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while including slicing motions. The approach taken in this paper is to create a novel
test machine that properly captures the motions typically seen in cutting operations
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Data collected by this device is used to investigate the effects of the slice to push
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cutting process than previous attempts in the literature. The experimental data and

derived equations shown in this body of work helps to illustrate the effect of wedge
angle and offcut thickness while including relative motion of the blade edge to the
work material. Both show that an increase in the slice to push ratio decreases the
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slice to push ratio. The effect of the slice to push ratio is similar at all wedge angles
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1

INTRODUCTION

1.1 Problem Statement
Cutting processes are in every industry. They are one of the processes that are
essential to our society. Cutting procedures can be seen all around us every day from
preparing a meal in the kitchen, construction work, office work, manufacturing,
agriculture, and even in nature. As our materials continue to increase in performance our
cutting tools need to keep pace. The study of cutting mechanisms is of fundamental
importance for the advancement of cutting tool technology. The factor that is almost
always attributed to the performance of a cutting tool is the force required to make the
cut.
Two important parameters of cutting operations with asymmetric wedge blades are
the geometry of the blade and the thickness of the offcut. Both of parameters have a
direct impact on the force required during cutting and these can be seen in Figure 1

Figure 1: Depiction of Cutting Parameters
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The parameters shown in Figure 1 are the wedge angle, θ, and the offcut thickness, T.
The wedge angle is of high importance because that is a geometric property of a blade
that typically does not change throughout the use of the blade and is usually the starting
point in the design of a blade. It is not clear whether or not certain wedge angles are
optimum for a particular cutting operation or whether there is a single optimum wedge
angle. There is also some uncertainty when it comes to deciding how big of an offcut to
make. A small offcut takes too much time to remove material and too large an offcut
may put too much stress on the tool. Understanding the effect of wedge angle and offcut
thickness is important in understanding the cutting mechanics of asymmetric wedge
blades.
There exist various bodies of work investigating the cutting mechanics of
asymmetric wedge blades. Most research has been focused on the effect of the relative
motion of the blade edge to the work material, the ratio of the push velocity and slice
velocity, and how that relative motion affects the cutting force. Some research has been
focused on the evaluation of wedge angle and offcut thickness but only perform tests
while moving the cutting tool in a single orthogonal direction. There exists a gap in the
current literature that evaluates the effect of wedge angle and offcut thickness while also
providing relative motion of the blade edge to the work material.

1.2 Literature Review
There are many bodies of work that investigate the effect of the relative motion of the
blade edge to the work piece material on the cutting. This relative motion is typically
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characterized by the slice to push ratio, which is the ratio of the velocity of the blade in
the slicing direction to the velocity of the blade moving in the pushing direction. It is
almost universally agreed upon that including a slicing motion into the cutting process
reduces the cutting force though there are different approaches to explain why and by
how much. Work presented by Arnold et al. [1] show that adding a reciprocating sawing
motion reduces the cutting force more than just inclining the blades, when cutting food
materials. Research performed by Atkins et al. [2] and Deibel et al. [3] show that the
reduction of cutting force due to a slicing motion is very effective when looking at the
force required during cutting for the entirety of a cut. Both of those pieces of work
approach their solution by evaluating the energy balance of the cutting operation. They
also show that the effectiveness of the reduction in cutting force due to adding slicing
motions diminishes as the amount of slice to push ratio increases. Atkins et al. and
Deibel et al. explain that the reduction in cutting force is due to the fact that it takes a
fixed amount of energy to cause crack propagation and that adding a slicing motion
reduces the amount of push energy that is required to make a cut. Zhou et al. [4] and
Reyssat et al. [5] show that the reduction in cutting force due to a slicing motion is only
prevalent in the cut initiation and does not play a factor when the crack is already formed.
Both Zhou et al. and Reyssat et al. take a mechanics of materials approach to the problem
and define a critical stress at which cutting occurs. Zhou et al. also further explain that
the reason adding slicing motions reduces cutting force is because it causes type III
fracture process. A push only cutting motion causes a type II fracture process and a type
III fracture process typically requires less force. Though it is essential to include the
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motions typically seen in cutting operations when analyzing the cutting mechanics of
asymmetric blades, there is a need to also include the effect of wedge angle and offcut
thickness in that analysis.
Research on the effect of wedge angle on cutting forces with asymmetric wedge
blades show the same trend, that an increase in wedge angle cause an increase in cutting
force, when looking at a push only motion. Moore et al. [6] performed a study in which
they measured the cutting force of various cutting tools while cutting sugar beets. The
tools they used were asymmetric wedges with various angles, symmetric with various
angles, wires of various diameters, semi-cylinders of various diameters, and a symmetric
and asymmetric wedge with a radius. They also performed a finite element analysis to
correlate to their experimental results. Their tests showed that for asymmetric and
symmetric wedges, the cutting force increases as the wedge angle increase. Ciulica and
Rus [7] performed cutting experiments in carrots with asymmetric wedges of various
angles. Their experiments showed that an increase in wedge angle causes an increase in
the cutting force. Gao et al. [8] performed cutting experiments with single edged blades
at different wedge angles. They were able to show experimentally that as wedge angle
increases, the cutting force increases. Their tests involved investigating wedge angle
effects for needle insertion and thus their experimental method involved a penetration
motion rather than a cutting motion. McCarthy et al. [9] also showed through finite
element methods that there is an increase in cutting force due to an increase in wedge
angle. A lot of research has shown experimentally or through finite element methods that
an increase in wedge angle causes an increase in cutting force. There exists no research
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on the effect of wedge angle while also including a slicing motion or investigating the
effect of offcut thickness as well.
Most research on offcut thickness is also primarily looking at its effects when using a
push only motion. Atkins [10] and Williams [11] both performed an analysis for
determining the energy release rate involved in removing a thin layer using a wedge
while considering friction and plasticity effects. Their work showed analytically that
there is an increase in cutting force due to an increase in offcut thickness. Williams was
able to also show experimentally that an increase in offcut thickness causes an increase in
cutting force when performing wedge splitting tests with bonded beams.
There is a lot of literature on the cutting mechanics of asymmetric wedge blades, but
they do not look at the overall picture. There exists a gap where some research focuses
on just the motion of the cutting process and some focus wedge angle and offcut
thickness. There is a need to investigate the effect of all three parameters in order to see
their true effect when comparing to real life cutting examples.

