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A THIN CODIMENSION-ONE DECOMPOSITION OF THE
HILBERT CUBE

1. OVERVIEW

1.1 Outline

To make it easier to navigate through the various sections, we start with an outline

of the material contained in this thesis.

Chapter 1: This chapter introduces the background and definitions needed in the
next chapters. The reader familiar with this terminology can skip this chapter and

go directly to the next chapter.

e Section 1.1: In this section we go over history and theorems that are well-

known and give motivation about this work.
e Section 1.2: In this section we summarize what we have in each chapter.

e Section 1.3: In this section we go over definitions, notation, and results related
to defining sequences, cellular sets, cell-like sets, and ANRs. These

will be needed in in the remaining chapters.

e Section 1.4: In this section we go over definitions and results related to ho-
mological codimension and the disjoint discs property. These will be

needed in Chapter 3 and Chapter 5.

e Section 1.5: In this section we go over definitions and results related to geo-

metric centrality. These will be needed in Chapter 2.
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e Section 1.6: In this section we go over definitions and results related to in-
verse limits and Cech homology. These will be needed in section 3.3 and

Chapter 5.

e Section 1.7: In this section we go over definitions and results related to infi-
nite codimension and Cech carriers. These will be needed in section 3.3

and Chapter 5.

Chapter 2: In this chapter we construct special Cantor sets in the Hilbert cube.
We generalize results from finite dimensions about detecting points in Cantor sets
with triadic rational coordinates to infinite dimensions. The results in this chapter

use definitions and theorems from sections 1.3, and1.6.

Chapter 3: In this chapter we construct a special decompostion of the Hilbert cube
with nonmanifold part a Cantor set. This will be used in the main results in Chapter
5. The results in this chapter use definitions and theorems from section 1.3, 1.4, 1.5,

1.7, 1.8. Also, we use results from Chapter 2.

Chapter 4: This chapter goes over details about the Cantor function in finite and
infinite dimensions. These are used to construct a decomposition that will be used
in the construction in Chatpter 5. The results in this chapter use definitions and

theorems from section 1.3.

Chapter 5: This chapter constructs the main example. The results in this chapter
use definitions and theorems from section 1.3, 1.4, 1.8. Also we use results from

chapter 3 and chapter 4.

Chapter 6: We summarize the results in the thesis and ask some questions about

generalizations.



1.2 Historical Setting and Introduction

For the definitions of terms introduced in this section, see § 1.3. Let M and N be
closed n—manifolds with n # 3,4. Let C (M, N) denote the set of all continuous maps from
M to N with the compact-open topology, Hom (M, N) denote the subset of C (M, N)
consisting all homeomorphisms from M to N, and CEL (M, N) denote the subset of
C (M, N) consisting all cell-like maps from M to N. Then CEL (M, N) is precisely the
closure of Hom (M, N) in C (M, N), see [Lac77]. Hence after homeomorphisms, cell-like
maps are considered to be the next simplest kinds of maps on manifolds. The cell-like
concept has since been studied in great detail in finite dimensions. See Daverman’s book
[Dav07] for a large number of examples. One way to construct a cell-like map is using
decomposition theory. In general, if f: M — X is an onto cell-map from n—manifold M
to a topological space X, then M is not necessarily homeomorphic to X. For example, let

Wh be the Whitehead continuum in R3. That is,

where T} is defined by the following: Let Ty be a solid torus in R3. For i > 1, let T; =
h(T;—1) where h : R — R3 is the homeomorphism taking 7' onto W in Figurel.1. Note

that T; C T;_41 for all i. Figure 1.1 demonstrates the first two stages of the construction

of Wh.

FIGURE 1.1: Whitehead Continuum
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Then the map 7 from R3 to R?/Wh is a cell-like map but R3/Wh % R? since any
meridional disc in the larger torus must intersect Wh [Dav07]. In higher dimensions, the
key property for determining when M /G = M is the Disjoint Discs Property(DDP). The
Cell-like Approximation Theorem [Edw80] is important and is used to prove that if G
is a cell-like decomposition of an n—manifold M where n > 5, then M/G = M if and
only if M /G is an Absolute Neighborhood Retract(ANR) having the DDP. For a proof of
this theorem, see [Dav07]. Daverman [Dav81] also provides a proof that if G is a cell-like
decomposition of an n—manifold M then M/G x R? has the DDP, which implies that
M/G x R? = M x R2,

In the infinite dimensional setting, for a cell-like decomposition of an infinite dimen-
sional manifold M, it is more complicated to check whether the space M /G is an ANR
and even more complicated to check whether M/G = M. Not only do we need the DDP,
but also the Disjoint Cech Carrier Property [DW81]. Thus, the motivation of this work
is to produce a specific decomposition of the Hilbert Cube @ in order to investigate and
to illustrate how complicated images of cell-like maps on Hilbert Cube @ can be.

The main goal of this work is to construct a specific cell-like, upper semi-continuous
decomposition of the Hilbert Cube ) which yield a quotient space X that is not homeo-
morphic to @) and that has the property that any closed subspace A of the nonmanifold
part N of X of codimension > 1 induces a decomposition which is homeomorphic to Q.
The nonmanifold part N of X is complicated in the sense that it is homeomorphic to a
Hilbert Cube of codimension 1 in Q but X is still a factor of @ because X x I? = Q.

In 1983, McCauley and Woodruff [MW83] produced such examples satisfying the
above properties in R3.

In 1990, Garity [Gar91] generalized these examples in higher finite dimensions (n >

We produce an example which is an infinite dimensional version of the finite di-
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mensional example due to Garity,[Gar91]. In order to obtain this example in infinite
dimensions it is necessary to discuss properties of the Cantor set that will be used in the
construction of the examples and to express Cantor sets in () as intersections in a special
way. This is done in Chapter 2. In Chapter 2, we also describe the Cantor set C*° in @ in
terms of a defining sequence such that we can detect when points in C'°*° have no triadic
rational coordinates. This was previously done only in the finite dimensional case.

In Chapter 3, we produce a special decomposition H of Hilbert Cube @. The de-
composition, H has the non-manifold part of @/H a Cantor set and has some additional
special properties that we list in Chapter 3.

In Chapter 4, we produce an additional decomposition GG of the Hilbert Cube @
using the generalized Cantor function.

In Chapter 5, we use the above decompositions G and H to construct the main
example.

In this first Chapter we will give the basic definitions and notation needed in the

remainder of the thesis.

1.3 Definitions and Notation

1.31 Topological Background

Throughout this thesis we assume all spaces X are separable metric spaces and the
word map refers to a continuous function. For the readers who are not familiar with
topology and algebraic topology, all basic topological terminology, notation, definitions,
and theorems can be found in [Mun00], [May72].

Let B? be the unit disc in R2, I be the interval [0, 1]. For each n > 1, we write

n

o
I":HI,- Qn+1 = H I;

=1 i=n+1

where I; = I. After suitable parametrization, the Hilbert Cube is a countable product
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of I; where for ease of notation, I; = [—3,3], and I; = [0,1] for all ¢ > 2, and is denoted
by Q. That is,

Q= HIi
i=1

Also, for each n we can write the Hilbert Cube as

Q= I" x Qnt1-

We can define a metric p: Q x Q@ — RT U {0} on Q by

o) ) = 3T for il () () € @
=1

where (z;) denotes the sequence of z; € I;.

This metric generates the product topology on . The pseudo interior of Q) is

(o)
g
=1

where I{ = (-3,3),1 = (0,1) for i > 2, and Bd(Q) = Q — s is the pseudo boundary
of Q).
Let f,g : @ — Y, be maps, where Y is a metric space with a metric d. Then we

define ¥ (f, g) as
Y (f,9) =sup{d (f (), g (x)) |z € Q}.

Definition 1.3.1. [Lac77] A Q—manifold is a space which is locally homeomorphic to

open subsets of Q.

The following lemma is one of the facts about the Hilbert Cube that we use to prove

some later theorems in this thesis.

Lemma 1.3.2. (Tube Lemma)[Dav07] Suppose S is a compact subset of Q and U is an
open subset of (Q containing S. Then there exist an integer n and a ball B™ in I™ such
that

SCB”XQTL+1CU.
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A decomposition G of a space X is a partition of X. Explicitly, G is a subset of
the power set of X, and its elements are pairwise disjoint nonempty sets that cover X.
Associated with any decomposition G of a space X is the decomposition space denoted
as X/G. Its topology is described by means of the decomposition map 7 : X — X/G
sending each g € X to the unique element of G containing g. The topology on X /G is the
quotient space topology induced by w. For any decomposition G of a space X we use Hg
to denote the set of non-degenerate elements (elements of cardinality greater than 1) of
G. We use Ng to denote the union of the elements of Hg. If 7 is the quotient map for

the decomposition G, then we write Ng = N;.

Definition 1.3.3. The nonmanifold part of a decomposition space X /G where X is an n-
manifold (the Hilbert cube) consists of those points in X/G that do not have neighborhoods

homeomorphic to R™ ( homeomorphic to the Hilbert Cube).

Definition 1.3.4. [Dav07] A decomposition G of X is said to be upper semicontinu-

ous(usc) if every g € G is compact and the quotient map
T X—X/G
s a closed map.

A basic property of an usc decomposition G of X is: given g € GG, g C U where U

is an open set in X. Then
V:U{geG\gCU}
is open.
Given a decomposition G of X and a closed subset A of X/G, we use X/m~ ! (A) to

denote the decomposition of X induced over A. X/7n~! (A) consists of all sets of the

form 77! (a),a € A, and all singletons of X — 7! (A).

Theorem 1.3.5. [Dav07](Realization) Suppose G is an upper semicontinuous decom-

position of a space X and f is a closed map of X onto a space Y such that G =



{f Yy |yeY)} Then X/G is homeomorphic to Y.

Definition 1.3.6. [Dav07] A decomposition G of a space X is realized by a pseudo-
isotopy if there exists a pseudo-isotopy ¥y of X to X such that ¥o = Idx and G =
{\Ilfl (z) | x € X}. By a pseudo-isotopy V¥, of X to X we mean a homotopy ¥, : X —
X such that ¥; is a homeomorphism for each t € [0,1) and ¥y is a closed surjection.
Similarly, by an isotopy ¥y of X to X we mean a homotopy ¥y : X — X such that ¥,

is a homeomorphism for each t € [0, 1].

1.32 Defining Sequences for Decompositions
We need the following definitions related to defining sequences for decompositions
before proceeding. Some of these definitions can be found in [Lay80] and [Dav07].

Definition 1.3.7. Let S = {S;} be a sequence of collections of subsets of the Hilbert cube

satisfying the following conditions:

(1) Disjointness criterion: For each i, S; is a finite collection of compact subsets of Q

with disjoint interiors.

(2) Nesting criterion: For every element A of S; and for every j < i there is a unique

element Pre (A) of S; that contains A.

(8) Boundary size criterion: If A is an element of S; and x,y are elements in OA then

there is a j > 1 such that no element of S; contains both of x and y.

(4) Null homotopy criterion: For each i > 1 and each A € S;, the inclusion map A —
Pre(A) is null homotopic.
Then the sequence S = {S;} is called a defining sequence in Q.
Definition 1.3.8. Let @ be the Hilbert Cube and M a collection of subsets of @Q, not

necessarily covering Q. Given an arbitrary set Z in @, define its star in 91 as

stz =z (Ut em | M0z #0}),
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also written as St (Z,9M), and, recursively for any integer k > 1, its kth star in 9 as
Stk (Z,9m) = St (St"”_l (Z,9) zm) .
When Z = {z}, we write St* ({x}, M) simply as St* (z,M).

Definition 1.3.9. Let S = {S1,S2,...} be a defining sequence in X. Then the decom-
position G associated with the defining sequence S is the relation prescribed by the

rule: for each x € X,

G(x) =[5 (,8).

i>1
EXAMPLE 1.3.10. Consider X = R?. Recall, in R, that the Cantor set can be described as
N S: where S; is a set with 2° elements in it and each element is an interval of length %

For each i, and S = [a,b] € S;, let Us = [a — 57,b+ 57| - Then let
Ui = {US x[-1,1] | S e S}

It is easy to show that U = {L{O,Z/{l, .. } is a defining sequence. Then the decomposition
G associated with the defining sequence U consists of A= {{c} x [-1,1] | c € C} and the

singletons from X — A.

Lemma 1.3.11. [Dav07] Let G be a decomposition of a space X associated with the

defining sequence S = {S1,8a,...}. If
x,y € 0S =U{0A | A € U;S;}
such that x # vy, then 7 (z) # 7 (y) .

From this lemma, 7 is one-to-one on JS.
Before listing additional properties of X/G, we need to define cellularity and cell-

likeness.
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1.33 Cellular Sets and Cell-like Sets

Definition 1.3.12. A closed set C in R™ or in an n—dimensional manifold is said to
be cellular if there is a nested sequence C1,Cy, ... of n cells with Ci11 a subset of the
interior of C; and C = (" C;.

ExaMPLE 1.3.13. The closure of the graph of the sin (%) curve, 0 < = < 1, in R? is
a cellular set, see Figure 1.2. This example shows that cellular sets need not be path

connected.

FIGURE 1.2: The closure of sin (i) curve, 0 < z < 1, in R?.

Definition 1.3.14. A compact subset C of a manifold X is cell-like in X if for each
neighborhood U of C' in X, C can be contracted to a point in U. A decomposition G of X

is cell-like if each g € G is cell-like.

Definition 1.3.15. A mapping f : X — Y is cell-like if f~! (y) is a cell-like space for

eachy €Y.

The next theorem is a technical property called approximate lifting needed in

what follows.

Theorem 1.3.16. [Dav07] Let G be a cell-like decomposition of a space X, and m : X —

X/G be a quotient map. Let K be a simplicial n—complex and L be a subcomplex of K.
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Let

f: K—X/G
and Fr, : L — X be a map such that wo Fr, = f|p and let ¢ > 0 be given. Then there
exists a map F' : K — X such that p(f,mo F) < € and F|L = FT.

See § 1.35 for the definition of ANR.

Theorem 1.3.17. [Lac77] If X,Y, and Z are locally compact ANR’s and f: X =Y

and g : Y — Z are proper cell-like maps then go f is cell-like.

Definition 1.3.18. Let f: X — Y be a map. Then f is called proper if [ is closed

map with compact point-inverses.

Definition 1.3.19. [Mun00] Two spaces X andY are said to be homotopy equivalent,
if there are maps

f: X=Y and g: Y - X

such that go f ~ ix and fog ~ iy. The maps f and g are often called homotopy

equivalences.

Theorem 1.3.20. [Lac77]/ If f : X — Y is a proper map between locally compact ANR'’s,

then the following are equivalent:
(a) [ is cell-like;

(b) For every open set V. C Y, the restriction f ) . f~Y(V) — V is a proper

homotopy equivalence.

Theorem 1.3.21. [Dav07] The decomposition G associated with with the defining se-

quence S = {81, Sa, ...} with properties as in definition 1.5.7 is a cell-like usc.
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1.34 Cellularity in the Hilbert Cube @

Recall that the definition of a cellular set for a finite dimensional manifold is a
nested intersection of n—cells [Dav07]. For an infinite dimensional manifold, the cellular
sets are more difficult to characterize which explains why so many complications arise in
attempts to find infinite dimensional analogues of some results about cellularity in finite

dimensional manifolds.
Lemma 1.3.22. ([Dav07], page 120) A cellular subset of an n-manifold M is cell-like.
Theorem 1.3.23. ([Dav07]) If g is cellular, then M /g is homeomorphic to M.

Definition 1.3.24. [Cha76] A closed subset A in a space X is said to be a Z—set in X
provided that for every open cover U of X there is a map f of X into X — A which is
U—close to the identity map. That is, for each x € X, there exists some element of U

containing both x and f (z).

The following lemma gives a condition for a subset of the pseudo interior of ) to be

a Z—set.

Lemma 1.3.25. [Cha76] Any compact subset A C Q with A C s, where s is the pseudo

interior of Q, is a Z—set.

Definition 1.3.26. [Cer80] A closed subset K of a space M is a normal cube in M
if K and the boundary Bd(K) of K in M are homeomorphic to the Hilbert cube QQ and

Bd(K) is a Z—set in K.

Next we will define a cellularity in ) which is quite similar to the definition in finite

dimensional case. Here we replace the term n—cells by normal cubes.

Definition 1.3.27. [Cer80] Let X be a closed subset of Q. X is said to be a cellular

subset of Q if X = N2, K; where K1 C int (K;) and K; is a normal cube for all i.
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Alternately, a closed subset X of @ is cellular provided it has arbitrarily small open

neighborhoods whose closures are normal cubes in Q.

Definition 1.3.28. [Cha76] Let X be a compact space and Y be an ANR containing
X. Then X is said to have trivial shape if for every neighborhood U of X inY, X is

contractible in U.
It is obvious that every cell-like set has trivial shape.

Definition 1.3.29. Let X be a subset of the Hilbert cube Q. Then Q — X is S'—trivial
at oo provided for every open neighborhood U of X there is an open neighborhood V of X

such that every map f: S' — V — X can be extended to a map from B? to U — X.

The following lemma will be used to check whether or not a finite dimensional

non-degenerate decomposition element is cellular.

Lemma 1.3.30. [Cer80] Let A be a finite dimensional compactum in Q. Then the follow-

ings are equivalent.
1. A is cellular in Q).
2. A is a Z-set in QQ and has trivial shape.
3. A has trivial shape and Q/A is a Q—manifold.
4. Q— A is S'—trivial at co.
5 Q/A=Q.
1.35 ANRs

To later detect when /G is homeomorphic to @ we need to introduce ANRs. For

additional information on ANRs, see [Dav07].
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Definition 1.3.31. A metric space Y is said to be an absolute neighborhood re-
tract (ANR) if for every closed subset A of a metric space X and for every such map
f A=Y, there is a continuous extension F : U — Y defined on some neighborhood U

of A in X.

Definition 1.3.32. Let f : X — Y be a map from a compact metric space X onto a
compact metric space Y. Then f is said to be Approximately Right Invertible (ARI)

if for each € > 0, there is a map g : Y — X such that p(fog,ly) <e.

Definition 1.3.33. A defining sequence S = {S1,8s,...} is said to be sharp if IS =

Ui>1{0S : S € S;} is embedded in the decomposition space by the quotient map.
Remark 1.3.34. The defining sequences we use in definition 1.3.7 are sharp.

The following theorem will be used to detect that certain decomposition spaces are

ANR’s.

Theorem 1.3.35. (/[Ko0281], page 21)Let f : X — Y be a cell-like map from a compact

metric ANR X onto a compact metric space Y. If f is ARI, then Y is an ANR.
The following theorem is from [Lay].

Theorem 1.3.36. [Lay/ If S is a sharp defining sequence for a decomposition G of the

Hilbert Cube, then the quotient map is ARI and hence the space Q/G is an ANR.

Theorem 1.3.37. ([Lay80], page 22)Let G be a cell-like decomposition of Q) such that
Q/G is an ANR. If A is a closed set in Q/G and 71 (A) is the decomposition of Q
induced over A, then Q/m~ ! (A) is an ANR.
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1.4 Homological Codimension and Disjoint Discs Property

Definition 1.4.1. Let A be a closed subset of QQ. A is said to have codimension > n in

Q if for every open subset U and for every i <mn
H;(UU—-A)=0
where H; (A, B) is ith homology group of A modulo B and where i is an integer.

