9 12.4 12.7 13,9 13.4 13,7 16,1 14,5 14.8 15.1 15,5 15,8 16.1 16.5 16.8 17.1 17.5
9 2 L.€3 10.6 1d.9 11.3  11.7 11.9 12.3 12.7 13,6 13.4 12, 16,0 14.4 14,7 14.9 15,3 15.7 15,9 16.3 16.& 16.9
14 3 L.€7  1%.2 10.7 1G.9 11.3 1.7 11.9 12,7 12,7 12,92 13.3 13.6 13.9 156.3 14,6 14.9 15.2 15,5 15.8 16.1 16.5
5 1 5,02 €.A 13,1 15.w 1u.7 11.0 12.4 11,7 11.S 12.3 12.6 12.9 13.2 13.5 13.8 14.1 1.4 16.7 14.9 15.3 15,
ie 3 5,37 .3 9.6  %.9 1(.2 10.5 10.8 11.1 11.4 11,7 11,9 12.% 12,6 12.8 13.1 13.4 13.7 13.9 14.2 15.5 14.8
11 2 5.5 .1 3,4 9.7 9.9 10.3 1.6 10,8 1141 11,4 11,7 11.9 12,3 12.5 12.8 13.0 13.4 13.6 13.9 14.1 14.4
6 1 E,00 A4S 3.3 8.0 9.4 9.6 9,9 10.1 10.4 10.7 10.9 11.2 11,5 11.7 11.9 12.2 12.5 12.7 12.3 13.2 13.5
19 3 5.2 3,2 2,5 8,7 8.9 9,2 9.5 9.7 9.¢ 10.3 10.5 10.7 10.9 11.2 11.5 11.7 11,9 12.2 12.5 12.7 12.%
13 2 #.60 .0 3.3 3.6 8.4 9.0 9.3 9,6 9,8 10.0 10.3 10,6 10.8 11.0 11.3 11.5 11.7 11.9 12.2 12.5 12.7
20 3 &.e7 7.9 3.1 R.a 8.7 3.9 9.1 Gub G, 9.8 10.1 10.4 10.6 10.8 11.0 11.3 11.5 11.7 11.9 12.2 12.%
71 7.c0 7.6 7.8 A, .4 B.6 8.8 9.9 9.3 9,5 9.7 9.9 10.2 10.4 13.7 13.8 11.0 11.3 11.5 11.7 11.9
16 2 7.8¢C 7.2 7.5 7.7 7.5 8.1  &.4 B.A A.8 9.0 9.2 S.5 9.7 $.9 10.1 10.3 10.5 10.7 10.9 11.1 il.4
8 1 a.fe 5.9 741 7.4 7.6 7.8 7.9 8.2 B.4 8,6 8.8 8.9 9,2 9.4 9.6 9.8 10.0 10.2 1.4 10.€ " 10.8
17 2 8.%% 46 oe8 6.9 7.2 7.5 7.7 7.8 8.0 8.2 8.5 8.6 8,8 8.5 3.2 9.4 9.6 9.8 9.9 10.1 10.3
9 1 9,0 £.4  B.6 6.7 8.9 7.1 7.3 7.6 7.7 7.9 8.0 8.2 8.5 8.6 B.8 8.9 9.2 9.4 9.6 9.7 9.9
19z S.57 el 5.2 E.5 b7 6.8 7.4 7.2 T4 7.6 7.8 7.9 B.1 8.3 4,5 B.7 8.8 8.9 9.1 9.3 9.5
19 1 10.¢n 5.9 5.2 5.3 6.5 5.6 t.&8 6,9 7.1 7.3 7.5 7.7 7.8 7.9 8.1 B.3 8.5 8.7 8.3 8.9 9.1
11 1 1i.04 S.5 8,7 5,8 5.8 6.2 6.4 6.5 6.7 6.8 6.5 7.1 7.3 7.5 7.6 7.8 7.9 8.0 8.2 B.4 8.5
12 1 12.5¢ 5.2 B.4 3.5 5,7 5.8 5.9 6.1 6.3 6.4 6.6 6,7 6.8 6.9 7.1 7.3 7.5 7.6 T.7 7.8 7.¢
131 17.0¢ 4.9 5,3 5,2 5.5 5.5 £.7 5,8 5,8 6,0 6.2 €sb E.5  E4b BB 6.9 6.9 7.1l 7.3  T.b  T.E
14 1 1a.n60 4.7  be8 L3 5.0 5.2  E.4 5,5 5,7 5,8 5,9 65,9 6.1 6.3 6.b 6.6 6.7 6.8 6.9 7.0 7.1
15 1 15,10 4.5 4.0 4.7 448 4.9 B,1 5,2 5,4 5.5 5.6 5.7 5.8 5.9 B.1 6.2 6.4 €.5 6.6 6.7 6.8
16 1 1,50 4.3 4.k 4.8 4.7 4.8 4.€ 4.9 5,1 5,3 5,4 5.5 5.6 5.7 5.8 5.9 6.0 6.2 6.3 6.4 6.5
17 1 17.¢¢ el 5.2 buh 4e5  beb Le7 4.8 4.€  4.S 5.1 5.3 5.4 5.5 5.6 5.7 5.8 5.9 5.9 6.1 6,2
18 1 14,CE o6 4l 442 4.2 bub kL6 447 4.7 4.8 4,9 5,0 5.1 5.3 5.4 5,5 5.6 5.7 5.8 5.9 5.9
19 : : 7.5 3.9 3,90 4el be3 Lok 4.5 4.€° 4,7 4.8 4.8 4.9 5.0 5.2 5.3 5.4 5.5 5.6 5.7 5.8
2 T7 0 308 3.3 3.9 4.0 Le2 4.3 4.5 k.6 4.6 4.7 4.8 4.3 4.9 5.0 5.2 5.3 5.4 5.5 S.€
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PFECGICTICN INTERVAL = FIVE FUTURE OASERVATIONS

