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Let ¢ be a real-valued function defined on I = [0,1].
We assume that (1) ¢(0) = 0, (1) = p, an integer z 2,
(2) ¢ e 02[0,1], and (3) @'(x) >0 for xeI. The
function ¢ may be used to define a generalization of the
ordinary base-p expansion, as follows. For xe[0,1), put
a; = [px)]), ry = p(x) -a;. Fornzl, a 4= [e(r )],
el = q:(rn) - an.1e The terms {an} comprise the
expansion; the r are the remainders. In 1957, Alfréd
Rényi introduced an additional, technical hypothesis on ¢,
thereby bringing ergodic theory into play and proving the
existence of a measurable function h such that, for almost

all x e I, the sequence of remainders is distributed with

density h.




The present paper pursues two basic goals: one is to
identify more clearly the class of functions satisfying
Rényi's technical hypothesis; the other is to determine
how smoothness conditions imposed on ¢ are reflected in h,
Examples of results are: Rényi's hypothesis is shown to be

met if ¢@'(x) > 1 for all xeI; if further ¢ is analytic

on I, so is h.




SOME RESULTS IN THE ERGODIC THEORY
OF GENERALIZED EXPANSIONS OF REAL NUMBERS

INTRODUCTION

This paper shall be concerned with a class of
functions defined on the closed unit interval I = [0,1],
which are continuous, strictly increasing, and satisfy the
boundary conditions 90(0) = 0, 99(1) = p, an integer > 2.
Such a function may be used to associate with each x €
[0,1) an infinite sequence {an} of integers in the
following way. Take a; to be the greatest integer in
go(x), and let ry = 99(x) - aq be the remainder. Now ry
lies in [0,1), and so we may iterate:

a, = LelrH], r, = ¢(n)-a,.
Generally, for n 2z 1,
an,, = Lelr)], T = PO —a,,.

If the reader will convince himself that the choice

(1) ©(x) = px

leads to the ordinary expansion of a number to base p,

then he will begin to understand what Soichi Kakeya had in
mind when he introduced this "generalized expansion" scheme
in 1924 [1]. Actually, Kakeya construed the function ¢
somewhat more generally: while required to be strictly
monotonic, it could be either increasing or decreasing, and

the upper limit of its range could be +oco0. The motivation

for this was the fact that the special case




(?) ©(x) = 1/x

leads to the development of a number as a simple continued
fraction; Kakeya wanted to unite this phenomenon with the
base‘p expansion corresponding to (1) in a single
generalization.

Now in order that the generalization be precise, it is
necessary that we be able to retrieve a number x from its
associated expansion { aj,as,sss} » Let f denote the

function inverse to @; then we have
x = fa+r) = ﬁc(al+{c(al+rz)) == Fla+Ffla,+-fa+r)))

We denote the final expression more simply by
X = [2a,8,, "% a,+ra 1.

What is wanted is that
w = dom L2 3,0 2]

To obtain a convenient formulation of this requirement, we

use the notion of an interval of rank n, by which is meant

a set of t satisfying an inequality of the form

[al,az,---,anj <t < [alvazs,'”, an+l]‘

The elements belonging to this interval are characterized
by having a4 through a, as the first n terms of their
expansions, I is partitioned by pn intervals of rank n,

and the longest of these, I will say, has length lAno The

condition




(3) Lim N, = 0

n—» oo
guarantees that two different x's won't have identical
expansions. For choose n so that Zln is smaller than the
difference between these x's. Then the expansions cannot
agree for the first n terms. Thus (3) states compactly

that the expansions generated by ¢ are unique; a function

P for which this is true I shall call generative. Kakeya

proved that generativity would obtain on the hypothesis

that I(p'(x)l'> 1 for almost every x e I,

Kakeya's paper seemé to have gone unnoticed by Western
mathematicians, In 1944 B.H. Bissinger [2] generalized the
continued fraction by considering decreasing functions |
other than (2); two years later, C.J. Everett [3]
generalized (1) by considering just that class of functions
I have described in my opening paragraph. By the way,
Everett showed that there are generative functions with
slopes numerically smaller than 1.

Kakeya's scheme opens the door to the question as to
whether or not the integers that enter these generalized
expansions make their appearance with certain well-defined
frequencies. Thus, Borel showed early in this century that
each of the digits 0,1,2,...,p-1 would occur with frequency
1/p in the base p expansion of almost every number x. An

analogous result holds for the continued fraction, and has

a colorful history.




Causs stated in 1812 in a letter to Laplace (see
Appendix III of Uspensky's book on probability [4]) that
q;n(t), the distribution function of the nth remainder r
of the continued fraction expansion (2), would converge as
n->oco to a limiting distribution function P$(t), given
explicitly by

Ly (1+t)
By - Ut

But we do not possess his proof. It was only in the late
1920's that one was supplied: first, by R.O. Kuz'min [5]
and then independently by Paul Lévy. Work on continued
fractions was carried on into the thirties by Khinchin and
by Lévy, and their books [6], [7] give readable aécounts.
Among many results, we find the assertion that the
continued fraction expansion of almost every X will contain
the integer k a proportion of times given by

Al ) = @) - Bl

Log 2 k (k+2) k k
(On Gauss' result, the right hand side represents the
limiting probability, as n-—> o9, of the appearance of k as
the nth term. However, we cannot pass immediately from
this to the assertion just made because the terms 81985,83,
... are not statistically independent.)

Alas, this and many other very exciting results

depended on special features of the function 1/x, and they

provide no useful clue as to how such results might be




extended to Kakeya's setting. Fortunately, there was
another development taking place in the thirties: ergodic
theory. The application of ergodic ideas to the continued
fraction may be found in a lengthy paper of 1940 by Doeblin
[8]; a more prominent display is given in the 1951 paper
of Ryll-Nardzewski [9]. For a thrilling narrative account
of this work, I recommend chapter 5 of Mark Kac's Carus
monograph [10]; for further mathematical details, see
section 4 of chapter 1 of the excellent book by

Billingsley [11].

What is important here is not the relative ease with
which hard-won results of Khinchin coﬁld now be recaptured
by ergodic methods, but that such methods made possible the
generalization from continued fractions to the domain of
Kakeya's expansions. The decisive step was taken in 1957
by Alfréd Rényi [12]. Rényi worked with a class of
functions satisfying conditions borrowed from Bissinger and
Everett, and resembling somewhat Kakeya's, except that in
the case of decreasing ¢ the derivative kp'(x)] (should it
exist) was allowed to equal 1 on certain intervals, chosen

so as not to disturb the generativity of the function .

But in order to obtain results from ergodic theory, Rényi
was forced to impose on ¢ a certain very technical
condition (which I shall always refer to as Rényi's

condition). Let t be a real variable, and define



Hn(x,t) = 0%5[ Ay, 8,077, an+t]

where x = [aj,a5,000,a ] Rényi's condition posits that
there exist a constant C =1, not depending either on n or

on x, such that

sup | H, (x,1) |
() ker " < C.

izi ,}4n(x,t)‘

On the strength of this hypothesis, Rényi proceeds to show
First: There exists a probability measure V,
equivalent to Lebesgue measure on I, invariant with respect
to the transformation
T: x> o)~ [Px)].
This means that for any (Lebesgue-) meaéurable set EcI,
v(T"E) = v(E).
Second: Let & be the associated invariant

distribution,

d(t) = v(Lot1). |

~ Then the density n(t) = &'(t) (which I shall refer to as

the invariant density) satisfies the inequality

'(l':‘ < hr) ¢« C, ae tel

the constant being the same as in (L4).

