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INVERSE LIMITS AND FULL FAMILIES

1 Introduction

Inverse limits, besides being of intrinsic interest to topologists, can often be
used to represent attractors of dynamical systems. For example, the inverse
limit space with a single full unimodal bonding map is homeomorphic to the
attracting set of Smale’s horseshoe. Williams [36] and Block [8] were the first to
address the relationship between inverse limits and attractors and many others
have since followed (see, for example, [19], [34], [3],and [20]). These efforts have
generated an increasing interest in the topological properties of inverse limit
spaces with unimodal bonding maps.

Barge and Martin [1] were the first to show there is a strong relationship be-
tween the dynamics of the bonding map and the topology of the corresponding
inverse limit. Holte [19] utilized kneading theory to show that two unimodal
bonding maps with the same finite kneading sequence produce homeomorphic
inverse limits. Work by Barge and Martin [1] showed that inverse limits corre-
sponding to unimodal maps with finite kneading sequences of different lengths
are not homeomorphic due to the fact that they have a different number of
endpoints. Only recently has it been shown that two inverse limits with bond-
ing maps having different kneading sequences of the same finite length are not

homeomorphic [30] (see also [6] and [23]).



Many of these results have been concentrated on the tent family,

or the logistic family

falz) =Ae(l—2),0 <A< 4

This is of no surprise as these two families are the most investigated and well
understood examples of one-parameter families of interval maps. An important
difference between the tent family and logistic family is that only the latter is
an example of a Full family (see §3.5).

Our interest in Full families is two fold. First, Full families are the context in
which Feigenbaum’s celebrated Universality Theory was developed. Secondly,
apart from the logistic family, there is little in the literature concerning the
behavior of the corresponding inverse limit spaces as the parameter is varied.

We will see that in a Full family of C'unimodal maps there exists a convergent

sequence of parameter values

)\0<>\1<)\2<"'——>)\00

such that the critical point corresponding to A, is periodic of period 2". This is



generally now referred to as the period doubling route to chaos. By investigating
the logistic family, Feigenbaum [16], equipped with only a pocket calculator,
made a remarkable discovery:

lim Dot ZAn

=6 = 4.6692106 - - -
n—00 An—i—2 - An—}—l

and is identical for all such systems undergoing this period doubling. Feigen-
baum went on to propose an explanation for the universality of § which was
inspired by the renormalization group theory in statistical mechanics. The
main results of this work deal with Feigenbaum’s Universality Theory in the
topological setting of inverse limits.

As the dynamics of the logistic family are so well documented, it is only
natural (and inevitable) that the behavior of the inverse limits as the parameter
is varied be investigated. It was Barge and Ingram [4] who, relying on the
fact that maps from the logistic family have negative Schwarzian derivative,
revealed a number of striking features occur among the corresponding inverse
limits. Using kneading theory and the renormalization operator introduced
by Feigenbaum, we generalizes many of their results to Full families where a
negative Schwarzian derivative is not assumed.

Denoting the inverse limit with unimodal bonding map f by lim(Z, f) our
main results can be summarized as follows: For parameter value A such that fy

has kneading sequence below fy_, lim(7, fy) is hereditarily decomposable with



topological sin(1)-curves being the dominate subcontinua (Theorem 4.1). At
Aoo, With a milder smoothness condition than a negative Schwarzian derivative,
we show that lim(Z, f,_) is hereditarily decomposable and contains only three
topologically different subcontinua (Theorem 4.6 and Theorem 4.7). For param-
eter value X such that f, has kneading sequence above f,_, we show lim(I, f))
contains an indecomposable subcontinuum (Theorem 4.4). As a new result even
for the logistic family we show the following: For each finite maximal sequence

AC there exists a sequence of parameter values

Aoo < v < g < iy < flg

such that f, has kneading sequence AC and lim([, f, ,,) is a ray limiting
on two homeomorphic copies of lim(/, f, ) intersecting in a common endpoint
(Theorem 4.2).

In developing the necessary tools to prove the above results, we also obtain
results applicable to inverse limits with unimodal bonding maps in general.
In Corollary 3.3, we show that two unimodal maps with the same periodic
kneading sequence produce homeomorphic inverse limit spaces if and only if the
cardinality of the sets of accumulation points of forward orbit of the critical
points are equal. In Theorem 3.9 we show that a decomposable core can always

be decomposed as the union of two homeomorphic subcontinua.



2 Background

2.1 Dynamical Systems

We begin with a brief and elementary introduction to needed terminology and
results in discrete dynamical systems. For a more detailed discussion the reader
is directed to [12], [9],.

If f: X — X is a mapping of a topological space X, the n-iterate of f is

defined inductively by

£ = idy
L=
fTH-] — anf,TI,Zl

If f is a homeomorphism then, for n > 0, we can define f™ = (f~1)". If f
is not invertible we define f~"(y) = {z : f*(z) = y}. The forward orbit of
a point z € X is the set Of () = {f*(z) : n > 0} and the backward orbit
is the set Of(z) = {f™"(z) : » > 0}. The orbit of z is Os(z) = {f"(z) :
n € Z} = Of(z) U (’)}L(a:) A point z is called a periodic point of period n
if f*(z) = z and f*¥(z) # = for 1 < k < n. If z has period one then it is
called a fized point. If z is a periodic point of period n , then the forward

orbit of z, Of (z) = {z, f(2), fA(z), -, " =)}, is called a periodic orbit. For



C! maps f : R — R with periodic point p of period n, we make the following

classification:

pis stable if |(f™)(p)| < 1,
p is unstable if |(f™)'(p)| > 1,

p is neutral if |(f*)'(p)] = 1,

Notice that |(f*)'(p)| = HZ;(I) '(f*(p)) so the stability of a periodic point is

determined by the product of the derivatives along its orbit.

Theorem 2.1 [12, Proposz'tz'on 4.4] Suppose p is a stable periodic point of pe-
riod n. Then there exist an open interval U containing p such that, for all

z€ U, klim fr(x) = p.

Proof. Let g = f™. Since |¢'(p)| < 1 there exist ane > 0 and a 0 < A < 1
such that |¢'(p)] < A for all z € (p— ¢, p+¢). By the Mean Value Theorem, for

z € (p—€,p+ €), there exist a y between 2 and p such that

l9(z) —p| = |g'(W)l|lz — p| < Az —pl.

An induction argument gives |g*(z) — p| < M|z — p| for k£ > 0. It follows that

fk(z) =gF(x) o pask —oo. M



Theorem 2.2 [12, Proposition 4.6/ Suppose p is an unstable periodic point of
period n. Then there exist an open interval U containing p such that, for all

x € U — {p}, there exists a k > 0 such that ™ (z) ¢ U.

Proof. Let g = f*. Since |¢'(p)| > 1 there exist an ¢ > 0 and a A > 1 such
that |¢'(p)| > A for all z € (p — ¢,p + €). By the Mean Value Theorem there

exist a y between z and p (x # p) such that

lg(z) —pl = |g' W)z — p| = Mz —p| > |z —pl.

If |g(z) — p| > € we take k = 1. If |g(z) — p| < € we apply the mean value

theorem again and find

19%(z) —p| > Xz —p| > |z~ p|.

If |g*(z) — p| > € we take k = 2. Repeating the argument if necessary, we
eventually find a k& > 0 such that f™*(z) = g¢"(z) ¢ (p—c,p+¢). R
If X is a metric space and f : X — X, then the w-limit set of the orbit of

z is the set

w(z) = {y € X : 3 a sequence n;, — oo with f™(z) — y}.

If z lies in a periodic orbit then O (z) = w(z).



Twomaps f: X — X and g : Y — Y are topologically conjugate if there
exists a homeomorphism ~ : X — Y such that ho f = goh. The homeomorphism
h is called a topological conjugacy. Note that ho f = goh implies ho f* = g™ oh.
Thus, f™ and ¢ are also topologically conjugate. An important and well known
feature of topologically conjugate maps is that they have the same dynamics.
For our purposes we are mainly concerned with periodic points and limit sets

in a metric space setting.

Theorem 2.3 Let X and Y be metric spaces with, f : X — X, g:Y — Y,

and h : X =Y a topological conjugacy between f and g. Then

1. z is a periodic point of period n for f if and only if h(z) s periodic point

of period n for g.

2. a sequence {T,}n>10n X converges to x in X if and only if the sequence

{h(zn)}i>1 inY converges to h(z) inY .

