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A dynamic propagation of a finite crack of opening
modebin a micropolar elastic so0lid was investigated.
By using an integral transform method, a pair of two-
dimensional singular integral equations governing
stress and couple stress was formulated in terms of the
displacement transverse to the crack, macro- and micro-
rotations, and microinertia. These integral equations
are solved numerically. Solutions for dynamic stress
intensity and couple stress intensity factors are ob-
tained by utilizing the values of the strengths of the
square root singularities in the macro-rotation and the

gradient of the micro-rotation at the crack tips. The



motion of the crack tips and the load on the crack sur-
face are not prescribed in the formulation of the prob-
lem. Therefore, the method of solution is applicable
to nonuniform rates of propagation of a crack under an
arbitrary time-dependent load on the crack surface.

The behavior of the micro-rotation field, and the dy-
namic couple stress intensity factor, which are influ-
enced by microinertia, in addition to the dynamic
stress intensity factor, are examined. The classical
elasticity solution for the corresponding problem fol-
lows as a special case of our solution when the micro-

polar moduli are dropped.
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ELASTODYNAMIC ANALYSIS OF A PROPAGATING

FINITE CRACK IN A MICROPOLAR ELASTIC SOLID
CHAPTER 1

INTRODUCTION

1.1 General Remarks

The classical theory of elasticity is based on the
fundamental assumptions that all material bodies pos-
sess continuous mass densities, all balance laws are
valid for every part of the body no matter how small it
may be, and the state of the body at any material point
is influenced only by the infinitesimal neighborhood
about that point. These assumptions lead to a descrip-
tion of the deformation of the body in terms of the
symmetric strain and stress tensors. In fact, the
first of the assumptions means the atomic, pore and
grain structure of real materials is to be disregarded.
It is also proved to be an untenable assumption by the
fact that molecular theories and atomistic models of
the materials have shown that mass density can be mark-
edly different from the assumed continuous mass density

when the size of the volume element is below a certain



limit value. The second of the assumptions eliminates
the long-range effect of loads on the motion and the
evolution of the state of the body. The third assump-
tion ignores the effect of long-range interatomic inte-
ractions.

The results, derived on the basis of classical
elasticity, are in good agreement with experiments per-
formed on numerous structural materials below the elas-
ticity limit of the material. However, in many cases
‘essential differences have been observed between theory
and experiment; this fact refers first of all to the
states of stress in which there occur large stress gra-
dients. As an example of such a state one may mention
the stress concentration in the vicinity of holes, or
near notches and cracks. The discrepancy between clas-
sical elasticity and experiment becomes particularly
important in problems of dynamics, namely in the case
of elastic vibrations characterized by large frequen-
cies and small wavelengths; that is, for example, in
the case of ultrasonic waves. The discrepancy is due
partly to the fact that in the case of large frequen-
cies and small wavelengths, the microstructure of thé
body becomes important. Classical elasticity fails to
produce good results in the case of vibrations of gran-
ular bodies with large molecules, such as polymers. A
possible explanation is that the constitutive equation

of classical theory may not be sufficiently general.



In order to eliminate these shortcomings of clas-
sical elasticity, several generalized continuum theo-
ries have been introduced which have additional degrees
of freedom. The most widely accepted of these are the
couple stress theory (indeterminate couple stress the-
ory) introduced by Mindlin and Tiersten [1] and others,
‘and the micropolar continuum theory introduced and de-
veloped by Eringen and Suhubi [2]. The couple stress
theory arises as a special case of the micropolar elas-
ticity under certain restrictions.

A microcontinuum is a continuous medium to each
point of which is assigned another sub-continuum, this
latter being able to translate, rotate and deform. The
micropolar medium is a special case of the microcontin-
uum with the property that the sub-continuum defined
above can only translate and rotate without deforming
even though the medium as a whole can translate, rotate
and deform. The state of strain in a micropolar medium
is described by two vectors, namely the displacement
vector and fhe microrotation vector, and these vectors
are connected with the stress tensor and the couple
stress tensor. Central to the microcontinuum theories
is the concept of couple stress. Materials wherein
couple stresses and body couples are recognized to be
acting are known as polar materials or oriented media.

The existence and basis of couple stress in elasticity



was noted by Voigt [3] in connection with polar mole-
cules in his work on crystallography. Duhem [4] postu-
lated a theory that a body should be considered as an
‘assemblage of not only points but also of directions
associated with points.

E. and F. Cosserat [5] presented a unified theory
for deformable bodies. A Cosserat continuum is defined
as a three-dimensional continuum, each point of which
is supplied with a triad of vectors called "directors"
and which is amenable to a simple but elegant interpre-
tation of the motion. The important monograph of the
Cosserats [5] was buried in the literature nearly half
a century until the topic was reopened and reconsidered
in the 1950’s. The idea of a Cosserat continuum was
revived in various special forms by Glinther [6], Grioli
[7], Truesdell and Toupin [8], Aero and Kuvshinski [9],
Schaefer [10], Mindlin and Tiersten [1], Toupin [11]
and Eringen.[12]. These early theories are mostly
known as the "constrained theories" or the "indetermi-
nate couple stress theory”. Eringen and Suhubi [2] and
Eringen [13] introduced a general theory of a nonlinear
microelastic continuum in which the balance laws of
classical continuum are supplemented with additional
ones, and the intrinsic motions of microelements con-
tained in a macrovolume element are taken into account.
This theory, in special cases, contains the Cosserat

continuum and the indeterminate couple stress theory.



In micropolar theory of elasticity, the strain and
stress tensors are no longer symmetric. Thus, micro-
polar continuum theory has a mechanism which is capable
of incorporating the internal long-range cohesive
forces and yet remain within the basic continuum frame-
work. A consequence of this feature is that the medium
can support couple stress, spin.and microinertia. The
constitutive theory for micropolar media consists of a
stress constitutive equation invplving microrotation
and a couple stress constitutive equation involving the
gradients of microrotation. The field equations are
augmented by a conservation law for microinertia.

Since the axiom of locality is still used in micropolar
continuum theory, it will not involve the effects of
all the remaining material points of the body, which
only the nonlocal continuum theory takes into account.
However, the microcontinuum theory is also a nonlocal
theory in the following sense. Eringen [14] has shown
that the microcontinuum theory can be derived by defin-
ing suitable integral operators using certain test
functions based on moment expansion techniques. These
higher order moments incorporate to a certain extent
‘the nonlocal interactions of microconstituents of the
material. But, these moments have to be taken to in-
definitely higher orders. The nonlocal theory, origin-
ated by Eringen [15], eliminates the need for taking

such higher order moments and is designed to incorpor-



ate the interatomic interactions. New concepts of
microinertia, spin momentum (intrinsic moment of mo-
mentum), body couple density and couple stress, which
have no counterpart in classical theory of elasticity
are brought out. The local balance laws of classical
continuum theory are simply obtained by dropping the
terms related to microvolume elements. Therefore, the
micropolar continuum theory is a sophisticated contin-
uum theory in which the local balance laws are supple-
mented with additional ones, and the important intrin-
sic motions of constituents (microvolume elements) con-
tained in a macrovolume element are taken into account.
The micropolar theory of elasticity is relatively
simple to use, and is versatile enough to find numerous
important applications explaining many real physical
phenomena. Materials with dumbbell molecules, liquid
crystals, materials with elongated grains and compos-
ites which cannot be properly treated by classical
elasticity, can be elegantly treated with the micro-
polar elasticity. The micropolar theory of elasticity
is a powerful continuum theory to treat complex prob-
lems, including wave propagation and dispersion in
solids, stress concentration around holes in bodies,
and stress distribution at the crack tip of advancing
line cracks in materials subject to external loads as

well as boundary layers, turbulence, instabilities in



fluid flows, rotating fluids, and surface tension phe-
nomena in fluids. Although there are several hundred
papers in this and related fields, it still affords
further exploration. Nevertheless, it seems that the
logical foundation of the theory is solid and promising

for the understanding of physical phenomena.

1.2 Scope of the Study

In dynamic crack propagation, conventional methods
of solution are not easily applicable to finite crack
problems for various reasons. For example, the Wiener-
Hopf technique becomes very complicated as a result of
the dynamic interaction of the crack tips in the case
of a finite crack. Most of the works in dynamic crack
propagation have dealt with semi-infinite crack prob-
lems which are tractable. As a result of lack of ade-
quate tools of analysis, very little work has been done
‘on dynamic finite crack problems even in classical the-
ory of elasticity. To the best of our knowledge, there
have been no investigations of dynamic crack propaga-
tion in micropolar elastic media.

The object of this study is to obtain the dynamic
stress and the dynamic couple stress intensity factors
for a finite crack whose tips may propagate nonuni-
formly in time under an arbitrary time dependent normal

load on the crack surface. By using an integral trans-



form method, a pair of two-dimensional singular inte-
gral equations géverning dynamic stress and dynamic
couple stress is formulated. The analysis determines
that both the macrorotation and the gradient of the mi-
crorotation of the crack surface can be determined by
solving these singular integral equations. In addi-
tion, it 1s'shown in this work that both the dynamic
stress and the couple stress intensity factors can be
obtained by utilizing the values of the strengths of
the square root singularities in microrotation and the
gradient of the microrotation at the crack tips. From
this analysis, we have investigated the behavior of the
microrotation field and the dynamic couple stress in-
tensity factor, influenced by microinertia, which have
-not been considered in the classical theories of elas-
ticity. The classical elasticity solution for the cor-
responding problem presents a special case when the mi-

cropolar moduli are dropped from the present solution.

1.3 Background of the Dynamic Fracture Investigations

During the past three decades, significant studies
have been made in understanding fracture mechanics.
These advances have encompassed both the fracture pro-
cess itself and improved design criteria for engineer-
ing structures.

The majority of the past work on fractures has

been devoted to the events which lead up to the onset



of crack propagation. However, it is equally important
to be concerned with those process that govern the
time-dependent motion or growth of cracks. In recent
years, a substantial amount of work has been done in
the area of dynamic fracture.mechanics. Much of the
work has been summarized in the review articles by Er-
dogan [16], Achenbach [17,18], Freund [19,20], Goel
[21] and Williams and Knauss [22]. The literature in
this area can be divided into three categories: steady-
state problems, transient problems, and fully dynamic
problems.

The first proper analysis of a moving crack is be-
lieved to have been done by Yoffe [23], who attempted
to explain the branching of cracks by analyzing a dy-
namic steady-state problem in which a crack of fixed
length travels at constant velocity under the influence
of uniaxial tension. A similar steady-state problem
was solved by Craggs [24] for a semi-infinite crack
propagating at constant rate under the action of dis-
tributed loads on the crack surface which are fixed
with respect to the crack tip. From the stress solu-
tions in [23] and [24], it was found that the maximum
stress ogy moves out of the plane of crack propagation
and acts at an angle of 60° to the direction of crack
propagation when the crack velocity exceeds 0.6 times
the shear wave velocity. Unfortunately, the crack

branching angle and crack tip velocity at branching are
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consistently lower than the above value (for a survey
of the brittle fracture velocifies, see Table 1 in
[25]). It may be concluded, therefore, that the ten-
dency of the maximum tangential stress ogy to move out
of the plane of crack propagation at higher velocities
is at best a contributory factor to the branching
event. 1In addition, it may be worthwhile to note that
dynamic stress intensity factors (KID) are independent
of the crack speed and the energy release rates go to
infinity as the crack speed approaches the Rayleigh
wave speed. This physical inconsistency was discussed
by Rice [26]. Steady-state problems were also studied
by Jahanshahi [27], Chen and Sih [28], and Sih and Loe-
ber [29].

Broberg [30] and Baker [31] studied, first of all,
the transient dynamic problems. Broberg [30] investi-
gated a problem in which a crack initiates at a point
and propagates symmetrically with constant velocity un-
der constant pressure on the crack surface. It was
found that the velocity of such a crack is equal to the
Rayleigh wave velocity under the assumption of zero
surface energy. Baker [31] investigated a semi-
infinite crack which suddenly appears in a uniformly
stretched elastic medium and then propagates with con-
stant velocity by employing the Wiener-Hopf technique.
The dynamic stress intensity factor KID is evaluated

from the Baker’s solution, presented in Appendix B for
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comparison with the results of this investigation.
Broberg’'s problem was reconsidered by Craggs [32],
based on the self-similarity of the solutions. At-
tempts to remove the restriction of constant velocity
of propagation were made by Kostrov [33] and Eshelby
[34]. Kostrov [33] investigated unsteady propagation
of a crack subjected to arbitrary time-dependent longi-
tudinal shear loads on the crack surface using the
method of Volterra. Eshelby [34] studied an analogous
problem for quasi-static loads on the crack surface us-
ing Bateman'’s result on the electromagnetic radiation
from a nonuniformly moving line charges. Eshelby’s so-
lution, however, can be obtained from Kostrov’s solu-
tion, as mentioned in [19]. 1In [34], it was pointed
out that if a propagating crack stops, a static field
radiates out from the crack tip.

