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Motivated by the advances of quantum Darwinism and recognizing the role played by redundancy in identifying
the small subset of quantum states with resilience characteristic of objective classical reality, we explore the
implications of redundant records for consistent histories. The consistent histories formalism is a tool for
describing sequences of events taking place in an evolving closed quantum system. A set of histories is consistent
when one can reason about them using Boolean logic, i.e., when probabilities of sequences of events that define
histories are additive. However, the vast majority of the sets of histories that are merely consistent are flagrantly
nonclassical in other respects. This embarras de richesses (known as the set selection problem) suggests that one
must go beyond consistency to identify how the classical past arises in our quantum universe. The key intuition we
follow is that the records of events that define the familiar objective past are inscribed in many distinct systems,
e.g., subsystems of the environment, and are accessible locally in space and time to observers. We identify
histories that are not just consistent but redundantly consistent using the partial-trace condition introduced by
Finkelstein as a bridge between histories and decoherence. The existence of redundant records is a sufficient
condition for redundant consistency. It selects, from the multitude of the alternative sets of consistent histories, a
small subset endowed with redundant records characteristic of the objective classical past. The information about
an objective history of the past is then simultaneously within reach of many, who can independently reconstruct
it and arrive at compatible conclusions in the present.
DOI: 10.1103/PhysRevA.93.032126
I. INTRODUCTION

“Into what mixture does the wave packet collapse?” This
is the preferred basis problem in quantum mechanics [1]. It
launched the study of decoherence [2,3], a process central to
the modern view of the quantum-classical transition [4–8,10].
The preferred basis problem has been solved exactly for socalled pure decoherence [1,11]. In this case, a well-defined
pointer basis [1] emerges whose origins can be traced back
to the interaction Hamiltonian between the quantum system S
and its environment E [1,2,4]. An approximate pointer basis
exists for many other situations (see, e.g., Refs. [9,12–17]).
The consistent (or decoherent) histories framework [18–21]
was originally introduced by Griffiths. It has evolved into a
mathematical formalism for applying quantum mechanics to
completely closed systems, up to and including the whole
universe. It has been argued that quantum mechanics within
this framework would be a fully satisfactory physical theory
only if it were supplemented with an unambiguous mechanism
for identifying a preferred set of histories corresponding, at the
least, to the perceptions of observers [22–29] (but see counterarguments [30–35]). This would address the Everettian [36]
question: “What are the branches in the wave function of the
universe?” This defines the set selection problem, the global
analog to the preferred basis problem.
It is natural to demand that such a set of histories satisfy the
mathematical requirement of consistency, i.e., that their probabilities are additive. The set selection problem still looms large,
however, as almost all consistent sets bear no resemblance to
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the classical reality we perceive [37–39]. Classical reasoning
can only be done relative to a single consistent set [20,31,32];
simultaneous reasoning from different sets leads to contradictions [22–24,40,41]. A preferred set would allow one to
unambiguously compute probabilities1 for all observations
from first principles, that is, from (1) a wave function of the
universe and (2) a Hamiltonian describing the interactions.
To agree with our expectations, a preferred set would
describe macroscopic systems via coarse-grained variables
that approximately obey classical equations of motion, thereby
constituting a “quasiclassical domain” [14,23,24,40,49,50].
Various principles for its identification have been explored,
both within the consistent histories formalism [15,26,39,50–
56] and outside it [57–61]. None have gathered broad support.
It has long been recognized that records may play a key
role in identifying the quasiclassical domain [2,14,50,62–64].
We say a record of one system exists in another system when
a measurement of the latter can provide information about
the state of the former, a property that can be quantified by
the mutual information between the two [65]. When a system
decoheres, records about its state (in the pointer basis) are
created in the environment. Intuitively, sequences of records
created at different times—either deliberately by an apparatus
or accidentally, but inevitably, by a natural environment—will
similarly decohere a preferred set of histories, analogous to
the preferred set of pointer states. Indeed, for any consistent

1
We take Born’s rule for granted, putting aside the question of
whether it should be derived from other principles [10,36,42–48] or
simply assumed. That issue is independent of (and cleanly separated
from) the topic of this paper.
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set of histories of a pure global state, Gell-Mann and Hartle
pointed out that, at least formally, records of the history
must exist in the state as a whole [14]. Here, “global” refers
to everything: both the system and its environment, which
can encompass the whole universe. This argument guarantees
only the existence of one record, however. Without a stronger
principle for identifying a preferred set (which Gell-Mann and
Hartle explore), this formal record will generally correspond
to a highly complicated observable involving the entire global
state, completely inaccessible to a realistic observer inside
the universe described by that global state. (An example
illustrating the delocalized nature of such records can be found
in the Appendix.) Moreover, when the global state is mixed,
there need be no record at all.
Establishing realistic records will require something more.
It has been noted that the decoherence of a quantum system
is connected to the production of a record about that system
in the environment [1,2,63], but the ability of many observers
to infer the state of the system by sampling an environment is
predicated on redundant records—a property of some global
states that does not follow merely from decoherence (or
consistency).
Quantum Darwinism [65–68] is a paradigm for describing
and quantifying what distinguishes such states awash in the
enormous sea of Hilbert space. It has been successfully applied
to several prototypical models of decoherence [11,69–77],
but models with nontrivial histories—those featuring multiple
events at different times, each with multiple outcomes—have
not yet been investigated.
Some mathematical way of isolating records within the
universe is necessary for distinguishing different copies of a
record from each another. Indeed, real-world observers are
constrained to acquire information via measurements that are
local in space and time. This is why the photon environment,
rather than the air environment (which is typically more
effective than photons in decohering macroscopic objects),
is responsible for most of the information we acquire: Air
molecules interact with each other, delocalizing the data they
have obtained [76] and preventing the information they collectively hold from being accessible via local measurements. In
contrast, photons scatter from objects of interest but not from
each other. This allows multiple observers to find out about
the world via local measurements on small fractions of the
photon environment. We simply assume in what follows that
some tensor structure dividing the universe into parts exists.
One might imagine these to be atoms, phonon modes, or cubic
spatial volumes.
In this work, we extend the concept of redundant records
to histories using the notion of partial-trace consistency. Two
decades ago, Finkelstein introduced the mathematical condition of partial-trace consistency (or partial-trace decoherence)
to identify when the consistency of a set of histories of a system
is due to that system’s interaction with an environment [78]
(see also Refs. [38,62]). For a pure global state, partial-trace
consistency precisely defines the idea that records exist—not
just somewhere—but in the environment. This provides a key
link among consistency, decoherence, and localized records.
As we will show, partial-trace consistency (which we
generalize) allows us to specify which parts of the environment
are responsible for consistency. For realistic systems that are
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decohered by large environments, we expect the consistency
to be highly redundant in the sense that the environment will
have many small parts that are each individually sufficient
to decohere the system. Likewise, we expect records of the
history to be widely available locally in space and time from
many small parts of the environment.
Redundancy of the records requires resilience of the
original states that define events (sequences of which constitute
histories). These states must survive “copying” by the environment. To be repeatedly copied, events must be distinguishable,
i.e., they must correspond to orthogonal states [79] or, when
the system is macroscopic, to orthogonal subspaces [80] of the
system’s Hilbert space.
With all this in hand, we can rigorously define the idea
that a history is recorded redundantly, thereby establishing
the objectivity of a set of histories in the sense that many
independent observers can all agree on the history by accessing
only small, disjoint subsets of the environment. Our everyday
macroscopic observations are objective in this sense. Thus,
uniqueness results from quantum Darwinism [67,68,81–83]
can be used to narrow down the sets of consistent histories
that describe the quasiclassical domain. This opens a new
line of attack on the set selection problem2 and shows
how our experience of persistent classicality arises within a
fundamentally quantum universe.
The outline of this work is as follows. Sections II and III
review decoherence and the consistent histories framework,
respectively. Readers familiar with these ideas can skip those
sections after noting our choice of notation. We describe
partial-trace consistency and redundant records for histories in
Sec. IV, expanding on the results of Ref. [78]. In particular, we
prove an identity linking the fidelity of two conditional states of
a subsystem and the corresponding partial-trace decoherence
functional. In Sec. V we apply these ideas to a simple model
of a two-state system monitored by an environment through
“controlled-NOT” interactions. Finally, we conclude in Sec. VI.
The connection to quantum Darwinism will be completed in a
forthcoming companion paper [84].
We take  = 1. Although not written explicitly, states like
|ψα  and ρ F have implicit dependence on t. If we wish to
specify that they are to be evaluated at a particular time t∗ ,
†
then we use the notation ρ|t∗ = Ut,t∗ ρUt,t∗ , where Ut  ,t  is the
unitary that evolves from t  to t  . Initial states will be tagged
with a null superscript (e.g., ρ 0 , |ψ S,0 ) and will be considered
fixed, as will certain basis states (e.g., |0,|1). History
†
projectors, P (tm ) = Ut,tm P Ut,tm , have explicit dependence on
tm and implicit dependence on t. (As seen below, these two

