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The uncertainty in decay energy for those fission pro-

ducts which contribute significantly to reactor shutdown

power was evaluated. The methodology used assigned signi-

ficantly larger uncertainties for data which were theoreti-

cally predicted than it did for experimentally determined

data. The uncertainty was modeled as an increasing func-

tion of distance from beta stability for both theoretical

and experimental data.

The evaluated data were used in the ROPEY summation

code to estimate the uncertainty in reactor decay heat due

to the fission product decay energies. The uncertainty in

reactor shutdown power after a 100-day irradiation was

found to be about 8% immediately after shutdown. This

uncertainty decreases to about 2% at shutdown times greater



than 100 seconds. This is in substantial agreement with

results of Schmittroth and Schenter. (5) The decay energy

uncertainty for short cooling times is dominated by uncer-

tainty in the theoretically predicted data.
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THE CONTRIBUTION OF FISSION PRODUCT
DECAY ENERGY UNCERTAINTY TO UNCERTAINTY

IN CALCULATED REACTOR DECAY POWER

I. INTRODUCTION

1.1 The After-Heat Problem

Many heavy elements fission when they are bombarded

with neutrons, releasing a relatively large amount of energy

essentially immediately after each fission event occurs.

Each fission also produces two (or sometimes three) fission

fragments (or fission products) and several neutrons. The

fission fragments are produced in a "spectrum" which in-

cludes over 800 nuclides, i.e., the mass and charge numbers

of the fission fragments and their nuclear states can be

predicted by a probability density function. Most of the

fission products are radioactive with half lives ranging

from milliseconds to months (seven fission products have

half lives greater than one year and none of large yield

have half lives greater than 100 years). It is the energy

released by radioactive decay of the fission products

(referred to here as "decay heat") which causes a nuclear

(fission) reactor to continue to produce power after it has

been shut-down. It is necessary to predict accurately the

amount of decay heat produced by a particular reactor with

a given power history in order to conduct safety analyses
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for that reactor. One method of predicting this decay heat

is the "summation method" in which the power being produced

by decay of each fission product at time t after shut-down

is calculated, and the reactor shut-down power being pro-

duced at time t is obtained by summing over all of the

fission products. The evaluated nuclear data file, ENDF/B-

IV, supplies the nuclear decay data which are recommended

for use in these calculations. The following paragraphs

define the functions which are of interest in decay heat

discussions.

If a burst of fission occurs in a reactor at time

t =0, then the number of atoms of each fission product can

be calculated
(1)

as a function of time after the fission

burst. Let N.(t) be the number of atoms per fission of

ththe i fission product present at time t after the burst

where 1 <n, and n is the number of fission products

which contribute significantly to decay. if ai is the

decay constant (in sec-1), and E. is the average sensible

thenergy of decay for the i fission product (in MeV per

decay), then reactor decay power per fission at time t

after a fission burst is given (in MeV/sec-fission) by:

Ho ( t )
=

l Xi Ni (t) Ei
i=1

If the reactor is operated at a steady power of P

fissions/second from time t = -T to t =0 and then shutdown,
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then for t >0, reactor shut-down power in MeV/second shut-

down power per fission/second operating power is approxi-

mated by:

0

III (t,T) 110(t -t') d t' (1-2)

The H1 function can be expressed as a sum of inte-

grals:

n
H1 (t,T) = Xi EiLT Ni(t -t') dt'

1=1
(1-3)

It is useful to define a third function, H2(t,T),

which is the decay energy released between time t =0 and

time t:

H2 (t, T) = It I (t,T) d t
o

n
4_ 0

i i 1`" N, (t -t')dt 'at
1=

0 '-T
1

(1-4)

H2 has units of MeV shutdown energy per fission/second of

operating power. The II, function represents the amount of

energy available to increase fuel temperature in a loss of

coolant situation.

