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For m, > m, > m, >0, a k-line partition of a positive

integer N into k rows, each row having m. non-zero parts, is

a representation of the form

a k i
(1) N=Z Za..,
1)

i=1j=1

where each a.lj is a positive integer. Gordon and Houten obtained
a generating function for k-line partitions of this form when

>a. > . i
aij ai,j+1 and aij > ai+1,j Gordon also found the generating

function for a.. >a. . and a.. >a. .. In this thesis, we shall
ij i,jtl ij itl,j

obtain the generating function for k-line partitions of the form (1) with

> > _ _ . . )
a.lj ai,j+1 and aij—ai+1,j t for a non-negative integer t

For m, ;>_mi+1+kﬂi, we shall also obtain the generating function in

this case when a. >a and a.. >

+1. ,
ij i+l ij ai+1,j1 In the process

we shall establish Gordon's result by a different method.




A k-line slant partition of a positive integer N is a represen-

k o
tation of the form N = Z }:aij' where each a,1j is a non-

i=1 j=i

. . S
negative integer and aij > ai’ +1 and aij > ai+1,j

We shall show
a one-to-one correspondence between partitions of this type and
k-line partitions whose parts are decreasing along each column.

For m, > m, >0, a slant partition of type a of a positive

integer N into two rows, each row having m. non-zero parts, is

2 mjti-1

a representation of the form N = Z Z aij’ where each aij
i=1  j=i

is a positive integer such that aij > ai,j+1 and aij ->'ai+1,j‘ In

this thesis, we shall obtain the generating function for partitions of
this type for certain values of m, and m,, conjecture a general

form, and relate this form to the generating function for 2-line slant

partitions.
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SOME RESULTS ON k-LINE PARTITIONS
I. INTRODUCTION

A partition of a positive integer N is any representation of
N as a sum of non-negative integers. In this paper we shall discuss

| some aspects of partition theory.

DEFINITION 1.1. By a one-line partition of a positive integer

N, we shall mean a representation N = a, + a, +...0 a_ where
the a,'s, called parts, are natural numbers. For example, the

1

‘-one—line partitions of 5 are 5, 4+1, 3+2, 3+1+1, 2+2+1, 2+1+1+1 and
1+1+1+1+1. The representation is usually written without the plus
signs and such that a, >a, for i< j. Theabove partitions of 5
are thus written 5, 41, 32, 311, 221, 2111, 11111. The number of
one-line partitions of a positive integer N into parts chosen from
the set of natural numbers is denoted by p(N). In particular

p(5) = 7. It is customary to define p(0) =1 and call a function P(x),
w N

such that P(x) = Zp(n)xn, the generating function for p.

n=0
Restricting the set from which the parts are chosen will in

general affect the number of one-line partitions of a positive integer
N and hence will affect the corresponding generating function. For
example, suppose [ is an integer greater than zero. Let ‘PH(_I\Q

denote the number of one-line partitions of a positive integer N into



parts chosen from the set of natural numbers less than or equal to .

Then the generating function for p is

o]

M
(1) P (x)= zp;j(n‘)xn: 1 (1.xm)‘1
" n=0M m=1

where pH(O) is defined to be 1.

To indicate the proof of (1), note that

e
- 2+ +
M (1o = (s ) (L% T2 ™ e M)

m=1

where each partition of n with no partlarger than p contributes

. n
exactly 1 to the coefficient of x'. Hence the coefficient of x

is pp(n). If the set from which the parts are chosen consists of all

the natural numbers, that is n =0, then
> 1
P(x) = lim P (x)= I (1-x"7) .

B — 00 b m=1

We can represent a one-line partition as an array of dots, where
the number of dots in each line of the array represents a part. For

example 221 is represented by

Transposing the graph gives us



or 32. In this manner we can deduce a one-to-one correspondence
between one-line partitions of a positive integer ‘N whose largest
part is less than or equal to p and one-line ‘pavrtriftionsof N with
at most p parts. Hence ~Pp(x) is also the generating function
for the number of one-line partitions into at most p parts chosen
from the set of natural numbers.

We could also restrict the number of parts of a one-line parti-
tion of a positive integer N to be-exactly u. Let _EHQI)_ denote
the number of such partitions of N. For =3, the partitions of 5
are 311 and 221, hence ~r3(t) = 2. Note that rH(N) =0 for

0 < N < p. Therefore

00 00
z rp(n)xn = ¢ Z f(n)xn
n=0 n=0

where the function f is to be determined.

For each one-line partition of a positive integer N into
exactly ‘n parts there corresponds a unique -one -line partition of
N - p  into no more than p parts. Furthermore, the corres-
pondence is one-to-one. As an example, let N =11 and p =3.
The first row consists of all the partitions of 11 into exactly 3

parts and the second row is the corresponding partitions of 11-3 =8



into no more than 3 parts,

911 821 722 731 641 632 551 542 533 443

8 71 611 62 53 521 44 431 422 332

Therefore for any positive integer N, the one-line partitions
enumerated by 'rH(N) are exactly those enumerated by pH(N—p)

and hence,

8
-
-;A
B
b
=
i
=
I M 8
T
-;A
=
3
=
b

n
NS
o]
-FA
=
]
k)
X
]

since ‘pp(n—p) =0 for n < p.



DEFINITION 1.2. A k-line partition of a positive integer N

is a representation of the form

k 00
N=Z Za..
1)

i=1j=1
where each a,, is a non-negative integer such that a_ . >a. .
1ij ij— i, j+1
and a,lj Zai+l i By convention, we write the partition in a rectangu-

lar array with i indicating the row, j indicating the column and
omitting zero summands and plus signs. As an example, consider all
3-line partitions of 5. Seven mentioned previously were 5, 41, 32,

311, 221, 2111, 11111, To this group we add the partitions

3 31 22 21 211 21 1111 11
1 2 1 1 2 1 11 1 11

2 21 111 11.
1 2 1 1 11

and we see that the number of 3-line partitions of 5 is 21.

Let __tk(N_) represent the number of k-line partitions of a

positive integer N. P.A. MacMahon (3) showed that

m, -min(m, k)
X

= 8

(1-
1

)

"

0
(2) Z tk(n)xI1 =
n:

0 m

where t, (0) = 1.



Basil Gordon and Lorne Houten (1) considered k-line partitions
of exactly m, (i=1,...,k) non-zero elements in each 'ith row
such that the elements along each row are strictly decreasing. Letting
m, =m, =...=m =} they established that the number of parti-
tions of a positive integer n into k lines, the number of elements

. . . . .. n
in each line not exceeding , is the coefficient of x of the gen-

erating function

(1-05 L1 % a5h
(1-0)F(1-x5)% MR R

(3)
+
ptk-1

(1 )

Letting p — %, vyields the right side of equation(2).

In this paper we shall be looking first at k-line partitions with a
specified number of non-zero elements in each row, the elements
decreasing along each row. We shall, however, vary the restrictions
on the elements along each column. In the second part we shall dis-
cuss mainly 2-line partitions with elements decreasing in each col-
umn with or without restrictions, We shall also indicate various
‘approaches to equivalent problems.

We need to give some clarification of the notation to be used in

this thesis.

1
(a) Z f(x;el,ez,---,ek) will denote a sume over all
el,...,ek=0
vectors (61,62,---,€k) where each € is either 1 or 0. As



an example,

1
z f(x;el, ez) = f(x;0,0) + f(x;0,1) + f(x;1,0) + f(x;1,1)

We shall use the following determinant notation.

< < . = Kk,
(b) For 1 __s1<s‘2 <Sl k
af,l) i=1, -]
ij 1
af?) i=s,+1, '8,
1)
. j=1, » k
(£)
= + , , =
ai;j i Sl—ll Sl k

will denote the k by k determinant |'aij| where

af.l) for i=1,...,s, and j=1,...,k
ij 1
2
- af.) for i=s,+l,...,8, and j=1,...,k
a,, = ij 1 2
ij .
au) for i=s +1,...,8, and j=1,...,k
ij £-1 £



bll blZ blk
bZl bZZ bZk
x x x

bi. . .

Xi—l 1 = 1, » S bsl bSZ bSk

bl J: 1,°°°,k = XS—I XS—I XS—].

_é—-]f P=stl.. ok b b b

X s+1,1 s+1,2 s+l,k
s-1 s-1 s-1
x x x
bkl ka bkk
s-1 s-1 s-1
x x x

(c) We shall use [v] to denote (l-x'u), where Vv is

positive integer.




II. k-LINE PARTITIONS OF TYPE Q

We begin with a definition and some results from Gordon and

Houten (1).

DEFINITION 2.1. For m >m,>... >m_ >0, let
b(N;ml, Moy ,mk) denote the number of partitions of a positive
‘integer N into k rows having m, (i=1,...,k) non-zero parts

in each ith row, where the parts are strictly decreasing along each

row and non-increasing along each column. Call such a partition one

-of type b and let

0
_ . n
B(x,ml,mz,...,mk) 2 b(n,ml,mz,...,mk)x
n=0
where we define b(n;ml,mz, .o ,mk) =1 when n=0 and
= = ... = = 0. i . y e e ey = >
m, =m, m, 0. Since b(n,ml,m2 mk) 0 for n>0
and m1=m2=... =mk=0, B(x;ml,mz,...,mk):l for
m, =m. = =m, =0

As an example of partitions of type b, we list all the partitions

of 16 for k=3, m1=3 and m2=m3=2r.

721 631 541 532 621 531 432 521 521
21 21 21 21 31 31 31 41 41
21 21 21 21 21 21 21 21 21
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521 431 431 431 421 421 421 321

31 41 32 31 42 41 32 32
31 21 21 31 21 31 31 32

Hence b(16:;3,2,2) = 17.

For m, 2m, > .. > m, >0, Gordon and Houten proved that
AL \
(1) B(X;ml,mz,---,mk) = x E B(x;ml-el,mz-e2,...,rri<-ek).
€ _, ,6.=0
1 k

Since the technique.in showing (1) is used throughout Chapter II, we

shall indicate the proof in detail. For m, >m, >... > m, >0,
let

a;; 2, alml
) az.1 a22\ cee aZmZ

k1 k2 7 Ykmy

be a partition of a positive integer N of type b. Subtractiﬁg one

from each element of the partition yields a partition of N - Emi
i=1
also of type b. The number of non-zero elements in each ith row

(i=1,...,k) of the resulting partition will either be m, -1 or
m, depending upon whether a 1 or not appears in the -ith row of

the partition of N. Hence to each partitionof N of the form (2)
k

there corresponds a unique partition of N - Zmi of the form
i=1



STERIY:
b.. b
21 P22
(3) .
b1 P2

Also if
k

where 'eizl or O.

ooooo

m.
1

11

ones are added to each - ith

row of any partition of N - Zmi of the form (3), the result is a

i=1

unique partition of N

one -to-one and therefore

1
(4) b(N;mly m2:°°°:mk) = Z
€ _;..0,€
1

where the right side is a summation over all vectors (€_,¢€

of the form (2).

=0
k

For example, the partitions of

m2=m3=2

16 -7=9

partitions of

61 52 43 421
1 1 1 1
1 1 1 1

41 32 32 32 31

are listed after DEFINITION 2. 1.

Hence the correspondence is

k
b(N-Z mi;ml-el,mz-ez, ,mk-ek)
i=1

m, =3 and

16 for 1

The corresponding

are listed as follows

51 42 321 41 41

2 2
1

1

2 3 21 2 31 3

Hence

31

2 3 21
1 1 1
31 21
21 21
2 21
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b(16:3, 2, 2)

Z b(9;3-—el,2-ez,2-e3)

‘,El, EZ’ e3 =0

b(9;3,2,2) + b(9;3,2,1) + b(9;3,1,2) + b(9;3,1, 1)

+b(9;2,2,2) + b(9;2,2,1) +b(9;2,1,2) +b(9;2,1,1)

0+0+0+1+1+4+0+11-=17.