2

Note that Griffiths argues that the various incompatible consistent
sets of histories—although possibly of differing utility to a particular observer—are fundamentally equally valid descriptions of the
universe. This is compared to the different thermodynamic coarse
grainings that are equally valid descriptions of a classical system,
although the classical situation differs importantly from the quantum
case in that a unique fine graining compatible with all coarse grainings
exists [33,34]. We are interested in histories relevant for observers
who access the past through its records here and now. Thus, in the
framework suggested by Griffiths, the restriction of spatiotemporal
locality greatly alleviates the set selection problem.
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times are associated with the relevant event in the past and
with its consequences in the present, respectively.) Similarly,
decoherence factors (ss  ), class operators (Cα ), decoherence
functionals [DF (α,β)], and information-theoretic quantities
(e.g., IS:F , HE ) have implicit dependence on t. Symbols like S
will be used to both label a quantum system and also to denote
its associated Hilbert space. We put a hat on the Hamiltonian
Ĥ to distinguish it from von Neumann entropies (e.g., ĤS
versus HS ).
II. DECOHERENCE AND QUANTUM DARWINISM

Observers and other macroscopic quantum system do not
exist in isolation but are virtually always immersed in a
large environment. The resulting decoherence has profound
implications for their behavior [5–8,10]. Below we briefly
review some basic decoherence concepts.
A. Pure decoherence

Suppose a system S starts in an arbitrary pure state,

|ψ S,0  =
cs |s,

with {|es } an orthonormal set in E, then we say E has a record
of the state |s of S.
Given that the von Neumann measurement scheme [85]
is the prototypical example of pure decoherence, one might
expect that pure decoherence (of the pointer basis {|s} by
E) necessarily leads to records (about {|s} in E). In fact, for
a general mixed initial state ρ E,0 , the decoherence of {|s}
by E does not guarantee any such information. The crucial
difference between mere decoherence and the existence of
records is encoded in the distinguishability of the conditional
†
states of the environment, ρsE = Us ρ E,0 Us . For an observer
to be able to clearly discriminate between the various pointer
states by making a measurement on E, the conditional states
ρsE must be mutually orthogonal. This automatically implies
that decoherence factors ss  vanish for s = s  (records imply
decoherence) but the converse is not true, as we will now see.
Take S to be a qubit initially in the superposition |ψS =
|0S + |1S and let E be a fully mixed qubit ρ E,0 = I. (We
ignore normalization in the rest of this subsection.) Without
loss of generality, we can postulate a noninteracting auxiliary
system X which purifies E using the joint initial state

(1)

s

in a fixed basis |s and it is coupled to an environment E
initially in some state ρ E, 0 . The system S is said to undergo
pure decoherence [11] by an environment when the evolution
takes the form of a controlled unitary:

e−it Ĥ =
|ss| ⊗ Us ,
(2)
s

where the Us are arbitrary unitaries governing the evolution of
E conditional on the state |s of S. In this case, the set {|s}
forms an unambiguous pointer basis for the system S [1]. The
global state is then

†
ρ=
cs cs∗ |ss  | ⊗ Us ρ E,0 Us 
(3)
s,s 

and the density matrix of S is

ρS =
ss  cs cs∗ |ss  |,

(4)

s,s 

where the decoherence factors are
†

ss  = Tr[Us ρ E,0 Us  ] = s∗ s .

(5)

When ss  vanishes for all s = s  , we say that the system has
been fully decohered by the environment; it takes the diagonal
form in the pointer basis

|cs |2 |ss|.
ρS =
(6)
s

B. Records, mixtures, and purifications

A record of the state of S exists in another system—e.g.,
an environment E—when a measurement on that system can
provide information about the state of S (whether or not a
measurement is actually made). For instance, if the global
state of SE is

|ψ =
cs |s|es ,
(7)
s

|EXEX = |0E |0X + |1E |1X ,

(8)

ρ E,0 = |0E 0| + |1E 1|.

(9)

We can produce pure decoherence using a controlled-NOT
(CNOT) gate
SE
UCNOT
= |0S 0| ⊗ I E + |1S 1| ⊗ (|0E 1| + |1E 0|), (10)

which flips the state of E when S is in the state |1S . This
yields
SE
UCNOT
|ψS |EXEX = |0S [|0E |0X + |1E |1X ]

+ |1S [|1E |0X + |0E |1X ]. (11)
There is no record in E about the pointer basis {|0S ,|1S } even
though this is the basis in which S is decohered. The distinction
between |0S and |1S has been recorded in the expanded
environment E ⊗ X , but this information is not accessible in
just E. Rather, it is encoded in the correlation between E and
X : When S is up, E and X point in the same direction. When
S is down, they point in opposite directions. Looking at just E
(or just X ), however, tells one nothing about the pointer basis.
More generally, when the initial state of E is partially mixed,
the ability of E to record the pointer states of S can be analyzed
using methods from communication theory by treating E as a
noisy channel [11,72,73,86].
We can get a final state with the same form as Eq. (11) using
a pure global state by allowing interenvironmental interactions.
For instance, starting in the product initial state |ψS |0E |0X
and applying a CNOT gate to both E and X (conditional on S)
yields the GHZ state:
SX
SE
UCNOT
UCNOT
|ψS |0E |0X = |0S |0E |0X + |1S |1E |1X .

(12)
This is pure decoherence with a product global state, which is
essentially guaranteed to yield redundant records [11,68,86].
At this point, E and X both have a complete record of S. A
local interaction between E and X taking |00 → |00 + |11
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{1, . . . ,E}, or as the Hilbert space of that subset of environment components. We also define the fragment’s complement
F such that E = F ⊗ F. This allows us to isolate a fragment’s
F F
contribution to the decoherence factor: ss  = ss
 ss  where

F
F F,0 F†
Us  = sF∗
(15)
ss
 = Tr Us ρ
s .
Equation (12) features two records of S, one in E and one in
X . As discussed earlier, however, we expect real-life quantum
systems to have many records, taking the form of branching
states [76,87]:

(16)
cs |s|Fs  Fs Fs · · · .
|ψ
s

FIG. 1. (a) In the original decoherence paradigm, the system
S is immersed in a monolithic environment E which is traced
over. (b) Quantum Darwinism is based on recognizing the natural
decomposition of the environment into parts εk (k = 1, . . . ,E), where

E is the total number of parts of the environment. (c) Fragments F{n}
partition E into multiple pieces that may be accessed by different
observers.

and |11 → |10 + |01 can recover the state in the form of
Eq. (11).
The localization of macroscopic bodies by blackbody
illumination provides a useful example of decoherence by a
mixed environment. Photons from concentrated sources like
the sun can produce records despite being partially mixed, but
isotropic thermal illumination, such as in a uniform oven, fully
decoheres the system without yielding localized records [75].
C. Records in the fragments of the environment

The location and accessibility of records will be of
paramount importance. For this reason, we will be interested in
fragments of the environment formed by proper subsets of its
subsystems, as depicted in Fig. 1. In this case, evolution leading
to pure decoherence is induced by a unitary in the form of
e−it Ĥ =



E



|ss| ⊗

s

Usk ,

(13)

k=1

where the environment is composed of E parts that are
initially uncorrelated,
⎡ 
⎤
E

ρ 0 = ρ S,0 ⊗ ⎣
ρ k,0 ⎦,
(14)

