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ARTICLE INFO ABSTRACT
Article history: For over 40 years, the Implicit Monte Carlo (IMC) method has been used to solve
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regions that are optically thick and diffusive, as a consequence of the high degree
of “pseudo-scattering” introduced to model the absorption and reemission of photons
from a tightly-coupled, radiating material. IMC has several well-known features that

Keywords: could be improved: a) it can be prohibitively computationally expensive, b) it introduces
Thermal radiative transfer statistical noise into the material and radiation temperatures, which may be problematic in
Implicit Monte Carlo multiphysics simulations, and c) under certain conditions, solutions can be nonphysical, in

that they violate a maximum principle, where IMC-calculated temperatures can be greater
than the maximum temperature used to drive the problem.
We have developed a variant of IMC called iterative thermal emission IMC, which is designed
to have a reduced parameter space in which the maximum principle is violated. ITE IMC is
a more implicit version of IMC in that it uses the information obtained from a series of IMC
photon histories to improve the estimate for the end of time step material temperature
during a time step. A better estimate of the end of time step material temperature
allows for a more implicit estimate of other temperature-dependent quantities: opacity,
heat capacity, Fleck factor (probability that a photon absorbed during a time step is not
reemitted) and the Planckian emission source.
We have verified the ITE IMC method against 0-D and 1-D analytic solutions and problems
from the literature. These results are compared with traditional IMC. We perform an
infinite medium stability analysis of ITE IMC and show that it is slightly more numerically
stable than traditional IMC. We find that significantly larger time steps can be used with
ITE IMC without violating the maximum principle, especially in problems with non-linear
material properties. The ITE IMC method does however yield solutions with larger variance
because each sub-step uses a different Fleck factor (even at equilibrium).

© 2014 Elsevier Inc. All rights reserved.

1. Introduction

Thermal radiative transfer (TRT) is an integral part of many high energy density physics problems [1-3]. One standard ap-
proach for simulating TRT is the Implicit Monte Carlo method developed by Fleck and Cummings [4]. A drawback of the IMC
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method is that time steps must be sufficiently small in cases where the material is heated by a radiation field. If the time
step is too large, the material will absorb too much energy and reach a nonphysically high temperature, which is a violation
of the maximum principle [5]. In problems where a material temperature source is used as the boundary condition, this
means that the matter inside the problem will reach a higher temperature than the boundary heat source for the problem.
Another issue in the IMC method arises from treating the material temperature as uniform within a spatial cell. This leads
to a problem known as teleportation error, where particle absorptions may occur in some small fraction of a cell, but the
emission on the next time step is uniform within the cell. Thus, particles are emitted ahead of where physical heating has
occurred, and in some cases, energy travels faster than the speed of light. Methods exist to ameliorate teleportation error,
but they are beyond the scope of this paper [6].

The violation of the maximum principle is nonphysical and several attempts have been made to correct it by modifying
the form of the IMC Fleck factor [7-9] and by using predictor-corrector approaches for the temperature or material prop-
erties [7,6]. Another area of research is the prediction of conditions under which maximum principle violations will occur
in IMC [10]. The disadvantage of modifying the Fleck factor is that its constituent variables are still explicitly dependent on
the temperature of the material at the beginning of the time step. Predictor-corrector methods use a fraction of the particle
histories to estimate the temperature at the next time step and use this information to update material properties. This
method can be effective in reducing violations in the maximum principle, but it requires a predictive step which may be
computationally expensive. In this paper we modify the IMC equations so that a single time step can be subdivided into a
user-determined number of sub-steps. These sub-steps do not represent a temporal splitting of the time step, but rather a
splitting of the total energy in the problem at each time step. The equations for each sub-step are solved in turn by per-
forming an IMC simulation with a slightly modified Fleck factor. After a sub-step simulation is completed, the information
from that sub-step is used to obtain a better estimate for the material temperature at the end of the time step. This material
temperature is then used to update the thermal emission source and the temperature-dependent material properties. After
all the sub-steps are completed, the final temperature is determined and the same process is used on the next time step. We
call this method the Iterative Thermal Emission Implicit Monte Carlo method (ITE IMC). The ITE IMC method is similar to
predictor-corrector methods in that we use particle histories to treat parameters more implicitly, but every particle history
is also used to determine the material temperature at the end of the time step.

The remainder of this paper will be organized as follows: in Section 2, the Implicit Monte Carlo equations are derived
using a Taylor series expansion in temperature. The ITE IMC equations are then derived in Section 3 by splitting the material
temperature into sub-steps and manipulating Taylor series expansions. In Section 4, the results of calculations using the ITE
IMC method are compared to those of the IMC method and analytic solutions for common TRT test problems. Section 4 also
includes a 0-D stability analysis for the ITE IMC method. In Section 5, the parameter space for maximum principle violations
is explored for the IMC and ITE IMC methods, and the variance and teleportation error for both methods are compared.

2. Implicit Monte Carlo

The thermal radiative transfer equations are non-linear in material energy density. The standard TRT equations, without
scattering and with functional parameters suppressed, are:

101 1

——+ 82 -Vi+o4l=—04B+ Sy, )

c ot 47

du oo 41 o]

d_tm :/[gald_@dv—/aade+Sm. (2)
00 0

The terms in Egs. (1) and (2) are defined with their functional parameters:

X = position
£2 = solid angle

T = material temperature
v = frequency

t = time

I(x, £2, v, t) = radiative intensity
Un(x, T,t) = material energy density
oq(x, v, T, t) = material absorption opacity
B(v, T,t) = Planckian emission
Sy (x, £2,v,T,t) = source to the radiation field
Sm(x, T,t) = material energy source
¢ = speed of light

Eq. (1) represents the radiative energy balance and Eq. (2) represents the material energy balance. The material energy
density, Uy, satisfies:



230 A.R. Long et al. / Journal of Computational Physics 277 (2014) 228-247

T
Un =/CV(T)dT (3)
0

Another useful quantity is the equilibrium radiative energy density, U, :

Uy =aT* (4)
The change in U, produced by a change in Uy, is described by g8:
_9Ur _ 93Uy 8T _ 4a(T)’

Uy 0T 9Up cy

where 8" means that the temperature and heat capacity are at time t =t".