Achenbach [35] studied transient diffraction of
horizontally polarized shear waves by a stationary
semi-infinite crack by using the method of analysis in
[33]. By introducing a fracture criterion based on the
balance of energy, Achenbach showed that instantaneous
crack propagation can occur only if the shear stress
shows a square root singularity at the wave front.
Achenbach and Nuismer [36] investigated diffraction of
a time-dependent but spatially uniform dilatational
wave by a semi-infinite crack propagating at constant

speed and found similar results as in [35]. Freund
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[37] considered a semi-infinite crack moving at con-
stant speed under a unit concentrated load on the crack
surface. Using this solution as a Green’s function and
adopting an inverse method, Freund derived Kip for gen-
eral static loads on the crack surface. He extended
his work [38] to the case of nonuniform propagation of
the crack and showed that Kyp is given by a function of
instantaneous velocity times the corresponding static
stress intensity factor (Kyg). For a suddenly stopping
crack he found a result similar to Eshelby’s [34].
Freund [39] also studied the case of stress wave load-
ing and summarized his work in a review article [19].
In this article a suddenly stopping Broberg crack [30]
was also considered.

Kostrov [40] extended his previous work [33] to
any mode of loading conditions by means of the Wiener-
Hopf technique. He verified Freund’s [39] equation for
Kip- The case of a finite crack was also treated in
[40], but no specific problem was considered. Glennie
and Willis [41] studied an accelerating semi-infinite
crack under a longitudinal shear load and presented an
eXplicit expression for the elastodynamic field. They
also discussed Griffith-Irwin fracture criterion and
Dugdale-Barenblatt model in connection with accelera-
tion of the crack.

The transient diffraction of dilatational waves by

a stationary finite crack was investigated by Thau and
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Lu [42]. They showed that the maximum value of Krp is
about 30 percent greater than the analogous Kig, and
the maximum value is attained at the instant of arrival
of the first scattered Rayleigh wave from the opposite
tip. The same problem was also considered by Sih, Emb-
ly and Ravera [43] in which they found that as time
progresses, Kip approaches Kig, oscillating about it
with decreasing amplitude, by using the Fredholm inte-
gral equation. Self-similar elastodynamic solutions
associated with crack problems were reviewed by Chere-
panov and Afanas’'ev [44] with some applications, in-
cluding Broberg’s problem [30] and Baker’s problem
[31]. Kim [45] investigated the dynamic propagation of
a finite crack in general terms for a stationary crack,
a crack propagating at constant speed, and a crack
which suddenly stops after propagation at constant
speed. The method of solution is applicable to nonuni-
form rates of propagation of a crack under an arbitrary
time-dependent load on the crack surface.

The fracture criterion for moving cracks similar
to Griffith criterion under static equilibrium has been
discussed by Erdogan [16], Atkinson and Eshelby [46],
Achenbach [17] and Freund [19]. It has been shown in
their work that the motion of a crack tip is determined
by solving a complicated nonlinear ordinary differen-
tial equation for a given crack and loading condition.

Ma and Burgers [47] studied the dynamic stress inten-
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sity factor of an initially stationary semi-infinite
crack in an unbounded linear elastic solid by using a
perturbation method. The results indicated that if a
maximum energy release rate is accepted as a crack
propagation criterion, then for both the incident
stress wave parallel to the original crack faces and
uniform dynamic loading applied to the original crack
faces, the crack will propagate straight ahead of the
original crack for any delay time. Chattopadhyay and
Bandyopadhyay [48] investigated the propagation of a
crack due to shear waves in a medium having monoclinic
symmetry. By using the Wiéner—Hopf technique, it was
shown that the stress intensity factor decreases as the
length of the crack increases.

Numerical methods in dynamic fracture mechanics
were critically appraised by Kanninen [49]. At that
time, a comparison of the finite element and finite
difference methods led to the following conclusions:
The finite element method was more suitable for the
analysis of stationary cracks under dynamic loadings
due to the fact that the relevant singularities can be
modeled in the crack tip elements. On the other hand,
the finite element method was thought to be unsuited
for the analysis of dynamic crack propagation, due to
the numerical difficulties involved in advancing the
crack in a discrete manner. However, the state of the

technique of finite element methods in dynamic fracture
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mechanics has greatly advanced in the intervening
years. In order to simulate the crack propagation, two
different concepts of computational modeling may be
considered, namely, stationary mesh procedures [50,51,
52] and moving (distorting) mesh procedures [53,54,55].
The details were discussed in a review article by At-
lury and Nishioka [56]. Also, Kishimoto, Aoki and Sak-
ata [57,58] have derived a path-independent integral J
for spatially fixed paths, which is equivalent to the
energy release rate only for a stationary crack in a
solid under dynamic loading. Recently, Banks-Sills
'[59] studied the quarter-point singular elements again
and found that the quarter-point singular element
should be rectangular rather than quadrilateral. Next,
we briefly review some of the investigations concerning
stress concentration around holes and also static frac-
ture problems in micropolar elasticity.

Stress concentration around a circular hole in a
pPlate was investigated by Kaloni and Ariman [60], who
adopted the solution of the same problem for the inde-
terminate couple stress theory [61]. They showed that
the solution givén by Mindlin [61] can be obtained from
the solution the obtained. Cowin [62] corrected the
thermodynamic restrictions of Eringen’s theory [13] and
showed the results of the same problem for various val-

ues of coupling factors. The classical solutions of
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the same problem coincides with the solutions [60,61,
62] when the coupling factor is zero.

The effect of couple stresses on the stress con-
centration at the crack tip of a crack was first con-
sidered by Muki and Sternberg [63], who treated the
problem of a finite length crack in an infinite medium
under conditions of plane strain with a uniform tension
acting at infinity. Atkinson and Leppington [64] in-
vestigated the effect of couple stresses on the tip of
a crack for a semi-infinite crack bj using the Wiener-
Hopf technique. Sladek and Sladek [65] and Paul and
Sridharan [66] studied the effect of couple stresses on
the stress field around a penny-shaped crack by solving
a Fredholm integral equation of the second kind. An
aXisymmetric Boussinesqg problem for a semi-space in mi-
cropolar media by means of Hankel transforms was stud-
ied by Dhaliwal and Khan [67]. Paul and Sridharan [68]
investigated the problem of a Griffith crack in a
transverse field of constant uniaxial tension by solv-
ing Fredholm integral equations of the second kind.
From the above work, it was found that the stress in-
tensity factor of the micropolar media is a little
higher than that of classical media, and the energy re-
lease rate of the micropolar media is a little lower
than that of classical media, as the coupling factor

becomes higher.
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Carbonaro and Russo [69] derived some classical
theorems of micropolar elastodynamics in unbounded do-
mains, namely, the work and energy theorem, the unique-
ness and stability of regular solutions and a suffi-
cient condition for the finiteness of the speed of
propagation of signals (domain of influence theorem).
Dai [70] extended the J-integral introduced by Rice
[71] for micropolar media and Jaric and Suhubi [72] de-
rived the Griffith criterion for brittle fracture
within nonlinear micropolar thermoelasticity. Rao [73]
investigated the problem of longitudinal wave propaga-
tion in a micropolar wave guide. It was seen that a
new wave exists and the pattern of changes of this ve-
locity is similar to those of SH-type of wave propagat-
ing in a wave guide. 1In addition, the micropolar coun-
terpart of the Rayleigh-Lamb frequency equation was ob-
tained, which can be reduced to the Rayleigh-Lamb equa-
tion of classical elasticity by neglecting the terms
involving micropolar moduli.

Very little experimental work on micropolar mate-
rials has been done until now due to the lack of meth-
ods of measurement. Some work has been completed by
Gauthier and Jahsman [74] for determination of micropo-
lar moduli and by Yang and Lakes [75] on the stress in-
tensity factor of bone. Numerical methods, such as fi-

nite element methods, have been developed by Malcolm
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[76] for isotropic materials as well as orthotropic ma-
terials for the problem of determining the stress con-
centration around a hole. 1In static fracture mechanics
of the micropolar theory of elasticity, many papers
have been published, employing numerical techniques due
to the complexity of the analysis involved. However,
to the best of our knowledge, the problems of dynamic
propagation of a finite crack in micropolar elastic me-
dia have not been investigated so far, either analyti-

cally or numerically.
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CHAPTER 2

BASIC EQUATIONS IN MICROPOLAR ELASTICITY

In this chapter, the fundamental equations of mi-
cropolar elasticity are presented in a general curvi-
linear coordinate system and then are specialized to a
rectangular coordinate system. The notations used are

identical to those used by Eringen [77].

2.1 Field Equations

The field equations are obtained by combining the
constitutive equations with the balance laws. There
are two field equations, resulting in six partial dif-
ferential equations for six unknowns (three displace-
ments and three orientations) for problems with three-
dimensional geometry. The field equations for micropo-
‘lar, isotropic, homogeneous, linear elastic solids in
an isothermal environment are

(A+4)V(Veu) + (u+k)V2u + x Vxé + pf

= pu (2.1.1)
and

(a+B)V(Ved) + V2 + & Uxd - 2k + pl
= 0i (2.1.2)
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where u is the displacement field, ¢ is the orientation
field, and the superposed two dots on a vector denotes
D2/Dt2. The quantities A, u, £, a, B, and 4 are the
micropolar moduli; p and j are, respectively, the mass
density and the microinertia density of the medium,
which are treated as constants; and £ and £, respec-
tively, are body force and the body couple per unit
mass.

In a rectangular coordinate system, the field

equations (2.1.1) and (2.1.2) become:
3 fou au du d2u d82u
(A+p)——( X+ I+ Z) + (u+n)( X+ X
9%\ 9X 3y 3z 9x % y*

82ux) (a¢z a¢y) 82uy
+ K] —— - —=] + pfy, = ’ 2.1.3
8z2 oy 0z Pix patz ( )

+ plyg = pJ 5;7_ , (2.1.6)
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2 2
(az+ﬂ)2_(ad’x + Oy + a¢z) + (y.+;c)(a by + 7%y
dy\9x y oz

F) 9x? dy?
32¢y a¢x a¢Z)
—= — - —]-2
oz ) ¥ n(az ox ~oy
324 :
+ pﬂy = pj a—tzz . (2.1.7)

and

o [3¢x 9%y a¢z) (32¢Z 3245
(a+ﬂ)52(ax Yoy Tam )t Nam e

324, oy  Odx
) o ) -
824,

+ p,QZ = pj a—t2_ . (2.1.8)

2.2 Equilibrium Equations

The equilibrium equations used in micropolar elas-
ticity are the equation of momentum and the equation of
moment of momentum. The equation of momentum is iden-
tical to that of classical elasticity and is written as

Vet + p(£-v) = 0 , (2.2.1)
where v is the velocity vector, t is the stress tensor
and a dot superposed on a vector denotes its material
time rate. The equation of moment of momentum in mic-
ropolar elasticity is different from that of classical
elasticity and is written as

Vem + (t-tT) + p(£-0) =0 , (2.2.2)



22

where m is the couple stress tensor, ¢ is the spin ten-
sor and the superposed T over a tensor denotes its

transpose.

Equations (2.2.1) and (2.2.2) can be written in a

rectangular coordinate system as

at at ot
XX yx | ZX

+ p(fg-Vy) = 0 , (2.2.3)
9x dy oz XX
+ + + p(fy-vy) = 0 , (2.2.4)
- 0X oy 0z y oy
dtgy Otyy Otyy .
+ + + p(£f,-v,) = 0 , (2.2.5)
[2).4 oy Piiz"Ve
and
Oy . 6myx . oMy
ox ay 0z
+ tyy - tyy + p(Lg-0x) = 0, (2.2.6)
omxy , Omyy . 9Mzy
ox ay 0z
+ tyx - tgg + p(Ly-0y) = 0, (2.2.7)
and
omy o . omy . Oy o
ox oy 0z
+ tgy - tyx + p(Ly-05) = 0 . (2.2.8)

2.3 Constitutive Equations

The constitutive equations for micropolar elastic-
ity consist of a stress constitutive equation involving
microrotation, and a couple stress constitutive equa-

tion involving the gradients of microrotation.