Proof. (1) If z is a periodic point of period n for f, then g"(h(z)) = h(z) and
g'(h(z)) = h(f(z)) # h(z) for all 0 < ¢ < n. Thus h(z) is periodic of period
n. Since foh™! = bl o g, we can use a similar argument to show h~'(y) is

periodic of period n if y is periodic of period n. (2) is clear. ®



2.2 Continuum Theory

We present here only the concepts necessary for the discussion following. The
reader is directed to [29] for more details. We begin with several definitions.

A continuum is a nonempty, compact, connected metric space. A subcontin-
wum is a continuum which is a subset of a space. When a continuum consists of
more than one point it is called nondegenerate. The most well known nondegen-
erate continuum is an arc: any space homeomorphic to I = [0,1]. A continuum
is called decomposable if it can be expressed as the union of two proper sub-
continua; otherwise it is indecomposable. An arc is clearly decomposable. A
point 2 in a continuum X is an endpoint of X if for subcontinua H and K both
containing x then H is a subset of K or K is a subset of H.

For those new to continua theory, it may appear that all continua except
one-point continua are decomposable. However, in a certain sense most continua

are indecomposable [29]. Here are two important examples.

Example 1 The Brouwer-Janiszewski-Knaster (B-J-K) Continuum: Let K be
the classical middle-thirds Cantor set in I = [0,1]. Let Xy be the union of all
semicircles in the upper half-plane with endpoints in K such that the endpoints
are symmetric with the line x = % Fori=1,2,---, let X; be the union of all
semicircles in the lower half-plane with endpoints in K such that the endpoints
symmetric with respect to the line x = —2—(3——) See Figure 1. Let X = J;og Xi. It

can be shown that X is indecomposable [25].
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X3 X,

X

Figure 1: Contruction of the Brower-Janiszkowski-Knaster Continuum

Example 2 Three endpoint indecomposable continuum: Let a,b, and ¢ be three
points in the plane. Construct simple chains C1,Cq, - - of open disks such that
the sets in C, have diameter less than %Z and have closures contained in sets of
Cn_1, in the following manner: C; is a simple chain from a to c passing through
b, Cy is a simple chain from b to ¢ passing through a, and Cs is a stmple chain
from a to b passing through c. See Figure 2. Now repeat this process. In general,
Csn+1 18 a simple chain from a to ¢ passing through b contained in Cs,,, C3,10 18
a simple chain from b to ¢ passing through a contained in Cs,q, and Csni2 1S @
simple chain from b to ¢ passing through a contained in Cs, o The intersection

Moo (U2, Cn) is the desired continuum with endpoints a,b, and c.
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Figure 2: Construction of the Three-Endpoint Continuum

2.3 Inverse Limits

Let Xy, X1, - be a sequence of topological spaces. Suppose for each n. > 0

there exists a continuous function f, : X, +1 — X,.

XO ji)_ Xl f_l_ P Xn f_n Xn+1 p—

The sequence of spaces and functions {X,,, f.} is called an inverse sequence.
The inverse limit of the inverse sequence {X,,, f,.}, denoted by im(X,, f.),

is the subspace of [[ >, X,, defined by

(X, f) = {z = (20,21, -+ ) € H:‘;Oxn . fo(Tnsr) = @ for all n > 0},

The spaces X, are called factor spaces and the functions f, are called bonding

maps. Our use of inverse limit theory will often be in the setting where, for
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each n > 0, X,, is a specific metric space X and, for each n > 0, f, is a specific
continuous function f. In this case, we will denote the inverse sequence by
{X, f} and the inverse limit by im(X, f). For a more comprehensive treatment

of inverse limits the reader is referred to [15] or [13].

Example 3 Suppose {X,, f.} is an inverse sequence with Xo D X; D --- and
frn: Xnv1 — X, is the injection map. Then im(X,, f.) is homeomorphic to
Moeo Xn. The homeomorphism f : (o Xn — Um(X,, fr) s given by f(z) =

(1;71;,...)‘

It is clear from this example that the inverse limit may be empty even though
the bonding maps are injections. To avoid this situation we have the following

theorem.

Theorem 2.4 [85, Theorem 29.11] If { X,., f»} is an inverse sequence of com-
pact (nonempty) Hausdorff spaces, then the inverse limit im(X,, f,.) is a com-

pact (nonempty) Hausdorff space.

The following well known theorem justifies our inclusion of continuum theory

in the background information.

Theorem 2.5 [29, Theorem 2.4] If{ X, f»} is an inverse sequence of continua,

then the inverse limit im(X,,, f,) is a continuum.
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Theorem 2.6 [22, Theorem 6.1] Suppose {X,, f.} is an inverse sequence of
continua. If for each n, K, is a subcontinuum of X,, and fo(K,11) = K,,, then

Um (K, ful Knv1) s a subcontinuum of Um (X, fr).

Proof. Follows directly from Theorem 2.5 W

For n =0,1,--- let m, : im(X,, f.) — X, denote the nth projection map.
Suppose K is a subcontinuum of a continuum im(X,, f,). Then K, = m,(K)
is a continuum (7, is continuous) and f,.(K,41) = K,. We have therefore
proved the following result that every subcontinuum is the inverse limit of its

projections.

Theorem 2.7 If K is a subcontinuum of an inverse limit of an inverse sequence

{X,., fo} of continua, then K = lim(K,, fn|Knt1), where K,, = m,(K).

We will later see that complicated spaces can be formed using inverse limits
where the factor spaces and bonding maps are quite simple. As the next theorem
points out, if all the factor spaces are homeomorphic to a given space X, then

the inverse limit and X might be homeomorphic.

Theorem 2.8 [82, Proposition 20] Suppose {X.,, fn} is an inverse sequence.
If each X, is homeomorphic to a given space X and each bonding map f. is a

homeomorphism, then im(X,, f,) is homeomorphic to X.

Proof. It suffices to show 7y : Um(X,, f.) — Xo is a homeomorphism.

Continuity of mg is clear. The bijectivity of my follows from the assumption



14

that each f, is a homeomorphism. It remains to show that 7y is an open map
(this is not true in general). Let U C lim(X,, f») be a basic open set. Then
U = n;(W) for some n and some open set W C X, [10, Theorem 6.B.8]. Since
each f, is a homeomorphism, my o 7, /(W) = foo fi0--- o f,_1(W) which is
open in Xg. Thus, 7 is an open map. W

Given two inverse sequences { X, f»} and {Y,, ¢, }, there is a natural way to
map {X,, fn} to {Ys, gn}. For each n > 1 suppose h, : X,, — Y, is a continuous

function such that

hn o fn =0n©° hn—§—1-

The collection of functions {h,} induces a function

in the following manner. For each z = (zg,zy,---) in im(X,, f,), define

h(z) = (ho(mo), b (1), ).
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This can all be summarized in the following commutative diagram.

XO (E X1 ﬁ T e— Xn f_n Xn+1 — ILI—Q(Xnyfn)

o~

lhO lhl lhn lhn-i—l lh
Yo go Y1 g Y, gn Yo — LiLn(Ynagn)

The equations

In(bnt1(Zns1)) = hn(fo(Tnt)) = hn ()

guarantee that /f;(g) is an element of lim(Y,, gn).

Theorem 2.9 [85, Theorem 29.13] Let {X,, fn} and {Yn,gn} be inverse se-
quences. If hy, - X,, — Y, is a continuous function satisfying hn, o fr, = gn 0 Ant1
for alln > 0, then the induced function h: Um(X,, fn) — Um(Y,, g.) is contin-

uous. Moreover, if each h, is a homeomorphism, then h is a homeomorphism.

Proof. Suppose each h,, is continuous. Let 7, and 7/, denote the nth projec-

tion in []°2, X, and [] ., Yz, respectively. We then have

o~

7' o h(mo,wu o ) = hn(mn) = hyp 0 7Tn(£L‘0,£L‘1, T )

Thus 7o} is continuous from which it follows that % is continuous. Now suppose
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that each A, is a homeomorphism. For each y = (yo, y1,---) € lim(Yy, gn), let

z = (CL'o,CL'l, e ) = (hal(y0)>h;1(yl)a T )

From the equation

fn(mn—H) = fn(h;-lkl(yn-kl)) = hr_zl(gn(yn+l)) = hr:l(yn) = In

we conclude that z € [m (X, f.). Clearly h(z) = y. Thus, h is surjective.
The injectivity of h follows from the injectivity of each h,. Since h_!o g, =
faohgl for all m > 0, A7 : lim(Yy, gn) — Hm(Xa, fa) given by h~'(z) =

(hgt(zg), AT (21), - - - ) is also a continuous bijection. Furthermore, h~loh(z) =

zand ho /ﬁ‘l(g) = y. Therefore, h is a homeomorphism. M

Corollary 2.1 Suppose f : X — X and g: Y — Y are topologically conjugate.