Third: The transformation T is ergodic.

Tt now follows from the ergodic theorem that if F 1s any

Lebesgue integrable function on I, then for almost every Xx, .




Lo L ZF(Tk"‘x) = SIFO\V = SO’ F£) h(£)dt,

n>o00 N
k=1

Since T'x = r., we obtain the frequency of the integer k
by choosing, as F, the characteristic function of the

interval [f(k),f(k+1)).

The focus of the present study is the subclass of
those functions described at the outset which are

generative and which in addition satisfy Rényi's condition.

Such functions I will say belong to the class R of Rényi

functions. I wish to show something of what the elements

of R look like., The immediate obstacle is the apparent

awkwardness of Rényi's condition.

Rényi himself verifies (L) in three cases: the base p
expansion (1), which is trivial; the continued fraction
case (2), for which special formulas are conveniently

available; and in the case of the function

(5) SD(X) = (l+x)m-l., m  an inteqer z 2.

The latter case involves inversion of (5), and

verification of (L) through a bit of manipulative
virtuosity. But there is no indication as to how one might
proceed with (5) replaced by

A, TCX
1000

(6) () = (1+x) =1 +

yet (6) does in fact give a function every bit as much an




element in K. as does (5).

Part of the difficulty in characterizing the members
of R -- indeed, of characterizing the generative functions
—— stems from thé level of generality assumed. Yet it has
seemed to me perfectly natural to inquire: among the class

of everyday functions that are differentiable, say, which

are the members of R ? I have not hesitated to impose such
conditions of differentiability as might be needed to
render the question accessible to the methods of classical
analysis.

To be specific, I intend to deal with what I shall

call the class JA of admissible functions. By definition,

P e./A if and only if these conditions are met:
A(1):  ¢(0) =0, (1) =p.
A(R): @ has two continuous derivatives on I =
[0,11.
A(3):  ¢'(x) >0 onI.

In requiring the continuity of the second derivative, the
second of these conditions is stronger than it need be, and
I have made it so principally to simplify the exposition.

It would do as well to have the second derivative piecewise
continuous. In fact, the interested reader will have no
trouble in verifying that all the theorems remain correct

with A(2) replaced by
A(27): @' absolutely continuous, " essentially




bounded, on I,
I will show quite explicitly that the requirement of
boundedness is crucial.

In Part 1 I examine elements of A for membership in
A . Thus in Theorem 1 I show there is an auspicious
subclass a41CL/1 whose elements are always in K : u41
consists of the functions in ¢4 whose derivative remains
> 1 onkI. Observe that this dispatches (5) and (6) with
equal ease, If the derivative can assume values < 1,
things are inherently more complicated, and the remainder
of the section is devoted to a cursory exploration of the
possibilities, It is shown, for example, that an
admissible function ¢ may definitely fail to belong to R
by virtue of the derivative ! being equal to 1 at a
single point. On the other hand, membership in R need not
be spoiled by having ¢’ take on values < 1. Thus, I
extend Everett's nice result that there exist generative
functions having arbitrarily small slope on an interval of
length arbitrarily close to 1: I show that there are
functions of the same description in K.

Part 2 is concerned with the following sort of
question: given that one imposes certain smoothness
conditions on ¢, what then can be concluded about the
invariant density, h? Rényi shows that it is bounded away
from O and from oo, and that it is measurable. But is it

continuous? Can we say when it must be differentiable?
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As a means of approaching such issues, I begin by
proving an analogue of the Gauss-Kuz'min theorem: if
® _(t) denotes the distribution of the nth remainder

r, = Tnx,,

then d@n converges uniformly to the invariant distribution
® as n—>oc0., For the ideas of this proof I am indebted to
Billingsley [11], who develops them in connection with the
continued fraction; I have merely noted that the same
ideas could serve in the more general setting of Rényi.
Using this result, I am able to show that, at least for a
.certain well defined subset of the auspicious class uAl,
the differentiability of ¢ is indeed inherited by h so
that, in particular, h is infinitely differentiable on I if
P 1is,.

As a final result, I show that analytic elements of

¢41 give rise to analytic invariant densities, h,

For the convenience of both reader and writer, I post
here the following list of definitions, notations, and
elementary formulas upon which the text shall repeatedly

draw.

The class J4 of admissible functions: q>€uA if and only if:

A(1): q;(o) =0, ¢(1) = p, an integer > 2.
A(2): @ e c*[0,1].




11
A3): ¢'(x) >0 for x e I =[0,1].

The auspicious subclass ¢41: P EVAl if and only if:

v € A and p'(x) >1 for x e I.

Expansion notation: f is the function inverse to P. Let

n be a positive integer, and let us momentarily regard )1,

)2""’An as formal variables. We adopt the notation

FO+ FOL e+ 5000 = [ra a0, ]

(except when n = 1 or 2, in which case I simply write
things out the long way). The A's must take values such
that f does not receive an argument out of its domain.
This will always be the case in the text, where typically
A_ will have some value in [O,p], while the other \'s are

n
integers between O and p-1.

Fundamental intervals: For a given n, let 813855e00,8 be

given, where each a; is one of the integers 0,1,2,400,p-1.
The interval whose endpoints are
[al’az’...’an] and [al,az’...,an+l]

is called an interval of rank n. I is partitioned by pn

such intervals, the largest among them having length A .

The collection of all intervals of rank 1,2,3,... is called

the set of fundamental intervals,
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The condition of generativity: a function q)e¢4 is

generative if and only if Zﬁn—% 0 as n —>o0,

The transformation T: This is the p-to-1 map of I onto

itself defined by ;
p(x)~ [p(x)] for 0&x<1,

} ‘For x =1,

T: % > {

The special assignment at x = 1 is not essential, but I
adopt it in order to simplify the statement of certain

theorems later on.,

Rényi's condition: Let

d 0
anx,t) = g’_’t—[amaza ,3,,""‘:]

where x = [a4,a,,+00,a_.], each of the a's being an integef
1’2’ ’n’

from O to p-l. Rényi's condition is that there exist a

constant C such that, for any choice of n and x,

éuPl HH(X,t>

(7) ‘ < (.
wf H (1)
tel h

The class R of Rényi functions: @€ R if and only if:

P € UA., ¢ is generative, ¢ satisfies Rényi's condition.
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The iterated distributions and densities: Let p denote

Lebesgue measure on I. For n = 0,1,2,... I define the nth

iterated distribution & by

(8) P, (t) = u(f{xel:r=T"x<t}) = pw (T7"o,t1).

The iterated densities Sn are the derivatives

S, (4) = &, ().

The én may be written out explicitly as

p-l p-i

P-1
B (1) = 2 2 ) {lasaeaet] - Tanan, 2,7}
a a,=o0

or recursively, by

$, (1) = t;

(9) @h+l(t) % { én ({'(k"’-ﬂ) - ©V\ (‘F(k)) } ‘gor "z 0.
k=0

it

The Sn may be described recursively by

S, () =1
10 Pl ,
(10) S, (1) = S, (Flk+t)) F(kst)  for n2o
k=0
or explicitly by
(11) S, () = ) H, (5t
X

where the summation is taken over all x = [al,az,...an] as

each a; ranges independently from O to p-1,.