CEBSERVED NUMBER CF CCUNTS

26 27 28 29 30 31 32 33
49,2 53.7 52,1 E3.5 54.8 SE.2 57.6 58,9
bzel 4303 44,5 45.6 46,8 47.9 49.0 50.2
G0e7 41,8 4249 44«0 45.1 GLELI L7.4  4LB.S
38e5 3945 GO0E 41le7 42,7 43,7 448 4h5.8
3649 37.9 28.9 I9.9 40.9 41.9 42.9 42.9

J4e8 35.8 367 TT7.7 8.6 39,6 40.5 4lab
32.¢ 33.9 34.8 35.7 36,6 27.5 38.3 39.2
1.9 32, 33.6 34.5 35.3 Ze€.2 3I7.0 27.9
36«8 31.5 32,3 33.1 33.9 34.7 35.6 36.4
2.9 30.7 21.5 32.3 I3.1 32.9 34.7 35.5
27.4 23.1 2%.92 29.6 3I0.4 31.1 31.8 322.5
25.4 2640 2647 27.4 28,0 28.7 29.4 30.0
2449 25.6 2642 26,9 27.6h 28.2 28.8 29.5
2442 24.8 25.% 26.1 26.8 27.4 28.0 28.7
2247 2443 24.9 25.5 2641 26.8 27.4 23.0
22.9 23.5 241 2447 25.3 25.9 26.5 27.1
22.2 22.8 23.4 23.9 26.5 25.1 25.7 26.2
21,7 22.3 22.¢ 23.5 24.0 24.6 25.1 28,7
20.9 21.5 22.0 22.6 23.1 22.7 24.2 2u.7
19.8 20.4 20.8 21.4 21,9 22.4 22.9 23.4
16,8 1944 19.8 20.2 20.83 21.3 21.8 22.2
1.3 13.7 19.2 19.7 20.1 20.6 21.0 21.5
17.9 18.5 18.,% 19.4 19,8 20.3 20.7 21.2
17.6 13.0 18.5 19.4 19.8 20.3 20.7
17.2 17.7 1161 18.¢ 1%9.4 19.8 20.3
16.9 17.4 17.8 18.7 19.1 19.6 19.9
1€.7 17.1 17.¢ 18.4 18.8 19.2 19.6
16.5 18.9 17.4 18.2 18.6 19.0 19.5
18.€ 1843 1&.7 17.5 17.9 18.2 18.7
12,2 15.6 15.5 16,7 17.1 17.5 17.8
14.9 1%.4 15.7 16.5 16.8 17.2 17.6
14.6 14,9 16,
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8.9

8.€

8.3

7.9

7.8

7.1

6.4

6.1
3 5.7 15.9 1644 16.7 17.0
14,1 14,5 1u.& 542 15,6 15.9 1E.2 1E.6
1.2 13,8 14.1 4.5 14,8 15.1 15.5 15.8
12.8 13,1 13.% 3.8 14.1 14,4 14.7 15.0
12.6 12.8 12,2 3.5 13.9 141 144 14,7
11.8 12. 12.4 2.7 12.9 13.2 13.5 13.8
11.4 11,7 11.¢ 2.2 12.5 2.7 12.9 13.3
11.1 114 11.7 1.9 12.2 12.5 12.8 12.9
10.9 11.2 11.5 1.7 11.% 12.3 12.5 12.8
iC.6 14.8 11.¢( 1.4 11,6 11.8 12.0 12.4
16.0 13,3 1G.¢ 0.8 11,0 11.3 11.5 11.7
9.7 5.8 10.1 0.4 10.6 10.8 10.9 11,2
@3 S.5 9.7 9.9 10.1 10.4 10.6 10.8
.S 9.1 9.2 9.6 9.7 9.9 10.1 10.4
8.€ 8.8 8.¢ 2.2 9.4 9.6 9.8 9.9
843 8.¢ 8.7 8.8 9.9 9.2 9.5 9.6
7.8 7.¢ 8.1 8.3 8.5 8.7 8.8 8.9
T 76 7.7 7.8 7.9 8.2 8.4 3.5
6.¢ 7.1 7.2 7.5 7.6 7.8 7.9 8.0
Ge? €.8 6. 7.0 7.3 Tl 7.6 7.7
[ 6.6 a7 6.8 6.9 7.0 7.2 Tl
6.1 ced Bele €.6 6.7 6.8 5.9 6.9
.S 5.2 6.1 6.3 6.5 €E.€ 6.7 6.8
Se7 5.2 5.S ¢ 6.0 6.2 6.3 6.5 €.6
£.C S5e7 5. ' 5.8 5.¢ 6.0 6.2 6yt
5.t 5.5 5.8 5.7 5.8 5.9 5.9 6.1
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€1.6
52.5
5G.6
47.9
45.9
4343
40.9
39.6
37.3
27.1
33.9
31.4
30.8
29.9
29.2
28.3
27.4
26.8
25.8
2Lt
23.2
22.5
22.1
21.6
21.1
20.8
20.5
20.3
19.5
13.6
18.3
17.8
17.3
1544
15.7
16.3
144
13.8
13.6
13.3
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12.2
11.7
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62.9
53.6
51.7
48.9
46.9
44,2
41.8
4.4
28.8
37.8
24,7
32.0
31.4

.30.5

29.8
28.8
27.9
274
26.2
24.9
23,

22.9
22.5
22.0
21.6
21.2
20.8
20.7
16.8
18.9
18.7
18.1
17.6
16.7
15.9
15.6
14.6
1440
13.8
13.6
13.0
12.5
11.8
11.4
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