The subset A is said to have codimension equal to n if it has codimension > n
but does not have codimension > n + 1. In other words, a closed subset A of ) is said
to have codimension n if H; (U,U — A) = 0 for all open sets U and for all i < n, and
H, (V,V — A) 220 for some open set V of Q). An arbitrary subset X of the Hilbert Cube
@ is said to be of codimension n if any closed C' C X in @ has codimension n. (See

[DWS1].)

EXAMPLE 1.4.2. We will show that F = {0} x Q2 has codimension 1 in Q. First we will
show that F has codimension > 1. That is, we will show that Hy (U,U — F) = 0 for all
open sets U in Q. To prove this, Without loss of generality, let U be an path connected open

set in Q. Note that U — F # (). Consider the long exact sequence of the pair (U,U — F) :
S Hy (U —FY L vy (U) S Hy (U, U — F) B 0.

To show that Hy (U, U — F) = 0, it suffices to show that the map Hy (U — F) ER Hy (U) is

onto. Note that
Hy(U—-F)~Hy(U-F)a®Z

Ho(U)=Z since U is path connected.

It follows clearly that f is onto. This implies that

Ho (U) = Im (f) = ker (g)
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and so
{0} =Im(g) = ker (h) = Hy (U, U — F)
Therefore, F has codimension > 1 in Q.

Next we will show that F' does not have codimension > 2. Consider
U= (—1, 1) X QQ.

Then U is an open set in Q). Consider the long exact sequence

S Hy (U~ F) — Hy (U) = H (U,U — F) % Hy (U — F) % Hy (U) % 0.

Note that
Hy(U—-F)X2Z®Z since U — F has 2 path components
Hy (U) = Z since U is path connected.
Thus, Hy (U — F) 22 Ho (U) which implies that ker (g) # 0. So, Im (f) # 0. Therefore,

H, (U,U — F) %#0. This completes the proof.

Definition 1.4.3. A closed subset A of Q is nowhere dense if for any nonempty open
set U of Q, U — A is not an empty set. That is every nonempty open set U is not a subset

of A.

The next result follows directly from the definitions. For completeness, we include

a proof.

Lemma 1.4.4. If A is a closed subset of QQ which has codimension > n, with n > 1, then

A is nowhere dense in Q.

Proof. Let U be an non empty open set in . We will show that U — A # (). That is, we
will show that Hy (U — A) 2% 0. Clearly, Hy (U) 2 0 since U is not empty. Since A has
codimension > n with n > 1, Hy (U,U — A) = 0. Consider the long exact sequence of a

pair (U,U — A) :

S Ho (U — AL Hy(U) % Hy (U U — A) B 0.
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Since

Im (f)=ker(g), and Im (g) = ker (h) = Hyo (U, U — A) =0,

this forces I'm (f) = ker (g) = Hy (U) # 0. Therefore, Hy (U — A) # 0 and so U — A is
not empty. Since U is arbitrary, it implies that A is nowhere dense.

O]

Definition 1.4.5. Let X be a metric space. Let f,g : B® — X be any two maps. Then
the space X is said to have the disjoint n—disc property, abbreviated as DD"P, if for

each € there exist maps f',g' : B® — X satisfying

p(f.f)<e and  p(g,9) <e

and

f{(B")Nng (B")=0.

1.5 Geometrical Centrality

Definition 1.5.1. [Dav07] Let N be an n—manifold with or without boundary and let
f: D? - B?x N with f(aDQ) C OB% x N. The map f is said to be interior
inessential (I —inessential) if there is a map g : D? — OB% x N such that f = g on
0D?. Otherwise, f is said to be [—essential. Let H be a disc with holes, g : H — M be
a map with g (O0H) C OM. The map g is said to be virtually I-essential if g extends to
an I—essential map f : B — M with f (B\ H) C M where B is the unique 2-cell in B>

with H C B and with 0B C 0H.

We will use this definition of I—essential to test the geometric centrality of a subset
of a manifold. A subset A of B? x N is said to be geometrically central in B% x N if

f (DQ) N A # () for every I—essential map f. A collection C of subsets of B? x N is called
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a geometrically central family in B2 x N if the union of elements of C is geometrically

central in B% x N. More details can be found in [DE87].
1.51 Standard Example of Geometrically Central Subset

EXAMPLE 1.5.2. Let N be an n-manifold, and identify A as {0} x N in B2 x N. Suppose
f:D? = B? x N is an I-essential map with f (DQ) NA=0. Then 0B* x N is a retract
of (B*x N) — A, so there is a map g : D* — 0B? x N satisfying glap2 = flopz. This
contradicts the fact that f was I-essential. This gives us that A is geometrically central

in B2 x N.
1.52 Results on Geometric Centrality

In order to construct the special Cantor set in the Hilbert Cube needed in our

example, we need the following results.

Lemma 1.5.3. [DES87] Given B% x I and given € > 0. Then there is a family
{C1,Ca, ..., Cr}

of subsets of B2 x I so that C1 = Cy, =2 B?>x I and fori=2,3,...,k—1,C; 2 B?>x 8!, so
that the family is geometrically central in B? x I, and so that for each C;, the diameter of
C; is less than e. Similarly, given B? x S' and given € > 0, there is a geometrically central
family

{C1,C4,...,Ck}

so that for all i =1,2,....k, C; = B? x S' and the diameter of C; is less than e.
Figure 1.3 and 1.4 demonstrate Lemma 1.5.3 for B2 x I and B? x S, respectively.
For the proof of Lemma 1.5.3, see [DE87]. The proof of Lemma 1.5.3 relies on the

following Lemma. For completeness, we also state this result. For definition of bicollared,

see [Dav07].
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B2x |

B2 xS

FIGURE 1.4: Geometrically Central Collection on B? x S!

Lemma 1.5.4. [Lay80] Let D? be a disc with holes and f : D?* — B? x I be a map,
and let P be a bicollared subset of D? x I. Assume that K = f~!(P) is closed in D?. If
F: K x1I— P is a homotopy with Fy = f|x and U is a neighborhood of F (K x I) in

B? x I, then there is a neighborhood V of K in D? and a map g : D?> — B? x I such that:
1. glp2—v = flp2—v
2. glk = I
3. g(V-K)c(U-P).

We also need the following result, first proved in [Ghi07]. For completeness, and
because the proofs illustrate the concept of geometric centrality, we include the proof of

this lemma and the following two lemmas.

Lemma 1.5.5. [Ghi07] If N is a subset of an n—manifold M = B? x X which is geomet-

rically central in M, then N x I is geometrically central in M x I = B? x X x I. Similarly,
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if N is a subset of an n—manifold M = B? x X which is geometrically central in M, then

N x 81 is geometrically central in M x I = B? x X x S'.

Proof. Let D? be a disc with holes. If possible, let f : D? — M x I be an I-essential
map such thatf (DQ) NN x I = (. Decompose f into two factors fy; and f; from D?
to M and I respectively. We claim that fa; is I-essential into M. If not, there is a map
g: D? = 9B%x X such that g = fy; on 9D?. We can then define amap h : D? — 9 (M) xI
by h = (g, f1), then f = g on 0D?. That contradicts that f was I-essential. Similar

arguments prove that N x S! is geometrically central in M x S*. O

What happens if we iterate the process of placing geometrically central sets in our
construction? The following lemma from [Ghi07] shows how geometrical centrality is

preserved.

Lemma 1.5.6. [Ghi07] Let A= B? x X1 x Xo x --- x X,,, where each X; is I or S*. Let
C={Ci: C; 2 B%xY; x Y% x Yy}, where Y;; is I or S, be a finite collection of
pairwise disjoint subsets of A which is geometrically central in A. Also, assume that for
each C;, there is a finite collection D; = {D; : D; = B? x Zj1 X Zjo X -+ X Zjp}, where
each Zjj, is I or S1, of disjoint subsets of C;, which is geometrically central in C;. Then

the collection D = UD; is geometrically central in A.

Proof. Let D? be a disc with holes and f: D? — B? x X; x X5 x --- x X,, be a virtually
I —essential map. After a slight adjustment of f, we may consider K = f~1{C} to be a 2-
manifold in D? with a finite number of components. Hence f~* (832 X X1 X Xg-++ X Xn)
is a finite collection of simple closed curves in D?. This implies that each component of
f71(Cy) is a disc with holes in D2, Then K must have a component H such that fz is a
virtually [—essential into C; for some i. If not, let H be given and let f (H) C C; for some
fixed i. Also note that f (OH) C B2 xYj1 X x - - - x Yy, for some Y;1, Yo, ..., Yi,. Since f|y

is not virtually I—essential, there is a map g: H — B2 x Yj1 x x--- x Yj, and g = f|g
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on OH and C; N C; = 0 if i # j. Hence, we can push g (H) off of B% x X1 x X5+ x X,,
without intersecting any other C;. Now repeating the same process with other components
of K we can get a new map h: D? — 0B? x X; x X5 X --- x X,, that misses all C; and
f = h on OD?. That contradicts the fact that C is geometrically central in A. Hence
f|g must be I—essential on some C; for some component H and some i. But D; is also
geometrically central in C;, and hence f|x must intersect some elements of D;, that is

f (DZ) must intersect D. Therefore, D is geometrically central in A. O

We now give the generalization of Lemma 1.5.3 from [Ghi07]. That is, we will

include more factors.

Lemma 1.5.7. [Ghi07] Given ¢ >0 and A = B2 x X1 x Xo x - -+ x X,,, where each X; = I
or S. Then there is a finite geometrically central collection C = {C1,Ca,...,Cy}, where
C; 2 B?xY; XYy x -+ X Y, with each Y; = I or S, of disjoint subsets of A so that the
diameter of C; is less than € for all i and for each I—essential map f, and for each C;

there is an I—essential map g with flap2 = glop2 and g (int (D?)) N C; # 0.

Proof. We prove this lemma by induction over n. For n = 1, it holds by Lemma 1.5.3.
Suppose the lemma is true for n = k. Let A = B? x X1 x Xo X -+ X X} X Xpa1.
Consider B = B? x X; x X3 X --- x X}. Then by assumption, there is a finite collection
C=1{C;: B?x X;1 x Xj3 x---x X} of disjoint subset of B, which is geometrically
central in B and Xj;; is I or S1 and the diameter of C; < € for all i. By Lemma 1.5.5,
the collection D = {D; : D; := C; X X411} is geometrically central in A. Now switch the
kth and (k + 1)th components of D; and let E; be such an element. Consider the first &
component of E;. Then we will have a finite collection F; such that F; x X}, is geometrically
central in E;. Now switching back the kth and (k + 1)th components of this collection and
applying Lemma 1.5.5 we will have another collection G; which is geometrically central

in D;. Consider H to be the union of these collections GG;. Then by Lemma 1.5.6, H is
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geometrically central in A. We may take enough components so that the diameter of each

component is less than e. O

1.6 Inverse Limits and Cech Homology

Let (X, A) be a compact pair. Let ¥ (X) be the set of all finite open covers of
X, and let G be a group. The only case we need is G = Z, so we restrict to that case.
To define the Cech homology of a compact pair (X, A), we begin with the concept of a

directed set. These definitions and results are taken from [May72] and [Mun84].
Definition 1.6.1. A directed set J is a set with a relation < such that:

(1) a < a for all a € J.

(2) a < B and B <~ implies o < 7.

(3) Given a3, there exists v such that « <~ and 5 < 7.

We will show that > (X) is a directed set. Let < be defined by: If U,V € )" (X),
U <V if and only if to every set U € U there exists a set V € V such that V C U. We can
see that (1) and (2) are trivially satisfied. To show that (3) holds, let the covers U and V

be given. Then the family W defined by
WwW={UnV|Uel, VeV}
satisfies the requirements.

Definition 1.6.2. An inverse system of abelian groups and homomorphisms, corre-
sponding to the directed set J, is an indexed family {Gq}acs of abelian groups, along with
a family of homomorphisms

fap: Gg = Ga,

defined for every pair of indices such that o < 3, such that
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(1) For each a € J there is a unique object G.
(2) For each pair o, B € J there is a unique homomorphism

faﬁ : Gg — Ga.

(3) If a < B <, then fay = fup© f51.
(4) For all a € J, faq is the identity.
The inverse limit of an inverse system {Gy}acs, denoted by Goo = liLnGa, 15 the subset
[ Go defined by the condition
p=pa) €Goo if  fap(Ps) =Da
where po is the ath component of the element p € [ Gq.

EXAMPLE 1.6.3. [May72] Let D be the set of positive integers in their natural order and
for eachn € D, let X, be the set of real numbers. For each m < n, define fon : Xpn — X
by
fon () =2 — (n—m).
Then Xoo = lim (X)) consists of all sequences of the form
H
(x,z+1,x4+2,...)
where x s real number.

After this preparation, we can define the following:

Definition 1.6.4. Let (X, A) be a compact pair and let ¥ (X) be the family of finite open

covers of X. Then the inverse limit

H, (X, A) =1lim (H, (U,Ua);7)

pn
is the pth Cech homology group of (X, A) over Z where U € X (X) and Uy is the

subfamily of U consisting of those sets which intersect A.
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1.7 Detecting ()—manifolds

In this section we discuss a characterization of ()J—manifolds due to Daverman and
Walsh [DW81].We begin with definitions and notation. This will be needed in the Chapter

3 and Chapter 5.
1.71 Infinite Codimension

Definition 1.7.1. A closed subset F' of an ANR X is said to have infinite codimension
(in X) provided Hy (U,U — F) = 0 for all integers ¢ > 0 and for all open subsets U of
X. A set A in X is said to have infinite codimension if every closed subset of A has

infinite codimension.

The following result sets forth the basic characterization, a proof of which can be

found in [Kro74].

Proposition 1.7.2. A closed subset A of an ANR X is a Z—set if and only if A has

infinite codimension.

o0

EXAMPLE 1.7.3. Fori > 2, let J; = [%, %] C I;. Let A = {0} x H‘Ji' It is clear that A
i=2

is closed and compact in Hilbert cube Q. Also, A C s, where s z'sza pseudo interior of Q).

By Lemma 1.8.25 A is a Z—set and so by Proposition 1.7.2, A has infinite codimension.

Note that this is true even though A is infinite dimensional.
The following lemmas, taken directly from [DW81], concern infinite codimension.

Lemma 1.7.4. [DWS81] If all points in an ANR have infinite codimension, then so do

finite dimensional subsets.

Lemma 1.7.5. [DW81] If F1, Fs, ... are closed subsets of an ANR'Y such that each F;

has infinite codimension, then F = Ui21 F; has infinite codimension.



25
Lemma 1.7.6. [DW81] Let Y be an ANR in which points have infinite codimension and
let A be a closed subset of Y that can be expressed as the union of a finite dimensional set

B and a set F' having infinite codimension in Y. Then A has infinite codimension in Y.

1.72 Cech Carriers

Definition 1.7.7. [DW81] Let X be an ANR, let U DV be open sets in X, and let ¢ > 0.
A Cech Carrier for an element z € H,(U,V) is a compact pair C D 0C with C C U

and 0C C V such that
z € Im{i.: H,(C,0C) — H, (U, V)}

where iy is the inclusion induced homomorphism. An ANR X is said to have the Disjoint
Cech Carriers Property provided for all open subsets Vi C Uy and Vo C Us and
elements 21 € H, (U1, V1) and 22 € Hy (Ua, Vo) and for integers p,q > 0, there are Cech

carriers (C1,0C1) for z1 and (C2,0C%) for ze with C1 N Cy = ().

EXAMPLE 1.7.8. Let z € Hy(U,V). Then

z =

k
i=1
where each n; is nonzero and each o; : A? — U is a map of the standard q—simplex. Let

C = Ofm (0;) and 0C = Olm(aai).
i=1 i=1
It is clear that (C,0C) C (U,V). Also, we can see that
w=(2,2,2,...,2,...,) € H (C,0C) = 1<i£1Hq (U,Usc)
and i, (w) = z. Thus,

z € Imfi,: H,(C,00) — H, (U, V)}

which implies that (C,0C) is a Cech carrier for z.
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Definition 1.7.9. Let X be an ANR. Then X has Cech carriers with infinite codi-
mension if each z € H, (U, V) has a Cech carrier (C,0C) such that C has infinite

codimension in X.
The following Lemmas are taken from [DW81].

Lemma 1.7.10. [DW81] A closed subset F' of an ANR'Y has infinite codimension if and
only if, for each open pair V-C U and each ¢ > 0, each element z € Hy (U, V') has a Cech
carrier (C,0C) with C N F = .

Lemma 1.7.11. [DW81] For an ANR X, the Disjoint Cech Carriers Property is equiva-

lent to X having Cech carriers with infinite codimension.

Definition 1.7.12. [Lay80] Let A C X. We say that X has disjoint Cech Carrier at A
if for all open sets U D V,U' D V', integers q,q' >0, and z € Hy,(U,V), 2/ € Hy (U, V'),

there exist Cech carriers (C,0C) for z and (C',dC") for 2’ such that C N C' N A = §.
The following Lemma and Proposition are taken from [Lay80)].

Lemma 1.7.13. [Lay80] Let Y be an ANR and let Ay, Ag, ... be a collection of subsets
of Y such that for each k > 1, Y has disjoint Cech carriers at Ay,. Then'Y has disjoint

Cech carriers at A = Uk>1A4%.

Proposition 1.7.14. [Lay80] Let Y be an ANR and let Ay, A, ... be a collection of closed
subsets of Y such that for each i > 1, Y has disjoint Cech carriers at A;. Then for each
open pair U DV and integer ¢ > 0, each z € Hy (U, V) has a Cech carrier (C,0C) such

that C' N (U;>14;) has infinite codimension in Y.
Lemma 1.7.15. [DW81] For an ANR X, the following statements are equivalent:
(1) X satisfies the Disjoint Cech Carriers Property;

(2) X has Cech carriers of infinite codimension;
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(8) X contains closed subsets Fi, Fs, ... with each F; having infinite codimension and

each closed subset of X — UF; having infinite codimension;
(4) Points in X have infinite codimension and X has finite dimensional Cech carriers;
(5) X x I? is a Q—manifold.

The following is the main theorem of this section. This powerful Theorem will be
needed to characterize whether or not an ANR space satisfying the Disjoint Discs Property

is @—manifold. For more details, see [DW81], [Lay80].

Theorem 1.7.16. [DW81] Let X be an ANR satisfying the Disjoint Discs Property. Then

the following statements are equivalent:
(1) X satisfies the Disjoint Cech Carriers Property;
(2) X has Cech carriers of infinite codimension;

(3) X contains closed subsets Fy, Fs, ... with each F; having infinite codimension and

each closed subset of X — UF; having infinite codimension;
(4) Points in X have infinite codimension and X has finite dimensional Cech carriers;

(5) X is a Q—manifold.
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2. A SPECIAL CANTOR SET IN THE HILBERT CUBE

2.1 Introduction

The standard Cantor set C' in [0, 1] is obtained in the usual manner as N2, S; where

Si = {S(01,...,04)} is a set with 2 elements in it. The o; are used to index the sets in

1

S;. Here each S(o1,...,05) is an interval of length 3

and each o is either a 1 or a 2.
From this construction, each component at stage ¢ has 2 components at stage ¢ + 1. Also,

one can prove the following well-known theorem [Gar91].

oo
Theorem 2.1.1. If q is a point in C and q = ﬂS(Ulj...,ai), then q = g—; where
i j=1

q; = 2(0; —1). Consequently, if the o; are not eventually constant, then q is not a triadic

rational.