Then lim(X, f) is homeomorphic to lim(Y, g).

Now consider the case where X,, =Y, = X and f, =g, = f for all n > 0,
As suggested by the following diagram, the previous theorem states that the

induced function f is continuous.
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o~

We note that for z = (zg,z1,---), f(z) = (f(z0), %0, 21,...). In fact, we have

the following well known and important feature of inverse limits.

Theorem 2.10 Let {X, f} be an inverse sequence. Then the induced function

f is a homeomorphism.

Proof. It follows from Theorem 2.8 that fis continuous. Let z = (zg, 21, -+ ) €
lim(X, f). Then 2’ = (z1,z9,---) € lim(X, f) and f(x_’) = z so that f is sur-
jective. If f(gc_) = (f(20), 20,71, ) = (f(%0), Yo, Y1, ) = A(Q)7 then z =y so
that f is injective. Clearly f_l(g) = (x1, 2, - ) is continuous. W

Suppose J and K are two closed intervals with continuous functions f : J —

J and g : K — K. The following theorems are well known and will prove useful

in what follows.

Theorem 2.11 lim(J, f) is homeomorphic to lim(J, f*) for all n > 1, where

fr=fo...of.

n - times

Proof. Letn > 1. Define A : lim(J, f) — lim(J, f*) by h(z) = (2o, Tn, Ton, - - )-
It is clear that A is continuous and bijective. Since lim(J, f) and lim(J, f*) are
compact metric spaces, A is a homeomorphism [35, Theorem 17.14]. W

The next theorem is actually a corollary to Theorem 2.8

Theorem 2.12 If f is a homeomorphism, then lim(J, f) is an arc.
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Theorem 2.13 lim(J, f) = Um(J', f), where J' = (., f*(J).

Proof. Note first that fi : J° — J'. Clearly lim(J', f) € lim(J, f).
Let (zo,21,---) € Um(J, f). It follows that z, € J = (oo, f*(J) for all
k > 0. Thus, (zg,z1,---) € Uim(J’, f) and im(J, f) € lim(J’, f). Therefore,

lim(J, f) = im(J', f). ®

2.4 Unimodal Maps and Kneading Theory

A continuous function f : I — [ is called a unimodal map if f(0) = f(1) =0
and there exist a ¢ € (0,1) such that f is strictly increasing on [0, ¢| and strictly
decreasing on [, 1]. Obviously, we could use any closed interval [a,b] in place of

I. Let z € I and define the itinerary of x by

,

L if fi(z) <c

I(z) = agay ... where g, =< (o if fi(z) =c

R if fi(z) > ¢

\

with the convention that I(z) is of finite length if f*(z) = ¢ for some i. Notice
that a unimodal map f induces a shift map o on sequences by I(f(z)) = o(I(z)),
where o(aga; -+ ) = ajag--- (if I(f(z)) = C, o(I(z)) is undefined). If we define
an order on the symbols L, R, and C by L < C < R, then it can be extended
to an order on sequences as follows: If A = aga;... and B = bgb; ... are two

different finite or infinite sequences, there is a smallest integer ¢ with a; # b;.
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We call a finite sequence odd if it contains an odd number of R’s and even
otherwise. We then define A < B if, and only if, either a; < b; and aga; ...a;_;

is even or a; > b; and aga;y ... a;—; is odd.

Theorem 2.14 [11, Lemma II.1.2 and Lemma II.1.3] Let f be unimodal with

z,y € 1.

1. If I{z) < I(y), then z < y.

2. Ifx <y, then I(z) < I(y).

An itinerary I(z) is said to be maximal if 0™ (I(x)) =< I(z) for all n > 0 for
which ¢™(I(z)) is defined. The fact that I(f(c)) is maximal and o™(I(z)) <
I{f(c)) for all z € I and all n > 0 leads to the following definition, which is a
modification of the original ideas of Milnor and Thurston [28]. The kneading
sequence of a unimodal map f with critical point ¢, denoted k(f), is defined as
k(f) = I(f(c)). A sequence apa, ... is admissible if it is infinite and contains
only L’s and R’s or is a finite sequence of L’s and R’s ending with a C. A
natural question is whether it is possible to identify which admissible sequences
are realized as the itinerary of some z € I. The answer is provided by the

following theorem.
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Theorem 2.15 [11, Theorem I1.3.8] Let f be unimodal and assume A is an

admissible sequence satisfying

(i)  If k(f) is infinite then o™(A) < k(f) for alln > 0.
(ii) If k(f) = DC is finite with D even then o™(A) < (DL)> for all n > 0.

(iii) If k(f) = DC is finite with D odd then o"(A) < (DR)* for alln > 0.

Then there exists an © € I such that I(z) = A.

Theorem 2.15 shows that the map z — I(z) is in this sense surjective.

However, two different points may have the same itinerary, as is implied by

Theorem 2.14.

Let L = R, R= L, and C = C. For a finite sequence A of L’s and R’s and

admissible sequence B = bgb; - - - we define the x-operator as follows:
1. If A is even and B is infinite, A x B = AbyAby - - - .
2. If Aiseven and B = byob; -+ - b,_1C, Ax B = AbgAb,--- Ab,_1AC.
3. If A is odd and B is infinite, A x B = AbyAb; - - -
4. If Ais odd and B = boby - - - b,_,C, Ax B = AbyAb; - - Ab,_1 AC.

Lemma 2.16 [11, Lemma II.2.6] If A,C and A,C and B is admissible, then

Ay * (Ay + B) = Ax B, where A= A, x AsC.
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As a result of this lemma we see there is no ambiguity in using the notation

(Ax)"B.

Theorem 2.17 [11, Corollary I1.2.4] If AC and B are maximal, then A B is

maxrimal.

Theorem 2.18 [11, Theorem I1.2.5] If AC' is mazimal then the map Ax : B —

A x B 1s order preseruing from the set of maximal wtineraries to itself.

Proposition 2.1 Let B be infinite and admassible. If Rx B = B then B is

nonperiodic.

Proof. Suppose RxB = B and B = (bgb; - - - b,)>™°. Then (R/I;OR/I;l e R/I;n)oo =
(boby - - - b,)™ so that B = (RL)>*. We arrive at a contradiction since R *
(RL)>® # (RL)*. Therefore, B is nonperiodic. W

The *-operator will be important when we consider the renormalization op-

erator R in §3.4.

2.5 Schwarzian Derivative

In this section we discuss an important tool introduced by Singer [33] in 1978
into the study of one-dimensional dynamical systems. In 1918, Julia asked the
question of how many stable periodic orbits a unimodal map can posses. Julia
was able to show for certain unimodal maps that are the restriction of analytic
functions, there can be at most one stable periodic orbit. However, Singer’s

introduction of the negative Schwarzian provided the real breakthrough.
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The Schwarzian derivative of a mapping f is defined by

NN AORETIHONY
1) = T 2(1"(96))'

For a unimodal map f with critical point ¢ we say f has negative Schwarzian
derivative denoted by Sf < 0 if Sf(z) < 0 for all z € I — {c}. We will call
the class of C® unimodal maps with negative Schwarzian derivative S-unimodal.
This class includes the logistic family fi(z) = Az(1 —z) for 0 < A < 4 and
gx(z) = Asin(mz) for 0 < A < 1. Singer was able to show that a unimodal map
f with negative Schwarzian derivative has at most one stable periodic orbit. One

reason for the utility of the Schwarzian derivative is the following fundamental

property:

S(fog)(z) = Sf(gx)(d'(z))* + Sg(x)

which can be verified by direct calculation and the chain rule.
Lemma 2.19 [33/ If Sf <0, then Sf* <0 for alln > 1.

Proof. Sf"(z) =31, SF(f{@)(f) (@) =

Now suppose f and ¢ are topologically conjugate unimodal maps with critical
points ¢ and ¢/, respectively. Note that h(c) = ¢/. Since h must be order

preserving, z < c if and only if A(z) < ¢/. This results in I(z) = I(h(z)).
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p P

Figure 3: Non-conjugate unimodal maps with k(f) = k(g)

Therefore k(f) = k(g). We see then that topologically conjugate unimodal

maps have the same kneading sequence.

The converse is not true, however, as the following example shows.

Example 4 Figure 8 shows the two unimodal maps f and g with fized points
p and p', respectively. Both f and g are chosen (drawn) so that k(f) = k(g) =
RL*®. However, p is unstable (|f'(p)| > 1) whilep' is stable (|¢'(p')| < 1). Thus,
f and g cannot be topologically conjugate. However, im(I, f) is homeomorphic

to lim(I,g) (See §3.1).