These are GHZ-like states, with each term in the sum corresponding to a “branch” in the global wave function. We do not
necessarily expect this idealized branching structure on the microscopic level. (Individual particles may be entangled within
a branch, e.g., in spin singlet states.) Our primary concern,
though, is with tracking the history of macroscopic variables,
for which large fragments Fi will often approximately take
the form above and the redundant records will exist.
More generally, when the environment subsystems interact,
as do air molecules, they will entangle, scrambling the
information about the pointer states, so it will be no longer
contained in natural (local) environment fragments [76]. For
the photon environment we find most useful for acquiring
information this is usually not the case: Photons scatter
off the systems of interest but do not interact with one
another. Intermediate environments that scramble part of the
information are also possible [76].
D. Quantum Darwinism

Quantum Darwinism recognizes that observers acquire information about the states of systems of interest in our universe
indirectly, by monitoring fragments of the environment that
decoheres these systems [65–68]. For humans, the photon
environment is usually responsible for most of the acquired
information.
Mutual information between the system and a fragment of
the environment is given by:
I (S : F) = HS + HF − HS,F ,
where HS , HF , and HS,F are the von Neumann entropies of S,
F, and SF taken jointly. I (S : F) is a measure of how much
information is in the record—how much S and F know about
each other. A fragment F contains an approximate record of
S when
I (S : F) = (1 − δ)HS ,
that is, when one can reduce the entropy of the system to
just δHS by a measurement3 on F. The information deficit δ

k=1

and do not interact with one another [thus avoiding
complications illustrated by (11) and the ensuing discussion].
A fragment F is a subset of the environment components.
As context will make clear, we use F to designate either
the subset of the environment component labels, i.e., F ⊂

3

We note that a “measurement” or an “observation” used to access
the record in F can be discussed (and are meant here) in an
operational, interpretation-independent fashion. All that is needed
is a suitable interaction between the fragment F and the observer or
an apparatus that we can denote by A. When this interaction results in
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quantifies the quality of the record. Records of S are redundant
when there are many disjoint fragments of the environment that
can provide this information. The number of such fragments
defines the redundancy, a quantity which can be huge and
generally depends only logarithmically on the information
deficit δ [11,69–76,81,82,86].
When many records of the instantaneous state of an evolving system are deposited in the environment at different times,
observers can use them to reconstruct the system’s history.
Intuitively, such histories are objective, as the redundant
records make the history accessible to many, who—when they
compare their accounts—will reach consistent conclusions. It
also turns out to guarantee that the histories are redundantly
consistent in a way that will be made precise.
The quantum Darwinism view of histories is a natural extension of the same approach that was successfully employed
to account for objective existence of states in our quantum
universe. However, dealing with histories is more technically
challenging than with just states. This paper begins to address
some of the most obvious aspects of this challenge: The
relation between the consistency of histories and creation of
the multiple records of events that constitute them. As we have
already pointed out, and as was also the case for states, the
decohering environment does not always make such records
accessible. Redundant decoherence, even in the absence of
the accessibility of records, assures the additivity of the probabilities of histories, i.e., consistency. As we will see below,
though, redundancy constrains the histories and thus sheds new
light on the set selection problem. A forthcoming companion
paper will review the quantum Darwinism framework in detail
and, using concepts introduced herein, will define a notion of
redundancy of records of a history that reduces to the quantum
Darwinian view of states [84].
III. CONSISTENT HISTORIES

In this section, the consistent histories framework [18] is
briefly summarized. See Refs. [19–21] and references therein
for a broad review.

In the case of a pure global state ρ = |ψψ|, the probability
is just the squared norm of the conditional state |ψa  = Pa |ψ.
A history is a sequence4 of several outcomes at different
times tm , m = 1, . . . ,M. It defines a class operator5 of the
form6
Cα = Pa(M)
(tM ) · · · Pa(1)
(t1 ),
M
1

(21)

where α = (a1 , . . . ,aM ). Above,
†

Pa(m)
(tm ) = Ut,tm Pa(m)
Ut,tm
m
m

(22)




†

are the time-evolved projectors and Ut  ,t  = e−i(t −t )H = Ut  ,t 
is the unitary which evolves from t  to t  . The set {Pa(m)
} is a
m
complete set of projectors, indexed by am , for each fixed value
of m. A complete set of histories ranges over all values of α,
and the corresponding class operators obey

Cα = I.
(23)
α

(tm ) and the class operImportantly, both the projectors Pa(m)
m
ators Cα have (like ρ) implicit dependence on an unsubscripted
time t. As will become clear in Sec. IV, the variable t will range
over different times both before and after physical records are
created. On the other hand, the tm are the fixed times in the
past when historical events occurred.
One would like to assign probabilities to histories according
to
pα = Tr[Cα ρ Cα† ].

(24)

In the case of a pure state |ψ, this would again be just the
squared norm of the conditional state |ψα  = Cα |ψ. Although
such numbers necessarily are real, positive, and sum to unity,
they do not obey the probability sum rules. That is, if we use the
definition (24) then it is not generally true that the probability
assigned to the sum of two mutually exclusive histories equals
the sum of the probabilities for the two individually:7
pα∨β = pα + pβ ,

(25)

A. The consistent histories framework
4

At a fixed time t, alternative outcomes within a closed quantum system are represented by a complete set of orthogonal
projection operators {Pa }, satisfying

Pa = I,
(17)
a

Pa Pb = δab Pa ,

(18)

Pa† = Pa .

(19)

The probabilities of these outcomes for a given state ρ are
given by
pa = Tr[Pa ρPa† ] = Tr[Pa ρ].

(20)

mutual information between S and A, then (part of) the information
that F had about S has been passed onto A. Interesting questions
that can be posed about this imperfect copying process (see, e.g.,
Refs. [79,80]), but they are beyond the scope of this paper.

For simplicity, we are restricting our attention to homogeneous
histories [88] (also known as “histories with chain form”), i.e., those
histories which can be expressed as a single time-ordered string of
Heisenberg-picture projections. We do not address inhomogeneous
histories formed by summing homogeneous ones together, which
may become important in relativistic settings. Also for simplicity, we
do not consider branch-dependent histories [14] for which projectors
at later times are chosen conditional on projectors at earlier times.
5
The term “class” for these operators reflects the fact that the
projectors composing them are generally multidimensional and,
especially in the context of a path-integral formulation, may pick
out a certain class of possible Feynman histories through position
space [89]. That is, the class is the coarse-grained set, and the many
fine-grained histories are the members of the class. However, we do
not assume here that the projectors forming histories are diagonal in
the position basis.
6
Note that our definition lacks the leading unitary found in
Finkelstein’s convention [78] for reasons explained in Sec. IV.
7
Our use of the logical operators ∧ (“and”) and ∨ (“or”) emphasizes
that the consistent histories formalism is the natural embedding of
classical logic in quantum mechanics [18,20,41,90,91].
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where Cα∨β = Cα + Cβ is a coarse graining of Cα and Cβ .
(Cα and Cβ are fine grainings of Cα∨β , and the operations of
coarse and fine graining of histories form a partial order [14].)
As pointed out by Griffiths [18], who used it to motivate the
consistent histories approach, the failure of this probability
sum rule to hold is a manifestation of quantum interference,
which prevents the indiscriminate application of classical logic
to quantum systems.
We therefore require that a set of histories obey the
condition
D(α,β) = 0,

α = β,

(26)

where
†

D(α,β) = Tr[Cα ρ Cβ ]

(27)

is the decoherence functional. If this condition is satisfied, we
say that the histories are consistent.8 Equation (26) has often
been called medium decoherence [50]. We resist this practice
and reserve “decoherence” for the physical process predicated
on a system-environment distinction as discussed in Sec. III C.
We can also define for any subsystem A (where H = A ⊗
B) the normalized state of A conditional on α:
ραA =

TrB [Cα ρCα† ]
†

Tr[Cα ρCα ]

=

TrB [Cα ρCα† ]
.
pα

(28)

In particular, the conditional global states are ρα =
Cα ρCα† /pα .
Importantly, the decoherence functional is independent of
t (by the cyclic property of the trace) even though the density
matrix and class operators are not. In this sense consistency is
a (nondynamical) property of a state ρ, a Hamiltonian, and a
set of histories {Cα }.
B. Records and accessibility