Note that a triadic rational is a rational number that can be expressed as a fraction
with denominator of the form 3”. Also note that C*¥ C I*, the product of k copies of the
Cantor set is again a Cantor set.

In [Gar91], Garity showed a construction of a different sequence S; for the Cantor
set C* ¢ I* for k > 2.. In the construction, for technical reasons, he described a process
where each component at stage ¢ has 4 components at stage ¢ + 1 instead of 2 components

and proved the following.

Theorem 2.1.2. [Gar91] There exists a sequence S; of collections of subsets of I¥ so that
Cck = Niz, Si and each component of S; contains exactly 4 components of Siy1. If a point
p in C* is associated with a sequence (eq, ..., ¢€;,...) where €y = (in, jn), for in and j, in
{1,2}, and if there is N such that for all i > N the first coordinates of the €; alternate,

or the second coordinates of the ¢; alternate, then p has no triadic rational coordinates.

For the construction and the proof of Theorem 2.1.2, see § 2.21.
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Our main work in this Chapter is to generalize Theorem 2.1.2 to the infinite dimen-

sional case. That is, we will construct and prove the following Theorem, in § 2.22.
Theorem 2.1.3. There exists a sequence
M ={Mi, Mo, M3, ...}
of collection subsets of @ satisfying the following properties:
o M = C> where C*° =[[:2, C and C is the Cantor set.

e Fwery point p € C* is associated with a sequence (€1, €2, . ..) where €, = (in, jn), for

in and jn in {1,2},

o [f there is N such that for all i > N the first coordinates of the ¢; alternate, or the

second coordinates of the €; alternate, then p has no triadic rational coordinates.

Also, in the next Chapter, we need constructions of the Cantor set in [2,3] X Q2
and in [—3, —2] x Q2. This will be combined with the construction of Cantor set in the
middle, [-1, 1] x Q2 to produce a decomposition of . We will show such constructions in

sections 2.3 and 2.4

2.2 Cantor set in the Middle

2.21 Construction of the generalized Cantor set: C*

Fixed k, we will use the standard representation of C' to specifying the k—cells
indexed as N(ey,€a,...,¢) used in the description of C* and then in the next section, we
will generalize this idea to elements used in the description of C*°.

From now, let €, = (in, jn) where i,,j, € {1,2} and

5[617627 .. '76n] = S(i17j17i27j27 ce. 7in7jn)-



30
Let {451 ,452 45 } be a sequence where S; = 22:1 kn; and n; is an even integer . The
specific choice of k and n; will become clear later. We want to choose a defining sequence

N = {N1,Na,...} in I*¥ in such a way that:
1. N; has 4% elements, each element of the form S[ey, e, ..., &];
2. NN = C¥ is a Cantor set;

3. Every point p in C¥ is associated with a sequence (e1, €2, €3, . . .);

)

4. If there is some stage past which either the first coordinates of the ¢, alternate, or

the second coordinates of the ¢; alternate, then p has no triadic rational coordinates.

To do this, let Ng = {I¥ =1 x I x ... x I;;} . That is, N} has a single element.
Let A(l) = {I’€ =11 x Iy x...X Ik}. The set A% will be obtained from A(l) by sub-
dividing the first interval factor of each element into 4 equal subintervals. That is, each

component of A} is of the form

N(ep) = Sler] x Ia x I3 x ... x I},

Next, the set A} will be obtained from Al by subdividing the second interval factor into

4 equal subintervals. That is, each component of A% is of the form
Ney,e9) = Sler] x Slea] x I3 x ... X Ij.

This process will continue until the first k£ factors have each been subdivided into 4 equal

subintervals. The process will then continue by subdividing the kth factor again and then
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working backwards towards the first factor. From this process, after 2k times, we have
N(er1) = Sler] x Io x I3 x ... x I}, € A},
N(e1,€2) = S[er] x Sea] x I3 x ... x I}, € Ab,
N(e1, €0, €3) = S[e1] x Slea] x S[er] x ... x I, € A,

N(e1,€a,... ) = Sler] x Slea] x ... x S[ey] € A},

N(et,. .. ek €x1) = Sler] X ... x Slex, €xt1] € Apiq,
N(€r, ..., €k, €ht1,€kr2) = Sle1] X ... X Slek—1, €xr2] X Slek, €xr1] € A,1€+2,
N(El, ey €k €Ty e - ,ng) = S[Gl,EQk] X ... X S[Gk_1,6k+2] X S[Ek,ék_H] c A%k

The process will be repeated again until we have Ainl. That is, we will repeat this process

% times where n, is even. Thus let A = A}ml. In fact, each element of A7 is of the form

k
N(er,...,es,) = [ [ Slei)]
i=1
where (¢;,) is the subsequence of E = {e1,€2,...,€5,},1=1,2,...,k, 1 =1,2,...,ny, and

for each 7, the index
2k —i+1+(1—-2)k if | even

1 =

i+ (- 1)k if 1 odd.

To get N2, we will consider A3 = Nj. The set A? will be obtained from A2 by
subdividing the first interval factor of each element into 4 equal subintervals. That is. the

element of the set A} are of the form

k
N(617 KR 6517€S1+1) = S[(Eiz)v 6S1-i-1] X H S[(ell)]

i=2
Next, the set A2 will be obtained from A? by subdividing the second interval factor into

4 equal subintervals. That is the element of the set A3 are of the form

k

N(Eb <3 €51, €81 +1, 651+2) = S[(elz)a ESH—I] X S[(621)7 651+2] X H S[(Elz)]
=3
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This process will continue until each interval in the first k factors has been subdivided
into 4 equal subintervals. The process will then continue by subdividing the kth factor

again and then working backwards towards the first factor. For convenience, for each n,

let
En = (ESn_l-‘rla €Sn_14+25--+» Gsn) )
Again, we can see from this process that, after 2k times,
k
N(€1,€5,41) = S[(ell)a €s1+1) X H S[(Gu)] € A%,
i=2
k
N (€1, €5,41,€5,4+2) = S[(611)7 €sy+1) X S[(62z)7 €s,+42] X H S[(eu)] € A%,
i=3
k
N(Ela €S1+1y- - 651+k) = H S[(Eiz)v 651+i] € A%v
i=1
k-1
N esi41 €514k €sirh) = | [ Slen), €sii] X Sler)s €514k €511h41) € ARy,
i=1
k
_ _ 2
N (€1, €5, 4+15 -, €5,12k) = H S((€)s €s1+is €51 +2k—i+1] € Ay
i=1

The process will be repeated again until we have A%m. That is, we will repeat this

process % times. Then let Ny = Aim. Then N5 has 452 elements and each element is of
the form
k
N(Ela s 652) = HS[(EH)]
i=1

where (¢;,) is the subsequence of E = {1, €2,...,€5,},1=1,2,...,k 1 =1,2,.. .,Z?Zl n;,

and for each ¢, the index is given by

‘ 2k —i+1+(1—-2)k if | even
1] =
it (- 1Dk it 1 odd.

For m > 3, we inductively define N, as follows. Inductively assume we have N,
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with 457 elements. And assume that each element of N, is of the form

k
N(El, .. .,GSm) = HS[(GH)]
=1

where (¢;,) is the subsequence of E = {e1, €,...,€5,.},i=1,2,...,k,1=1,2,.. .,Z;-n:l nj,

and for each ¢, the index is given by

. 2k—i+1+(1—2)k if | even

i = )

i+ (- 1k if 1 odd

To define N, 11, let A6”+1 = MN,,. The set ATH will be obtained from AS”H by

subdividing the first interval factor of each element into 4 equal subintervals. That is the

element of ATH is of the form

N(El, ey €Emy €Sm+1)

Next, the set Ag”“ will be obtained from ATH by subdividing the second interval factor

into 4 equal subintervals. That is, the element of the set Ag”“ are of the form

N(Ela ey Emy, €Sm+15 65m+2)'

This process will continue until the first £ factors have each been subdivided into 4 equal
subintervals. The process will then continue by subdividing the kth factor again and

then working backwards towards the first factor. After this, the process will be repeated

Nm+1
2

again until we have AZ;H . That is, we will repeat this process times. Thus, let
m—+1

Npt1 = AZ;J;IH which has 45m+1 elements, and each element of the set A,41 is of the

form
k

N(617 LA 65’m+1) = H S[(ezl)]
i=1
where (€;,) is the subsequence of E = {1, €3,...,€5,,., },i=1,2,...,k1=1,2,..., Z;"jll nj,

and for each ¢, the index is given by
‘ 2k —i+1+(1—-2)k if 1 even
1 =
i+({—-1k if 1 odd.
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From the above construction, we have the following facts:
Remark 2.2.1. 1. N ={N1,Na,...} is a defining sequence,

2. N, N; = C*k, and

3. each pointp = (p1,...,px) in C* corresponds to a sequence, say E = (e1,¢€2,..., 61,6, .

4. for each 1 < i < k, n'(p) = p; corresponds to a subsequence of E, say E;, where 7'
is the projection onto the it" coordinate of p. Indeed, we can find the subsequence

E; = (€)%, from the Table 2.1.

ith coor. of p | E; = (€i)72,
1 €1 €2k T €51-2k+1 €S,
2 €9 €k_1 *°° €51 —2k+2 €51—1
3 €3 €x—2 "' €5,-2k43 €52
k-1 €k—1 €k+2 0 €S1—k—1 ES1—k+2 *""
k € €kl €S-k ES1—k+1 "

TABLE 2.1: Subsequence of E; corresponding to i*" coordinate of p in I*

From Table 2.1, the subsequence E; can be written as: E; = (&;,)72, where the index
s given by
. 2k —i+1+(1—-2)k if | even
1 = .
i+({—-1)k if 1 odd

5. The number of stages strictly between the consecutive elements in each E; is even.

).



35
Next, we will show some examples to illustrate certain elements in some stages of

this construction.

EXAMPLE 2.2.2. Let k =2. Then

A} = {1 x I} (See Figure 2.1),

Al = {S[e1] x I} ( See Figure 2.2(a)),

Az = {Slea] x Slea]} (See Figure 2.2(b))),

A} = {S[e1] x Slez, €3]} (See Figure 2.2(c)),
AL = {Sle1, e4] x Slea, 3]} (See Figure 2.2(d)).

FIGURE 2.1: The element in A(l)

Also, if

p = (p1,p2) :mN(el,...,esj)
J

= N(61,62,...,€SJ,...)
= 5[61, €4, €5, .. ] X 5{62, €3, €6, . - .],
then
Ey = (e1, €4, €5,...) = (i1, 1,14, Ja, 15, J5, - - ),
Ey = (e2,€3,¢6,...) = (i2, j2,13, J3, %6, J6 - - -)
correspond to p1 and pa, respectively. Furthermore, assume there exists a positive integer
N so that: for all i > 0, ento; = (1,in+2i) and ent2ir1 = (2,N+2i+1), then the first
coordinates of the elements in each E; after the stage N must alternate between ones and

twos. This implies that p has no triadic rational coordinates. Similarly, if there exists a
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clements in A} (b) elements in A}

(a

s

(c

~

elements in A} (d) elements in A}

FIGURE 2.2: elements in A},i=1,2,3,4

positive integer N so that: for all i > 0, ento; = (jN+2i, 1) and ent2i41 = (JN+2i41,2), P

then has no triadic rational coordinates.

From Example 2.2.2, we can generalize this to any k > 1 so that the following

Theorem is true. See [Gar91] for more details.

Theorem 2.2.3. Let N = {N1,Na,...} be defined as above. Then N is a defining
sequence in I* so that the C* = NN is a Cantor set and if p = (52, N(e1,€2,...,€s,)
where S; = Zj‘:1 kn; and n; is even and if there is N so that: either for all i > 0,
en+2i = (1,7n+2i) and enyoit1 = (2, N42i+1), or for all i > 0, enyo2i = (Jn+2i, 1) and

EN+2i+1 = (JN+2i+1,2), then p has no triadic rational coordinates.
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Proof. Tt is obvious that N is a defining sequence and
0o
p= mN(€1,€2,--~,€Si)
i=1
is in C*. Since either the first or the second coordinates of the €, from the sequence of
p alternate between ones and twos past stage N and the number of stages between the
consecutive elements in each E; is even by the Remark 2.2.1(5), it follows that for each
1 <@ <k, the first or the second coordinates of the ¢;, also alternate between ones and
twos. This implies that each coordinate of p does not have a triadic expansion that is

eventually constant and hence p has no triadic rational coordinates. O
2.22 Construction of the generalized Cantor set: C*

Next we will use the idea of the previous section to construct a sequence {M;} in

Q = I® x Qq so that:

1. Each M, has 4% elements, where S; = Zj’:1(j + 1)n; and n; is even, and each
element of M; is of the form {0} x S[e1, €a,...,€g,] X Qi+3 where Ser, €a,...,€g5,] C

Iy x -+ X Iiyo;
2. 1M = {0} x C* is a Cantor set;
3. Every point p in C* is associated with a sequence (€1, €2, €3,...) ;

4. If there is some stage past which either the first coordinates of the €, alternate, or

the second coordinates of the ¢; alternate, then p has no triadic rational coordinates.

We start the construction viewing the copy of @ as B! x I} x I} x Q4, where for
each ¢, I = I;11. Let Mo = {{0} x I] x I}} x Q4 be the starting element of the sequence.
To find My, consider the set A} = {I] x I}}. The set A}, will be obtained from
A} by subdividing the first interval factor into 4 equal subintervals. The set A} will

be obtained from Al by subdividing the second interval factor into 4 equal subintervals.
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This process will continue until the last interval factor has been subdivided into 4 equal
subintervals. The process will then continue by subdividing the last interval factor again
and then working backwards towards the first factor. We can see that, after 4 times, we

have

M(el) = 5[61] X Ié S A%,
M(El,ég) = S[El] X 5[62] € A%,
M (e1, €2, €3) = Sle1] x S[ez, €3] € A,

M ey, €0, €3,€4) = Sler, 4] X S[ea, €3] € Al
The process will be repeated again until we have A% .- That is, we will repeat this process

b times. Thus, let

M= {{0} X M(61,62, .. .,egnl)} X Q4

where
2
M(ﬁlv .o '7651) - HS[(EZZ)]
i=1
where (¢;,) is a subsequence of E = {e1,€2,...,€5,},1=1,2,1=1,2,...,n1, and for each

1, the index from Table 2.2 is given by

20—+ 1 if | even
1 = .
20+i—1 if I odd

So, we can see that there are 451 elements in M.

For the element My of the sequence, we consider

2
Af = A%m X Ié = {HS[(EZz)] X Ié} )
i=1

where (¢;,) is the subsequence of E = {e1,€2,...,€5,},7=1,2,1=1,2,...,n1, and for
each 1,
20 —i+1 if [ even
i = .
20+1—1 if [ odd
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The set A7 will be obtained from A3 by subdividing the first interval factor into

4 equal subintervals. The set A3 will be obtained from A? by subdividing the second
interval factor into 4 equal subintervals. This process will continue until the last interval
factor has been subdivided into 4 equal subintervals. The process will then continue by
subdividing the last interval factor again and then working backwards towards the first

factor. So, after 6 times, we have

M@, es,41) = Sl(e1,), es,1] x Sl(e)] x I € A2,

M(El’ €S1+1; 651+2) = S[(Ell)v 6S1+1] X S[(EQZ)’ 651+2] X Iilﬁ S A%?

2
M (e, €S1+1,- - - 7651-!—3) = H S[(eil)7 651+i] X 8[651+3] S A%,
=1
2
M(E1 €511 €548, €5144) = | [ Sl(€ir)s €5144) X Sles, 3, €5,44] € A,
=1
M(El’ €S1+15- - 7651+5) = S[(Elz)’ 651+1] X S[(€2z)v €51+25 651+5] X S[GSI+37 651+4} € A%
2
M(Eh €S14+1 - - - 7€S1+6) = H S[(Gil)y €S1+i> 65’1+7—i] X 5[651+37 6514—4] € A%
=1

The process will be repeated again until we have A%m. That is, we will repeat this

process 5 times. Thus, let
Mo = {{0} x M(e1,...,€5,,...,€5,)} X Qs.
Then Ms has 42 elements and each element is of the form
3
{0} x Mer,.. . es,) x Qs = {0} x [T S [0, | x @5
i=1

where (€;,) is the subsequence of E = {e,€2,...,€5,}, 1 =1,2,3, 1 = 1,2,...,2:2 1 i,

1=

and assume that n_; = 0 = ng and Sy = 0.
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If I =1,...,nq, then the index for i = 1,2

20—+ 1 if | even
1 =
20 4+1 — 2 if [ odd

and if [ =n; 4+ 1,...,n1 + ng, then the indice for : =1,2,3

. Si+(l—n1)3—i+1 if I even
1] =
Sl+i+3(l—n1—1) if I odd

So, we can see that there are 452 elements in M.

Using induction and the same process above to obtain the following Remark 2.2.4.
Remark 2.2.4. From this construction, we see that:
1. M ={My, Ms,...} is a defining sequence.
2. (), Mi={0} x C*

3. Each point p = {0} x p' where p = (p1,p2,...,Dk,-..) in {0} x C™ corresponds to
a sequence, say E = (e1,€a,...,€_1,¢€;,...). Furthermore, for each i > 1 7' (p') = p;
corresponds to a subsequence of E, say E; Indeed, we can find the subsequence E; =
(Eiz)f;ni,g from the following table. From the table, we can write the subsequence E;
into the general form: E; = (€;,)iS,, , where for all j € NU{0}, for nj <1< mnj
with n_1 = 0 = ng, Sy = 0, the indice

_ Si+(+2)(I—ng)—i+1 if 1 even
1] = .

Si+i+(+2)(l—n;—1) if 1 odd
4. The number of stages between the consecutive elements in each E; is even. This

guarantees that if there exists an N so that: either for all v > 0, enyor = (1, jn+2r)

and enyory1 = (2,iN42r11), or for all 7 > 0, enq2r = (JNy2r, 1) and enyorq1 =
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ithco. of p' | E; = (ﬁil)?;ni,g

1 €1 €4 ... €5, €5,+1 €5,46 *°° €Sy—5 €9,
2 €2 €3 ... €51 €542 €545 " €5, 4 €551
3 €S1+3 €S1+4 ‘' €S,-3 €S,-2

TABLE 2.2: Subsequence of E; corresponding to it" coordinate of p in Q

(JN+2r+1,2), then for each i > 1 either the first coordinates of the €;, in E; must
alternate, or the second coordinates of the €;, in E; must alternate. This again

implies that p has no triadic rational coordinates. So, one has the following Theorem.