Egs. (1) and (2) are coupled by the Planckian emission term B, which is a function of frequency and the material
temperature:

B ; (5)

2hv3 1

Bw,T)="— ———— .
¢ exp(jp) — 1

(6)

The Planckian is often expressed as a function of the equilibrium radiative energy density, U,, times a probability density
function in frequency at a given temperature:

B(v,T)=b(v, T)acT* =b(v, T)cUy,, (7)
/b(v, T)dy = 1. (8)
0

In the gray and multigroup formulations the opacity is often averaged over the Planckian spectrum. For the gray case:
o
Oap = f oq.(v, T)b(v, T)dv. )
0

Substituting Eq. (7) into Eqs. (1) and (2) clarifies the temperature relationship in the TRT equations.
We now derive the IMC equations for the gray case. If the material balance equation is integrated over a time step, At,
the result can be expressed using average quantities:

4
Uﬁ{i‘l _ Um _ —4
= | 0ld2 — o4 pcaT 10
At / @.p (10)
0

The radiative energy balance is discretized by assuming the opacity does not change throughout the time step and that
emission term uses a temperature at t"+1,

101 1 4

1
-—+ 2 -Vi+oll=-—0clca(T)". 11
cat al= g oaca(™) (1)
In the IMC method we make a series of approximations to linearize the emission term. In Eq. (10) the opacity is assumed

to be constant across the time step and evaluated at T". The heat capacity, cy, is also assumed to be constant over a time
step. The average temperature in the emission term is taken to be the temperature at the end of the time step. This changes
the material energy density balance to a temperature update equation:

4
U#ﬁ-l _ U#z n Tn-H —_Tn B 4
~C = | old2 — oq4 yca(T™1)". 12
e | woca(T") (12)
0

Eq. (12) clearly shows that the material energy balance equation is non-linear in temperature. To linearize this system of
equations, the emission term in Egs. (10) and (11) is approximated with a Taylor series around the time t":

4
Y- - 4 doT4dT
AN— = o"ld2 — 0" ca(T") — Atca—— —, 13
N / apca(l”) T dt (13)
0
101 1 4 1 3dT
—— 4+ 2 -Vi+o'l=—o0c"ca(T" — Ato"4ca(T")” —. 14
c8t+ *% 4n“()+4n ()dt (14)
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This Taylor series expansion makes the equations semi-implicit in material temperature. The opacity term in Eq. (13)
can be pulled out of the derivative because we have assumed that the change in opacity is negligible over a time step; this
can be a large source of error because opacity can vary as % (see Ref. [9] for a treatment of the opacity derivative). If this
therm were frequency dependent, b(v, T) would also assumed to be constant over the time step, which is akin to assuming
that the frequency distribution of thermally emitted photons does not vary significantly with temperature. Removing the

opacity term and evaluating the derivative, Eq. (13) becomes:
%4
- 4
:/J”IdQ —ag pca(T")" — Ato"4ca(T")
0

n Tn+l _Tn

3dT
VA dt

. 15
i (15)
The material energy balance equation is now linear in T".

We can now solve Eq. (15) for %—f = T"*Lt—T" and insert that expression into Eq. (14). Here an additional approximation is
made to Eq. (13): the average intensity, I, has been replaced with instantaneous intensity, I. This yields the radiative energy
balance of the traditional IMC equations:

4z
141 1 1
cor T2 Vitoil=—folcU] + — (1~ )b (/o”msz) +5,. (16)

0

Here it is worth noting that the IMC approach differs from other numerical methods based on linearizations. In the IMC
method, a Taylor series and other approximations are used to obtain an expression for the emission term at t"*1, but
instead of solving the linearized material balance equation for T"*!, the emission term is substituted back into the original
equation, Eq. (10). This means that a non-linear equation of state can be used to calculate the temperature from U™,
instead of the heat capacity at t" as Eq. (12) would suggest. Thus the material energy balance becomes:

4
M=f /o”id.Q—o" cU" 4 Sm |, (17)
At GporT
0

Both these equations contain the Fleck factor, f:

1
= 18
! 1+ Atog et (18)

2.1. Meaning of the Fleck factor

The Fleck factor ranges between 0 and 1 for all problem parameters. As the time step size approaches infinity, the Fleck
factor approaches zero. For very small time steps, the Fleck factor approaches unity. The Fleck factor is often described
as the probability that an absorbed photon is not reemitted within a time step. This is evident from the second term on
the right hand side of Eq. (16): as f approaches zero, more of the angular intensity, I, will be redistributed in angle and
frequency. This physically represents the absorption and reemission of a photon. This term is usually referred to as effective
scattering, because it looks like a scattering event but is unrelated to a physical scattering cross section. As f approaches
unity, the effective scattering term vanishes and only absorptions take place.

In the material energy balance, the Fleck factor decreases the amount of energy absorbed and the amount reemitted
and thus the change in temperature. If the Fleck factor is not used, all absorbed energy in the material would remain there
throughout the time step—a nonphysical approximation that would lead to an overestimation of material temperature if a
large energy source is incident on the material [4]. A smaller Fleck factor increases run-time due to the increased effective
scattering probability.