From (4) we see that

00
_ n
= Z b(n,ml,mz, ,mk)x

n=0

00 1 k
= Z b( ; € € m, -€ )xn

n- ) mimy-€,,my €, sy —€
n=0 el,...,ekzo i=1
1 00 k
= Zb( z ; € € m,_ -¢ )xn
R/t Uity I Rktr Rl A "N

el,...,ek=O n=0 i=1

Z)li{: 1m1 ! * k n-2 - 1m1
= x Z Z b(n—Zm,ml-el,mz—ez ...,mk-ek)x

SRR Vel B JUPR S
i=1 1

Z)l,< m 1
= =1 B(x;m_ -¢. ,m_-¢ m, -€ )

* e DA R B M s NN

el,...,ek:O
k k

since b(n—Zmi;ml,mz,- ,mk):O for n<§lm1 and
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B(x;m, ,m._,...,m ) is uniquely determined by the recursion

(1) and the initial conditions

(5) B(x;ml,mz,... "

0 if m, = m.+1 for some i such
i+l i

that 1 <i <k-1

The second condition in (5) is necessary when computing

B(X;ml,mz, “e ,mk) for mi = mi+1 for some i such that

1 <i<k-1. Suppose m is a partition of a positive integer N of

type b such that m, = mi+1 for some i suchthat 1 <i <k-1.

Ifa 1 appears inthe ith rowof w thena '1 mustalso appear

in the (i+l)st row. Upon subtracting one from each element of ,
k

no partition of N - Zmi with mi-l non-zero parts in the ith

i=1
row and m. non-zero parts in the (itl)st row will result. Hence

k
b(n-z m;m, -€, ... ,mi-l,mi+1,'. .. ,mk-ek) =0
i=1
for all n and therefore
kB(x;ml-el, LR ,mi-l,mi‘l'l, LR ,Ink-ek) = O'
Hence any expression for B(x;ml, m,, .- - ,mk) should indicate O
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for this case.
We shall need the following lemmas. Recall from the introduc-

tion that

is the generating function for the number of one-line partitions of a

positive integer into-at most p parts.

LEMMA 2.2. For a positive integer g,

where S = (

Proof: For any positive integer N, the partitions enumerated by
b(N;p) are those obtained by superimposing one-line partitions with

at most | parts onto the line

VRNV S |

whose sum is SH. Thus b(N;u) = pH(N—SH)' Hence



I
g
o
g
E
»
=]

B(x; 1)

n
g
IA
5
]
0
-;v
X

n=0
s & n-s
=x M zg p (n-S )x K
n-S =0
e
S
=x 'p (x)
S "
s [

(I—XHNI—XH-IL..(I-X)

since -S)=0 for n<§S.
Pp(n H)

LEMMA 2.3. For a positive integer g,

B(x;
B(x;u) + B(x;p-1) = Blxip)
Y8
X
Proof:
S S
X : X h-1

15

t
+

B(x;p) + B(x;p-1) = _ R
(l—xp)(l—xp_l)...(l-x) (l—xp 1)(1-xp

< u-l(xuﬂ_xu)
1

(1-x™)(1-x"""). . (1 -x)

e (1-%)
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LEMMA 2.4. For m, >m_>... >m >0,

k

Blxm ,m,,...,m) = |B(xm+j-i)| 1,j=1....k

1 2 k

where B(x;mi+j—i) =0 for m, <i-j.

Proof: . The proof consists of showing that the above determinant

satisfies the initial conditions (5) and the recursion (1).

If mi+1 = mi+1 for some i suchthat 1 <i <k-1,

B(X;mi+j—1) B(x;m,

i+l 1+j-1)

= B(x;mi+1+j—(1+1))

forall j=1,...,k. Hence the ith row is identical to the (it+l)st
row and therefore the determinant has value zero. The initial condi-
tions are satisfied.

To show that recursion (1) is satisfied, consider
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Z)l,( m 1
i=1 1 Bxim. -¢ ., m. ¢ e
X X, 1‘ 1: 2 2 ’ Kk Kk
61, ,ek:O
k 1
z
h=1
=X mh z IB(X;mi—€i+j-i)| i_,j =1,...,k
El, ,ek:o
Zk ! B ; +1-1 ) i= 1 k_l
. h=1"h Z (;m, +j-i-€,
- B(x;m, +j-k) j=1,...,k
61, o,Ek-l—o k
B(X;m.+j—i-€.) i-: 1; ;k‘]-
i i
+
B(xm tj-k-1) | j=1,....k
Zk ! B(x;m.+j-i-¢€,) i=1 k-1
- x h=1"h x;m, tj-i-€, :  evns
o +3i- . +i-k-1l 3= N
€ N 1:0 B(x,mk j-k) +B(x,mk j-k j 1’ k

By LEMMA 2.3 we obtain from this

’ j-i- = » » -1
Zk 1 B(X’mi+J i ei) i=1 k
< h=1"h Z B(x;mk—J-k) i= 1.k
- m +j-k
el, . ,ek_l-o < k
B(x;mi+J-1-ei) D1 ke2
k 1 B(x;m,_ . +j-k+1)
:X2h=1m'h Z k-1 i= 1.k
B(X;mk-l.j"k)
€’ ,ek_2=0 I

k

X
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B(x;mi+j—i-ei)

i=1,...,k-2
. +'_
B(X’mk-l j-k) i
+ J" 1! sk
. i
B(x,mk j-k)
+7-
m, *j k
X

Combining determinants and using LEMMA 2.3 we obtain

e Fi-i-
B(x,rn.1 j-i 6.1)

. s ke+
B(x,mk_1+J k+1)

+i-
thlmh z rnk_1 j-kt+1

X
. =0 ; +j-k§
€ B(xmk_] j

+j-k

X

Hence after k applications the result is

k .
Zh=1mh B(x,mi+J-1)
x _—

m_+j-1

i
X
™y

Multiplying each ith row (i=1,...,k) by x we obtain

B(x;m_ +j-1i)
- i,j=1,...,k

XJ-I

1.3
Multiplying each ‘'ith row by x ' we obtain

Ek_ (h-1) | B(x;m_ +j-1)

h=1 i ..

X N 1,) = 1, ... ,k
j-1
X



19

and multiplying each jth column by 1 results in

| B tj-i)| L= L.k

Therefore the recursion (1) is satisfied and hence the lemma is

proved.

DEFINITION 2.5. Let

be a column of a partition where each a, >0 (i=1,...,k). For a
non-negative integer t, define t-non-increasing along a column to

mean a, >a, .-t forall i=1,...,k-1.
1— i+l

DEFINITION 2. 6. For m

1_>_rn >...>m >0 and for a

2 — k
non-negative integer t, let qt(N;ml,mZ, s ,mk) denote the
number of partitions of a positive integer N into k rows having
m, (i=1,...,k) non-zero parts in each ‘'ith row where the parts

are strictly decreasing along each row and t-non-increasing along

each column. Call such a partition one of type 9, and let

n .
RS 's's UM o' W B Z qt(n,ml,mz,. ..,mk)x where we define

Q,(xim), m,

qt(n;ml,m,...,m) tobe 1 for n=0 and
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m, =m, = ... =mk=0. Since qt(n;ml,mz,...,mk)=0 for

> = = ... = = . , 3 o0 ey =0 f
n>0 and m, = m, mk 0, Qt(x,m1 m, mk) or
m1 =m2= . =mk:O

As an example of partitions of type q,, we list the partitions

of N=9 for t=1, m1:2.and m2=m3:1.

61 51 51 52 41 43 41 42 42 32 31 32 31 21
1 1 2 2 3 1 2 2 1 2 2 3 3 3
1 2 1 2 1 1 2 1 2 2 3 1 2 3

Hence q1(9; 2,1,1) = 14.

We shall calculate Ql(x;ml, My, mk) directly from the

formula for B(x;ml,mz, ce e mk) as computed in LEMMA 2.4 and

then extend the procedure for t > 1.

>m, >... >mk>0, k >2 -and

DEFINITION 2.7. For m 52 2 =

1

for an integer s such that 2 <s <k, let

bS(N;m ,m.,,...,m ) be the number of partitions of a positive inte -

1 2 k

ger N into 'k rows having m, (i=1,...,k) non-zero parts
in each ith row where the parts are strictly decreasing along each
row and non-increasing along each column between rows s and k
and 1-non-increasing along each column between rows ‘1 and s.
Call such a partition one of type bS and let

s ]

. n
Bs(x,ml,mz, LY ,mk) - Z bs(n,mly mz, ... ,mk)X

n=0
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where we define bs(n;m , m ,...,mk) tobe 1 for n=0 and

1 2

m, =m, = ... = m, = 0. Since bs(n;ml,mz, ce K

> = = ... = =0, : , y e e ey =1
n>0 and m, = m, mk 0 Bs(x,m1 m, mk) for
m, =m, = =mk= 0

For example let N =9, s = 2, m, = 2 and m, = mj = 1. The

partitions of 9 of type b2 are

61 51 52 41 43 41 42 32 32 31 21
1 2 1 3 1 2 2 2 3 3 3
1 1 1 1 1 2 1 2 1 2 3

Hence bs(9;2, 1,1) = 11.

THEOREM 2. 8. For ml_?_mzz... _>_mk20 and for an
integer s suchthat 2 < s <k,
B(x;m,+j-i)
- i=1,...,s-1
(i-1)(j-1)
X
B (x;ml,mz, ,mk) = o j=1,...,k
B(x;mi+J-1)
— 1L=s8,. k
(s-1)(j-1i) ’
X

where B(x;mi+j—i) =0 for m, <i-j.
i

Proof: The proof is by induction on -s. Let
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all alz ..... alml
(6) 21 222 a2m2
41 k2 akmk

be any partition of a positive integer of type bz. If one is subtracted

from each element of the rows 2 through k, the resultisa

k
partition of N - Zmi of type b of the form
i=2

3, 2y, e al,m1
b b ...+ b
(7) 12 22 ‘Z,mz-ez
b b ... b
kl k2 k, mk-ek
where each €, (i=2,...,k) is 1 or O depending upon whether

i
a 1 or notappears in the ith row of (1). Hence to each partition
of N of type b2 of the form (1) there exists a unique partition of
k
N - mei of type b of the form (2) and the correspondence is one-

i=2
to-one. - Therefore

1

k
bZ(N;ml,mZ,...,mk) = Z b(N—Zmk;ml,mz—ez,---,mk-ek)
< ekZO i=2

Hence
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| 2’
‘ Zk m 1 g k n—Z}%(_ m
- % i=2 i z b Z . . ¢ )x i=271
‘ n—» mi,mlymz— 2 :mk— k
0 psk - 172
i=27 1
Z)l.(_ m !
=x =2 i Z B(xxm_ ,m._-e¢ m, -€_)
2 1’ 2 2: H k
€5 ,ek

k
since b(n—z;ml,mz,...,mk) =0 for n < Zmi. Again, if
i=2

i=2
m, = m, for some i suchthat 2 < i <k,
i it+1 -
B(x;ml,mz-ez, . ,mi-l,mk_H, e ,mk-ek) = 0. Hence by LEMMA
2.4
Bz(x;ml,mz, .. ,mk)
k 1 . -
_ Xzi'—‘Zmi Z B(x,m1+‘]—1) j=1, y k



1
_ Zh=™y, Z
- X
62’ ,ek_1=0
k 1

B(x;m1+j-1),

‘B(x;r‘n.'{-j-i-e,)
i i

B 432
B(x,rnk j-k)

B(xsm +j-1)

1

+ . +ij-i-
B(x,m:.l j-i ei)

; +3j-k=1
B(ka j-k )

B(x;m. +j-1)

1 j =
vy 4o
B(x,mi j-i ei)

B(x;m, *+j-k)

k

+.—,
m, +) k

X

24

1,...,k
2, k-1
i=1.. ..k

After k-1 applications of combining determinants and usihg

LEMMA 2.3 we obtain

B(x:m

tj-1)

k ' 1 j=1,...,k
Xz‘h=2 h B(x;mi+j—i) ’
. s 1= 2:- ,k
m,+j-1
i
X

m,

i

‘Multiplying each ith row (i=2,...,k) by x

B(x;m

+j-1)

