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A new method is developed for studying large-scale temporal variability of ocean currents from
satellite altimctric sea level measurements at intersections (crossovers) of ascending and descending orbit

ground tracks. Using this method, sea level time series can be constructed from crossover sea level
differences in small sample areas where altimetric crossovers are clustered. The method is applied to
Seasat altimeter data to study the temporal evolution of the Antarctic Circumpolar Current (ACC) over
the 3-month Seasat mission (July-October 1978). The results reveal a generally eastward acceleration of
the ACC around the Southern Ocean with meridional disturbances which appear to be associated with
bottom topographic features. This is the first direct observational evidence for large-scale coherence in
the temporal variability of the ACC. It demonstrates the great potential of satellite altimetry for synoptic
observation of temporal variability of the world ocean circulation.

1.

INTRODUCTION

It has been increasingly recognized that global measurement of the sea surface topography by satellite altimetry is a
viable technique for obtaining quantitatively useful information on the general circulation and variability of surface
geostrophic currents of the world ocean [e.g., Munk and
Wunsch, 1982]. General descriptions of satellite altimetry can
be found itt Wunsch and Gaposchkin [1980] and in Stewart
[1983]. Progress in application to observations of the general
circulation and mesoscale variability of the ocean has recently
been reviewed by Fu [l983a], To obtain absolute geostrophic
velocity from altimetrically measured sea surface topography,
adequate knowledge of the geoid (the earth's equigeopotential
surface) is required. Because the gcoid is not accurately known
over most of the world ocean, altimetric observations have not
yet improved our knowledge of the oceanic general circulation

[see Tai and Wunsch, 1984]. However, the use of repeated
altimetric observations whereby the unknown time-invariant
geoid can be removed has provided a global view of the statistics of mesoscale variability of the oceans [e.g., Cheney et at.,

1983; Fu, 1983b]. Due to the presence of substantial, longwavelength orbit errors in altimetric measurements, the scales
of variability studied have been confined primarily to mesoscales (with a dominant length scale of about 100 km). Thus
far, there have been no attempts to use satellite altimeter data
to study large-scale (scales greater than mesoscales) temporal
variability of the ocean.
In this paper we demonstrate a new method by which altimetric measurements can be used to construct sea level time
series for the study of large-scale temporal variability of ocean

data [see Tapley ci al., 1982a] to study temporal variability of
the Antarctic Circumpolar Current (hereafter referred to as
ACC) around the Southern Ocean. Some preliminary results

of this study have been briefly reported in Fu and Chelton
[1984]. A more complete and detailed description is given
here.

Recent in situ observations in Drake Passage [e.g., Whitworth, 1983; Wearn and Baker. 1980] have revealed rather
substantial temporal variations in the mass transport of the

ACC. Due to a lack of synoptic observations around the
Southern Ocean. very little is known about the spatial struclure of this temporal variability. With its global coverage,
altimeter data can be used to examine the spatial coherence of
changes in the flow over spatial scales this large. Because of

the short duration of the Seasat mission and errors in the
altimeter data, the accuracy and statistical significance of the

results presented here are not very high. Emphasis in this
paper is placed more on demonstration of the methodology
and its potential with more accurate and longer duration altimetric missions expected in the near future.
We begin with a discussion in section 2 of a new method for
generating sea level time series from altimetric measurements.

Data characteristics and error reduction techniques are described in sections 3 and 4, respectively. Testing of the method

using Seasat altimeter measurements in the Drake Passage
area and comparisons of the results with in situ measurements
are discussed in section 5. Application to the entire ACC area
is presented in section 6, and the results are discussed in terms
of variations in geostrophic velocity. Finally, a summary and
conclusion are given in section 7.

currents. A number of techniques are employed to reduce
long-wavelength orbit errors plus other errors without compromising low-frequency, large-scale oceanic signals. The essence of the technique is the separation of signal and error by
utilizing fundamental differences in their spatial and temporal
characteristics. The method is applied here to Seasat altimeter
Copyright 1985 by the American Geophysical Union.
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2.

Ti-ta MLmou

The essence of the approach is to construct sea level time
series from altimeter crossover differences, i.e., the difference
between altimetric measurements made at the intersection (a
crossover) of an ascending (northbound) and a descending
(southbound) ground track. A crossover difference comprises
three basic components: orbit error, altimeter measurement
error, and true sea level variation. After reducing the two error
components, altimeter crossover differences have previously
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been used to map the statistics of mesoscale sea level variability [e.g., Cheney and Marsh, 1981; Gordon et al., 1983].
However, information contained in the crossover differences
has not yet been exploited to examine the temporal history of

Records (GDR, see Lore!! et al. [1980]) between 40°S and
65S were used in this study. Most of the major errors had
already been corrected in the GDR. These errors include tropospheric water vapor and ionospheric free electron range

sea level variations.

delays, tides, and the inverse barometer effect of atmospheric
pressure loading (see Tapley e al. [1982a] for a detailed discussion). Before computing crossover differences, we applied

The method is most easily explained if we assume for the
moment that the crossover differences are error-free. Effects of

ascending and N descending orbit tracks and assign to each

three additional levels of processing to the data. First, a
'glitch editing" procedure was performed to replace anomalous data values with their local medians across seven suc-

track an unknown constant to represent an along-track

cessive measurements. (The criterion for anomaly was a devi-

average of sea level across the control area. We wish to make
an estimate of the M + N unknown average sea levels (one for
each track) from the M x N crossover differences. The prob-

ation of more than 2 m from the local median.) Second, a
correction for sea-state bias was made by adding 7% of the
altimeter-measured H,3 (significant wave height) to the sea

lem is thus an overdetermined one and can be solved by a

surface height measurement [Born et al., 1982]. Third, all data
flagged for anomalous scatter in the I-s averages of returned
radar power were eliminated. Such scatter occurs, for example,
when there is ice or land in the footprint or side lobes of the
altimeter antenna pattern.
To facilitate computation of crossover differences, the data
set was divided into 12 overlapping subsets, each covering 25°
of latitude and 40° of longitude. Within each subset, crossover

orbit error and measurement error will be discussed in later

sections. Consider a small control area traversed by M

least squares procedure. To pose the problem mathematically,
denote the M + N unknown along-track average sea levels by
1,
N), where a,,, and d,, are
a,,, (m = 1, ', M) and d,, (n

the sea levels for ascending and descending tracks, respectively. Define r,,,,, to be the altimeter-measured sea level differ-

ence at the crossover point corresponding to the mth ascending and nth descending track (ascending minus descending).
The sum of square differences between sea level changes measured by the altimeter at the crossover points and changes in
true sea level averaged across the control area is then
M

N

(a,,, - d,, -

Z

(1)

The average sea levels a,,, and d,, can he determined by minimizing Z. The resulting equations for a,,, and d,, can be obtained by differentiating with respect to a,,, and d,, to get

Na,,, -

d=

- Md,,

r1,,

(m = 1, .., M)

(2)

(n = I,

(3)

N)

Since the sum of the M equations of (2) is equal to the sum of
the N equations of (3), (2) and (3) represent only (N + M - 1)
independent equations. This simply means that an arbitrary
constant exists in the solution. This constant can be fixed by
setting

a1=0

(4)

Then the solution to (2), (3), and (4) is unique and represents
the differences of a,,, and d,, from a1, the unknown initial value
of the sea level. By arranging a,,, and d,, in order of increasing

time, a time series of sea level in the control area is then
obtained. Note that if sea level is truly constant across the
control area but temporally varying between ground tracks,
then a,,, - d,, = r,,,,, with error-free measurements.

