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Abstract:
I construct and examine the properties of Lie and Clifford algebras which are used to
describe certain types of particles. These algebras are then related to the traditional theory of
division algebras. Quaternions are applied to these algebras and their properties are
exploited to model physical properties of particles. The Lie algebra so(3) is shown to be
isomorphic to su(2) and can be used to represent the Pauli spin matrices. The relationships
between the three Lie Algebras are shown geometrically using combinatorics. Finally, the
weak force is related to the remarkable fact that so(4) =  su(2)+su(2). The weak force is
naturally described by restricting to one of the two copies of su(2), one of which is
left-handed, the other of which is left-handed.
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Chapter 1: Introduction
1.1. Linear and Abstract Algebra in Physics:
Mathematical representation of physical objects and phenomena and their properties is a
continual challenge in the sciences. One aspect of physics that algebras are useful for
representing is the concept of an object’s symmetry---essentially how the object or
phenomenon “rotates” in space and time. Although nearly every branch of physics can make
use of matrix notation, the ones focused on here are aspects of particle physics and quantum
mechanics, particularly a particle’s spin in various systems. These systems, although
somewhat abstract, are still more tangible than the underlying abstract algebra that makes up
the backbone of the physics.
The starting point for this project is an average physics undergraduate’s
understanding of Pauli spin matrices and angular momentum, because although both the
spin matrices and angular momentum are represented by so(2) and so(3) algebras,
respectively, this is an alien language to someone who has no experience in abstract algebra.
It is not uncommon for students not to know that there are such things as algebras, even
though they spend a good chunk of their undergraduate career using them to understand and
solve quantum mechanics problems. I show here how to present the algebraic properties and
relationships in these symmetry groups geometrically using combinatorics, making use of
color, dots, and arrows, so that the information can be understood in more than one way.
Nevertheless, mathematics requires rigor in its definition and language, and so
significant attention has been paid to section 1.3: Useful Definitions. Each mathematical
definition is then followed by casual imagery and analogy.
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1.2. A Brief Historical Overview:
Famously, the quaternions were discovered in 1843 by Sir William Rowan Hamilton as he
was passing beside a bridge. The problem of developing higher-dimensional vector spaces
over the reals had been an issue for some time, in particular three-dimensional algebras. It
was thought that only one extra basis element was needed to be added on to the complex
numbers, so that these new numbers would have one real part and two imaginary parts.
However, this approach simply did not work out mathematically for multiplication.
Hamilton’s insight beside the bridge was the realization that four basis elements, one real
and three imaginary, allowed for both addition and multiplication.
In the end, vectors won out as the predominant notation for electromagnetism, but
quaternions have proved useful in modern applications such as computer graphics and
crystalline structure analysis[1].

1.3. Useful Definitions:
Group
Let G be a set together with a binary operation (usually called multiplication) that assigns to
each ordered pair (a, b) of elements of G an element in G denoted by ab. We say G is a
group under this operation if the following three properties are satisfied.
1. Associativity. The operation is associative; that is, (ab)c = a(bc) for all a, b, c in G.
2. Identity. There is an element e (called the identity) in G such that ae = ea = a for all a in
G.
3. Inverses. For each element a in G, there is an element b in G (called an inverse of a) such
that ab = ba = e [2].
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Another way of picturing a group is as a set of objects combined using operations in such a
way that certain rules are satisfied. An example is to consider the most basic ways to rotate
n-d imensional s pace.
Algebra:
An algebra is a vector space, together with a binary operation, usually called multiplication.
This multiplication is closed, that is, the product of two vectors is again a vector [1].
Clifford Algebra:
A Clifford algebra is an algebra constructed from a vector space with an inner
product, and hence an orthonormal basis {σ m }, in which the product satisfies
σm σn + σn σm = 2δm,n , where δ is the Kroneker delta.
Lie Algebra:
A finite-dimensional real or complex Lie algebra A is a vector space with a map
(a, b) |⟶ [a, b] (the commutator) from A × A into A. T
 he commutator is:
1.

Bilinear.