1.3 Purpose
The purpose of this thesis is to investigate the effects of wedge and offcut thickness
while including slicing motions. There is currently a dichotomy between existing
research in that some research only look at the effect of wedge angle and offcut thickness
in a push only motion, while other research looks at the blade motion only. The approach
taken in this paper is to create a novel test machine that properly captures the motions
typically seen in cutting operations and to create an analytical model to help explain what
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is seen in the experiments. The device created and discussed in this paper is capable of
performing controlled cutting operations with three axes of motion: slice, push, and
rotation. These motions are shown in Figure 2.

Figure 2: Depiction of Cutting Machine Motions

It is capable of accurately controlling the depth of cut, push to slice ratio, and angle
of cut in order to accurately capture motions seen in typical cutting operations. Data
collected by this device is used to investigate the effects of the push to slice ratio, wedge
angle, and offcut thickness on cutting force. Most existing models either look at push
only or push to slice but in a 2D environment only. The analytical model presented in
this paper looks at push to slice in a 3D approach to better capture the cutting process.
An elastic offcut is assumed. The experimental data and analytical equations are used to
help illustrate the effect of wedge angle, offcut thickness, and relative motion of the
blade edge in the analysis of cutting mechanics.
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2

METHODS
This chapter will describe the device that was created to perform cutting

experiments, the materials used in the experiments, and the methods that were used in the
cutting experiments.

2.1 Description of the Test Device
The device described in this paper must have at least two linear motions in order to
capture the reciprocating motions typically seen in the use of cutting blades and saws.
There also needs to be a rotational motion in order to proactively change the angle of the
blade relative to the work piece during a cutting process. All three motions must be
controllable through a computer program in order to remove any human error bias in the
test results. The motions must also be accurate and smooth in order to guarantee and
high level of repeatability. The device must allow a complete plunge of a cutting tool.
All components of force and toque must be measured in real time. The device must be
controllable through displacement methods and force methods. The device must be able
to support a cutting load of 1550 N which was chosen based on the capabilities of
existing devices and initial experiments done on cutting forces in several prospective
testing materials.
The following sections will discuss the design of a device capable of performing
controlled cutting operations for blade and saw cutting tools. The device, seen in Figure
3, is designed to fit within any laboratory environment. A test sample – which can be
square, rectangular, or round stock – is placed inside the two vises and clamped with
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sufficient force to keep the sample in place but not cause any damage or residual stresses
within the area to be cut. The linear actuator is used to set the desired angle for the
cutting process. Both slides table move in a specified motion at a specified speed per the
user inputs to the control program. The angle of the knife can be changed during a
cutting process. The forces seen at the hilt of the knife and the displacement and
velocities of the slide tables are recorded in real time and saved for post processing. The
device can be broken up into several functional sub-groups and will be considered
individually in this paper. The functional groups are:
1) Base Structure
2) Slide System
3) Sample Support System
4) Spring System
5) Crosshead System
6) Control System
An assortment of safety procedures are also part of the device so that no harm comes to
the user during operation. The following sections will describe each functional subsystem in detail.
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Figure 3: Cutting Mechanics Test Device

2.1.1 Base System
To secure all mechanical components together, a solid base was needed. The base
structure can be seen in Figure 4. The dimensions and materials for each piece are seen
in Table 1.
Dimensions

Material

Base Plate

609 mm x 609 mm x 25 mm

AISI 1018

I-Beam

150 mm x 200 mm x 200 mm

Cast Iron

Angle Plates

150 mm x 100 mm x 400 mm

Cast Iron

Vertical Support Plate

864mm x 203 mm x 13 mm

AISI 1018

Table 1: Dimensions and materials for base structure
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These dimensions were chosen so that the device will fit through any standard doorway
while still providing enough space for the motions required. The thickness of the base
plate gives the device rigidity, minimizes bending moments, and the substantial weight
(73 kg) dampens vibrations. AISI 1018 steel was chosen for the base plate because it is a
common, inexpensive low-carbon steel. The angle plate assembly cantilevers the knife
from the vertical column and also allows for rotation of the knife during operation, seen
in Figure 3. The vertical column must support a load of 1550 N with a 229 mm moment
arm, so the column must be well supported to prevent bending. To secure the column to
the base plate, two angle plates are used. The plates are made from Alloy Cast Iron Class
No. 35 which has a high elastic modulus to minimize deflection. The angle plates are
elevated from the base plate using a pre-manufactured double I-beam. The I-beam raises
the vertical slide table high enough to allow knife plunging. This part is made of cast
iron for its reasonable strength and low cost. The vertical slide was designed to be
continuously supported along its length; failure to do this could have resulted in the
system binding during use. No angle plates longer than the ones shown were readily
available, so additional reinforcement was needed to support the entire length of the slide
table. There are also eight leveling feet installed on the base plate to help absorb
vibrations and keep the system level.
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Figure 4: Depiction of base structure