Invariant measure, distribution, and density: The
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invariant measure v is a probability measure on I, whose

existence is guaranteed for a function ¢ eR , such that
for an arbitrary measurable set E c T,
vITTE) = v(E).

The invariant distribution & is defined by

d(t) = v(Lo,t1) tel,

and the invariant density h is defined almost everywhere on

I by
ht) = O'(%).
Rényi has shown:
(12) £ < hw < C, s tel,
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PART 1

How do we suppose that Archimedes would have
calculated the decimal expansion of Y2 ? That is -~
assuming he knew analytic geometry. The answer is obvious:
first he would connect the origin to the point (1,10) with
a straight line. Then he would place a compass point at
(-1,0) and adjust the pencil to meet (0,1). The arc
brought down from this pbint would, of course, hit the x-
axis at v2 - 1. Now the fun begins., A vertical erected at
this intercept crosses the line y = 10x between y = L and
y = 5; Archimedes calls out "IV" to his scribe, and sets a
pair of dividers to record the remainder., Then placing one
point of the instrument at the origin, he marks off the
remainder on the x-axis, and proceeds to the next digit.,
"For what has been done once, can always be repeated."

This is ideal geometry: lines with no thickness, settings
with no error to grow tenfold at each repetition., We may
imagine our friend Archimedes continuing indefinitely to
call out the digits of V2 : 1.4142135644s &

Now let me thicken the plot. Enter a mischievous
spirit: din an instant, the line segment joining the origin
and (1,10) disappears, and is replaced by an arc of an

extremely large circle -- to be specific, a circle of
100

, with its center below the horizontal axis, in

radius 10
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the fourth quadrant. Now if Archimedes were to sight along
this "line" by making his eye colinear with the origin and
(1,10), then he would certainly detect the upward bulge
that betrays the work of a rascal., But since he has no
reason to do this, I shall suppose that the change goes
completely unnoticed, Archimedes continuing to read off his
digits by use of the arc that stands now in place of the
line y = 10x,

What happens? As the reading of the digits continues,
there will be at first no discrepancy to give evidence of
the fraud. Then suddenly the digits will go "bad". But
will they be obviously bad? Could one tell by looking at
them that they were bad? The answer is "Yes", provided we
suppose that 42 is a "normal" number -- in which all the
digitsvoccur with equal frequency -~ and that the scribe is
Fmile Borel. For Borel would be bound to notice, over the
aeons, a slight but persistent preponderance of 9's over
O's, This is because the arc is concave down; were it
concave up, with the center in the second quadrant, it
would be the smaller digits that would be favored in the
expansion,

Very well, now what is to be made of all this? We
start with a line segment y = 10x (or y = px, more
generally) with x going from O to 1. Now, while holding

the endpoints fixed, we effect some smooth distortion of

the segment, giving a curve y = ¢(x). We suspect that
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small distortions will have small effects upon the
behaviour of the expansions, and it is even suggested to
our intuition that quite noticeable distortions
(corresponding to decidedly nonlinear ¢(x) ) may not
impair the qualitative character of the resulting
expansions, By "qualitative character" I mean to embrace
two things: (a) the uniqueness of expansions, for
representing numbers, and (b) the statistical regularity of
the various digits. Thus, while we know that the digits
will not continue to be equally likely, we feel that new
"distorted" probabilities must have evolved from the
former, equal ones.

The mathematical question at issue, then, is to see
how freely our <p(x) can be chosen, without our losing the
qualities expressed by (a) and (b). As regards the former
of these qualities -~ that which I call generativity -- a
very satisfying answer has been given by Kakeya. He
instructs us to look at the slope, for the lines y = px
tend to be steep, all slopes = 2. Kakeya says: Any

smooth deformation will not destroy generativity provided

the slope is always kept greater than 1. (The trouble that

can occur with slopes less than 1 is real; the reader may
wish to explore this for himself by attempting to
geometrically construct the fundamental intervals for a

function like ¢ (x) = 2x2.)

But what about question (b)? That is the point of the
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following theorem: to show that Kakeya's answer again

applies.

Theorem 1: b/41 c K.

Proof: Since <?'(x) is continuous on a closed interval, it
attains therein a maximum and a minimum value; in
particular, the minimum value is strictly greater than 1,

Equivalently, we may say of f£'(x) that

0 < a < fr(xy < B o< | for all x € [o,p].

for all n. First, a typical interval of rank 1 has length

£(a,+|) - fta) = f'(o)

for some O € (aj,a;+1), by the mean value theorem. Thus A
< B . Proceeding inductively, we assume Z&k £/8k for

1 < k <n. An interval of rank n will have length given by

{(a‘+ Laso, a,41]) = f(a, + [ 3., 2,7)

n

= 0 (Lo o] - Cond) £ pa < 5

and the result is shdwn.

On the strength of our hypotheses, we see that
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Hn(’xwt) = 'F'(al+[a1,"'-, 3n+t]> 'Fl(az+[33’...7a"+.t]).,' 'f:l(a,,“"'t)

will actually assume its sup and inf at two points t, and

t2 belonging to I, Now the number

Hyl(x‘) tl)

C,(x) =
H, (x,t,)

can be expressed as the product of n fractions, each having
the form
¢ b+ [byyby, o, byrt,])

(13) , < k<n,
Flb b, by, bovt, )

The case where k = O corresponds to the factor
tlea vty 8
frlanrty — 0«

In the general term displayed in (13), the arguments of f!
differ by a number dk not larger in magnitude than Zlk. By

the mean value theorem, we may rewrite this fraction as

fr(b+ Chyooeeaber 1) + £(0) d,

(14)
Fllbs Db, b+t,7)

f" is continuous on [0,p], and so there exists an M such

that |[f"(x)| € M for all xe [O,p]. Thus (14) can be

rewritten as
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IN

(15) L+ €, , with |g ] <

2|X

Putting all this together, we have

n-|

P M Gk
C,(x) £ _JI—T(|+ — F )
=]
The product on the right hand side converges as'n-+00, by
virtue of the convergence of the geometric series
> gt
k=1