2. Antisymmetric: [a, b] = − [b, a] for all a and b ε A .
3. Satisfies the Jacobi Identity: [c, [b, a]] + [b, [a, c]] + [a, [c, b]] = 0 .

Skew-Hermitian:

An n x n matrix A with complex entries is skew Hermitian if A† = − A [2].
Special, Orthogonal, and Unitary:
An orthogonal matrix is a real n x n m
 atrix that when multiplied with its transpose is equal
to the identity matrix, that is, A · Aㅜ = I . Similarly, a unitary matrix is a complex n x n
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matrix that is equal to the identity when multiplied by its Hermitian conjugate, that is,
A · A† = I . In either case, such matrices are called special if their determinant is 1.
The n x n s pecial orthogonal and special unitary matrices each form a group, denoted
SO(n) and SU(n), respectively. Each of these groups is in fact a Lie group; the
corresponding Lie algebras are denoted so(n) and su(n). The dimension of the so(n) is
n(n−1)
2

, while the dimension of su(n) is n2 − 1 [3].

Degrees of Freedom or Dimension:
There are several methods for thinking about the number of “degrees of freedom” that an
algebra possesses, such as the number of coordinates used to describe it or the number of
independent parameters. Since an algebra is a vector space, another way is to consider the
number of basis vectors that span the algebra that we are looking at. By writing a general
element of a matrix algebra in terms of independent parameters, we can determine both the
basis and the dimension. For instance, the matrices E a nd L below both have three degrees
of freedom because they each can be written as a linear combination of three linearly
independent matrices:

and

.
Isomorphism:
The structure constants of a Lie algebra in a given basis are the coefficients obtained by
expanding out the commutators of all pairs of basis elements. For example, if Sm is a basis
of some Lie algebra, then the structure constants are computed from
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m
[S p , S q ] = ∑ C pq
· Sm .
m

(1.1)

Two Lie algebras are isomorphic if their structure constants, for a particular pairing of their
basis vectors, are the same. Although this definition depends on the choice of the two bases,
the isomorphism itself is a basis-independent property of the two algebras. In essence, if the
two sets of coefficients are precisely equal, then the algebras are isomorphic [1].

1.4. Complex Numbers, Quaternions, and Octonions:
A complex number z contains both a real part and a complex part, defined as z = a + ib ,
with i defined as √− 1 ; z is a two-dimensional number. Complex numbers satisfy most of
the same algebraic properties as the reals (Table 1) .
Table 1: List of Algebraic Properties that apply to complex numbers A, B, and C.

Algebraic Property:

Algebraic Representation:

Commutative Property of Addition

A+B=B+A

Commutative Property of Multiplication

A*B=B*A

Associative Property of Addition

A + (B+C) = (A+B) + C

Associative Property of Multiplication

A * (B * C) ≠ (A * B) * C

Addition Identity

A+0=A

Multiplication Identity

A*1=A

Zero Property

A*0=0

A quaternion is a four-dimensional number q = a + ib + j c + k d with three imaginary
components, where i2 = j 2 = k 2 = − 1 . An octonion is a number with eight dimensions.
The product of the imaginary number  i w
 ith itself is cyclic, meaning the results follow a
repeating cycle:
i = i,
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i2 = − 1 ,
i3 = − i ,
i4 = 1 ,
i5 = i ...

In a similar manner, quaternions are also cyclic. Strange things occur the higher we go in a
number’s dimensions. One might think that the more general a case, the more “useful” or
versatile the numbers become for us to use, but this is not true. Examples of versatility
might be in such properties as associativity and commutativity of addition and
multiplication, which the numbers in the set of reals have, but as we examine the set of the
quaternions (ℍ) , then the numbers no longer commute. Let z 1 = a + ib + j c + k d and z 2 =
α + iβ + j λ + k ε . Then z 1 · z 2 =/ z 2 · z 1 in general [4]. It can no longer be assumed that two
numbers or mathematical objects can be multiplied in any order and yield the same result
either way. As we reach the octonions, even the property of associativity is lost . F
 igure 1 is
the octonion multiplication table that again demonstrates the cyclic nature of the numbers.