2.1.2 Slide System
The slide system attached to the base structure is shown in Figure 3. The slide
system comprises of two sliding tables, two DC brushless motors, and two quadrature
encoders. The slide tables are a set of commercial available linear slide tables and
provide the vertical and horizontal motions of the device. Both slide tables utilize a ball
bearing system. Each table has a travel length of 355 mm and a repeatability of
0.005mm. The ball bearing and rod are supported by a square profile rail system which
gives the tables increased performance in terms of the loads and moments they can
sustain during use. These specifications for the slide tables allow the device to perform
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smooth and accurate motions without much chattering so that the data is not affected by
vibrations. Attached at one end of each slide table is a DC brushless motor used for
control of each table. DC brushless motors were chosen for their low amperage and hightorque characteristics. These units provide 1.57 N-m, double the torque of a comparable
brushed motor. Also, DC brushless motors do not need to be serviced as often as brushed
motors. The DC motors were chosen over stepper motors for their adaptability in closed
loop systems. The required torque was calculated to be 1.36 N-m of continuous torque.
A maximum linear velocity from the combination of the motors and slide tables is set at
34mm/sec. Attached to the opposite end of each slide table are quadrature encoders.
Quadrature encoders are used to measure the rotational displacement of each motor and
in turn the linear displacement of each slide table. The encoder chosen has 2500 counts
per revolution which leads to a maximum overall system resolution of 80 μm. The output
from each encoder is also used to measure the speed of each slide table.

2.1.3 Sample Support System
The inclusion of the sample support system to the overall device set-up is shown
in Figure 3. The clamping assembly consists of two vises that are mounted perpendicular
to the blade and supported by I-beams. The perpendicular mounting allows the clamp’s
jaws to support the work piece. If the jaws were parallel to the blade, only friction
would secure the sample. The 76 mm gap between the two clamps allows for the blade to
cut through the material without hitting the clamps. The I-beams elevate the clamps from
the slide table allowing the knife to completely plunge through the sample. These beams
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were milled from AISI 6061 aluminum. The beams were designed to minimize
deflection due to bending while still having enough surface area to mount the vises and to
attach to the horizontal slide table. The vises have a maximum jaw opening of 76 mm.
The jaws are 38 mm deep, and one jaw face has a horizontal V-groove about 32 mm from
the bottom. Therefore, round samples up to about 64 mm diameter can be clamped. To
allow flexibility for different cutting operations, the vises can be mounted in several
positions. Only four bolts are used to hold each vise, but eight mounting holes are
available. For plunge cuts, the vises would be cantilevered over the riser block.

2.1.4 Spring System
A spring system between the vertical slide table and crosshead assembly is used to
increase the compliance of the device. An increase in the compliance of the device is
useful so that small incremental changes in position do not cause large increase in
measured forces when cutting rigid materials. This feature is important when the device
is functioning using force control methods rather than displacement control methods.
With this system, force overshoot is minimized, and the resolution of the motor control is
less critical. The complete spring system is shown below in Figure 5. The spring system
is comprised of a mounting plate, top and bottom spacer plates, two linear shafts, two
pillow-block linear bearings, and a spring. The mounting plate of the spring system is
attached to the vertical slide table and holds the top and bottom spacer plates fixed in
place. Both the spacers and the mounting plate are machine out of AISI 1018 steel. The
crosshead assembly, discussed in the next section, attaches to the pillow-block linear
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bearings. The spring has a spring constant value of 14 N/mm. This constant is soft
enough to absorb sudden position changes but firm enough to still transfer small
displacements. The spring is guided on a rod to prevent any skewing of the force applied
by the spring. To compress the spring, a sliding spring block moves along with the
pillow blocks. The spring can only withstand a maximum of 534 N (less than the
maximum system force of 1550 N), so a spring spacer is added to prevent excessive
compression (beyond 38 mm). If the spring is compressed far enough, the system
bottoms out when it hits the spring spacer and the spring has no effect for further force
application. With this system, the extra accuracy from the spring system is defeated
under high loads. However, it was deemed that the level of force accuracy given by the
spring system is less significant at high loads.

Figure 5: Depiction of spring system
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Vertical displacement could not be accurately measured using an encoder,
because the spring system would deflect from the applied force; in other words, the knife
doesn’t descend as far as the slide carriage because the spring system absorbs some of the
displacement. A linear potentiometer is used to measure the amount of compression from
the spring inside the spring system. This information along with the information from the
quadrature encoder on the linear slide table gives us an accurate representation of vertical
displacement.

2.1.5 Crosshead System
The crosshead assembly cantilevers the knife from the vertical column, and also
allows for rotation of the knife during operation. The crosshead system can be seen in
Figure 6 and its position in the overall system can be seen in Figure 3. The main
assembly is formed by two 13 mm thick steel crosshead plates. The shape of the plate
was designed to minimize weight; this plate shape weighs about 33 % less than a
rectangular plate, and the cutouts reduce weight by another 23 %. The plates were
manufactured from AISI 1018 steel.
To provide knife rotation, the device incorporates a linear actuator due to a linear
actuator’s load and position accuracy characteristics. Electric actuators use an electric
motor to power a screw mechanism, extending or retracting the piston. The actuator used
is a compact self-contained unit that utilizes an acme screw and nut. The electric
actuator’s travel causes the pivot block to rotate. The rotating block is made from AISI
6061 aluminum. The position of the linear actuator is controlled through a feedback loop
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using information from a rotary potentiometer for the position input and outputting a,
extend or retract, signal to the actuator.
To measure angular position of the knife, a rotary potentiometer is used. The
resistance of the potentiometer corresponds to the angular position. The potentiometer is
mounted to a sheet metal bracket, fixing the potentiometer’s body in place. The dial is
secured to a steel lever arm, causing the dial to rotate with the rotation block.