If we limit our consideration to S-unimodal maps, then the kneading se-
quence is very close to being a complete invariant of its topological conjugacy
class. The theorem below is due to Guckenheimer [17], as stated in [11], and
shows that k(f) determines the topological conjugacy classes except for one case

in which information about the stable periodic orbits is needed.
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Theorem 2.20 [11, Theorem I1.6.3] Let f and g be S-unimodal maps with

1. If a is finite then f and g are topologically conjugate.

2. If a is infinite and periodic of period n (o = A, with |A| = n), then

there are two possibilities:
a. If A is odd, then f and g are topologically conjugate if and only if their
stable periodic orbits have the same period (n or 2n).

b. If A is even, then f and g are topologically conjugate if and only if
their stable periodic orbits (of period n) are both stable from one side

or stable from both sides.

3. If a is infinite and nonperiodic, then f and g are topologically conjugate.

We will be mainly interested in the third claim of the statement when we

consider infinitely renormalizable unimodal maps.



3 Inverse Limits with Unimodal Bonding Maps

3.1 Initial Results

Lemma 3.1 Let L : I — I be an order preserving homeomorphism with
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L(f(c)) = g(c'). Then there exists an order preserving homeomorphism M :

I — I such that Lo f =go M.

Proof. Let go = gjjo,] and g1 = gjjv,1}- and define

M(x) =

(90" o Lo f)(x), z€[0,]

(91" o Lo f)(z), =€lel]

Then M : I — I is a homeomorphism and

(90 M)(z)

Since

M(0) = (95" o Lo f)(0) = g5~ 0 L(0) = g5 (0)

M is order preserving. W

;

4

(Lo f)(z), z€]0,(]

| (Lo @), wele)
(Lo )o).

go(gotoLo f)(z), z€l0,(]

golgr'oLof)(z), z€lcl]

0,
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Theorem 3.2 Let f and g be unimodal maps with critical points ¢ and ¢/, re-
spectively. If there exists an order preserving homeomorphism h : I — I such
that h(f*(c)) = g*(c') for all k > 0, then lim(I, f) and im([, g) are homeomor-

phic.

Proof. Let hy = h. By the previous Lemma there exists a homeomorphism

hy : I — I such that the following diagram commutes

I (i I
4 ho L h
I 9 I

Since hy(f(c)) = g(c¢'), we can again apply the previous Lemma to obtain a

homeomorphism hy : I — I and the commutative diagram

1 ho L h 1 by
I g 1 g 1

This process can be repeated indefinitely using the fact that h(f*(c)) = ¢*(¢)

for all & > 0 to obtain homeomorphisms hg, i1, ko, -- and the commutative
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diagram

lhO lhl lhn—l lhn
I g1 L oI g I L

Theorem 2.9 shows that lim(/, f) and lim(7, g) are homeomorphic. W

We note here that the above theorem also follows from the recent work of
Barge and Diamond [6, Lemma 1.3].

Holte [19] has shown that if two unimodal maps f and ¢ have the same
finite kneading sequence then lim(7, f) and lim(/, g) are homeomorphic. As a
corollary to the previous Theorem we obtain a different and easier proof of the

same result.

Corollary 3.1 [19, Corollary 1] Let f and g be unimodal maps with the same

finite kneading sequence. Then im(I, f) and lim(I, g) are homeomorphic.

Proof. Let k(f) = k(9) = aoa1..a,-1C. Then I(f'(c)) = I(¢'(¢)) #
I(g7(¢)) = I(fi(c)). It follows that the sets {c, f(c), f2(c), -, f*(c)} and
{c,g(c),g*(c'), - ,g™(¢)} have the same ordering in I. Therefore, there exist
an order preserving homeomorphism kb : I — I such that h(f%(c)) = ¢*(¢) for
i =0,1,---,n. It then follows from Theorem 3.2 that lim(/, f) and lim(Z, g)

are homeomorphic. B
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Using Theorem 3.2 we can obtain results when the orbit of the critical point

is more complicated. First we need a couple of helpful tools.

Theorem 3.3 [11, Lemma I1.3.2] If f is unimodal and I(z) = (apa; -+ - an_1)™®
then the sequence { f(z)}32, converges to a periodic orbit of period n provided

g0 - - - Ap—y 1S even and period n or 2n if agay - - - Gy 1S odd.

Corollary 3.2 Let f be a unimodal map with critical point ¢ such that k(f) =
(a1ag - - an)®. Then |ws(c)| =n if a1az -+ - an is even and |ws(c)| = n or 2n if

aay - --a, 1s odd.

Lemma 3.4 If f is a unimodal map with critical point ¢ such that k(f) =

(aoay - -+ an_1)®, then f*(c) & wy(c) for alli > 0.

Proof. First note that if z € w¢(c) then z is on the periodic orbit of period n
or 2n of Theorem 3.3 above. Therefore ¢ ¢ wy(c) since k(f) is not finite. Now
suppose fi(c) € wy(c) for some i > 0. Then f*(c) is on a periodic orbit of period
n or 2n. If fi(c) = f"(c) then I(f*(c)) = I{(f*™(c)) = (@:@iy1 " Qizn_1)®. It
follows that a;_; = @;4,—; for 0 < j < 4. In particular, f!(c) and f**"~!(c)
are on the same side of ¢ and f(f*"l(c)) = f(f* " !(c)) = f(c). Therefore,
f=Ye) = 4™ (c). Similarly, f*~%(c) and f**""2?(c) are on the same side of
¢ with F(f~2()) = F(F*2(c)) = f"'(c). Therefore, f2(c) = f*"2(c).
Inductively, we conclude that f(c) = f™*!(c). Since c is the only value of z

for which f(z) = f(c) and f(f"(c)) = f(c), it must be true that f"(c) = c.
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This is a contradiction of the assumption that ¢ is not periodic. If f*(c) is on
a periodic orbit of period 2n, a similar argument shows that f2*(c) = f(c); a
contradiction. Thus, in either situation we arrive at a contradiction. Therefore

fi(c) ¢ wp(c) for alli>0. W

Theorem 3.5 Let f and g be unimodal maps with critical points ¢ and
respectively. Suppose k(f) = k(g) = (Ray---an—1)>. Then there exists an
order preserving homeomorphism h : I — I such that h(f*(c)) = g*(c') for all

k >0 if and only if |wy(c)| = jwy(c')| (which is n or 2n).

Proof. First suppose that there exists an order preserving homeomorphism
h: I — I such that A(f*(c)) = ¢*(c') for all £ > 0. Since z € w;(c) if and only
if h(z) € wy(c), ()] = wy(c)].

Now suppose that |w;(c)| = |w,(c)| € {n,2n}. Fori=1,2,--- ,nlet J; and
J! be the smallest closed intervals containing { f*(c), f"**(c), f****(c),--- } and
{g%(c), g™ (<), g*" (), - - - }, respectively. Then c is not in the interior of J;
and ¢ is not in the interior of J;. Therefore, f;, and g);; are homeomorphisms
into J;mod(n)41 and J; d(n)+1- Furthermore, f|;, is strictly increasing if and only
if gjj; is strictly increasing. It follows that f/73, : J; — J; is strictly increasing if
and only if gl’f,l, : J{ — Jj is strictly increasing. We also know that [ is strictly

increasing if and only if Ra, - - - a,_; is even [11, page 68].



30

First suppose Ray - - - a,_; is even. Then f]’}l andgl’}{ are strictly increasing.

Therefore,

pr <o < f(e) < (o) < fTHe) < f(o)
and

Py <o < gHE) < gH(C) < g™ < g(d)

Thus for 0 < j # k, f"*1(c) < f**(c) if and only if ¢/"*1(c) < gk *(c.).
Since fi;, is strictly increasing if and only if g is strictly increasing, for 1 <
i <nand0<j#Kk fi"ri(c) < ff*(c) if and only if ¢7""(c') < g*"*(c.).
Observe also that

lim f7"*(c) = " '(p1) and lim ¢'"*'(c') = g"7'(p).
j—o0

j—eo

so that |ws(c)| = |we(¢)] = n. Thus the supposition |wy(c)] = |wy(c’)| is not

needed in this case. We conclude that the sets

{C,f(C),f2(C),' Ly PLDP2, 7pn} and {Clag(cl)7g2(cl)7" ' apllapim' T ap;L}

have the same ordering in I and there exists an order preserving homeomorphism

h: I — I such that h(f*(c)) = g*(¢’) for all k£ > 0.
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Now suppose Ra; - - - a,_1 1s odd. Then fl?h and gl’f,{ are strictly decreasing.