Figure 1: A geometric representation of the octonion multiplication table. Notice how the direction of the
arrows is important to the result of the multiplication, as (ik)l =/ i(kl) [4].
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Figure 2 displays all three higher dimensional numbers discussed here in a compact way [2].

Figure 2. Octonion (O) group multiplication table, with quaternion (H) and complex (C) group multiplication
tables as subgroups. C is Abelian, and H and O are non-Abelian [2].

Finally, we can use the matrix representation of complex numbers to make later calculations
and substitutions simpler, with:
[3].

(1.2 )
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Chapter 2: Construction and Properties of Lie Algebras
2.1. Overview:
Drawing on the techniques and definitions outlined in the previous chapter, I can now
discuss how I applied those techniques to constructing the Pauli spin matrices, the angular
momentum matrices, and higher dimensional ones.
I applied the following conditions to some arbitrary 2x2 matrix A with complex
entries: the matrix must be both skew hermitian and have a trace of zero. When calculated
out, the result is
.
This result can be further generalized to any n × n matrix. This result was used to create the
generator matrices of su(2).
Similar conditions can be applied to a 3x3 matrix B with real entries: B = − B ㅜ and
B has trace zero. The result is

and this also can be generalized to any n × n matrix; in this case, the generators for the Lie
algebras so(3) and so(4).

2.2. Pauli Spin Matrices or su(2):
The Pauli Spin Matrices used in quantum mechanics are
,
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,



.

In mathematics, however, these matrices are multiplied by a factor of i [3]. Additionally, for
reasons that will become apparent later, I will make the arbitrary choice of also multiplying
su(2) = 〈sx , sy , sz 〉 by a factor of

−i
2

, resulting in

,



(2.1)

,

(2.2)

,

(2.3)

which are a basis for infinitesimal unitary transformations, that is, for; the algebra su(2). In
other words, su(2) = 〈sx , sy , sz 〉 where the angle brackets denote “span”. The factor of
−1
2

has been factored out for clarity. The commutators of any two of these basis elements is

the third:

[sx , sy ] = sz

,

[sz , sx ] = sy ,

[sy , sz ] =

sx .
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2.3. Angular Momentum or so(3):

The so(3) generators are

,

(2.4)

,

(2.5)

.

(2.6)

In quantum mechanics, the angular momentum operators are written as above except with
an extra factor of ħ [2].

2.4. Isomorphism of so(3) and su(2):

In order to show the isomorphism between so(3) and su(2), I used the procedure as
described in Section 1.2, Equation 1.1, using commutators and structure coefficients. When
the calculations for each of the algebra’s coefficients are carried out with the correct pairing
of su(2) and so(3) commutators, the result is Table 2. One instance of the calculations is
carried out and the rest follow similarly:
m
[S x , S y ] = ∑ C xy
· Sm ,
m

where m equals x, y, z. The notation Lx,y denoting Table 2 rows means “the commutator
between Lx and Ly of so(3)”, while each column is labeled with Lx, Ly, or Lz, referring to
which structure constant is being calculated. Similar notation follows for the su(2) rows and
columns, denoted with Sm .
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Table 2: The calculations for the commutators are arranged, by convention, in cyclic order.
Lx

Ly

Lz

Sx

Sy

Sz

Lx,y

0

0

1

S x,y

0

0

1

Lz,x

0

1

0

S z,x

0

1

0

Ly,z

1

0

0

S y,z

1

0

0

For example, the calculations for Lx,y and S x,y are [Lx , Ly ] = 1 · Lz and [S x , S y ] = 1 · S z ,
where each product has a coefficient of negative one in front of their z component.