Figure 6: Depiction of the crosshead system
The device is made to accommodate as many different types of cutting tools as
possible. This lead to the design of the right angle bracket, seen holding the knife in
Figure 6. The right angle bracket is attached to the mounting plate of the force/torque
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transducer. A plate is simply bolted to the right angle bracket and clamps the cutting tool
in place. The clamping plate can be made in various shapes to accommodate different
blade geometries. For example, a block with a V-notch could be used to secure a round
milling bit.
Forces and moments are measured on all axes with a six-axis force and torque
transducer. This model, JR3 model 75E20A4, was selected because it was the most cost
effective sensor that could measure the required forces and moments on all axes. The
load cell has its own local coordinate system separate from the global coordinate system
which is shown in Figure 6. This transducer can handle forces up to 2224 N in all
directions and 424 N-m of torque in all directions. The transducer is capable of outputting
digital and analog signals to a data acquisition system. The device uses a voltage analog
signal of +/- 5 V to capture high resolution data. This force measurement has a resolution
of 0.267 N in the x and y-directions, and a resolution of 0.578 N in the z-direction. The
transducer was calibrated by the manufacturer.

2.1.6 Control System
The data acquisition system is a collection of custom selected components. The
controller has a 533 MHz real time processor for deterministic applications. This means
that the processor is capable of simultaneously running multiple processes without a drop
in processing speed or sampling rate. This is an important characteristic of the controller
because the controller is used for closed loop motion control. To achieve closed loop
motion control, the highest possible processing rates are required to accurately exchange
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information between the sensors and the motors. A drop in the processing due to other
applications would cause errors in the control system. To have all parameters measured in
feedback loops, the following control system was implemented. The schematics shown
in Figure 7 shows the block diagrams for the feedback loop used on all
sensors/transducers. LabVIEW® operates as the feedback controller. The NI data
acquisition modules acquire the data used in the LabVIEW® control system as well as
output control signals to other control components. The controller system operates in real
time in the NI FPGA processor. The force data is sampled five hundred times a second.
This number was chosen based on the sampling rates seen in other research.

Figure 7: Block diagram of control scheme

2.2 Strain Energy Release Rate Testing
The material that was used for testing is a polyisocyanurate foam with a density of
96 kg/m^2, typically used in the construction of composite materials. The foam is sold
by Fibre Glast. The main criteria for a suitable test material was a material that would be
reasonable to cut with a single edged blade and have properties as close to isotropic as
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possible. The manufacturer of the foam material did not provide strain energy release
rate data as that is not a value typically requested of them. Strain energy release rate
testing was performed following ASTM D5045-99 Standard Test Methods for Plane
Stain Fracture Toughness and Strain Energy Release Rate of Plastic Materials.

2.2.1 Strain Energy Release Rate Testing Procedure
As specified in the standard, an Intron tension/compression machine was used to
perform fracture toughness testing using a Single-Edge Notched Bend (SENB) specimen.
The internal displacement transducer of the Instron was used to measure the
displacement. All guidelines, requirements, and procedures specified in the standard
were followed where appropriate. Both the size criteria and yield stress criteria were
checked after the data had been collected to verify that there was a valid measurement.
Displacement correction specimens were made which were the same geometry as the test
specimens, but did not have a notch or pre-crack. These specimens were used to account
for compliance in the Instron machine and indentation in the test material. A notch was
created by using a vertical band saw whose kerf width is 0.70 mm. A razor blade was
tapped into the notch to create the pre-crack of sufficient length. Seven repeat tests were
performed to get an average strain energy release rate value. Measurements of specimen
geometry and crack length were repeated 5 times and then averaged. Measurements of
the specimen geometry were performed with digital calipers and measurements of the
crack length were performed with a vision measurement system involving a camera and
calibrated ruler. All validity checks stated in the standard were performed to ensure valid

20
measurements. The loading rate of the test is 4 mm/s. A photograph of the test setup can
be seen in Figure 8.

Figure 8: Fracture toughness testing setup

2.2.2 Strain Energy Release Rate Testing Results
The result of a single fracture test can be seen in Figure 9. It shows the collected
data corrected for compliance in the Instron machine and indentation in the test sample.
It also shows the 95% modulus line, which is one of the checks on valid data
measurements. The calculated strain energy release rate is 190.93 J/m^2 with a standard
deviation of 14.52 J.m^2.
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Figure 9: Sample SENB Fracture Toughness Test

2.3 Friction Coefficient Testing
A valid friction coefficient is needed to be able to compare experimental and
analytical results. Testing was performed using the cutting mechanics machine in order
to measure the kinetic coefficient of friction between the test blades and the foam
material. Friction coefficient testing was performed on all 4 test blades with the same
foam material. Each blade was paired with its own test material block so that interactions
between one blade and a test material did not affect the results for another blade. Using
the cutting mechanics test machine, a test material block was placed inside the innermost
vise and pressed against the backside of a test blade. This put a normal force on the back
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face of a test blade. The test material was then clamped inside the vise in order to
maintain the normal force on the backside of the blade. The blade was then moved
upward at a rate of 4 mm/s. The normal force on the blade and the force in opposite the
direction of movement were measured. The ratio of the force in opposite the direction of
movement and the normal force is used as the kinetic coefficient of friction. A depiction
of this can be seen in Figure 10. Five repeated measurements were performed for each
blade and test material pair.