Theorem 2.2.5. Let M = {My, My,...} be defined as above. Then M is a defining
sequence in Q so that the (\M = {0} x C* is a Cantor set and if p = {0} x p’ where
P =N M(er,€2,...,€s,), Si = Z;Zl(j—kl)nj, and nj is even and if there exists an N so

that: either for all i > 0, eny2; = (1, jn+2:i) and ent2i+1 = (2, jN42i+1), or for all i > 0,

en+2i = (N+2i, 1) and enyoiv1 = (JN+2i+1,2), then p' has no triadic rational coordinates.

Proof. The point p is obviously in {0} x C*°. By assumption and by the Remark 2.2.4(4),
one can show that none of the coordinates of p’ have a triadic expansion that is eventually

constant. Thus, this implies that p’ has no triadic rational coordinates. O

Remark 2.2.6. This result is new and generalizes a previous result about Cantor sets in

I% to Cantor sets in Q.
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2.3 Cantor set on the top ([2,3] x Q2 C Q)

Before proceeding with the construction in this section, we need some additional
results about geometric centrality that can be obtained by using a method known as
ramification. This is described below.

Let A = B2 x X1 x X3 X --- X, where X; = [ or S'. Let C = {C1,C5...,Ck},
where each C; = B2 x Y] x Ya x ---Y, with Y; = I or S', be a finite collection of disjoint
subsets of A such that C' is geometrically central in A. For each 4, in order to ramify
C; = B> xY; xYy x ---Y,, we take a finite number of subdiscs Dy, Do, ..., D, on B2
Then each ramified copy D; xY; x Yo x---Y,, of Cj is called a parallel interior manifold,
see [DG82]. We will use the following lemma about parallel interior manifolds in many

places.

Lemma 2.3.1. [DG82] Let M = B? x N be an m—manifold. Let Dy,Ds,..., D, be
disjoint subdiscs in B%. Then each parallel manifold D; x N of M is geometrically central
m M.

We will modify the construction below of the Cantor set by ramifying the manifolds
in the defining sequence and modifying the choice of factors so as to get a different and
more useful way of determining when p € C*° has no triadic rational coordinates. This
will be needed in the next Chapter.

We will construct a Cantor set in [2, 3] x Q2 C @ by constructing a defining sequence,
T ={T1,T2,...} in [2,3] x Q2 C @, in such a way that

T, T2 C [2,3] x I? x Q4
T3, T2, Ts C [2,3] x I? x Qs

and in general for k > 2,
T@H C [2,3] X I* X Qpio

fori =0,...,k— 1 and so that [ 7; is a Cantor set.
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2.31 Zero and First Stages of Construction: £ =2

To: Let To = Wh x Q4 where
W(): {W0:B2 XIQ}

and B2 C [2,3] x I3 C I} x Is.

71 : By Lemma 1.5.7, there is a geometrically central family

Wll - {Wl,WQ,...,Win},

and W; = B? x X; with X; 2 I or S!, are disjoint subsets of Wy such that the diameter
of W in I? is less than % for every i =1,...,2™ with 2"t > 4,
Let Wi = Wit and ramify each component of Wy 2™ times and denote each ramified

element by T'(e1) where ¢; = (011, 012) with
o1 = (il,ig, .. .,inl) ;1 € {1, 2} .

Then let
7-1 == Wl X Q47

where W' = {T'(¢1)} . Figure 2.3 demonstrates the zero stage and the first stage of con-

struction in [2, 3] x I? in the case of 2 times ramification of a B? x I.

s

FIGURE 2.3: Ramified copies of component of W on B? x I

B2x |

We observe the following Remark [Gar91] on the first construction:
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Remark 2.3.2. If f : H — T = B? x I is any virtually I—essential map of a disc
with holes H, then there exists an oy so that f is virtually I—essential with respect to all
T((0}y,012)). Moreover, if f : H — T is any virtually I—essential map of a disc with holes
H and the choice of o}y is fized, then there exists a map g : H — T'so that g‘aH = f’aH

and g(H)NT((o11,012)) # 0 if and only if 011 = 1.
For 75, consider T'(e1) € W!. By Lemma 1.5.7 there is a geometrically central family
Wai = { Wi, Wai, ..., Wony, |

where W;; = B? x X, with X; 2 I or S', are disjoint subsets of W; such that the diameter
of Wj; is less than 55 in [2,3] x 1% for every j = 1,...,2"2 with 2"2 > 4. Let Wy = UW;.
Let us ramify each element in W 2™ times and denote each ramified element by

T(e1,€3) Thus, To = W? x Qs, where W? = {T'(e1, €2)} and € = (071, 012) with

o = (il,iQ,...,inQ); l=1,2;44,1 € {1,2};2': 1,2.
2.32 kP Stage of Construction :k > 3

For k > 3, we use induction to describe T(x—1)w) " fort =0,...,k — 1 as follows.
2

Let p = M Assume that we have
Toe1 = WP X Qry1 = {T(e1, .. 6p-1) X Qr1} C [2,3] x IF 1 X Qi
so that:
L T(ery. o yep-1) =B x X1 x Xg x -+ x Xg_o; X; 21, or X; 28!
2. The diameter of T'(eq, ..., €p—1) is less than QP% in [2,3] x I¥1,
We will define 7,4; for i =0,...,k — 1 as follows: For ¢ =0, let

A:T(fl,...,ﬁp_l):BQXXlXXQX"'XXk_QGWp_l,
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where X; 2 S! or I and the diameter of A; is less than 2,)%1 in [2,3] x I*~1. Consider

BIZAiXIk+1:{BQ XXl} XCl

where C] = X3 X -+ X Xg_9 X I+1. Then by Lemma 1.5.7, there is a finite geometrically
central family

Wipt1)i = {W1i, Wai, ..., Wanp; }

in B2 x X; so that each Wj; in W(p+1)i is B? x X1 with X717 = S or I and the diameter

of Wj; is less than 2% in [2,3] x I¥ for all j = 1,...,2™ with 2" > 4. Now let
Wy, = U(W(p+1)i x C1).

Ramify each element in W, 2" times and denote each ramified element by T'(eq,. .., €p).

Therefore, let 7, = WP X Q42 where
WP ={T(e1,€2,...,€6p)},
for each ¢ = (071, 072) with
o = (i1,42, ... in,) L=1,...,pyim,i € {1,2}.
Assume that for i = ig, we have T}, ;, = WPHio x Qo such that
1L WPt = {T(e1,...,eptiy)}
2. T=T(e1,...,6p1iy) = {B? x X;51} x Cj, where
Cio = X11 % -+ X X(jg—1)1 X Xig1 X =+ X Xp_o X Iy € WP,
with X; = S! or I and the diameter of T is less than 2,)%10 in [2,3] x I*.

To define Tp4ip+1, let A; =T € Tpyiy. Then T' = {B2 X Xi0+1} x Ciy+1, where

Cio—i-l =Xq1 X+ X X(io)l X Xio+2 X oo X Xk,Q X IkJrl,
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satisfies the condition (2) above. Then by Lemma 1.5.7, there is a finite geometrically

central family
Wip+io+1)i = {Wh Wa, ..., W2"P+io+1}
in 7" so that each W is B? x X(ig+1)1 with X; & S1 or I and the diameter of W; is less

than QPTl()H in [2,3] x I* for all j = 1,...,2"%+io+1 with 2"%+io+1, Now let

Wptig+1 = U (Wiptio+1)i) X Cigt1-

Ramify each element in W, 11 2"7+%+! times and denote each ramify element by

T(€17 RS €p+i0+1)‘

Therefore, let Tpiig+1 = WPTOH x Qp 4o where
Hio+l _
WPTHTE = {T(flaﬁ%- "?6P+io+1)}7
for each € = (071, 072) with

- (il,z‘Q,...,z’nWO“) I=1,...,p+io+ Liim,ic {1,2}.
This completes the inductive description of 7,4; for i =0,1,...,k — 1 at stage k.
Remark 2.3.3. From the construction, ny,npy1,...,npyrr—1 can be chosen to be equal.

Lemma 2.3.4. If f: H — T =T(e1,...,€,) is any virtually I—essential map of a disc
with holes H, then there exists an aEn +1y1 S0 that f is virtually I—essential with respect
to all L(ey,. .., €1, (02n+1)1’ O(nt1)2))- Moreover, if f : H — T is any virtually I—essential

map of a disc with holes H and the choice of o 1 18 fived, then there exists a map

En—i—l)
g : H— T so that g‘aH = f‘aH and g(H) NT(e1, ..., €n, (Otni1)1,0my1)2)) 7 0 if and

only if o(ni1y1 = Jénﬂ)l.

Proof. The proof can be found in [Gar91], [Dav07],|GD8&3]. O
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2.33 Construction of the Cantor set

Let us recall some definitions and theorems concerning about the Cantor set.

Definition 2.3.5. A space X is totally disconnected if the only nonempty connected

subsets of X are the one-point sets.

Definition 2.3.6. A set A in a space X is perfect in X if A is closed and dense in itself;

i.e., each point of A is a limit point of A.
From these definitions, we have the following Theorem.

Theorem 2.3.7. [Wil70] A compact set X is homeomorphic to the standard Cantor set

C if and only if X is totally disconnected and perfect.
From the construction above, we have the following theorem.

Theorem 2.3.8. Let T = {71, 75, T3, ...} be a sequence in Q such that T, = WF X Qr3
where WF = {T(e1,...,€)} defined as above. Then C =\ (UT:) is a Cantor set in Q.

Proof. Since the intersection is of closed and compact sets with the non-empty finite
intersection property, the intersection itself is compact and since the size of the components
is going to zero, this implies the total disconnectedness of the intersection. Also, since
each component at stage ¢ has more than 2 components at stage ¢ 4+ 1, this implies that
every point in C' is a limit point. Hence C' is perfect. Thus, by Theorem 2.3.7 C' is a

Cantor set in @), completing the proof. O

2.4 Cantor set on bottom ([—3,—2] x Q2 C Q)

By reflecting the construction of the defining sequence 7 = {71, Tz, ...} about {0} x

@2, we have a defining sequence D = {D1, D3, D3, ...} which each D; is a homeomorphic
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copy of T; contained in [—3,—2] x Q2 C @ so that D = (| Dy is a Cantor set, where

D; = {D(e1, €2, -, €k)} X Q42 Where € = (071, 072) with

Oli = (i17i27"'7im); l= 1,,Z7Zm,l € {172}
2.5 Modification of the Construction of the Cantor set in the Middle

We will modify the construction of the defining sequence in the middle so that each
element in the new defining sequence is matched with an element on the top and an
element on the bottom. To do this, we will find a sequence B = {B1, B2, ...} in such a
way that

Bi,By C {0} x I? x Qq4
B3, By, Bs € {0} x I? x Qs

and for k > 2,
B@H C {0} x I* X Qpus

fori=0,...,k—1and N (UB;) is a Cantor set.

2.51 Zero and First stage of Construction: £ =2

We start the construction viewing the copy of Q as B x I} x I x Q4, where for
each i, I = I;11. Let By = {{0} x I] x I3} x Q4 be the starting element of the sequence.
To define By, consider the set B® = {I] x I} . The set B* will be obtained from B°
by subdividing the first interval factor into 22"! equal subintervals. Denote each element

in B! by M(e1) where ¢; = (011, 012) with
01; = (il,ig... ,inl); il,i S {1,2}.

Thus, B; = B! x Q4
To define Bo, the set B? will be obtained from B! by subdividing the second interval

factor into 2272 equal subintervals. Denote each element in B? by B(ey,e2) where ¢ =
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(011, 012) with

O'Zi:(il,’ig...77;nl); l:l,Q,Zl,ZE{]-;Q}
Thus, By = B? x Q4

Remark 2.5.1. ny can be chosen to be equal ny so that I}, I, will be subdivided into same

number of subintervals.

2.52 k*h Stage of Construction :k > 3

For k > 3, we use induction to describe B -1 i fori =0,...,k — 1 as follows.
2

Let p = W Assume that we have
By 1 =Bt X Qpi1 = {Bler,.. . ep-1) X Quy1y C {0} x I 1 x Qpia
where ¢, = (071, 072) with
o = (l1,12...,0y,); 1€{1,2},i, €{1,2},r=1,...,m.

We will define B, for i =0,...,k—1 as follows: For i = 0, let BP~! = {B(ey,...,€p-1)} -
Then the set BP will be obtained from BP~! by subdividing the first interval factor into
22"r equal subintervals. Denote each element in B! by B(ey, €2, . .., €,) where ¢, = (071, 012)
with
o = (i1,12...,0n,); 1€{1,2},i, €{1,2},r=1,...,m.

Thus, B, = BP x Qgi2. Assume that for i = ig, we have Ty, = BPT x Qpio where
BP0 = {B(ey,...,€ptiy)} - To define Tpyio+1, let the set BP0t will be obtained from
BPtio by subdividing the ig + 1th interval factor into 22"»+io+1 equal subintervals. Denote

each element in BP0+ by B(ey, e, ..., €ptip+1) Where € = (01, 0p2) with
o = (i1, in); i€ {12} i €{1,2},r=1,...,m.

_ jo-+1
Thus, Bpiigr1 = BPTOH x Qpa.

This completes the inductive description of 7,4, for ¢ = 0,1,...,k — 1 at the stage
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Remark 2.5.2. each n; can be chosen so that after this stage all factors 11,15, ..., I},

have same number of subintervals.

Using the induction and the same process above to obtain the following Remark

2.5.3.

Remark 2.5.3. From this construction,first let Let 1 and 2 represent the collections of all

finite sequences of the form (1,1,...,1) and (2,2,...,2), respectively. Then we see that:
1. B={By,Bs,...} is a defining sequence.
2. ﬂz BZ = {0} x O

3. Each point p = {0} x p' where p’ = (p1,p2, ..., Dk, ---) in {0} x C* corresponds to a
sequence, £ = (€1,€a,...,6,_1,€,...). Furthermore, if there is some stage N so that
fori > n either all the first components or all the second components of e; = (041, 0i2)

are not in 1U 2, then p € {0} x C* has no triadic rational coordinates.

Theorem 2.5.4. Let B = {B1,B,,B8s,...} be defined as above. Then B is a defining
sequence in @Q so that the (1B = {0} x C* is a Cantor set and if p = {0} x p' where
P =N, Bler, €, ...,€), and if there exists an N so that for all i > N, either all the first
components or all the second components of €; are not in 1 U2, then p € {0} x C* has

no triadic rational coordinates in C°.

Proof. The point p is obviously in {0} x C*°. By assumption and by Remark 2.5.3(3),
one can show that none of the coordinates of p’ has a triadic expansion that is eventually

constant. Thus, this implies that p’ has no triadic rational coordinates. O
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3. A DECOMPOSITION WITH NONMANIFOLD PART A
CANTOR SET

3.1 Introduction

The aim of this chapter is to construct a decomposition H of () which satisfies the

following properties:

e (P1) For each nondegenerate element h of H,

h N {0} X QQ
is a single point in {0} x C*°.

e (P2) Let f; and fo be maps from B? into Q/H and let A be any dense subset of

C®. Then f; and fy are approximable by maps g7 and g9 satisfying:
() 91(B?) N g2(B?) C 7 (A), and
(ii) if p = {0} x p’ is a point of {0} x C* with 7y(p) € (g1(B?) \ g2(B?)) U
(g2(B?) \ g1(B?)), then p’ has no triadic rational coordinates.
e (P3) Q/H has nonmanifold part equal to 7 ({0} x C*°) = {0} x C*°.
3.11 Preview of Our Plan for Constructing the Decomposition H of Q)
Recall from the previous Chapter,
T=1{T0:T1,T2s---, },
D ={Dy,D1,Ds,...},
B ={By,B1,Bs,...}

are defining sequences in [2, 3] x Q2, {0} X Q2, and [—3, —2] x Q2, respectively. To produce

the decomposition H, we will construct a defining sequence £ = {L1,Ls,...,} so that
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each component of £; consists of a single component of [—%, %] x B e [—%, %] x B;, a
component of 7;, a component of D;, together with tubes (regular neighborhoods of arcs)
joining the top of [—5;,5;] X B, {3} x B, and the bottom of [—5;, 5] x B, {—5;} x B

to these components.

3.2 A Defining Sequence associated with the Decomposition H

To construct the defining sequence
L={Ly,L1,L,L3,...}

of @), we will modify the defining sequences T, 5, D constructed in the previous Chapter
and we describe the construction inductively.

We start the construction viewing Q = I x Q4 where I; = [-3,3]. We write
I* =1, x Iy x --- x I, and B? = I; x I3. Similarly, we write B"~! as an embedded copy
of Iy x -+ x I,,. An n—tube is a homeomorphic copy of B"~! x [0,1].

Let
T=A{T0,T1,T2,-.., },

D = {Dy, Dy, Ds,...},
B = {By,By,Bs,...}

be defining sequences from the previous Chapter so that the diameter of [—%, 2%] X

B 42)+1) 18 less than % in 17%2 for j > 1.
2
3.21 Stage Zero of Construction

Stage 0 : Ly has a single element Lo x Q4 where Lo consists of [—1,1] x By and
3-tubes joining the top of [—1,1] x By to Ty = D1 x Iz and the bottom of [—1,1] X By to

Dy = Dy x I where Dy C [2,3] x Iz and Dy C [—3, —2] x I5. This joining is done in such
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a way that
LOXQ4Q<[—1,1] XI2><Q4> :[—1,1] X By X Q4.

Figure 3.1 shows this stage of the construction in I3.

Dixl, —

Dox| — |
22

FIGURE 3.1: Stage Zero of construction

Let D} and D), be slightly bigger discs in I x I3 containing D; and Ds, respectively,
as shown in Figure 3.1. Let [ = 9(D] x {pt}) and lo = 9(D} x {pt}) be loops and let

€ > 0 be such that
p(ll,(?(Dl X IQ)) >¢ and p(lg,@(DQ X IQ)) > €.

We can assume that [; x {0} and Iy x {0} in I® x Q4 are loops in @ such that for any
contraction fi of [ and f5 of l9, in general position respect to the boundary component of

Ly, there exist discs with holes Ky and K> so that f; K« is virtually I—essential in Dy X Iy
1

and fo p is virtually I —essential in Dy x I, and so that for any maps g1, ¢2 : B> = Q in
2

general position with respect to £y and

p(l1,91(0B%) < = and  p(ly, g2(0B?)) <

i

N
N

there are discs with holes H; and Hs such that g; " is virtually I—essential in D; x I
1

and g " is I—essential in D9y X I5. This follows from the geometric centrality argument
2

earlier.
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3.22 First Stage of Construction

Stage 1 : Inside Lo, join the top of [—%,1] x B(e1) to T(e;) and the bottom of
[—%, %] x B(e1) to D(61) with 3—tubes where d,, = (op2,0n1) if €, = (0p1,0n2) - These
tubes should run straight through the tube joining Ty and Dg from the previous stage.

Let L(e1) be the resulting element. The joining should be done in such a way that

1

Lier) x Qun [—5,%] X 12 Q) = [

11

—5, §:| X B(El) X Q4.

Then
£1 = {L(Gl)} X Q4.

Figure 3.2 demonstrates a representation of the construction with 4 components in L.
The four components in the cylinder at the top come from 77, The four components in
the cylinder at the bottom come from Di, and the four components in the middle come

from B;. The arrows indicate how some of the components are connected by tubes.