2.5. The Lie Algebra so(4):
The Lie algebra so(4) is spanned by six matrices:

(2.7)
The calculations are calculated and listed in Table 3:
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Table 3: The 15 independent commutators of so(4).
[b , a]

= d

[a , c]

= e

[a , d]

= b

[e , a]

= c

[a , f ]

=0

[c , b]

= f

[d , b]

= a

[b , e]

=0

[b , f ]

= c

[c , d]

=0

[c , e]

= a

[f , c]

= b

[d , e]

= f

[f , d]

= e

[e , f ]

= d

The goal is to find subalgebras of so(4) whose commutators are the same as we had before.
Recall that the so(4) rotates in four dimensions; holding one of these four “directions”
constant will result in a rotation in three dimensions, described by the subalgebra so(3).
Here, three so(4) matrices that make up a so(3) subalgebra are a, d, and b because they form
their own algebra and their structure constants match those of so(3) under the pairing {a, b,
d} goes to {sx, sy, sz}, since
[d , b] = a ,
[b , a] = d ,
[a , d] = b .
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However, there is no other subalgebra of so(4) in the remaining elements so that this so(3)
does not pair with another subalgebra of so(4).
One can be clever, though, and use linear combinations of the matrices instead to
make another basis. This is primarily through trial and error, but eventually resulted in the
following combinations to create new matrices:

B =c+d

A=a+f

C =b+e

F =d−c

E =a−f

D =b−e

Using these new linear combinations of the basis for so(4), I can write down another
representation of so(4):

(2.8)
The matrices within Equation 2.8 contain a factor of

1
2

. This is to account for factors of 2

that come out of the commutator calculations.
With this equally valid representation, the commutators are found to remain in only
one of two so(3) algebras and the results for the calculations are given in Table 4.
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Table 4: The matrices A, B, and C form one so(3) subalgebra, while D, E, and F form another. Matrices from
one subalgebra commute with the matrices from the other subalgebra.
[A , B ]

= C

[B , C ]

= A

[C , A]

= B

[A , E ]

= 0

[A , F ]

=0

[A , D]

= 0

[B, D]

= 0

[B , E ]

=0

[B , F ]

=0

[C , D]

=0

[C , E ]

= 0

[C , F ]

= 0

[D , E ]

= F

[F , D]

= E

[E , F ]

= D

Note that the structure contents for each set of so(4) matrices match those of so(3) under the
pairing P = {A, B, C} goes to {sx, sy, sz} and M = {D, E, F} goes to {sx, sy, sz}.
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Chapter 3: Combinatorial Representation
3.1 Introduction:

A geometric argument can be made regarding the relationships between su(2), so(3), and
so(4). Here, I use the combinatorial representation of dots and arrows to illustrate the action
of the basis vectors of each algebra on a generalized vector or matrix, and then analyze the
similarities from each picture to find visual connections between them.
The following three figures provide a combinatorial representation of the matrices
that make up the Lie algebras so(3) (Figure 3), su(2) (Figure 4), and so(4) (Figure 5). These
representations are obtained by examining what the matrices do to the rows of some
arbitrary vector.
First is so(3). The so(3) matrices act on real vectors with three components, such as

.
As shown in Figure 3, Lx sends x1 to
zero, multiplies x3 two by − 1 , and then finally swaps

x2 and x3, and; Ly and Lz follow similar patterns. For clarity, the full calculations of each
so(3) matrix acting on V are given below:

(3.1)

(3.2)
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(3.3)

Figure 3: A combinatorial representation of so(3)’s vector space.

The second case is su(2), which acts on complex vectors. I use the complex vector

where A = α + iβ and B = γ + iμ Although C is a two-component complex vector, it has
four real degrees of freedom. Thus, C c an also be represented as

.
I multiply C b y each of the generators sm of su(2), and track the linear mappings on
the four real components, effectively converting each sm into a 4x4 real matrix. The
calculations are given below.

(3.4)
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(3.5)

(3.6)
Notice that for sx , the first and last entries ( α and μ , respectively) swap places, as do γ
and β . Also, α and μ are both multiplied by − 1. For sy , α and γ swap places, as do μ
and β . Both γ and μ are multiplied by − 1. Finally, for sz , α swaps with β , and γ swaps
with μ , while α and μ are multiplied by − 1 . I use colors to distinguish what each matrix
does to the four entries of C (red for α , yellow for β , green for γ , and blue for μ ). Arrows
dictate the swapping of entries for each su(2) matrix: dark green sx , purple for sy , and
bright blue for sz . The direction of the arrow indicates a positive or negative sign: the row
which touches the tip of the arrow becomes negative.