23

2.3.1 The Stress Constitutive Equation

The stress constitutive equation may be written in

"two alternate forms:

tyo = Aemmgkg + (p+r)eyg + pegy (2.3.1)
or

typ = AeMpgr o + (2u+k)eyy + keypn(rP-¢M) ,(2.3.2)
where

¢k = -(1/2)ekMmy,,
epg = (1/2)(uy, g + ug.y) ,
€xg = $xg + Ug;k = €xg + epom(r™-¢4M) ,
r¥ = (1/2)ek£mrm£ = (1/2)ek£mum,£ ,
and where ¢T, is obtained by raising the index in €x0
with the fundamental matrix tensor and then contracting
it; 8yxyp is the coefficient of the fundamental matrix,
r¥ is the classical rotation vecfor, exg and eypy are,
respectively, the classical strain tensor and Cosserat
strain tensor, eygy, is the alternating tensor and ";"
denotes the covariant partial derivative.
Equations (2.3.1) or (2.3.2) lead to nine stress
constitutive equations using equations in rectangular

coordinate systems:

aux Ju auz
t = (A2u+8)—— + A i A ———) , (2.3.3)
xx it (ay 3z
Jou aux
oy = (U+K)—Y +u—= - k. , (2.3.4)
Xy 12 P ﬂay ¢z
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tyz = (u+n)§;§ +pg§§ + Ky (2.3.5)
tyx = (p+n)§§§ +p§;z + Koy , (2.3.6)
tyy = (A+2p+n)§§z + A(%EE + g;z) . (2.3.7)
tyz = (p+n)§;5 +p§§z - Kdg > (2.3.8)
toyx = (p+n)§§§ +p§§5 - kdy (2.3.9)
tay = (ﬂ+&)§;z +u§§5 + Kdy (2.3.10)
and
tyy = (A+2p+n)§§5 + A(%EE + g;z) . (2.3.11)

2.3.2 The Couple Stress Constitutive Equation

The couple stress constitutive equation is written
. as

Mg = adT . 8o + Bdu.0 + 190,k - (2.3.12)
In a rectangular coordinate system, the nine couple

stress constitutive equations are:

a9 a9 a9
mxx = (,a+ﬂ+'7)aTx + a(B;! + -E-ZE) ’ (2 .3. 13)
9dx 8¢y
= o , 2.3.14
Bxy = oo * Tox ( )
My, = ga¢x + 7a¢z , (2.3.15)

0% ox
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myy = ﬁziy + 7zzx , (2.3.16)

myy = (a+ﬂ+1)§§z + a(ggi + ggz) , (2.3.17)

Myy = ﬁzzy + 7zzz : (2.3.18)

Myy = eZ:z + 7zzx . (2.3.19)

Mgy = ﬁzzz + 7zzy (2.3.20)
and

m;, = (a+ﬂ+7)§§5 +_a(§£§ + ggz) . (2.3.21)

2.4 Compatibility Equations

The compatibility equations are used to insure the
compatibility of displacements and orientations of spe-
cific solutions in micropolar elasticity. The micropo-
lar strain tensors involve gradients of displacements
and micro-orientations and the compatibility equations
insure their existence as well as consistency. In gen-
eral, a set of displacements and micro-orientations
will not exist unless the strains satisfy certain con-
ditions. Mathematically, the compatibility equations
are necessary and sufficient conditions for the contin-
uity and single-valuedness of displacements and micro-

orientations.
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The compatibility equation is given by

€ik;j — €jk;i * Tikj - Viki = 0 (2.4.1)
where

Tedm = ekﬂn¢n;m . (2.4.2)
Using the definition of ~yg,, One can express equation
(2.4.2) in the form

€ik;j — €jk;i + eikn¢n;J - eka¢m;i =0 . (2.4.3)

In a rectangular coordinate system, equation
(2.4.3) results in 27 equations, of which 9 prove triv-
~ial and 9 out of the remaining 18 equations are repeti-
tious. The remaining independent three-dimensional
compatibility equations in the rectangular coordinate

system are:

Odexy Oeyx 09y

- + =0 , (2.4.4)
2y J0x Jx
0 0
‘xy _ %¢yy + 99z =0, (2.4.5)
ay Jx ay
O¢xz _ O¢yz %y x| (2.4.6)
3y dx 3y 9x ’
0 0 0 :
exx _ 9¢zx _ %%y _ , (2.4.7)
02 oxX ox
afxy _ afzy + a¢z + a¢x_ 0 (2 4 8)
9z 9x oz 9% ’ T
de de 0
xz _ 9€zz 9%y _ 0, (2.4.9)

0z . 9% 0z

oe de 0 0
02 ay 0z aay
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afyy _ afzy + a¢x

=0 , (2.4.11)
0z oy oy
and
d d d
‘yz _ fzz , %% _ 0 . (2.4.12)
02 y 0z
where
duy 6uy dug,
€ B e— s € B — ’ € D e— .
XX ax ¥V o a8y 22 9z
ou duy
€xy * 5;2 - ¢z €yx = 3y + ¢z
ouy, du
vz T 35 $x » €zy = 5;¥ + éx
au ou

Additional compatibility equations result from ex-
amining the couple stress constitutive equations as
they arise in plane problems. Since ¢ = (0,0,¢;) for

the x-y plane, equations (2.3.15) and (2.3.18) become

0d
-y 22z 2.4.14
My, = 7 e ( )
and
0do
m = — Y (204015)
vz = 7 5y

Cross differentiation of equations (2.4.14) and
(2.4.15), followed by subtraction of (2.4.15) from
(2.4.14), results in

3y 3% =0 . (2.4.16)




Likewise, for the y-z plane, we get

omyy  dmgx
oz ay

‘and for the x-z plane, we get

omyy  Omgy
0z ox
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(2.4.17)

(2.4.18)

Another compatibility condition which assures the

single valuedness as well as continuity of microrota-

tion is expressed in the rectangular coordinate system

as

ex0z(Ykom,n - Tkon,m) = 0 .

where

Ykfm,n = ©kepPp,mn -

(2.4.19)

(2.4.20)
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CHAPTER 3

DESCRIPTION AND ANALYSIS OF THE PROBLEM

3.1 Statement of Problem

A plane finite crack is contained in an unbounded
medium as shown in Figure 1. The body is micropolar,
linearly elastic, isotropic and homogeneous, and the
body force and the body couple are assumed to be negli-
gible. A Cartesian coordinate system which has been
normalized by the half crack length is introduced in
such a way that the crack surface is initially defined
by -1 < X< 1, ¥y = 0, - ¢ 2 < . The time variable
used in this study has also been normalized by the time
for the micropolar dilatational wave to travel half of
the crack length. As a result of this normalization,
the micropolar dilatational wave speed is equal to
unity. The propagation distances of the right and left
crack tips are denoted by a,(t) and a_(t), respec-
tively. Thus, the positions of the crack tips at time,
t, are given by x = *l+a ,(t), y = O+.

The crack tip velocities c, (t) are such that

cy(t) = 0 for t < 0 and 0 < cy(t) < Cgr for t > 0, where



» <

Figure 1.

Geometry of the Problem.
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Cr is the micropolar Rayleigh wave speed. The field
equations of micropolar linear elasticity are

(Cp2+C32)u,xx + (Cp2-Cs2)v,xy + (Cs24C32)u, gy

+ C324,y = u,¢q (3.1.1)
(Cp2+C32)v.gx + (Cp2-Cs2lu,xy + (C524C32)v, gy
+ 032¢,x = v’tt ’ :. (3-1-2)
and
2 C3? 25,2
C4 (¢9xx+¢vyy) + —J_(vvx"'uvy) - '503 ¢
= $.tt - © (3.1.3)

where u and v are the x- and y- components of the dis-
placement vector and ¢ is the z-component of the micro-

rotation vector, and

A+2u I K ~
cp? = , Cs? ==, C3% ==, g% = —..
p p p pJ

The quantities A, u, « and 4 are the micropolar moduli,
and p and j are the mass density and the microinertia
density, respectively, of the medium, and are treated
as constants.

The general solution of this problem is the super-
position of the solutions to the following: (1) the
problem of the crack-free region subjected to uniaxial
tension, o(x,t), and (2) the problem of the crack
opened out by normal pressure, o(x,t), with no loading
at infinity. Since we are interested in the dynamic
stress and couple stress intensity factors, only prob-

lem (2) is considered since both of the stress inten-
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sity factors may be derived from it. By symmetry, this
problem is equivalent to the problem of determination
of stress distribution in the half plane y > 0, when

its boundary is subjected to the following conditions:

tyy(x,o,t) = -o(x,t) (3.1.4)

-l-a_(t) < x < l+a, (%) ,
Myz(%,0,t) = 0 (3.1.5)
v(x,0,1%) =

o} (3.1.6)
X >1+ a,(t) or x < -1-a_(t) ,
¢(x909t) = 0 (3-1-7)

and

0 0< |x] ¢ », (3.1.8)

tyx(x,o,t)
where tyy, tyx’ o and Myz represent, respectively, the
normal stress component, the shear stress component,
the uniaxial tension, and pertinent couple stress com-
ponent, normalized with respect to the shear modulus of

the material. The initial conditions are

u(x,y,0) = 0 ,
v(x,y,o) = 0 9
$(x,y,0) = 0 ,

u, +(x,y,0) =0
v,¢(x,y,0) = 0,
¢,1;(X,Y,0) 0

for all x and y.

(3.1.9)

The components of stress, displacement and micro-
rotation must vanish as (x2+y2) - . Moreover, the
symmetry with respect to the y-axis provides the addi-

tional conditions,
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V(X,O,t) = V(—X,O,t) ’

¢(X,O,t) = —¢(—X,O,t) .

—00{ X <o , (3.1.10)

3.2 Solution in Transform Space

Since the problem is symmetric with respect to

y 0, only the upper half space is considered and

Yy = 0 is used rather than y = 0+ for the y-coordinate
of the crack surface. Integral transforms are employed
to reduce the partial differential equations (3.1.1)-
(3.1.3) to ordinary differential equations. PFirst, the
time, t, is eliminated by application of the Laplace
transform,

f(x,y,p) = l £(x,y,t)e Prat , (3.2.1)
0

where p is a positive real number. It is assumed that
equation'(3.2.1) exists for any point (x,y) in the ma-
terial. The initial conditions (3.1.9) are used in
this transform. Second, Fourier trigonometric trans-

forms are used to suppress y. They are defined by

f(x,s,p) = l f(x,y,p) cos(sy) dy
0
and
%(X.s.p) = l f(x,y,p) sin(sy) dy . (3.2.2)
0

The Fourier cosine transform is applied to the Laplace

transform of equation (3.1.1) and a Fourier sine trans-
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form is applied, respectively, to the Laplace transform
of equations (3.1.2) and (3.1.3). The resulting equa-

tions are

U,xx - (A2s2+p2)u + B2sv,, + sC2§
= (B2+c2-a2)v,, , (3.2.3)

A2V, 4y - (s24p2)V - B2su,y - 24,4 = -sV , (3.2.4)

and
2¢ p2 € A o
028, . - (8252+—+—7)3 + —(su+v,x)
XX J Cqy i
= -02sg , (3.2.5)
where
5 _ cg2+Cg2 0 Cp2-Cg2 0 cg? ) C42
A = m——— B T — Cc E —, € = —2' ’
Cm Cm Cm Cs
C,2 c
4 9 2 s 9 9
02 = = -, C = —, C = C +C . (3.2.6)
oZ "l 2 o M D“+C3

Boundary condition (3.1.8) has been used to obtain the
right-hand sides of equations (3.2.3) and (3.3.4) in
terms of v(x,0,p) and V,x(x,0,p).