It should be apparent that a good control area must meet
two requirements. First, the number of crossovers in the area
must be high to ensure adequate temporal resolution for the
resulting time series. The number of crossovers increases with
the size of the control area. However, the second requirement
is that the dimension of the control area be small compared
with the typical scale of oceanic variability so that average sea
level over the area is a meaningful quantity. In application to
real data, some compromise must be made between these two
conflicting requirements.
3.

SEASAT ALTIMETER DATA AND CROSSOVERS

To examine the ACC around the entire Southern Ocean, all
Seasat I-s average altimeter data from the Geophysical Data

points were located using the method described by M. E.
Parke and L. R. Stavert (unpublished manuscript, 1985), and
the corresponding crossover differences were then computed.
To minimize the effects of short tracks and anomalous data on
the orbit error reduction procedure to be discussed in section
4.1, two screening tests were applied to the computation: first,
individual tracks with less than 10 crossovers were deleted
before computing crossover differences; second, crossover differences exceeding 6 m were eliminated. A total of 125,222
crossover points were thus located, resulting in a rms crossover diflèrence of 146 cm over the Southern Ocean. This value

is significantly lower than the global value of 180 cm (M.
Parke. personal communication, 1984). primarily due to the
relatively low orbit error over the Southern Ocean (M. E.
Parke and L. R. Stavert, unpublished manuscript, 1985).
Because Seasat was locked in a repeat orbit during the last
month of the mission, the density of crossover points is highest

at the intersections of the repeat tracks. These intersections
are thus ideal locations for constructing sea level time series in
a control area as discussed in section 2. Displayed in Figure I

are the Seasat tracks in the vicinity of Drake Passage, The
repeat-track intersections are indicated by open circles. After
some experimentation with different sizes for the control area,

we settled on a 200 x 200 km square around each repeattrack intersection. The exact location of the center of the con-

trol area was determined so as to maximize the number of
crossovers in the square. We thus restrict attention to sea level
variations with wavelengths longer than 400 km. Each control

area thus determined contains a group of crossovers and is
hereafter referred to as a cluster area. A total of 229 cluster
areas which yielded good quality data were identified around
the Southern Ocean. Two sample cluster areas are shown by
the open squares in Figure I. The two solid circles indicate the

locations of bottom pressure gauges that were deployed in
early 1976 as part of the International Southern Ocean Studies (ISOS) program to monitor the variability of the ACC
through Drake Passage [see Wearn and Baker, 1980]. The two

pressure gauges measured the bottom pressure at a depth of
500 m on the continental slope through 1980, thus bracketing
the Seasat mission from July 7, 1978, to October 10, 1978. The
altimeter-derived sea level time series in the two cluster areas

will later be compared with the pressure gauge data. Before
proceeding to the construction of time series in the cluster
areas, we first discuss treatment of errors in the data.
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Fig. I, Seasat altimeter data coverage in the Drake Passage area. Open circles represent intersections of 3-day repeat
ground tracks. Solid circles denote the locations of ISOS bottom pressure gauges. Two sample cluster areas are shown by

the open squares.
4.

ERROR REDUCTION AND ANALYSIS

Successful application of the method described in section 2
to real data depends on the size of orbit error and measurement error in the crossover differences r,,,,,. Among the various

errors, orbit error is by far the most significant. The global
rrns orbit error in the Seasat GDR has been estimated to be
150 cm [Tapley et al,, 1982a]. Since orbit errors are approximately uncorrelated from track to track, this corresponds to a
rms crossover difference of 210 cm. These orbit errors would

clearly obscure any oceanographic signals likely to be observed. Some method is thus required to reduce the size of
orbit error. A method that has been successfully used in a
number of past studies is discussed in detail below. This is
then followed by a discussion of residual measurement errors
and their reduction by a smoothing scheme.

except that the control area is now very large (larger than the
scales of true sea level variability). The estimated orbit error is
then subtracted from each track of data. This is now a standard technique for reducing orbit errors in altimetric measurement.

For studies of mesoscale variability, the first two or three
terms in (5) have been used to model the orbit error {Cheney
and Marsh, 1981; Gordon et al., 1983]. Since the focus of the
present study is large-scale variability, only the first term, a
constant, is used in (5). Inclusion of the linear and quadratic
terms would remove any true sea level slope and curvature
along track and hence eliminate large-scale geostrophic currents, which are the signals of interest in this study. It should
be kept in mind, however, that the residual orbit error after
removing only a constant bias (hereafter referred to as an

orbit bias adjustment) from each track is higher than that
4.1.

Reduction of Orbit Error

resulting from also removing the higher-order terms in (5). It

Since its spatial scale is large (the dominant wavelength is
the circumference of the earth; see Tapler et al. [1982a]), orbit
error can he greatly reduced by a simple modeling effort: Over
a distance of a few thousand kilometers (the meridional dimension of the Southern Ocean), the orbit error along track i
can be expressed as [see Rapp, 1979]

e,(t) =
where : is time,

+ Iit +

+ higher order terms

(5)

,, fi,, and y, are parameters whose values are

determined for each track so as to minimize the resulting
crossover differences in a least squares sense over a given
geographic area. The least squares solution procedure used
here is exactly the same as the one discussed in section 2

will be shown later that residual orbit error can be further
reduced by temporally smoothing the crossover differences
within a cluster area.
Applications of the orbit bias adjustment to the 12 subsets
of data (see section 3) reduced the rms crossover ditl'erence
from 146 to 32 cm averaged around the entire ACC. Shown in
Figure 2 are histograms of the crossover differences before and

after the orbit bias adjustment in one of the subset regions
(40S-65S, 1800_2200). The rms crossover difference in this
particular region is 146 cm before the adjustment and 34 cm

after the adjustment. It is unlikely that the large residual
crossover differences at the tails of the histogram (Figure 2,
lower panel) were caused by large-scale sea level changes.
Since these outliers would carry a large weight in determining
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Fig. 2.

IM)
Histograms of the crossover differences in the region 40°S-65°S, 1800_2200 before (upper panel) and after (lower
panel) an orbit bias adjustment.

sea level from least squares solutions, we deleted all the residual crossover differences exceeding 60 cm (about two standard deviations). This resulted in deletion of about 6% of the
data, reducing the rms crossover difference to 24 cm around
the entire ACC.
4.2.

A

Budget for the Residual Errors

To determine signal content of the residual crossover differences, we investigated the residual errors contained in the 24

cm rms variability. From the error budget for the Seasat altimeter data archived in the GDR [Tapley et al., 1982a], the
following major error sources for residual crossover differences were identified: resodual orbit error, instrument noise,
sea-state related bias, range delay by ionospheric free electrons
and tropospheric water vapor, sea level variations caused by

ocean tides and atmospheric loading (inverse barometer effects). The magnitude of each of these errors after applying the
orbit bias adjustment of section 4.1 is discussed below.

By applying the orbit bias adjustment to a simulated
orbit error data set, we estimate the residual rms orbit error to
be 10 cm. A detailed discussion of the method used to obtain
this estimate is given in Appendix A.