FIGURE 3.2: First Stage of construction £ with 4 components

We may observe the following facts about the first two constructions.

1. For every x € @, there is a 3—cell B3 in I3 such that

St(l‘,[,l) C B? x Q4 C Ly.
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For each element L of £;, i = 0,1, we can get a ZAJ%I—rnap from L to a 1—complex.

For any x € 9Ly with x not in [—%, %] X Q2, v is not in L; for every L; in L;.
For every contraction fi and fy of any loops within € of the loops I; and Is, respec-
tively, there is a component T'(e1, €2) of W? and D(ey, €2) of D? and discs D} and D

with holes such that f; ‘D’l is virtually I—essential on T'(eq, €2) and fo| D} is virtually

I—essential on D(eq, €2).

For the higher dimensional construction, assume that £,._1,7 > 1 has been constructed.

We need the following inductive hypotheses to be true for j =7 — 1 in I¥ x Qpy1,k > 3

as in [DG82].
IH1 For each element L of £; there is jﬁ—map from L to a 1-complex.
IH2 The diameter of each [—%, 2%] X B(er,€2,...,€) X Q3 < %

IH3

IH4

If x is a point in Q) in 0L, for some L in £;_; and not in [—23-%1, 2]%1] X g, then

x is not in L; for every L; in L;.

Let § > 0. For any contraction f; and fo of any loops within & of loops I; and

ly into I*, there is an element B = [—%, 2%] X B(e1,é€,...,€;) and a component
T =T(er1,€2,...,€¢) of Tj and a component D = D(ey, €2, ...,¢;) of D;j and discs D
and Dy with holes such that B is connected to T" and fi|p, is virtually I-essential

into T' and B is connected to D and fa|p, is virtually I-essential into D.

Next we will construct the rt" state of construction.

3.23

rth Stage of Construction

Stage r—1 : In addition to the inductive hypotheses on the previous page, inductively

assume:
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(i) Each component L = L(e1,€2,...,6-1) X Qpr—1)43 of Lr—1 is a manifold so that
L(ey, €2, ...,€—1)1is composed of the B = [_27%1’ 2’%1] x B(€1,€,...,€6-1), together
with the tubes joining the top of B to T'(e1,e€2,...,€6.—1) and the bottom of M to
D(61,02,...,0,—1) where 6, = (on2,0n1) if €, = (On1,0n2).
(i)

1 1 1 1
LN |:_2r1’ 27‘1:| XITXQm(T,1)+3 = |:_2r1’ T1:| XB(61,527 .- ‘75r—1)XQm(r71)+3'

Consider a component L of £,._1. Suppose

L= L(€17627 R 767‘—1) X QT’-{-Q)‘

Then by (i), L(e1, €2, ..., €—1) consists of B = [—2%1, 2%1] x B(e€1,€9,...,€6-1), together
with the tubes joining B to T'(ey, €2, ..., €.—1) and the bottom of B to D(d1,02,...,d0—1).

Let L(ey,€,...,€-—1,€) be the element obtained by joining

b= [QT 2

1 1
:| X B(€1562, . '767“*1561”)7

together with tubes joining the top of B; to

T(Ela €2, ..., €61, 67‘)

and the bottom of M; to

D(81, 82, 5r-1,6,)

where d,, = (op2,0n1) if €, = (0n1,0n2). The joining should be done in such a way that
condition (77) of the inductive hypothesis and IH4 are satisfied.

This completes the construction.

Remark 3.2.1. Note that by the inductive construction, for each L; € L;, there exists
Pre(L;) € L;—1 such that L; C Pre(L;) and the inclusion map L; — Pre(L;) is null
homotopic. This implies that each element of the decomposition H associated with the

defining sequence L is cell-like.
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Theorem 3.2.2. Let L = {La,L5,Ly,...} be defined as above and satisfy all the con-
ditions IH 1 through IH4. Then L is a defining sequence. Let H be the decomposition
associated with L. Then H is an upper semicontinuous decomposition of Q), and for each

nondegenerate element h of H, hN {0} x Q2 is a single point in {0} x C*°.

Proof. From the construction, we clearly see that £ is a defining sequence, and hence
by Theorem 1.3.21 the decomposition H is upper semicontinuous. Also the induction
hypothesis IH2 implies that for each nondegenerate h € H, h N {0} x Q2 is contained in
{0} x C. O

Theorem 3.2.3. Let H be the decomposition associated with L = {Lq, L5, Log,...} in

Theorem 3.2.2. Then H satisfies the following properties:

(1) If h is a non-degenerate decomposition element on H, and U is any open set in Q

containing h, then there is a n—ball B™ such that h C B" x Qny1 C U.
(2) Each non-degenerate element of H has dimension one.

(3) Let 7y : Q@ — Q/H be the quotient map. Let L be any element of L, for some .

Then my is one to one on the boundary of L.
(4) The set {0} x Q2 is mapped homeomorphically by the quotient map 7y
(5) Every element of H is cellular.

Proof. For (1), this is true by the Tube Lemma from section 1, 1.3.2.
For (2), the connectedness of each non-generate element h of the decomposition H

implies that the dimension of h is > 1. Since by the condition IH1 for every L of L, there

isa %—map from L to a 1 complex, by a result from dimension theory ([HW48], page 73)
the dimension of h is < 1. Hence, each non-degenerate element of H has dimension one.

Condition (3) follows from Lemma 1.3.11.
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For (4), it suffices to show that 7y is one-to-one on {0} x Q2. Let p = {0} x p1,q =

{0} x ¢1 € {0} x Q2 be such that 7y (p) = 7y (q). Then there is h € H so that p,q € h.
Thus, p € NSt?(q, L;) and q € (52, St*(p, L;). Since elements P,Q in L; are pairwise
disjoint, it follows that p,q € N2, St(p, L;). If there is index i so that p ¢ L for all L € L;,
then p = ¢ since the map my is one-to-one on the complement of the elements of L;.
Suppose that for each i there is L; € L£; such that p € L;. Then ¢ € L; for all i. Since

p,q € {0} X Q2, this forces p,q € [—%, 2%] x B(er, ..., 6(¢)(¢+1)71) for all 4. Since the limit
2

_1 1
219 9t

of diameter of each [ ] x B(eq,. .. ,ew_l) is zero by TH2, this implies that p = ¢
and hence 7y is one-to-one on {0} x Q2.

For (5),(argument modified from [Ghi07]) let h be a nondegenerate decomposition
element of H. We consider two cases.

Case 1 : If h does not intersect any face of the Hilbert cube @, then h C s, where
s is the pseudo interior of ). By Lemma 1.3.25, h is a Z—set and so by Lemma 1.3.30, A
is cellular.

Case 2 : Assume that h intersects the pseudo boundary of Q). To show that h is
cellular, it suffices to show that @ — h is S'—trivial at co. Let U be a neighborhood of
hand let U =V and f: S' — V — h. Since h is compact and f(S') N h = 0, there is a
distance € > 0 between f(S') and h. By the tube lemma, there is an integer n > 0 such
that

hCB"XQny1 CU and f(S') CU —B" x Qpy1.

Let F' be any contraction of f in general position with respect to the boundary of I™. Since
h intersects the pseudo boundary of @, this implies that B™ intersects 01" in a finite
number of disjoint components. Removing these components from 9I" = S~ 1. n > 4

leaves a simply connected component. Let us write the map F' as (F,, Fg, ) where

F,:B%? — B" and Fg, , : B2 — Q1. Consider F,, '(0B™). Notice that F,,;'(0B") is a
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collection of a finite number of closed curves. That is,
F7Y0B™) = {J; | J; is a closed curve in B2, i=1,...,r}

Let J € F;71(0B"). Let H; be a disc in B? with boundary J. Then we can extend
the map F,|; to a map F}|g, on B". Taking the innermost components of F,,!(9B")
one at a time, we can adjust the map Fj, to a map G, on dB". In this manner we can
extend the map f to the map G from B? to U — h. This shows that Q — h is S'—trivial

at oo. Then by Lemma 1.3.30, h is cellular in Q. 0

Lemma 3.2.4. Let L = BUTUD together with the tubes joining these be a fized element in
L, for some r. Then for any virtually I—essential maps fi : D1 — T and fo : Dy — D,
there is an & > 0 so that if fi, f5 are maps within 6 of fi and fa respectively and in general
position with respect to L1, then there is a component L D L' = B'UT' U D’ together
with the tubes joining these and discs with holes D} C Dy, Dy C Dy such that f{ and f}

are virtually I—essential into T" and D’ respectively.

Proof. This desired result follows inductively by the condition IH4. For more details, see

[Gar91]. O

Corollary 3.2.5. Let f and g be maps from B? to [2,3] x Q2 and B? to [-3,—2] x Qo,
respectively, with f(0B?) = I; and g(0B?) = ly and € > 0. If f' and g are such that
f'(0B?) and g'(0B?) are € approzimations to f(0B?) and g(0B?), then both f'(0B?) and

g (0B?) intersect a common element h of H.
Proof. This follows from Lemma 3.2.4. 0

Lemma 3.2.6. (argument modified from [Gar91]) Let H be as in Theorem 3.2.2, and let
A be a dense subset of {0} x C*°. Let L be a fixred component of some L. Let f and g be

maps from B? into Q, in general position with respect to Ly, transverse to {0} x Qa, with
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(f(B%)Ug(B?))N{0} x Q2) contained in the complement of L. Then there exist maps f'
and ¢' from B? into Q with
Fleagwy = fleg-ran 9l = 961w
and satisfying the following conditions:
(i) If h € H,h C L and both ¢'(B?) and f'(B?) intersect h, then h N {0} x C*® € A.

(is) If h € H,h C L and ¢ (B?) intersects h and f'(B?) does not intersect h, then

hn {0} x C* has no triadic rational coordinates in C'°.

(iii) If h € H,h C L and f'(B?) intersects h and g'(B?) does not intersect h, then

h {0} x C* has no triadic rational coordinates in C*°.

Proof. The result will be obtained by successively pushing f and g off certain components
of £; for ¢ > k. Note that in higher dimension, if maps f and g intersect an element L € L;
where L consists of B joining T  at the top and joining D at the bottom with regular tubes
G1 and G99, then the intersection of f with L and the intersection of g with L can be
adjusted so as to miss the tubes G; and Gbs.

Let L = L(ey,€9,...,€;) be as in the construction above. The maps f' and ¢’ will
be inductively constructed.

If both f(B?) and g(B?) intersect L, replace f and g by maps f; and g; so that

Nlp2\(p—1y) = fle2\ -1y and g1lp2\g-1(1)) = 9lB2\(9-1 (1))
and so that fi(B%)N L is contained in

(*) UT(el, vy €k (J(lk+1)1, G(k+1)2>) U (UD((SL cee 751:7 (U(lk+1)170(k+1)2)))

and that g;(B?) N M is contained in

(xx) U T(el, ey €k (‘7(2k+1)17 U(k+1)2)) U (U D(51, ey Op, (U(ZkJrl)l, a(kH)Q)))
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where o7} ), = (M, 725 Ty ) € 1U2 for m, 7y € {1,2}.
(i) If both f1(B?) and g1(B?) intersect an element N of Ly, contained in L, with
N = L(e1,€9,...,€x11), let T1 = T(e1,€9,...,€k41), and Dy = D(01,0d2,...,0k+1). By (¥)
and (**), it then follows that either fi(B?) N N is contained in Ty and g;(B?) N N is
contained in D1, or fl(BQ) N N is contained in D and gl(B2) N N is contained in T7. At
this point fix an element h € H contained in N with h N {0} x C*> C A.
For each such N, maps f; and g;, i > 2, can be defined inductively so that at stage
j, the only element of Ly ; contained in N that both f;(B?) and g;(B?) intersect is the

element containing h, so that

Filbo\t eig o) = Fi=tl By Ot -0)

and so that

gj’Bz\(gjfl(Uﬁkﬂ—l)) - gj_l’BQ\(g{fl(Uﬁkal))'
The fact that the diameters of the components of 7; and D; go to zero allows one to define
1" and gN as the limits of the maps f; and g; respectively. The maps thus obtained satisfy
condition (i).

(ii) If at some stage j >k, f  (B?) intersects an element N of Lj, and g does not,
then a map f’ will be inductively constructed so that f’ and ¢” satisfy both conditions
(i) and (ii).

Case 1: If f"(B?) intersects the element N of £; both in I = [0,3] x I"~! and in
I" = [-3,0] x I for all n, fix an element h of H so that h € N and so that AN {0} x C>
has no triadic rational coordinates in C°°. The map f will be replaced by f’ so that if
f'(B?) intersects any element of H contained in N both in I7 and in I" for all n, then

this element must be in H(f”). As a first approximation, define f; so that

Alpag-1vy = £ a1
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and so that f1(B?) N N is contained in

(U T(ﬁl, < €5 (U(j+l)17 U(j—i—l)?)) U(U D<517 SRR 6]7 (O—EjJrl)l’ U(j—i—l)?)))

Here o(;,1); and 02 are chosen to correspond to the element of £;,1 that contains h.

§H+1)1
It then follows that the element of £; 1 contained in N that f; intersects both in I! and
in I" for all n, is the element containing h € H(f").

We can now continue inductively, defining maps f;, ¢ > 2, so that at stage p, the

element of £;, contained in N that f,(B?) intersects both in I} and in I™ for all n, is

the element containing h € H(f"), and so that

Folpov(rot ey 1) = Fo-tleoy o g )

The map f’ will be defined as the limit of the maps f;.

Case 2: Suppose f (B?) intersects the element N of Lj only in I7 or in I™ for some
n. For each such N, maps f;, i > 2, can be defined inductively so that if f;(B?) intersects
an element L(ey,e€,...,€j44) of L;4; contained in N, then the first components or the
second components of €;; = (0(;j42p)1, T(j+2p)1) are not in 1U2. Moreover, we can require
that

Bl g = FtlBovg o)y

The fact that the diameters of the components of 7; and D; is going to zero allows one
to define f as the limits of the maps f;. Theorem 2.5.4 implies that if f’ intersects an
element h of H, then h N {0} x C*° has no triadic rational coordinates in C'°.

(iii) A map ¢’ can be constructed just as f’ was constructed above, so that f’ and

¢’ satisfy conditions (i), (ii), and (iii). This completes the proof. O

Theorem 3.2.7. The decomposition H described above is a cell-like decomposition of Q

satisfying four properties, (P1), (P2), and (P3) listed as follows:
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e (P1) For each nondegenerate element h of H,
h N {0} X QQ
is a single point in {0} x C*°

e (P2) Let f1 and fo be maps from B? into Q/H and let A be any dense subset of

C™. Then f1 and fo are approximable by maps g1 and g2 satisfying:
(i) 91(B*) N g2(B?) C mu(A), and

(i) if p= {0} x p’ is a point of {0} x C°° with
mi(p) € (91(B%) \ g2(B)) U (92(B%) \ 91(B?)),
then p’ has no triadic rational coordinates.
e (P3) Q/H has nonmanifold part equal to m ({0} x C*) = {0} x C*°.
Proof. Let h be a nondegenerate element of H. Then by Lemma 3.2.2
hN {0} x Q2

is a single point in {0} x C*°. So (P1) is satisfied.
For (P2), let f; and f> be maps from B? into Q/H and let A be any dense subset
of {0} x C*. Then by approximate lifting there are lifts f* and ¢" from B? to Q so that

the following are satisfied:
(1) f" (B ng"(B?) =0;
(2) f" and ¢" are transverse with respect to {0} x Qa;
(3) f'(B%) N {0} x C= =0 = ¢"(B%) N {0} x C>;

(4> p(ﬂ-H Ofuafl) < % and p(T['H Og//7f2) < %
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Then by (2), there is a stage £,, in the defining sequence for H so that (f" (B?)Ug" (B%))N
{0} x Q2 is contained in the complement of £,, and so that the diameter of wy (L) is less
than £ for all L € £;,. A further general position adjustment puts f" and ¢" in general
position with respect to all elements of £,,. By Lemma 3.2.6 we can find maps f" and ¢
so that my o f/ and mg o ¢’ are the desired approximations.
Finally, let p be any point of g ({0} xC*°) and U be an € neighborhood of p. By (P1),
it is clear that the image of the nondegenerate element of H is contained in mg ({0} x C)
and so it implies that the nonmanifold part of Q/H is contained in 7y ({0} x C*°). To
complete the proof, it suffices to show that the disjoint discs property fails in U[Edw80].
Given L = BUT U D together with the tubes joining these of some Ly so that 7w (L)
is contained in the § neighborhood of p. Choose fi, f2 : B? — @ so that f; is an
I—essential map into T and fo is an I—essential into D. Let f{ = 7wy o fi and f) =

" "

w0 fo. If f1(B%) N f5(B?) = 0, then there are approximate lifts f , f5 B2 - Q

so that ff/ - and f;/ 52 are € approximations to fl‘@BQ and fQ‘aBQ’ and so that
TH © fi”(B2) N7y o fé“(BZ) = (). This leads to a contradiction by Lemma 3.2.4. Assume
that f/(B?)Nf5(B2) # 0. Then there is a ¢ so that if f; and f, are lifts of g approximations
of fI and f} with g o f; and 7y o f, within § of f] and f3, then f, |52 and f, |yp2 are
within € of fi|gp2 and fa|yp2. It follows by Lemma 3.2.4 that any g approximations of f{

and f} have a common point of U in their image.

O]

Corollary 3.2.8. Let H be the decomposition of Hilbert Cube Q defined in theorem 3.2.2.

Then Q/H does not satisfy the DDP, and hence Q/H % Q.
Proof. This follows from (P3). O

In the next section we will investigate further properties of the decomposition @)/ H.
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3.3 Additional Properties of Q/H

Recall that [DW81] and [Lay80] contain information on Cech carriers. The con-
struction of the decomposition space @/ H of the Hilbert cube associated with the defining
sequence £ was done in the previous section, and at the end of section we showed that
Q/H does not satisfy the DDP and so Q/H % Q. However, Q/H does satisfy the Disjoint
Cech Carrier Property, see the Definition 1.7.7. Thus, the main goal of this section is to

prove that the decomposition @)/ H satisfies the following properties:
1. Q/H satisfies the Disjoint Cech Carrier Property.
2. /H is an ANR.
3. Q/H x I’ = Q.

Lemma 3.3.1. Let L = {L1,L9,L3,...} be the defining sequence defined in Theorem
3.2.2. Then L is sharp.

Proof. By properties (3) and (4) of Theorem 3.2.3, the defining sequence L is sharp. [

Lemma 3.3.2. Let H be the decomposition of Hilbert Cube Q@ defined in Theorem 3.2.2.

Then Q/H is an ANR
Proof. By Lemma 3.3.1 and Lemma 1.3.36, Q/H is an ANR. O

Lemma 3.3.3. [Lay80] Let L be the defining sequence of Q defined as above. Let k > 1
be fized and L € Ly. Then for each j > k, if W is compact subset of Q with W C Int(L),
then

WNna Y (n(0L) is 1-dimensional.