The general solutions of equation (3.2.3)-(3.2.5)

are given by

fi(x,s,p) = By(s,p)e"1%+ By(s,p)e” 71%+ By(s,p)e?2¥

+ By(s,p)e” 2%+ Bg(s,p)e?3%+ Bg(s,p)e V3%

r X
+ Tg V(n,0,p) cosh[y3(n-x)] dn
J —00
rX
+ Tq ¥(7,0,p) coshl[v9(n-x)] dn
s —Q0
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r X
+ Ty ¥(7,0,p) cosh[y1(n-x)] dg

r X
+ t3 #(n,0,p) sinh[v3(n-x)] dn

r X
+ to #(n,0,p) sinh[v9(n-x)] dn , (3.2.7)
¢ —-Q0
~ s s _
¥(x,s,p) = - —B;(s,p)e"1* + —B,y(s,p)e 71X
71 71
- Zpy(s.p)e”2%+ g (s,p)e 2%
S S
- BBy (s.p)e?3*%+ DBpg(s,p)e” 8%
S S
r X
+ V3 ¥(n,0,p) sinh[y3(n-x)] dn
J —Q0
' X
+ v2 v("909p) Sinh[72("_x)] d"
¢ —QO0
p X )
+ Vyq V(n,0,p) sinh[~y;(n-x)] dn
¢ —CO0
t X

+ Vig $(n,0,p) cosh[v3(n-x)] dn

Ix °
+ Vi, #(n,0,p) cosh[y9(n-x)] dn , (3.2.8)

and

X - X
$(x,s,p) = F2B3(s.p)e72 + FoBy(s,p)e 72

x -vaX
+ F3B5(s,p)e’73 + F3Bg(s,p)e 73

X
+ W3 l ¥(n,0,p) cosh[y3(n-x)] dn
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71

72

73
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' X
W ¥(n,0,p) cosh[v9(n-x)] dn
+ X
L4 ¥(n,0,p) cosh[~;(n-x)] dn
X
LA $(n,0,p) sinh[~3(n-x)] dn
' X
w,2 $(’7909p) Sinh['Yz("I"x)] df] ’ (3'2'9)
s2 + p?

2
P
2 2 2.a2n2 222
s + (A4 /Co%+§4“B4-0“A
202A2 /C2 )

e (2A2-c2)
+ - T R”é R
j 26°A

2
2 P 2/0.2.02R2_p222
s¢ + (A4/Co%+0<B<-@“A

2022 2 )

e (2A2-c2)

+ - — 7+ R%
- J 264A

[p2(a2/C32-62)+e/3(242-C2)]12 - 4e62c2p2/j ,

1

- Z;KE 732i;;7 (R5722+R5712+R3+;;§§717) ’
L2 -1y - T ,
§2s2¢c2 1 1

v 13%-732 62a%

§2s2¢2 1 1

73 132-732 62AZ "’
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1 s2
2
Vi= < [ T1i-mLo+—|
S 71
Vi = '11T1/s (i = 2,3) ’
VIii = q5ti/s (1 = 2,3) ,
Wi = -{'112Ti—(A252+p2)Ti-'yistVi}/502 (i=1,2,3) ’

W' = —{v;2t;-(A2s2+4p2)t;-~;B2sV!;}/sC2 (i=2,3) ,
Rg = 62A2L2
LZ = B2 + ¢2 - AZ

A
Rz = §2s2(B2-12-A2L2) - p212 [02+ ]

L2
- i-J-—(2A2—c2) :

Ry = 02s4(L2-B2) + s2p? [

+ ffz(sz-cz) + Eiszz ,
J J
and
Fy = (-B2s2-A24;2+~,2)/sC2 (i=2,3) . (3.2.10)
The coefficients B;(i=1,2,..,6) are determined

from the following conditions:

ﬁ(x,s,p) =0
[~ 2
v(x,s,p) = 0 at X = oo . (3.2.11)
[~ 1
¢(x,s,p) = 0
We get
Ty [* - e PL/
By(s,p) = - 51 l ¥(n,0,p)e lagp ,
)
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To [* _ -V
B3(s,p) = - '} ¥(n,0,p)e 274dg ,
2 J_o
ty [® Yo
+ 2 F(n,0,p)e 2dp ,
2 J_o
Tg [*® _ Yol
Bg(s,p) = - 3 ¥(n,0,p)e '37dn ,
2 J_o
ts [® Yol
+ _3 a(ﬂvovp)e 3 dﬂ ’
2 J_o
Bo(s,p) = By(s,p) = Bg(s,p) = 0 . (3.2.12)

tyy>
%yxv ﬁxzv and ﬁyz can then be obtained by transforming

The stress components in the transform space, Exx’

the stress-displacement equations and substituting for

u, V, and ¢ from equations (3.2.7)-(3.2.9). However,

A

only Eyy and Myz are considered since the main object
of this study is the determination of the dynamic

stress and couple stress intensity factors. The trans-

A

formed, normalized stress component tyy is given by

P 1 ~
Tyy(x,s,p) = =z [-¥(x,0,p)+sV(x,s,p)]

2
L2 .
+ — u,x . (3.2.13)
Co

Substituting u and Vv from equations (3.2.7) and (3.2.8)
into the equation (3.2.13) and integrating by parts, we

obtain

A

tyy(xvsvp)

- 2(L2-s52/442) ] v,,,(n.o.p)e"l(""‘)dn
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T X _ v, (n-x)
+ —2(12-s2/4,2) I V,p(n,0,p)e’! dn
2 —oo
T [ _ —Yo(n-x)
- 22-1) | ¥,,(q,0,p)e” 2 dn
2 I X
T (X _ Yo (n-X)
+ =2(12-1) ¥,p(n,0,p)e 2 dn
2 |-
T [ —"o(n-x)
- 2@y | v,,(.0.p)e7 3 Tay
2 5
T (X _ Yo (n-%)
+ =3(12-1) ¥,p(n,0,p)e 3 dn
2 J —oo
v [ Vo (n-X%)
. 22 —£2(12-1) $(n,0,p)e” 2 dn
2 Ix
r X
v Yo (n-%)
_ 57202 4y [T F(n.0.p)e"2 dn
2 ¢ -0
v [ _7,(n-x)
v 237312 1) $(n,0,p)e” 3 dn
2 X
(X (n-x)
B2y | s.0.me™3 gy
2 J -0
2
p® _
- ’7—1-2- V(x,O,p) . (3.2.14)

3.3 Formulation of Integral Equations

The complete inversion of equations (3.2.7)-
(3.2.9) and (3.2.14) is not necessary in this analysis,
since the main interest here is in the determinations
of the stress and the couple stress intensity factors.
Instead, we need to obtain tyy(x,o,t) by applying the

inverse transform to equation (3.2.14). The inverse
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Fourier cosine transform for any point in the space is
then taken and y is allowed to approach zero. Since
iyy(x,y,p) is continuous in y at y = 0, we can inter-
change the order of the limit process and integration
in s. The inverse Fourier cosine transform which is
defined by
2 [(*® .

f(x,y,p) = = lo f(x,y,p) cos(sy) ds , (3.3.1)
is performed on equation (3.2.14) for y = 0. The in-
verse Laplace transform is then taken to obtain the ex-
pression for tyy. In view of the complexity of the
functions «v;(s,p), i=1,2,3, it is not possible to per-
form the inversion of the Laplace transform without an
appropriate approximation. We find it necessary to
consider the case of large p, which corresponds to
small t, based on the Tauberian theorems. The inverse
Laplace transform is then taken by application of the
Cagniard-Dehoop method and a convolution integral, that
is, the expression for tyy(xX,y,p) obtained above, is
changed into a recognizable Laplace transform by set-
ting ~4;|n-x| = pt (i = 1,2,3) in each double integral.

Then, using the identity

=pf g, (3.3.2)

d
[ a' feg(t)

where * denotes the convolution integral, we obtain

tyy(x,o,t) =
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r OO t
g;- . lov.n(n,O,T)H(t—r—In—xl) M; (t-7,n7-x)drdn
oo rt
+ V,op(n,0,7)H(t-7-|9n-%|/A) Ma(t-7,n-x)drdn
0 ¢t
+ V,n(n,O,r)H(t—r—|n—x|/002) Mg (t-7,n-x)drdn
J_wo o
oo (L
+ ¢(ﬂ,0,T)H(t—T—|ﬂ—xl/A) M4(t—T,ﬂ‘x)deﬂ
I-l0 ‘
foo ¢t
+ ¢(n,0,7)H(t-r-|n-x|/6Cy) M5(t—r,n—x)drdn] ,
Tt (3.3.3)
where
M1(£9§) =
2 £ 1 (L2-1)2 ¢3
[(1—L2) A i_] [£2-¢2]% ,
nCq2 ¢ 2¢ 2 3

(L2-1)2 ¢, 2%
M2(5,§) = ——;6;7— [?g(f - Xg—)

A2¢  2+c2/B2 {5(52—§2/A2)3/2
i (aZ/cy2-9%) (3 12
¢26(€2-¢2/a2)% o4 e+(e2-g2/A2)%}]
- + ln ’
8A% gA ¢/A
(L2-1)2 a2 2+c2/B2 1
mCo2 3 (aZ/Cy2-62) ¢3 x
£(£2-¢2/02cy2)3/2  ¢2£(¢2-¢2/92c,y2)%
12 892Cy%
L st €+(£2-¢2/02c,2)%
n
8(6Cy)* ¢/6C,
(L2-1) 42¢c2 ¢

My (€, =
4 E g) T A2—02022 ;3

M3(£9§) = -

(£2-¢2/a2)%
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(L2-1) 62¢c2 ¢

Ms($h¢) = - — AZ-§2C,2 (3 (£2-¢2/9%c,?

¥%
%3.3.4)

and H(t) is the Heaviside function. Equation (3.3.3)
is rearranged in such a way that the terms with the
Cauchy kernel (r]—x)‘1 are extracted out and the terms
with the kernel (r]—x)‘3 in M;(i=1,2,..,5) are combined
so that the strong singularities across np=x are can-
celled. Noting that the V.n(ﬂ,O.T) is equal to the
macrorotation of the crack surface, w(n,0,7), the fol-
lowing equation is obtained:

too(x,0,t) = 2(1-1%) & J(x,t) (3.3.5)
yy'%x,0, = -;537—— 3% . , .3.

where

J(x,t) (1-1%) l l (n.0,7) (t-r)? drd
BRE T T ) AT oo T

- _L2 » Uy
+ [1-(1 )/4] l lAlw(n 0,7) ) drdn
(1-L2) ] I (n.0.7) 1L .
ETVE A2w n.0.7) 5 drdn

)

1 1-12 A2¢ 2+Cc2/B2 l l

+ —
12 2 3 (A%/cy%-6%) Ag-Ag

1 1-L2 A2¢ 2+4c2/B2 ] {
4 2§ (AZ/cy2-6%) | a,

w(n,0,7) (t-T)Z} ird
VETES N
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1 1-L2 A2, 24+c2/B2 I I
+ -
4 2 i (a%/cy%-4%) Ag

w(n,0,7) (t—r)z}
drdn
92022 (n-x)

+ I I w(ﬂ,o,f) Kl(t—f,ﬂ—x) X
Aq

[(t-7)2-(n-x)2]1% drdy

r
+ A w(n,0,7) Ko(t-7,97-xX) drdp
L L 2

+ A w(n,0,7) Kz(t-7,7-x) drdng
L L 3

T X
- 5??:373 I—l—a_(t)w(n’o’t) dﬂ

02C22C2 I r 5(n.0.7) (t—r)z 4rd
2(A2-02C,2) | Jag-a," T Gremy3 T
02c22c2 p I ¢( o ) 4rd
+ ’ ’
4A%(Aa%-92c5%) ] |a, T = T
82cy2c2 l ] $0n.0.7) —1_ are
+ ’ ’
402C,5%(A%-9%Cqy%) a2 Gy T
+ A ¢(ﬂ,0,f) K4(t-f,ﬂ°x) deﬂ
« 2
+ A #(n,0,7) Kg(t-7,7-x) drdn , (3.3.6)
4 4 3
where
Ky (€,¢) = . !
e = - -
1 ¢ l1+(1-¢2/7eH%  2(1-12)
(1-1L.2) 3+¢2/¢2

8 1+(1+0.5¢%/£2)(1-¢4/¢2)%
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(1-1.2) 1
Ko(€,¢) = - 1+q; "%} ~2
2(£,¢) TZ-Z{'*'ql}
1 1-L2 a2 2+Cc2/B2 ¢
+ —
12 2§ (aZ/cyZ-62) at

[{1.5+q1%}‘1

- 0.25{1.5+q1%}-1{1+q1%}'2]

1 1-L2 a2¢  2+C2/B2 ¢ [{1 -1
+ - +

8 2 J (AZ/c,2-92) af 4

e+(62—g2/A2)%]
+ 1ln
¢/A
« (é' ) 1 1-L2 a2¢ 2+c2/B2 ¢
’ F T — X
3tees 12 2 j (a%/c,2-92) gic,?