For 1-s average data in the GDR. the rms instrument
noise is about 5 cm [7ap!ey ci al., l982a]. Because this is

essentially a white noise (i.e., uncorrelated from point to
point), it is not reduced by the orbit bias adjustment, which
only affects errors with spatial scales on the order of 2500 km
(the size of the orbit bias adjustment control area).
After the 7% H113 correction for the sea-state bias, Born
et al. [1982] estimated the rms residual sea-state bias error to
be 2% of 1/3 The average H113 measured by the Seasat
altimeter over the Southern Ocean is about 4 m [see Chehon
ci al., 1981]. Therefore the rms sea-state bias error is estimated
to be 8 cm. However, it should be kept in mind that the result
of Born et al. [1982] was based on the average of a wide range
of sea-state conditions at a number of geographical locations

and might not be representative of the winter high sea-state
conditions in the Southern Ocean during the Seasat period.
Therefore 8 cm may be an underestimate, and the eliminated

outliers of Figure 2 (lower panel) could in fact be due to
sea-state bias errors. However, we will assume that the 8-cm
estimate is approximately correct. The scale of the sea-state
bias is 500-1000 km. which is too short to be significantly
reduced by the orbit bias adjustment.
The ionospheric free electron range delay has been corrected in the GDR with an estimated rms residual error of 3
cm [Lore!! ci al., 1982]. Because this error is distributed over a
wide range of spatial scales, it is not clear how much it can be
reduced by the orbit bias adjustment. We therefore conserva-
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TABLE 1. Altimetry Error Budgets

errors to a level where temporally varying occanic signals can

rms Magnitude, cm
Before

Error Source

Adjustment

Instrument noise
Orbit
Sea-state bias
Ionosphere free electrons

Troposphere water vapor
Atmospheric pressure loading
Ocean tides
Root-sum-squares

After
Adjustment

103
8

5
10
8

5
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3

3

4

4

3

3

10

4

104

16

be detected.
4.3.

A Smoothing Scheme

The errors listed in Table 1 have time scales ranging from a
few hours to a few days. This is generally much shorter than
the time scales of large-scale oceanic variability (1 month or
greater). It is therefore possible to temporally smooth those
crossover differences that lie in a given cluster area to further
reduce errors. In this section we present a smoothing technique which is analogous to a running average filter.
A particular crossover difference is a function of two times
and can thus be expressed as D1(t,, i), where t, and I,' arc the
times of ascending and descending tracks, respectively. When
the two times of one crossover difference are close to those of

tively estimate the residual error due to ionospheric effects to

another, the two crossover differences can be averaged to

be 3 cm.

reduce random errors. In a given cluster area, we replaced the
crossover difference D. by a smoothed value
defined by

The tropospheric water vapor range delay has been corrected in the GDR using (when available) water vapor
measurements from a scanning multichannel microwave radiometer (SMMR) on board Seasat. The rms error of this correction is estimated to be about 3 cm [Tapley ef al., 1982h].

However, SMMR data are available for only about 80% of
the altimeter measurements. The water vapor analyses from
the Fleet Numerical Oceanography Center (FNOC) were used
when SMMR data were missing. The correction using FNOC
data has an estimated rms error of 6cm [Tapley el aL, l982b].
Therefore the combined rms error for the water vapor effect is

approximately 4 cm, Because the scale of this error is only
50-500 km. it is not significantly reduced by the orbit bias
adjustment.
Sea level variations due to atmospheric pressure loading

have been corrected in the GDR by using FNOC sea level
pressure analyses. The rms error of this correction is estimated
to be 3 cm [7apley et al., l982a]. Part of this error might have
been removed by the orbit bias adjustment, since the scales of

atmospheric pressure variations are of the order of several
thousand kilometers. However, we have not attempted to estimate the reduction of error since the atmospheric mass field

over the Southern Ocean is so poorly known. We therefore
conservatively leave the residual error due to pressure effects
at 3 cm after the orbit bias adjustment.

The global tide model of Schwiderski [1980]has been
used to remove the tide-induced sea level changes from the
GDR. The global rms error of this model is reputed to be of
the order of 10 cm. Because the scales of the barotropic ocean
tides are of the order of several thousand kilometers, part of
the tidal error is removed by the orbit bias adjustment. As a

rough estimate of the amount by which tidal error can be
reduced, we used the difference between the model of Schwiderski and the model of Parke and llendershoit [1980] along

Seasat tracks as a simulated tidal error data set. We then
applied to this signal the bias adjustment discussed in section
4.1. This resulted in a reduction of the rms tidal error from II
to 4 cm.
The error budgets before and after the orbit bias adjustment

are tabulated in Table 1. The root-sum-squared total error
after adjustment is about 16 cm. Since these errors are approximately uncorrelated from track to track, this corresponds to an rms error of 22 cm for crossover differences and
accounts for 80% of the total variance of residual crossover
differences. Assuming signal and noise are uncorrelated, the
signal-to-noise ratio for the residual crossover difference is
thus only 0.2. Clearly, further processing is required to reduce

>SJDJ

(6)

The summation is over the N1 individual crossover differences
D satisfying either of the following two conditions:

Condition A

tz,I<T

t't'I<T

tz,'I<T

jIj-1I<T

Condition B

The coefficients s, in (6) are either + I or - I. The sign is
determined as follows. The individual crossover differences
were defined to be ascending minus descending altimeter
measurements (see section 2). A temporal evolution of sea level
is thus tmplicit in each crossover difference. The signs of the
in (6) arc chosen to preserve the temporal sense of the crossover difference I.),. For example, if the ascending time of crossover i occurs after the descending time (i.e.. I > ti'), then all of
the terms in the summation (6) must correspond to increasing
time. For crossovers D for which t, > 1;, the sign of s is thus
positive. However, for crossovers D, for which r, < t,', the sign
of s is negative.

After experimenting with different values for T, we settled
on a value of 10 days as a compromise between temporal
resolution and error reduction. The smoothing scheme is then
equivalent to averaging over a two-dimensional (20 x 20 day)
running window as shown schematically in Figure 3, which
displays the position in the r, t' plane of the crossovers in a
sample cluster area (59°S, 100GW). For a given crossover de-

noted by the asterisk, the unbroken square represents the
window corresponding to condition A. and the dashed square
represents the window corresponding to condition B.
Shown in Figure 4 is a histogram of N, for all of the crossovers that fall in the 229 cluster areas around the Southern
Ocean (a total of 65,989 crossovers). The average number of
individual crossovers used to obtain a smoothed value is 24.
These crossover differences are not all independent. When the
number of crossovers is large, N, crossover points are (to a
close approximation) the result 01' the intersections of N,°2

ascending tracks and N'2 descending tracks. Thus the
number of independent samples is approximately 2N"2, or 9.8
on the average. One then expects that the smoothing scheme

would reduce the rms error by a factor of (98)12 = 3.1. resulting in an mis error of 7 cm for the smoothed crossover
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even when the corresponding intersection fell outside the cluster boundary. Consequently, the number of smoothed crossover differences used as inputs to (2) and (3) is the same for all
tracks, resulting in equal reliability for all sea level estimates in
a cluster area. The total number of smoothed crossover differences in a cluster area is thus always somewhat greater than
that of the actual raw crossover differences.
By applying this smoothing scheme to all 229 cluster areas,
the rms residual crossover difference was reduced from 24 to
10 cm. Since the residual error has been estimated to be 7 cm,
the signal-to-noise ratio is increased to about 1 (assuming
signal and noise are uncorrelated). The effect of smoothing on
the crossover differences is illustrated in Figure 5, which shows
sample scatter plots of crossover difference versus time differ-
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Fig. 3. Locations of crossovers in the plane spanned by their
ascending and descending times (in day numbers of 1978) in a sample

cluster area (59°S, 100°W). The two squares represent the two
smoothing windows for the crossover denoted by the asterisk.

ence between ascending and descending tracks both before
and after smoothing. The sample cluster area chosen is the
one shown in Figure 1 by the square near the southern side of
Drake Passage. Before smoothing, the crossover differences
are dominated by errors and appear to be random with no
systematic dependence on time difference. Alter smoothing, a
general increase of crossover difference with time difference
can be clearly seen, suggesting that a low-frequency signal has
emerged from the noise. The smoothed residual crossover dif-

lerences at the 229 cluster areas formed the data base for
differences. This corresponds to an rms error oF 5 cm for constructing sea level time series using the method described
altimetric measurement of sea level. A more rigorous error in section 2. Results at the two cluster areas shown in Figure
estimate gives a value of4.6 cm (see Appendix B).