The consistency condition, Eq. (26), is the mixed-state
generalization of the requirement that the conditional pure
states do not overlap, ψα |ψβ  = 0, and it ensures that Eq. (25)
holds. For a pure state, the branches of a consistent set of
histories will form the tree structure in Fig. 2 and there will
necessarily exists records, i.e., a complete set of orthogonal
projectors Rα such that Rα |ψ = Cα |ψ = |ψα  [14]. (Note
that the class operators Cα are generally not projectors.)
In the case of a mixed state, the existence of records is
formally defined as9 [14]
Rα ρ = C α ρ

8

PHYSICAL REVIEW A 93, 032126 (2016)

1

11

2

12

21

22

23

FIG. 2. When the global state of a consistent set of histories {α}
is pure, ρ = |ψψ|, the branches |ψα  = Cα |ψ take on a simple
tree structure. The top (zeroth) level is just the global state |ψ while
the first level contains those branches formed by the projectors Pa(1)
1
at time t1 : |ψ(a1 )  = C(a1 ) |ψ = Pa(1)
(t1 )|ψ. Across each level, the
1
branches are mutually orthogonal and together sum to |ψ. Each
branch is also the sum of those branches connected directly below it.
This structure is a result of consistency, D(α,β) = 0 = ψα |ψβ  for
α = β. It does not follow just from Eq. (21).

for some complete set of orthogonal projection operators Rα .
This is equivalent to saying that the supports of the conditional
states ρα lie in orthogonal subspaces.10 The orthogonality is a
sufficient but not necessary condition for Eq. (26) to hold.11
Records are important because, in principle, they allow
observers within the universe to become correlated with the
history by making a projective measurement. However, these
need not be feasible measurements because the records may
not be confined to any particular subsystem; rather, they will
usually be encoded across the entire global state [14,39].
We will emphasize this by calling Eq. (29) formal records.12
Naively, it might lead us to think that deducing the path taken
by a dust grain could require measuring an observable that
involves all the photons in the room. The practical accessibility
of such records is not guaranteed due to the fact that only consistency of the set of histories has been assumed. In contrast,
we aim in this article to describe why reasonably accessible
and redundant records of histories should exists in real-world
quantum systems (see Ref. [83] for related discussion).
C. Pure decoherence and approximate consistency

The decoherence functional satisfies
|D(α,β)|2  D(α,α)D(β,β)

(30)

(29)

There are reasons to consider other conditions [39,92–94] besides
Eq. (26). In particular, the weaker requirement that Re D(α,β) =
0 for α = β is often known as “consistency,” since it allows for
consistent probabilities to be defined. Such probabilities will not be
robust under the composition of subsystems [95,96], so this condition
is usually rejected as too weak. In this article, we always mean Eq. (26)
when we say “consistency.”
9
Equation (29) was once called “strong decoherence” [14], although
that term was later reappropriated [39] for a modified version of
Eq. (26).

10
We note that this parallels the requirement for the accessibility of
the mixed states, i.e., for the states about which one can repeatedly
extract information [80]. This is not a coincidence, but we leave a
more detailed exploration of this theme for the sequel to the current
paper [84].
11
Note that for a given set of histories, it is true that consistency (26)
with respect to each of pure states |ψi  would imply consistency
with respect to their statistical mixture ρ = i pi |ψi ψi | and that
consistency with respect to a given |ψi  implies the existence of
formal records Rα(i) . However, for each α the Rα(i) may differ, so there
would not need to be a record Rα for ρ as a whole.
12
We note that Gell-Mann and Hartle called these generalized
records [14,39].
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with the probability sum rules obeyed when |D(α,β)|2 = 0
for α = β [97]. For realistic quantum systems with simple,
physically meaningful projectors, a set of histories will almost
never be precisely consistent. Suppose that the off-diagonal
terms of the decoherence functional are small, to some order
, compared to the diagonal terms:
|D(α,β)|2 < D(α,α)D(β,β),

α = β.

(31)

trace decoherence functional evaluated at any time t rather
than just at the final time step tM .
We define partial-trace consistency with respect to B at
some time t, or B-consistency, as
DB (α,β) = 0,

TrA DB (α,β) = D(α,β),
†

DB (β,α) = DB (α,β),

DB (α,β) = TrB ρ = ρ A .

(32)

IV. PARTIAL-TRACE CONSISTENCY

We now define the concept of partial-trace consistency [78],
which bridges the gap between decoherence and consistent
histories. Given a decomposition of Hilbert space into two
parts, H = A ⊗ B, we define a partial-trace decoherence
functional by tracing over only B:

(36)
(37)

When originally introduced, the partial-trace decoherence
functional was taken with respect to the environment (A → S,
B → E). For our purposes, we will assume that the environment can be broken into a fragment and its complement,
E = F ⊗ F, and study F-consistency.
We note that in quantum Darwinism the fragment of the
environment that is traced over is usually F, as the quantity
of interest is the mutual information between S and F,
which depends on their reduced state (i.e., without F). For
F-consistency, the trace will instead be taken over F. In
both cases, however, one is ultimately interested in the record
deposited in F (a small fragment of the whole environment).
Quantum Darwinism requires that F contains a record, which
will ensure F-consistency. Of course, the requirement of
consistency is not strict enough on its own to guarantee the
presence of a record for the case of initially mixed states, as
we have emphasized both above and below.
A. Properties

We now collect some known properties of the partial-trace
decoherence functional. We fill in those proofs that were
originally absent from Ref. [78] and make the extension from
E-consistency to F-consistency where appropriate. We will
occasionally be sloppy with the notation for the tensor product
decomposition by interchanging S ⊗ F ⊗ F and S ⊗ F ⊗ F,
but the meaning will be clear.
1. Inheritance of consistency

Any histories which are F-consistent at time t are automatically E-consistent and therefore consistent,
DF (α,β) = 0 ⇒ DE (α,β) = 0

†

DB (α,β) = TrB [Cα ρ Cβ ]

= TrB UtM ,t Pa(M)
UtM−1 ,tM · · · Pa(1)
Ut,t1
M
1
†

(35)

α,β

We say that the histories are approximately consistent to order
when |Cαβ | < for α = β [97,98].
The N (N − 1)/2 consistency factors for a set of N histories
are closely related to the N (N − 1)/2 decoherence factors in
the case of pure decoherence of an N -dimensional system
system. [In particular, see Eq. (49) below.] That said, we
emphasize that decoherence is a dynamical physical process
predicated on a distinction between system and environment,
whereas consistency is a timeless property of a set of histories,
a Hamiltonian, and an initial state. For a given decohering
quantum system, there is generally, but not always, a preferred
basis of pointer states [1,2]. In contrast, the mere requirement
of consistency does not distinguish a preferred set of histories
which describe classical behavior from any of the many sets
with no physical interpretation. For an arbitrary set of histories,
consistency factors will be defined but there may be no
system-environment decomposition and hence no pointer basis
or decoherence factors. Therefore, we will retain the semantic
distinction between consistency factor and decoherence factor,
using the latter only when there is at least an approximate
pointer basis (such as Gaussian wave packets [12,13] or
hydrodynamical variables [14–16]). For more discussion of
the connection between the consistency of histories and the
physical process of decoherence see Refs. [37,38,62,78,99].

†

(34)

The partial-trace decoherence functional obeys the following
basic operator relations:

One can then show that the probability sum rules are valid to
the same order for almost every possible coarse graining [97].
One can define, then, for any two different histories α and
β, a consistency factor
D(α,β)
D(α,β)
Cαβ = √
.
=√
pα pβ
D(α,α)D(β,β)

α = β.

⇒ D(α,β) = 0.