{1.5+q,%}"1 - 0.25{1.5+q2%}-1{1+q2%}-2]

1 1-L2 A2¢ 2+02/B2 ¢ Y1
"3 747y 0.3 |(1ta2")
8 2 3 (A%/cy%-4%) ¢4c,
§+(£2-¢2/a2)"%
+ 1ln ’
¢/6Co
82c,2c?2
Kq(€,¢) = 1+q;%}"2
4(€ g) 4A4(A2—02022) 27 { Q1 }
82cy2c?2 ¢
Kg(€,¢) = 2 Sy {1+qg%)"2

404cy%(A%-¢%Cy2) ¢

- 1 §2
ql = 1 - — ——] ’

A2 ¢
i 12
R 62cy2 EE]
Ay = {(n,7)] O<r<t=|n-x|, -1-a_(7)<n<l+a,(7)} ,

{(ﬂ,T)I 0<T<t‘|ﬂ‘x|/A, —1—3_(T)<ﬂ<1+a+(T)} ’

>
[X)
[}
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A3 = {(n,T)l 0<T<t—|n—Xl/002,

-l-a_(7)<n<1l+a (1)} . - (38.3.7)
Likewise, the transformed, normalized couple stress,

ﬁyz(x,s,p) is given by

2 - (-4

Myz(x,s,p) = j82[-4(%,0,p) + s¢] . (3.3.8)
Substituting for z from equation (3.2.9) into equation

(3.3.8), and integrating by parts, we obtain

a sWg (® _ -v3(n-x)
Myz(X,s,p) = - — v(n,0,p)e dn
2
X
sW had (n-x)
+ =2 \7(71.0.1))(;73 g dn
2 X
s2 [ 3. (1.0.p) —73(n—x)d
+ P ’ n,0,ple n
273° Jx 7
2 r X
S v3(n-x)
- $,p(n,0,p)e 3 dn . (3.3.9)
273 -

By following a method similar to that used for

tyy(x,o,t), we obtain
s02
jé“ o
—_— = J(x,t) (3.3.10)
at

My, (x,0,t)
yz "

where

drdn

! =
J'(x,t) l lA3¢'”(n'0'T) ——
+ l lA3¢.n(n,0.T) Kg(t-7,7-x) drdn

2 A2e 1 2 /o2
- (1-L#4) —3— 67;7 (2+C4/B4) x

[[ ] (7,0,7) (t-7)? drd
A3v n,V,7T ﬁ}{) Tan
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1
" 20%0,2 [ [A;""'"")

drdn
(n-x)

+ ] IA v(n,0,7) K7(t—r,n—x) drdqn| , (3.3.11)
3
and where

Kg(£,¢) = - ;762727 [1+Q2%]—1 ’
(3.3.12)

¢
Kr(€,¢) = - E;XEEIEE [1+q2%]—2

The np-integration in equations (3.3.6) and (3.3.11),
which include the Cauchy kernels, is performed in the
sense of the Cauchy principal value, if they do not ex-
ist in the sense of Riemann. Recalling that tyy(x,o,t)
is given as a boundary condition on the crack surface,
equation (3.3.5) can be viewed as an integro-
differential equation for the unknown functions
w(n,0,7) and ¢(n,0,7). Likewise, Myz(x,o,t) is given
as a boundary condition on the crack surface and equa-
tion (3.3.10) can be viewed as another integro-
differential equation for the unknown functions
v(n,0,7) and ¢,n(n,0,r). Moreover, v(n,0,7) can be ob-
tained from w(n,0,7) and ¢(n,0,7) from ¢,n(n,0,r).
However, the evaluation of w(n,0,7) and ¢,n(n,0,r) can
only be carried out numerically since the equations are
not analytically tractable. 1In order to facilitate the

application of numerical techniques, equations (3.3.5)
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and (3.3.10) are changed into integral equation form by

integration with respect to time. Note that

t 2(1-L2)
JO tyy(x,O,T) dr = Fzr J(x,t) . (3.3.13)

For |x| < 1 the left hand side of the above equation is
.known, since tyy(x,o,r) is completely described on the
time interval (0,t). .For [x]| >, 1 we split the time
interval into (0,t;) and (tg,t), where t, is the time
for the propagating crack tip to arrive at x, such that
X = 1+a,(tg) for x > 1 and X =-1-a_(tg) for x < -1.

Noting that tyy is given for (ts,t) and that

lt°t (x,0,7) d 2(1-1%) J(X,t.)
X,0, = ’ ’
0 R c
we obtain
2(1-L2)
— [J(x,t) - H(|x|-1)J(x,t.)]
2
't
= . tyy(x,0,7) ar , Ix] <1,
. (3.3.14)
tyy(x,0,7) dr , [x| > 1 .
Jt,o :
and
(o' (x,t) - H(|x|-1)J'(x,t5)] = 0 . (3.3.15)

In equations (3.3.14) and (3.3.15), it is assumed that
te = 0, if |x| < 1.

In order to evaluate w(7n,0,7) and ¢,n(n,0,r), pre-
sent in equations (3.3.14) and (3.3.15), it is expedi-

ent to cast them in a form in which their singularities
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are explicit. 1In view of previous analyses in the lit-
erature, two types of singularities can be expected.
The first type is the square root singularity which
arises at the crack tip, the proof of which can be
found.in Achenbach and Bazant [78] and Freund and Clif-
ton [79]. The second type is the traveling logarithmic
singularity located at the front of the Rayleigh wave,
confirmed by Baker [31] and Thau and Lu [42], each of
whom differentiated the normal displacement of the
crack surface with respect to the coordinates of the
crack propagation direction. Representation of this
type of singularity for w(7n,0,7), however, makes the
expression too cumbersome. Moreover, for a finite
crack no information is available on the behavior of
the traveling singularities after rediffraction of the
cylindrical waves at the crack tips. For these rea-
sons, the traveling singularities are neglected in the
structure of w. Also, it is known from the micropolar
theory of elasticity that although w and ¢ have similar
properties, they are indeed independent of each other.
From the static analyses of crack problems given above,
the first type of singularity may be found; but no in-
formation is currently available for the second type of
singularity. Therefore, w and ¢’ﬂ are simply written

as

Q(n,7)
[1+a,(7)-n]%[1+a_(r)+n]"

w(n,0,7) = (3.3.16)
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and

o(n,7)
[1+a,(7)-n]"%[1+a_(7)+n]"

where } and & are assumed to be bounded and continuous

, (3.3.17)

¢9n(7],0,7') =

almost everywhere over the area, S, defined by S =
{(n,7)|r>0, -1-a_(7) < n < 1+a,(7)}. The functions 0
and & are zero if (n,7) is not in S. Therefore, there
is a jump discontinuity in 1 and & across.the crack tip
trajectories. In order to derive formulas for the
stress and couple stress intensity factors, it is fur-
ther assumed that 1 and & are analytic in the region S
almost everywhere along the crack tip trajectories.
Moreover, in the numerical integration process, {l and &
are treated as if they are bounded and continuous ev-

erywhere in S.

3.4 Stress and Couple Stress Intensity Factors

The dynamic stress intensity factor which repre-
sents the time-dependent strength of the square root
singularity in tyy, is defined in a manner analogous to

the static stress intensity factor, that is

KfD(t)6= lim V275 tyy(slza, (£)6,1) , (3.4.1)

-—)
where the upper and lower signs are, respectively, for
+
the right and left crack tips. Note that Kip(t) is

dimensionless because § and tyy are dimensionless. If

the traction on the crack surface and the motion of the
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crack tips are symmetric with respect to the y-axis,
the stress intensity factors for the left and right
crack tips are identical. 1In this case the + sign will
be deleted from the definition (3.4.1).

As mentioned earlier, one of the specific problems
which is treated in this study prescribes uniform ex-
tension of the tips of the crack. The derivation of
the stress intensity factor will be carried out only
for this cése. The formula obtained for this case will
be extended to nonuniform propagation of the crack
without a detailed proof. For uniform extension, equa-

tion (3.3.16) is written as

w(n,0,7) = f(n,7) (3.4.2)
0T = Tror) 2-921% T

As stated in the previous section, Q(n,7) is assumed to
be analytic almost everywhere in S along n = zltcr.
Therefore, the expansion of I(n,7) into a Taylor series
is possible.in the neighborhood of almost all points on
the lines. Now we consider the derivation of K;D(t).
Redefining J(x,t) by substitution of (3.4.2) into

(3.3.6) and using the definition (3.4.1), we get

+ ) 2(1-L2) — K2
KIp(®) S cp? 2o1sot)+V T RTIOY) o J(?;ti ;)

In order to evaluate the right-hand side of equation
(3.4.3), we take a particular point (X,t) in the g-r
plane such that x > l+ct [see Figure 2(a), 2(b), 2(c)]

and construct Ay, A9 and Az by drawing the characteris-
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tic lines. Then take a (N,T) coordinate system with
the origin at (x,t) and a polar coordinate system (r,4)
where r is the distance from (x,t) and # is measured
counterclockwise from the N-axis. Then divide A; into
Aj1 and Aj9 as shown in Figure 2(a). A;; is the little
sector-like area generated by drawing a circle with its
center at (x,t) and radius r;. Ajp includes the point
(n1,71) which is the intersection of the two lines, t-r
= X-n and n = l+cr. Aj9 is given by Ay - Ayq. Simi-
larly, we divide Ay into Ag; and Ag99 as shown in Figure
2(b). A,y and Agg are divided by r = ry and Agy in-
cludes the point (n9,79) which is the intersection of
t-7 = (x-n)/A and n = 1+cr. Likewise, we divide Aj
into A3; and Agy as shown in Figure 2(c). Ag; and Az,
are divided by r = r3 and A3, includes the point
(n3,73) which is the intersection of t-7r = (x-n)/6Cq
and n = 1l+c7. Now, we consider the contribution of
each term in J(x,t) to Kip(t). Denote the contribution
of i-th term by J;. For i =1,

T1 = - SiEE;lEk~(1+ct)+vzw(x - 0477—_ [ IIAI IIAZ]

Qn,7) (t-7)2

drdn
Y(1+cr)2-92 (-x)3
_ (1-1.2)2
- w022 §4(1+ct)+42“(x 1- Ct) a9t { IIAIIIIAIZ
[[ [[ Q(n,71) (t—r)2
- - drdnp .
Ag1 "Ag3l Y(1+cr)2-52 (5-x)3
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(v)

Fifure 2. Division of the Area of
ntegration for Evaluation KID
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It can be easily shown by direct differentiation of the
integral that the second and fourth terms in the above
equation are bounded and hence vanish after taking the
limit. The contribution of the first and the third
terms in J; are denoted by Ji1 and J13, respectively.
Using the polar coordinate system and expanding 1 into

a Taylor series about (n;,77), Jy; can be written as

1-L2)2 3 [ Qny,
Jll = ;lim \/27I'(X'-1—Ct) —[M X
wczz x-(1l+ct)t atlvl+cri+ny
6,sin26d0 [r; dr
- +®(x,t)
W/4cos30 r041+c(t—rsin0)—(x—rcoso)
1-12)2 ' Q(1+ct,t
= E————l lim v2n(x-1-ct) —S——E———l
7Cy2 x-(l+ct)? vZ2(i+ct)
lo; csin24d4
W/4cos30(coso—csin0)¢r1(cosﬂ—csinO)—(x—l—ct)

where rj = (x-1-ct)/(cosf-csinf) is the distance from
(x,t) to n = 1+cr along any fixed 4, 0; is the angle at
the intersection of r = r; and n = l+cr, and ®(x,t) is

such that vx-1-ct &,y - 0 as x - (l+ct)¥. Introducing
a new variable ¢ defined by { = x-rj(cosf-csinéd) and
denoting 5; = x—rl(COSOI—csinGI) = l+ct, &g =

x - ry[cos(r/4) - csin(wx/4)], we obtain

1-L2)2¢ Q(l+ct,t
J11 = - ¥ lim v2r(x-1-ct) ; X
wC22 x-+(1l+ct)t V2(1l+ct)

lg{ tan24(1+tan29)d¢
$o (tan0+c)(€—x)v€I_€



The integral in the above equation is in the form of
equation (29.3) in Muskhelishvili [80] (see Appendix
C). Utilizing equation (29.5) of this reference, the

above equation is reduced to

55

1-L2)2¢ Q(1+ct,t
Ji1 = - (-L%H)% 1im V2r(x-1-ct) f(1+et, t) X
7C92  xa(l+ct)* v2(1+ct)
% %
tan24,(1+tan24,) P
- 1 1 + ¥(x,t)

(tan0;+c) v x-1-ct

where |¥(x,t)| < D/(x-1-ct)a, D being a positive con-
stant and a < 1/2. Observing that

%
lim " . tanéy = 1/c ,
x-(1+ct)t 1

we finally obtain
72(12-1)2 Q(1+ct,t)
J11 = -

02022 v l+ct

Similarly, we can show that

7%(L2-1)2 Q(1+ct,t)
Ji13 = - -

02022 v 1l+ct

Hence, J1 = J11'+ J13 = 0 .