3. Iterative thermal emission IMC

The standard IMC equations are modified by assuming that the material temperature can be divided into equal portions.
Combining several semi-implicit steps is similar to the Rosenbrock method [11,12]. The material temperature at T" is:

T"=T{+T5+...+Ty_y + Ty =NTq, (19)
where a sub-temperature T; is defined by T; = % for i=1,2,...,N. The change in the first sub-temperature, Tq, in time-
implicit form is:

dT, 1

—— = F(TI) = —F(T"). 20

TRy = o F () (20)

The change in T; can be expressed in terms of T because of the relationship in Eq. (19). A Taylor series is used to expand
F(T™1) around T":
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T ram s b (pam) )~ L () ¢ S
i _NF(T )”N F(T)—i—detAt ~ Y F(T)—i—dTth At ). (21)

In Eq. (21), Ndd% is used to represent the ‘;—{ term. Eq. (21) resembles standard IMC with a % term in front of the emission
source. T’f“ can then be determined from the IMC method using % of the emission energy.

Now that T;'“ has been calculated, it can be used to obtain a better estimate of T"*! when determining all subsequent
values of Tf“. This more accurate estimate of T"*! is used in the material energy balance for T;“:

dr, 1 1
L —F n+1 ~ — F Tn"r] Tﬂ"r] N _ 2 Tn+1
dt N( )N((1+2 +( )TN )
1 dF dT,
~—(F(TMT T4 (N=2)TR) + —(N -2+ 1)—=At 22
N((1+2+< TN+ 7 (V=24 D (22)
In Eq. (22), the total temperature ‘Zl—{ is approximated with (N —2 + 1)%. This represents the derivative of all unknown
sub-step values (2 through N). Solving Eq. (22) for % yields:
dTy 1 (N—2+1)dF !
& =nFOT AT (N =-2TY) <1 - (M H T+ (N=2)TR)AL (23)

This process is continued until T,’;’,“ is determined, then the sum of all the energy deposited in each sub-step is used
with an equation of state to find T"*!. The equation for a given sub-temperature T; in the ITE IMC method is:

i _ L, N)<1 _NZ iR N)At>_l (24)
d N " N dr " ’
where
i—1
Tin = (ZT;“) +(N—i+1TM (25)
j=1

The T; y term is the current estimate for T,
Substituting Eq. (24) into the radiative energy balance equation results in the standard IMC equations except with a
slightly modified Fleck factor:

1
fi= ——mm——- (26)
1 Mg At
The gray Iterative Thermal Emission IMC equations in slab geometry are:
ou / 1 1
m,i 4
o :Ua,pffilidﬂ+NfiaCT,‘,N‘i‘fiNSm’ (27)
-1
101 ol 11 1 : 1
i i 4
EI ,Uya +60,P1i:NE(GG,PficaTi,N)+E/O'aqp(l_fi)lidl’u—i_ﬁsr' (28)

-1

These equations reduce to the standard IMC equations (Eqs. (16) and (17)) if N =1.

The initial intensity each time step is simulated using what are called “census particles” for both IMC and ITE IMC. These
are simulated photons that represent the energy already in the radiation field at the start of the time step. As such their
birth time is always at the start of each time step, t". At equilibrium, the radiation intensity in the ITE IMC equations for
sub-step, i, is:

Ij= %ach =— 1acT“. (29)
At equilibrium, each T; is equal and thus each sub-step will start with the same census energy at the beginning of a
simulation. cy, o and f; are functions of temperature and use the T"*! estimate at each sub-temperature.

After all values of T; and I; have been determined by Monte Carlo simulation, the material temperature at the next time
step, T"*1, is determined by summing the material update equations for each T; and I;:

N 1 N f,
Y + At Z — / fiogilidp — Z N—laa,p,,’ach . (30)
i=1 C"fl o1 Cv



A.R. Long et al. / Journal of Computational Physics 277 (2014) 228-247 233

3.1. Discussion

Other methods that attempt to make IMC more implicit are now compared to the ITE IMC method. Predictor-corrector
methods for IMC calculate the temperature at the next time step with some smaller number of particles and then rerun
the problem with more particles and an updated temperature guess. ITE IMC differs from this approach in that all particle
histories contribute to the final temperature update for a time step. ITE IMC also differs from predictor corrector in that
the temperature at subsequent ITE IMC sub-steps does not look like a fixed-point iteration scheme. Each temperature is
a composite of the temperatures calculated during the previous sub-step simulations. Predictor-corrector methods are ad-
vantageous in that they can use the updated temperature to achieve second order accuracy but this requires setting the
implicitness factor, «, to 0.5 [6]. This can lead to stability issues [13]. Predictor-corrector methods have also been used
effectively to implement time-step controls and continuous opacity methods [6]. Recently, an IMC method was formulated
by using the BDF-2 time integration scheme on the material energy equations [14]. This method includes information from
the start of the previous time-step, t"~!, and has been shown to give correct behavior on a 0-D problem with strongly non-
linear opacity (discussed below). The BDF-2 IMC equations use a more accurate time integration, but they do not improve
the estimate of the material temperature at t"*1, which is the crux of predictor corrector methods and the ITE IMC method.