1 1, sk
B(x;m,+j-1)
(8) N 1, 1= 27 ;k
-1
X

If mi+1 = m for some 1

i+1

such that 2 <1i < k-

we obtain

1, the .ith
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|
|
|
|
|

row
xB(x;mi+j—i) i B(x;mi+1+3—.(1+1))
...- - .— -+1
A IR
forall j=1,...,k, where the right side is identical to the (itl)st

row and hence (8) indicates that BZ(X;ml’mZ’ cv.,m ) =0 for

m.+1 =m. ..
i i+l

Assume that for mIZm >...>m >0 and for some s

2 — k

such that 2 <s <k,

'B(x;m.+j—i)
—_— =1 -y
(i-1)(j-i)
X
B (xim_,m_,...,m )= j=1, y k
- b K Bgm, +j-i)
—_—— | i=s-1 '3
(s-2)(j-i)
X
Note again the above formula indicates that Bs(x;ml,mz,---,mk) =0
when mi+1 =m. for some i such that s-1 <i <k-1. Thatis

xS‘Z(Bx;miﬂ'-i) ] B(xim, ,  +i-(i+1))
Ss-2G-1) 0 _(s-2)(G-(41)

forall j=1,...,k.
Given any partition of a positive integer N of type bS
(2 <s <k) subtract one from each of the eleléments ‘in rows s

through k. The result is a partition of N - Zmi of type bs—l

i=s



and therefore as in the case when

Hence,

Summing as in the case when

b (N;m
s

» IM

1 2

1

) b

.,e =0
‘x

s = 2

,..‘.,rnk)

k
—I(N—Z ;mlymzy-"
1=8

- € [P
s+1

B(x;mi+j—i)
X(i- 1)(j-1)

B(x;m +j-s+1)

g -1

(s-2)(j-s+1)
X

o i
B(x,mi j-i ei;)

X(‘s-Z)(j-i)

B(x;mi+j-i)
(i-1)(j-1)
X

e +iois
B(x,mi j-i ei)

X(S—Z)(j—i)

» Im

k

> IM
]

.,m -€_)

k

-€

s = 2 we obtain

y o .

M€ ™Mg 1
.,mk-ek)
i=1, , 8-2
i=1,....k
i=s, >k
i=1,...,s-1
i=1,..0,k
i=s, » k

26
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B(x;m, +j-1i)
; _’—'"1—*—‘“ i=1, .,8-1
Ek Inh X(l'l)(J_l)
X h=s j=1, vk
B(x;m,+j-i)
1 —
+._i 1= 8,. ,k
T (s-2)(5-1)
X X

Multiplying each ‘ith row (i=s,...,k) by x ' we obtain

B(x;m, +j-1)
S S i=1 L, s-1
(i-1)(j-1) ’
X
j=1 ...,k
B(x;m, +j-1)
—_— i=s8,...,k
(s-1)(j-1) '
X
Hence the theorem is proved.
COROLLARY 2.9. For m, Zmz > kazo,

B(x;mi+j—'1)

y My -e.,m ) =

) Q,(xm,;.m, k :ZTT)_GT)—

where B(x;mi+j—i) =0 for m, < i-j.

Proof:

sy My s .,M )

Ql(x;m,m,,...,m ) 2

1’ ™ = B, (ym

1)

Setting s =k in THEOREM 2. 8 we obtain
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B(X;mi+j—i)
(i-1)(-1)
X

. +3-
B(x,mk j-k)

k-1 (5-k)

B(x;mi+j-'1)
(i-1)(j-1)
x

REMARK: Equation (9) does not indicate zero for m. = mi+1
for some i suchthat 1 <i<k-1. Infactif we compute
. e s sy = H] = + ? = +1""’
Q(X’ml’mZ’ mk) when m m;, m, m, 1 m, = m, m,
= mk_1+1, we obtain an interesting result.
B(x;m+j-1)
Q. (x;m, mt+l,...,mt+k-1) = : - i,j=1, »k
1 I BT TR B
X
k 1
= I B(x;mth-1) | = i,j=1,... k.
h=1 L-DG-1)
1) (k-
Multiplying each ith row (i=1x%,...,k) by x(1 A 1), the result

is

b 11< x(l—l)(k_“]) i,j=1,...,ke
21:1(1—1)(1(—1)
X
The determinant
X(l—l)(k'_]) i,j: 1,---:k
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“is the Vandermonde determinant

i=1,...,k

i-1
Zi =000, k-1

J

I (z,—zi)
1<i<j<k

where Zo =1 and zj = x Y. Hence

k
I B(x;mth-1)
- o SR,

(£-1)(k-£) 1<i<j<k

-j - k-i )
Dividing each term (xk J-xk ') in the product by x J,  we obtain

B(x;m+h-1) zizl(k-x)(x-l)

1 " X I (l—xJ-l)
Z; (E-1)(k-0) 1<i<j<k

Hnaw

X

B(x;m+h-1) i (1-27h
1 1<i<j<k

1l
nax

h

k

Zh=1%m+h-1 -

- - 2 " Ky . -k > (1o
[mt+k-1][m+k-2]"...[m] ... [2][1}] 1<i<j<k

)

ptl

2 ) and [u] = (1-x") for a positive

where we recall that SH = (

integer p. Hence
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Q(X;m, m+1, o .. ,m+k'1)

k
Eh-‘- lsm+h- 1
X

[mtk-1][m+k-21%. . . [m]F. . . [k Fk-157 1L L [20%11]

where ~TLn(x) denotes the generating function for the number of
k-line partitions where the number of non-zero parts in each row
does not exceed m.

The result then would indicate that the partitions enumerated by

ql(n;m,m+1, ...,m+k-1) are those obtained by superimposing k-line

partitions, whose non-zero parts in each row is less than m, onto

the array
m m-1 . 1
m+l m ... 2 1
mtk-1 m+k-2 ......... 1
k
whose sum is z Sm+h-1 .
h=1
In order to compute Qt(x;ml,mz, cee ,mk) for t>1, we

shall define a more general "intermediate'' partition and calculate the

corresponding generating function.



DEFINITION 2.10. For m, >m

> ... >m
1 — ———

2

for integers ‘r and s suchthat 2 <s <k-l1 and 0 <r <t

let rqf(N;ml» my, - mk) denote the number of partitions of a
positive integer N into k rows having m, (i=1,...,k}) non-

zero parts in each ith row, the parts strictly decreasing along

each row, t-non-increasing along each column between rows 1 and

's, r-non-increasing along each column between rows s and s+l

and non-increasing along each column between s+1 and k. Call

such a partition one of type rqf and let

0
r_.s _ rs. . n
Qt(x,ml,mz,...,mk) = Z qt(n,ml,mz,...,mk)x
n=0
where we define 'rqf(n;ml,mz, e ,mk) tobe 1 for n=0 and

= = - = 3 r s e =
m1 = m, —mk— 0. Since qt(n,ml,mz,...,mk) 0 for
r_s
> = = ... = = s H » y e » =
n>0 and m1 m, mk 0 Qt(x m1 m, mk) 1 for
m1 = m2 = = mk =0

As an example, let N = 121. The following array is an exam-

ple of a partition of type qu where k = 7.

-

—
U'INNP\OO\U‘I
0o 0 O8N W Utk
— U1 ONUT NV o~ W
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|
|
|
|
\
{ OBSERVATIONS: For
|
\
|
|

t>1 and

2 S_S S_k'l:

32

(a) QI(X;ml’mZ’ - ,mk) =B (x,ml,mz, ,mk)
o,.s+t+l
(b) Q (X’ml!mz:- :mk) - Qt ( ’ml’mZ’ » IT) )
(@ Qi ) = Q (xm,,m m, )
t ,ml,mz,' ,mk t X,ml, 2,' H k
LEMMA 2.11. For mlzmz__ zmkf_o, k >3, and
t>1
B(x;m, +j-1)
1 s
. . j=L ...,k
0.2 B(x;m,+j-1i)
Qt(x;ml,mz,---,mk) = i
t(j-1i) i=2, » k
X
where B(x;mi+j-i) =0 for m, <i-j.
Proof: The proof is by induction on t.
°Q%(x; )= B, (s m, )
1x,ml,mz,...,mk = 2x,ml,mz,---, K
B(x;m,+j-1)
1 .
j=1 'k
= B(x;m,1+j-i)
T G | TTEek
X J-l
by observation (a) following DEFINITION 2.10. For t >2 -assume
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B(x;m1+j—l)

> i=1 '3
OQ (xm. ,m_,...,m )= |B(x;m,+j-1)
t-1 1 2 k i - 5 K
(t-1)(j-1) ’ ’
X
Note that the form indicates that if mi+l = mi+1 for some 1 such
2
th 2 <i<k-1, ° , e, = 0. i
at <i<k-1 t 1(x, e mk) That is
t'lB( sm. +j-i)  B(x; +j-(it+1))
x x;m, +j-1 i xm, t-
(t-1)(j-1) (t-1)(j-(i+1))
X X
forall j=1,...,k.

2
Let any partition of a positive integer N of type oqt with
m, (i=1,...,k) non-zero parts in each ith row be given. Sub-

tract one from each part in the ith row (i=2,...,k). The result

2
is a partition of N - Z.mi of type oqt 1 with m, - €, non-

1
—

zero parts in each ith row (i =2,...,k). Here as before ~€i
or 0 depending upon whether the partitionof N hasa 1 or not

in the ith row. The correspondence is one-to-one and hence
2(; = N- )
q, ,ml,mz,...,mk) = qt 1( m;m,,m, €y 2§ )

therefore, as in the proof of THEOREM 2. 8,
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o
Qt(x,ml,mz,-- ,mk)
Z)l,i m !
—xl:21 z OQZ('mme m. -€_)
‘ -1 T k
‘ 52, ,ek:o
. +i-
K B(x,m1 j-1) =1, Tk
b m
-, h=2"h z B(xim.ti-i-c.)
Xyt mle ey i=2,...,k
62: -:ek:O X(t-l)(J‘l)

by the induction hypothesis. Summing the determinants and using

LEMMA 2.3 we obtain

B(x;m1+j-1)

k j=1,...,k
Zp=2"% | B(xim, +j-1)
x i
r\n e i=2, y k
97 (e-1)(5-1)
x x
m,
Multiplying each ith term (i=2,...,k) by x completes the

proof of the lemma.

THEMOREM 2.12. For m,>m_>... >m >0 and t>1,

1 2 — k
B(x;mi+j-'1)
H b L H = - . . H = 1, H k
Qt(x’ml rl’l2 mk) Xt(l'l)(J-l) J

where B(x;mi+j-'1) =0 for m,1 <i-j.