†

× ρ Ut,t1 Pb(1)
· · · UtM−1 ,tM Pb(M)
UtM ,t . (33)
1
M
Note that DB is an operator acting on A and has nontrivial
dependence on t, unlike D. As we shall see, this reflects the
fact that records exist at certain times in certain places. In
contrast to Ref. [78] [see Eq. (1) therein], we have retained
the traditional definition of the class operators, Eq. (21), using
time-evolved projectors. This allows us to consider a partial-

(38)

This follows immediately from taking the trace.
2. Consistency implies diagonalization

For trajectories of the system S (i.e., histories constructed
of projectors of the form P = P S ⊗ I E ), E-consistency (and
hence F-consistency) at the final time step t = tM implies the
density matrix of the system ρ S is block diagonal on subspaces
associated with those projectors.
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To show this, sum DE (α,β) over all projectors for α and β
except at the final time. If aM = bM , then α = β and



0=
···
···
[DE (α,β)|tM ]
a1

= TrE



aM−1 b1

†

DF (α ∧ α  ,β ∧ β  ) = TrF [Cα∧α ρ Cβ∧β  ]



PaSM ⊗ I E (ρ |tM ) PbSM ⊗ I E

†

(39)

aM−1 b1

bM−1



⊗ I F (ρ SF |tM ) PbSM ⊗ I F ,

(40)

so the total state of SF is block diagonal:



ρ SF |tM =
PaSM ⊗ I F (ρ SF |tM ) PaSM ⊗ I F . (41)
aM

This is equivalent to having zero quantum discord [66,100,101]
from S to F at the final time (see Ref. [83] for a discussion of
discord in the context of quantum Darwinism).
3. Generalized sum rule for probabilities

E-consistency implies that the conditional states of the
system, ραS = TrE [Cα ρ Cα† ]/pα , obey
S
pα∨β ρα∨β
= pα ραS + pβ ρβS .

(42)

This is a generalization of the probability sum rule, Eq. (25).
To prove Eq. (42), recall that Cα∨β = Cα + Cβ so
DE (α ∨ β,α ∨ β) = DE (α,α) + DE (α,β)
+ DE (β,α) + DE (β,β)
= DE (α,α) + DE (β,β),

(43)

where the second line is due to E-consistency. We get Eq. (42)
from the definition of the conditional state and the fact that
pα∨β = pα + pβ by the consistency of the histories.
4. Extension of histories

Insofar as the fragment decouples from the system and the
rest of the environment—thus precluding recoherence—any
two particular histories α and β that are F-consistent will
remain so when extended into the future with additional
histories α  and β  of SF. More precisely, suppose that
†
DF (α,β) |t∗ = TrF [Cα ρ Cβ ] |t∗ = 0 at some fixed time t∗ 
tM , and that the Hamiltonian for times after t∗ takes the
form Ĥ  = Ĥ SF ⊗ I F + I SF ⊗ Ĥ F . Suppose also that the
extended history α ∧ α  running to some later time tM+M  > t∗
is of the form Cα∧α = Cα Cα , where13

SF†

= 0.

B. Partial-trace consistency factor

For an arbitrary decomposition H = A ⊗ B, the partialtrace decoherence functional has matrix elements bounded as
|Ai |DB (α,β)|Aj |2  Ai |DB (α,α)|Ai Aj |DB (β,β)|Aj 
(46)
for any basis |Ai  of A [78]. This suggests that the proper
way to generalize the approximate consistency condition for
the partial-trace decoherence functional is to require that the
left-hand side of Eq. (46) be much smaller than the right-hand
side for all i and j [78]. More specifically, define a partial-trace
consistency factor
CBα,β = √

DB (α,β)
Tr DB (α,α) Tr DB (β,β)
†

M

=

(44)

In particular, (44) applies when α and α  are histories concerning
only S.
13

(45)

The ability of small decoupled fragments to guarantee
partial-trace consistency was discussed in Ref. [39]. It is important because partial-trace consistency is a time-dependent
statement, so it is not obvious a priori that even trivial extensions of histories in time are possible. (Indeed, if F remains
coupled to the rest of the environment, then F-consistency can
be destroyed in time even when the histories are unchanged.)
For α = β, the question of whether α ∧ α  is consistent with
β ∧ β  of course depends on the details of the extensions α 
and β  , but this lemma shows that, at the least, two distinct
F-consistent histories α and β remain F-consistent when
extended to cover future events so long as F is undisturbed.
As emphasized by Finkelstein, these properties are evidence
that E-consistency is the natural requirement for saying that a
set of histories are consistent because of the physical process of
decoherence, i.e., that the histories truly decohere rather than
merely attain consistency. The inherent time dependence of the
partial-trace decoherence functional emphasizes the important
distinction between the physical process of decoherence
(which occurs between two quantum systems, such as S and
F, during an interval of time) and the mathematical condition
of consistency (which applies timelessly to a set of histories,
and which does not require a decomposition of the Hilbert
space into subsystems). Finkelstein’s partial-trace consistency
elegantly links these two concepts.



1

SF †

SF
= CαSF
 Ut ,t (DF (α,β) |t∗ )Ut∗ ,t Cβ 
∗

)SF
Cα = CαSF
⊗ I F = Pa(M+M
(tM+M  ) ⊗ I F




× · · · × Pa(M+1)SF
(tM+1 ) ⊗ I F ,


SF†

= CαSF
TrF [Cα ρ Cβ ]Cβ 


In fact, F-consistency implies that off-diagonal blocks of
ρ SF at the final time tM vanish,



0=
···
···
[DF (α,β)|tM ]
= PaSM

with tM < tM+1 < · · · < tM+M  . If a similar extension is made
for the history β, then the two extended histories can be seen
to be F-consistent for all times14 t  t∗ :

bM−1

= PaSM (ρ S |tM )PbSM .

a1
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14

TrB [Cα ρCβ ]
.
√
pα pβ

(47)

Note that when t < t∗ , (45) need not hold because we are not
⊗ UtF∗ ,t .
guaranteed that Ut∗ ,t = UtSF
∗ ,t
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We can then say the histories are approximately partial-trace
consistent when the operator CBα,β is small according to an
appropriate norm.
We now relate the partial-trace consistency factor to the
decoherence factor and to the fidelity between conditional
states.
1. Decoherence factor and consistency factor

Consider the case of pure decoherence (2) discussed in
Sec. II A with a simple set of histories
E

{Cα = Pa = |aa| ⊗ I },

TrB [|ψα ψα |]  (α) (α)  (α)
=
di Ai Ai .
pα
i

Direct computation then shows that
√

F ραA ,ρβA = Tr M = CA
α,β

1

,

where M is a matrix with elements
  (α) (β)  (β) (α) (β)  (α) (α)
Ai Aj Aj Ai  dj
di di  .
Mi,i  =

(54)

(55)

(56)

j

C. Records and consistency

We now discuss the relationship between records and
consistency.

(49)

When (as considered in Sec. II C) there are no intraenvironmental interactions and there is a product initial state, we can
more generally write
F
F F F†
CF
α,β = ab |ab| ⊗ Ua ρ Ub .

ραA =

(48)

where the projectors act nontrivially only on S and pick one
of the pointer states |a. The partial-trace consistency factor
for the environment E is
CEα,β = ab |ab|.

On the other hand, the conditional states of A are

(50)

The operator UaF ρ F UbF † need not be a density matrix, but
for any unitarily invariant norm || · || (like the trace norm;
F
F,0
see below) we have ||CF
||, where ||ρ F,0 || is
α,β || = ab ||ρ
fixed by initial conditions. Thus, for pure decoherence without
F
intraenvironmental interactions, the decoherence factor ab
F
controls the norm of the consistency factor Cα,β . One vanishes
if and only if the other does.
2. Fidelity and the consistency factor

When the global state is pure, ρ = |ψψ|, the trace norm of
the partial-trace consistency factor equals the fidelity between
the relevant conditional states:

F ραA ,ρβA = CA
(51)
α,β 1 ,
√ √
where F (σ1 ,σ2 ) = || σ1 σ2 ||1 is the quantum fidelity and
√
||W ||1 = Tr |W | = Tr W † W is the trace norm15 of an operator W .
To show this, let the Schmidt decomposition of the branches
|ψα  be

√ 
Bi(α) ,
|ψα  = pα
(52)
di(α) A(α)
i

1. Conditions for records

The following statements are equivalent conditions for
saying a record of the history α exists in B.
(1) The conditional states ραB = TrA [|ψα ψα |]/pα are
orthogonal. That is, their respective supports are mutually
orthogonal subspaces.16
(2) The fidelities of the conditional states obey
F (ραB ,ρβB ) = δα,β .
(3) There are orthogonal projectors Rα = I A ⊗ RαB acting
nontrivially only on B which pick out the conditional states
ρα :

I A ⊗ RαB ρ = Cα ρ,
(57)
which implies Rα ρRα = Cα ρCα† = pα ρα .
This means that an observer could realistically determine
the history α by making only a local measurement on B.
That (1) ⇔ (2) is a basic property of the quantum
fidelity [102]. We get (1) ⇔ (3) by defining RαB to project
onto the support of ραB and expanding with the Schmidt
decomposition
 (α) (α) (α)
Cα |z =
(58)
γj,z Aj,z Bj,z
j

of the state Cα |z over the A-B division, where ρ =
z λz |zz| (and λz > 0).
2. Records imply consistency

i

where, for each α, the di(α) are positive coefficients and the
(α)
|A(α)
i  and |Bi  form orthonormal bases for A and B. Then
the partial-trace consistency factors are
  (α) (β)  (β) (α) (α)  (β)
A
(53)
Cα,β =
di dj Aj Ai Bi Bj .
i,j

When there is a record of the history in B, the histories are
B-consistent.
This can be shown by expanding the condition for orthogonality of the conditional states (TrB [ραA ρβA ] = 0 when α = β)
(β)
(α)
|Bj  ,z  = 0 for all j,j  ,z,z
with Eq. (58) to see that Bj,z
whenever α = β. B-consistency then follows by evaluating
DB (α,β) with Eq. (58).