An important feature of the IMC equations is that they conserve energy and are strictly positive. The energy conservation
is a result of the matching terms of opposite sign in the radiative energy balance and material energy balance. Losses from
radiative energy field are a source to the material energy. The terms also match in ITE IMC equations—the emission from the
material energy balance is exactly represented as a source in the angle-integrated radiative energy balance. Eq. (30) shows
this conservation of emitted energy and absorbed energy when calculating the material temperature at t"*!. The positivity
of the IMC equations comes from the fact that there is a maximum amount of energy that can be radiated during a time
step. For the ITE IMC equations, the temperature will be positive if the total emission term is less than the current material
energy:

N

1

NZAtf,-oacT,.‘fN <cyT (31)
i=1

If At is very large, N‘,@“ Bco At > 1, and the inequality becomes:
i AtoacTfy, . 32)
<Cy
N— l+] ,BCUAt

Insertmg the definition of 8 and reducing, Eq. (32) becomes:

Z lin g (33)
4N —i+1)

Eq. (33) shows that for the IMC case of N =1, the maximum amount of energy loss through emission is one fourth of the
initial energy. The series in Eq. (31) was calculated numerically for a simple equilibrium case. The calculations show that
with an increasing number of ITE IMC steps the series does not converge and is greater than T. This means that the ITE IMC
will not yield strictly positive material temperatures as both the time step size and number of ITE IMC steps is increased.
This situation is highly unlikely because it assumes that none of the emitted energy is absorbed in the material during a
time step. Negative temperatures were not encountered in any of the results in this paper; nevertheless this is a downside
of the ITE IMC method.

3.2. Implementing the ITE IMC equations

An arbitrary number of sub-steps can be used in the ITE IMC method. If one step is used, the ITE IMC method becomes
the standard IMC method. The main difference in implementation between ITE and IMC is the need to divide the emission
energy and the initial census energy by the total number of sub-steps, N. After dividing by N, the simulation is performed
just like a standard IMC simulation. At the end of the IMC simulation for each T;, Eq. (27) is used to determine the
sub-temperature at t"t1. The equation for Tf“ for a given zone on the mesh is:

1 [Egpsl 1/ At
T;-l:;rl + E W N <af10‘a D, ,aCTl N> (34)
where Tj; is the material temperature in a given zone j, T; y is from Eq. (25) and [Eg] is the absorption tally from the
IMC simulation. The absorption tally is the total energy absorbed in the zone and the energy density is obtained by dividing
the tally by Ax (in more than one dimension it would be divided by the zone’s volume). Eq. (25) is then recalculated for
this zone and the emission source and the material properties are updated for the next sub-temperature calculation.

In ITE IMC, it is also necessary to keep a master list of census particles at the end of the time step from all sub-
temperature calculations. After all ITE sub-steps have been completed, the master list is divided into N smaller lists using
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Fig. 1. Material temperature vs. time comparing IMC and ITE IMC to the analytic solution near the equilibrium temperature.
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Fig. 2. The Root Mean Square (RMS) error vs. At of IMC and ITE IMC with 2 sub-steps compared to Mosher analytic.

pseudo-random numbers. These smaller lists then serve as the initial condition for each sub-step in the next time step. The
shuffling procedure attempts to equalize the initial census energy for each sub-step material temperature calculation during
a time step.

4. Results

To demonstrate that the ITE IMC method can accurately solve thermal radiative transfer problems and that the method
has been correctly implemented in a computer code, we consider the results of several test problems.

4.1. Infinite medium

Mosher provided a time-dependent analytic solution to an infinite medium TRT problem with constant opacity and heat
capacity [15]. A 1-D test problem with reflecting boundary conditions on both ends (an infinite medium) was simulated
using the ITE IMC method. For the test problem the constants a and c, as well as the physical parameters o and cy, were
set to 1.0, making the problem unitless. The initial radiation temperature T, was set to 2.0 and the material temperature
T was set to 0.001.

The results in Fig. 1 compare the IMC and ITE IMC method results to the analytic solution. Fig. 2 shows that the Root
Mean Square (RMS) error approaches zero as the time step is decreased and that the IMC and ITE IMC method are both
first order in time. Both the IMC and ITE IMC method obtain the correct equilibrium solution but have a lower material
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Fig. 3. Material temperature vs. time showing the equivalence of IMC and ITE IMC when 1 sub-step is used in the ITE method.
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Fig. 4. Energy density vs. position comparing IMC to the analytic solution at various times.

temperature during the transient. Fig. 3 shows that the IMC and ITE IMC are equivalent when one sub-step is used in the
ITE method.

4.2. 1-D

Su and Olson have developed test problems that are useful for verifying TRT codes. Their 1997 [16] paper provides the
analytic solution for a one-dimensional, time-dependent, linear TRT problem. The TRT equations are linearized by assuming
that the heat capacity is proportional to T,3n, an approximation that was first used by Pomraning [17] and is very useful for
obtaining reference solutions. This assumption is not physical, but it makes the TRT equations linear in T4. Both the IMC and
ITE IMC methods were used to simulate this test problem with a=c=0 =1.0 and cy = 4.0T;?'1. In the Su-Olson problem,
a source of 1.0 (representing radiation coming from material at T = 1.0) located between x = 0 and x = 0.5 is present for
10.0 units of time and then turned off. The left boundary is reflecting and the right boundary is a vacuum. Figs. 4 and 5
show that the IMC method and the ITE IMC method agree with the analytic solution and with each other. Fig. 6 shows the
RMS error for a run with zone centers that correspond to the x position where the Su-Olson analytic solution is available.
The error does not decrease uniformly with smaller time steps due to the error also present from spatial discretization. If
the spatial mesh is refined three times, the RMS error at t = 10.0 with A; = 0.05 is reduced to 7.95 x 10~3 for the IMC
method and 6.82 x 10~3 for the ITE IMC method with four sub-steps. This refinement reduces the RMS error by a factor of
two for the same time step size.
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Fig. 5. Energy density vs. position comparing ITE IMC to the analytic solution at various times.