Therefore Rényi's condition holds with the constant

C = LTT(+2p)

k=1

Now we know that we are safe as long as the slope
stays > 1., But having gotten this far, it becomes
compelling to ask if the "boundary" of allowable slope is
real or imagined. We may argue that it must be real, since
it is so for the more basic question of generativity --

still we want to know just what it is that goes wrong when

slopes get < 1. To that end, consider as a simple example

" the function

(16) (p('x) = x + X
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Since @'(x) =1 + 2x, we see that the slope is bigger than
1 except when x = O; here the function bravely sticks its
toe in the water to see what happens. I would recommend
that the interested reader try playing with this on a desk
calculator; after studying the pattern of remainders for a
while, certain things begin to appear. For one, the
succession of remainders is not always haphazard, as might
be expected. We note that any occurrence of a small
remainder will initiate an entire "run'" of small
remainders, each slightly larger than the last., This
regularity is most pronounced when we encounter an r, which
is quite close to zero; for then we have el = Trn =
r, + ri, where it is clear that the increase is hardly
perceptible. From this point on, the successive remainders
will gradually build themselves back up by ever increasing
increments -~ the process at this stage is certainly not
"random". The randomness will reappear when the greatest
integer function comes back into play, and this will happen
when the sequence of remainders has sufficiently escaped
the vicinity of the origin to first enter the interval
[f(1),1). As the increments have all the while been
increasing in size, the exact place of this first landing
in [£(1),1) will be completely unpredictable; that is, we
observe, at this occasion, the generation of a new

remainder, "truly" random in I, After this, the successive

remainders will continue to bounce "more or less" freely
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over I, until again one happens to land near the origin.
Let me contrast this now with the kind of behaviour to
be expected from a Rényi function. Suppose that (16) is a
function in ﬂ?, and let h be the invariant density. The
ergodic theorem says that for almost every x, the sequence

or remainders
(17) 1"1, 1"2, I'B, L 2R N 4

is distributed on I with density h. What is more, we know

from the inequality (12) that h is (essentially) bounded
away from O and from o0, and this means that the terms of
(17) cannot start piling up excessively in any one section
of I. Yet we have just seen how the remainders for (16)
are detained in the vicinity of the origin; it is, in
fact, on this account that the function (16) is excluded
from K. I will prove this rigorously later on, but for
now let me continue in this informal vein and offer a rough
argument which I myself find more convincing than the
proof.,

Let us visualize the sequence (17) through the agency
of a "particle" which appears in succession at the
appropriate locations in I. We notice that a single visit
to a neighborhood lying just to the right of f(1) is
followed by a sojourn in the vicinity of the origin; this

suggests comparing h at f(1) with h at 0., To initiate the

precise (as opposed to qualitative) argument, we agree to
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measure the degree to which a particle finds itself
trapped, by the number of steps it takes to double its
distance from the origin: in precise terms, I define N( € )

ke v 26,

to be the smallest positive integer k for which T
I use € here to suggest that we are interested in what
happens for starting positions that are close to the

origin. Thus ¢ will be small, and therefore we have

Te = € +¢? T(2e) = 2¢ + 4e’.

’

If x should lie between ¢ and 2¢, then the increment it
acquires from action by T will lie between 62 and hgz H
this gives us the estimate, valid for & sufficiently

small,

(18) 'LT\E < Ni(eg) < "g

Now let us consider the two minute intervals

J = T[o,2¢1, J = [fo, fa+el.

©

(The significance of the second of these will be clear in a
moment,) For almost every x € I, the sequence of remainders
r, = Tx must dip into these two intervals so that the
ratio of visits to Jo by those to J, must approach, as a

limit,

S hdu
Sj hdp

[l
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and if we do not worry about the possibility of h being
discontinuous, we see that for small ¢, (19) is sensibly

the same as

h(o) p(J)) 2 h(0)
hEMRTY hE) £0)

In any case, it is clear that the expression (19) remains
finite as ¢ — O. However, the verdict of (18) won't allow
this. For whenever the particle should enter Jq, it 1is
straightaway whisked by T to [0,€], and so must remain in
J, for at least N( ¢ ) steps. Thus, according to (18), the
degree to which JO is favored over Jl must increase without
bound as € —» 0, and here the contradiction is revealed.

By the way, this argument does not address itself to
the question of the digits in the expansions generated by
(16). Whether the O's and 1's appear with statistical
regularity is something that I do not know, though I
suspect that they do. I should point out that questions
which arose in consideration of the digits have served
principally to focus attention on the succession of

remainders., The center of gravity of the problem has

shifted now, with the transformation T (carrying each

remainder into the next) and the density h being the

objects of mathematical interest. What the heuristic

argument given above does show is that the density h

belonging to (16) must either become infinite at 0, or
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vanish at f(1), Although this does not preclude regularity
for the digits themselves, it does represent a genuine
departure from the behaviour that characteristically
attends the use of Rényi functions. For this class K of
functions is intended to bear a kind of topological kinship
to the linear variety ¢(x) = px for which the densities h
are always uniform; the h resulting from a Rényi function
must be "quasi-uniform" in the sense implied by the

inequality (12).

In what follows, I would like to explore the pathology
of admissible functions which do not belong to the
auspicious class u41. In the first place, I shall consider
functions ¢ whose derivative assumes a minimum value of 1
at a finite number of points; ultimately, the question of
smaller slopes will be taken up.

It shall be necessary first to forge some tools, the
principal one being already implicit in the proof of
Theorem 1. By examining the final stages of the argument
-- in particular, the inequality in (15) -- we see that a

much more general result may be inferred; namely,

Theorem 2: P € J‘\, ZAV.<O° = @& R.
n=\
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1 The condition

|

| (20) Z A, < oo

| n=1

| is quite interesting, for it embraces the requirement (3)
of generativity, but goes on to say what further is

| required for membership in R . The function @ in (16) is

} generative according to Kakeya, from which we infer that

! while the Zln must approach O, they somehow fail to do so

5 sufficiently rapidly for the series in (20) to converge.

My fascination with (20) lead me quite early to a

é fairly instructive error, which I proceed now to describe.
When I first began my study of these problems, I made use
of an electronic calculator to experiment with various
functions ¢. It was in this way that I observed the
behaviour of cp(x) = x + x° already discussed, At the
time, however, I was not quite sure whether this function
belonged to R or not, I noticed that the delays
encountered near the origin were much more severe with the

function

(21) @(x) = x + %

than with the @ of (16), and I formed the idea that the
order of contact of @ with the line y = x must play a

decisive role. To take an exaggerated case, consider the

function
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(22) ga(x) = X+ e =

If one should here encounter a remainder as small as .1,
then the analogue of (18) for this function shows that more
than e2h/10:5 2% billion iterations would be required to
reach ,2; and this is more of a life-sentence than a
delay. Thus I was prepared to believe that (22) did not
belong to J?, while (16) and (21) ... maybe.

It was about this time that I found a way to relate
the order of contact between <p(x) and y = x with the way
in which the A approached O. Consider an admissible
function (ﬁo(x) whose derivative is equal to 1 at the
single point x = O, and suppose that ¢@(x) > O for x > O,
Then it can be shown -- I do so in the appendix -~ that

(20) will be met provided the integral

|

(23) g - dx

g FolMTF

remains finite as ¢ — O from above. Here again I found
the suggestion that a function ?s of the type considered
might indeed have a chance to be in K if only the curve
vy = @ (x) could "pull away" sufficiently fast from the
line y = x. For example, the integral in (23) remains
finite if

S

(24) @,(x) = %X+ %
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where s is a fixed constant lying strictly between 1 and 2.

In this event ;§.A~1 does converge, and for a while I
believed that the function in (24) was a bona fide member
of K. But arguments already advanced show that this
cannot be so; where lies the error? Simply here: in
taking s in (24) to be less than 2, the second derivative
is caused to explode at x = O (although I must say, it did
so very quietly). Thus the function is not admissible, and
Theorem 2 cannot be applied. For all that, we do make one

modest gain: we see that the boundedness of the second

derivative is indeed a crucial requirement.

While the attack on the series appearing in (20) has
yielded very little, it turns out that a direct and
elementary estimate of the individual terms An proves
fruitful. The following simple result is the natural

companion of Theorem 2.