The evaluations of Jg9, J3,..., J15 are analogous
and only the results are presented here:
Q(1+ct,t)

Ye1-1.2
M [1-(1-L2)/4] ——* ° |,

T2 = - 20 2
C 02 v 1l+ct

72(L2-1)2 Q(1+ct,t)
2a2c,2 7 1+ct

J4=J5=J6=09
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P 2(1-L2)c2x% 1 ) 1
(1-c2)%Cy% [1+(1-c2)”%  2(1-1L%)
(1-1L2) 3+c2
- T 8 [1+(1+0.5c2) (1-c2)¥%]] °

(L2-1)27% 2 _9
T8 = Sa%g,z a7 L1*1-o2/aZl™% .

and
Jg = J10 = J11 = Jy2 = J13 = J14 = Jy5 = 0.
Jig vanishes since v(-1-ct) = 0 and v(x,t) = 0. Adding

all the J’s, the dynamic stress intensity factor be-

comes
K¥p(t) = £(A,Cy,c) N(1+ct,t)/vitct , (3.4.4)
where
f(A,Cy,0) = - Zﬁilleff [1-0.25(1-L2)] + fff;ll;ff
Co 2A%C,
2(1-L2)c2x% 1 1
T (-cD%c,Z |1+(1-cDH% ~ 2(1-L2)
(1-1L2) 3+c2

" T8 [1+(1+0.502) (1-c2)%]

+ Sg;;%%;ff E; [1+/]_c2/22172 , (3.4.5)
for the right crack tip. 1In a similar manner, we ob-
tain

Kip(t) = -f(A,Cq,c) Q(-1-ct,t)/vI+ct , (3.4.6)

for the left crack tip. In the derivation of (3.4.4)
and (3.4.6), c was assumed non-zero, but we can easily

‘'show that these equations are also valid for c = 0.
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Recalling that K}D(t) was determined by consider-
ing the neighborhood of the point, (l+ct,t), in the n-r
plane, the applicability of equations (3.4.4) and
(3.4.6) can be extended to general nonuniform propaga-
tion of the crack by replacing c¢c with the instantaneous
velocity c (t) in £(A,Cy,c) and replacing the argument
of ()] and radical appropriately. 1In general, the fol-
lowing equation is then obtained:

O[+1za, (t),t]

[{2+a_(t)+a+(t)}/2]?3:4.7)

Kip(t) = 2£f[A,Cq,cu(t)]

Similarly, the dynamic couple stress intensity

factor Kiy(t) is defined by

Kiy = %ig+¢2r6/b Myp(+l2a,(t)+6,t) , (3.4.8)

where the characteristic length b is given by

b2 = — 1
2(2u+k)

and the upper and lower signs correspond, respectively,
to the right and left crack tips.
For uniform extension, equation (3.3.17) is writ-

ten as

®(n,7)

¢,n(n,0,r) B [(1+cr)2-5277%

. (3.4.9)

Then, according to the definition,

Kim(t) = g(8Cy,c) &(l+ct,t)/yI+ct , (3.4.10)

for the right crack tip and
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g(0Cy,c) = -j02/br x
c? 2/02q 21%7-1
1 - W [1"'{1‘0 /0 02 } ] . (3-4.11)

In a similar manner, we obtain
Kim(t) = —g(acz,C) Q(—I—Ct,t)/VI-I'Ct ’ (3.4.12)
for the left crack tip and in general,

d[+1ta (t),t]

[{2+a_(t)+a, (t)}/2]" ~
(3.4.13)

Kim(t) = 22[0C5,0.(t)]

In order to obtain KfD(t) and KfM(t), Q[+1+a,(t)] and
Q[iliai(t)] are first obtained by solving the simultan-
eous integral equations, (3.3.14) and (3.3.15), numeri
cally. Then KfD(t) and KfM(t) are computed by using
equations (3.4.7) and (3.4.13).

3.5 Numerical Evaluation of the Integral Equation

3.5.1 Procedure for Numerical Scheme

As a numerical example, the diffraction of a uni-
form micropolar dilatational wave with a propagation
vector normal to the crack plane for the cases of a
stationary crack and a propagating crack with constant
speed are investigated. The total wave field for a
diffraction problem is determined by adding the inci-
dent wave field and the scattered wave field. For the
purpose of determining the dynamic stress and couple
stress intensity factors, only the scattered wave field

must be considered. The boundary conditions (3.1.4)
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and (3.1.5) for the scattered wave field are given,
respectively, by

lx]-1

C

tyy(x,o,t)

- o H(t- ) 1 < |x| < l+ct

(3.5.1)

and

Myz(x,o,t) 0 ?

where o is the uniform pressure on the crack surface,
and a(t) = a,(t) = a_(t).

The numerical procedure for the computation of in-
tegral equation (3.3.15) is outlined as follows: In-
troduce a new variable, defined by n" = n/[1+a(r)], and
as a consequence the regions Ay, Ay, and Az are mapped,
respectively, on to AI, A;, and A; (see Fig. 2). Then,
we divide AI, A;, and AE into a set of horizontal
strips of equal spacing with interval Ar. As previous-
ly noted, the logarithmic singularities are neglected

and Q" and Q',n* are approximated in each strip by

.. » 2M-1 -
Q" (n",7) = §=1,3[akj + by j(r-ry)] T5(n") , (3.5.2)
and
.. = 2M -
¢ (n 'T)jf224[ckj + dyj(r-ry)] T5(n7) , (3.5.3)

where Q" (n",7) = Q(n,7), @*(n",7) = ®(n,7), 1, < 7 <

Tr+1> and akj' bkj' ij and dkj' are constants, and Tj

is the jth order Chebyshev polynomial of the first

kind. Note that only odd order polynomials are
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included in the terms related to macrorotation, w, and
‘microrotation, ¢, due to the antisymmetry of both rota-
tions with respect to the y-axis for the problem under
consideration, and that only even order polynomials are
included in the terms related to displacement, v, in
the y-direction and the gradient of microrotation, ¢’ﬂ’
Both 71 = 0 and ajj = c1j = 0, are taken from the ini-
tial conditions. Then, from the continuity of Q" and
" at r = 1y, we have agj = agy + byjar and

Ckj = Cpj + dpjar, where £ = k-1, and A7 = T - Tp_1-
The problem is now reduced to the determination of bkj
and dkj for each strip. In order to compute bij and
dij(fl <7 < T34,1=t), pick M values of X, which are the

zeros of Tom(x/[1+a(t)]) in [0,1+a(t)], that is,

2m-1 =«
Xy = [;+a(t)] cos ( —n 3 ) , (3.5.4)
where m = 1,2,...,M. Then, substituting equation
(3.5.2) into equation (3.3.14) and equation (3.5.3)
into equation (3.3.15), the following 2M x 2M simul-

taneous linear system o0f equations is obtained:

i 2M-1
E.l §=1 3[akijlk(xm,t) + bkij2k(xm’t)]

i M
Y 8o1 Jaz,4 [OmICI1(Rm®) + Ay yGyp (i, 0]

3 2M-1
J

xm .
T 2aTD Fe1,300kd * PRyt l_lc’ °
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H(|x]|-1) o gt [ay iF 511 (Xp» to)
- x1- §=1 §=1’3 kj* j1k(Xm,tc
2M
+ by iFjou (X te) ] + §=2 4[°ijj1k(xm,tc)
+ dijjzk(xm,tc)]}
= -t R 1 s
{ lxml \ (3.5.5)
-(t-tc) ’ Ixml > 1 ’
and
i 2M-1
E 1 ?31 3[aij31k(Xm,t) + bijJZK(xm’t)]
i 2M
* g §=2,4[°k3H31k(xm’t) + dy jH o (X, ) ]
2C[x[-1) 3° 451 [ay D1l te)
B g1 131, 3t P3P0k (Fme o
2M
+ by jDjor(Xp-te)] + %_2 4[°ijjlk(xm’tc)
+ dijjzk(XM’tC)]}
=0 |xgl < 1 or |xu| > 1, (3.5.6)
where m = 1,2,...,M,
Fjou(xXp,t)
aid | (-2
=T £ = 7dn
2 » » [(1+cT)n*-x,]1°
Ajx—Agk m
1
+ [1-(1-L2)/4] I [ Q < drdn™®
: » £ [(1+c7)n -xq] "

Ak
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(1-12)

1
- Q drdn™
4a2 [ [ . T [(1+cr)n™-x4] e
Aoy

1-12 a2 2+c2/B2
24 j (A%/Cp%-0%)

l ] Q (t—T)4 drdn™
. T [(1+e7)n*-xp,]3 "

»
Agy-Asy
1-L2 a2, 2+c2/B2
8 I (A%/Cq%-0%)

[ [ Qg (t-7)2 dran®
" Y] [(1+cr)n™-xy] Ten

Aoy
1-L2 a2, 24+c2/B2
8 3 (A%/c,y%-4%)

O (t-7)2 .

Ty = drdn
» 0°Cq% [(1+cr)n -xp]

Agy

l J v Kilt-r,(1+yr°n"-xp]
Qf

V(t—r)z-[(1+cr)n'—xm]2

drdn”

»
A1k
+ Qf Kz[t—r,(1+cr)n'-xm] drdn”

e 4 *
Agy

+ Qf Kgz[t-7,(1+4cr)n"-xp] drdn™ , (3.5.7)
L L *
Agk

Gjox(¥m,t) =
82c,2c2 (t-7)2

- *f ) *
2(A%-94C,y%) [IAf Xﬁk(r)[(1+cr)n'—xm]§1dn
2k~A3k
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i i ”«ﬁ*f() drdn”
+ T T
4A%(A2-9%Cq9%) v B T(Mvenyn—xgl "
Agx
°Cq 70 ”«ﬁ*f () drdn”
+ T
46%C,52%(A%-9%C4y%) . [(1+cr)n™-xp] i
Agx
+ " £ (1) K4[t-7,(l+cr)n"-x,] drdn™
T Agy
+ " for(7) Ks[t—r,(1+cr)n*—xm]drdn* ,
" TASk (3.5.8)
2, A 2 /p2
Djﬂk(xm,t) = -(1-L*) J—Cm (2+C</B4) x
(t-1)2

[l l . Far(m) [(1+cf)n*—xm]§jdn
Agk

1 »
- v £
202C,2 l IA* ()
3k

drdn*
*
[(1+cT)n"-xp]

+ l l v* £ (1) K7[t—r,(1+cr)n*—xm]drdn*],
Ak (3.5.9)

and

1
£ [(1+cr)n™-x4]

Hju(Xp,t) = l l Q drdn”
A

3k

+ l l Qe Kglt-7,(1l+cr)n” -x,] drdn™ , (3.5.10)
Agk
Ti(n") Ti(n™)

Q = —, 0f=—f£k(7')’
Vi-n*2 Vi-p*2
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T3 ) g (j=2,4,...,2M) ,
Vig*Z (3.5.11)

<
]
=

(j=1,3,...,2M-1) ,

and
flk(T) =1 ’ f2k(T) = T—Tk .
» » » th .
The areas Ajy, Agy, and Az, of the k*" strip (ry <
T £ Tk+1) are, respectively, associated with A;, AE,
and Ag, and ko is the number of the strip in which
ke £ Tc £ Tke+1- Equations (3.5.5) and (3.5.6) can

be solved by use of a computer.