Movement

Normal Force

Sliding Force

Figure 10: Depiction of Friction Coefficient Testing

The kinetic coefficient for each blade and test material pair was then averaged to give an
overall kinetic coefficient of friction for the interaction between the test material and any
blade manufactured using the same processes as the test blades. The measured kinetic
coefficient of friction is .085 with a standard deviation of .015.

2.4 Experimental Methods
All the results presented in this thesis followed the same test procedure and sample
preparation. The test blades were all machined, heat treated, and precision ground the
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same way. They were manufactured with a very slight bevel at the tip to ensure edge
retention. All test samples were machined to be 25.4mm x 25.4mm in cross-sectional
area. All test samples were cut from the same foam board as the fracture toughness
testing samples. Three parameters were varied throughout the testing and they were the
slice to push ratio, the wedge angle and the offcut thickness. The slice to push ratio was
varied using the test machine. The offcut thickness was varied using a depth gauge and
the wedge angle was varied using blades manufactured to a specific wedge angle. The
same sequential order of cuts was used throughout the test.
The testing was blocked such that all cuts with the same offcut thickness were
performed before moving on to the next offcut thickness. The testing was also blocked
again such that all cuts with the same wedge angle are performed before switching to the
next wedge angle. The testing procedure is detailed below:
1. Set depth stop to desired offcut thickness.
2. Attach 4 degree blade.
3. Perform 5 cuts at each slice to push ratio.
4. Attach 6 degree blade.
5. Repeat step 3.
6. Attach 8 degree blade.
7. Repeat step 4.
8. Attach 12 degree blade.
9. Repeat step 3.
10. Repeat steps 1-9 for each offcut thickness value.
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The material was mounted in the test machine such that it was clamped on one end
and simply supported on the other side. A depiction of this can be seen in Figure 9 and a
photograph is shown in Figure 10.

Figure 10: Depiction of sample setup

Figure 11: Photograph of test sample setup

The test machine was configured to operate in constant velocity mode so that the
slide to push ratio could be easily varied. As mentioned before, the three degrees of
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freedom for the test machine are the vertical and horizontal axes and the rotational axis.
As seen in Figure 10, the rotational axis was oriented such that the cutting edge of the
blade was parallel with the top surface of the test material. This position was chosen
such that no additional slice to push ratio is added due to the angle of the blade relative to
the test sample. The vertical axis was kept at a fixed velocity of 4 mm/s for all test cuts.
The horizontal axis was varied from 0 mm/s to 20 mm/s which allowed for a varying
slice to push ratio of 0 to 5.
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3

RESULTS
This section of the thesis shows the result of the testing described in Chapter 2. The

data is presented in several sets of graphs as described below:


Figure 11 through Figure 18 show the effect of the slice to push ratio on
vertical and horizontal cutting force for a constant offcut thickness and
varying wedge angle.



Figure 19 through Figure 26 show the effect of the slice to push ratio on
vertical and horizontal cutting force for a constant wedge angle and varying
offcut thickness.

Each data point is the mean maximum cutting force recorded during a complete cut
operation. The sample size for each data point is 5 repeated cuts. The error bars
represent the standard error of the mean with a 99% confidence interval following a tdistribution. These bars represent the possible error in calculating the population mean
from a sample size of 5. The t-distribution was chosen over the normal distribution
because it is leptokurtic and as such requires a larger number of standard deviations to
account for the same proportion of area as the normal distribution. Confidence intervals
calculated using a normal distribution require 3 standard deviation in order to capture
99% of all possible values. Confidence intervals calculated using the t-distribution
require 6.869 standard deviations to capture 99% of all possible values. This allows for a
conservative approach to the estimation of the error in calculating the mean. This pattern
is the same for all graphs shown in this Chapter.
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Figure 12: Vertical cutting force vs slice to push ratio for a 1.5mm offcut and varying
wedge angle.

Figure 13: Horizontal cutting force vs slice to push ratio for a 1.5mm offcut and varying
wedge angle.
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Figure 14: Vertical cutting force vs slice to push ratio for a 3.0mm offcut and varying
wedge angle.

Figure 15: Horizontal cutting force vs slice to push ratio for a 3.0mm offcut and varying
wedge angle.
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Figure 16: Vertical cutting force vs slice to push ratio for a 6.0mm offcut and varying
wedge angle.

Figure 17: Horizontal cutting force vs slice to push ratio for a 6.0mm offcut and varying
wedge angle.
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Figure 18: Vertical cutting force vs slice to push ratio for a 12.0mm offcut and varying
wedge angle.

Figure 19: Horizontal cutting force vs slice to push ratio for a 12.0mm offcut and varying
wedge angle.
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Figure 20: Vertical cutting force vs slice to push ratio for a 4 degree wedge and varying
offcut thickness.

Figure 21: Horizontal cutting force vs slice to push ratio for a 4 degree wedge and
varying offcut thickness.
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Figure 22: Vertical cutting force vs slice to push ratio for a 8 degree wedge and varying
offcut thickness.