Product lemma: For each n, there exists a £ ¢ (0,1) such

that

n

| _
(25) -~ =11 @' (TH'g).
k=1

n

Proof: For a certain choice of the a's, we have
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Ay\ hs [ 31, a,, 0, an+|] - [an PN an]
= 4 [a,,a a,+t1
- ) 0 +
d‘t 2 2 n tz-t*

for some t* ¢ (0,1), by the mean value theorem. Thus

AM = f'(aff[al,”°,afft*]) F’(al+[a3g-3an+t*])---f%an+t*)

" |

= [:T Flett gy = 1] 2177

=1

where E = [al,az,doo,an+t*]o

Observe how consideration of (20) and (25) together
leads to an easy rederivation of Theorem 1, But of far
greater interest is the way in which (25) sheds light on
the question of what happens when ¢' takes values < 1.
What is to me quite remarkable is that formula (25) directs

us to a consideration of sequences of the form
(26) E, Tg, T,

We refer to (26) as the orbit of & under T. This is

nothing new; the sequence of remainders (17) is an orbit

under T, and it is on this very basis that ergodic theory

can be applied. But formula (25) does not come from

ergodic theory; it is purely classical. ©Still it speaks

to us of orbits, saying, "If you want to make Z&n small,
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see to it that the orbit of ¥ spends most of its time
where the slope ¢' is bigger than 1." We must take this
to be a statement about orbits in general, since the ¥ in
(25) is different for every n, and never explicitly known
anyway.

Let us see now what bearing this has on the question
of an admissible function ¢ whose derivative takes a
minimum value of 1 at a single point, Xye In the case of
the functions (16), (21), and (22), we have x, =0 -- and
this is always an invariant point under T. That means that
we cannot get favorable estimates from (25), and although
we could neither conclude from this that ¢ does not belong
to d%, it is sufficient to point a suggestive finger at the
source of the trouble, For suppose, on the other hand,
that x, were not an invariant point under T; that is, Txo
# x . Then although the orbit of % could land right on
top of Xy it couldn't just remain there., If we try now to
get a useable estimate from (25), we see that this is not
quite enough; to bound the factors of (25) away from 1, we
must further concern ourselves with the possibility of an
orbit passing arbitrarily close to X To get a hold on
this, we suppose that we can cover X5 with a small open
interval G which is disjoint from its image under T. Thus:

xeG = Tx ¢ G. Outside of G we must have ¢' bounded

below by some number A strictly larger than 1. Then we may

be sure that at least every second factor in (25) is Z_ﬁ1
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with the result that
| [7]
— z B .
Ah
From this we see that (20) is satisfied, so that p € K by
Theorem 2,
Now we understand that the examples (16), (R1), and
(22) are somewhat fortuitous: they fail to be in R not
because they all have slopes of 1 at a given point, but
rather because this point happens to be invariant under T,
I have said that Xy = O is always invariant; the same
applies to X, = 1, for however we define T at 1, we can
never get a neighborhood of 1 to be disjoint from its image
under T, Thus the definition of T on page 12 is phrased so
as to make the invariance of 1 explicit, and the advantage
thereby gained is that a non-invariant point may always be
embedded in a "non-invariant" open set, as required in the
argument above.

Let me present that argument now as a formal principle.

Theorem 3: o € MA, ©'(x) 21 on I, Let U =
{x: @'(x) = 1} and let G be an open set in I that

covers U, Suppose there exists an N such that for every

k

x € G, Tx ¢ G¢ for some k < N. Then c)oeR.

Proof: Let g = inf p'(x) over all xe¢ G%; then g =z 1.
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Suppose g = 1. By the continuity of ¢', and the fact
that G° is closed, there must be a point X, € G° at which
the infimum g = 1 is assumed. But then x, €U, which is a
contradiction. Thus p'>]ﬂ Now the product lemma can be
invoked as before: since no point can remain in G under
repeated operation by T for more than N steps, we have

i F[W]

>
A

n

and the conclusion follows.

Let me now suppose that the set U contains at most a
finite number of points. Then the following theorem, which
gives a necessary and sufficient condition for membership
in ﬂ%, should seem perfectly natural in light of the

previous discussions.

Theorem L: ¢ EL/41 @'(x)'z 1 on I. Suppose the set U on
which ¢'(x) = 1 consists of finitely many points. Then ¢

e R if, and only if, U contains no orbit under T.

Proof: The "if" part of this theorem can be gotten from
Theorem 3: it is only a question of constructing the set

G. Suppose U to consist of the points

(27) X1y Xpy eee 5 X

m
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and suppose further that the points

(28) TXqy TXpy eee 5 TX

are all distinct from those of U. Put

£ = EV:;(L‘XL-“T%]'

and let B = sup ¢'(t). With x; as midpoint, construct an
teT

open interwval Gi of length €/2B. The image of Gi under T

cannot have length exceeding €/2, from which we see that

the set
w
G = UG
L=

is necessarily disjoint from its image under T.
Of course it could happen that certain terms in (28)

equal certain other terms in (27). For example, suppose
X, = Tx1 and Xq = Tx2

but that Tx3 does not belong to U (we have to get out of U
in m or fewer steps, since otherwise U contains an orbit).
For simplicity, suppose also that no other such
duplications occur. Let ¢ be the smallest distance
between the distinct points among (27) and (28) combined,
Center about X, an open interval G1 of length S/QBB, and

let G2 and G3 be the successive images of Gq under T. The

points X9 oo 5 Xp get covered by intervals of length
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& /2B; then we can say that any point in G = E;%Gi must
escape G under one, two, or three applications of T. Thus
Theorem 3 can be applied with N = 3; and we see that the
argument is general.

This brings us to the "only if" part of the theorem.
Recall that in our earlier discussion of how a function @
might fail to belong to K, we found that there were
circumstances under which the invariant density h could not
remain simultaneously bounded away from O and from oo -- a
violation of the inequality (12). The idea employed in
what follows is very similar, but it is applied, not to hy
but rather to the iterated densities S . These latter are
closely related to h; on the basis of a little
experimenting it appears that the Sn must converge to h as
n —> oo, and in Part 2 I shall prove this to be the case
under‘appropriate conditions., Thus there should be no
great surprise occasioned by the following lemma, in which
it is shown that the iterated densities themselves are

constrained by the same inequality that bounds the

invariant density, he.

Iterated densities lemma: If q>e/€, then for every n > O,

? < Sn(t> < C {or A tel,
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Proof: Combining (7) and (11) gives

sup Spt8) < C mf S, (1),

|
But since fS (t)dt = 1, we must have inf S (t) < 1, so
o n ter I

that
Sn ('t) < C 1[or tel.
Likewise, sup Sn(t) > 1, so that
tel
S ('t) P ”’,"‘ 'ﬁo\r ‘téI,
n

C

and the lemma is proved.