Proof: The proof consists of an induction argument on ‘r and s

,m_,...,m ) where k>3, 0<r <t and

. r s
computing Qt (x;m1 5 i
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2 < s <k-1.. The result follows when ‘r=t and s =k-1. by
observation (c) following DEFINITION 2. 10.
LEMMA 2.11 is the case where r =0 and s =2. For r

and s suchthat 0 <r <t-1 and 2 <s < k-1, assume

- B(x;m.+j-1)
_— i=1,...,8-1
t(i—l)(j-i)
r _s-1 x
Q (xmpm,,....m )= j=1, 3
B(x;m_1+j—'1)
T i=s8,...,k
x(t(S—2)+r)(J—1)

Again. note that if m,

+1 m_1+1 for some i suchthat s <i <k,

the form indicates zero. . That is

-2)+
xt(s ) rB(x;rni+j—'1) B(x;mi+1+j-('1+1))
0 3 = . . f r all i = 1, . s - ,k'
(t(s=2)+r)(j-1) _(t(s-2)Fn) (G- T A |

- e r+l s-1 .
Let a partition of a positive integer N of type 9, with

m, (i=1,...,k) non-zero parts in each ith row be given. Sub-

tract one from each ith row (i =s,...,k), thereby obtaining a

k
‘o r s-1 .
partition N - m, of type 9, with m, - €, non-zero parts
i=s

in each ith row (i=s,...,k). Since the correspondence is one-

to-one,
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- r S’I(N . m m -e m, -€. )
q - ) MMy, My, MM € e, T S€y

r+l _s-1
Qt (x,mlm, 5 ,mk)
Z;l'f‘srni —L s
= - r - ]
X Z Qq (X,ml,mz,...,ms_1
‘s’ ,ek:O
B(x;m, +j-1)
_ i=1
k t(i-1)(j-1i) ’
. Zh:smh Z X d
= x j=L
_ B(x;m, tj-i-¢.)
es,..,i{-o i 1 {=s,

(t(s-2)tr)(j-i)

X

by the induction hypothesis. Summing the

LEMMA 2.3 we obtain

B(x;mi+j—i)
Zh:smh b:
X
B(x;mi+j—i)
Mt (s o2)4r)(-1)
X X ’

determinants and using

1, ,y8-1
1, y k
s, » k



B(x;mi+j-i)
Xl:(i—l)(j—i)
B(x;mi+j—i)

X(l:(s—2)+r+1)(j—i)

Setting r =t, we have by observation (b) following DEFINITION

B(x;mi+j-i)
H-1)(-1)

B(x;mi+j—i)
X‘Z(S -1)+E)(G-1)

B(x;mi+j—'1)

: - i=1, » 8
t(i-1)(j-1)
X
= j=1, vk
B(x;m, +j-1i)
_'___1—"'— i=s8+l, yk
o ts(j-1)
. X
Hence for s = k-1,
Q (x;m_ ,m -.,m):tQk_l(x;m,m,.--,m)

1 2 k

B(x;mi+j-i)
t(i-1)(j-1)
X

l i,jzl,...,k

‘and the theorem is proved for k >3. For k =2,



Ql(x;m ,m.) Bl(x;m , m

1 2)

B(x;ml) B(x;m1+1)

xB(x;mZ—}) B(x;mz)

By induction on t following the same procedure as in the proof of

LEMMA 2.11, it follows that

B(x;ml) B(x;m1+1)

t 1 t i
X (B(x,mz—l) B(x,mz)
Hence the theorem is proved.
Expanding the above we obtain
S S S +S +t
m1 m, m1+1 mz-l
X X

fon o« g U] 2 [07 [y 1) [y ey <105 [1]

+
Sm Sm m.+1 tfm_+1-m ‘m
1 2 1 2 2
X (1-x -X d-x )

[m+1].. [m,+1][m, 1% . Jq17°

Letting m. =m, =m, we have

28
+1 +1
< rn( - -xt (1 -xm)i

[m+1][m]2. - [1]2

Qt(x;m, m) =

38
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il
9
%
g

where Pm(x) is the generating function for the number of one-line

‘partitions into at most m parts. As m ™ 9,

which is the generating function for the number of partitions into 2
distinct lines, each line independent from the other. This is to be
expected since letting t — ®, removes the dependency between the

rows for 2-line partitions of type q,-



40

III. k-LINE PARTITIONS OF TYPE F

. 1. >, > >

DEFINITION 3.1. For m, >m, > 2m 2 0 and for a
positive integer t, let ft(N;ml,mZ, c e mk) denote the number of
partitions of a positive integer N into k rows having m,
(i=1,...,k) non-zero parts in each ith row, where the parts are

strictly decreasing along each row and decreasing by at least t

along each column. Call such a partition one of type f and let

t
00
_ . n .

Ft(x,ml,mz, . ,mk) = z ft(n,ml,mz, Ce. ,mk)x where we define

n=0
ft(n;ml,mz, .. ,mk) tobe 1 for n=0 and

= = ,.. = = . 3 1 . , , , = >

m, =m, m, 0. Since ft(n,m1 m, mk) 0 for n>0
and m, =m, = .. =m = 0, Ft(x;ml,mz, ,mk) =1 for
m1 = m2 = = mk =0

As an example, let N = 16, m, = 3 and m, = 2. The parti-

tions of f2 are

931 841 832 751 742 652 643 831 741 732
21 21 21 21 21 21 21 31 31 31

651 642 543 731 641 542 731 641 632
31 31 31 32 32 32 41 41 41
REMARK: For t>2, a 1 mayappear in any ith row
(i=1,...,k-1) of a partition of type ft as long as m, >mi+1-

A 1 may also appear-in the kth row.
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For m, >rm2 >0 > m, let the array
11 %12 *1m,
(1) 12 %22 *2m,
%K1 al‘;Z 7 %km
k
be a partition of a positive integer N of type f.. Upon subtracting

1

1 from each part of the partition, we obtain a partition of

k
N - Zmi of type f1 of the form
i=1

b11 b12 ..... bl,ml—el
bz.1 b.22 bz’mz‘ez
b b b
kl "k2 k,mk—ek
where again € = 1 or 0 depending upon whether a, = 1 or
i
not. Each partition of N of type f1 with m, non-zero parts in
k
each ith row gives rise to a partitionof N - zmi also of type
i=1

f1 with m, - €, mnon-zero parts in each .ith row. Since the cor-
i

respondence is one-to-one, the total number of partitions of N is

€, ) of the number of partitions of

the sum over all vectors (e 17 6
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N - m Hence
i=1
1 k
(2) fl(N;ml,mZ,...,mk) = Z fl(N-Z;ml-el,mz-ez,...,mk-ek)
yeees€ = i=1
el ﬁ( 0 i
Consider the array (1) and let m_ =m_ = ... = m_ for

some s and t suchthat 1 <s <k and 1 <t <k-s. Hence

a >a >... >a . Subtracting 1 from each
sm s+l,m s+t, m
s s+1 s+t

part yields a partition of the form

11 1.2 l,ml-e1

bs—l,l bs-l,Z °°°°°° bs-l,m -€
s-1 s-1
bSl bsz ..... bSrn
. s

b b L ... b

s:H:—Ll s+t-1,2 s+t-1,m -1
b’ b ... b

§+t, 1 s§+t, 2 S+t’ms+t_€s+t
b, b, ... b

kl k2 k,mk—ek

Since the correspondence is one-to-one, the total number of partitions

of N of type f1 is the sum over all vectors

k

) € y e Gk) of the number of partitions of N —Z m,
i=1



fl(N;ml,mZ, e ,mk)
1 k
= 2 fl(N—Zmi;ml-e1,...,ms_1-es_1,ms,...,
el,...,es_l,es_l_t,...,ek:O izl
T i ™
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For example, the partitions of 11 of type f1 with m, = 2

and m, =m, =1 are

The corresponding partitions of 11 - 4 =7 are

1 1 1 2 2 2 2 3
1 1
Hence,
1
f1(11;2,1,1)= Z f1(7;2'€1’1’1"€3)f
€0 €370

f1(7;2, 1,1) + f1(7;1, 1,1) + f1(7;2, 1) + £(7;1, 1)

1+1+4+3=29.

i

The same procedure would extend to a partition of a positive

integer N with any number of blocks of rows, each rowin a given
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block having the same number of non-zero elements. Hence, if there

are r blocks of rows of equal length, each block containing t +1

h
rows (h=1,...,r), we have
(3)
3 fl(N;ml,mZ,.. ,mk)
1 k
= Z fl(N_zml,ml_el, ,mS _1 GS _‘1" m 3 H 'S +t _1’
. 1 1 ‘ 1 1
e =0 i=1
J
m -€ » »y In - € » IN ) » IM ’
- - +t . -
Sl+t1 s1+t1 s2 1 s2 1 2 s2 t2 1
m -~ € , , M -€ , In ) »y Im )
+ + - - +t -
5, t2 s, t2 sr 1 sr 1 r sr tr 1
My by " 4t 0 M)
r r r r
i=1,..., -1, ., ..., -1, o, e 0., -1, + ,...,k.
where j =1 83 1 51 t1 S, 1 s, t2 s 1 s tr k
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Since f(n—z;ml,mz,...,mk)=0 for n<Zmi. Repeating the
i=1 i=1

process for Equation (3) we are led to the following theorem.

THEOREM 3.2. For mlzmzz...?_mkzo,
Fl(x;ml,mz,---,mk)
Z%i m !
=xl:11 Z F (x;m._-€_,m._-¢ m, -¢ )
1 1’ 2’ Tk k
61, ,ek=0
if m1>m2>.. >mk, and
Fl(X§m1,m2,- :mk)
Z%( m 1
= x =11 F (x;m_-¢ m -€ m m
1’7771 s -1 s.-1" s’ R
1 1 1 1
e .=0
J
mS +t _GS +t ) :ms _l-fs _I,m ) :ms +t _1 )



m -€ » » IM -€ yIm » IN y
+ - - +t -
s2 tZ s2+l:2 sr 1 sr 1 sr sr tr 1
Moo TS gt T
r r ‘r r
if m = m = m forall h=1,...,r,
Sh sh+1 s +th
where
iz 1,...,8.-1, yeerSa-1, yeveys -1,8 *t ,..., k.
j=1 8 1s1+t1 s, 1 s,tt, 5, 1 5, tr k
The function Fl(x;ml,mz, e ,mk) is uniquely determined by
the above recursion and the initial condition, Fl(x;m,mz,.--,mk) =1
for m1=m2= =mk=0
THEOREM 3.3. For mIZmzz... kaZO,
B(x;mi+J—1)
’ ) L | = . H 1, H
Fl(x,m1 m, mk) PETIEEY i,j k

where B(x;mi+j—i) =0 for m, < i-j.

Proof: The proof consists of showing that this formula fits the initial

condition and satisfies both parts of the recursion of THEOREM 3. 2.

B(x;m,)
Fl(x;m1)= XO =|1] =1 for m1:O
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Assume m - m = m = ... =m for some s and ¢t
s s+l s+2 s+t

suchthat 1 <s <k and 1<t <k-s. Consider

1
Zl;lml
X Z Fl(x;ml-el, 'ms—l—es—l’m ) )
1’ s—1’€s+t"“’i{:0
M 1 P s P
ey biio
B(x,m,1 j-i e,l)
YR =1, s-1
X(k i)(j-i) i=1 s
Zk ! B(x;m, +j-1) =1 k
B hzlmh x,m,l J-l J s 3
- (k-1)(j-1)
1 J 1 = S, ,S+t'1
el, ,es_l,es_l_t,- ,ek:O
B(X;mi+‘]—1_€.) 1 = S+t: ,k
(k-1)(j-1)

Summing by combining determinants and using LEMMA 2.3, we obtain

B(x;mi+j—i) l
T
T (k-1)(3-1) i=1,...,8-1
X
Zk m B(x;m,+j-i) iz 1 k
< h=1"h 4 i J-1 J FRCEE )
-1 (§-1) —_— att-l
Blxjm, +5-1) i= s+t, 'k
+7-1 .
T (k-1)(5-1)
X x

m,
Multiplying each ith row by x Yi=1,...,8-1,8%t,...,k), we

obtain



stt-1

(4) < h=s h

Consider the (s+t)t

B(x;mi+j—i)

Xj-ix(k—i)(j-i) i

B(x;mi+j—'1) j
(k-1)(j-1)
X

B(x;m_1+j-i)

-1 (kD) (G-1)

h row,

. +i_g-
B(X’ms+t j-s-t)

X

B(x;m

j—s-tx(k—s—tﬂj—s—t)’

s+g_1ti-s-t)

since m = m
s+t s+t

Hence by LEMMA 2

1

X(k-s -t+1)(j-s-t)

—1:-.. S-

.3 we obtain

B(x;m +j-s-t+1)

s+t-1

X(k—s—l:+1)(j-s—l:)

Multiplying the (s+t)th row by

1

+j-s-t+1
ms+t—1 j-s-t
X

1
k-s-t+1’
X

B(x;m +j-s-t+1)

stt-1

X(k-s—l:+1)(j-s-l:+1)

m +j-s-t+
s+t-1 j-s-ttl
X

- B(x;m

stt-1

we have

- B(x;m

s+t -

+j-s-t+1)

1+j-s—£jljl)

H

48
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Adding this row to the (s+t-1)st row, the (s+t-1)st row becomes

B(x;m +j-s-t+1)

stt-1

Mstt-1 jes-t+l (k-s-t+1)(j-s-t+1)
X X X

Thus if we multiply the (s+t-1)st row by me+t_1, the expres-
sion (4) equals
B(x;mi+j—'1)
Xj‘ix(k-i)(j—i) i=1,...,8-1
Xzi:“zmh B(x;m, +j-1) j=1,...k

k=) (j-1)

B(x;mi+j-'1)

-
1
n
+
o
1
—
P

XJ-IX(k-l)(J-l)
Repeating the process t times yields

B(x;mi+j—i)

————— i,j=1,....k.
XJ—IX(k—l)(J—I) l

Multiplying each ith row by xlu1 we obtain
k .
Z _.(h-1} B(x;m_ +j-i
X h=1 - i,j=1 k
XJ—lx(k-l)(J—l)

Multiplying each jth column by XJ—I yiélds



B(x;mi+j—i)
X(k-l)(J-l)
The result for m = m = ... T m forall h=1,...,r

+
Sh sh+1 sh th

follows as a generalization of the previous procedure. Hence the
second part of the recursion is satisfied.