Therefore,
frHe) < 7o) < o) < - < ) < ) < (o)
and
gH) < g HHE) < g < - < gmt(E) < g™T(E) < g(c)

Thus for 0 < § # k, f"*(c) < f**1(c) if and only if ¢/""1(c) < g*1(c.).
Note that either jh—>n;3 fAnti(e) = p = Jlirglo f@3+Un+i( ) with p, periodic of
period n, or }E?o fonti(c) = pp # p2 = ]lirglo f@+1n+e(c) with p; periodic of
period 2n and f™(p;) = po. Similarly for g. It follows that if |w(c)| = |w,(c)],
then there exists an order preserving homeomorphism h : I — I such that
h(f*(c)) = g*(c) forallk > 0. W

As a corollary, we can classify inverse limits with a single unimodal bonding

map having periodic kneading sequence by looking at the forward orbit of the

critical point.

Corollary 3.3 Let f and g be unimodal maps with critical points ¢ and ¢/, re-
spectively. Suppose k(f) =k(g) = (Ray - a,—1)>°. Thenlim(I, f) and im([, g)

are homeomorphic if and only if |ws(c)| = |wy(c)|.

Proof. Suppose |ws(c)| = |wy(c’)]. By Theorem 3.5, there exists an order
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preserving homeomorphism & : I — I such that h(f*(c)) = g*(¢’) for all k > 0.
Therefore, lim(/, f) and lim(7,g) are homeomorphic by Theorem 3.2. Now
suppose |ws(c)| # |wg(c')]. Then, using (3, Theorem 2.1], one can show that the
number of endpoints of lim(/, f) and lim(7, g) are not the same. However, an
endpoint is a topological invariant. Therefore, lim(7, f) and lim(/, g) are not
homeomorphic. B

We now provide an example showing why it is necessary to require ap = R.
First note that ap = L implies k(f) = k(g9) = L* and |ws(c)| = |wy(c)| = 1.

The example also shows that the converse is not true.

Example 5 Let f(z) = z(1—1z), g(z) = 3z(1—z), and h(z) = 2(1 —=z). Since

, k(f) = k(g9) = L™ and k(h) = C. In fact,

N2 [P

f(3) <3, 9(3) <3, and h(3) =
wi(3)] = lwe(D)] = lwn(3)| with wi(3) = {0}, we(3) = {3}, and wa(3) = {3}
We also have (Vo f*(I) = {0}, MiZog™() = [0, 3], and ;2o h"(I) = [0, 3]
It follows from Theorem 2.12 and Theorem 2.13 that im(I, f) is a point while

both im(1, g) and im(I, h) are arcs.

It is well known that for f4(z) = 42(1 —z), lim(Z, f) is homeomorphic to the
B-J-K continuum of Example 1 in § 2.2. It follows from Theorem 3.2 that, for
any full unimodal map f (f(c) = 1), im(Z, f) is homeomorphic to the B-J-K

continuum.
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3.2 Bennett’s Theorem and the Core

In this section we present a theorem by Ralph Bennett that has proven to be
very valuable in the study of inverse limits on arcs. We begin with a definition.

A topological ray is a locally compact, connected set R containing a point p
such that R — p is connected and if ¢ is a point in R distinct from p then R — ¢

is the union of two mutually separated connected nonempty sets.

Theorem 3.6 [22, Theorem 2.15] If aq, g, - - is a sequence of arcs i a con-
tinuum X with a common endpoint p such that a1 C as C --+, R =J 2, o,

and no point of a, lies in R — any1, then R ts a topological ray.

Bennett’s Theorem as stated here appears in [21] and is a slight generaliza-

tion of his original theorem in [7].

Theorem 3.7 (Bennett) Suppose f is a mapping of the interval [a,b] onto

itself and d is a number between a and b such that
1. f([d,b]) € [d, 0]
2. filad) s monotone and

3. there is a positive integer k such that f*([a,d]) = [a,b].
Then Uim(I, f) is the union of a topological ray R and a continuum K

such that R— R =K.

Before exploring how Bennett’s Theorem applies to inverse limits with uni-

modal bonding maps, we first consider the case where f(c) < c.
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Proposition 3.1 If f(c) < ¢ then Um(I, f) is either an arc or a point.

Proof. Suppose f(c) < c¢. and let p be the largest fixed point in [0,¢]. If p £ 0
then J = (i2, f*(I) = [0,p], fis is a homeomorphism, and lim(I, f) is an arc
by Theorem 2.12 and Theorem 2.13. If p = 0 then J = (2, f*(/) = {0} and
lim(Z, f) = {(0,0,...)} by Theorem 2.13. ®

Now suppose f(c) > c. If f(c) > ¢ choose d and b of Bennett’s The-
orem to be equal to ¢ and f(c), respectively. There are two possibilities:
J = Nigo [([c, f(¢)]) is either an interval or a point. If J is a point then
K = lim([f?*(c), f(c)], f) is a pomnt and lim(J, f) is an arc. If J is an in-
terval then K = lim([f%(c), f(c)], f) is an arc and lim(I, f) is a topological
ray limiting onto aﬁ arc, i.e. a topological Sin(%)—curve. There are only two
other cases which we need to consider: f2(c) < c¢ with either f3(c) < f?(c) or
f2(c) < f3(c). Bennett’s Theorem does not apply when f3(c) < f?(c) since
F(F2(0), fOD) & [f2(e), fle)). I f3(c) = f*(c), then the ray in Bennett’s The-
orem is replaced by an arc. When f?(c) < f3(c) and there is a fixed point in
[f3(c),c), then f*([0, f2(c)]) # [0, f(c)] for all £ > 0 and Bennett’s Theorem
does not apply.

This leaves us with the case when f2(c) < f3(c) and there are no fixed points
in [f3(c), c). We then have f([f2(c), f(c)]) = [f*(c), f(c)] and can use Bennett’s

Theorem with [a,b] = [0, f(c)] and d = f2(c). The continuum K is equal to

lim([f2(c), f(c)], f) and is called the core of lim(I, f).
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Figure 4: Topological ray limiting on an arc.

Example 6 Let f be a unimodal maps with k(f) = RC. Then f*(c) = ¢ and
fir2 @) 5(e) 8 a homeomorphism Thus, by Theorem 2.12 the core of Um(I, f) is
an arc and by Bennett’s Theorem, im(I, f) is a topological sin(3)-curve. See

Figure 4.

Now that we have reduced the study of im(I, f) to a study of the core, we

can focus our attention on the nature of the core.

Theorem 3.8 [21, Theorem 7] Suppose f is a unimodal map and q is the first

fized point for f2 in [c, f(c)]. If F([f2(c), F(c)]) = [f*(c), f(c)], then the core of

Um(I, f) is indecomposable if and only if f3(c) < q.

In the course of Ingram’s proof it is observed that if f(c) > ¢ then

lim([£2(c), £(o)), f) = Lm([f*(e), F(@)], /) | Um((g, £(O)], )-
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More importantly to us is how the two pieces of the core are related. Recall

that p is the fixed point for f in (c, f(c)).

Theorem 3.9 Suppose the core of im(I, f) is decomposable. Then the core is

the union of two homeomorphic subcontinua intersecting in a point or an arc.

Proof. Let g be the first fixed point for f2 in [c, f(c)]. Then f3(c) > q and
lim([f2(c), £(c)], ) is the union of lim([f*(c), f(g)), f*) and lim([g, f(c)], f*).
Note that fi(s(g). (¢ iS & homeomorphism onto [f?(c), g]. It follows that f|2[f(q)’ ol
is topologically conjugate to -f|2[f2(c),q] via fi(y(q)./o- Thus, im([f2(c), f(q)], f?)

is homeomorphic to lim([g, f(c)], f?). Furthermore,

im([£*(c), f(@)], £2) Nlim(lg, (o), £*) = lim((f(9). al. f*)

produces an arc if ¢ # p or a point otherwise. R

Example 7 Let f be as shown in Figure 5 with f*(c) = p. Then accord-
ing to Theorem 3.9, the core of Um(I, f) is the union of the two homeomor-

phic subcontinua Wm([f%(c), £(9)], f) and lim(lg, f(c)], f*). However, because

f3(c) = p, we can also decompose the core as the union of lim([f2(c), p], f?)

and lim([p, f(c)], f?). Um([f*(c),pl. f*) and im([p, f(c)], /*) are homeomorphic

and, in fact, they are homeomorphic to the B-J-K continuum of Example 1 in

522



37

vt

@ flo

Wl

Fe) o fro p

Figure 5: Decomposition of the core

3.3 Renormalization

As the previous example shows, if f3(c) > p then we can write the core as
the union of lim([f*(c),p], f*) and lim([p, f(c)], £*), where Uim([f*(c), p], /*) is
homeomorphic to Um([p, f(c)], f?). In this section we introduce the renormal-
izatlon operator on the space of unimodal maps that allows us to study the
nature of inverse limits with unimodal bonding maps using kneading theory.
The renormalization operator was used by Feigenbaum [16] to explain the uni-
versal transition of a class of one-parameter maps from simple to complicated
dynamics.