Figure 23: Horizontal cutting force vs slice to push ratio for a 8 degree wedge and
varying offcut thickness.
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Figure 24: Vertical cutting force vs slice to push ratio for a 12 degree wedge and varying
offcut thickness.

Figure 25: Horizontal cutting force vs slice to push ratio for a 12 degree wedge and
varying offcut thickness.
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Figure 26: Vertical cutting force vs slice to push ratio for a 16 degree wedge and varying
offcut thickness.

Figure 27: Horizontal cutting force vs slice to push ratio for a 16 degree wedge and
varying offcut thickness.

35

4

DISCUSSION
This chapter of the thesis will focus on evaluating the results shown in chapter 3 and

to compare those results to analytical equations. The patterns seen in the results shown in
chapter 3 are as follows:


An increase in the wedge angle from 4-16 degrees typically causes an increase in
the cutting force in both the vertical and horizontal directions. There are
deviations from this in in 16 degree wedge where the vertical force is either
similar or lower than the other wedges as the slice to push ratio increases. This is
most evident in Figure 14 and Figure 15 as well as Figure 18 and Figure 19. This
deviation from the typical pattern is attributed to the fact that the 16 degree
wedge is causing a different cutting process than the other wedges. The smaller
wedges did not impart a plastic deformation (curling) into the offcuts. The 16
degree wedge did cause curling to occur. This change in the cutting process is
most likely the reason why the 16 degree wedge is so different than the others.



An increase in the offcut thickness also causes an increase in the cutting force in
both the vertical and horizontal directions. Similar to the change in wedge angle,
the largest offcut thickness does not always trend with the rest of the results. For
vertical force, the 12.0 mm offcut data trends with the other offcut sizes but it
does not follow the same trend when looking at the horizontal force. The smaller
offcut thicknesses all increase with a little bit of slice to push ratio but then
plateau off as the slice to push ratio increases. The 12.0 mm offcut tends to have
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a peak and then decrease as the slice to push ratio increases. Similar to the effect
of wedge angle, this is attributed to the offcut exhibiting curling at the larger
offcut thickness and not the smaller offcut thicknesses.


The shape of a curve fit to both the vertical and horizontal forces, for most plots,
appear to be asymptotic. This shows that the rate of decrease in vertical force or
rate of increase in the horizontal force approaches zero as the slice to push force
increases. For plots of the largest wedge angle and offcut thickness, the
asymptote is not entirely formed for the range of slice to push ratio showed.



Offcut thickness has a larger effect on the cutting force than wedge angle. This
is most evident when comparing Figure 12 to Figure 20 and comparing Figure 13
to Figure 21.

It makes intuitive sense that the cutting forces would increase as the wedge angle or
offcut thickness increase. Previous research performed by Atkins [12] has shown that
increasing the slice to push ratio decreases the vertical cutting force and increases the
horizontal cutting force, this is shown again in the data. It is helpful to have a set of
analytical equations to describe this cutting process. With analytical equations, the
design and optimization of single edged blades becomes simpler. The analytical
equations are generated in the next sub-section.
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4.1 Analytical Equations
The analytical equations generated in this section are used to compare to
experimental results. The equations attempt to create a model to show the relationship
between the slice to push ratio and wedge angle in a 3D environment. The following
analysis makes a couple of assumptions in order to simplify the approach and is listed
below:


The offcut material is “floppy”, i.e., have negligible bending resistance and does
not plastically deform.



All the forces vectors meet at a single point and therefore moment equilibrium is
immediately satisfied.



The material to be cut is homogenous, isotropic, and linearly elastic.



The process is an idealized steady state cutting process in that the incremental
displacement of the cutting tool and the crack tip are the same and there is stable
crack growth.



The tip of the cutting tool does not make contact with the material.



All friction interactions follow a Coulomb friction model.

Free body diagrams of this cutting process can be seen in Figure 27and Figure 27 and the
variables are defined as follows:


V is defined as the vertical force and is the applied force on the blade in the zdirection.
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H is defines as the horizontal force and is the applied force on the blade in the ydirection.



N is defined as the normal force and is the normal force seen on the inclined face
of the blade.



L is defined as the lateral force and is the normal force seen on the bottom face of
the blade.



T is defined as the tangential force and is the force tangential to the inclined face
of the blade.



S is defined as the sliding force and is the force tangential to the bottom face of
the blade.



dv is the incremental displacement of the blade in the direction of V.



dh is the incremental displacement of the blade in the direction of H.



θ is the included angle of the blade.



ψ is the angle of S with respect to dv.



φ is the angle of T with respect to dv/cosθ.

The force equilibrium balances in all three orthogonal directions are shown in Equations
1-3.
∑ 𝐹𝑍 = 𝑉 − 𝑁 sin 𝜃 − 𝑇 cos 𝜃 cos 𝜑 − 𝑆 cos 𝜓 = 0

(1)

∑ 𝐹𝑋 = 𝐿 − 𝑁 cos 𝜃 + 𝑇 sin 𝜃 cos 𝜑 = 0

(2)

∑ 𝐹𝑌 = 𝐻 − 𝑇 sin 𝜑 − 𝑆 sin 𝜓 = 0
A generic energy balance equation can be seen in Equation 4.