Note from Figure 1 that within a cluster area a given
ascending track does not always intersect all the descending
tracks (and vice versa). In other words, the intersections of
some of the ascending and descending tracks traversing the
same cluster area fall outside its 200 x 200 km boundary.
Therefore the number of crossovers along an individual track
differs from track to track in a cluster area, making the sea
level estimate for each track differently constrained in the least
squares solutions given by (2) and (3). The estimated sea level

would be more reliable for those tracks with the greatest
number of crossovers. Computation of a smoothed crossover

1, and their comparisons with the bottom pressure gauge data
are discussed in the next section.
5.

SEA LEVEL TIME SERIES

The ability to extract true sea level signal from noisy
measurements using the methods described in sections 2 and
4.3 is investigated in this section using both altimeter and in
situ data in the vicinity of Drake Passage. We first examine
the performance of the methods by applying them to errorfree known signals. As known signals, we have chosen the
Wearn and Baker pressure gauge data on the north and south
sides of Drake Passage as shown in Figure 1. After demon-

whether such a crossover actually exists. From the set of

strating the success of the methods on known signals, we
apply the methods to actual Seasat altimeter data at cluster
areas near the bottom pressure gauges and compare the re-

ascending and descending ground track times in a cluster area,

sults with the bottom pressure time series.

difference

by (6), however, can be performed for any desired
pair of ascending and descending times and t', regardless of
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Histogram of the number of crossovers averaged in each smoothed crossover differciice computed over all (he
cluster areas.
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20-day smoothed "altimeter sampled" data can be compared
with the true 20-day running mean of the raw data (denoted
by the heavy lines in Figure 6). For each test case, the single
arbitrary constant in the solution was determined by minimizing the squares of the differences between the altimeter
sampled data and the low-passed raw data. The results are
quite satisfying. As expected, the reconstructed time series
closely resemble the true 20-day running mean of the original
time series.
5.2.
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The error bars in Figure 7 denote an rms error of ±4.6 em,
which was obtained from a study in which the effects of the
errors listed in Table I were simulated in the reconstruction of
a given known time series (see Appendix B for details). Note
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The presence of a small-amplitude bimodal oscillation with
approximately a 3-day period (e.g., the early part of the record
at the northcrn cluster and the latter part of the record at the
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The same technique was applied to the actual altimeter
measurements in the two cluster areas shown by the open
squares in Figure 1. The estimated sea level time series ob-

discussed in section 5.3.
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tained by applying (2) and (3) to the smoothed crossover differences are shown by the crosses in Figure 7. Comparisons
with the low-passed bottom pressure data (solid lines) will be
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southern cluster) is caused by the effects of the smoothing
scheme on altimeter measurement errors and can be explained
tO

20

30

40

50

60

70

80

TIME DIFFERENCE (DRYS)
Scatter plots of crossover difference versus the corresponding temporal separation before (upper panel) and after lower panel)
Fig. 5.

smoothing. Note the difference

in

vertical scale between the two

panels.
5.1.

Test Solutions

It is useful to demonstrate the reconstruction of a known
time series from knowledge of its time-lagged differences (anal-

ogous to noise-free altimeter crossover differences). As two
examples of known signals, we used the Wearn and Baker
pressure data which are shown in Figure 6 by the thin lines
(with the mean values removed). Ii the bottom pressure vari-

ations are indicative ol barotropic ocean signals, I mbar
change in bottom pressure is equivalent to approximately I
cm change in sea level. It is not important here whether or not
the bottom pressure data represent true sea level changes or

whether the bottom pressure measurements are noisy. We
simply wish to determine how well a specified signal (with

as follows. Over a given cluster area, the altimeter data are
characterized by an irregularly spaced series of ascending and

descending orbit pairs separated in time by about 1/2 day.
Successive pairs of passes are about 3 days apart except for
the existence of data gaps. Thus the closely spaced points
constituting the bimodal oscillation in Figure 7 alternate between ascending and descending orbits. 1-or crossovers separated by less than a day, the true sea level difference should be
small. However, the crossover differences are sometimes large
because of altimeter measurement errors. The crossover differences associated with successive pairs of samples satisfy condition A in section 4.3 and are therefore averaged together to
produce smonthed crossover differences from which the sea
level estimates are computed. Thus the effect of an anomalous

crossover difference spreads over the 20-day smoothing
window. This can result in a finite and slowly varying offset
between sea level estimates from ascending and descending
orbits, which accounts for the bimodal oscillatory behavior
found for some of the clusters, In section 6.2, gappy time series

like those shown in Figure 7 are interpolated to a uniform
time grid using an objective technique which eliminates the
erroneous oscillatory behavior (see also Appendix C).
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Fig. 6. Thin lines represent daily bottom pressure (in centimeters of its equivalent barotropic sea level change) at the
southern (lower panel) and northern (upper panel) side of Drake Passage. Heavy lines represent a 20-day running average
of the daily pressure record. Open circles show the reconstructed pressure record at altimeter overpass times using the
method described in the text.

5.3.

Comparison With Borroni Pressure Measurements

Ideally, we would like to compare the sea level time series
derived from altimetry with in situ sea level measurements.

Unfortunately, such measurements do not exist. To our
knowledge, the only time series measurements which can be

readily compared with the Seasat altimeter results in the
Southern Ocean were made by the two aforementioned
bottom pressure gauges deployed at a depth of 500 m on
either side of Drake Passage (see Figure 1). As noted earlier,

variation in bottom pressure is proportional to variation in
sea level when the water movement is barotropic. However, in
the presence of baroclinic motions, these two measurements
can ditlèr considerably. Sea level and bottom pressure can also
differ by the simple fact that the bottom pressure gauges and
altimeter cluster areas are not exactly collocated (see Figure
I). Neverthelcss, we feel that a comparison between the two
measurements can still shed some light on the validity of the
altimctrie results.
As shown in Figure 7. there is fair agreement between the
sea level and low-passed bottom pressure time series in the
southern region of Drake Passage (lower panel), whereas the

two time series differ substantially in the northern region
(upper panel). This geographic difference can be rationalized
in terms of haroclinic variability. The currents in Drake Pas-

sage are concentrated along several baroclinic fronts [e.g.,
Nowlin and Clifford, 1982]. The cross-stream migration of
these fronts can cause large baroclinic signals in sea level mea-

sured at a fixed location. In addition, the energetic eddy field
in this region also has a significant baroclinic component. In
general, the total flow variability (frontal migration plus
eddies) in Drake Passage has been shown from in situ
measurements to increase northward [Now/tn et at., 1981].
resulting in a larger discrepancy between sea level and bottom
pressure in the northern region. In addition, the greater dislance between the cluster area and the pressure gauge in the
northern region could also account for part of the observed
discrepancy.

The better agreement between observed sea level and
bottom pressure in the southern region suggests that the flow
variability there is predominantly barotropic and that the altimetric sea level time series is a valid measure of true sea level
variations to the extent of estimated measurement errors.
6.