Suppose f is unimodal and satisfies f3(c) > p. From Theorem 3.8 we con-
clude that the core of lim(, f) is decomposable. In fact, Theorem 3.9 shows

that the core decomposes into two homeomorphic subcontinua intersecting at a
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Figure 6: Renormalization of f.

common endpoint of a ray. For the discussion following refer to Figure 6. Let p
be the fixed point for f greater then ¢, 7 € f~1(p) with 7 < ¢, and s € f~1(r)
with s > c¢. By looking at f? we see that there is an interval on which f 2 is
unimodal but upside-down. This observation motivates the following definition.
The renormalization of f, denoted Rf, is defined by Rf = ho f? o h™! where
h: [r,p] — I is a linear homeomorphism such that h(r) = 1 and h(p) = 0. In
order for this definition to make sense we need f(c) > ¢ and f?([r,p]) C [r,p]-

For a more detailed discussion the reader is referred to [12].

Theorem 3.10 Let f be a unimodal map with Rf defined. Then

1. Rf : I — I is a unimodal map with critical point h(c),

2. if Sf <0, then SRf <0.
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Proof. The proof of the first statement is clear. For the second statement
recall that Rf = ho f2oh™!, where h : [r, p] — I is a linear homeomorphism such
that k(r) = 1 and h(p) = 0. Since h is linear, Sh = Sh™! = 0. Let z € I—{h(c)}.
A direct calculation shows that SRf(z) = Sf2(h~1(z))(h™!(z))* which must be
negative since Sf2(h™*(z)) <0 and (h™*(z))* > 0. ®

Note that Rf : I — I is topologically conjugate to f? restricted to [r, p].
It follows that lim(Z,Rf) is homeomorphic to lim([r, p], f[i,p]) by Corollary 2.1.
The reason for studying the core using lim(7,Rf) instead of lim([r, p], f[i,p])

is because we can use the power of kneading theory with $f. The following

theorem is actually a corollary to Theorem 3.9.

Theorem 3.11 If f is unimodal with Rf defined, then the core of im([, f) is

the union of two copies of lim(I, Rf) intersecting in a point.

Proof. Note f2([r,q]) = [f*(¢), f(c)]. Thus,
Wm([f2(c), £(0)), £) = Um([r, s, firg) = Um([r, p}, fr.py) U limn((p, 81, f,1)

with lim([r, p}, fZ,;) homeomorphic to lim([p, s, ffg)- |

Corollary 3.4 If f is unimodal with R™f defined for some n > 0, then, for
0 <4 < n, the core of im(I,R'f) is a ray limiting on the union of two copies

of im(I, R f) ntersecting in a point for 0 < i < n.

Proof. Follows inductively from Theorem 3.11 W
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The next result shows that the kneading sequence of a renormalizable map
is restricted. Recall that p is the fixed point for f greater than ¢, r € f~!(p)

with 7 < ¢, and s € f~1(r) with s > ¢ (see Figure 6).

Proposition 3.2 If f is renormalizable then k(f) = Rx B for some admissible
sequence B. If k(f) = R+ B for some admissible sequence B < RL* then f is

renormalizable.

Proof. Suppose f is renormalizable. Then f(c) € [p, s] and f*([p, s]) € [p, 5]
Thus, f%*(c) € [p,s] for all i > 0. If f>*(c) = f(c) for some (smallest) n
then f2"(c) = c. Therefore, either f%*+(c) > ¢ for all i > 0 or f**!(c) > ¢
for 0 < i < n with f?*(c) = c. Either k(f) = RazRaq--- is infinite, in
which case B = @qa4dg---, or k(f) = RagRayg---az(n—1)RC, in which case
B = Qa4 - + - Ga(n-1)C.

Now suppose k(f) = R * B for some admissible sequence B < RL*™. We
need to show that f2([r,p]) C [r,p]. It suffices to show f?(c) > r. We assume
f2(c) < r. Then ¢ < f*(c) for all n > 3 so that B = RL®; a contradiction.
Therefore, f2(c) >r. R

If R f is renormalizable, i.e. R2f exists, then one can show that f*+*(c) > ¢
for all 4 > 0 or f4*%(c) > c for 0 < i < n with f**(c) = ¢ for some n > 0.
Inductively, if f is infinitely renormalizable (R" f exists for all n > 1) then k(f)
is completely determined. The following proposition shows how the kneading

sequences of f and Rf are related.
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Figure 7: Topological ray limiting on two sin(2)-curves.

Proposition 3.3 [12] If f is unimodal with Rf defined and k(f) = a1a2---,

then k(Rf) = @o@3 - - - . In particular, k(f) = R x k(Rf).

Knowing how the kneading sequence is changed by R is useful in identifying

inverse limits as the following examples demonstrate.

Example 8 If f is unimodal with k(f) = RLRC = R x RC, then k(Rf) = RC
by Proposition 1. Ezample 1 showed that lia(I,Rf) is a sin()-curve. Thus,
Wm(I, f) is ray limiting on two sin(})-curves intersecting at the endpoints of

their rays. See Figure 7.

Example 9 Suppose k(f) = R™ * R® for some n > 0 and . Then R*t!f

exists and k(R*f) = R™®. If jws(c)] = 2™ then lwgns(c)] = 1 and lim(I, R"f) is
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an arc. By Theorem 8.11 im(I, f) is the union of a ray limiting on a pair of
rays intersecting a common endpoint each limiting on a pair of rays ... limiting
on 2" topological sin(1)-curves. If |wy(c)| = 2™ then |wgns(c)| = 2 and
lim(Z, R™f) is a topological sin(+)-curve. Again by Theorem 8.11, im(I, f) is
the union of a Tay limiting on a pair of Tays intersecting a common endpoint
each limiting on a pair of rays ... limiting on 2" topological Sin(—glg)wurves. We
will see later that this example 1is the model for all kneading sequences below the

sequence (Rx)>.

3.4 Full Families

Let C represent the class of Clunimodal maps and let {fy : @ < X < B}
represent a curve in C continuous in the C' topology. More precisely, the map
A — fy is a map from [a, ] to C such that

lim { sup (|fr(z) — fao(@)| + | fa(z) = fr(@))} =

A—Ao 0<z<1

Theorem 3.12 [11, Theorem IIL.1.1] Let {fr» : @ < XA < B} be a curve in
C continuous in the C' topology. For every mazimal sequence A satisfying

k(fa) < A < k(fg) there exists a p € (o, 8) such that k(f,) = A.

We say that {fx : a < X < B} is a Full family if k(fo) = L* and fs(cs,) = 1.
If S(fr) <O0foralla <A<, wecal {fo:a <A< B} aS-Full family. For

convenience we sometimes write {fy} for {f : @ < A < B}. The logistic family
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{fa(z) = Az(1l — z),0 < X < 4} is an example of a S-Full family. For more
details on Full families the reader is referred to [11]. To simplify the discussion

that follows we assume there are no intervals on which A — k(f)) is constant.

Theorem 3.13 [11, Proposition II1.1.2] In a Full family {f» : o < X < B}
every maximal sequence of the form R--- occurs as the kneading sequence for

some A € [, (]

Theorem 3.14 [31, Theorem 1.1] If fy is a Full family then there exists pa-

rameter values

<A <A <A< <A< A <A <f

such that ca, 1is periodic of period 2", R"fy s full unimodal, and lim A, =

Hm ).
The limiting parameter value Ao, = lim A, = lim X, is called the Feigen-

n—oo n—oo

baum value.

Lemma 3.15 Let {f,} be a Full family with sequences {\,} and {\,} as above.