For m, >m_ >... >m, ,

1 2 k
Zl,leml 1
X Z Fl(x;ml-e1 m,-¢€,; ,mk-ek)
el, , €. =0
k 1 . .
thlmh Z B(x,mi+_]—1—ei) i
=X VI i,j=1l,...,k
(k-i)(j-i)
€., e =0 X
1 Tk

B(x;m,+j-1)
i L. v
X TR ih,j=1l...,k.
177 (k-1)(-1)

X

m,
Multiplying each 'ith rowby x ', we have

B(x;mi+j-i,)
XJ—lx(k-l)(J-l)

Multiplying each row by x ' and each column by x’ , the

.result is



51

B(x;mi+j—i)

——e i,j=1,...,k
X(k-l)(J—l)

Hence the theorem is proved.

If we transpose the above determinant, the result may also be

written

B(x;m, +i-j)
= —1 > i,j=1,...,k
(2ki-2kj-2jit2j V2

B(x;mj+i-j)

2 2.2 2.2
X(Zki-i —k2-2kj+j +k T -2jiti T+ V2

B(x;mj+i-j)

1,...,k.

s (i—k)Z/Z + (j-k)2/2'+ (i-j)Z/Z‘

. a2,
x((J-k) +J)/2,

Multiplying each .jth column (j=1,...,k) by we
-obtain

k (h-k)2+h B(x;m, +i-j)

-2 3 .
h=1 2 > > ,j=1,..., k.
* - R 2+ (1)) 12 -j/2
2
-((i-k)"+i) /2 .

Multiplying each ith row (i=1,...,k) by X((1 )+ » gives

us
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| B(x;m,+i-j)
" Lj= Lok
« (-3) /2 +(i-j) /2

| B(x;mj+i—j)
-pG-jrn/z )

=1,...,k

D=t /2, ij—j

[mj+i—j][mj+i—j—1]. 1]

This form agrees with that of Gordon's (2, p. 95), computed by a dif-
ferent method.

We shall now compute Fz(x;ml, m,, - »m, ) subject to the

conditions,

> -
m1 2 m2+k 1

> -
m2 > m3+k 2

.

> >
mk_1 _mk+1 >1

DEFINITION 3.4. For m, > m, >0 > m, and for an inte-
ger s suchthat 2 <s <k, let f;(N;ml,mZ, e ,mk) be the
number of partitions of a positive integer N into k rows having
m, (i=1,...,k) non-zero parts in each ith row, where the
parts are strictly decreasing along each row and strictly decreasing

along each column between rows 1 and s and decreasing by at

least 2 between rows s and k. Call sucha parition one of type
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00
s S B S n
f2 and let FZ(X’ml’ m,, .- ,mk) = Z fz(n,ml, My - - ,mk)x
S n=0
where we define fz(n;ml,mz, e ,mk) tobe 1 for n=0 and
s
= = ... = = . 1 . , y o o 0y =0 f
m, =m, m, 0. Since £2(n,m1 m, mk) or
.S
> = = ... = = ° , s e s =
n>0 and m, = m, m, 0, Fz(x,m1 m, mk) 1 for
m, = m, = = mk =0

THEOREM 3.5. For m1_>_m22..._>_mk__>_0 and
> +k -1 > i = -
m, >m., k-i>1 (i=1, yk-1),
FZ(X;ml’mZ""’mk)
k-1 . 1 1 1 1 2 2
Z)izl(k—l)miz -el Z -el-el-ez
= x X x
1 2 2.
el—O 61,62—0
1 k-2 _4 )
“Zgo1 Fim1G
x
k-2 k-2_
1 ™0
1 k-1 k-1
i i
Z Fl(x’mfzermz‘zez’ 1 k-1
ek—l ek—I:O i=1 i=2
1 7 k-1

Proof: Let a partition of a positive integer N

m, (i=1,...,k) non-zero parts in each ith

of type f2 with

row be given.
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Subtracting 1 from each part in the first row yields a partition of

2
N - m, of type f2 with m, - ei non-zero parts in the first

row, where ei =1 or 0 depending upon whethera 1 or not

appears in the first row of the partition of N. The correspondence

is one -to-one, hence

f

1

(N; ) = 2 (N . )

AR Mty Ly P HIN-m,,my =€, My e 0 My

1_
el—O

Therefore as in the proof of THEOREM 3. 2,

2
Given a partition of N - m, of type f2 with

1 . .
m,-€,,m,,. .., M _ NON-zero parts in each ith row, subtract 1

from each element of the first 2 rows. . The result is a partition of

N-m, - (m_-¢

2
1 1 i+m2) of type f3 with m —61-6 non-zero parts

2 1 1 1

. . 2 .
in the first row and m,-€, non-zero parts . in the second row,

2
where ei =1 or O (i=1,2). Hence,



Therefore as before,
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2
Fz(x,ml—é ym,, ’mk)
00
= fz(nm € )
- o Vb - ,mz, ,mkx
n=0
00 1
- 3 2 n
= Z Z fz(n-m1+e -—mz,ml-el-e MM, -€,, My, - .,mk)x
n=0 2 2_
61,62—0
1 00
_ 3 2 n
- Z zfz(n-m +e -mz,ml—é -61,1‘1’1 .-62,m3,---,mk)X
e?,egzo n=0
N 00
= 1T f3( + ; € -€_,Mm 62
T Al IS Tkt Thet B RS Mt A
2 2 1 N
61,62—0 n—(ml-el+m2)—0 n-(m.-e +m2)
m3,. ,mk)x
€_+ !
= o T2 F3( ; el 3 €.,m m )
X Zx,m - 1— ,mz— » 3,- » k
2 2
61,62-—0

Substituting into (4), it follows that



FZ(X;ml’mZ"' ,mk)
1 ety 1
= o T T2 3( : € -¢_,m -62 m m, )
=x p-4 sz,ml— )M, =€, My, my
1 2 2
el—O 61,62—0
2m1+m2 ! -€ 1 3
=x Zx ZFZ(x;mlne -€ M, =€, My, ,mk)
1 2 2
61—0 61,62—-0
Repeating the process, we have
FZ(X;ml,mZ,"',mk)
1 1 1 1 2 2
+ - - - -
i 3m1 2m2+m3 Z el Z el el 62
= x X . X
1 2 2
el—O 61,62-0
1
F4' 6123 eze3m—em m, )
(XM € € €, n€ym Mg mE g, MMy, e s Y
3 3 3
61,62,63—0
After k-1 applications of the same procedure, it follows that
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1 2 k
- 2
) E%::ll(k_i)mii _ei El; -€_-€ —62
= x X X
1 2 _
el—-O el,e =0
1 - - k-1
ket ! k-l
=1 Ti=11i Fk( - et - oL
X 2X, 1 Z 1, 2 2,
ek—2 ek—Z_o k-1 ek-l_o i=1 i=2
1 H H k._2 61 e H k_l
ek-l m )
My 17 k-1 Tk
F(x;m. ,m ) = F.(x; m. )
2x,ml, 2,...,mk = lx,ml,mz,---, K
implies the result.
THEOREM 3.6. For mIZmZZ... _>_me0 and

> +k -1 > i= A ,
mi_mi+1k1_0 (i=1, k-1)

,m',---,m): i,j:].,.-.,k

1 2 k

B(x;m,+j-1)
i
Fz(x;m

2(k=)(j-1)

where B(x;mi+j-i) =0 for m, < i-j.

Proof: Since
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. Zi;i(k-h)mhi el i e -¢ -e;
- X X X
ei=0 e§,62=0
1 k-2 _4 ) 1 k-1 ¢ . .
- . - + -
z < Zy-1 Zh=1%h Z Blem, -2, _ €, *j-1)
X(k-i)(j'i)
ek—Z ek—Z:O ek—l ¢ —1:0
1 H H k_Z 1 H H _1
i,j=1,...,k
k-1
L .
where Z ei =0 for i>k-1.
£=1
Summing the determinants
B(x;m.—Z}k_Zeieﬂ'-i-e, ) i=1, y k-1
i f=i i
x(k"l-)(.]_l) J - 1, ,k
. +3_
B(x,mk j-k)
over all vectors (51;_1, , ellz_i), we obtain
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k-1 1 1 1 k-2 _1 y
Zp =y (k-himy z ! Z “Zy=1 Zh=1%n
x X x
1 k-2 k-2
61-0 61 ) ’ek-Z_,O
k-2 4
. _ +3-
B(x,rni ZIZ:iei j-1i)
k-2 1
- +5- =1,...,k-1
G TP RE AL (N 1
X
J = 1: . :k
N +i-
B(x,mk j-k)
k-2
1 .
where Z € =0 for i>k-2.
=i
k2t
. . . =i 1
Multiplying each ith row (i=1,...,k-2) by x and
k-2 4 k-2 k-2
. J ! .
noting that € = € we obtain
£=1 h=1 i=1 £=i
k-1 1
Z)hzl(k-h)rnh Z -€
X X
1
el—O
L. k-2 4
. Blm, +j-i-Z, _;¢;) i=1,...,k-1
m, +j-i s s
z x x(k_l)(‘]-l) j=1 ...,k
k-2 K-2_ ,
€ ,ek_2~0 B(mk+J—k)
. . k-2 k-2
Summing the above determinants over the vectors (61 , , ek—Z)

yields,
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X X
1_
61—0
‘ k-3 4
e i
Blx;m, +j-1-Z,_;€,) i=1,...,k-2
-3 4
2(m +j-i)-Z5 Jeb
. L3 g i £=i 1X(k—1)(J—1)
‘ _Zl;lzh-leﬁ ) =l k
z x B(x;mk_1+j—k+1)
k-3 k-3 m. +j-k+1
, = Pk+
‘1 ‘k-3 0 x k %7 ktl
B(x;mk+j—k)
k-3
where z ef =0 for 1i>k-3.
£=1 k-3 g
Zp=1°
Multiplying each ith row (i=1,...,k-3) by x Y, we
obtain

k-1 1 1
Z)hzl(k-h)rnh z -el
X x
1

el=0
B(x;mi+j-i-21;;?€f) i=1,...,k-2
1 XZ(mi+j_i)X(k'i)(j‘i) i= 1.0k
Z Blxm, _ +j-k+1)
61;-3’ ’ ellz:gzo xrnk_l-lhj_k-lhlxj-k-lh1
B(x;mk+j—k)
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Repeating the process k-1 times, results in
k-1
thl(k—h)m

ey 43
h B(x,m,1 j-i)

X . — ,j=1,... k.
- +i-
e 450 (i (-1)
x x
(k-i)m,
Multiplying each ith row (i=1,...,k-1) by x ,  we
obtain
B(x;m,+j-1)
—_—— 1 i,j=1,...,k
2(kc-1)(j-1) '
x
Hence the theorem is proved.
REMARK: For m, > m, > ... zmkz 0 and

m, < mi+1+k~i (i=1,...,k-1), the above formula is not correct.

For example, let k = 2, then m1 < m2+1 or m1 = m2 = m.