Figure 4: A combinatorial representation of what each of the generators of su(2) does to a generic complex
vector; purple for sx , green for sy , and blue for sz .
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3.2 The Lie Algebra su(2) Within so(4):
The Lie algebra so(4) is the most difficult case to represent because there are six different
matrices that span the vector space (see Figure 5) .

Figure 5: A representation of the two so(3) subalgebras within so(4), denoted P and M
respectively,where each matrix is notated with a different color.

I will point out that in Figure 5, there is a symmetry between the P subalgebra and
the M s ubalgebra. The similarities in these images point to so(3) also being contained within
so(4). Make note of a), b), and d) in Figure 4. Using the map { α, β , γ , μ} to {e, f, g, h}
yields: {F to Sx}, {D to Sy}, and {E to Sz}:
Since each of the matrices in su(2) also rearranges four real numbers, as shown in
Figure 5, we can compare them with the so(4) matrices represented in Figure 5. To do so,
we will identify { α, β , γ , μ} with {g, h, e, f} , in that order. The resulting comparisons are
shown in Figures 7–12. This comparison shows that F can be identified with sx (Figure 6),
D with sx (Figure 8) , and E with sz (Figure 9).
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Figure 6: shows how the so(4) F matrix performs an identical transformation as the su(2) sx matrix.

Figure 7: shows how the so(4) D matrix performs an identical transformation as the su(2) sy  matrix.

Figure 8: shows how the so(4) E  matrix performs an identical transformation as the su(2) sz matrix.
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Figures 6, 7, and 8 d isplay visually one of the su(2) Lie subalgebras embedded
within the Lie algebra so(4), namely the one generated by D, E, F The other three
generators of so(4), namely A, B, C, can be represented similarly, as shown in Figures 9–11.
In this case, the match with su(2) is not perfect, as the arrows pointing to h in Figures 6–8
instead point away from h in Figures 9–11. Nonetheless, Figures 9–11 s uffice to verify that
the matrices A, B, C also close under commutation, as was also verified algebraically in
Table 4.

Figure 9: shows how the so(4) B  matrix performs a similar transformation to the su(2) sx matrix, except that
one of the arrows is reversed.

Figure 10: shows how the so(4) A  matrix performs a similar transformation to the su(2) sz matrix,
except the arrows have changed their positions.
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Figure 11: shows how the so(4) C  matrix performs a similar transformation to the su(2) sy matrix, except that
the arrows have changed their position.

Although the diagrams in Figures 9–11 don’t quite match, the difference is a single minus
sign in each case, namely in the transition from h to β. It is straightforward to verify that
this sign does not affect the commutators of A, B, and C, as can also be seen algebraically
from Table 4. The combinatorial representations in Figures 6–11 therefore demonstrate that
so(4) splits up into two copies of su(2).
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Chapter 4: Quaternionic Representation
4.1 Quaternions Applied to so(4):

Recall from Section 1.3 that a quaternion is a four-dimensional number and SO(4) is the
four-dimensional rotation group and therefore is also a group that preserves a quaternion's
magnitude. Multiplying a quaternion q by a unit quaternion also preserves its magnitude.
Unit quaternions can be written as

,

, and

and may act on the right or left, while

the infinitesimal versions of these six operators are exactly left- and right-handed
multiplication by i, j, and k. (Recall Section 1.4 where i · j = k , k · i = j , and j · k = i ,
with j · i = − k , i · k = − j , and k · j = − i ).
We can thus rewrite the Lie algebra so(4) using quaternions, in a similar manner to
rewriting complex numbers as matrices [3].
Let q = a + ib + j c + k d and p = α + iβ + j λ + k ε . I can rewrite q and p a s columns vectors

,

.