TEMPORAL VARtABII.ln 0) THE

ANTARCrIC CIRCUMPOLAR CURRENT

The crossover difference technique described in section 2
was applied to the smoothed crossover differences at each of
the 229 cluster areas around the Southern Ocean to obtain

Ri
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229 estimated sea level time series. The geographical distribution of the 229 cluster areas is shown in Figure 8 along with
the average sea surface dynamic topography relative to 1000

dbar assembled from 50 years of ship data [Gordon et al.,
1982]. The large-scale variability of the ACC is well sampled
by the altimetric cluster areas. The sea level variability at these
229 cluster areas over the 3-month Seasat mission is described

in this section in terms of empirical orthogonal functions
fEOF's). EOF's provide an efficient summary of the covariability over a large array of time series. Their use in data

For this study, M = 229. EOF's are uniquely defined among
the large number of possible orthonormal functions by the
constraint that the corresponding amplitudes 0k satisfy
(a1(t)a1(t)}

(8)
=
where the braces are used to denote sample mean value
averaged over , A is a constant, and
is the Kronecker
delta. It can be shown that EOFs are the eigenvectors of the

Al x Al mean cross product matrix C with elements

analysis is now a standard practice in oceanography (see Darts

= {qfflq1(O}

[1976] for a thorough discussion). A very brief summary of
the formalism is given in section 6.1. The technique is applied
to the 229 sea level time series in section 6.2, and the results
are then discussed in section 6.3 in terms of geostrophic veloci-
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(9)

As a consequence of the orthonormality of the EOF's, the
amplitude time series associated with the kth EOF is computed from the sample observations by

ty.

At

6.1. Empirical Orthogonal Functions
Let (z) represent the altimetrically measured sea level at
time in cluster area in. We wish to express q(r) at the cluster
locations Xm, ni = 1,
Al, in terms of Al orthonormal functions Fk(x_) by

E q(t)F(x)
,n

The total mean square variability, summed over the Al cluster

points, is apportioned among the M modes such that the
fraction of total mean square variability accounted for by
mode 1< is

M

q4t) = E ak(t)Fk(x)

in

k=t

At

= 1, -, Al

(7)

I?

xxx
Z

)cxxx

6

'C

"XX

-6

-12

xxx

QQ

ISO

200

210

220

230

240

750

250

270

200

290

TEMA DT OF 1975
t2
1

r

L)

'CX

XX

-12

180

ISO

200

210

220

230

(10)

I

240

250

250

'CXXX
XXX

270

200

290

YERA OPT OF 1978
Fig. 7. Estimates (denoted by crosses) of sea level variation from Seasat altimetrie crossover differences at the southern
cluster area (lower panel) and northcrn cluster area (upper panel) in Drake Passage (see Figure 1 for locations). Solid lines
represent the 20-day running average of the corresponding bottom pressure record.
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Locations of the 229 Seasat altimeter crossover cluster areas in the Southern Ocean. Contours represent the
tong-term average dynamic height (in dynamic meters) relative to 1000 dbar [from Gordon et aL, 1982].

The virtue of EOF's over other possible orthonormal expansions is their efficiency of representation. Suppose the
EOF's are ordered by decreasing tak2(t)}. Then no other expansion of the ofrm
I'

=

in terms of K < M functions G5(x,,) gives lower total mean
square error
E

{[(t)

which account for 73.5%, 16.3%, and 8.7%, respectively, of
thc total mean square variability. Only the first EOF is discussed here; the spatial scales of the second and third EOF's
are smaller and are considered to be dominated by errors.
The first EOF of sea level variability is contoured in Figure
9. Sea level rises and falls together in regions where the sign of
the EOF is the same. The magnitude of the EOF value indicates the intensity of variability. Large spatial scales of the
variability arc clearly evident. The amplitude time series of the

first EOF (Figure 10) is characterized by a secular increase
over the 3-month observation period, It is apparent from
Figure 9 that mulitplication of the first EOF by its amplitude

than is obtained when the G5(x,,,) are the EOF's [Davis, 1976].

time series indicates a general decrease in sea level around the
southern side of the Southern Ocean (negative areas near Ant-

Moreover, when the variability is dominated by large-scale
coherent signals, only a small number of modes are required
to represent most of the variability.

arctica) and a general increase in sea level to the north. The
total sea level change in centimeters from the beginning to the
end of the Scasat mission can be obtained by multiplying the

6.2.

Sea Level Variability

To carry Out an EOF analysis of the sea level time series,
the objective analysis technique described by Bretherton e al.
to a
[1976] was used to interpolate the irregularly spaced
uniformly spaced time grid. With uniform sampling, the mean
cross-product matrix C (see (9)) can easily be computed. Details of the objective interpolation are discussed in Appendix
C. The interpolated time series were constructed at daily intervals beginning July 7, 1978 (day 188), the first day of Seasat

EOF value by 7, the total chage in the amplitude time series.
Since gradients of sea level reflect geostrophic surface velocities (see section 6.3), this pattern of sea level variation implies

a general eastward acceleration of the ACC around Antarctica. This is represented in Figure 9 by the generally eastward
arrows south of 50S in the core of the ACC. EOF analysis
thus suggests that the increase in ACC mass transport observed at Drake Passage [Wearn and Baker, 1980] is a local
manifestation of a large-scale, eastward acceleration of the
ACC. The eastward acceleration is notably disrupted in the

altimeter data reception, and ending October 10, 1978 (day

three regions defined by longitude sectors 240°-270°, 3300_00

283), the last day of Seasat operation. The sea level time series
at each cluster point was constructed to yield changes in sea

20°. and 6O0_80. Flow variations over these regions are discussed in section 6.3 in terms of possible topographic influ-

level relative to day 188. The EOF computation reveals that
approximately 99% of the total mean square variability of the
229 time series can be represented by the first three EOF's

ences.

North of the core of the ACC, the scales of variability are
smaller, reflecting the possible influence of the subtropical
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Fig. 9.

The first EOF of sea level variability. Areas of negative values are stippled. Directions of the corresponding
change in surface geostrophic velocity are indicated by the arrows.

convergence zones and the southern boundaries of subtropical

termined by an alternative simple method. Differencing sea

gyres. As an example, the large localized sea level increase
southeast of South America (300-330°) is probably caused by

level from day 188 to day 283 at the 229 cluster points yields a
pattern of total sea level change that is virtually identical to
the spatial EOF shown in Figure 9 [see Fu and Chekon.
1984]. The advantage of the EOF analysis is that it provides
an amplitude time series (Figure 10) from which the temporal
evolution of large-scale sea level variability can be examined
in greater detail.
Although the first EOF accounts for a large fraction

an intensification of the southeastward extension of the Brazil

Current [see Reid et al, 1977]. Similarly, the large localized
sea level increase south of Australia (110° 130°) probably reflects an intensification of the Leeuwin Current as it turns
eastward around the southwest corner of Australia [Cresswell
and Goldinq, 1980; Legeckis and Cressweli, 1981].

Since the nature of sea level variability is so simple (essen-

(73.5%) of the total mean square variability, it is useful to

tially a secular trend over the 96-day Seasat mission), the

examine the local representativeness of the EOF. The percentage of variability accounted for in each cluster area by the first

character of variability indicated by EOF analysis can be deB
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Contour plot of the percentage of sea level variability accounted for at each cluster region by the first EOF.