Proof. (modified from [Lay80]) Fix k > 1 and L € Ly. Let r > k, then L; = L(e, €2,. .., €)X

Qm(r)+3 of L, is a manifold so that L(ei,ez,...,¢,) is composed of the B; = [—2%, 2%] X
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B(er, €2, ..., € ), together with the tubes joining the top of B to T)j(e1, €2,...,¢€,) and the

bottom of B; to D;(61,62,...,0,). That is,
Lj=(T;UB;UD;UB™™ x I) x Q13
where diam(Tj) < % and diam(D;) < % If L; NOL # 0, then
(By % Qurys3) NOL £ 0.
Let W be a compact subset contained in Int(L). Note that
T (ra (L)) = A1 U Ay

where
A ={x € OL | m (myr)(x) = {}}
and
Ay = U{ng (mu)(x) | 7yt () (2) # {2}, = € OL}.
Since W C Int(L), it follows that W N Ay = (). Thus, W N7 (7 (L)) = W N Ay. Note
also that for all x € OL \ Ay,

Ty (i) (z) = NSt(x, L;).

Since elements in each £; are pairwise disjoint, for all 4, St(x, £;) = L,; for some L,; € L;.

Since W N AL = 0, it follows that there exists ig so that for each i > iy

W;Il (ﬂ—H(aL)) - UxE@L\Alei

and
Wn W;Il(ﬂ'H(aL)) =WnNAy; C UxeaL\Al (Tm' UDg U Br—i_1 X I) X Qm(r)+3'
It is clear that {(Tg,;Z UD, UB™ x I) }:peaL\Al is finite and each admits Z.J%l— map to a

1—complex. Therefore, W N Ay is 1-dimensional. O
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Lemma 3.3.4. Let L = {Ly,L5,Ly,...} be the defining sequence constructed in the pre-
vious section, let H be the decomposition associated with L, and let mp : Q — Q/H be
the natural quotient map. Let OL = Uj>1{0L : L € L;}. Then ng(Ny,) — mg(0L) is

0-dimensional.

Proof. We will show that 7w (N, )—7g(0L) is 0—dimensional at each point S € wg (Ny,, )—
7w (0L). Let S € m(Ny, ) — ma(0L) and U be an open neighborhood of S in @Q/H. Then

V =7 1(U) is open in Q. Let
Vi=U{ge H|gCV}.

Since H is upper semicontinuous, V* is saturated open in @. Then 7(V*) is open in Q/H
which implies that W = #(V*) N <7TH(N7|-H) - 7TH(3E)) is open in 7y (Ny, ) — T (0L).
Clearly, OW = () and W C U. Then it follows that 7 (N,) — 75 (0L) is 0—dimensional at

point S. Since S is arbitrary, 7y (Nx, ) — 7g(0L) is 0—dimensional. O

Recall that H,, H, denote the singular and Cech homology respectively with respect

to integer coefficients.

Corollary 3.3.5. For the decomposition H associated with the defining sequence L,

771 (x) has infinite codimension in Q for every x € Q/H.

Proof. Let x € Q/H. If ¢ 7y (Nxy), then 75 (2) is a singleton in Q and hence it has
infinite codimension in ). Assume that x € mg(Ny, ). It follows from Theorem 3.3.4 that

z is one dimensional. Then by Lemma 1.7.4[DW81], 7' (z) has infinite codimension in

Q. O

We will use the following theorem to show that points in Q/H have infinite codi-

mension.
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Theorem 3.3.6. [Beg50](Vietoris-Begle Mapping Theorem) Let X and Y be compact

metric spaces, and let f : X — Y be surjective and continuous. Suppose
H'#<f_l<37))go7 i=0,1,...,n—1, for x €Y.
Then HY (X) = H¥(Y).

Note that this also can apply to the homology of pairs and the conditions on f~!(x)

are satisfied for cell-like sets.

Corollary 3.3.7. Points in Q/H have infinite codimension in Q/H.

Proof. The result follows from Corollary 3.3.5 and Theorem 3.3.6. For more details, see
[Lay80]. O
Lemma 3.3.8. [Lay80] For each i > 1, let L € L;. Q/H has disjoint Cech carriers at

7 (OL). Consequently, Q/H has disjoint Cech carriers at wg(OL).

Proof. (modified from [Lay80]) Let V; C U; and Vo C Uz be open pairs in Q/H. Let
q1,q2 > 0 and let
21 S Hq1 (U17‘/1)722 S Hq2<U27V2)-

Then choose
z21 € Hy, (i) (U1), 1 (1)), 22 € Hyy (' (U), 7 (Vo))

such that (mp)«(Z1) = 21 and (7mm)«(Z2) = z2. Since @ is a ()—manifold, it follows
that there exist Cech carriers (C1,0C1) for z; and (C2,0C3) for zZ such that C; N
Cy = (). Let (W7,0W1) be a compact neighborhood of (Cy,dC4) such that (Wy,0W;) C

(75 (U1), 751 (V1)) and such that Wi N Cy = (. Then by Lemma 3.3.3,
dim(ﬂ';{l(ﬂ'H(CQ N 8L)) N Wl) <1.

This implies that

7TI}1(7TH(CQ N 8L)) N Wi
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has infinite codimension in Q. Consider (Int(W7), Int(OW1)), then since 7y (7 (Ca N

OL)) N W1 has infinite codimension, we can choose a Cech carrier (C},dC}) for z; with
(C1,0C1) C (Int(Wy), Int(OWr))

and O} N7 (7 (C2 N OL)) = 0. By a similar argument, we can find a Cech carrier C
such that

ChyN7y (ru(CyNOL)) =0 = CyNryt (mu(CHNOL)).
Now obtain disjoint compact neighborhoods (W;, dW;) of (C!,0C!),i = 1,2, such that
(Wi, 0W;) C (7" (Us), 75 (Vi) and such that
Wl N 7T;11(7TH<W2 N 8L)) =0= WQ N WI_{I(WH(Wl N BR))
The set
W=} (WH(Wl) Ara(Wa) N WH(aL)) noL

is a compact set disjoint from W; U Ws. Find Cech carriers (C’i, 6@) for z;,¢ = 1,2, such
that (C;,0C;) C (W;,dW;) and 75 (mr(W)) N C; = 0. Tt follows that (g (C;), s (0C;))
is a Cech carrier for z;,i = 1,2, and that 75 (C1) N7y (Cy) N7 (0A) = 0. Thus, Q/H
has disjoint Cech carriers at 7z (0L). By Lemma 1.7.13, Q/H has disjoint Cech carriers

at 7TH(8,C) O

Lemma 3.3.9. Let A be a closed subset in 7(Q — Ny, ). Then Q/H has Disjoint Cech

carriers at A.

Proof. Let Vi C Uy and Vo C Us be open pairs in Q/H. Let ¢1,q2 > 0 and let
21 € qu (Ul,‘/l),ZQ S HqQ(UQ,‘/Q).
Then choose

71 € Hyy (w) H(Uh), 7 (V1)) 22 € Heyy (g (U), 7y (Va))
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such that (77).(21) = 21 and (7g)«(Z2) = 22. Since @ is a Q—manifold, it follows that
there exist Cech carriers (C1,0C) for z; and (Cq,0Cs) for zp such that C; N Cy = (.
Since A C 7 (Q — Ny, ) and 7 is one-to-one on  — N, , it follows that 7TH7T[_{1(A) = A.
Thus consider Wy = 7y (Cy), Wy = g (Cy). Then Wi and Wy are Cech Carriers for z
and 29 respectively, and W1 N Wy C 7y (N;) and so Wi N Wy N A = (). Therefore, Q/H

has Disjoint Cech Carriers at A. O

Theorem 3.3.10. Q/H has the Disjoint Cech Carrier Property.

Proof. We will show that @/ H has Cech Carrier with inifinite codimension and then apply

Lemma 1.7.11. First note that

Q/H = r(oL)| | (WH(NWH) - 7r(8£)> Jua;

where UA; = 7 (Q — Npiy, ) with A; closed. By Lemma 3.3.8 and Lemma 3.3.9 Q/H has
Disjoint Cech Carriers at 7L and A;, respectively, and so at U = 7(0L) |JUA; by Lemma
1.7.13. Then by Lemma 1.7.14,Q/H has Disjoint Cech Carrier C' whose intersections with

the set U have infinite codimension. But we know that
c=@cnu) (0 A (7 (Noyy — 7r<a/:))

which is the union of a set with infinite codimension (in @/H) and a finite dimensional
set, and so by Lemma 1.7.6, C has infinite codimension. Therefore, by Lemma 1.7.11,

@/ H has the Disjoint Cech Carriers Property, completing the proof. ]
To prove that Q/H x I? is a Q—manifold, we use Lemma 1.7.15. Now we prove the
following theorem.

Theorem 3.3.11. Let H be a decomposition of Q defined as above. Then Q/H x I? is a
Q—manifold.

Proof. First note that Q/H is an ANR. By Lemma 3.3.10, we have @/H has Disjoint

Cech Carriers Property, and hence by Lemma 1.7.15, Q /H x I? is a Q—manifold. O
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4. A DECOMPOSITION FROM THE CANTOR FUNCTION

The aim of this chapter is to produce another decomposition that will be used in
obtaining the main results in the next section. This decomposition will be constructed

using the Cantor function.

4.1 Product of Cantor Sets

Definition 4.1.1. Let n € Z*. Define an interval © (ky, ..., k,) by

i=n k@ i=n kz 1
e(kl”kn):[Z?)z’ ?4_37 fO?"kZE{O,l,Q}
i=1 i=1

Note: it is clear by the definition that the length of © (ki,...,ky) is 3.

Let
Cn = {@(k17k27"‘7k7L) ’ kl € {072}}

Let C{ ={© (1)}, and for n > 2, define

CC = {0 (k1. kn_1,1) | ks € {0,2}}.

n

Let 0C,, be the set of all end points of the intervals in C,,. If we unravel the notation of

C,,, we see that

C1={0(0),0(2)] = {[Oé ’ 31}
)

Oy ={0(0,0),0(0,2),6(2,0),0(2,2)]

1 2 | i
= 077 ) 7a§ ) §>Z ) §71
9]719°9]"19°9] |9""]




and

=i}
:{@(0,1),9(271”:{[;’3]’[g’g]}

={0(0,0,1),0(0,2,1),0(2,0,1),0(2,2,1)]
{[27 27] [77 } Bg;ﬂ[;izﬂ}

[0,1] = UC, U (U?lej‘?)

Note that for each n

Definition 4.1.2. For each © = © (ky,...,ky) € Cp, UCS with n > 2, define

30 ifk1 =0
J(©) =

30 -2 if k1 = 2.

We can see from the definition that

30 (0,1) = 3[1 2} [1,2]€Cf

9'9 33
78 12

1)—2= ==z ¢

30 (2,1) — 2 3[9 9} 2 [3,3]601

The following lemma tells us that this is true for all n > 2.
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Lemma 4.1.3. If© = 0O (ky,...,k,) € C, UCS withn > 2, then J (©) € C,_1 UCS_,

Proof. Let © € C, UCy,.

Case I: © € (. Assume that © = O (ki,...,kp—1,1) € C¢ for some ky, ...

{0,2}. If ky = 0, then

) kn—l €
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Similarly, if ko = 2, then

J(©)=30-2=0(k,...,kn_1,1) € C;_;

Case II: © € C,
Assume that © = © (ky,...,kyp—1,kn) € C for some kq,...,k, € {0,2}. If k; =0,
then
J(©) =306

=30 (k].) . n 1 kn)
= k@ k'z
=1

=n k?@ i=n z 1 ]
1’ 1
=1 SZ =1 31

=0 (k27 . -’kn—lakn) € Cp1.

N

Similarly, if ko = 2, then
J(@) =30-2=0 (kg, Cey kn—hkn) € Ch_1.
This completes the proof. O

Now we will use the definition of C), to define the Cantor set. That is, the Cantor

set defined as:
c=cn
n=0

One can show that each element in C can be written as a ternary representation
consisting entirely of zeros or twos.

The standard Cantor map f : I — [ is also defined as a constant on the closure of
each component of I \ C' and on C is defined by:

AR

=1 =1

where a; is either zero or two.
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Remark 4.1.4. Let D be the set of all dyadic rationals in the closed unit interval. That

18,
Dz{% €[0,1] | m,n € Z}
1. Ifdel, the

(4 1 — cell ifde D

singleton ifdeg D.

2. flc is two-to-one over the dyadic rationals in D;
3. flc is one-to-one over the complement of dyadic rationals D;

4. f itself is one-to-one over the complement of dyadic rationals D.

By Remark 4.1.4, for p € C,

p is triadic rational if and only if f (p) is dyadic rational.

Thus, if f (p) = §% for some m,n, then by Remark 4.1.4(2), p = g—ff or p= 2’;}5 for some
k.

In [Cha91], Chalice proved that there is a sequence of step functions that converges
to the Cantor function. Properties of the Cantor function as a limit of continuous func-
tion are also well known, see for example [Dob96]. Also see [DMRVO06] for a survey of
results about the Cantor function. For completeness, below we define a sequence {f,} of
continuous functions on the unit interval that converges to the Cantor function and prove
the standard results about these functions.

Let fo(z) = z. Then, for each n € Z", the function f,11 is defined in terms of

function f, as follows:

)
%fn(&’x) for OSxS%

fot1 =191 for 1<x<?2
L4158z -2) for 2<z<1
2 T 2/n 337>
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Because f,, (0) =0 and f,, (1) =1 for all n, by induction, the function f,, is continuous.

Figure 4.1 below demonstrates the graphs of f, for n =0,...,3.

T T T T 1 T T T T 1
0o 02 04 06 og 10 1] 0z 04 06 [ik:4 10

0z 4 08

064 06

044 044

02+ 024

(c)n=2 (d)n=3
FIGURE 4.1: The graph of f,, forn =0,1,2, 3.
Also, we have the following lemma.

Lemma 4.1.5. For each n, let © € C,, U U?Zle. Then we have the following:

1.

R T if ©€UpLiCy

Y st if ©€CL.
2. fn on © is a linear map joining (I, frn (1)) and (r, fn (7)) with slope (%)n if © € Cp

and l,r are the left and the right end points of ©.
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Proof. Let © € C,, UUJ_;C}. We consider two cases.
Case I: © € U’J?ZICJC», corresponding to the statement 1. So, we will show the

statement 1 by induction on n.

Forn=1,0¢€ C{={[} 2]}. Thus,© = © (1) by definition of the function fi,

fi©) =
For n =2,
1 0 1
fz(@(ovl))ZEZZ‘F?
3 2 1
f2021))=7=7+5

fa(© (1) =fi(01)).

Next, assume that for n = k, for © € U?”ZIC;,

fre—1(©) if ©@cuZlcs
fe(©) = =t
SElh 4 L i ©=0 (k... kk1,1) € CF
O (k1,... kp,1).

We will show that it is also true for n = k + 1. Let © € UfillC; If© ¢ UleC;,
then © = © (k1,...,ki—1,1) € Cf for some | < k. So, J (©) € Cf ;. By the definition of
fr and by the inductive hypothesis,

3/5-1(J(0)) = 3/ (7 () it k=0

stafi1(J(©)=5+3f(J(©) if k=2

fe(©) =

Then by the definition of fx,1 in either case we have
fre41(©) = fr (©)

Assume that © € Cf, ;. Then © = O (ki,..., kg, 1) for some ki,...,k; € {0,2}. So,

J(©) =0 (ka,..., kg, 1) € Cf. By the inductive hypothesis, we have
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It follows that

1e(T©) =3 (Tha b+ ) = Zho i + g if kg =0

ST O) =5+ (T bt k) =Tt i h=2

fe41(©) =

Case II: O € C),. We will show that f, is a linear map joining the left and the right end

points of © with the slope (%)n . Again we will prove this by induction on n.

Forn =1,
1 1
fi(z) = 5(3:1:) for all z € © (0) = [0’ 3]
fl(x)=%+%(3x—2) for all x € © (0) = [?)’1}

Assume that for n = k, if © € Cy, then fi is a linear map joining the left and the right
end points of ©® with the slope (%)n We will show that this statement in also true for
n="k+1. Let © € Cxy1. Then © = O (ky, ..., kgy1) for some kq,...,kx1 € {0,2}. So,
J (0) € Cf. By the inductive hypothesis, fi is a linear function joining the right and left
end point of J (©) with the slope (%)k . Thus, by the definition of function f11, on ©,
i (32) if k1 =0and 3z € J(O)
frv1 (z) =
T+1f(Bz—2) if ky=2and3z—2€ J(O).
Since fj, is a linear function on J (), it is clear that fxy; is a linear function on © joining

the left and the right end points of I with the slope (%)lCJrl . O

The following Figure 4.2 shows the graphs of f, and f,—1 on the same axis.

Let g : I — I be defined by

g(2) = lim fu ().

Later in Lemma 4.1.9 we will show that g exists by showing that f,, is uniformly Cauchy

on [0,1].
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0z 4 08

06 064

04 04

0.2z 02+

(a) fo and f1 (b) f1 and fo

0z 0
054 064
0.4 0.4

024 0z

(c) f2 and f3 (d) f3 and f4
FIGURE 4.2: The graph of f,, and f,_1 for n =0,...,4 on the same axis

Lemma 4.1.6. Let TR be the set of all triadic rationals in the unit interval. That is,

m

TR:{3n

Emﬁw7mn€Z}
Then f and g agree on the set T'R.

Proof. If p=0 or p =1, then it is obvious that f (p) = g (p). Next assume that p # 0, 1.
Let p= 5% € T'R for some m,n. Then p € C, U (U?:10j¢> .
Case I: pe C),. Then p € © (ky,...,ky) € Cy, for some ky, ..., k, € {0,2}. That is,
pE [Z?:1 %,Z?:l é% + 3% . Since © (kq, ..., ky) has length 3% and p € © (ky,...,kp),

this implies p = > ", % orp=>Y", % + 2.
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Next we will show that p € Uj_ ICC Ifp =>" then one can write p as

) 1317
pzzizl?)—;ﬁwherelgn, ki #0but kj =0 for j =141,...,n. It follows that

-1
ki 2
Zg ol kl? . akl—lal)eclc‘

Thus, by Lemma 4.1.4,

-1
ki .
fin ) =Fi0) =) 5y +— for all i > I

i=1

and so
-1 -1
k; 1 ki 2
g()_zliglofl() fl(p):z;QlJrl—i_zl:f( 31+3l>:f(p)
7
Iftp=>7", 31 + 3n, we consider two cases. For the first case, if k, = 0, then
p= Z?:}l % + 371 €0 (k1,...,kn_1,1) € C. By Lemma 4.1.4,
n—1 ki 1
fir1(p) :fi(P)IZQTileQ—n foralli>n
i=1
and so
n—1 n—1
ki 1 ki 1
9(p) = Jim f;(p) = n@:§¥m+wzf<lywazﬂm
1= 1=
For the second case, assume that k, = 2. Since p # 1, then k; = 0 for some i €

{1,2,...,n}. Pick ig so that for all i > ig, k; = 2. Thus, we can write p as
io—1

ip—1
k; 1 ki1
P=) Sitamw - 3t
=1 ]

and we can see that p € © (ki1, ..., kj;—1,1) € Cf,. By Lemma 4.1.4,

io—1

k; 1 o

fit1 (p) = fi (p) = Z it + 27 for all i > ig
1=1

and so

i0—1

9() = Im fi(0) = fiy () = Y ooy + o (Zggw—m»
1

i=1
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Case II: p € U7_,C}. Then

i=l—1 i=l—1
ki 1 ki 2
peEO=0(k,.... k1,1) = Py Z*Jr—

3i 3l 3 3
i=1 =1

for some ki, ka, ..., ki—1 € {0,2}. By Lemma 4.1.5,

-1

ko1 _
fist () = fi(0) =D gy + 5 foralli 21

2[
=1

i=l—1 k;

and since p and ), — 3t + 31 are in the same ©, by the definition of the Cantor set f,

we have

-1

-1
g(p)=lim f; (p )—fz(p)=Z;+1+l—f< bi 1>=f(p)-

1—>00 ¢ 3z 3[
=1

For each n, define g, : I — I by

gn () = fro () — fno1(z) forall zel.