Calculate p · q and q · p :
p · q = (aα − bβ − cγ − dε) + (bα + aβ + dγ − cε)i + (aγ + cα + bε − dβ)j + (dα + aε + cβ − bγ)k
Rewrite p · q as a column vector

and then determine the matrix M that performs this linear operation on the column vector q,
that is, find M satisfying
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.
From this, I get the matrix

,
which can be rewritten as

or
M = αI + β A + εB − γ C .

(4.1)

By comparing with Equation (2.8)  from Section 2.4, we see that the matrix coefficients
match the so(4) matrices A, B, C, apart from an extra factor of − 1 in C. The same procedure
is followed for the product q · p :

q · p = (aα − bβ − cγ − dε) + (bα + aβ − dγ + cε)i + (aγ + cα − bε + dβ)j + (dα + aε − cβ − bγ)k
Again, rewrite this product as the column vector

and determine the matrix N satisfying N · q = q · p

26
When the same procedure as above is applied and the matrix N is separated into
linear combinations, the result is:

or
N = αI − γ D + β E − εF .

 (4.2)

These matrices match up with the other matrices for Equation 2.8, with D and F including
an extra factor of − 1 .
I will make the choice to set a = 0 a nd α = 0 for both M and N . Then, the
matrices M and N, e xcluding the component proportional to the identity matrix, are each a
linear combination of the basis elements of one of the su(2) subalgebras of so(4).These
computations therefore show that left- and right-multiplication by pure imaginary unit
quaternions corresponds to the two su(2) subalgebras of so(4).
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Chapter 5: The Weak Force
5.1 Applications and Discussion:

The weak force is an interaction between either electrons and neutrinos, or between quarks.
Neutrinos are neutral fermions, meaning they have spin 12 , and are electrically neutral.
Quarks are another type of elementary particle, only observed within other particles such as
protons, and come in six flavours:  up, down, strange, charm, bottom, and top. Currently, the
standard model of the weak interaction is combined with electromagnetism and is called
electroweak theory [5].
There is freedom within electromagnetism to choose scalar and vector potentials
and this freedom results in the phase freedom in quantum electrodynamics; in the same way,
the weak interaction leads to a sort of phase freedom whose underlying group is SU(2) [6].
But there are two different SU(2)s, as shown in Chapters 3 and 4. Which SU(2) is it?
Leptons and quarks could come in two types, left- and right-handed, with each type
having its own SU(2) symmetry. However, this has not been observed to occur in nature,
where all leptons and quarks appear left-handed [6]. So it appears that only one SU(2), the
left-handed one, matches current observation, while the other remains theoretical. The
quaternion representations N and M f rom Chapter 4 correspond to these left- and
right-handed particles, respectively. It is an open question whether the octonions can be
used similarly to describe the symmetries of the Standard Model, incorporating not only
electroweak theory, but also the strong interaction.

5.2 Conclusion:
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I have shown that the Lie algebra so(4) contains within it two copies of su(2), each of which
can be interpreted as quaternionic multiplication.This was done through first constructing
the Lie algebras su(2) and so(3), which are, give or take some constants, the Pauli and
angular momentum operators used in quantum mechanics, and then showing the
isomorphism between them. From there, I built the Lie algebra so(4) and showed that there
are two independent so(3) algebras within it, and therefore, on a deeper level, also two
copies of su(2).
All three algebras were represented using combinatorics, making use of arrows, dots,
and colors to show how each basis matrix acts on a given vector.
Finally, I rewrote the Lie algebra so(4) using quaternions, thus demonstrating the
connection between so(4) and the “handedness” of su(2) -- an essential ingredient of our
current understanding of the weak force. Similar techniques could be used to model more
complicated systems and therefore explore deeper mathematical symmetries in nature.
Grand Unified Theory (GUT), for instance, is the idea that at extremely high energies (such
as at the creation of our universe) the electromagnetic, strong, and weak interactions become
one single force. Broken symmetries are one result of this idea and the SU(2) symmetry of
only left-handed particles as observed in nature can then be interpreted as arising due to a
broken SO(4) symmetry [7].
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Appendices
A. Mathematica Code
The code was primarily used as a calculator and verifier for calculations done originally by
hand. Here is a link to my Github which holds all the Mathematica notebooks.
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