Then
1. k(fr) = RC and k(f>,) = (R*)"'RC = Rx* k(fx,_,) for alln > 1,
2. k(fx) = RLR™® and k(fx,) = (R¥)"'RLR> = Rxk(fy _,) foralln > 1,

3. k(fr,) = lim k(fx,) = (R*)*RC is nonperiodic.
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Proof. (1) Follows directly from [11, Lemma.2.12]. (2) Let n > 1 and
suppose R" fy, is full unimodal. Then k(R"fy, ) = RL*. Repeatedly applying

Proposition 3.4 results in

K(fv) = R=k(®Rfy)= (R fy) == (Re)"k(R"fx)

(3) R*k(fxr..) = k(fr.) so that k(f»,) is nonperiodic by Proposition 2.1. ®
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4 Main Results

4.1 Introduction

The main results of this paper deal with the inverse limits using bonding maps
at the above parameter values. For all A with k() < k(f>..) we show lim(, f»)
is hereditarily decomposable. If k(fy) > k(f».,) then lim(Z, f») contains an inde-
composable subcontinuum. At the Feigenbaum value we show that, under some
smoothness conditions, lim(7, fy.,) contains only three topologically different

subcontinua. See [4] for similar results involving the logistic family.

4.2 Below the Feigenbaum Value

Proposition 4.1 Suppose f is unimodal with k(f) = BC with |BC| = 2" for
some n > 1. If g is unimodal with k(g) € {(BL)™,(BR)®} and |we(cy)| = 27,

then lim(I, g) and im(I, f) are homeomorphic.

Proof. = We use induction on the length of B. For n = 1, we must have
k(f) = RC so that lim(I, f) is a topological sin(z)-curve. If k(g) = R® with
|w,(cg)| = 2, then the core of lim([, g) is an arc so that lim(/, g) is a topological
sin(2)-curve. If k(g) = (RL)™ with |wy(c,)| = 2 then k(Rg) = R> with
|lwsg(c,)| = 1 so that lim(Z, Rg) is an arc. Thus, the core of im(7, g) is the union

of two arcs intersecting in an endpoint. It follows that the core of lim(7, g) is

an arc and lim(/, g) is a topological Sin(;zl—)—curve. Therefore the claim is true
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for n = 1. Suppose the claim is true for n > 1. Let |k(f)| = |BC| = 2"*! with
B =b1by - - bant1_;. Suppose also that k(g) € {(BL)*°, (BR)*} with |wy(c,)| =
2+ Tt follows from [11, Theorem I1.2.9 and Lemma I1.2.12] and Proposition
3.4 that Rf and Rg exist with [k(Rf)| = [babs - - - bynt1_oC| = 2" and k(Rg) €
{(3234 . -32n+1_2L)“, (3234 . -32n+1_2R)°°}. Furthermore, |wg,(cy)| = 2™ since it
was assumed that |w,(c,)| = 2"*!. By the induction hypothesis, lim(I, %g) and
lim(7, R f) are homeomorphic. From Bennett’s Theorem and Theorem 3.11 we
conclude that lim(/, ¢g) and lim(Z, f) are homeomorphic. Therefore, the claim

istrueforn+1. A

Theorem 4.1 Let {f\} be a Full family with sequence {\,} as in Theorem
8.14. Then im(I, fr,) is a topological sin($)-curve and the core of im(I, fi,,,)
is the union of two copies of Uim(Z, f»,) intersecting in a point. Furthermore,
for each n there exist an €, such that for all X € (A — en, Ay + €0) Um(, f3)

and lim(!, f»,) are homeomorphic.

Proof. Let n > 1. Since Rf,,,, exists, it follows by Theorem 3.11 that
the core of lim([, f»,,,) is the union of two copies of lim(I, %f,,,,) intersecting
in a point. Noting that k(Rf),,,) = k(fr,) and is finite, we then conclude
using Corollary 3.1 that lim(Z, Rf),,,) is homeomorphic to im(Z, fy,). That
lim(Z, f»,) is a topological sin(%)-curve follows from Example 6.

We now prove the second claim using an argument similar to [11, Lemma

I11.1.3]. Let n > 1 and k(fy,) = BC. From Lemma 3.15 (1) we conclude
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|BC| = 2. By the argument of [24, Theorem 16.4.2], there exists ¢, > 0
such that, for all A € (A, — €5, A\n + &n), there exists §, > 0 with, for all

z € ey — 6,00 + 8x],

L I (fa(z)) =B

2 |(f) @) <3

3.1/ (=) — el < B

Let A € Ay — €n, An +&0). If 3 (ca) = ca then k(fy) = BC. So now

suppose f# (cx) —cx = a > 0. Let € [cy,2a]. Since 2a < 65, we have

137 (z) — fF (el < 'z—_29-| by (2). Therefore,
n : n 1 1
@) 2 o) - sl -l > aton - 2(20) =
and

F(z) < f} (cA)+§|m—cA[ <a+cA—|—§(2a) = ¢y + 2a.

It follows that f2"([ca,2a]) C (cx,2a). Thus k(fy) = (BR)*. A similar argu-
ment shows k(fy) = (BL)® if f£"(cx) —cx=a <0.

By Proposition 4.1, it remains to show that |wy, (cx)| = 2". This follows
directly from the above argument since, in either case, fi" : [ca,2a] — [cy, 24]

and f§" : [2a,¢:] — [24,¢] are contraction mappings by (2). M
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It follows that lim(7, f),) is a ray limiting on the union of two rays inter-
secting in a common endpoint each limiting on the union of two rays ... limiting
on 27! sin(2) curves. We should also point out that for any parameter value
A with k(fy) < k(fr.,) there exist an n such that lim(Z, f) is homeomorphic
to im(I, f»,). This is true because the possible kneading sequences that can
occur below k(fy,,) are limited [11, Lemma I1.2.12]. Thus we have a complete
classification for im(7, f,) with k(f») < k(fo..)

If we restrict ourselves to S-Full families, then not only is Lim(I,Rf\.,,)
homeomorphic to lim(Z, f,), but the dynamics of #.. acting on Lim(, fx,.)
is identical to the dynamics of 57/3},\" ., acting on lim(I,%fx,,,). This is not
generally the case for Full families.

In Theorem 3 of [4], Barge and Ingram were able to identify all possible
inverse limits occurring with a single bonding map chosen from the logistic
family and below the Feigenbaum value. As the next example shows, their

results follow from Proposition 4.1 and Theorem 4.1.

Example 10 Consider fr(z) = Az(1 — z) for 0 < X\ < 4. Note that ¢, = 3
for all X. As we have already discovered, there is an increasing sequence of

parameter values

A <AL < Ag < - ee

at which the logistic map f, has periodic critical point of period 2". These
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values are in fact unique since the map X\ — k(fy) is monotone [27, Theorem
10.1 and Corollary 1]. It is well documented that there also exists an unique
sequence of period-doubling bifurcation values { X, }n>0 such that A, < A< Apys
(see [11]). This sequence is such that, for all X € (X, M), lwy (3)] = 2™
Furthermore, for k(f,) = BC, k(f) = (BL)* for A € (Aa—1, \n) where A_; =
0 and k(fr) = (BR)® for A € (An, Ant1). By Proposition 4.1, im(/, fy) and
lim(I, f,) are homeomorphic for all A, u € (X, \). By Theorem 4.1, im(Z, fx)
is a topological sin(L)-curve for all A € (Xo, Ao] and, for all A € (Ams Argals

the core of im(I, f») is the union of two copies of Um([, f,) intersecting at a

common endpoint of a ray for any p € (A,_1, Ayl

4.3 Above the Feigenbaum Value

Theorem 4.2 Let {f»} be a Full family with the sequence {\,} from Theorem
3.14. Then the core of lim(I, f)‘ll ) is the union of two B-J-K continua intersect-
ing in a common endpoint of a ray and the core of Um(I, f,/ ) is the union of

two copies of im(Z, f 1) intersecting in a common endpoint of a ray.

Proof. Recall from Theorem 3.14 that R"f,: is full-unimodal. By Theorem
3.11, the core of im([, fy;) is the union of two B-J-K continua intersecting at a
common endpoint of a ray. Corollary 3.4 completes the proof. M

We note that since X/, is on the boundary of where " f, exists, we cannot

hope to get results equivalent to the second part of Theorem 3.14.
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The following result is known. We include it for completeness.

Theorem 4.3 Let {fo} be a Full family with BC' > k(f\,) a maximal se-
quence. Then there exists a decreasing sequence {1} converging to Ao such
that k(f., ) = (R+)"BC. Moreover, there exists an m > 1 such that Minil <

P < Npyr foralln > 1.

™m

Proof. First note that (R*)"BC is maximal [11, Corollary I1.2.4] and
k(fr.) = (Rx)®BC. Since (R+x)*BC < R* BC < R (RL)* = k(f,),

there exists an m > 1 such that
k(fx,,,) = (R™(RL)® < R+ BC < (Rx)™(RL)™ = k(fx,)-

It follows from Theorem 3.12 that there exists p; € (A,,.q,An) such that
k(f.,,) = R = BC. (Note that s, is not necessarily unique. If we would like

a unique prescription we could take y; to be the infimum or supremum over all

1€ (X1, A\, such that k(f,,) = R BC.) By [11, Theorem I1.2.5],
(R¥)™?*(RL)™ < (R%)?BC < (R+)™(RL)*.