It is clear that g, is continuous.

The following Figure 4.3 illustrates the graph of g, for n =1,2,3,4.

Lemma 4.1.7. For each n > 2,

ma = or all © (k1,...,kn—1) € Cp—1.
20 (kb 1) 19n 3o (k1 n—1) € Cp—1
Consequently,
9al = 5=
max = )
veven 19l = 300
Proof. Let n € N. Let © (k1,...,kn—1) = [Z?:—ll %72?:_11 % 3717171} € C._1. Denote
n—l n—1
ki 1
@1:: E: Z’E:A%_%gi )
i=1 =1
n—1

)

@2: ZkZJF;wZ;szFQ

n—1
ki ki1
O3 = 3 T3 -+3n_1]-

i 3n’ 3¢
Li=1 i=1
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FIGURE 4.3: The graph of function g, for n =1,...,4.

as shown in Figure 4.4. Clearly, © (ki,...,kp—1) = ©1 U ©2 U ©3. Define

G'1 (-T) = gn|@17

n—1
i=1

By Lemma 4.1.5,

GQ (ﬂf) :gn‘@27 G3 (QT) :gn|@3'

n—1
k; 1
=1
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Also, the slope of G; and G3 is % (%)n_l . Thus, we can express the functions G1 and Gg3
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| ] 1 | ®2 | @3 | ]
6k 6k+1 6k+2 6k+3
3" 3" 3 3"

FIGURE 4.4: The graph of f,, and f,_1 on interval © (k1,...,kp—1)

1) (Y

G =3 (3) ( ( ’§;+1)).

We can see that both G; and (3 are increasing functions and for each x € ©g,

n—1 n—1 n—1 n—1
ki 1 1/3 ki 1 ki
—G1 (‘“2<Zgi>+3m):‘2<z> (‘“2<Zy>+ 1—231)
i=1 i=1 i

in the form:

1/3\"! k1
() ()
LN (R, L
22 CT\ & T e

= Gjs.

On O, the slope of Gy is — (%)nil and so (G9 is a decreasing function on ©s. This implies

that
1 n—1
ko1 ko1
e (G <23 >=G1<‘ 3z+3n>-

i=1
Thus,

n—1
ko1 1
xrrég;(lel) —xnégg(!Gzl) —xmegi(lGll)—Gl( 3 T 3n) =

=1



This shows that
1
3.2n°

o, (lgnl) =

1
Consequently, max;euc,_; |gn| = 357

Corollary 4.1.8. For each n > 2,

1
2elo.1) l9n] = 3.2n°

Proof. Let n > 2. Let x € UC,,_1. Then by Lemma 4.1.7,

1
L0ax gn| = 50
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On the other hand, for z ¢ UC,,_;, by Lemma 4.1.5, f, () = fn—1 (x), and so g, (z) = 0.

Therefore,

1
oo lon| = mesc |fn (@) = fo1 ()] = g5

For each n, define
b i n
D, = on beZ™ and 0<bHb<2" -1

and so

Note that the following properties hold. Fix n.

1. If d € ©, the
1 —cell ifd € D,

singleton ifd ¢ D,

2. fulc is two-to-one over the dyadic rationals in D,;

3. fnlc is one-to-one over the complement of dyadic rationals D,;
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4. f, itself is one-to-one over the complement of dyadic rationals D,,.
The next lemma guarantees that the sequence {f,} converges to the Cantor function f.

Lemma 4.1.9. Let {f,} be the sequence of continuous functions defined as above. Then

{fn} converges uniformly to the Cantor function f.

Proof. Let g (x) = limy 00 frn (). Claim that g = f. First we will prove that g is con-
tinuous by showing that f,, converges uniformly to g. Given € > 0. There is N such that

QLN < €. By Lemma 4.1.8, for each n > 0

1 1

n AL = <
xrg[%ﬁ]lf 11 (z) = fn (2) | 3. 9nt1 = on+l

Without loss of generality, assume that m > n > N. It follows that

k=m—n—1
a — < a -
max [ (2) = fo (2)] < kZ% e | frt1 (z) = fi (@) |
k=m—n—1 1
< 9k+1
k=n
- 1 1 1
= ﬁ + W + ...+ 27771
1 1 1 1
1
< 27 < €.

This implies that f, is a uniformly Cauchy sequence and hence the function g (x) =
lim,, o0 frn () is well-defined. Also, by the Cauchy Criterion, f,, converges uniformly on
[0, 1] which implies ¢ is continuous. It remains to show that g = f. By Lemma 4.1.6, ¢
and f agree on the set TR. It follows that f and g agree on [0,1] since T'R is dense in

[0, 1]. This gives the desired result. O

Let C* C I* be the product of k copies of C. For each n, let f*: I¥ — I* be defined by:

(@) = (fu(@1) s f(@2) . fu (1) -
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Let f* : I* — I* be defined as the limit of a sequence f*. That is,

fFx) = lim fF¥(z) forall zel”

n—oo

:(f(xl)af($2)a>f(xk))

Note that f* is continuous since each component is continuous. For example f22 (x1,29) =
(f (x1), f (z2)) where f is the Cantor map. The following Figure 4.5 shows how the map

f22 sends certain squares to points.

1 1
#L ‘ - .
2/3

1/2

13— S
| |

0 /3 2/3 1 0 1/2 T
FIGURE 4.5: The function f3.

Lemma 4.1.10. Let n € Z* and p € I*. Then (f,’f)f1 (p) is either a point or a l—cell
where | corresponds to the number of dyadic rational coordinates that p has, and hence

(fk)_l (p) is either a point or a l—cell.

Proof. Fix n and let p = (21,...,2;) € I*. If p has no dyadic rational coordinates, then
each z; ¢ D and so obviously z; & D,. Thus, (f,) ' (z;) is just a point in I which
implies that ( f,"f)_1 (p) is a point in I*. Next assume that the number of dyadic rational
coordinates of p is [. Denote each b; the dyadic rational coordinates of p for ¢ = 1,...,1.

Then each (f,,) "' (b;) is a 1-cell in I so (f,’f)_l (p) is a [—cell in I*. O
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We will generalize this idea to obtain the function f* : Q% — Q2 where Q? = {0} x Q.

First for each n and k define ¢* : Q — Q by

98 (0,29, .. 2k, .. ) = fE((0,29, .. 2p)) X Tdg,,, (s, -)
Thus, the function f* : Q? — @Q? is defined by

f°°(x) = lim < lim gﬁ (x))

k—o00 \n—00
= (0,f(£l?2),f(l‘3),)

Since Q? is compact, it is obvious that f*° is a closed map.

Lemma 4.1.11. For each point p € Q?, (foo)_1 (p) is either a point, a cell or a copy of Q*
and the dimension of these sets corresponds to the number of dyadic rational coordinates

that p has.

Proof. If p has no dyadic rational coordinates, it is clear that (f°°)~" (p) is just a point
in Q2. If p has [ dyadic rational coordinates, then (foo)*1 (p) is a I—cell in Q2. If p has

infinitely many dyadic rational coordinates, then ( foo)_1 (p) is a copy of Q2. O

By Remark 4.1.4, it is clear that if p is a point of {0} x C'°*° with no triadic rational

coordinates in C*°, then (foo)_1 o f*(p) =p.

Lemma 4.1.12. If A is a nowhere dense subset of Q?, then there exists a dense subset P

of {0} x C* s0 that f>* (P)NA=0 and (f°)"" (f>°(d)) = d for each d in P.

Proof. Let E = {x c {0} x O™ | (f) 7 (F> (z)) = x} .

Let P = ({O} x 0%\ (foo)! (A)) N E. We will show that P is dense in {0} x C*°. Given
any point ¢ € {0} x C* and U a neighborhood of ¢ in Q2. Note that U = U’ x Q41 for
some k. Then f* (U’ x Qg11) = f* (U') x Qi1 contains an open set V x Q1 in Q2. Since
A is nowhere dense, V x Qi1 contains an open set W x Q1 in Q% with W x Qpy1NA = 0.

Choose a point p in V' x Q11 for which none of its coordinates is dyadic rational. Then
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(f>) ! (p) is a singleton, say {z}. We can see that z is in U’ x Qg1 N {0} x C* and so

it is in P. O

Let B = {B1,B,,...} be the defining sequence in @ defined for the Cantor set in the
middle slice of () in Chapter 2.
The following sets will be used in the chapter 5. For each j and M (eq,...,€;) € M;,

define
11 m(j)+1
P = [—2]-72]} x fN(j) (M)
J
where N (j) = an and each n; is defined in Chapter 2 and m (0) = 2 and for j > 1

i=1
m (j) = k if there is an integer k such that j = @ + i for some ¢ € {0,1,...,k—1}.

4.2 Construction of the Decomposition G

We now view f* as a map from Q2 — Q2. To construct a decomposition G on @,

first we will use the function f*> to define the decomposition G on Q2. Explicitly,

Gr={10} < (/) (1) |peQa}.
Theorem 4.2.1. The decomposition Gy defined as above is upper semicontinuous.

Proof. This follows from the fact that 7g, = {0} x f°°. Moreover, by the Lemma 4.1.11,

Gy is cellular.

Next will show that the decomposition G is realized by a pseudo-isotopy.
Lemma 4.2.2. The decomposition G is realized by a pseudo-isotopy.

Proof. Recall f* : @2 — Q2 is a generalized Cantor function in which each component

is the Cantor function f : [0,1] — [0,1]. To show that the decomposition G is realized
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by a pseudo-isotopy, it suffices to show that there exists a pseudo-isotopy W; of I° — [
such that Wy is the identity Id~ and Gy = {¥;'(c) | c€ I®}. For t € [0,1], define
U, : I® — I by

Ui (2) = (1 —t)z + 1% ().
It is clear that W1 = f°° which is a closed surjection. For ¢t < 1, ¥, is onto since each
component is onto by the Intermediate Value Theorem. Also, it is continuous, and hence
v ! is continuous since ¥, is a closed map. It remains to show that for ¢ < 1, U, is

one-to-one. Let z = (x1,22,...),y = (y1,¥2,...) € I*® be such that ¥; () = V; (y) . Then

(I-ta+tf>(x)=1-)y+tf*(y)

which implies that (1 —t) (z —y) =t (f* (y) — f*° (x)) . If x # y, then there is ¢ such that
x; # y;. Without loss of generality, assume that z; < y;. We know that (1 —¢) (z; — y;) =
t (f (yi) — f (x;)) Then the left hand side of equation is negative but the right hand side
of equation is non-negative since the Cantor function f is non-decreasing function. This

leads to a contradiction. Thus W, is one-to-one. Also, we can see that

Gr={{0} x ¥ ' (p) |pe@a}.

The next lemma follows from the fact that Gy is realized by a pseudo-isotopy.

Lemma 4.2.3. Let G be the decomposition of Q* = {0} x Q2 induced by the map f>.

Then mg, from {0} x Q2 to ({0} x Q2) /Gy is approzimable by homeomorphisms.
Lemma 4.2.4. The decomposition G is cellular.

Proof. This follows from Lemma 4.1.11. O

Next we will define a decomposition G on (). Let G be the partition consisting of

Gy = {{0} X () (e) | ce Qg} and all singletons in @ — {0} x Q2. It is clear that G is
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a usc decomposition of ) by a similar idea as shown in Lemma 4.2.2. Next we also show

that G is realized by a pseudo-isotopy. First, define K : [0,3] x Qax — [0,1] x Q2 by
K!(s,2) = (g,m) ,
and for each t € [0,1], define K2 : [0,1] x Q2 — [0,1] x Q2 by
K} (s,x) = (5,52 + (1 —s) ¥ (z)) where ¥, ()= (1 —t)x +tf>(z),
and define K3 :[0,1] x Q2 — [0,3] x Q2 by
K3 (s,x) = (3s,2).
We can see that K and K2 are homeomorphisms. Let
Ki(s,2) = K30 K20 K':[0,3] x Qa — [0,3] x Q.

Claim that for ¢ < 1, K; is homeomorphism. Clearly, K; is onto, continuous and K, Lis
continuous since K1, K2, and K? are. It remains to show that K is one-to-one. Since
K', K3 are one-to-one, it suffices to show that K7 is one-to-one Suppose that K? (a,z) =
K2 (b,y) for some (a, ), (b,y) € [0,1] x Q2. Then by the definition of K? we have a = b
which implies that

ax + (1 —a) Uy (z) =ay+ (1 —a) Uy (y).
By simplifying, we have
V- () =(1-t(1—a))x+t(l—a)f>*(z)
—az+(1—a) ¥, (z)
=ay+(1—a) ¥ (y)
=(1-t(l-a)y+t(1-a)f>*(y)

=Yy1-q) (¥) .
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Since ¢ (1 —a) # 1, this yields W;;_g) is one-to-one and hence z = y. Therefore, K? is
one-to-one. Moreover, we can see that for each (s,2) € (0,3] x Qq, K; ' (s, ) is singleton

and if (s,z) € {0} x Qa, Ky (s,2) = {0} x (f) ' (2) € Gy. Thus,

Gi={K{"(c) | c€[0,3] xQ2} = SUGy
where S is the set of all singleton in (0, 3] x Q2.

Similarly, we can define a pseudo-isotopy L; : [—3,0] X Q2 — [=3,0] X Q2 by
L, (s,xz) = K; (—s,z) so that

Gy={Li'(c) | c€[-3,0] x @2} = RUG,

where R is the set of all singleton in [—3,0) x Q2. Therefore, we see that G = G; U Gy is

realized by pseudo-isotopies K and L. Thus, we have the following lemma.
Lemma 4.2.5. The decomposition G is realized by pseudo-isotopy.
The result of Lemma 4.2.5 gives the following Theorem.

Theorem 4.2.6. Let G be the decomposition defined as above. Then wg from @ to Q/G

s approzimable by homeomorphisms.
Lemma 4.2.7. The decomposition G is cellular.

Proof. This follows from Lemma 4.1.11. O
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5. MAIN RESULTS

The main result of this chapter is Theorem 5.4.1 where we show that if GH is
the decomposition of @) associated with the defining sequence R, then GH satisfies the

following three properties:
e (GH is cellular

e The nonmanifold part of Q/GH is homeomorphic to a copy of ) whose codimension

is 1.

e If Ais any closed subspace of X of codimension > 1 in (N ), then the decomposition

of @ induced over A is shrinkable. That is, Q/7~!(A) = Q.

Thus the manifold nature of @/GH can not be detected by looking at finite dimensional
subsets or even at infinite dimensional subsets of codimension > 2 in Q/GH.

We apply a characterization of (J—manifolds due to Daverman and Walsh in Theo-
rem 1.7.16[DW81]. Their results imply that Q/7~!(A) is a Q—manifold provided Q/7~1(A)
is an ANR satisfying the Disjoint Discs Property(DDP) and Q/7n~(A) has Cech carriers
with infinite codimension. Since Q/GH is an ANR, by Theorem 1.3.37, Q/7~1(A) is an
ANR. Our discussion now mainly focuses on the Cech carriers property. Not only do we
need to show that Q /7~ (A) has Cech carriers with infinite codimension in order to apply
Daverman-Walsh characterization, but also we have to show that Q/7~!(A) satisfies DDP.

We will assume the notation and occasionally refer to certain steps and conditions

in the construction in the previous chapters.
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5.1 Constructing the Decomposition GH

To construct the decomposition GH, there are several approaches. One can con-
struct the decomposition GH by defining the equivalence relation generated by both de-
compositions G and H. Also, one can approach this construction by producing a defining
sequence and then generating that sequence to get the decomposition GH. We will start
with the first approach.

Let G be the cellular decomposition of @) induced by the map f>® : Qs — Qo
in Chapter 4 and 7wg be the quotient map. Let H be the cellular decomposition of )

described in the Chapter 3 and wg be the quotient map. Let, for T' C @,

G'(T)=U{geGlgnT # 0}

H*(T)=uU{h € H |hNT # 0}
Before we define an equivalence relation on GH, we will list some properties induced

from both G and H in the following lemma.

Lemma 5.1.1. Fix h € Hy where Hy is the set of all nondegenerate elements in H. Let

go € Hg be such that ggNh # (0. Then if gNh# 0 and g € Hg, then g = go.

Proof. Assume that g N'h # (). Suppose that g # go. Then g N gy = 0. We can see that
by Theorem 3.2.2, h N {0} x Q2 is a single point in {0} x Q2. Let xy be such an element.
Since go C {0} x Q2, it follows that go N h = {xo}. Thus, if g N h # ) and we know also
that ¢ C {0} X Q2, then gNh = {x¢} which implies that gNgg # (), a contradiction. Thus,
gNh=40. O

Lemma 5.1.1 has the following Corollaries.

Corollary 5.1.2. Let x € Q. Then

G*(H™(G*(H"(2)))) = H*(G"(H"(x)))-
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Proof. Note that
H*(z) = U{h € Hy | = € h} U {z}
G*(H*(2)) = Ufg € Hg | 9N H*(x) # 0} U H"(2)
H*(G*(H*(x)) = U{h € Hy | b0 G*(H* (2)) # 0} U G* (H* ()
G*(H*(G*(H"(2)))) = U{g € He | g0 H*(G*(H* () # 0} U H*(G* (H* (2))).

It is obvious that H*(G*(H*(x))) C G*(H*(G*(H*(z)))). Next we will show that
G*(H*(G"(H"(x)))) € H*(G"(H"(2)))-

It suffices to show that T'={g € G | g H*(G*(H*(z)))} is a subset of H*(G*(H*(x))).
Let g € T If g is singleton, we are done. Assume that g is a nondegenerate element. We
will show that ¢ C G*(H*(x)). Since g N H*(G*(H*(x))) # 0, there is a nondegenerate
element h € {h € H | hN G*(H*(x)) # 0} such that g N h # (). This implies that by

Lemma 5.1.1 g € G*(H*(x)). Therefore,
G*(H*(G*(H"(x)))) = H*(G"(H"(2)))-
O

Let ~g and ~p be equivalence relations on G and H. Then we can define the
equivalence relation generated by ~g U ~p as the smallest equivalence relation containing

~a U ~pg, denoted by ~gpg .

Lemma 5.1.3. Let a,b € Q. Then a ~gu b if and only if there exist x1,x2,..., 2, € Q

such that x1 = a, x, = b in Q and either (x;_1,x;) E~g or (x;—1,x;) E~g .