15

Note that we use the unsquared convention; some authors refer to
F 2 as the fidelity.

16
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(for each m) such that

3. Consistency with purity implies records

When the global state is pure, ρ = |ψψ|, B-consistency
implies there is a record of the history in B. This follows from
Eq. (51).
In short, the existence of a local record is a sufficient
condition for partial-trace consistency. When the global state
is pure, it is a necessary condition. This is an extension of the
previously known relationship between formal records and
consistency (in the consistent histories setting) and between
records and decoherence.
D. Records correlated in time

Consider an F-consistent set of histories {α} of the system
S with a pure global state ρ = |ψψ|, so the tree structure in
Fig. 2 is realized. By the last property in the previous section,
we know that there exist branches |ψα  ∈ S ⊗ F ⊗ Fα , where
the Fα are mutually orthogonal subspaces of F. Now, let {α̂}
be a coarse-grained set of histories obtained by summing over
the projectors at the final time step:

Cα
Cα̂ =
aM

=



Pa(M)
(tM )Pa(M−1)
(tM−1 ) · · · Pa(1)
(t1 )
M
M−1
1

aM

(tM−1 ) · · · Pa(1)
(t1 ).
= Pa(M−1)
M−1
1
Then
|ψα̂  =



|ψα  ∈ S ⊗ F ⊗ Fα̂ ,

(59)

(60)

aM


where the Fα̂ = am Fα are direct sums of orthogonal
subspaces Fα . The Fα̂ are therefore also orthogonal.
By repeatedly summing over the final set of projectors, we
can continue this process, showing that a branch structure on
the Hilbert space of F can be found that is equivalent to the
branch structure of the |ψα  (seen in Fig. 2). More precisely, it
follows that for all m̄ (with 1  m̄  M) we can decompose

F(a1 ,...,am̄−1 ,am̄ )
(61)
F(a1 ,...,am̄−1 ) =
am̄

into mutually orthogonal subspaces where
|ψ(a1 ,...,am̄ )  ∈ S ⊗ F ⊗ F(a1 ,...,am̄ ) .

(62)

If we allow for a noninteracting auxiliary environment
X to be appended17 to the fragment F, then there exists a
decomposition of the supplemental fragment F̃ = F ⊗ X into
subsystems
F̃ = F̃ (1) ⊗ · · · ⊗ F̃ (M)
and each subsystem into subspaces

F̃ (m) =
F̃a(m)
m
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(63)

(64)

am

|ψ(a1 ,...,aM )  ∈ S ⊗ F ⊗ F(a1 ,...,aM )
⊂ S ⊗ F ⊗ F̃a(1)
⊗ · · · ⊗ F̃a(M)
.
1
M

(65)

In other words, an observer can infer the state of S at time tm
[more precisely, which of the projectors Pa(m)
it satisfied] by
m
making a measurement of only subsystem F̃ (m) at later time
t  tM > tm .
We emphasize that this subsystem structure is only guaranteed by F-consistency when the global state is pure. Of
course, there is no need for the decomposition in Eq. (63)
to have anything to do with a natural separation of the
environment into parts accessible to a realistic observer, so
such a measurement may be completely infeasible. In a
forthcoming paper [103], though, we show that collisional
decoherence by photons provides a natural example where this
decomposition is physically meaningful and exploited every
day.
V. CNOT EXAMPLE

In this section we apply the concepts introduced above to
an example of a two-state system S flipping back and forth
while being intermittently measured by a large multi-partite
environment E through controlled-NOT interactions [6,102].
The dynamics are not meant to closely resemble a physical
system but merely to serve as a minimal example on which we
can demonstrate the mathematical machinery.
Let S be spanned by eigenstates |0S and |1S (which will
turn out to be pointer states), and let the total environment E =
E
M
m=1 Em =
k=1 εk be separated into M subenvironments
Em , each of which is composed of many identical two-state
subsystems εk spanned by |0k and |1k . Here k = 1, . . . ,E
runs over all the components of E.
We consider the unitary governing the discrete selfevolution of the system to be


1 1
1
S
,
(66)
U< = √
2 1 −1
where “<” signifies a branching event. (This is a Hadamard
transformation.) This has the effect of causing an initial pointer
state to rotate into a balanced superposition:
|0S + |1S
,
√
2
|0S − |1S
U<S |1S =
.
√
2
The intermittent CNOT interactions are described by Eq.
with

Sεk
= |0S 0| ⊗ I εk + |1S 1| ⊗ |0k 1| + |1k 0| .
UCNOT
U<S |0S =

(67)
(68)
(10)
(69)

When the spins in the subenvironment Em each record the
pointer state of the system, then the interaction is described by

SEm
Sk
=
UCNOT
.
(70)
UCNOT
εk ∈Em

The inclusion of X ensures that there will be sufficient dimensionality in F̃ to fit the entire tensor product, Eq. (63). This might not
otherwise be true if some histories have zero probability.
17

An initially unentangled state
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S
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FIG. 3. Evolution in the CNOT example. The system starts out
in the state |0S and then undergoes three discrete branching and
recording events. During each recording event, the system is perfectly
decohered in the |0, |1 basis. The environment that acquires the
record at each event m, Em , will be composed of many spins (even
though it is shown for simplicity as a single spin), and thus redundant
records are generated.

that branched three times (M = 3) and was recorded between
branching events, would be described by
SE3
SE2
SE1
|ψ = UCNOT
U<S UCNOT
U<S UCNOT
U<S |ψ 0 .

(72)

This evolution is shown schematically in Figs. 3 and 4. It will
produce the global state
√
pα |aM S |αE
|ψ =
α

=

√

√
p000 |0S |α = 000E + p001 |1S |α = 001E
√
+ p010 |0S |α = 010E + · · · ,
(73)

where α ranges over the possible histories of the system (i.e.,
000,001,010, . . . ,111), pα = 1/8 are uniform probabilities
[when the initial state is Eq. (71)], and |aM  are the pointer
states of the system at time tM (i.e., the last entry in the history
α). The subenvironment states are redundant records of the
history of the system, i.e., when each sub-environment has
three spins (E = 3M = 9), the state |α = 010E would be
|000111000E . For any fragment F of the environment, the
pure states |αF are well defined because the conditional states
|αE of the environment are pure product states.
As is commonly the case, set selection is an issue: There are
infinitely many sets of consistent histories that may be chosen
for this evolution, which we demonstrate in the Appendix
by constructing a wide class of mutually incompatible sets.
The branches corresponding to any redundantly consistent set
must, however, be the ones in Eq. (73), or a sum thereof. (For
the purposes of this example, we define “redundantly” to mean
at least three times; that is, “redundantly consistent” means
partial-trace consistent for at least three disjoint fragments of
the environment.)
The uniqueness of the branches for a redundantly consistent
set can be shown in the following way: Recall that the existence
of local records is equivalent to partial-trace consistency since
the state is pure. Any possible partial trace of the global
state produces a density matrix with rank at most eight, so
no more than eight histories can possibly be locally recorded
in a fragment. The only fragments with density matrices that
achieve a rank of eight are those that contain a spin from each
of E1 , E2 , and E3 . (The system S itself can be considered to be a
member of E3 ; it is only two-dimensional, and contains a record
of its own final state but not its entire history.) The branches