(3)
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∑ 𝑒𝑛𝑒𝑟𝑦 𝑖𝑛𝑝𝑢𝑡 = ∑ 𝑒𝑛𝑒𝑟𝑔𝑦 𝑑𝑖𝑠𝑠𝑖𝑝𝑎𝑡𝑒𝑑

(4)

Figure 27: 3D Free body diagram

Figure 27: 2D Free body diagram

For the cutting process presented in this section, the energy imparted into the system is
the energy coming from the motion of the blade. Energy dissipated is a combination of
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the energy required to propagate a crack as well as frictional losses. The energy required
to propagate a crack can be calculated using Linear Elastic Fracture Mechanics (LEFM)
concepts. In order to use LEFM, we shall assume that a crack has already been initiated
and that the blade is used to propagate the crack. In LEFM, the strain energy release rate,
G, is defined as the energy dissipated during crack propagation per unit of newly created
fracture surface area. If G is lower than a critical energy release rate, GC, then the crack
is stable and does not grow. Conversely, if G is greater than GC then the crack will
propagate.
The energy imparted by the blade and the energy loss due to friction can be
thought of in terms of work. Work can be defined as the product of the force applied to
an object and the displacement of that object in the direction of the applied force. Using
the concepts of LEFM and work, Equation 4 can be refined to represent the cutting
process seen in Figure 26and the result is Equation 5.
𝑑𝑧

𝑉𝑑𝑧 + 𝐻𝑑𝑦 = 𝐺𝐶 𝑤𝑑𝑧 + 𝑇 cos 𝜑 cos 𝜃 + 𝑇 sin 𝜑𝑑𝑦 + 𝑆 cos 𝜓𝑑𝑧 + 𝑆 sin 𝜓𝑑𝑦

(5)

Rearranging Equation 5 by isolating dz and dy terms and then defining the slice to
push ratio, ξ, as the ratio of dy/dz results in Equation 6.
cos 𝜑

𝜉(𝐻 − 𝑇 sin 𝜑 − 𝑆 sin 𝜓) = 𝐺𝐶 𝑤 + 𝑇 cos 𝜃 + 𝑆 cos 𝜓 − 𝑉

(6)

Two geometrical relationships can be defined by looking at Figure 26 and are shown in
Equation 7 and 8.
𝜓 = tan−1 𝜉

(7)

𝜑 = tan−1(𝜉 cos 𝜃)

(8)
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If we assume that the forces T and S are due to just frictional forces on their respective
faces, then it can be said that T=µN and S=µL. Using this assumption, Equations 1-3 and
6-8 can be simultaneously solved to give equations for the cutting process. The result is
shown in Equations 9-12 with 𝐵 = √1 + 𝜉 2 Cos[°𝜃]2 .

𝑉=

𝑅𝑤Cot[𝜃](−𝜇 2 +√1+𝜉 2 B+𝜇(√1+𝜉 2 +B)Cot[𝜃])
√1+𝜉 2 (−𝜇+BCot[𝜃])

𝐻=

𝑅𝑤𝜇𝜉Cot[𝜃](𝜇−(√1+𝜉 2 +B)Cot[𝜃])

(9)

√1+𝜉 2 (𝜇−BCot[𝜃])

(10)

𝐿 = 𝑅𝑤Cot[𝜃]

(11)

𝑁=

𝑅𝑤BCot[𝜃]Csc[𝜃]
−𝜇+BCot[𝜃]

(12)

Plots of the vertical and horizontal force as a function of the slice to push ratio, with
varying wedge angle, can be seen in Figure 28and Figure 29.

Figure 28: Plot of the vertical force in the slice to push analysis with various wedge
angles

42

Figure 29: Plot of the horizontal force in the slice to push analysis with various wedge
angles

4.2 Comparison Between Experiments and Equations
When comparing the experimental results with the analytical equations, it can be
seen that the general shape of the plots match. Both show an asymptotic decrease in the
vertical cutting force and an asymptotic increase in the horizontal cutting force. Figure
30 though Figure 33 graphically shows the comparison between analytical and
experimental results. The densely hashed area represents the range of analytical results
for vertical force that were calculated using the error associated with measuring the strain
energy release rate and coefficient of friction. The lightly hashed area represents the
range of analytical results for horizontal force that were calculated using the error
associated with measuring the strain energy release rate and coefficient of friction.
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Figure 30: Comparison of analytical vs experimental vertical/horizontal force for a 4
degree wedge and 1.5 mm offcut

Figure 31: Comparison of analytical vs experimental vertical/horizontal force for a 8
degree wedge and 1.5 mm offcut
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Figure 32: Comparison of analytical vs experimental vertical/horizontal force for a 12
degree wedge and 1.5 mm offcut