Proof. This follows from the definition of an equivalence relation generated by the relations

G and H. O

Remark 5.1.4. Since ~g and ~p are equivalence relations, we can choose x; such that if

(wi-1,7i) €~p, then (74, 7i11) E~g or such that if (v;—1,7;) E~q, then (v;,7i11) E~p .
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Lemma 5.1.5. Let a,b,c,d,e € Q. If a ~g b ~g ¢ ~g d, then ¢ = d. Consequently, If

a~gbr~ge~gd~ge, thena~pgbe~ge~pd.
Proof. This follows from Lemma 5.1.1 and Theorem 3.2.2. 0

Next we will show that ~gg is equivalent to an equivalence relation defined as
follows:

Let GH be the decomposition of @) given by

m(x) = n(y) if and only if 7g o 75" o my () ﬂﬂ’c oy omu(y) # 0.
That is, we will show the following lemma.
Lemma 5.1.6. © ~gy v if and only if mg o 71;11 omg(x) Nmg o 771;1 ormp(y) # 0.

Proof. Assume that x ~gg y. Then there exist a,b € @ such that z ~g a ~g b ~g y. Note
that G*(H*(z)) = 7¢(n;' (mu(x))) and G*(H*(y)) = ma(r; (ru(y))). Since a ~g b, it
follows that mg(a) = mg(b). Since a ~g x and b ~p y, it follows that 7g(a) C G*(H*(z))
and 7g(b) C G*(H*(y)). Therefore G*(H*(x)) N G*(H*(y)) # 0 which implies that 7 o
5 omp(z) Nmgomy' omw(y) # 0.

Conversely, if mg oy omy(z) Nwgony oy (y) # 0, then there exist a,b € Q such
that a € 7' (1 (2)),b € 75 (71 (y)) such that 7¢(a) = 7¢(b). Hence 7y (a) = 7 (x) and
7w (b) = mg(y) and so x ~g a ~g b ~g y which implies that z ~gpg y. This completes

the proof. O

Next we will define m : Q/G — Q/GH and 7wy : Q/H — @Q/GH such that the

following diagram commutes. For z,y € Q/G define 71 : Q/G — Q/GH by
m(z) = m(y) if and only if g o 7t omy ot (2) N 0wyt om0 Tt (y) # 0.
For z,y € Q/H define mo : Q/H — Q/GH by

mo(x) = mo(y) if and only if 7g o 71';{1 (r)N7g o w;ll (y) # 0.
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Since Q/G = @, to define a defining sequence in @ for GH it suffices to construct a
defining sequence in Q)/G. From the above lemma, we can define a defining sequence for
Q/G as follows:

Let £L={Ly1,Lo,...},B={B1,Bs,...} be the defining sequences for H and for the
Cantor set in the middle as defined as in Chapters 2 and 3. Then define the sequence
R ={R1,Ra,...} for Q/G by

Ri={mc(Lj X Qm@)+3) | Lj X Qumi)+3 € Li}

Note that mg(Lj X Qi)+3) can be viewed as Kj X Q43 where K; = T; U

1 1
2t 921

P; U D; together with the tubes joining these where P; is homeomorphic to [— ] x
f]:[n((j;+1)(3j). Then R is a defining sequence for @/G. All inductive hypotheses IH1,.. .,
IH4 in the construction of defining sequence £ from Chapter 3 are still true for the defining
sequence R. Figure 5.1 shows the first stage of construction with 4 components. The four
components in the cylinder at the top come from 7;. The four components in the cylinder
at the bottom come from D;, and the four components in the middle come from P;. The

tubes indicate how some of the components are connected.

Remark 5.1.7. Each R; € R;, there exists Pre(R;) € R;—1 such that R; C Pre(R;) and
the inclusion map R; — Pre(R;) is null homotopic. This implies that each element of the

decomposition GH associated with defining sequence R is cell-like.

Lemma 5.1.8. Let R = TUPUD together with the tubes joining these be a fized element in

R, for some r. Then for any virtually I—essential maps f1 : D1 — T and fo : D1 — D,
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FIGURE 5.1: First Stage of construction R with 4 components

there is an 6 > 0 so that if fi, f5 are maps within 0 of f1 and fa respectively and in general
position with respect to Ry11, then there is a component R' = B’ UT' U D’ together with
the tubes joining these where R’ C R and discs with holes D} C Dy, Dy C Dy such that f]

and fb are virtually I—essential into T" and D' respectively.
Proof. This follows directly from condition IH4. For more details, see [Gar91]. O

Lemma 5.1.9. Let R = {R1,Ra,...} of Q be the defining sequence defined as above.

Then R is sharp.

Proof. By Remark 1.3.34, the defining sequence R is sharp. 0

5.2 Properties of Q/GH.

Lemma 5.2.1. Let R = {R1,Ra,...} be the defining sequence constructed in the previous
section, let GH be the decomposition associated with R, and let w : Q — Q/GH be the

natural quotient map. Let OR = U;>1{0R : R € R;}. Then
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(1) m is cell-like.

(2) Each non-degenerate element of GH has dimension one.

(8) m(Nz) —m(OR) is 0-dimensional

(4) Q/GH is an ANR

(5) If A is a closed subset in Q/GH, then Q/n~1(A) is an ANR.

Proof. Condition (1) holds by Remark 5.1.7 and Theorem 1.3.21.
For (2), the connectedness of each non-generate element h of the decomposition GH
1

=—map from R to 1

gives the dimension of h is > 1 and since for every R of R, there is a -

complex by the condition TH1 for the defining sequence R. Then by a result in dimension
theory, [HW48], (page 73), the dimension of h is < 1. Hence, each non-degenerate element
of H has dimension one.

For (3), we will show that 7(N;) — m(OR) is 0—dimensional at each point P €
m(Ny) —7(OR). Let P € w(N,) — m(OR) and U be an open neighborhood of P in Q/GH.

Then V = 7~ }(U) is open in Q. Let
Vi=U{ge GH |gC V}.

Since GH is upper semicontinuous, V* is saturated and open in @. Then 7(V*) is open
in Q/GH which implies that W = 7(V*) N (W(Nﬂ) - 7r(87€)> is open in 7(Ny) — m(IR).
Clearly, OW = () and W C U. Then it follows that 7(N;) — 7(OR) is 0—dimensional at
the point P. Since P is arbitrary, 7(/N;) — m(OR) is 0—dimensional.

For (4), since m(OR) contains the boundary of a basis for the topology of 7(N) and

from Lemma 1.3.11 7 is one-to-one on OR, it follows from Theorem 1.3.36 that
Q/GH is an ANR

since R is sharp.
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For (5), since Q/GH is an ANR by (5), Theorem 1.3.37 from [Lay80] shows that

for each closed set A in Q/GH,
Q/m1(A) is an ANR.
O

The proof of Lemma 5.2.2 is similar to the arguments on page 36 and on page 41 in

[Lay80]

Lemma 5.2.2. [Lay80] Let L be the defining sequence of Q. Let k > 1 be fized and

R € Ry. Then for each j >k, if W is compact subset of Q with W C Int(R), then
WNnr Y (w(OR) is 1-dimensional.
Proof. The proof is similar to Lemma 3.3.3 O

Now we will discuss the Cech Carrier Property of Q /GH

Corollary 5.2.3. For the decomposition GH associated with the defining sequence R,

7~ Y(x) has infinite codimension in Q for every x € Q/GH.

Proof. Let x € Q/GH. If © ¢ w(N,), then 7—!(z) is a singleton in Q and hence it has
infinite codimension in Q. Assume that x € 7(Ny). It follows from Lemma 5.2.1 that x

is one dimensional. Then by Lemma 1.7.4 [DWS81], 7~ !(x) has infinite codimension in

Q. O
We will use Theorem 3.3.6 to show that points in Q/H have infinite codimension.
Corollary 5.2.4. Points in Q/GH have infinite codimension in Q/GH.

Proof. The result follows from Theorem 3.3.6. For more details, see the argument in

[Lay80]. O

This next argument is similar to that for @Q/H in Chapter 3.
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Lemma 5.2.5. [Lay80] For eachi > 1, let R € R;. Then Q/GH has disjoint Cech carriers

at 1(OR). Consequently, Q/GH has disjoint Cech carriers at w(OR).
Proof. The proof is similar to that for @Q/H in Chapter 3. O

In the next two Theorems, the proof is similar to that of previous argument in

Chapter 3. So, we omit the proof here.

Lemma 5.2.6. Let A be a closed subset in 7(Q — Ny). Then Q/GH has Disjoint Cech

carrier at A.
Theorem 5.2.7. Q/GH has Disjoint Cech Carriers Property.
Theorem 5.2.7 gives the following Corollary.

Corollary 5.2.8. If A is a closed subset of Q/GH, then Q/m'(A) has Disjoint Cech

Carriers Property.

Proof. This follows from Theorem 5.2.7. O

5.3 Properties of Q/7!(A)
Let R be the defining sequence defined above. Let A C @/GH. Then the sub-
defining sequence R’ = {R), R}, ...} of R is defined as follows: For i > 1,
R;={ReR;| RNg+#0 for some g€ A}.

We now state and prove the main results of this section.

Theorem 5.3.1. Let A be a closed subset of Q/GH where A C w(Ny) has codimension
> 1 in 7(Ny). Then Q/n~1(A) satisfies the DDP.
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Proof. We modified the proof from an argument in [Gar91]. Let A be a closed subset of
Q/GH. To show that Q/7~1(A) satisfies the DDP, it suffices to show the following condi-
tion. For each € > 0 and for each pair maps f, g : B2 — Q/GH, there are approximating

maps f,§ : B2 — @ /GH such that

d(f,f) <e d(g,9) <e

with f(B?) Ng(B*)NA=40.

First, by Lemma 4.1.12, we can choose a dense subset P in {0} x C° so that
f(PYNA=0and (f°)"1(f>*(p)) = p for each p in P.

Next, given ¢, f and g as in the condition above, by Theorem 1.3.16 and since Q/G
satisfying the DDP, we can choose approximate lifts f1,91 : B? — Q/G of f and g
respectively and § > 0 so that f;(B?) N g1(B?) = 0 and so that if f,§ : B?> — Q/G

satisfies

p(f1,f) <46 and p(g1,9) <9,
then

p(wlofaf)<

)

Wl ™

and  p(m 0g,g) <

Wl

and f(B?) N §(B?) = 0.
Next, by Theorem 1.3.16 again, we can choose approximate lifts fo,go : B? — Q
of f1 and g1, respectively so that fo(B?%) N g2(B?) =0, so that fy and go are transverse to

{0} x Qo, with (f2(B?) U g2(B?)) N ({0} x Q2) missing {0} x C°°, and so that
p(rgo fa, f1) <6 and p(mgoge,g1) < 0.
It follows that

p(mo fa, f) = p((m1omg) o fo, f) = p(mi o (mg o f2), f) <

Wl

and

[SUN NG}

p(moga,g) = p((m omg) o ge,g) = p(mio(rg o g2),9) <
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That is, 7o fo and 7o go are 5 approximations to f and g respectively. Finally, choose
k so that if R is any component of Ry, then diam(m(R)) < §, and so that (f2(B?) U
g2(B?)) N {0} x Q2) is contained in the complement of Ry. After a small general position

adjustment, by using Lemma 3.2.6, there are approximations f3,g3 : B> — @ to fo and

go respectively so that

f3 = fa

B2A\(f; 1 (R) B2\(f51(R)) —9

» 93

i

B (R) T 1B2\(g5L(R)

and satisfying the following conditions:

(i) If h € H,h C R and both g3(B?) and f3(B?) intersect h, then h N {0} x C> € P.

(i) If h € H,h C R and g3(B?) intersects h and f3(B2) does not intersect h, then

h N {0} x C* has no triadic rational coordinates.

(iii) If h € H,h C R and f3(B?) intersects h and gB*) does not intersect h, then

h N {0} x C* has no triadic rational coordinates.

We claim that F' = 7o f3 and G = 7 o g3 are the required approximations to f and

g. First we can see that

€ € 2¢
pmo i, §) < p(mo fsmo )+ plro fo f) S S+ 5 =2
€ € 2€
p(mogs,g) < p(mogs,mogs)+ p(mogs,g) < 3t3=3

Next we will show that

F(B>)NG(B*)NA=0.
If F(B%)NG(B?%) = (), then we are done. Now suppose that
F(B*)NG(B?%) # 0.

Since 7g o f3 NG o g3 = (), the points in F(B%) N G(B?) can arise in one of the following

ways:



102
(a) Such points can arise from an element h of H that intersects both f3(B?) and g3(B?),

or

(b) they can arise from the elements hy of H that f3(B?) intersects and ho of H that

g3(B?) intersects where 7g(h1) N 7wg(he) # 0.

Suppose elements of the second type exist, and let (f>°)~1(y) € mg(h1) N ma(ha). That
is, there are x1 € hy and zo € hg with z1 # x9 so that f*(z1) = y = f°°(x2) which
implies that x1 and x5 have triadic rational coordinates. Since D consist only of points
with no triadic rational, it follows that x1,xz9 ¢ D. But by conditions (ii) and (iii) above,
x1,22 € D, So, this leads to a contradiction. Thus, there are no points of the latter type.

The condition (i) above shows that any point of the first type lies in the complement
of A. That is,

F(B*)NGB*)NnA=0.

This completes the proof of the Lemma.

5.4 Main Theorem

Theorem 5.4.1. Let GH be the decomposition of QQ defined as the previous section. Then

GH satisfies the following four properties:

(a) The nonmanifold part of Q/GH is homeomorphic to a copy of Q whose codimension

s 1.

(b) Q/GH #Q

(c) If A is any closed subspace of X where A C w(Ny) of codimension > 1 in w(Ny),

then the decomposition of Q induced over A is shrinkable. That is, Q/m~(A) = Q.



103
(d) GH is cellular

(¢) Q/GH x I* = Q

Proof. For (a), we can see that first the nonmanifold part of Q/GH is contained in 7(Q?)
where Q2 = {0} x Q2. Note that Q2 has codimension 1 in ) by Example 1.4.2. Claim that
7(Q?) also has codimension 1. Let U be any open set in Q/GH. Consider Hy(U, U —m(Q?)).

Since 7 is cell-like map and Q2 has codimension 1, by Theorem 1.3.20, it implies that
Ho(U,U = 7(Q%) = Ho(x ' (U), 7 (U) — Q*) 0.

Let U be a saturated open set such that Hy(U,U — Q?) 2 0. Note that 7(U) is open in

@/GH. Then again by Theorem 1.3.20,
Hy(n(U),n(U) = m(Q%) = Hi(U,U — Q%) 0.

Therefore, we have 7(Q?) has codimension 1 in @Q/GH. It remains to show that 7(Q?) is
the nonmanifold part of Q/GH. Given € > 0. Let p € 7(Q?) and U be a ¢ neighborhood
of p in 7(Q?). We will show that the disjoint disc property fails in U. Choose an element
R of some Ry, so that 7(R) is contained in the § neighborhood of p.

Given R = PUT U D together with the tubes joining these of some element in Ry,
so that 7y (R) is contained in the § neighborhood of p. Choose f,g : B? — @ so that f is
an [—essential map into 7' and ¢ is an I—essential into D. Let mo f,mo f : B> — Q/GH.
Then by Theorem 1.3.16, there is 6 > 0 so that if f” and ¢” : B> — Q are approximate

lifts of g approximations of f’ and ¢’ respectively with
p(rof’,mof)<d and p(mog”,moyg) <,

then

/
<€,

p (f”

f’ ) <€ and p(g"

oB2” " |oB2 B2’ 9‘832>
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It follows by Lemma 5.1.8 that if f; and g1 are any % approximations of mgo f and myog

respectively, then
f1(B*) N g1(B?) # 0.

Thus U does not satisfy the DDP and hence the manifold part of Q/GH is 7(Q?).

For (b), this follows from (a).

For (c), notice that @Q/7~(A) is an ANR by Lemma 5.2.1(5) and has DDP by
Lemma 5.3.1. By Corollary 5.2.8, Q/7'(A) has Disjoint Cech Carriers Property. It
follows that by Theorem 1.7.16, Q/7~1(A) is a Q—manifold. That is, Q/m~(A) = Q.

For (d), the map = is cell-like by Lemma 5.2.1(1). It implies that each non-
degenerate element h has trivial shape. By the condition (c), for h € N, Q/7 (k) = Q.
Thus, by Theorem 1.3.30 h is cellular. That is, GH is a cellular decomposition.

For (e), first note that @Q/GH is an ANR. By Lemma 5.2.7, we have Q/GH has
Disjoint Cech Carriers Property, and hence by Lemma 1.7.15, Q /GH x I? is a Q—manifold.

g
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6. CONCLUSION

The main results of this work is the existence of a cell-like decomposition GH of
the Hilbert Cube @ such that @Q/GH is nonmanifold. The nonmanifold part of Q/GH is
homeomorphic to a copy of ) whose codimension is 1. Also, if A is any closed subspace of
the nonmanifold part of codimension > 1 in the nonmanifold part, then the decomposition
of @ induced over A is shrinkable. That is, Q/71(A) = Q. However, Q/GH is still a
factor of @ since Q/GH x I? = Q.

The principal new results in this thesis are:

e (Theorem 2.5.4) There exists a sequence
B={Bi,Bs,B8s,...}
of collection subsets of () satisfying the following properties:

1. N B = {0} x C* where C*° = [[2; C and C'is the Cantor set.

2. Every point p € {0} x C* is associated with a sequence (ei,e€2,...) where
e; = (071,002), and where o7 and o9 are n;—tuples whose components are in
{1,2},

3. If there is IV such that for all i > N either all the first coordinates of the ¢; or
all the second coordinates of the ¢; is not in 1U 2, then p € {0} x C* has no

triadic rational coordinates.

e (Theorem 3.2.7) There exists a decomposition H of @) which satisfies the following

properties:

1. For each nondegenerate element h of H,

AN {0} x Qs
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is a single point in {0} x C°.
2. Let f; and f; be maps from B? into Q/H and let A be any dense subset of
C®. Then f; and fy are approximable by maps ¢g; and go satisfying:
(i) 91(B*) N g2(B?) C mir(A), and
(ii) if p = {0} x p’ is a point of {0} x C*° with
m(p) € (91(B?) \ 92(B%)) U (92(B%) \ g1(B?)),
then p’ has no triadic rational coordinates.

3. @/H has nonmanifold part equal to mg ({0} x C*°) = {0} x C°.

4. Q/H x >~ Q.

e After combining the decomposition H in Chapter 3 and the decomposition G in
Chapter 5, we have a decomposition GH satisfying the following three properties

(Theorem 5.4.1):

1. GH is cellular

2. The nonmanifold part of @Q/GH is homeomorphic to a copy of @ whose codi-

mension is 1.
3. Q/GH x %~ Q.

4. If A is any closed subspace of X of codimension greater than > 1 in 7(N; ), then

the decomposition of @ induced over A is shrinkable. That is, Q/771(4) = Q.

Note that the example in this work yields the nonmanifold part of codimension 1. A
question for further investigation is the following:
Question: Does there exist a similar example of a decomposition of the Hilbert

cube having the nonmanifold part of codimension k for any positive integer k?
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