|aM S |αE in Eq. (73) are clearly recorded redundantly in each
such fragment, and no alternative choice of eight branches can
exist by the triorthogonal decomposition theorem18 [104] so
long as each subenvironment has three or more spins. Finally,
one can use an extension of this theorem to prove that there
is no choice of seven or fewer branches that are recorded in
three fragments unless they are each formed as the sum of the
|aM S |αE [105].
With the branches in hand, the projectors forming the
redundantly consistent set can be selected in many ways. The
most straightforward choice are the projectors onto the pointer
states of the system at intermediate times. However, it’s also
possible to obtain the same branch vectors (and, hence, the
same corresponding probabilities) by using projectors onto the
records in the environment. Even for redundant records, there
are many such choices, i.e., different subsets of spins of the
environment. Thus, the requirement of redundant consistency
does not fully determine the histories (some trivial freedoms
remains), but it does uniquely fix the branch vectors.
Moreover, this preferred decomposition—the unique
branches corresponding to the redundantly consistent
histories—and the special role of the system qubit relative
to the environmental qubits are fully encoded in the evolving
global state; it is not put in through a choice of projectors.
Rather, the branches are determined by the initial global
state |ψ 0 , the Hamiltonian Ĥ governing the dynamics,
and the decomposition of Hilbert space into parts—without
distinguishing one of those parts as a preferred system within
the consistent histories formalism.
If the environment was initially in a mixed state—as is
the case for photons—then one can draw similar conclusions
about the redundant records of the branches. Let us extend the
above example to the case where every environment spin is
initialized in the state


0
p0
k,0
(74)
ρ =
0 p1
instead of the |0 state, where p0 (p1 = 1 − p0 ) is the
probability that the environment spin is in the |0 (|1) state.
After one branching and recording event, the states
⊗ E1
⊗ E1


0
0
p0
p1
E1
E1
ρ0 =
, ρ1 =
(75)
0 p1
0 p0
are the imprints left on the first subenvironment E1 by the
respective pointer states |0S , |1S of the system. (This is to


be compared to the two orthogonal states |0⊗ E1 and |1⊗ E1 if
the environment is initially in the pure state |0.) Clearly, now
the two branches do not have a perfect record of the state of

The triorthogonal decomposition theorem states that if |ψ =
di |Ai  ⊗ |Bi  ⊗ · · · ⊗ |Zi  is the state of at least three subsystems,
where the |Ai , |Bi , and so on are sets of orthogonal vectors local to
their respective subsystems, then there is no alternative decomposition
|ψ = i d  i |A i  ⊗ |B  i  ⊗ · · · ⊗ |Z  i  unless each alternative set of
vectors differs only trivially from the set it replaces [104]. Note that
in order to use this to prove uniqueness of the branches in Eq. (73)
we must sometimes consider multiple bits in the environment to be
one subsystem for the purposes of the theorem.
18
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Branching

Recording

|0 S |0 · · · 0
|0 S |0 · · · 0

E

|0 S |0
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Recording

Branching

|0 S |0

E1 |0 · · · 0

E/E1

|0 S |00

E1 E2 |0 · · · 0 E/E1 E2

|1 S |0

E1 |0 · · · 0 E/E1

|1 S |01

E1 E2 |0 · · · 0 E/E1 E2

|0 S |1

E1 |0 · · · 0 E/E1

|0 S |10

E1 E2 |0 · · · 0 E/E1 E2

−|1 S |1

E1 |0 · · · 0 E/E1

−|1 S |11

E1 E2 |0 · · · 0 E/E1 E2

E1 |0 · · · 0 E/E1

E

|1 S |0 · · · 0

E

|1 S |1

E1 |0 · · · 0

E/E1

FIG. 4. Branching structure of the evolution in the CNOT example. An initial product state of the system and all the environment subsystems
evolves according to sequential branching and recording events. Here the records are into a single two-level subsystem of the environment for
ease of depiction. However, each recording event can be redundant, making many copies of the system’s state after each branching event.

the system. Indeed, mixed states and other factors will lead us
to examine imperfect records. A brief discussion follows. We
will leave a more thorough account of this for later [84].
For a single spin in the first subenvironment (E1 = ε1 ), the
√
orthogonality of the records is 1 − F = 1 − 2 p0 p1 in terms
of fidelity. For many spins in E1 , however, the record becomes
nearly perfect (and perfect in the case of an infinite number
√

of environment spins), 1 − F = 1 − (2 p0 p1 ) E1 . Moreover,
for many spins in the environment, the (imperfect) records are
redundant. This is a particular example of a purely decohering
interaction always giving rise to redundant records [11].
To connect with the discussion above, when the environment is mixed but sufficiently large, there are many subsets
of the environment that allow for an orthogonal projector Rα
to be constructed so (57) approximately holds. Restricting to
histories formed from projectors on the system only, one can
potentially choose any set of projectors on the system for
each and every time step. Considering projectors other than
those for the pointer states of the system will result in lower
fidelity records—potentially eliminating them entirely–and a
reduction in their redundancy [81–83].
When many branching events occur, the same conclusions
hold: The redundant records deposited in the environment are
stored in states of the form
ρα⊗1 E1 ⊗ ρα⊗2 E2 ⊗ ρα⊗3 E3 ⊗ · · · ,






(76)

where αm is one of the possible pointer outcomes at time tm .
Any choice of projectors that select branches which do not
correspond to pointer states will be associated with degraded
records, just as in the case of the single time history above.
Furthermore, by purifying the initial environment states, one
can again uniquely fix the branch vectors as above. The
accessibility of the records that lie on those branches to
local observers—ones with access only to the unpurified
environment—will be diminished by the mixedness of the
environment.
While the simple example above is meant to illustrate
the mathematical machinery, repetitive monitoring by distinct
parts of the environment mimics the real-world photon
environment that we extract most of our information from:
As an object moves, it scatters photons that simultaneously
decohere the object and acquire a record of its location. Those
photons then move away, guaranteeing the permanence of
the record and the consistency of the history of the position
of the object. (In this case, the formally time-dependent

Hamiltonian of our simple example is replaced with a timeindependent Hamiltonian where the spatial positions of the
photons function as clock.) The environment is then effectively
renewed, with additional, independent scattering events taking
place. The redundancy of records further prevents the past
from interfering with the future, as not one, but essentially
all the photons would have to return to detect any signature
of a superposition—i.e., Schrödinger’s cat—in the historical
record. We will return to this example in Ref. [84], both
elaborating on the points made here and showing how a
quantum Darwinism approach enables one to extract the
redundant histories.
VI. CONCLUSION