0.1 T T T ————1] IMC: x=0.1
IMC: x= 1.0 —x—
IMC: x=10.0 —*—
e —_—— 2 ITE: x= 0.1 ——
5
0.01 - E ITE: x= 1.0 —=—

ITE: x=10.0 —o—

" I
= 0.001 - b
= ]

0.0001 /“_

1e-05 ) A L1
0.01 0.1

Delta t

Fig. 6. Root Mean Square (RMS) time error vs. time step size, At, for the IMC and ITE IMC method with four sub-steps.

4.3. Stability analysis

Mosher and Densmore [13] evaluated the stability of the grey IMC equations in an infinite medium by again assuming
that the heat capacity is proportional to T3. The IMC equations then become a system of equations that can be solved
exactly and analyzed by examining the solution at t,,1: the radiation energy density E"*! and the material energy den-
sity U1, The method of stability analysis used by Mosher and Densmore is applied to the ITE IMC equations: the same
assumptions are made and the equations are solved for each sub-step temperature and this information is used in deter-
mining the next sub-step temperature. The motivation for solving these equations is finding the eigenvalues of the 2 x 2
matrix that comes from solving the equations exactly and using a given time step At:

E1N\  (a(Ab) b(AD)\ [ E (35)
U™t ] 7\ c(Ar) d(AD) U/
The eigenvalues can then be used to determine the amplification factor for a given time step size At.

In this analysis, the opacity is independent of temperature and the equations are linearized by assuming that the material
energy, U, is proportional to T*:

U=>hT% (36)

This is equivalent to the linearization of Pomraning, where heat capacity is assumed to vary with T3. The assumption in
Eq. (36) yields a simple relationship between material energy and the equilibrium radiation density:

Ur=aT4=%U=ﬁU. (37)
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The standard 0-D IMC equations are:

dE

a +fnUnCE:fn0'nCU?7 (38)

du

T faonc(E — U}). (39)
A slight modification is made when using two steps of the ITE IMC method:

dEq

i flo"cEy = ffa”cU’]"jl, (40)

dU,

= = flo"c(Er — UTT). (41)
In the ITE IMC method Uf“ is estimated using information from the previous sub-steps. For the first sub-step, the ITE IMC

Uy

method estimates the emission temperature, Uﬁ], with Uﬁ] = . These equations can be solved and evaluated at tp41
to yield:

1 n .n nn

Er]lJrl _ 5(Ene—f]a c(t—tn) + U?(l _efio cAt))’ (42)
1 n n

+1 - At
UpT =S (U + (B U (1 —e fioteany), (43)
These equations can be written in a general form:

1 1

EVt' = ZAE" + - BU", (44)
2 2
1 1

utt =50 —A)E”-i—i(l —B)U™. (45)

If two steps are used in the ITE IMC method, the emission temperature for the second sub-step is estimated as U':JZr1 =

Un+l+un n .. . 5
”fr'z and U}, = % The radiation transport and material energy balance equations for the second sub-step become

1, Uf
dE; 0on R
= o"CcEy = flotc—1— < 46
i Tk =1 5 (46)
+1, Ut
au, non Uil + 5
—2 = frone(Ey— 12 ), 47
dt 2 2 2 (47)

where U;'jl is now a constant equal to SUq(tg+1).
This system of equations is then solved to yield an expression for EE‘“ and U;H:

e = (L, v 1,8—1,3 E+ 1;3—1;8 +U 1/3—1,3 U (48)
2 = 21/2 LE\ 5 2 Y2 2 2 V2 LUl 5 2 V2 )

v = (L1, g 1,3—1,3 E+ 1—1ﬂ+1ﬁ -U 15—1,9 0] (49)
2 =\3 23/2 LE\ 5 2 Y2 > 2 2 Y2 LU\ 5 5 Y2 .

Because the equations are linearized, 8 is constant:
du, a

= —_— -, 50
B=30 =% (50)

In Egs. (48) and (49), o = — f"0"c and y = e %AL. 8 is used to eliminate U, in favor of U. Eqs. (48) and (49) can also be
rewritten in a general form:

1 1
Eltl = ~A'E" 4+ ~B'U", (51)
2 2
1 1
Ut = —(1 - A)E"+ —(1— B')U". (52)
2 2 2

If more than two sub-steps are used in ITE IMC, the equations for any sub-step can be written in the same general form
because the U, term for any sub-step U; with i > 1 is simply U; plus the previously determined U'ﬂ“ terms, which are
known:
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i—1
Uri=Ui+ Y Ut (53)
Jj=1
where j is an ITE sub-step that has already been determined and i corresponds to the current sub-step.
U™ and E™! are determined by summing the values for U!*! and EI'"' over all the sub-steps. Using the general
forms of those equations yields

E"™ = (A+ A')E" + (B + B')U", (54)

U™ =(1-A)+(1-A))E"+(1-B)+(1-B'))E". (55)
This system of equations again simplifies to the form:

E"1 =CE" + DU™, (56)

U™ =1 -0OFE"+ (1 -D)U" (57)

Any 2 x 2 system of equations of this form will have the same eigenvalues:
M =1, M =C-—D. (58)

The stability can then be determined such that |C — D| is maintained less than unity. The ITE method for an arbitrary
number of steps results in an equation like Eqs. (56) and (57), and thus the ITE method eigenvalues always have the same
form.