3.5.2 Numerical Integration

The double integrals Fjﬂk’ Gjox- Djﬁk and Hjﬂk’
(3.5.6)-(3.5.10), are evaluated approximately by means
of the Quadrature formulas of Gauss type [81]. For
one-dimensional integrals, we have

b
l W) £06) ag x 3wy £(¢y) (3.5.12)

a

where f(¢) is a continuous function on [a,b], w({) is a
weight function which is nonnegative on [a,b] and w;’s
are the weights. Suppose that {PI} is a set of ortho-
gonal polynomials over [a,b] with respect to w(¢) and
§i’s are the roots of P;(s). The weights, w;, are ob-

tained by solving the following linear system:

n b .
?-lwi £(&1) = ’ w(¢) ¢J ag

a



65

where j = 0.1,2,...,n-1. Equation (3.5.12) is exact
for polynomials of degree less than 2n-1. The Gram-
Schmidt process is used for generating P;(f). First of

all, we define

b
(f,g) = ] w(¢) £(¢) g(¢) d¢ , (3.5.13)
a
£l = (£,£)% , (3.5.14)
b
I, = ] w(¢) ¢ ag , (3.5.15)
a

'where (f,g2) is the inner product of f and g over [a,b]
with respect to w(¢), ||[f|| is the norm of f. Then we
find

Po(¢) =1,

IPo(O = (1,1)% = 145% ,

Po(€) = 1/Ip% ,

P1(€) = £ - (£,Pg) Pg = € - I;/Ig ,
IPLCE = (€ - I1/Ig, € - I;/Ig)"
(I, - I;2/19)%,

P1(€) = (& - I1/19)/(I9 - I;2/19)% ,
Po(£) = £2 - (£2,Pg) Py - (£2,P]) P7(&)
Iala-I 1 I,I,-To2
_ 2 _ Zolz-I112 113712
LA L

where {Pi} is the set of orthogonal polynomials from

which {PI} is obtained by normalization. 1In order to
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carry out the integration (3.5.6)-(3.5.10), we need to

consider the following two cases according to the type

of w(£): ‘
(1) w(¢) =1, a=-1, b=1 :

In this case {Pi} is a set of Legendre polynom-
ials. The zeros, {j, can be found in Stroud and Se-
crest [81]. 1If [a,b] # [-1,1], we must transform the
interval to [-1,1] in order to use the tabulated val-
ues.

(i1) w(&) = (1-¢2)7% :

In this case the zeros, ¢;, can be found in Stroud

and Secrest [81] or we can evaluate the £i’s and wi’s

by using the following formula.

( (2i-1)~ )
fi = COS T N

w

io= (1 - ¢;2H)™%, (3.5.17)
where i = 1,2,...,n. Now, we g0 back to integration
(3.5.6)-(3.5.10) and first, consider an approximate
evaluation of each integral in the Fjg;, (3.5.6).
(1) First term: '

Typical shapes of the area of integration, A;k -
A;k, are shown in Figure 3(b). AIk - A;k, may include
one or two areas located on both sides of 5 = x,, de-
pending upon the value of k and position of (xp,t). If
the area (right or left of n = X,) includes the point

where |(1+c7)n”-xp| = t-r intersects |n*| = 1, the area
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(x ,%)
[ ]

(1) or ()

(b)

Figure 3. Subdivision of the Area of Integration
for Numerical Integration:

(1) |(1+cr)n® - xp| = t - r;
(2) |(1+cr)n” - xp| = A (t - 7);
(3) |(1+cr)n” - xq| §Cqo(t - 7).
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Figure 3 (continued).
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is divided horizontally throughout that point. 1In or-
der to approximate the integral over each piece of the
area AIk - A;k, we first take two Gaussian points for
the r—-integration, then for each value of r, the integ-
ral of the n*—integration is divided into subintervals.
Over each subintervals, twenty Gaussian points are tak-
en for the n*—integration by using the equation
(3.5.17). The approximate equation over each piece of

the area is given by

l l 0 (b-r)? drdn*
£ [(1+cr)r)*--xm]3 7

2 M, 20 v Eap(rp)(t-15)2
S 3P 8 wpVirgTi(nprg) . .
P=1 ¥=1 §=1 P Pra~Jt’prrq [(1+07p)nprq—xnj3

where Mp is the number of subintervals for 7 = Tps ¥p
and Vprq are weights for 7 and n'—integrations, respec-
tively.

(2) Second and third terms:

The area of integration for these terms are AIk
and A;k. Before performing integration the area of in-
tegration is divided horizontally, such that the right
and left side boundaries are smooth for each divided
area. An example of such a division of area is shown
in Figure 3(c). Over each divided area, 5" -integration
is performed numerically and then the r-integration is
performed numerically by use of equation (3.5.12) with
n = 2. An outline of the integration process for these

terms is given below:



70

Define:
U l l Q - drdn" § B
j = " f [(1+c1’)f]*—xm] T ,7 = n=1 jn 9
Ajx
where
l<n+1 £ e (¢) lﬂ<<) Q .

Bjn = == " a4 - dan* ,

$n 1+cg a(¢) [n"—xp/(1+cg)]

and 7y = ¢1 < ¢2 € ... ¢N € $N+1 = "x+1+- N is the num-
ber of subareas in Azk and Bj, is the interval over the
n-th subarea. We generate a recurrence formula for the

computation of Uj. First, we consider Ug. Define:

[Vi-xp2 vVi-a(¢)? + 1-a(¢)xg]A(¢)-x4]
g(¢) = log ,
[V1i-%02 V1-8(¢)% + 1-8(s)xg1[xg-a(s)]

where X3 = Xp/(l+c¢). Then, we have

f )
Bop = l§n+1 ox(¢)ele dc .
$n Vkl+cg)2—xm2

% So
~ w ’
p=1 np np

0o _ fgk(fnp)g(fnp)

1]
o]
o]

[

V(1+°§np)2-xm2

UO is given by

U § & s0
~ w .
0 ™ =1 =1 NP "MP

Second, we consider Ul' Using the relation

X X
Ti(n") = 1* = ( n" - T_IEE_? ) + ( T_IEE_? ) ,
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we obtain

4] g B g % S

= ~ w ’
1 &1 1n & np *np
where

sl . fou(snplai(snp) + Xm g0
np 1 + ¢ $np 1+cgnp np

and
aj(¢np) = sin"18(¢np) - sin~la(epp) -
Uj for j > 1 is obtained similarly by using the rela-
tion
Tj(ﬂ*) = 2n" Tj_l(ﬂ*) - Tj_z(ﬂ*)
The result is

¥np Sip > (3.5.19)

: 2f g (¢nplaj(snp) 2 Xm _j-1 j-2
sg, = + Shp Shp

np 1 + ¢ ¢np l1+c¢np

and
ajlenp) = {sinl[(J-1)cosla(¢pp)
- sin[(J-1)ecos™16(¢np) 11/ (3-1) .
(3) Fourth term:
Division of the area of integration is analogous
to (1). For each subarea shown in Figure 3(b), the
following approximation formula is used:

] [ Q (e-r) drdn”
£ [(1+cr)n™-x,]3 7
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£ox(rp) (t-15)4

, . (3.5.20)
[(1+crp)npq—xm]3

20 .
-1 2.1 ¥p'pa®3(7pq)

R
kel v/ M)

(4) Fifth and sixth terms:

Division of the area of integration is similar to
(2). 8Since the integration procedure was explained in
detail in (2), only the results of the approximation
formula for each subarea shown in Figure 3(c) are

presented here:

N 2 j
U; = Bip ® Yoo Shp 3.5.21
3% g Bin®E g, “np Shp ( )
where
of _ 20t-7p) %24k Cenplay(snp)
np 1 +¢¢np
2 Xp L j-1 i-2
+ —DB_gd-l _ s ,
1+cgnp np np
and

aj(¢np) = {sin[(j-1)cos™la(¢pp)

- sin[(j-1)cos™18(¢np) 13/ (4-1) .
(5) Seventh term:

The area of integration is divided into subareas
as shown in Figure 3(d). For each subarea two Gaussian
points are taken for the r-integration. Then, for each
value of 7, twenty Gaussian points are chosen for the
n"-integration. The integral over a rectangular area

is approximated by

] ] Ki[t-7,(1+cr)n”-xy] .
Qf

drdnp |,

J(t—r)z—[(1+cr)n*—xm]2
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0 fo(tn)Kq{[t (l1+cry) * X ]
v » Lx\TpJ)R1LL=Tp, "p)Npq~Em
”P quj("pq)

=1 V(t-15)2-[ (1+cr

224
o M

i
[
Q2 Mo

-xm] 2
(3.5.22)

%
p)pq

where Yp and qu are weights for the 7~ and n*—integra—
tions, respectively. 1In order to perform the integra-
tion over a triangular or trapezoidal area at the right
or left end of A;k' the integrable singularity {(t-7)2
—[(1+crp)n* —xm]z}‘% is converted to the form (ii) by
introducing a new variable ¢ = |(1+cr)n*—xm|/(t—r). We

obtain the following result:

Ki[t-r,(l+cr)n"-x,]
] l Qf 1 n drdn"
V(t-1)2-[(1+cr)n™-xp]2
Kl[t—r,(1+cr)n*—xm] 1 W
= Qe — d&dn
v 1 - ¢2 {xcn
»
20 20 fou(Tpg)K1[t-Tnqs (1+CT 1) 1n—Xm]
~ %_1 g-Yprqu(ﬂ;) £k pq” 7l ¢ pqi cn;)pq p__m ’
Pq P’ (3.5.23)
where
»
; - qut - Inp - Xp|

and the =+ signs are for the right and left triangular

or trapezoidal areas, respectively.
(7) Eighth and Ninth terms:
Division of the area of integration is similar to

(6). For each subarea shown in Figure 3(d), the fol-
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lowing approximation formulas are used for the eighth

term

Q¢ Ko[t-7,(l+cr)n*-x,] drdp” ,
£ B2 m

2 20 . .
x §=1§=1vaquJ(ﬂpq)fgk(Tp) Kz[t—rp,(1+01p)qpq—xm],

(3.5.24)

and for the ninth term

l l Q¢ Kzlt-7,(1+cr)n"-xy] drdn” ,

2 2
X2 2
p=1 q

0

=vaquJ(”pq)fﬁk(Tp) K3[t—rp,(1+01p)npq—xm] .

(3.5.25)
In order to obtain Gjgy in equation (3.5.8), we
need the expression for ¢', which is obtained by the
use of equation (3.5.11), evaluating it from the second
order Chebyshev polynomial since ¢' should be an odd
order polynomial due to anti-symmetry properties about
the x- and y-axes and Zzero at n' = 0 and 1. The result

is as follows:

¢. = _77. Vl—n.z (J = 2)
$" = -n" V152 (297%-1) (4 = 4)
¢" = -n" V1_,*2 [(16/3)9"4-(16/3)9"2+1] (J = 6)

The integrations of (3.5.8) for the first three
integrals are similar to the integration in (2) above.
According to the area of integration, the

n'—integration is performed analytically over each
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divided area and the r-integration is then performed
numerically. The last two integrals can be evaluated
by using a method similar to (7).

The integration of equation (3.5.10) requires an
expression for v*, which can be obtained by the use of

equation (3.5.11). The result is as follows:

vt e - VI 2 (§ = 1)
v' = - V1,72 [(4/3)972-(1/3)] (3 = 3)
vt o= - V"2 [3.29"4-2.4n"24+0.2] (j = 5)

-The first and second integrations of (3.5.9) are
similar to (1) and (2), respectively. According to the
area of integration, the n*—integration is performed
anhalytically over each divided area and then the
r—integration is performed numerically. The third in-
tegration can be evaluated by using a formula similar
to (7).

For the integration of (3.5.10), evaluations can

be obtained by the same methods used in (2) and (7).
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CHAPTER 4
RESULTS AND DISCUSSION

The dynamic stress and the couple stress intensity
factors given by equations (3.4.3) and (3.4.9) can be
rewritten as follows:

. VrCq?2 .
Kip(t) = Efgt%gy £(a,Cq,0) O°(1,t) , (4.1)

b

57 g(jd2,c) &"(1,t) . (4.2)

Km(t)

where equation (4.1) is obtained by dividing equation
(3.4.3) by oy7 and equation (4.2) is obtained by multi-
plying equation (3.4.9) by 7rb/j02 and utilizing the
boundary condition tyy(x,o,r) = -0 = —2(1—L2)/7r022 (see
equation (3.3.13)).

The coefficients of the unknown functions,
N*(n",t) and " (n",t), were computed by solving the si-
multaneous two-dimensional singular integral equations
(3.5.5) and (3.5.6), from which the normalized dynamic
stress and couple stress intensity factors were obtain-
ed by use of equations (4.1) and (4.2). The micropolar
coupling factor, N, is a measure of the strength of in-

fluence of the micropolar effects and is defined by
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n %
N=f{— ). .3
(2(u+n)) (4.3

As a consequence of thermodynamic restrictions of the
material moduli, pu > 0, x > 0, we find that the range
of N to be 0 < N < 1/v/2. When N is equal to zero, the
micropolar effect is absent and we obtain the case of a
classical elastic solid. When N is equal to 1/¢§, the
micropolar effect becomes maximum.