EOF is contoured in Figure II. Using the notation of section
6.1. the function plotted is

P(x,,j = {a1 2(t)}F1 2(x,,j/{i,2(t)}

the resulting spline coefficients. Figure 12 shows the resulting
net 96-day vector change in surface geostrophic velocity as-

sociated with the first EOF. The 4° x 40 grid points are lo-

variability in regions where the value of P(x,,,) is high. As the
map clearly illustrates, the first EOF is a good representation
of sea level variability in the core region of the ACC (south of

cated at the tails of each vector. Superimposed on the figure
are the 0°C and 5°C isotherms at 100-rn depth (shown by
dashed and solid lines, respectively) taken from Gordon et al.
[1982, plate 11]. These subsurface isotherms represent approximate boundaries of the polar frontal zone which contains
the high-speed core of the ACC (T. Whitworth, personal com-

50°S), accounting for 60-80% of the signal in each cluster

munication, 1984). Areas with cepth less than 3000 in are

area.

stippled in Figure 12. The 3000-rn contours were subjectively
smoothed from Gordon et al. [1982, plate 2].
The generally eastward acceleration of the ACC discussed
in section 6.2 is clearly evident in Figure 12. As noted earlier,
there are three regions where the eastward acceleration is disrupted. These disruptions are apparently associated with topographic features. In the sector of longitudes 3300_00_200, the
acceleration becomes southward at 340°, downstream from a
region of rough topography comprising the meridionally oriented South Sandwich Island Chain and Trench to the east of
Drake Passage. This southward acceleration is probably a
manifestation of a lee wave generated by the topographic fea-

which can be considered a measure of representativeness of

the EOF; the EOF is most representative of the sea level

6.3.

Geostrophic Velocity Variability

Over periods longer than 20 days, sea level variations (after
inverse barometric correction) essentially reflect variations in
surface geostrophic currents [Wunsch, 1972]. Sea level
measurements can thus be used to compute directly the variability of surface geostrophic velocity. 1)enote the net 96-day
change in surface geostrophic velocity associated with (he first
EOF by óu (eastward) and lv (northward). Then

iu= ---@5H)
f ày

= - -- (oH)

fa

where OH is the net 96-day change in sea level associated with

the first EOF, g is the gravitational constant,f is the Coriolis
parameter (negative in the Southern Hemisphere), and x and y
are the east-west and north-south coordinates, respectively. To

compute Ou and Ov, OH was first interpolated to a uniform
4° x 4° grid using a two-dimensional cubic spline fit to the sea
level changes associated with the first EOF at the 229 cluster
points. Then Ou and Ov were evaluated at the grid point from

tures. Between longitudes 350° and 20°, the net velocity
change is westward, indicating a deceleration of the ACC over
the 96-day Scasat mission. This deceleration may be related to
the upstream southwind acceleration at 340. The southward
acceleration occurs near the region where the Weddell Sea
gyre derives its inflow [e.g., Gordon and Huber, 1984], indicat-

ing a possible intensification of the gyre during the Seasat
observation period.
Between longitudes 240° and 270°, a change from south-

ward acceleration to northward acceleration is found along
the 0°C isotherm, and a generally westward acceleration (deceleration of the ACC) occurs along the 5°C isotherm. These

Ftj AND CHELTON: ALTIMEIRIC OBSERVATIONS OF Oce.&N CURRENTS

4733

150

2.0cm/sec

Fig. 12. Net vector change in surface geostrophic velocity associated with the first FOF of sea level variability. Also
shown are the 0°C (dashed line) and 5C (solid line) isoiherms at 100-rn depth [from Gordon cc al., 1982]. Areas shallower
than 3000 mare stippled.

features also may be manifestations of a lee wave generated by
the upstream Pacific-Antarctic Ridge.
The third disruption of the eastward acceleration of the core
of Ihe ACC is in the region between 60 and 800. In this region

there is a large area of northward acceleration apparently
caused by the obstruction of the ACC by the Kerguelen Plateau.

Since the flow variability (Figure 9 and 12) has substantial
meridional component in some regions, it is useful to determine whether the extent of the meridional migration of the
ACC axis as suggested from the altimeter data is reasonable.
From Figure 12, the magnitude of the altimetrically measured
velocity change is generally less than 2 cm/s. much smaller
than the 20-40 cm/s background surface velocity typically observed in this region [Whicworth cc aL, 1982]. From the ratio
of the velocity change to the mean background velocity and
the zonal spatial scale of the variability, we can roughly estimate the meridional scale of cross-stream deflection due to the
flow variability. A schematic diagram of initial (straight line)
and final (curved line) paths of a streamline is shown in Figure
13. The cross-stream deflection scale (denoted by d) is thus
related to the along-stream scale of the variability (denoted by
U by the following relation

Fig. 13. Schematic diagram showing the relationship between the
spatial scale of cross-stream deflection (d) and the magnitudes (v, v°,
and 45v) and along-stream spatial scale (L) 1 velocity variability.

d

ôv

Lv

where Ôv and v are the magnitudes of the velocity change and
the mean background velocity, respectively. For example, con-

sider a streamline roughly along the 5°C isotherm in the
sector of longitudes 3200_00_200. The cross-stream component

of the velocity difference changes from northward to southward over a distance of about 4700 km (60° in longitude at
45°S), so the corresponding U is about 2300 km. [1 we assume
v = 20 cm/s and Op = 2 cm/s. then d 230 km. which is comparable to the findings of Bowen and Srorntnel [1971] based on

year's repeated Discovery II sections along QC and 20°E
longitudes. We conclude that the meandering of the core of
1

the ACC deduced from the altimeter data is not unreasonable.
7.

SUMMARY AND CONCLUSION

A method has been developed to construct sea level time
from crossover differences of satellite altimetric
measurements at geographical locations with high density of
asccnding and descending orbit ground track intersections
(cluster areas). An orbit bias adjustment is first employed to
reduce the dominant, long-wavelength orbit error by removing from altimetric measurements a constant bias over a distance of a few thousand kilometers. Residual crossover differences are then computed for each cluster location. To further
reduce high-frequency residual errors, the sequence of crossover differences at each particular cluster location are
smoothed using a two-dimensional running window in the
two-time domain spanned by the ascending and descending
series
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Histograms of the crossover differences rcsulting from simulated orbit error before (upper panel) and after
(lower panel) an orbit bias adjustment.

orbit times of the crossovers. The resulting crossover differences are then treated as measurements of time-lagged sea
level differences, from which an irregularly spaced time series
of sea level variation is estimated by a least squares technique.
Finally, an evenly spaced sea level time series is constructed at
each cluster location from the irregularly spaced samples using
optimal interpolation.

side. We believe that this is due to a greater presence on the

northern side of the ACC of baroclinic variability which
causes the differences between sea level and bottom pressure
measurements.

A total of 229 time series were computed from the Seasat
altimeter data, covering the entire ACC region from 40S to

during the Seasat mission (July 7, 1978, to October 10, 1978).