An expression for |C — D| can be determined for any number of sub-steps when using the ITE method in 0-D. Consider
sub-step i of an ITE method with N sub-steps:

dE;
d_tl + flo"cE; = f,-"a"cU?yJ{l, (59)
du;
d—t' = flo"c(Ei—UT), (60)

where UfJ{l is now a function of all the previous time steps:

+1 +1 +1 (N=i)U}
nH_UQl +Uy U
U = = . (61)
The equations for El""" and U™ are:
1 1 1 N—i+1 N—-i+1 1 1
n+l _ . , . .
E; _<Ny'+UC’E<Nﬂ_N'By’>)E+( Nz B- N2 ﬂy'+UC’U<Nﬂ_N’By’>>U’ (62)
1 1 1 1
UMM == —(<yvi+Uce| =B—<B¥))|E
i N NJ/z+ C.E Nﬂ Nﬁ%
1 N—-i+1 N—-i+1 1 1
- - A+ Ucu(~8-~8¥)))U, 63
(- (Fre - e+ vew(gp - yon) )) (63)
where
Uce=Ue+Uze+... +Ui_1E, (64)
and
Ucu=Uu+Usu+...+Ui1u. (65)

These U¢ values represent the coefficients in front of E and U in each U; equation (E; equations are only used when
calculating the total E"*1). The N —i + 1 terms come from the addition of the U, ..Uy values that have not yet been
determined and are thus approximated as % Because U; and E; depend on all the previous sub-steps, Eqs. (62) and (63)
can be used recursively to find the numerical values of the coefficients for U; and E;. When i =1, Egs. (42) and (43) are

used to calculate the coefficients. The stability of the system is determined from |C — D| <1 where C and D are:
C=(E1,e+Eye+...+En-1e+EnE), (66)
D=(Eiu+Eu+...+En-1,u +ENnuU). (67)

where E; g and E; y are coefficients multiplying the respective E and U terms in the E?“ equation. Although this stability
analysis has been performed for a linear problem, other work has been done to show how this specific linear problem
relates to the stability of non-linear problems [18,19].
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Fig. 8. Radiative and material energy density vs. time for At =0.235.

4.4, Stability analysis numerical results

The second eigenvalue, A, was numerically calculated with a =c=1, 0 =10.0 and 8 = 3 for various values of At.
The results are shown in Fig. 7. For all values of At, |A2] <1 and for At < 2.1 the solution is monotonic (0 < A < 1). If
enough sub-steps are used, The ITE IMC method is monotonic over a slightly larger range than the standard IMC method
as seen in Fig. 7. For time steps greater than 2.1, the eigenvalue decreases slightly as more ITE sub-steps are used. IMC
and ITE IMC simulations were performed with a=c =0 =1 for At =0.235 and At =50.0 with an initial radiation density
Egp = 1000 and an initial material energy density Ug = 0.0. Figs. 8-10 show E and U as a function of time. Fig. 8 shows that
for positive eigenvalues, IMC and ITE IMC generate solutions that compare very well with the predicted solution and with
each other (they have the same A;). For At =50.0 in Fig. 9, the IMC and ITE IMC simulation values again compare well
with the predicted values. In Fig. 10, the smaller predicted A, value for the ITE IMC method with four sub-steps is evident
in the slightly less oscillatory nature of the solution.

4.5. Crooked pipe problem

The crooked pipe test problem was designed by Graziani and LeBlanc in 2000 [20]. Its purpose is to test the validity
of radiation transport codes in non-diffusive conditions. In the crooked pipe problem, there are two material regions: an
optically thin region with a lower heat capacity and an optically thick region with a high heat capacity. The thin region is the
pipe and it is embedded within the thick material. The problem described by Graziani and LeBlanc is solved in curvilinear
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r-z geometry. The pipe has four 90 degree turns as it runs from z=0 to r = 7.0 cm. We expect to see shadowing at these
corners until the walls of the pipe heat up. In the diffusion approximation the current is proportional to the gradient of
the intensity. This means that radiation would be transported into these “shadowed” regions resulting in faster transport
of energy. In an optically thick, highly scattering medium, diffusion theory is valid, but it is not in optically thin regions.
A 0.5 keV source is placed at z=0 and vacuum boundaries are imposed at z=0, r =2.0 cm and z=7.0 cm. We impose a

Table 1

Physical parameters for the crooked pipe
test problem.

Othick
Othin

CV thick

CV thin
To

Tg

At
Photons
c

a

2000 cm™!

0.2 cm™!
15 erg
10 keV cm3

— 1012 _erg

keV cm3
0.05 keV
0.5 keV
0.0001 ns
400000
30.0 %

1.3720160 x 1014 —<L&

cm3 kev?

reflecting boundary at r = 0. Other parameters are shown in Table 1.

0ooXxXx




A.R. Long et al. / Journal of Computational Physics 277 (2014) 228-247 241

2
0.5

0.4
037w
0.2 F
0.1

15

r(cm)

1

0.5

o
-
N
w
IS
v
o
~

0.5
0.4
037
=3
0.2
0.1

r(cm)

=)
-
N

3 4 5 6 7
z(cm)

Fig. 11. Material temperature vs. position at t =175 ns for IMC (top) and ITE IMC(4) (bottom).

0.5

— MC
-+ ITE@)
""" KULL IMC

0.4+

0.31

T, (keV)

0.21

0.1

0.0
10

0
t (ns)

107 10 10

Fig. 12. Material temperature vs. time for the five examined points in crooked pipe problem.

The temperature is plotted at 5 points within the “pipe”: Point 1: z=0.25 cm, r =0, Point 2: z=2.75 cm, r =0, Point 3:
z=3.5 cm, r=1.25 cm, Point 4: z=4.25 cm, r =0, and Point 5: z=6.75 cm, r =0 cm.