The above formula is thus

B(xfm+l)

2
x

B(x;m)
FZ(X;m, m) =
B(x;m-1) B(x;m)
R -m+
B(x;m)z ) B(x;m 12)B(x,m 1)
x
28 S +S

m mt+1 m-1"
i X X

2

2

) [m]z[m-llz. [17% [m+1][m][m-l]2[m-2]". . [1]

(5) x Mx -nx_l(l—xm))
[m+1][m]2[m—1]2. . .[1]2
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However let a partition of a positive integer N of type f2
with m non-zero elements in the first and second row be given.
Subtract 1 from each element in the first row. Sincea 1 cannot

appear in the first row, the result is a partition of N - m of type

f. with m non-zero parts in each row. Hence

1
fZ(N;m, m) = f(N-m;m, m) and therefore

Fz(x;m, m) = mel(x;m, m)

2S +2m
m
x

[m+1][m]?. .. [21°[1]

which does not agree with (5).

In summary,

i,jzl,z if m, >m
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IV. 2-LINE PARTITIONS DECREASING ALONG EACH COLUMN

We shall now look at k-line partitions where the parts decrease

along each column. As an example, the 2-line partitions of 5 of

this type are 5, 41, 32, 221, 331, 2111, 11111, 4, 3, 31, 22, 211.

DEFINITION 4. 1.

1 21 1 1

For a positive integer N, let ck(N) be

the number of k-line partitions of N whose parts are strictly

decreasing along each column. Call such a partition one of type ¢

0

k

and let C, (x) = z ck(n)xn where we define ¢

n=0

DEFINITION 4. 2.

k

k(0) to be 1.

For a positive integer N, a k-line slant

partition of N 1is a representation of the form

k 00
=Y S,
1

i=1 j=i
where each a,, is a non-negative integer such that a,, >a, .
ij ij — i+l,j
and aij > a, 1 The partition is written as an array without plus

signs and zero terms.

211

Hence ‘N has the form

12 13 lh1
a,5 Byy erreees a,y
2
a3'3 ....... a3h3
.all LN
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where { is a positive integer less than or equal to k and each
ith row (i=1,...,4) contains hi-i:l-l non-zero elements.
For example the 2-line slant partitions of 5 are 5, 41, 32, 311,

31, 221, 22, 2111, 211, 11111, 1111, 111.
1 1 1 1 11

LEMMA 4.3. For any positive integer N, there is a one-to-
one correspondence between the partitions of N of type i and

the k-line slant partitions of N.

Proof: We shall illustrate the correspondence for * £ =3 < k. Let

b11 b12 ..... mlml
by1 Py bm

2
by Pys b3m3

be any partition of type k where m, indicates the number of

non-zero elements in each ith row (i=1,2,3). A graphical

representation is given on the following page where the dots represent
the graph of the first line of the array, the smaller circles represent
the graph of the second line and the larger circles represent the

graph of the third line. Since blj > sz forall j=1,... ym)
each smaller circle can move one position to the right and not travel
beyond the dots. Likewise since ij > b3j forall j=1,... )My

each larger circle can move 2 positions to the right and not travel



31
;o —
@ @ - @ o @ ® ¢ o o .
® ® - @ @® @
my{ 0
@® - @oo 0.
Wiy ® ®© ® ¢ ¢ .
.

. . .
L [ 4 L4

B

.

.
» [4 .

beyond the dots or the smaller circles.

graph, we obtain.

Transposing the resultant
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» s 0 ’ e ’ ¢ o - o

LIS

by, L @ -+ o . , ‘

. ® o6 ®

by, @ o @':7
® ® ot
® . ®© ! ,
MENO) o !
® ° o
e 0 :
¢
0

"This is the graphical representation of the k-line slant partition

m. = a a Q.. e a

1 11 12 13 lbll
mz = aZZ a23 « s e e az’b +1
21
m = a P a
. s +
3 33 3 b:),1 2

Reversing the procedure, that is starting with a k-line slant
partition, guarantees that the resultant partition has the property

that the parts are decreasing along each column.



As an example, the graph of the partition

6 5 5 4 2
4 4 3 1
3 2 2
is
@ o0
® e 0
@ @ ® o .
L [} [ L)
Transforming this graph, we have
[} . ° . ]
® @ 0 0
@® G
®06 6
® o -
*

which is the graphical representation of the 3 -line slant partition

B
W W
W W
- W

We shall now discuss k-line slant partitions with a particular

number of non-zero elements in each ith row (i=1,...,k).
DEFINITION 4.4. For m, >m, >... >m >0, let
a(Nim,,m,, ... »m, ) be the number of slant partitions of a positive

integer N into k rows each row containing m; i=1,...,k)

67
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non-zero parts, where the parts are strictly decreasing along each

‘row. Call such a partition one of type a and let

0
n ]

A(x,ml,mz, e ,mk) = Z a(n,ml, m,, - .- ,mk)x where we define

n=0
a(n;ml) =1 for n=0 and m, = 0. Since a(n;ml) =0 for
n>0 and m, = 0, A(x;ml) =1 for m, = 0.

LEMMA 4.5. For m1>m2>...>mk20,
Z’%:‘lml ‘1
1 M » yeeey - 5 - ; =€ _ 500y -
(1) A(x,m1 m, mk) x Z Alx m, -¢;,,m, < m, ek)
el, ,ek=0

Proof: The proof is identical with the proof of recursion (1) as given
in Chapter II.
A(X:ml, m,, - mk) is uniquely determined by recursion (1)

and the initial conditions

0 if m. = m, >0 for some i such
i

that 1 < i <k-1

Let ml=u,m2=u—1,...,mk=p-k+1, where | is a positive

integer greater than or equal to k. The slant partitions of a positive
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,m.,,...,m ) are exactly those

‘ integer N enumerated by a(N;m1 > K

‘ found by superimposing k-line slant partitions with no more than

m, = p-itl (i=1,...,k) elements in each 1ith row onto the array
o=l o p-2 ool 1
| p-1 p-2 ..., 1
B=2 oo 1
-k+1 1
| B
. . h+1 .
whose sum is Sh » where again Sh = | > ) - Hence, if
K h=p-k+1
aH(M) denotes the number of k-line slant partitions of a positive

integer M with no more than p-itl non-zero elements in each

M
ith row (i=1,...,k), a(N;p,p-1,...,p-ktl) = at(N— Z Sh) .
Therefore h=p-ktl
Alxsp,p-1, .00, p-k+1)
e
n

= Z a(njp, k-1, ..., p-k+1)x

n=0

00 b

= Z at(n- Z Sh)xn

n=0 h=p-k+1)

U 00 U U
~ Zhepok+15h k D2 -k+15h
=x a (n- S, )x
e h
S h=p-k+1
D ) cu-k+1%h
}J. 0
_ Z;h=p‘-k+lsh \ k m
| = x ap(m)x
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since
b B
ak( z S.)=0 for n< z S
w h h
h=p-k+1 h=p-k+1
Hence
00
H ) XLy ooe ey 'k+1
Z K - AGgp ol okt
: = s
n=0 h=p-k+1"h
X
Letting p =%, we obtain the generating function for the number of

k-line slant partitions. By LEMMA 3.3, this is also the generating
function for the number of k-line partitions whose parts decrease

along each column.  Therefore,

)
(3) Z ck(n)xn =
n:

0 n=0

1

=

5
1]

©
'FA?T'

2

X

=]

A(x;p, p=1, ..., p-kt1)

I
[
jan
5

- M
p — 00 X2h=p-k+lsh

o]

Thus, if A(x;ml, m,, - .- ,mk) were known, Z ck(n)xn could be

calculated. n=0

We shall look at the case k = 2, compute A(x;m ,mz) for

1

particular values of m and m and conjecture a general formula

1 2

for A(x;m,, mz).

1



LEMMA 4.6. For m_, >0,

Alxm,) = [ J[m -11 111

where [v]= (l—xv) .

Proof: Since A(x,ml) = B(x;ml), the lemma is proved by LEMMA

2.2.

‘ THEOREM 4.7. For m; =m <m, and m, = 1,2,3,4,

Sm+1 m-1
X (1-x )

[+ 1][m]. .. [2][1]°

(a) A(x:m, 1) =

S +3

- -2
(b) A(x;m, 2) = x (1~Xm 1+xm_xm+2)(1_xm )
[m+2][m+1]. . . [3][2]%[1]°
(c) A(x;m,3)
S +6
_X m {(1 M 2_|_ m m+2)(1 .. +3)+x2m3(1-x)(l—xz)}(l—xm_?))

[m+3 [m+2]. . - [4][31%[21%[1]°

(d) A(x;m, 4)

Sm+10
- 2 + +4
_X {(l-xm 3+xm_xm+ )(l—xm 3)(1_xm )
4
Dm
2m-5 m-1 m m+4 4)

+x {(1-x +x Y1 -x )(1 -xX )}(1 -X

where Dfn = [m+4])lm+3]. . . [5][41°[3 17121112



Proof: A(x;m)=1 for m =0 by DEFINITION 4.4.

A(x;ml,mz) =0 for m= m, in Equations (a), (b), (c) and (d).

Hence initial conditions (2) are satisfied. By LEMMA 4.5,

+
A(xsm, 1) = 0 l{A(x;m, 1) + A(x;m-1,1) + A(x;m) + A(x;m-1)}
or
+
A(xs;m, 1) - N 1A(x;m, 1)
m+l
= x {A(xsm-1,1) + A(x;m) + A(x;m-1)}

hence,

xm+1

A(x;m, 1) = [—r—n—_l_—i-]{a(x;m-l, 1) + A(x;m) + A(x;m-1)}

By LEMMA 4.6 and assuming (a) for m. = m-1, it follows that

1
S +1 S
A(x;m, 1) = xm+11] = ™ (l_xm_Z) + ] S :l 17
4] gt p2gng? fodimetded
Sm-l

+
[m-1][m-2]...[1]

m+1‘ S S S

- - -1
X x 0 l(l-xm 2)+x rn(l-x)+x m (1-x

[m+1]) [m]lm-1]. .. [2][1]°

) (1-x)

S _1+m+1 2
x (x(l—xm_ )+xm(1-x)+(1-xm)(1-x))

[m+1][m]. .. [2][1]?
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S +1
_X m (x—xm_1+xm—xm+1+1-x -x+xm+1)
2
[m+1][m]...[2][1]
XSm+1(1_xm_1)
) 2
[m+1][m]...[2][1]
and (a) is proved.
By LEMMA 4.5,
A(x;m, 2) = Xm+2{A(x;m,2)+A(x;m-l, 2)+A(x; m, 1)+A(x;m-1, 1)}
m+2
| = [irr_;—Z_]. {A(x;m-1, 2)+A(x;m, 1)+A(x;m-1, 1)}
By part (a) and assuming (b) for m, =m-1, we have
S +3 ; S +1
Xm+2 X m-1 (l—xm_2+xm_l-xm+1)(1-xm-3) ;X m (l-xm_l)
2
[m+2] [+ 1][mm]. - - 312120112 [m+1](m]. - . [2][1]
S +1
L, x m-1 (l_xm-Z)
2
[m][m-1]...[2][1]
Sm_1+1+m+2
_X - {x2(1-xm_2+xm_1—xm+1)(1-xm_3)+xm\(1—xm_1)(1-x2)
D
m
F (-2 (1™ (1x %))

where

Dfn = [m+2)[m+1].. .[3][2]2,[1]2



Hence, we obtain- -
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‘ Sm+3
2 - - -
S (x -xm+xm+1—xm+3 x 1+X2m 3_x2m 2+X2m+xm
2
Dm
2m- - -
Cx m l_xm+2+x2m+1+1_xm 2_ m+1+x2m I_XZ
+ Xm+xm+3_x2m+1)
S +3
x m (_xm- 1+X2m-3_x2m-2+x2m+xm_ m+2+1_xm—2)
20,42
[m+2][m+1]...[3][2]7[1]
S +3
- + -2
_x m (l-xm 1+Xm_xm 2)(1_xm )

[m+2][m+1]. .. [3][2]%[1 ]

-and (b) is proved.