65°S. An EOF analysis of the time series indicates that 73.5%
of the total variability during the 96-day Seasat mission can
be accounted for by the first EOF, which is characterized by a
general decrease in sea level around the southern side of the

The method is applied to Seasat data over the Southern
Ocean to study large-scale temporal variability of the ACC

Due to the fact that the Scasat orbits were nonrepeating

ACC and a general increase in sea level to the north. The

(except for the last 30 days of the mission), clusters of crossover differences are sampled in a finite area of 200 x 200 km
to assure adequate temporal coverage. In a given cluster area,

corresponding change in surface geostrophic velocity indicates
a generally eastward acceleration of the ACC. Substantial me-

the crossover differences are smoothed over a 20 x 20 day
running window to reduce the magnitude of measurement
errors to a marginally useful value of 5 cm (rms). Hence the

major topographic features. The small magnitude of the large-

resulting altimetrically measured sea level time series for each
cluster location represents a spatial and temporal average of
the true sea level variations.

tions of the ACC axis during the Seasat mission are, at most, a
few hundred kilometers.
The results presented here constitute the first direct obser-

The altimetric results were compared with in situ bottom
pressure measurements made by pressure gauges deployed at

vational evidence for large-scale coherence in the temporal
variability of the ACC. Although the accuracy and statistical
significance of the results are questionable due to the short
duration and substantial measurement errors of the Seasat
altimeter, the results have demonstrated the great potential of
the methodology in application to more accurate and longer

a depth of 500 m on the continental slope on either side of
Drake Passage. The comparison shows fair agreement between the two measurements at the southern side of Drake
Passage, but substantial disagreement is found at the northern

ridional components of the acceleration are observed over
scale meridional velocity change (about 2 cm/s over the 3month mission) indicates that the extent of meridional migra-
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Fig. 15.

An example showing reconstruction of the Wearn and Baker pressure record on the north side of Drake

Passage using error-free (circles) and contaminated (crosses) crossover differences sampled at altimeter overpass times.

duration altimetric missions expected in the near future. For
example, the projected rms accuracy for the altimeter proposed for the TOPEX mission [see TOPEX Science Working
Group, 19811 is 14 cm, an order of magnitude improvement

can be reduced by the bias adjustment discussed in section 4.1.

over Seasat. The TOPEX mission design calls for global altim-

revolution [Tapley er al., 1982a], the orbit error along a given
track can be modeled as A sin (F0t + P), where A is an amplitude, F0 is the once-per-revolution frequency (1/101 min
for
Seasat), t is time, and P is a phase angle. Since orbit error is

eter measurements over a 3-year period. Using the method
introduced here, we will be able to obtain from TOPEX altimetry a global network of sea level time series with much
improved accuracy for studying temporal variability of the
world ocean circulation.
8.

APPENDIX A: REDUCTION OF ORBIT ERROR
BY A BIAS ADJUSTMENT

As discussed in section 4.1 the rms crossover difference of
the Seasat altimeter data between 40S to 65S is 146 cm
before the application of an orbit bias adjustment. To a close
approximation (within a few centimeters), the crossover difference is attributable to orbit error. In this appendix we investigate the extent to which an orbit error of the given magnitude

The approach is to apply the bias adjustment to a simulated
orbit error field.

Since the dominant frequency of orbit error is once per

essentially random from track to track, A and P can be approximately modeled as random numbers with specified probability distribution functions (pdf). The pdf of P was simply
assumed to be uniform between 0 and 2ir. After experimenting
with different pdfs for A, we found that a uniform pdf between
0 and a maximum value A,,, resulted in a crossover difference
histogram with shape resembling that shown in Figure 2. To
make the simulated rms crossover difference close to the ob-

served value of 146 cm. A, was chosen to be 253 cm. We
applied this orbit error model to the same sample region used
in section 4.1. The histogram of the resulting crossover differ-

20 xr

16

24

32

40

LPG (DRIS)
Fig. 16. Sample error autocovariancc function estimated from simulations. The solid line represents a least squares fit by
an analytical function (sec text).
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ences is shown in Figure 14 (upper panel). The standard deviation is 145 cm, the skewness is 0.02. and the kurtosis is 0.99.

the errors can be summarized as follows. First, an error-free
time series was obtained for a given cluster area by solving (2)

For comparison, the corresponding parameters for the reaJ
data in Figure 2 (upper panel) are 146 cm, 0.02, and 0.89,

eter overpass times from the Wearn and Baker bottom pres-

and (3) using smoothed crossover differences sampled at altim-

respectively.

sure record on the north side of Drake Passage. The pro-

After application of the orbit bias adjustment (as discussed
in section 4,1) to the simulated orbit error, the rms crossover
difference was reduced from 145 to t4.2 cm. A histogram of
the residual crossover differences is shown in the lower panel
of Figure 14. Since the orbit biases of the two tracks in the
crossover difference arc essentially uncorrelated, an estimate of
the residual orbit error is thus 14.2 cm divided by 22, or 10

cedure is exactly the same as that used o generate the simulated time series in Figure 6. Then a "contaminated" time
series was generated by adding simulated errors. The northern
Wearn and Baker pressure record was first resampled with
added errors from all the three categories defined above. To
simulate type I errors, a random number with a Gaussian pdf
with a standard deviation of 5 cm was added to each sampled
value. To stimulate type 2 errors, a random number with a
Gaussian pdf with a standard deviation of 14.1 cm was added
to each sampled value (sampled at the center of each track).
Finally, to simulate type 3 errors (tidal error), a sinusoidal
signal with an amplitude of 5.7 cm (corresponding to an rms

cm.
9.

APPENDIX B: ERROR ESTIMATE FOR THE ALTIMETRICALLY
DERIVED SEA LEVEL TIME SERIES

In section 4.3, the rms error of the smoothed crossover
differences was crudely estimated to be 7 cm. This estimate,
when divided by 212 (i.e., 5 cm). can be considered a rough
estimate for the rms error of the altimetrically derived sea level

time series obtained through (2) and (3). In this appendix a
more rigorous error estimate is made from a simulation study
in which the various errors listed in Table 1 are included in
the generation of simulated time series. In addition to an rms
error estimate, an estimate of the error autocovariance function is also obtained. This error autocovariance is required for
obtaining interpolated sea level time series by optimal estimation scheme (see Appendix C).
The residual errors after the orbit bias adjustment of section

4.1 (see Table I) can be grouped into three categories: (1)
point-to-point random: this category includes only instrument

noise and has an rms value of 5 cm. (2) Track-to-track
random: this category includes residual orbit error, sea-state
bias, ionosphere and tropospheric range delay, and atmospheric pressure loading. Although not all of these errors are
strictly random from track to track, their decorrelation time
scales are believed to be shorter than a week. The root-sumsquares error from these sources is 14.1 cm. (3) Track-to-track
systematic; this category includes only the tidal error, which is

estimated to be 4 cm after orbit bias adjustment (see section
4.2).

The method used to estimate the statistical characteristics of

signal of 4 cm), a frequency of 1/12.42 h' (the M2 tidal
frequency), and an arbitrary (but fixed for all sample times)
phase was added to each sampled value. With these errors
added, crossover differences were computed as before. After
smoothing using the method described in section 4.3, these
contaminated crossover differences were then used to generate
a contaminated time series for the cluster area using (2) and
(3). The difference between the two time series is thus a simu-

lated error time series. An example showing error free and
contaminated time series are displayed in Figure 15.
Such simulations were performed at 110 clusters to obtain

an ensemble of simulated error time series from which a
sample error autocovariance function was obtained (Figure
16). The autocovariance function was computed at lags with
daily intervals. Because the error time series were irregularly
spaced, the autocovariance was computed through a binning
process. The value at each daily lag was an average within a

I-day bin centered at the lag. As shown in Figure 16 the
zero-lag autocovariance (i.e., the error variance) was 20.7 cm2
and the first zero-crossing of the autocovariance function was

at about 16 days. Thus the rms error for the altimetric time
series is 4.6 cm. in close agreement with the rough estimate of
5 cm in section 4.3. This corresponds to an rms error of 6.5cm
in crossover differences. The finite Tag zero crossing is primarily a result of the smoothing of a random noise.
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Here angle brackets are used to denote the true expected value
over a hypothetical infinite ensemble of realizations. The true