Again by Theorem 3.12, there exists py € (A, 0, Ayq) Such that k(f,,) =
(R+)?BC. Continuing in this manner we obtain a sequence {yu,} with the

desired properties. W
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This leads to an interesting observation: Given any maximal sequence BC
with sequence {u,,} guaranteed by Theorem 4.3, we have a similar situation as in

Theorem 4.2 with the B-J-K continua replaced by lim(7, f,) where k(f,) = BC.

Example 11 Let {f,} be a Full family with BC = RLC. Theorem 4.8 guaran-
tees a decreasing sequence {fin} — Aoo- Let u > Xy be such that k(f.) = RLC.
By Corollary 8.1, lim(!, f,) is the three endpoint continuum of Ezample 2 in
§2.2. Therefore, im(I, f,) is a ray limiting on the union of two rays intersect-
ing an endpoint each limiting on two rays ... limiting on 2™ copies of the three

endpoint continuum.

Unlike the case where every inverse limit with bonding map having kneading
sequence less than k(f,,,) contains copies of sin(1)-curves, we are unable to clas-
sify all inverse limits occurring with bonding map from above the Feigenbaum

value. Perhaps the broadest statement we can make is the following.

Theorem 4.4 Let {fr} be a Full family with Feigenbaum value Aoo. Then for

all X with k(fr) > k(fo.), Um(Z, fr) contains an indecomposable continuum.

Proof. Ifk(f)) > k( fx..) then there exists a smallest n such that R" f does not
exist. Thus, there exists an interval [a, b] containing the critical in its interior
such that [a,b] € f?"([a,b]). The result follows from [9, Lemma 3] and [1,

Corollary 11]. ®



4.4 The Feigenbaum Value

In this section we identify the inverse limit occurring at the Feigenbaum value
under certain smoothness conditions. Noting that k(R free) = k(f)..), we would
like to conclude lim(7, fy.,) is homeomorphic to im(Z, Rf,,). However, k(f.,)
is infinite and nonperiodic so we cannot use Corollary 3.1. By limiting ourselves
to S-Full families we can apply Theorem 2.20 to conclude R f, is topologically
conjugate to fi,. In addition, if {f,} and {g,}are S-Full families with Feigen-
baum values Ao and p,, respectively, then k(fx.,) = k(gu_ ) so that fy and

gu,, are topologically conjugate. We arrive at the following conclusions.

Proposition 4.2 If {f»} is a S-Full family with Feigenbaum value A, then

lim(7, fa.) is homeomorphic to im(I,R"fx,,) for alln > 1.

Proof. Let n > 1. By Proposition 3.2 and Lemma 3.15, k&(R" freo) = k(fr.o)
is infinite and nonperiodic with SR f,_ < 0. It follows from Theorem 2.20 and

Corollary 2.1 that lim(Z, fx..) is homeomorphic to lim(Z,R" f».,). W

Theorem 4.5 Suppose {f»} and {g,}are S-Full families with Feigenbaum val-

ues Ao and o, Tespectively, then Um(I, fr.,) is homeomorphic to im(l, g, ).

Proof. Follows from Theorem 2.20, Corollary 2.1 and Lemma 3.15. W

In considering only S-unimodal maps we are also forcing the dynamics of
P+ Im(I, fr) = Um(l, fr.) and G, @ lim(l,g,,.) — m(l,9u,) to be

identical. Of course two bonding maps need not be topologically conjugate in
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order to produce homeomorphic inverse limits (see Example 4). Also, requiring a
negative Schwarzian.derivative is very restrictive and unnatural: it implies that
|f'| cannot have a local maximum and is not preserved under smooth coordinate
changes. It is well known that for an infinitely renormalizable unimodal map
f with Sf < 0, w(c) is a Cantor set. However, w(c) is a Cantor set even if
Sf « 0 provided there are some smoothness requirements in a neighborhood of
the critical point. This is what is needed to extend the results of Theorem 4.5
to a larger class of functions.

Following [27], we call a critical point c for a C? map f non-flat if there exists
a C? local diffeomorphism ¢ with ¢(c) = 0 such that f(z) = %|¢(z)|* + f(c) for
some o > 2. For example, any C? map f which is C**! in a neighborhood of ¢
with f®)(c) # 0 for some k > 2 implies c is non-flat [26].
Theorem 4.6 Suppose f and g are infinitely renormalizable, C*unimodal maps
with non-flat critical points. Then lim(I, f) is homeomorphic to lim(7, g).

Proof. Let ¢ and ¢’ be the critical points for f and g, respectively. For a,b € I,
[a, b] will denote the smallest closed interval containing a and b, while (a, b) will

denote the interior of [a,b]. The sets

= ﬂ U ), f(c)] and  wy(d) = ﬂ U[gi(cl),giwn(cl)]

are Cantor sets [27, Theorem 6.2, p. 156, and Proposition 4.5, p. 242], [18, page

346). Because k(f) = k(g) is infinite and nonperiodic, I(f*(c)) = 1(g(¢)) #
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I(f(c)) = I(¢’(c')) for all i # j > 0. It follows that the sets {c, f(c), f*(c), -}
and {c,g(c'),g*(c'),- -} have the same ordering in I. We construct an order
preserving homeomorphism 4 : I — I with h(f*(c)) = ¢*(¢) for all ¢ > 0 as
follows.

Let

U 0), ()] and  Ba=|Jlg'(<),9"7 ()]

and define h; : I — I as the (unique) order preserving piecewise-linear home-
omorphism such that h(A;) = B;. Since --- € A3 € Ay C Ay and --- € B3 C
By, C By are such that A,_; — A, and B,,_; — B,, consist of 2" open intervals,
one interval from each of the interiors of [fi(c), f*2"(c)] and [¢*(¢), g"t*"(¢)]
1 < i < 2", we can inductively define h, : I — I as h,(z) = h,_1(z) for all
z ¢ An—1 — A, and hy, is order preserving piecewise-linear on A, ; — A, such
that hn(An—1 — A,) = Bn_1 — Bn. Each h, is continuous and ha(f(c)) = ¢*(¢)
for 0 < i < 2. Using the fact that the diameters of [fi(c), f*%"(c)] and
[g°(c), 9"+ (¢')] — 0 as n — oo, we conclude h, converges uniformly to a con-
tinuous function h, which is onto and h(f*(c)) = ¢*(¢) for all 0 < . It remains
to show that h is one-to-one. If A is not one-to-one it must be monotone on
some interval [z,y]. Since w(c) is perfect and h(f*(c)) # h(f?(c)) for all i # j,

fi(c) ¢ (z,y) for all 0 < i. Therefore, there exist some ¢ # j and k > 0

such that [z,y) C [f*(c), f7(c)] and [f*(c), f(c)] N Ay = {f'(c), f'(¢)}. But h
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was constructed so that h restricted to [f*(c), f7(c)] is equal to hy restricted
[fi(c), f?(c)]. Since hy is a homeomorphism h(z) # h(y). It follows that h is
an order preserving homeomorphism. Therefore, by Theorem 3.2, lim(I, f) is
homeomorphic to lim(/,g). M

Since every member f, from the logistic family has Sf < 0 and non-flat
critical point, we see that the inverse limits considered in Theorem 4.5 and
Theorem 4.6 are homeomorphic. This is an important observation since Theo-
rem 4.5 does not follow as a corollary to Theorem 4.6. (We do not know whether
Sf < 0 implies f has non-flat critical point). We now turn our attention to the
topological properties of the inverse limits of the previous theorem. Recall that
if f is infinitely renormalizable with Sf < 0, then lim(Z, f) and Uim(Z, R"fx.,)
are homeomorphic for all » > 1. Thus the core of lim(/, R"f) consists of two
copies of lim(I, f) intersecting at a common endpoint of a ray. This suggests
some restrictions on the types of topologically different subcontinua of lim(Z, f).
That this is the case was observed by Barge and Ingram [4, Theorem 7] for the
logistic family. Thus, the result also applies to the inverse limits considered in

Theorem 4.5 and Theorem 4.6.

Theorem 4.7 [}, Theorem 7] For the logistic family {fr(z) = Az(1 —z),0 <
A < 4} with Feigenbaum value Ao, Um(7, fi,,) is hereditarily decomposable and
contains only three topologically different subcontinua: arcs, copies of im(I, fx.,),

or the union of two copies of im(I, fy.,) intersecting in a point.
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