By LEMMA 4.5,

m+3

A(x;m,3) = x {A(x3m, 3)+A(x; m-1, 3)+A(x;m, 2)+A(x;m-1, 2)}

m+3

B E{m+3 ]

By part (b) and assuming (c) for m, =m-1,

' X {(l_xm-3+xm—1 m+l

S _+3

-x )(l-xm

{A(x;m-1, 3)+A(x;m-2)+A(x;m-1, 2)}

we have

+ 2m-
2 m 5(1-x

)+x

| m m-1 m mt2

m-4 X (1-x +x  -x

)(1-x

[m+2][m+1]. .. [3][2]2[1

]2

)(1-x2)}



- -2 _ + -
m-1 (l-xm _I_Xm l_xm 1 Xm 3

[m+1][ml]. . . [3]21°[1]°

S +3
i where
i

D, = [m+2])[m+1].. .[4][3]2[.2]2[1]2

S +3+m+3

m-1
-3 - + +2. 2m-
=X 3 {x3((1-xm ™ l‘xm 1)(l—xrn )+x m 5(1-X)
D
m 2 m-4 m m-1, m m+2
X(l-x ")) (1-x J+xT(1-x +x T -x )
- 3 -2 - + -3
S (1-x™72) (1o )4 (1™ et (M3
+2 3
X (1-x7 ) (1-x")}
where
3 2r.427. 92
D_ = [m+3][m+2]...[4](3]°[2]7[1]
Sm+6
X 3 m mt+t2 mt+t4d m+5 2mt+2 2m+4, 2mt6, 2m-2
=T (x -x +x -x -x +x -X +x +x
Dm
2m-1 2m 2mt+l m-1 2m-4 2m-2 2m, Z2m+tl
-X -X +x -X +x -X +x +x

3m-2 3m 2m+t2 3m-6 3m-5
X -X +x

3m-4 3m-3 m
-X +x - X -X

+ +x

2m-1 2m 2m+t+2 2m-2 3m-3 3m-2 3m m+t+3
-X +x -X -X +x -X +x -X

2m+2 2m+3 2m+t5 2m+l 3m, 3m+l 3m+3
+x -X +x +x T eX +x -X

m-2 m-1 mtl m-3 2m-5 2m-4, 2m-2
+x X -X +x X +x

+1-x

m+t2 2m 2m+l Z2mt+3 2m-1 3m-3 3m-2 3m
-X +x -X +x +x -X +x -X

-X +x -X +x -

2m+3 2mt+4 2m+t6 2m+2 3m 3m+l 3m+3
X +x =X -X +x X +x

)

|

|

3 mtl m+2 mt+t4 m 2m-2 2m-1 2m+l, m+5
-X +x +x X +x
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Cancelling like terms and rearranging the remaining terms, we obtain
I

S +6
: x 2 m-2 m mt+t2 mt+3 2m+l 2m+3 2mt5 2m-3 Zm-2
| 3 (1-x +x -x -X +x -X +x +x -X
] Dm
_ - - - - -2 3
_XZm l_l_XZm_Xm 3+X2m S_XZm 3+X2m 1+X2m_x3m e m
3m-2 3m-6 3m-5 3m-4 3m-3
-xX -X +x +x -x )
S +6
x m-2, m_ m+2 m+3. . 2m -3
= 3 {(1-x +x - )(1-x )+x (1 x)(1- x )1 x™ )
D
m

where again Din = [m+3][m+2]. .. [4][3]2:[2]2[1]2

-and (c) is proved.

By LEMMA 4.5,

+
A(xim,4) = 4{A(x;m,4)+A(x;m—1,4)+A(x;m,3)+A(x;m—l,3)}
+4
= {A(x;m-1,4)+A(x; m, 3)+A(x;m-1, 3)}
By part (c) and assuming (d) for m, = m-1, we have
S +10
Xm+4 X m-1 {(1 m- 4 m-1 m+l)(1 +Z)(1 m+3)
[m+4] o X Fx x X
m-1
- -2 - +4 -5
+ 22 k) (10 (12 P LT 1 )
| S +6
| X m m-2, m mit2 m+3
| + — {(1-x +x T -x J(1-x )
| 3
| D
2m-3 -3
+ x° (l-x)(l-xz)}(l-xm )



[

Sm_1+6
4 X - {(1_Xm-3+xm-1_xm+1)(1_xm+2)
Dm-l
+x2 (lx(lx }(lx 4)
where
4
p? | = [m3llmez]. .. [s)4) (31211
Sm_1+6+m+4
== 2 {x4((1-xm_4+xm'1-Xm+1)(1-xm+2)(1-xm+3)
Pm 2m-7 2,_m-1_mtd m-5
T (1-x )(1 x)(l T M(1=x )
m((1 Xm 2+ m m+2)(1 Xm+3)
+x2 3 (1 (12 (122 (1-x7)
+((l—xm—3+xm-1-xm+1)(1-xm+2)
#2211 (1) (1Y) )
where
4
D = [m+4llm+3]. . . [s][41°[3 121 [1)°
S +10
_ X m 4 m mtld mts m+tb6 2m+2 2mi5 2m+7
= ——-Z—(x -x +x -x -X +x -X +x
D
m

m+7 2mt3 2mté6 2m+8 2m+9 3m+5 3m+8
-X +x -X +x +x -X +x

3m+10 2m-3 2m-1 2m 2mt2 3m-5 3m-3
-X +x -X -X +x -X +x

3m-2 3m 3m-4 3m-2 3m-1 3m+l 3m
+x -X +x -X -X +x -X

3m+ + -1, 2m-5 2m-2 2
by m 2+X3m 3_X3m+5__xm l-l-x m 5-x m by m



2m+l 3m-3 3m 3m+2 2m+2 3m-2 3m+l
X - +x -X +x -X +x

+ X

3m+t3 3m+4 4m 4m+3 4m+5 3m-8 3m-6
X -X +x -X +x -X +x

3m-5 3m-3 4m-10 4m-8 4m-7 4m-5 4m-9
X -X -X +x -X

+x -X +

+X4m—7+x4m-6 _X4m-4+x4m—5 _X4m-3 _X4m-2 +X4m

+ -
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m 2m-2. 2m 2m+2 2mi+3. 3m+l 3m+3 3mit5
X X +x -X -X +x -X +x

3m-3 3m-2 3m-1, 3m 2m-3 3m-5 3m-3
+x -X -X +x -X +x -X

3m- - 4m+2 4m- 2m+2
pom 1+X3m_x4m 2+x4m-x m x m 6+x m

2m+4 2m+6 2m+7 3m+5 3m+7 3m+9 3m+l
X +x +x -X +x -X -X

3m+2 3m+3 3m+4 2m+l 3m-1 3m+l 3m+3
+x +x -X +x -X +x ~X

3mt+t4 4m+2 4mt+4 4m+6 4m-2 4m-1
X +x ~X +x +x -X

4m 4m+l m-3 m-1 m+l m+2 2m-1
X X + X -X +x

+ 1-x +x =

2m+t+l 2m+3 2m-5 2m-4 2m-3 2m-2 m-4
X +x +x X -X +x -X

2m- - - - - -3 3m-
e m 7_X2m 5+X2m 3+X2m 2_X3m 5+X3m x m-1

3m-9 3m-8 3m-7 3m-6 m+3 2m 2m+t2
X +x +x X -X +x -X

2m+4 2m+5 3m+2 3m+4 3mt+6 3m-2 3m-1
+x +x -X +x -X -X +x

3m 3m+l 2m-1 3m-4 3m-2 3m 3m+l 4m-2
+ X +x X +x

+x -X X - -X -

4m, 4m+2 4m-6 4m-5 4m-4 4m-3 4 m+l
X +x +x -X -X +x -X +x

-X +x

m+3 mt+t5 m+6 Z2m+3 Z2mt+t5 Z2m+7 Z2m-1 Z2m
+x +x -X +x -X -X
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2m+l 2mt+4 m 2m-3 2m-1 2m+l 2m+t2
X -X +x  -x +x X -X

+

- - - 3m-3 3m-2
+X3m l_x3m+1+X3m+3+X3m 5_X3m 4—x m tx m

m+7 2m+t4 2m+6 2m+8 2m+9 3m+6 3m+8
+x -X +x -X -X +x -X

3m+10 3m+2 3m+t3 3m+t4 3m+5 Z2mt3 3m
X +x -X -X +x -X +

+ X

3m+2 3m+4 3m+5 4m+t+2 4mt+4 4m+6 4m-2
X +x +x -X +x -X -X

- - - - +
+X4m 1+X4m_x4m+1+x4m 5+X4m 4;X4m 3+Xm 4)

Cancelling like terms and rearranging the remaining terms, we obtain

S +10
m

X m-3 m
—_— +x

(1-x Xm+?.

m+3 2m 2m+t3 2mt+5 m+4 Z2m+l
+x X +x -X +x

4
D
m 2m+4  2m+6 2m+7 3m+4. 3m+7 3m+9, 2m-5 2m-3
X +x +x -X +x -X +x -X

2m-2 2m 3m-6 3m-4 3m-3 3m-1 3m-5 3m-3
-X +x -X +x +x

3m-2 3m 3m-1 3mt+tl 3mt+2 3m+4 m-4, 2m-7
X +x -X +x +x -X -X +x

2m - - - _ -
L2m 4+X2m 2+ 2m-1 X3m 4+X3m 1

3m+l 2m 3m-3
X ~ X +x

3m 3m+2 3m+t3 4m 4m+3 4m+5 3m-9 3m-7
+x -X -X +x -X +x -X +x

3m-6 3m-4 4m-10 4m-8 4m-7 4m-5 4m-9
+x -X +x -X -X +x -X

4dm-7 4m-6 4m-4 4m-5 4m-3 4m-2 4m
X -X +x ~X -X +x

+x + )
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S +10
m

+x2m‘5(1-x2)(1-x3)(1-x +x oM T

where again

Dfn = [m+4][m+3]. .. [5][4]2[3]2[2]2.[1]2
and (d) is proved.
COROLLARY 4. 8.

25
A(x35,4) = % {(1-xz)(1+x5)(1—x8)(1—x9)
D
5
+x5(1—x4)(1+x5)(1—x2)(1-x3)}(1-x)

where
2
Dy = [9N8N7I6Ns a1 (3172111
! 3.6 8. 9 . 10
A(x; 6, 4) == {(1-x"+x -x ) (1-x")(1-x" ")
D
6
+x7(1—x5+x6—x10)(l-xz)(l—x3)}(1—x2)
where

Dy = [10][9)8I76][5141° (317 217 1]

Proof: Let m =5,6 in part (d) of THEOREM 4.7.



THEOREM 4.9.

36
Alxi6,5) = X< {(1-x5)(1+x2) (1 -x ) (1-x 1% (1 x Y
R
6
+x5(1-x4)(1+x6)(1—x3)(1-x4)(1~x11)
101 %2 (1) (1-x))
where

R = [11][101091(8][ 71615 1[4 1°(31°2)° (1]

Proof: By LEMMA 3.5,

A(x;6,5) = xll{A(x; 6,5)+A(x;5,5)+A(x; 6,4)+A(x;5,4)}

11
- .F_l_l._] {A(x; 6, 4)+A(x; 5, 4)}

since A(x;5,5) = 0.