This result -- which to me is the intuitive content of
Rényi's condition -~ will enable us now to complete the
proof of Theorem 4. Begin with the case in which U
contains a single invariant point x (that is, an orbit of
cycle length 1), Notice that from Tx, = X, we may write
X, = £f(j + xo) where j is an integer in the range O to p-1:
for if x < 1, we take j = [cp(xo)]; we take j = p-1 if x_

= 1, OSubstituting t = X, in the recurrence formula

p-!
(10) S (1) = ) S (Flket)) £/ (ke t)

k=0

we obtain

(29) SH+,(X0)" S, (%) = 2: S, (F (ke x)) (ko)

k#j

by virtue of the fact that f£'(j + x,) = 1/¢'(x,) = 1.
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Thus Sn(xo) increases with n, If ¢ is to be in /%, then
the iterated densities lemma implies that the limit of
Sn(xo) as n —» oo must exist and be < C; but then on
summing (29) from n = O to co we infer that for each k # j

we must have

Lim S, (F(k+x)) = 0.

N> 00

Thus Sn cannot be bounded away both from O and from oo,
whence we can only conclude that ¢ ¢ K.

Similarly, suppose that U contains an orbit of length

D
.

ooy U = {xo, xl} where x, = Tx_ and x = Tx;. Then
we have, say, x_ = £(i + xl) and xq = £(j + xo); in place
of (29) we have the two equalities

S, (%) = S, (%) = 2 S, (Ftkex) F(ken),

k#j

S, (%) = S, (%) = TS, (Fflkex) Filkex),
k#¢

We add these equations, Then if we want the terms
S, (%) + S, (%)

‘to remain bounded as n— 00, we are again forced to

conclude that Sn must at certain points approach O as n-»co.

Thus the truth of Theorem 4 is clear.
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For the remainder of this section, I would like to
deal with the unrestricted case in which the slope p' may
take on arbitrary positive values. Let V denote the set of
those xe€ I for which gﬂ(x) < 1l, We can see at once how
much richer the problem has become if we consider trying to
establish here an analogue of Theorem 3. There it was
sufficient that an orbit should be able to "get away" from
U every now and again, but clearly no such counting
argument will work in the present context. Contemplation
once more of the product lemma (25) shows that a delicate
balance must be established between the orbit's conduct in
and out of V. The following line of thought seems almost
inescapable: Suppose ¢ € ﬁf; then according to the
ergodic theorem, for almost every xe I we have

' n

(30) L & ki Loy @' (TE'%) = s

where
I

( [tog @'V} hit) dt -

o}

o2}
il

From (25) we have
(51) — e B = 2 g @' (TH'E)

and comparison with (30) now suggests the asymptotic

relation

(32) A o~ e as n-—» o0,
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But there are real problems, the least of these being that
the conclusion (32) is a little too strong even if the
right hand side of (31) does apbroach the limit &. More
serious difficulties are that the & in (31) is really En;
and that possibly none of these En is contained among the
x for which (30) holds. Still, the fact that we are lead

to write down (32) is enough to suggest that the condition

(33) S > 0

must have some significance; but my several attempts to
establish either its necessity or sufficiency for
membership in 43 have been entirely unavailing; and I
expect that the "boundary" condition & = O poses a far
subtler problem than (33).

What I have been able to show is offered in the
following two theorems., The first of these gives a
necessary condition for ¢ to be in R: it is necessary
that V contain no orbit under T. This constitutes a mild
extension of the "only if" part of Theorem 4; there the
orbit contained in U was necessarily cyclic, and the fact
that it needn't be so here means that the method of proof

must be slightly modified. The second theorem gives a

sufficient condition; it amounts to a generalization of

Theorem 1.




39
Theorem 5: Let V = {x : ¢'(x) £ 1}. Then if V contains

an orbit under T, ¢ ¢ K.

Proof: We are given an xerV with x = Tnxoe'V for all n
Z 0. We may write x4 = Tx = cp(xn) -~ i, sox =

£f(i, + x,). Substitution of t = x . in (10) yields
(34) S, (x,,) = S, 00 Fllox)) + éii S, (Flerx,, D)) F'lkex,,).
+ iy

Since x eV, f'(¢p(x,)) = 1/<p'(xn) > 1, Thus if we
subtract Sn(xn) from both sides of (34), all terms on the

right will remain non-negative. The summability of

S, (%) = S, (%)

O,

is, as before, incompétible with the condition Sn(t) pd C ;

hence the theorem is proved.

Theorem 6: For n > 1, let V4n denote the subclass of V4

whose elements @ satisfy

inf SR AT
o E:T %’(7‘ g) >

Then each J4n.C K.

Proof: (I should point out first that u41 retains its

original meaning.) Let
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el -
and
wi
o Tk -
2 L erate) - e
m<n =
Then

so that Z:AN< co and Theorem 2 applies.

A question brought to mind by the last result is this:
if ¢ belongs to d@, does it necessarily belong to some
¢4n? If it does, then we can easily show that it belongs
as well to all the sets JAN,~/4N+1’\/4N+2, eeo for some N
> n., Thus the question may equivalently be worded: does
P € R. imply that ¢ belongs to all the JAJS from a
certain point onward? The conjecture that it does may be

written thus:

(?) R = A, -

ER

Tt is not hard to show that the truth of (?) would imply

that (33) is in fact a necessary condition for membership

in /{; I do not think it would be so easy to prove the
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implication going the other way around., Yet my suspicion
that (?) is true derives largely from a feeling that it
ought to follow from the (unproved!) necessity of (33).

But enough of this. Let me close this section on a

positive note, with the following application of Theorem 6.
Theorem 7: There exist functions in %2 whose derivative
remains arbitrarily small on an interval of length

arbitrarily close to 1.

Proof (informal): We begin by constructing the piecewise-

linear function suggested in the figure. £ 1is presumed to

be very small, and ¢ smaller

y
P(1,2) still. The segment AB has
slope
2¢'
s ~ 2¢ (1+2¢€)
| — 2 &
£ Bl ] _ and OA and BP both have slope
A i }E'
E'{ | L_Y_—‘ /
% £ |- €
3
The product of these slopes is
E/
~ 2 5 (1v2e —¢")
X -
| 0

and will be bigger than 1 if

¢’ is chosen so as to be at least half as big as €; for
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example, take &' = %%8.

Now, in order to obtain an admissible function ¢,
describe a circle of radius r about points A and B; a
smooth curve can be constructed
to replace the segments
falling within the circles so
that the resulting function is
¢%[0,1] (in fact, C”[0,1] is
attainable), The r here is at
our disposal, and it shall be

most convenient to think of it

as being infinitesimal compared

to € -¢'; for then we may safely "reason" directly from
the diagram on the previous page. We see that the subset V
for this function is contained (substantially) within
[eg,1-¢], If x lies in this range, then Tx will fall
within one of the two extreme intervals where @' is large.
Thus we have now a function ¢ EL/42 which satisfies the

requirements of the theorem, insofar as £ is in no way

restricted as to degree of smallness,
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PART 2

My goal in this section will be to pursue the
relationship between the Rényi function, ¢, and its
invariant density, h. To that end the following theorem

will prove vital,

Theorem 8: Let y>éﬂa. Then the iterated distributions
q>n converge uniformly, as n-—>o0, to the invariant

distribution .