Figure 33: Comparison of analytical vs experimental vertical/horizontal force for a 16
degree wedge and 1.5 mm offcut
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At the smallest wedge angle and smallest offcut thickness, the experimental data and
analytical equations are in agreement and line up with each other. This can be seen in
Figure 30. The two approaches differ when looking at the effect of the wedge angle.
Experimental data shows that as the wedge angle increases, the cutting forces increase.
The equations show that as the wedge angle increase the cutting forces decrease. To
determine why this difference exists we must look at the assumptions made in the
analytical model. The analytical model does not take into account all of the different
variables that can have an effect on cutting force and it also makes assumptions to
simplify the problem. The assumption that the test material is isotropic may be incorrect.
It may be that the foam material is viscoelastic and the rate at which the blade is moved
can cause an effect on the cutting force. This is a source of error because the material
property testing was performed at a rate of 4 mm/s, the same rate of the vertical slice
during cut testing. The horizontal slide had a rate that varied from 0 mm/s to 20 mm/s.
The changes in feed rate for the horizontal slide are not accounted for if the material is
viscoelastic. Assuming a Coulomb friction model may also be incorrect, the interaction
between the blade faces and the test materials may follow a shear friction model. Also,
there may need to be a different friction model applied to push only modes than slice to
push modes. Push only modes can exhibit stick slip behavior while slice to push modes
are mode of a shear friction behavior. All of the unaccounted for effects were assumed to
be negligible by themselves but can add up and cause a discrepancy in the experimental
data and the analytical model. The most likely assumption that is directly impacting the
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comparison between the experimental data and analytical model is assuming that the
material is floppy.
A reason why the experimental and analytical results only agree at the small
offcut and wedge angle is because the material being cut only exhibits a floppy behavior
at those parameters. As defined before, a floppy material is a material that has negligible
bending resistance and does not plastically deform. Some of the offcuts from the test at
the 12 and16 degree wedge angles did exhibit some plastic deformation and had a slight
curl to them. The experimental data shows that at the smallest offcut thickness of 1.5
mm, the cutting forces are all very similar and are independent of wedge angle. As the
offcut thickness increases, the spread between cutting forces for different wedge angle
increases. This is attributed to the fact that as the offcuts get larger they have a higher
resistance to bending and thus store more elastic strain energy. This increase in stored
elastic strain energy is not accounted for in the analytical equations. Also, as the offcut
get larger and can resist bending more, it produces more normal force against the face of
the blade. This increase in normal force causes an increase in the frictional forces which
aids in mode III fracture failure of the crack. This should decrease the overall cutting
force with increasing offcut thickness but the benefit gained is usually not enough to
overcome the extra energy required to deflect the offcut out of the way. Figure 21,
Figure 25, and Figure 27 do show that for the largest offcut, as the slice to push ratio
increases, the cutting force starts to decrease. This indicates that the advantage gained
from increasing the slice to push ratio in combination with the advantage of increase
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frictional forces from large offcuts is enough to overcome the energy required to move
the offcut that we eventually do see a decrease in cutting force.
Another reason why the experimental data differs from the analytical model is the
effect that the wedge angle has on how much plastic deformation occurs in the offcut.
The model assumes no plastic deformation, but at the larger wedge angles there was
visible plastic deformation. It is reasonable to assume that the possibility for plastic
deformation increases as the wedge angle increase. Though some of the trends seen in
the experimental data differ from the analytical model, there are several actions that can
be taken in the future to ensure that the analytical model properly represents the physical
relationships in the experiments.
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5

CONCLUSION
The experimental data and derived equations shown in this body of work helps to

illustrate the effect of wedge angle and offcut thickness while including relative motion
of the blade edge to the work material. Both show that an increase in the slice to push
ratio decreases the vertical cutting force and increases the horizontal cutting force for
most cases. This relationship essentially lowers the overall resultant cutting force when
there is an increase in the slice to push ratio. For the largest wedge angle we see a peak
in the horizontal force and then a decrease. The effect of the slice to push ratio is mostly
similar at all wedge angles and offcuts tested, which indicates that increasing the slice to
push ratio will always decrease the cutting force regardless of the wedge angle or offcut
thickness. The experimental data showing this was previously unseen in existing
literature.
The experimental data shows agreement with previous literature in that there is an
increase in cutting force due to an increase in wedge angle except for the 16 degree
wedge where there is a peak and then a decrease in cutting force. The previous literatures
that investigated wedge angle performed their experiments by taking large body removal
cuts and did not monitor the offcut thickness as it was considered to not be a factor. This
supports that the assumption of floppy offcuts in the analytical model may be inaccurate
and further refinement is needed. The existing literatures that took an analytical approach
had the wedge angle as a factor but never investigated its effects on the cutting force.
Changes in offcut thickness tend to have a larger effect on the cutting force than changes
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in wedge angle. The experimental data was able to show that though typically increasing
the offcut thickness causes an increase in cutting force, there is a different behavior that
occurs at the largest offcut size. At an offcut thickness of 12.0 mm, there is a peak in the
horizontal force and then it starts to decrease as the slice to push ratio increase. This
indicates that a combination of increasing offcut thickness and slice to push ratio is
enough to cause the horizontal force to start decreasing instead of asymptotically
increasing.
Agreement between experimental and analytical data is shown at a wedge angle
of 4 degrees and an offcut thickness of 1.5 mm. It is assumed that this behavior is
because at wedge angles above 4 degrees and offcut thicknesses greater than 1.5 mm the
selected test material no longer follows the assumptions made in deriving the equations.
Though there is not complete agreement between experimental results and analytical
equations, the steps taken in this thesis have shown progress in creating a descriptive
model of the cutting process for asymmetric blades. Additional work can be done in the
future to help improve the experimental setup and analytical model.
There are a couple of corrective actions that can be taken in the future to improve
both the experimental setup and the analytical equations.


A more suitable test material could be found that more closely exhibits a floppy
behavior and is isotropic and homogenous.



A more descriptive model of the material properties of the material to be tested
can be included in the analysis if a suitable isotropic, floppy, and homogenous
material cannot be found.

50


The model could be modified to include the effect of bending resistance. In order
to do this the machine would need to be modified to be able to measure the
ligament length of the offcut in bending.



A more detailed look at the friction model used to model the interaction between
the blade and test material is needed. It is the friction interaction that drives the
mode III fracture failures that aid in reducing cutting forces. A better
understanding of this interaction and how it is affected by push or slice and push
cutting modes is needed.

These actions, if taken in the future, would help improve the experimental setup and/or
model and may show more agreement than what is shown in this thesis.
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