In Fig. 11 heat maps of the IMC and ITE IMC results at 1.75 ns are compared side by side. Fig. 12 shows the temperature
at the 5 points as a function of time for the IMC and ITE IMC methods. The larger variance with time is expected, because as
more energy enters the problem, the same number of particles are used to simulate that energy, so each zone on the mesh
will receive fewer particles. Fig. 12 demonstrates a rough agreement between IMC and ITE IMC in the crooked pipe problem.
Fig. 12 also contains the crooked pipe results for the IMC package inside the KULL [21] multiphysics code for the purpose
of showing agreement between the author’s personal IMC code and a widely used IMC implementation. The KULL IMC code
was run without any teleportation error correction algorithm so it could be compared directly to the author’s IMC code. The
large variance in material temperature present in the ITE IMC method is visible in Fig. 11. The ITE IMC temperature slightly
lags behind the IMC solution, possibly because the ITE IMC method is more prone to teleportation error. This is because the
emission temperatures change within a time step for the ITE IMC method. This gives rise to more energy being transported
into the thick regions in the crooked pipe problem and a lagging wavefront.

4.6. 0-D non-linear opacity

Gentile gave the analytic solution for a 0-D test problem where opacity is proportional to T=> [9]. This problem was run
with the parameters in Table 2.

The initial radiation temperature was chosen so that at equilibrium the material temperature will be 1.0 keV. This
problem is highly non-linear due to the temperature dependent opacity. The opacity ranges from 1.0 x 107 cm~! at t = 0.0
to 1.0 x 1073 cm™~! at equilibrium. The results in Fig. 13 show the IMC results compared to the analytic solution. The IMC
method does obtain the equilibrium solution but both the material temperature and radiation temperature are incorrect in
the transient. The IMC method produces material temperatures above 1 keV that then cool to equilibrium unless the time
step is less than about 1.0 x 10~'8 s. Material temperatures higher than the initial thermal temperatures are a violation
of the maximum principle. Fig. 14 shows that the ITE IMC method does not violate the maximum principle and converges
to the analytic solution as the number of sub-steps is increased. The additional lines on Fig. 14 for a given number of ITE
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Table 2
Physical parameters for 0-D non-linear
opacity test problems.

oa(T) = oo

cv = 5x 10" 2 cm?

Tmo = 0.01 keV

Tro = 1.46512 keV

c = 300 <0

a = 1.3720160 x 1014 &

cm3 kev?

KM = = = K = = KA = = = 2 = K K KK

Rt T G

T (keV)
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Fig. 13. Material temperature vs. time for the 0-D non-linear opacity problem using the IMC method with various time step sizes.
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Fig. 14. Material temperature vs. time for the 0-D non-linear opacity problem using the ITE IMC method with various time step sizes.

sub-steps are for different time step sizes. For comparison, when using 8 sub-steps with the ITE IMC method the correct
behavior can be obtained with a time step size about 1.0 x 108 times larger than the IMC method.

4.7. Marshak wave

The ITE IMC method is especially effective in Marshak wave problems, where violations of the maximum principle are
likely to occur. The Marshak wave problem from Larsen and Mercier's paper [5] was simulated with both IMC and ITE
IMC methods. In the Marshak wave problem, the opacity is proportional to % meaning that cold regions will have a
very small mean free path. A boundary source, Tg = 1.0 keV, emits photons that heat the relatively cold matter (Tg =
0.001 keV) inside the problem. As the material heats up it becomes more transparent to photons. The IMC method does
not update its temperature-dependent properties during the time step, so the cold material will be very opaque throughout
the time step, and too much energy will be absorbed if the time step is relatively large. The ITE IMC method updates the
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Table 3
Physical parameters for Marshak
wave test problems.

oM = 52
— 13 erg
cy = 81181 x 10" 7
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Fig. 15. Material temperature vs. position at the end of one time step where At =0.4 ns and Ax=0.4 cm.
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Fig. 16. Material temperature vs. position after at t = 3.2 ns, where At =0.8 ns and Ax=0.4 cm.

temperature-dependent properties at the end of each sub-step, thus allowing the material to become more transparent
throughout the time step. If the internal material temperature is ever greater than the boundary temperature then the
method is said to violate the maximum principle for that choice of grid spacing and time step.

The IMC and ITE IMC simulations used the physical parameters and boundary conditions from Table 3. Results at various
times in the problem are shown in Figs. 15 and 16. Both figures show that the ITE IMC method allows more energy to enter
the problem while maintaining all material temperatures below the boundary temperature. The figures also show that using
more ITE IMC sub-steps allows more energy to penetrate further into the problem. In this case more energy penetration is
correct because as a zone heats up energy can pass through. In the IMC method the cold, thick zone at the wavefront stays
cold and thick throughout the time step.

A script was developed to determine the conditions under which IMC and ITE IMC first violate the maximum principle:
the Marshak wave problem was simulated with constant grid spacing and a small time step. The time step was gradually
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Fig. 17. First violations of the maximum principle for Standard IMC and the ITE IMC method.

increased until a violation of the maximum principle occurred. This procedure was used to generate the data in Fig. 17,
which shows that the ITE IMC method always allows for larger time steps without violating the maximum principle for any
level of grid spacing. The relationship between allowable time step size and number of ITE sub-steps is non-linear: doubling
the number of sub-steps from 5 to 10 always increases the allowable time step size by more than a factor of 2.0.

The reduction in the maximum principle violation for ITE IMC vs. IMC is much more obvious for the Marshak wave test
problem than it is in the linear analysis. We wish to emphasize that violations of the maximum principle are not the result
of numerical instability. The IMC equations are stable: violations of the maximum principle are transient in time, and IMC
yields the correct equilibrium result. The violations of the maximum principle result from a lack of full implicitness in IMC.
As mentioned in the text following Eq. (14), IMC is semi-implicit; it does not iterate to obtain consistent t"t! values of
the material temperature. ITE IMC is less prone to produce violations of the maximum principle because later sub-steps
use an emission temperature that is a more accurate approximation of T"*!, because they use information on the matter
temperature gained from earlier sub-steps.