In order to prove this result, I begin by showing
that the transformation T is mixing, which means that for

arbitrary Borel sets A, B in I,

Im V(T "ANnB) = v(A)vI(B).

n 00
(Recall that 1 is the invariant measure; Lebesgue
measure is denoted by p.) Let <§% be the g-algebra
consisting of sets of the form T ™A, A being a Borel set
in I. The ‘ﬁg.form a decreasing sequence of o -algebras;

the limit
4 = N%

is called the tail o-algebra. It can be shown (see

Billingsley [11], p. 121) that T is mixing if ﬁl contains
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only sets of measure O or 1, I verify now that this is
the case.
Let [a,b] be a subinterval of I, and let D, denote
the interval of rank n with left endpoint\[al,az,...,an] =
X. Using the customary notation for conditional

probability, we have
[a|a°”1 an+b] - [a,,---, an+a]

[a”...$ ah_‘_lj — [a”...,anj

/A(T'"[a,b]IDn) =

_.H"_(x_’;t_:)_ (5_-3)
Hn(x, 1)

where t; € (a,b) and t,e (0,1). By Rényi's condition,

(35) f’—g— < p(Traw1|D,) £ C(b-2),

It is clear that we can claim (35) with [a,b] replaced by
an arbitrary Borel set A:

(A)
(36) ﬁ-—a- < w(T7AlD,) € Cr(A).
Using (12), we may convert (36) to an inequality about vV,
which works out to be

v(A)

= < v(T"AlD) < C' v (.
C

(37)

Suppose now that A is a set in the tail ¢-algebra f?.
Then for any n, there is a Borel set B such that A = T"B.

Thus from (37) we obtain

(38) XA _ v@7T) v o rmg|p) = v(AlD).

ct ct cH
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If v(A) > 0, then we may recast (38) in the form

(D)) = v(A) v (D,|A) 4
(39) v(D,) PR ‘s ¢ v (p,|A).

The fundamental intervals may be used to generate the

Borel sets; therefore we may deduce from (39)
v(E) £ C'v(E|A)

for an arbitrary Borel set E, Taking E to be the
complement of A, we find that v (E) = 0, which is to say
1Y (A) = 1. This shows that 4 contains only sets of
measure O and 1, and hence that the transformation T is
mixing.,

We are now in a position to complete the proof of
Theorem 8, I shall demonstrate that, for arbitrary

measurable Ac T,

(40) Lim  p(TA) = v(A)

n-» o0
and to do this I shall use the equality

p(TR) = —Sd,.L = § 4 dw

TTA T™A
Now, because T is mixing, we have

v(T"anB) = § I,dv — v(A)v(B) as n-—» oo,
T"A

Iz being the characteristic function of the set B. By

taking linear combinations of such characteristic

functions, we conclude that
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(41) - S sdv = v(A)Ssdv
I

h-»00 7"p
for an arbitrary simple function, s. Since 1/h is
measurable and bounded, we may approximate it uniformly by
simple functions, Therefore we may replace s in (41) by

1/h and write

bon p(T7R) = g § Godv = v (A) EI‘T,‘“ = v,

o0 z
n> TTA

proving (40). We take, for A, the interval [O,t] and

recall

p(Tmrot)) = &, (%)

to conclude, finally,

tm & (1) = v(lotl) = (1)

oo

That the convergence is uniform follows automatically from
the fact that all the & , and & as well, are both

continuous and monotone., This completes the proof.

The next three theorems will deal with the question of
how the behaviour of h is affected by various smoothness
conditions imposed on ¢. The first two of these theorems
are dependent upon a curious additional restriction on ¢,

which I refer to as condition star:

Pl

(%) Sup Z {-F'(k+t)}2 < .

=0
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The most obvious effect of this restriction is to force
membership in VAl’ since qﬂ(x) must clearly remain > 1.
Aside from this, the condition seems mild; heuristically,

we expect

-1 P
Y Flket) = § fuordt =
k=o o

If none of the individual terms on the left hand side is
especially close to 1, then the effect of squaring these
terms should be to reduce the sum safely below 1., 1In
particular, note that (*) will automatically obtain if

sup £'(x) <,V—, that is,

X €flo,p)

(42) w0 > F = ().

Theorem 9: Let q)équ_satisfy (*), Then h is continuous

on I, and is the uniform limit of the iterated densities.

Proof: Differentiating the recurrence formula (10) for

the iterated densities gives

(43) S () = Z{ o) o) + S, (#0ee) £ |

k=0

We know from the iterated densities lemma that the Sn are

uniformly bounded by C. Put
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and let 6 < 1 be the constant defined by the left hand

side of (*¥), It follows now from (43) that
B < B,e + Cd.

From this we see at once that the Bn are themselves
uniformly bounded by some fixed number B. Hence the
iterated densities are uniformly bounded and
equicontinuous. By the Ascoli theorem, there exists a
uniformly convergent subsequence {x&n(t)} with continuous
limit: |

L f (1) = glo), say

n-—>»co

Since the convergence is uniform on I, we may integrate to

obtain

+
Lim So,ﬂn(r)dr = G, tel.

V1 00

But { Liﬁ(ﬂdt} is a subsequence of { @n(t)} , and so
from Theorem 8 we conclude that G(t) = ®(t), whence G'(t)
= g(t) must be equal to the invariant density h(t). Thus h
is continuous on I.

To show that the full sequence of iterated densities
converges uniformly to h, assume the contrary. Then it
must be possible to find an €& > O and a subsequence {x5n§

of {Sn} such that

/Xn(‘t) — ‘/](‘t) ' > ¢t for all n.

(k) cup
tel




L9

The subsequence {’gn} is itself uniformly bounded and
equicontinuous, and so must possess a uniformly convergent
subsequence {(Tn} with limit, say g. As before, we find
that g = h, and this is incompatible with (44). Thus the

theorem is proved.

By an extension of the same reasoning one can see
that h will be "nearly" as differentiable as p: @ €

co,1] ::f h ¢ Cn*2[0,1]. In particular, we have

Theorem 10: Let @ e JA; N 6¥[0,1] and satisfy (¥).
Then h e Cm[O,lj. Furthermore, for k > O, S;k) converges

uniformly to h(k) as n-»oo,

Proof: To begin with, differentiate (43):

(L45) S” = Z { S“.(_Flf + 354({;'_/:!!) + SH'F“I}

and put
p-i
, 3

a = Sep E;)(F(k+ﬂ) < 8,
p-i

’g = ts:?[ 3}~F'(k+t)*”(k+t)',
k=0
P~

and ¥ = s ) [$(ke0) ]

tel o,

We already know the Sn to be uniformly bounded by C, and

the lSﬁl to be uniformly bounded by B. If we put
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A, = tsng:(t)}

n

then we read from (45) that

A < A a + Bﬁ + C.

n+|

The last two terms being constants independent of n, and
& < © being smaller than 1, we perceive as before a

uniform bound A for the An. Hence the sequence of first
derivatives {SA} is uniformly bounded and equicontinuous,

and thus possesses a uniformly convergent subsequence LJA}:

Lm 8(1) = glr),  say.

n-» éo

Integrating twice and using the same argument as before,
we find that g = h so that h' = g' exists and is
continuous, Again as before, we can show that the complete
sequence {Sﬁ} converges uniformly to h' as n — oo,

It is now apparent how the induction is to proceed,
but having introduced constants in the order C, B, A, I am

obliged to stop at this stage.