TABLE CI. Parameters for R(r)
Category

II
HI
IV

Variance
Range, cm2

Number of
Clusters

Q, em2

P. d1

0-20
20-40

9

400

99
63
39

26

0.166
0.137

60-

28

46
80

0.121

0.116

To be useful for the optimal interpolation discussed in Appendix C, the error autocovariance function was modeled by
the four-parameter, positive definite (see Appendix C for definition) analytical function

E(r) = Dó(t) + A exp (Bt) cos (Ct)

(Bl)

where r is the lag and 5(r) represents a special function for the
contribution from random errors and is defined to be unity at
0 and zero elsewhere. The parameters A. B, and C were
obtained by fitting the exponential-damped cosine function,
represented by the second term of (B I), to the sample error

autocovariance function through a nonlinear least squares
procedure. Then D was obtained as the difference between the

ensemble averages <h(t)> and <',(tj> are not, in general,
known. To minimize this bias, the sample mean of the
measurements rj(1) was removed prior to constructing the op-

timal estimate by (C2). This sample mean was then added
back to the estimate /i(t) to obtain the final interpolated time
series.

In general, the estimate (C2) should be constructed from
only those measurements within a specified time window
about the estimation time t in order to limit the size of the
matrix to be inverted in forming the optimal estimate (see
below). For the application here, the number of irregularly
spaced measurements was small enough that all of the
measurements at a particular cluster point were used to construct the estimates.
The expected square error of the estimate (C2) is

- h(t)]2> = <h2(t)> - 2

There are many methods which can be used to interpolate
an irregularly spaced time series to a regular time grid. All
methods should produce similar results; if the interpolation

(C3)

(C4)

equal to zero which gives the N equations (one for each i)

4=

then the process under investigation is probably undersam-

N

(CS)

Solving these equations for the N parameters a gives

each interpolated estimate based on statistical information
about the signal and measurement error.
Optimal estimation was first used by meteorologists to generate synoptic maps of atmospheric variability [see Gandin,
t965: Alaka and Elvander. 1972]. The method has been applied to oceanographic data by Bretherfon Ct al. [1976], who
have also thoroughly reviewed the subject. Only a brief account of the method is given here with specific emphasis on
application to the altimetric sea level time series.
Consider a set of N imperfect measurements of sea level at
cluster area in. Use h,,,(t,) to denote the true sea level and 7,,,(r,)
= 1, N.
the corresponding imperfect measurement at time
Then
(Cl)
1m(hi) = hm(tt) + £m(tj

;Dcx

are the elements of an N x I vector (denoted by A), and an
N x N matrix (denoted by D), respectively. The optimal estimate h(t) is obtained when the expected square error is minimized with respect to the parameters a,. This minimum is
obtained by setting the derivative of (C3) with respect to ;

method makes a great deal of difference in the final time series,

pled temporally. The method we adopt is an objective scheme
based on optimal estimation theory. It is preferable over other
techniques because it provides a measure of the accuracy of

i-i JI

=
=

d j. E(r) is shown by the solid line in Figure 16.
APPENDIX C: OPTIMAL INTERPOLATION OF AN
IRREGULkRLY SPACED TIME SERIES

ca,A, +

where A and D1. defined by

variance and A. The resulting estimates of the parameters
were D = 2.4 cm2, A 18.3 cm2, B = 0.0389 d', C = 0.102
10.

i-I

a.=

DIJ'AJ

(C6)

j= 1

where D1 - is the i, jth element of the inverse of matrix D.
Note that (CS) simplifies the expression (C3) for the expected
square error of the estimate h(t) to
N

<[h(t) - /(1)]2> = <h2(t)> -

z1A,

(C7)

It is apparent from (C2), (C6), and (C7) that the sea level
estimate ii(t) and its expected square error require knowledge
of the vector A and matrix D. If we assume that the measurement errors z(t1) are uncorrelated with the signal h(i) and that
the statistics are stationary, then
A, = R(t - t,)

is the measurement error. For simplicity in the
notation that follows, we will drop the subscript in with the
understanding that an interpolated time series must be gener-

= R(t, - t1) + E(r, -

ated for each of the 229 cluster points. An estimate of sea level

where R(r) and E(r) are the signal and error autocovariance

at time t can be constructed from all N imperfect measure-

functions defined by

where c,,,(11)

ments by

R(T)

=

z1fl(t1)

(C2)

Note that the estimate h(t) is biased unless both the true value
h(t) and the measurements 7(t) have zero mean value. This is
easily seen by noting that the bias of the estimate is

<',(t)) - <h(r))

- h(t)> =
1=1

= <h(l)h(z + t)>

(C8)

(C9)

E(t) = <c(t)1(t + t)>

The true expected values within angle brackets in (C9) must be
estimated from sample statistics. Since the sample measure-

ments are irregularly spaced, it is necessary to approximate
R(r) and E(r) by continuous analytical functions in order to
compute A1 for general sample time t and interpolation time
t,. These analytical representations must satisfy the very im-
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Interpolated sea level time series at three sampLe cluster areas. The vertical bars represent error estimates
obtaine4 from the optimal interpolation technique (the square root of(C7)).

portant constraint that they be positive definite functions (i.e.,
the corresponding autocovariance matrix be positive definite
for any arbitrary set of sampling lags) in order to assure that
the mean square estimate

1=1 j=l
N

N

EE
i-I j-=I

RQ, -

N

+ E Z ;E(t, '=1 J=l

is nonnegative. Failure to satisfy this constraint can lead to
very bad estimates by (C2). A function of lag r is assured of

being positive definite if its Fourier transform is everywhere
positive. This corresponds to positive spectral density at all
frequencies. We used this criterion for positive definiteness in
selecting proper functional representations for R(z) and E(z).
The functional form for E(r) has already been given in Ap-

pendix B. The analytical form for R(z) was determined as
follows. We used the 229 altimetric sea level time series to
estimate R(r). First, a sample autocovariance function was
computed at daily lags for each irregularly spaced time series
using the same binning procedure as that used for estimating
E(r). Because the statistics of the sea level time series were not
spatially homogeneous, we divided the 229 time series into

Fu
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four categorIes according to their mean square variability (i.e.,
the variance) and computed an average autocovariance func-

tion for each category. The results are shown by different
symbols in Figure 17. The definition of the four categories and
the number of their corresponding samples are given in Table
Cl. Note from Figure 17, that the sample autocovariances for
categories I and 11 are much less noisy than those of categories III and IV due to the fact that the statistics were compiled
over a larger number of clusters. Each sample autocovariancc

function was fitted (through a nonlinear least squares procedure) by a positive-definite analytical function of the form
(C 10)
R(i) = Q sin (Pt)/(Pt)

The coefficients P and Q for each category are also given in
Table Cl. The resulting R(r) are shown by continuous lines in
Figure 17.

Using R(r) and E(t) represented by (ClO) and (Bi), respectively, optimal estimates of sea level along with corresponding
error estimates were constructed for the 229 time series using
(C2), (C6), and (C7) at daily intervals from July 7, 1978 (day
188), to October 10, 1978 (day 283). Each interpolated series
was computed relative to a sea level value of zero at day 188.
Three examples are shown in Figure 18. The upper two panels
represent typical cases, while the bottom panel shows an extreme case in which the measurement errors are exceptionally
large. The interpolation performs fairly well even for the extreme case. At sample observation times, the estimated value
is exactly equal to the measurcd value when the measurement
error a is zero. However, for nonzero measurement error, this
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