By COROLLARY 4.8, we have

11 ( 31
A(x; 6,5) = -[3‘1—1—] g"—z (- +x =81 x)(1-x29)
R
6
(1o 4% 0 (1-x2) (1 -x))
25
+ E (1D 1) (1) (1x0)
Ry

+x5(1—x4)(1+x5)(1-xz)(l—x3)}
where

R} = (1019181 7](6)(5)(41°(31(2][11°

81
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-and
2 2 2
= [9)87]6ll51(4]"[3]7[2]7[1]
36
= §~§-{x6(1-x3+x6-x8)(1-xg)(l-xlo)(1+x)
Re
+x13(1-x5+x6-x10H1-xzﬂl-x3ﬂl+x)
F(1-x2)(14x2) (1-x ) (1-x ) (1-x0)
+x5(1-x4)(1+x5)(1—x2)(1 x )(1- x }(1 -x )
where
5 2 2c.72 2
R, = [11i(1o][oll8Il7I(6ll51 [4]) (317 [2]7[1]
36 6 9 2 14 7 10 13 15 2 5 7T 8 10
:;57; {(x -x +x1 -Xx +x -x tx -x THl-x +xT-x -x +x
Re
-x13+x15)(1-x9)(1-x10)
+(x13-x18+x19—x23+x14-x19+x20-x24+x5-x9+x10—x14
-x15+x19-x20+x24ﬂl x )(1- x YH1- x
36 2.5 6 8 9 12 14 9 . 10
='§?; {(1-x"+x"+x -x -x"+x -x J(1-x")(1-x )
Re
+(X5-X9+x10+x13-x15—x18+x19-x23ﬂl x )(1- x YH1- x
36 6 8 9 12 14 é 11 14 15 17 18 21
= 57;(1—x +x +x -x -x"+tx  -x  -x'+x T-x T~x +x +tx O -x
Re

2 2
tx 3_X10+X12_X15_X16+X18+X19_X22+X24+X19_X21+X24+X 5

27 28,31 33, 5 9 10, 13 15 18 19 23 7 11

-X -Xx +x -x “+tx -x't+tx +x -x -x +x '-x -x +x

2 21 22
-xl -x15+x17+x20-x21+x25-x8+x12-x13-x16+x18+x -
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2 2 7
tx 6+x10—x14+x15+x18—x20-x23+x24-x 8-X5+x -xlo—xll

+x13+x14—x17+x19+x14—x16+x19+x20—x22-x23+x26-x28+x15

17 20 21 23 24 27
x tx

4 29 30 32 33
-x t+tx +x -x - ng-xz +x26-x 9-x +x3 +x

36, 38 10, 14 15
X -X

x>0 0438 104 18, 20 23 24 28 12 16 17

X -X +x X -xXx *+x

2 22 2 7 31
tx O-x x 5+x26-x30+x13-x17+x18+x21-x23—x26+x2 x

1
-X 5+x19-x20-x23+x25+x28~x29+x33)

Cancelling like terms and rearranging the remaining terms, we have

Eé;(1-x2+x6-x8-X9+x11-x15+x17-x10+x12-x16+x18+219-X21+X25

% _Xz7_X11+X13_X17+X19+Xzo_xzz+X26_X28+xz1_Xz3+xz7_xz9
-x30+x32-x36+x38+x5-x9+x11-x15-x8+x12~x14+x18-X9+X13
_X15+X19+X12_X16+X18_Xzz_xle+3zo~ 22, 26 19 23 25
29,20 24, 26 30 23 27 29 33 14 15 16 22
—X23+x24)

==5;;{u.xzn1+x6n1_x9n1-xlon1_xlH
Re

+x5(1-x4)(1+x6)(1-x3)(1-x4)(1-xll)

1) (1-x0) (1) (1-x )}

where
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Ro(11]10](9](8](7 16151741731 (217 [1]
Hence the theorem is proved.

In view of the formulas for A(x;im.,1), A(x;m,2), A{x:im,3),

A(x;m,4) and A(x;6,5), we conjecture that for m >5,

S +15
m
A(x;m,5) = = — { P (A2 w3y T T,
D
m
+X2m—7(1_xm 2 Xm m 4)(1 . )(1-x4)(1—xm+5)
+x3m-4(1-x)(1-x2)(1 -x (1 x YH1-x -5)

where

D> = [m+s]lm+4]. .. [6][5]° (417131 [2)°[1)°

and for m > 6,

S +21
A(xim,6) = ((1-2070 5P PON2) g _god3) ) gatd ) mih ) e
D
“m
+x2m-9(1-xm-3+xm- m+4)(1 -X )(1-x5)(1-xm+5)
% (1-xm+6)
+x3m_7(1-xm-1+ m_ m+6)(1 -X )(1-x3)(1-x4)(1—x5)}
x (1-x770)
where

Dfn[m+6][m+5]. (7612 PP Pz P P
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In general, for m, >m, > 0, we conjecture that

= — (1-x +x T -x )(1-x ). .- (1-x )

-3) m.-(m_-3) m m.+4 m_-2

X (1-x 2 (1l-x 1 Yoo (1-x )
3m1-(3m2-11) ml-(mZ-S) m. m. +6 m, -4
+ x (1-x +x -X (1-x )

m_-3 m_-2 m_-1 m_+7 mim
‘ 2
X (Iox 2 )(1-x 2 )(1-x ° Yl-x ' y.ex 1 F

4m1-(4m2-23) ml—(m2-7) m1 M1+8 m2-6

+ x (1-x +x  T-x )(1-x )

m,_-1 m.+9 m.tm
X ... (1l-x 2 J(1-x 1 )o oo (1-x ! 2)

5m_-(5m_-39) m. -(m,-9) m m +10 m._-8
+ x 1 2 (1-x 1 2 +x 1-x 1 (1-x 2 )

m._-1 m.,+11 m_ +tm
2 2
X oo (1-x J(1-x 1 )o oo (1-x 1 )

where

sz = [ml-l-mz][ml-l-mz-l]. . .[m2+,1][m2]2[m2-1]2, ) tl]z
1

and
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Em m
1’772
m.m m_m m
271 S22 2
- - - - - +
> ( > mz( > 1)+1) m, (m2 m2+1) m, m, +m,
X (1-x +tx  T-x )
m —(m2—2), mz-l
X (1-x ). .o (1ex ) if m, is even
+
(m2 l)m1 (’(m2+1)m2 ( +1)(m2+1 i) ( ,
2 - 2 Timy 2 U m,-(m,-1)
x (1-x )
mz-l
X...(1-x )y if m, is odd
m2m1 1 1 + 1
-m. - m._ - m m.+m m. -
2 2 2
X (1-x 1 +x l—x ! 2)(l—xz) (1-x )
if m, "is even
+
(m2 l)m1 m2+3 ,
- m -
2 2
X (1-x)...(1-x 2 ) if m, is odd
For = d = 1, S +S _— d
o m, = an m, = p-1, " w1’ M an
Afx; p, pu-1)
2
2 +2 + 21 -
== {(1-x +xM oM )(l-xH 3)...(l-x H 1)
po-1
Ry
+4 - - + 2 -
+ xEs(l-x4+xH-xH )(l—xH 3)(l—xH 2)(l—xH 5)...(1-x b 1)
4 + < -2 +7 24~
T T I N S E P B S BINC LR

+... +E
u,u—l}




where
-1 2 2
ML= [2u-]l2p-2]. - [ulle-10°Tw-2]" (27T
and
plp-3)
X 2 (l-xp_1+xp-x2H_1)(1-xz)...(l-x”_z) if p is odd
Eu,u-lz
(E-Z)(H“!
x 2 (1-x)...(1-x™"%) if u is even
since
_ - 2
2
_b -3p
2
_ -3)
)
-and
2
pp) pt2z g -p-2
2 2 2
_ p(p-2)(putl)
2
Hence,
2 2 v
Alxip, p-1) = <M (1-x )(1+x") - -
[p+2]lp+1]. . [p]w-1]". . [2]7(1]

x5(1-x4)(1+xp‘)(1—xp‘_3)(1-xp‘_z)

[ptallpt3]. . . [ullu-11% . . [21%[1]

+

+

87



+x14(1-x6)(1+x”)(1_£*’5)... (1-4%)
[at6][u+5]. . - [wlle-11% . . [2]°[1]

T o gl
(26-1020-2] - - [w]le-11% . [21°11]

where

plp-3)

x 2 1" HaeMa-xd). . (1-x"%) if u is odd
Eu,u-l i

(p-2)(ut1)

X 2 (l-x)...(l—xp-z) if p is even

From Equation (3), we have

Zcz(n)x = lim Alcip p-l) ’2 -1)
n=0 b= xp‘
- i (1-x%) (1)
2
p—co | [p+2]. .. [pllp-10%- . . [2°[1]
N x5(1-x4)(1+x”)(1-x”'3)(1-x”'2)
[uta]. .. [wllp-11% . . [2]%1]
+x14(1-x6L(1+xp‘)(1-xp‘_5)...(l-xp‘-i

[ut6]. . . [ullu-11%. . . [2]°[1]

E
Moy -1

k-1 [elle-11% - (2% }

+ ...+

Consider each ith term (i >1),
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(4)
S21-1'1 2i -2i+1 -2
x (1-x )(1+xp)(1-xp )...(l—xp )
[ut2i]. . . [ullp-11% . . [2001)2
S, .-1 .
i < 2i-1 (1-x21)(1+x“)

[ut2i]. .. [}.L][p,-l]z.[p,—Z]. .. [}.L-Zi+1][}.k-2i]2. .. [z]z,[l]

. 1 1
Since <1< 1 for a positive integer s, for lxl <z,
1 2
1+— 1-—
28 2°
each ith term (4) is less than
1 1 1 1
(1-—=7)(1+—)
S -1 2i e S -1 3
5 2i-1 2 2 . 2 2i-1 (2)
1 1.2 1.2 1.2 - ,1.,327215 2 ’
(1-2)1-—=) (1-—5) (1-—) " . () () (77) .
2 22 23 24 24 8 16
. 1
since w>1 and 1——2i—< 1. Hence we have
2
3 4. 282 16 2
(=) () (7%2)
SZi—l_l 3 7 15
2
o j
3 2 2
s AT
, 2i-177 j=2 27-1
_ 3 VZ
S, -1
2“7
where
Y. % 1
V=1 (=) =1 (l+—/)
j=z 201 j=2 231
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Hence,

log V =

|
'Ms
o
1)
.
o
+
1 _

{1_(1‘1)_(1_1)
2J.1 220-ny 3(20-1) 427-1) s(27-1)

- e e }

j=2

o0
2 1
< ——

j
o2 271

<) L .

j
j=1°

2
Hence V < e and therefore each ith term (4) is less than

3 4
e
S,. ,-1
2 2i-1
. . o 4
Since i >1, the sumover all i islessthan 6e . Thus,
0 0 S -1
2i- 2j
n _ , x 2l %™
cz(n)x = lim > > >
so oy e [er2i] ulle-1]"w-2] fp-2ik 1 )= 240 [2]7]1]

where
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[1]021°31°4)°

g
i

n x—x3+x6—x10+x15—x30+..
cpm)x 2;.42
=, =[1)[2]°(3]

1§

'1-(I—x+x3—x6+x10~x15+...)

<[11[21%[31°. ..

x Y(1-x)(1- = (- 1fsi)

[1][][12

00

x (1- x)l 25 1)S )P( )2

(5,
L

which agrees with Gordon's result (2, p. 98), for k= 2.

AN IDENTITY: Consider any 2-line slant partition.of a positive

integer N.
11 %12 %13 “1h
222 %23 " %zn
2
Let a;; ° 4 From DEFINITION 3.2, a,lj <p forall i>2 -and
j=2 1. Removing a from this partition, yields a 2-line partition

11

of N - p where each element is less thah or equal to (. Trans-
posing the graph of such a partition gives rise to a 2-line partition of

N - 4 whose number of non-zero parts in each line is less than or
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equal to K. The correspondence is one-to-one. Let E;(N-p)
denote the number of 2-line partitions of N - p into at most

non-zero parts in each row. From formula (3) of the introduction,

t;(N—p) is the coefficient of XN_M of the generating function
(1-x) _ 1 ;
2, 2.2 2 +1, 2 2

(1-0)°(1-x)% . a-xM"a-"" [ k)% le]
- That is, t;(N—p) is the coefficient of XN of the generating func-
tion

XH
2 2
[11[2]7. .. []"[u+1]

Letting n=1,2,3,..., we see that the number of 2-line slant par-

titions of N is the coefficient of xN of the series

XZ 3
X
X + + T

12503 [1021%(37°04]  [10021°031%141°(5)

0
Defining tZ(O) =1, we have

1 o0
z = x 100 ) ()fs P
-, 121, 1

[u] [u+1] 2o

from Equation (5).



93
BIBLIOGRAPHY
Gordon, Basil and Lorne Houten. - Notes on plane partitions. I.
Journal of Combinatorial Theory 4 (1968). pp. 72-80.
Gordon, Basil. Multirowed partitions with strict decrease along
columns (Notes on plane partitions. IV). American Mathematical

Society. Providence, Rhode Island (1971). pp. 91-100.

MacMahon, Percy A. Combinatory analysis, vol. 2. New York
Chelsea (1916). pp. 171-246.