By way of illustration, let me now verify condition

(*) for the function

(14'6) ('D(X) = (|-r—)c)m—-|7 m an {n‘teo}er > 2,

which is clearly EVAi. The inverse function is given by
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A
0= )™~ .
h
T us, zm—Z ) Zm-z I %n—_z
=g el =g e

i

| 2 -1 ,
= =) T
k=1 k

If m = 2, the series would diverge if not truncated. For

m > 2, we can use the estimate

) 2
em < TVI-'?_ Z kZ—-,;‘-
k=t

The expression on the right decreases with increasing m,
and therefore assumes its largest value when m = 3. Thus
| < L ! < > -4/3
< L moo< L+ = 4+
" 3 kZ;‘ k 3 \ S' x dx) 7 < ly

verifying (*) for m > 2, If m = 2, we have

w @ity = m=23  Wp = 570 = W3 < 2,

tel

thus fulfilling (*) according to (42). Therefore the
invariant density h belonging to (46) is infinitely
differentiable, The final theorem will show that it is

even analytic,

Theorem 11: Let ¢ éb/41 be analytic on I. Then h is

analytic on I, and mgreover, for k > O, h(k) is the

uniform limit of Sgk) as n—>o0,
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Proof: The idea is to show the existence of a region L
in the complex plane, containing the unit interval I, such
that the iterated distributions are analytic and uniformly
bounded in #&. Since we are guaranteed convergence at
least on I, all of our conclusions will follow from the
Vitali convergence theorem (see Titchmarsh [13], p. 168).

For a given € > 0 let A Dbe the region containing I
all of whose boundary points are at distance ¢ from I.

Thus,

(47) tedd & t=t, +* €L  whee toel and [Z]% L

It is clearly possible to choose ¢ so that

onf "y >
t"Zea‘(P !

9

and we do 80,
Let # be the image of o9 under ¢. Using the notation

scheme of Theorem 1, we have

0 < oo = wf |fi®] £ swe | FliD| = < .
ot | e f

To show that all the (in are defined and analytic on c@, we
recall (9), according to which it is sufficient to show

that

ted =  flk+t) € O For k= 0,1, p-1.

Using (47), we have




53

Flort) = Flkot, v ex) = f(ket) + £7 f(ket,+ 057)

for some 6 € (0,1), and since |Y¥f'| < 1 we see that this is
again a point in . This also establishes that

expressions of the form

[al" aZ"‘“’ an+_t]

are analytic for te 9. Define

A
o= sup “ee 1 - oo +
AY\ - ti,t,ed l [an 3,0, dnt s] [a.,d,, a7+ ’L]
B1385,.0040 3
Thus,
A
A| *itiéﬂa "F(k* D — Flk+ K/5

where K = diam(L) = 1 + 2¢ . By a simple induction we

find that

(48) A < K g" for nxi,

n

Using this we establish "Rényi's condition" throughout oO:

Sup l Hn(x,t)\

(49) e < C,

o T HL

Thus, the sup and inf are assumed at two points tq and ts
which happen to lie on the boundary of D, We write

everything out and, except for the modulus signs and the

factor X in (48), all goes precisely as in the proof of
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Theorem 1,

Next we extend the iterated densities lemma to show a
uniform bound for ]Sn(t)], teod, Using (11) and (L9) we
find

5 S () = w " H (x,t) < s H, (x,t)
G le@l = T2 R o] gy Z e

< 7 Fer [Hoxt)] < ¢ 2 B, | Ha(x, 0]

X X

< C2 EilManl = C 2 g He®
‘ X
< Cowmt ;Hh(x,t) C b S0 <

I
where, as before, the last step follows from SSn(t)dt = 1,
(o]

Of course, it follows now that

‘ o, (0] = \,&tsn(t)dr < (+e)C

for all t € &0, and the theorem is proved.,
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APPENDIX: Proof of the assertion made on page 27.

Let ¢(x) be an admissible function whose derivative
assumes the value 1 at the single point x = O; moreover,

suppose @"(x) > 0 for x > 0. I wish to show that

Z A, < o0
n=i
provided
|
' x
(50) ib—?m_x dx

remains finite as ¢ — O from above.
To begin with, I show that the largest interval of
rank n is the one lying farthest to the left; this is to

say
(51) A, = L[o,0 - 017
For convenience, I make a preliminary observation:

Lemma: Let us temporarily agree to say that a twice

differentiable function is a sweetheart if its first

derivative is positive and its second derivative is

negative. Then if « and g are two sweethearts, so is the

composite function «( B )e




Proof: (a(ﬁ))/ = d/-ﬁ’ > 0
(a(F))” = a”.(ﬁff + a’-;” < 0.

Now, to establish (51), consider trying to maximize

(52) [am 3,0, 2n+|] - [an PR an].
Replace a4 by the continuous variable t, and put

d‘:: Eaz-»"'van] < [a11"'1aﬂ+|] = dl‘

Then (52) can be written as
(53) flt+rd) — f(t+d).

The derivative is

(54) Flited) — F(1+d) = F£7Ce) (dy~d)

for some O e(t+d1,t+d2). Since ¢"(x) » 0 for x > 0, we
must have f"(x) < O for x > 0, so that the right hand side
of (54) is strictly negative for t = 0. Thus (53) is
largest when t = O, This means we must take a; = O in

(52), which leaves us trying to maximize

[07 2;’.’“.7 an+|] - [01 az,"', an]

(55) — 4:“:311"‘%3"“])_' ‘F([az_v.“'\an]>-

As before, repla:ce ay, by the variable t, and put
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dy = [a,,,3,1 < [a;,,a+1] = d,.
Then (55) becomes

FOF (t+dd) — f(f(t+d)).

Here again we shall find a largest value for t = O, for the
simple reason that the composite function f(f) has, like f,
a negative second derivative. Thus we will have to choose
a, = O. In view of our lemma, we may proceed inductively,
arriving -- many sweethearts later -- at 1 = 85 F eee = 2

= 0, This establishes (51).

Let me now write f(x) in the form
(56) foo = x= 500

where % (x) satisfies

HE)
(i) £(0) = 0

(i1) ¥'(0) = 0

(iii) E¥'x) > 0 for x>0

(iv) ‘Z“(X) >0 for xvo.

We note that An+1 = (A = D, - £(A,). Thus the
number of terms among the zﬁn which lie in an interval

[a,b] cannot exceed

boz

£(a)
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and the sum of these terms cannot exceed

b-a
£(a)

If we now break the interval [a,b] into many subintervals
[xi_l,xi], and apply the same reasoning to each one of
them, we find that the sum of those [kn lying in [a,b]
cannot exceed

— X s

— (- x ).

Zi: Z(X“L_l) 1 II)

From this we easily extract the following criterion:

{2

E; A,  converges provided the integral
b

S; f?x) A

remains finite as the lower limit approaches O from above.

The equivalence of this criterion and the one based on the
integral in (50) will follow from the like behaviour of the
integrands near x = O,

Writing x = @(t) in (56) gives
(57) t = @)~ E(g).
From the mean value theorem we have
E(e®) = () + E(0) (@t)-t)

for some 6 € (t, (t)). Substituting this in (57) and

rearranging gives, finally,




plt) -t |

£ (t) I — £'(e)

Since 6 —+ 0 as t — 0, we have

Ao p)-t -

t-»ot E(t) !

and the proof is complete.

)

6 € (t, ).
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