The numerical results of the stress intensity fac-
tors for N = 0., 0.2, 0.4, and 0.6, when b = 0.95 and J
= 3 x 10-4 in2 [74], in the case of a stationary crack,
are shown in Figure 4, and are compared with the work
of Baker [31]. Equation (3.3.5) for stress involves w
and ¢, and equation (3.3.10) for couple stress involves
both the displacement transverse to the crack surface
and the gradient of microrotation. The classical solu-
tion for the corresponding problem has also been ob-
tained as a special case of our micropolar solution by
dropping the micropolar moduli in equation (3.5.5) and
following the same numerical procedure. The corres-
ponding curve is depicted in Figure 4, along with the
asymptotic solution of Baker [31], for the purpdse of
comparison. Our result is found to be within 5 percent
of that of Baker. The figure shows that the micropolar
stress intensity factors increase with the micropolar
coupling factor. The numerical results of the couple

stress intensity factors for N = 0.2, 0.4, and 0.6,
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Figure 4. Normalized Dynamic Stress Intensity
Factor of a Stationary Crack for Various
Coupling Factors (v=0.292)

T" = Normalized Time = t[(A+2p+n)/p]”
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when b = 0.95 and j = 3 x 10~4 in2 [74], in the case of
a stationary crack, are shown in Figure 5. It also
shows that the couple stress intensity factors increase
with the micropolar coupling factor. A preliminary
calculation of both the stress and the couple stress
intensity factors for 0 < t < 2, showed that the stress
intensity factor increases monotonically with time, but
the couple stress intensity factor begins to oscillate
at t = 1.4. Hence, the physically acceptable time
range of the solution is thought to be between t = 0.
and t = 1.2.

The characteristic length, b, is a material prop-
erty on which the influence of couple stresses are
strongly dependent. If the ratio of the smallest di-
mension of a body to b is large, the theory indicates
that the effect of couple stresses is negligible.
However, when there are large strain gradients and a
dimension of a body approaches b, couple stresses may
produce effects of appreciable magnitude. The numeri-
cal results of the stress intensity factors for b =
0.2, 0.5, and 0.95 when N = 0.2 and j = 3 x 10~4 inZ2,
in the case of a stationary crack, are shown in Figure
6. The numerical computations for b = 0.5 and 0.95 in
Figure 6, produced nearly coincident results. The num-
erical results of the couple stress intensity factors

for b = 0.2, 0.5, and 0.95 when N = 0.2 and j = 3 X
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10~4 in2, in the case of a stationary crack, are shown
in Figure 7. The results show that the couple stress
intensity factors decrease as the characteristic length
increases.

The numerical results of the stress intensity fac-
tors for N = 0, and 0.2, when b = 0.5 and ¢ = 0.2A,
where A is given by (3.2.6) and j = 3 X 104 in2, are
shown in Figure 8, and are compared with the work of
Baker. It is found from Figure 8 that the micropolar
dynamic stress intensity factor is greater than the
classical dynamic stress intensity factor in the case
of ¢ = 0.2A. It is also found that the micropolar
stress intensity factor of a propagating crack with c =
0.2A is smaller than that of a stationary crack. The
numerical results of the couple stress intensity fac-
tors for N = 0, and 0.2, when b = 0.5 and ¢ = 0.2A and
J =3 X 10-4 in2, are shown in Figure 9. It is found
from Figure 9 that the micropolar dynamic couple stress
1n£ensity factor of the stationary crack is greater
than that of the propagating crack with ¢ = 0.2A.

Since the numerical results for the range c¢ greater
than 0.2A are found to oscillate rapidly, it is hard to
evaluate the precise value at the crack tips. Hence,

we calculated and showed only one case of a propagating
crack with a constant speed.

In summary, the micropolar stress intensity factor

is always greater than the classical stress intensity
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factor for both a stationary crack and a propagating
créck at constant speed. The characteristic length
does not significantly affect the micropolar stress in-
tensity factor, while it does affect the couple stress
intensity factor, as long as the characteristic length
for a finite crack is of the order of half of the crack
length. The Laplace transform inversion procedure,
based on the Tauberian theorems, that was used to make
the present problem tractable, restricted the analysis
to the normalized time of about t = 1.2, as mentioned
earlier. Although the solution for the times when the
stress and couple stress intensity factors reached
their maximum values was not obtained, useful informat-
ion about the dynamic crack propagation process has
been found to emerge from our solution concerning the
behavior of the micropolar stress and couple stress
distributions, the microrotation field and microiner-

tia.
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CHAPTER 5
CLOSURE

The method developed in this study provides impor-
tant information on the behaviors of the dynamic stress
intensity factor and the dynamic couple stress intensi-
ty factor of a propagating finite crack in a micropolar
elastic solid. 1In the formulation of the problem, the
velocities of the crack tips are not restricted except
that they are non-negative and bounded by the Rayleigh
wave speed. Also, the normal traction on the crack
surface may be an arbitrary function of time and space.
Therefore the method is éppiicable to a crack problem
in which the crack may accelerate and decelerate under
a static or dynamic loading condition. The method is
also applicable to non-symmetric propagation of a
crack. The results found in this study are summarized
as follows:

1) The stress intensity factors of a stationary

crack increase with the micropolar coupling

factor.



2)

3)

4)

5)

6)

7)

The couple stress intensity factors of a sta-
tionary crack increase with the micropolar
coupling factor.

The stress intensity factors of a stationary
crack increase as the characteristic length
decreases, though not significantly.

The couple stress intensity factors of a sta-
tionary crack increase as the characteristic
length decreases.

The stress intensity factor of a propagating
crack with a constant speed is smaller than
that of a stationary crack.

The stress intensity factor of a propagating
crack with a constant speed in a micropolar
elastic solid is greater than that in a clas-

sical elastic solid.
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The couple stress intensity factor of a propa-

gating crack with a constant speed is smaller

than that of a stationary crack.

The present work could be extended by developing

suitable techniques for both the Laplace and the Four-

ier inversions. Also, suitable experimental devices

for measuring the micropolar elastic moduli should be

designed.
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APPENDIX A

Baker’'s Solution: Part I

Baker [31] investigated a semi-infinite crack sud-
denly appearing in a uniformly stretched elastic medium
at t = 0 and propagating at constant speed. A fixed
coordinate system is introduced in such a way that the
crack is defined by the negative x-axis and the crack
propagates along the positive x-axis. The normal dis-
placement of the upper crack surface in terms of the

normalized variables defined in 2.1 is given by

X o At
v(x,0,t) =aAt+H(-—+1) —_— X
: t 47I'F+(—eo)‘
X
At F* ( ( x ) u2(1-u)”(1-a2u2)*
[ + u) X; - u (5_u)3/2 X
A
(1-u2/2)3 1 < -1
(1-u2/2)% - (1-u?)(1-AZu?) ’ 2=
1 du ,
(1-u?/2)% - (1-u?)?(1-A%u®)” ’ Tleucd
(A.1)

‘where x < ct, 0 is the uniform tensile stress applied

to the medium, § = c/A, and
(1-6)(P-u) { 1 ll 1

- tan~
T IA

A Y TS T iy
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(y2-1/2)2 dy
ye(1-y2)?(y*-22)"] y(1-6y)+(1-6y)2/(6-u) } ’
where P = Cgr/A.
Differentiation of (A.1) with respect to x yields

vvx(xvovt) =

X
7 At u?(1-u)*%(1-a2u2)*
— v, N l F. (u) X
41I"F+(-oo) + (6-u)372
A
(1-u2/2)3 1
» ~—=<u<-l1
(1-u?/2)% - (1-u?)(1-a%u?) Y
1 du .
(1-u2/2)2 - (1-u2)%(1-A2u)% ’ -1 <u<é
(A.2)

If x > -Crt, the bottom term in the bracket must be
evaluated in the sense of the Cauchy principal value,
since
1
(1-u2/2)2 - (1-u2)%(1-aZu)%

16 [(1-u2/2)2 - (1-u2)%(1-a2u2)%]
u?(u+P) (u-P)[ud+(-8+P2)u?+(24-16a2-8p2+p4)]

Clearly, if x goes to -Crt~ or -Crt*, v,4x(x,0,t) goes
to infinity logarithmically. We can also observe from
(A.2) that v,g(x,0,t) is cohtinuous at the dilatational
and shear wave fronts; that is, at Xx = -t and x = -At,

respectively.



98

APPENDIX B
Baker’s Solution: Part II

Using the polar coordinate system shown in Figure
1, tyy for Baker’s problem (see Appendix A) for large

values of t/r is given by the following asymptotic

form:
. 0C2% 1-62/2 (tA)”6 { 1-62/2 [1+cos#/d]%
YV xF,(0) (1+6)7% \r (1-c?)* d;”
(1-62)"% [1+cosf/d,]% (5.1)
+ » .
(1-6%/2) do”
where
. (1-c2)*%(1-62)%
L -eDHRa-s5)%-(1-62/2)2 °
d; = (1-c2sin29)* ,
dy = (1-62s1in29)* ,
1
F. (0) A-c 1 lA—c 1
B em— X -_— - X
+ P Tlxl1 w
1-c
9 (1+cw)21% ]
T
tan~1 dw > ,

2 %
w2[w2-(1+cw)2]% [Si:;;l— - wz]

and o, 6§ and P are defined as in Appendix A.
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For 8 = 0, (B.1) reduces to

% 20
yy F,(0)

(A-c)%(t/r)”% . (B.2)

Kip for this problem is obtained from (2.4.1) and (B2).
In order to obtain K;D for comparison with the results
of this investigation, we divide K;D by Kig =
o[n(1+ct)]”# and obtain

Kip = k(a,c) vE/(1+ct) ,

where
2 1%
k(A,c) = —— (A-cC) .

For A = 0.542 an evaluation of F,_.(0) by application of
the Gauss quadrature formula (2.5.11) yields the fol-

lowing numerical values of k(A,c):

c/A k(a,c)
0.0 0.580
0.2 0.503
0.4 0.414
0.6 0.306

0.8 0.157
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APPENDIX C

Cauchy Integrals Near Ends of

the Line of Integration

The results stated in this appendix were obtained
by N. I. Muskhelishvili [80]. The numbers of equations
are the same as those in the reference.

Let L = ab be a smooth arc and let o(t) be a func-
tion, given on L, satisfying the following conditions:

a) On any closed interval a'b! of the arc ab, not
including the ends a, b, the function p(t) satisfies
the H(u) corndition

le(tg) - o(t)| <A [ty - ty|H, (29.1)
where A does not depend on the position of ty and t5 in
the interval a'b!, but it may depend on the choice of
a’, b! (in fact, it may increase without limit when a'
-+ a or b! 4 b).

b) Near the ends a, b the function p(t) is the

form
s, Y =a +if , 0<a <1, (29.2)

where c is either of the ends a, b, a and 8 are real
constants and ¢"(t) satisfies the H condition near and

at c. 1In (29.2), (t-c)?7 is any definite branch which
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varies continuously on L. Further, note that for a > 0

the condition (29.2) gives
" (1)
p(t) = — , (29.2a)
| t-c|®
where p"*(t) is a bounded function such that
|t-c|2%**(t) satisfies the H condition for any € > 0
and vanishes for t = ¢. 1In fact,
" (1) = p"(t)e"i3¥(4-c) i |
where ¢ = arg (t-c); the proposition then follows by
(7.3a) and (7.6), which are '
p(t) = |t-tgl€ e®?, 0 ¢ e <1, (7.3a)
where a is ény constant.
v(t) = [t-tg|€ [t-toli¥ (7.6)
where v is any real constant.

Next examine

1 ] p(t) dt

®(z) = . (29.3)

27i t-2

L

Under the assumed conditions for the point z, which is
near ¢ but not on L, &(z) is of the form:
1) If v = 0 [i.e, " (%) = p(t)],
p(c) 1

log — + @p(2) , (29.4)
27i Z-C

d(z) = +

where the upper sign is taken for ¢ = a, the lower for
¢c = b. By log [1/(2z-¢c)] = -log(z-c) is to be under-

stood any branch, one-valued near ¢ in the plane cut
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along L; ®3(z) is a bounded function tending to a defi-
nite limit when z - ¢ along any path.
2) If vy = a + if # O,
etyTi ¢*(C)

®(z) = % + ®p(2z) , (29.5)
2isinyr (z-c)?

where the signs are chosen as in 1), (z-c¢)7 is any
branch, one-valued near ¢ in the planecut along L and
taking the value (t-c)7 on the left side of L, and
$3(z) has the following properties: if o = 0, it is
bounded and tends to a definite limit when z - c; if

a > 0,

Cc
|®9(2) | ¢ — 8 , (29.6)
| z-c| %o

where C and a, are real constants such that a, < «a.