4.7.1. Teleportation error

The teleportation error associated with ITE IMC method was determined using the method of Cheatham [6]. This test
problem is grey and 1D with cy =4.0T3, a = c =1.0 (the problem is unitless) and ¢ = 100.0. Vacuum boundary conditions
are imposed on both sides and a plane source of 1.0 is placed at the left boundary. The results are compared at t = 10.0 with
an IMC simulation that used Ax =0.01 and At = 0.05. To investigate the behavior of the teleportation error, Ax is increased
relative to the reference solution or At is decreased. Fig. 18 shows how energy is transferred further into the problem as At
is decreased. The ITE IMC method has a higher material temperature relative to the reference solution. Photon teleportation
results because the emission location of a particle is sampled uniformly over a zone. Effective scattering reduces the amount
of teleportation error, because it reduces the amount of thermal emission. A fraction of the thermal emission is replaced
by effective scatters, which occur at the “correct” location instead of at an inaccurately estimated emission location. The
ITE IMC method emits particles multiple times during a time step, with a Fleck factor that decreases with each sub-step.
This means that uniform position sampling occurs more frequently in ITE IMC during a time step than in IMC. Fig. 19
compares the teleportation error for different numbers of ITE IMC sub-steps. As the number of sub-steps is increased, the
overheating due to teleportation also increases. The teleportation error does not increase indefinitely as ITE IMC sub-steps
are increased. This is likely because at some point the amount of effective scattering is negligible, so all thermal emission
occurs at estimated positions.

4.8. Variance

The figure of merit (FOM) for Monte Carlo problems is defined as the reciprocal of the product of the variance of the
result and the run time:

1
FOM = — (68)

o2’
where o2 is the variance of the answer (usually the material or radiation temperature) and t is the run time. Shorter run
times and smaller variances yield a larger FOM.
For non-linear Monte Carlo problems, a simple relationship cannot be used to determine the variance. Instead, we draw
an analogue to the variance of the solution by looking at the L! error norm in infinite medium problems at equilibrium. The
IMC and ITE IMC methods both hold the equilibrium solution, so the error in the equilibrium solution can be attributed to
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the Monte Carlo noise associated with each method. The error after one time step for a problems at equilibrium for the IMC
method and the ITE IMC method with four sub-steps is shown in Fig. 20. Here the error is shown for various equilibrium
temperatures. For large temperatures, the error is larger for the ITE IMC method. For low equilibrium temperatures, the error
in both methods is comparable. This discrepancy between the variance in the IMC and ITE IMC methods can be explained
by the different Fleck factors used in each method. The IMC method uses the same Fleck factor throughout the time step.
The ITE IMC method uses a different Fleck factor for each sub-step, as shown in Eq. (26). When the temperature term in
the denominator of the Fleck factor is small, the Fleck factor does not change much between ITE IMC sub-steps. When the
temperature is large, the % term in Eq. (26) yields very different Fleck factors for each sub-step. Variance is related to
the difference between the average event and individual events. Calculating the absorbed energy with differing Fleck factors
will yield a wider range of individual events and thus more variance. When the Fleck factor is small (Ato 8 > 1), the ITE
IMC method will have a wider range of Fleck factors for each sub-step and thus produce a solution with more variance.
The larger variance when the Fleck factor is relatively small should be considered when using the ITE IMC method for a
specific application. An example of this variance is shown in Fig. 21, where the IMC and ITE IMC solution are compared for
an infinite medium problem at an equilibrium temperature of T, = 2.0 keV.

The time to solution for the IMC and ITE IMC method is highly dependent on the temperature, which determines the
amount of relative scattering through the Fleck factor. Because the ITE IMC method updates the temperature during a time
step, the runtime will vary in an unpredictable way relative to the IMC method. If the temperatures are similar for the ITE
IMC and standard IMC methods during a time step, the ITE IMC method can be expected to have a smaller FOM.

5. Conclusions

The ITE IMC method has been shown to satisfy the maximum principle for a wider range of problem parameters than
standard IMC. The ITE IMC method has been validated in 0-D, 1-D and 2-D problems and with linear and non-linear
problem parameters. The ITE IMC method shows considerable improvement for the highly non-linear opacity problem. The
teleportation problem present in IMC simulations is exacerbated with the use of ITE IMC.
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To evaluate the results, the ITE IMC method is compared with traditional IMC. The ITE IMC method presents one possible
solution to the overheating problem present in IMC simulations. By using more sub-steps of the ITE IMC method, the
simulation can be performed using larger time steps without violating the maximum principle, and the end result can
be obtained more quickly. Currently, the variance of the ITE IMC solution will be larger than the IMC solution when the
Fleck factor is small and the same number of particles are used for both methods. The source of this increased variance
is the differing Fleck factors used within a time step in the ITE IMC method. For the test problem with highly non-linear
opacity, the ITE IMC method can obtain a more accurate solution by increasing the number of sub-steps and shows dramatic
improvement over the standard IMC solution. In problems where large zones are used, the teleportation error is larger when
ITE IMC is used. The teleportation error increases when more ITE sub-steps are used.

The ITE IMC method can be used to reduce overall simulation time by allowing longer time steps without violating the
maximum principle. The reduced run time comes at the cost of an increase in variance relative to the IMC method. Work
on variance reduction and mitigation of teleportation error with ITE IMC is needed. Variance reduction techniques like
global weight windows [7] or symbolic weights [22] could potentially be used with the ITE IMC method to reduce variance.
Standard corrections for teleportation error could be implemented in ITE IMC and compared to standard IMC with the same
methods.

ITE IMC provides a larger stability envelope for Marshak wave problems. We are currently working to characterize the
time step limits on other common TRT problems.
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