Quantum Darwinism accounts for the objective reality of
the classical states in our quantum universe by recognizing
that they leave multiple records in the environment. These
records can be accessed by observers, providing them with the
information about pointer states of the system. As observers
do not interact with the system of interest directly, they do not
perturb its state while acquiring information.
Decoherence can lead to such dissemination of multiple
records throughout the environment. For some environments
(e.g., photons) records can be accessed locally in space and
time. In other cases (e.g., air) the environment still acquires
multiple records, but its subsequent mixing evolution means
that they are no longer locally accessible from the natural
fragments of the environment (and, hence, are of no use for
observers). In still other cases, the environment may start in
a completely mixed state; the information transferred during
decoherence is then not accessible locally at all.
For a pure global state, the consistency of a history is a
global property representing orthogonality of the branches.
Partial-trace consistency means the stronger fact that the
history is consistent due to orthogonality in the particular
subsystem traced out. Therefore, partial-trace consistency
captures mathematically the intuitive idea that a history has
been decohered by a fragment of the environment. When
a history is partial-trace consistent with respect to many
fragments, it has been redundantly decohered.
Quantum Darwinism relies on decohering evolutions that
can generate redundant records. In the case of a mixed global
state, decoherence does not necessarily imply records. This
realization arose in the contexts of decoherence [2], quantum
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Darwinism [11,72–76,86], and consistent histories [14,39].
Using the definition of redundancy in the consistent histories
framework we have introduced in this paper, we can combine
these observations into a single stronger principle: The
redundant consistency of histories is a necessary condition for
the existence of redundant records, and it is sufficient condition
when the global state is pure.
Redundantly recorded histories become “the objective classical past” in the same sense that systems take on objective classical states when their pointer basis is redundantly recorded.
Many observers can access records of the past independently
and simultaneously, and they will arrive at mutually consistent
accounts of what occurred. In other words, when they meet and
compare their notes, they will be able to agree on the sequence
of events that constitutes the history. Although some of the
accounts may be incomplete, all accounts will be compatible
with the idea that there was just one classical past.
Quantum Darwinism solves a key interpretational dilemma
of quantum theory: It supplies the evidence of objective
existence—here of the objective past—using the same mechanism that accounts for (the symptoms of) the objective
existence of selected quantum states. This sidesteps metaphysical concerns, such as whether quantum states are epistemic
(as some of Bohr’s writings may suggest) or ontic (as,
one might have thought, would be needed to account for
everyday existence), focusing instead on how the evidence
of objective classical reality arises in our quantum universe.
Amplification—which leads to redundancy—is the key. It
singles out collections of sequences of events, encoded as
a consistent history, for which consensus is possible.
The price to be paid for the accessibility of histories is
coarse graining; historical records concern selected degrees of
freedom of the universe, but not all degrees of freedom can be
recorded. The coarse grainings suggested by quantum Darwinism recognize the role of natural subsystems of the universe in
acquiring information and in decoherence. Moreover, redundant records of these coarse-grained (macroscopic) degrees
of freedom are ubiquitous in the classical world we observe.
Redundant consistency is a strong constraint on histories in the
sense that, for any given state, the vast majority of consistent
sets of histories will not satisfy it. Uniqueness results arising
in the study of quantum Darwinism [67,68,81–83,105] can
be brought to bear on the set selection problem [22–29],
pointing the way toward consistent sets describing the intuitive
quasiclassical domain.
The synthesis of consistent histories with quantum Darwinism we started to investigate here shifts the focus from
the histories per se to their evidence broadcast into the world.
Thus, rather than study consistency of the sequences of events
defining histories stroboscopically—at discrete instants of
time—via suitable projection operators, we rely on the records
of events deposited in the environment. The presence of such
records suffices to render a history objective—simultaneously
accessible to many observers.
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APPENDIX: ALTERNATE CONSISTENT HISTORIES

In this Appendix we consider the CNOT example from above
and construct alternate sets of consistent histories that fail to
be redundantly consistent in order to highlight the strength of
redundant consistency as a constraint.
First note how many sets of histories are (merely) consistent
but mutually incompatible. Any orthonormal basis for the
global state, |ψ = Jj=1 cj |j , (with the states {|j } generically highly entangled with respect to the subsystem tensor
product structure) can be used to form the branches of a set of
consistent histories. Indeed, one can define class operators for
those histories by grouping the branches together to form an
arbitrary tree as in Fig. 2 and then selecting Heisenberg-picture
projectors onto the subspaces corresponding to the nodes of
the tree. (The corresponding time steps must respect the partial
order of the nodes, but are otherwise arbitrary.)
For concreteness, let us look at the CNOT example with
two dynamical branching events (instead of three) and with
the time steps of the history corresponding to the branching
events (i.e., m = m̃ = 2). The state at the intermediate (m = 1)
time will be
SE1
|ψ(t1 ) = UCNOT
U<S |ψ 0 

1
1
= √ |0S |α = 00E + √ |1S |α = 10E
2
2

(A1)

and at the final (m = 2) time
SE2
|ψ(t2 ) = UCNOT
U<S |ψ(t1 )

=

1
|0S |α
2

= 00E + 12 |1S |α = 01E

+ 12 |0S |α = 10E − 12 |1S |α = 11E .
We define the fixed, unnormalized vectors

ACKNOWLEDGMENTS

We thank Charles Bennett, Robert Griffiths, James Hartle,
Adrian Kent, and Lev Vaidman for discussion. We also thank
the University of Ulm for hosting us while this work was
032126-13

1
|A = √ 2|0S |α = 00E + |1S |α
3 2

= 10E + 2|0S |α = 11E
1
|B = √ |0S |α = 00E + 2|1S |α
3 2

= 10E − 2|0S |α = 11E
1
2|0S |α = 00E + 2|1S |α
6

= 01E + 2|1S |α = 10E

|W  =

1
|0S |α = 00E + |1S |α
6

= 01E − 2|1S |α = 10E

|X =

(A2)

C. JESS RIEDEL, WOJCIECH H. ZUREK, AND MICHAEL ZWOLAK

We can also construct a set of histories that is E-consistent
(and therefore consistent) but not redundantly consistent. First,
define the unnormalized states

1
|0S |α = 10E − |1S |α
6

= 11E + 2|0S |α = 11E

|Y  =

1
1|0S |α = 10E − 2|1S |α
6

= 11E − 2|0S |α = 11E .

|θ E = (cos θ + sin θ )(cos θ |α = 00E + sin θ |α = 10E )

|Z =

(A3)

One can check that {|A,|B} and {|W ,|X,|Y ,|Z} are both
orthogonal sets and that
|ψ(t1 ) = |A + |B
UCNOT U<S |A = |W  + |Y 

SE2

SE2
U<S |B = |X + |Z
UCNOT

(A4)

|θ̄E = (sin θ − cos θ )(sin θ |α = 00E − cos θ |α = 10E )
(A7)
for some angle θ . Note that θ |θ̄ E = 0 and |θ E + |θ̄ E =
|α = 00E + |α = 10E . Then, with a similar definition (differing only in a minus sign) using an arbitrary angle φ and the
states |α = 01E and |α = 11E , we can take our branches to
be the orthogonal set
|0S |θ E ,|0S |θ̄E ,|1S |φE ,|1S |φ̄E .

|ψ(t2 ) = |W  + |X + |Y  + |Z.
Therefore we can take |W ,|X,|Y ,|Z to be our final
branches and construct histories using the Schrödinger picture
projectors
PA(1) = |AA|
PB(1) = |BB|

PHYSICAL REVIEW A 93, 032126 (2016)

(A5)

(1)
PAB
= I − PA(1) − PB(1)

(A8)

Together these sum up to the global state in Eq. (A2). Just as in
the previous example, we can choose an arbitrary set of ordered
time steps and define projectors (making sure to complete the
basis at intermediate time steps) and class operators of histories
for which the above states are branches.
Again, to be more concrete, consider the projectors (appropriately normalized and at each time step ignoring the members
of the complete set that play no role) at the first
P1(1) = |0,θ 0,θ | + |0,θ̄ 0,θ̄ |

and

P2(1) = |1,θ 1,θ | + |1,θ̄ 1,θ̄ |

PW(1) = |W W |

(A9)

PX(1) = |XX|
PY(1) = |Y Y |

(A6)

and second

PZ(1) = |ZZ|

P1(2) = |0,θ 0,θ |

PW(1)XY Z = I − PW(1) − PX(1) − PY(1) − PZ(1) .

P2(2) = |0,θ̄ 0,θ̄ |

The class operator of history α = BZ would be CBZ =
PB(1) (t1 )PZ(2) (t2 ), etc. There are four nonzero histories with
associated probabilities, corresponding to the four branches
(|W ,|X,|Y ,|Z), but they do not have a useful physical interpretation. Likewise, the projectors |W W |,|XX|,|Y Y |,
and |ZZ| are formal records of the corresponding histories
(in the sense of Gell-Mann and Hartle), but they are not
useful to observers who are unable to make arbitrary nonlocal
measurements.19

P3(2) = |1,φ1,φ|

(A10)

P4(2) = |1,φ̄1,φ̄|

19
Note that these (unphysical) records differ from the corresponding
class operators, e.g., |ZZ| = CBZ .

time steps. This set of histories is not only consistent, it is Econsistent, since all the branches lie in orthogonal subspaces of
the environment. This is true regardless of the choice of angles.
Thus, we can construct an infinite number of sets of branches
that give consistent or partial-trace consistent histories. The
freedom exploited in Eq. (A7), however, is not present for
redundantly consistent histories, hence excluding them and
narrowing down the set selection problem. As indicated in the
main text, there is only one set of branches that are redundantly
consistent.
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