The functions Ni can be written in a form which can

be integrated analytically so that one can define a 3 xn

matrix, A(t,T), of functions of t and T by:

A j(t) = XjNj(t),

,o
Alj(t,T) = J_T Xj Ni(tt-)d t'

A2j(t,T) = f t '-T 1. N.(t-t')d t'dt (1-5)
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If Ai, 1 <1 <,3 is defined to be the i th row of the

matrix A, and the vector E is defined by (E)j =Ej, then the

H functions can be expressed as the vector dot products:

H1 (t,T) (t,T)E. for 0 < i < 2
j=1

1.2 Energy Uncertainty Propagation

(1-6)

The data used in summation calculations are evaluated

experimental data, or data which are predicted by theoreti-

cal models. In either case, some uncertainty as to the

exact value of each datum must exist. If one is not cer-

tain that the data which he uses are absolutely correct,

then there must be uncertainty in any computational result

which is obtained using that data. Thus there are two

(fairly vague) problems associated with performing calcula-

tions which use physical data: the uncertainties in the

data must be discovered, and the effect that these uncer-

tainties have on the computational results must be deter-

mined. The usual method of handling these problems is to

assume that each datum is the mean of a random variable

(Appendix I) which has the datum uncertainty for its stan-

dard deviation. Once the mean, standard deviation and

probability density function are assigned for each datum,

then the question of uncertainty propagation through a cal-

culation (in this case the calculation is the computation
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of the after-heat functions, Ho, H1 and H2) becomes a sim-

ple and well defined mathematical problem: the calculation

becomes a function of several random variables, and any

such function determines a new random variable which shall

be referred to as the "derived" random variable. The re-

sult of the calculation can then be defined to be the mean

of the derived random variable, and the uncertainty in the

answer can be defined to be the standard deviation of the

derived random variable. Since the mean of the derived

random variable is usually quite well approximated by per-

forming the calculation using the means of the data random

variables (this latter quantity is sometimes referred to

as the "point value")
(2) the distinction between the two

quantities is usually ignored. When the uncertainty prob-

lem is interpreted as above, the techniques of Appendix I

can be applied. If one assumes that the random variables

describing the average sensible decay energy for each

nuclide are normal and independent, then the uncertainty,

6Hi, for the after-heat functions is given by:

(61-1i)2 = [A1.3 (t,T)] 2(6Ej)2 (1-7)
j=1

where 5Ej is the standard deviation for the random variable

Ej (this follows from equation 4 of Appendix I). If the

energy uncertainties are assumed to be 100% correlated,

then the after-heat uncertainty is given by:



5H. = A..(t T)6E.
j=1

6

(1-8)

Usually the mean and standard deviation of the derived

random variable are the only parameters considered in un-

certainty analysis; however much more information is avail-

able: given any interval of real numbers, (a,b), one can

determine the probability that the result of the calcula-

tion is between a and b.

In determining the probability density function for

the derived random variable, it may be necessary to use

probabilistic techniques (Appendix I). Thus, two problems

arise in determining the uncertainty in a specific calcula-

tion:

1. determination of reasonable probability density

functions for the data, and

2. calculation of an approximation to the probability

density function of the derived random variable

which is accurate enough to be satisfactory, with-

out requiring an unreasonable amount of computer

time.

This thesis provides a methodology which can be used to

approach these two tasks, and applies the methodology to

the specific problem of determining the uncertainty in the

decay heat functions due to uncertainties in average sensi-

ble decay energy of the fission products. The next section
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reviews an earlier estimate of these uncertainties, Chapter

II presents a method for estimating decay energy uncertain-

ties for each fission product (the uncertainties obtained

are tabulated in Appendix III), and Chapter III applies

the techniques given in Appendix I to the uncertainties of

Appendix III to give uncertainty estimates for the after-

heat functions.

1.3 Other Uncertainty Analyses

Two studies, one by Schmittroth (4)
and the other by

Schmittroth and Schenter, (5) have produced. estimates of

uncertainty in summation decay energy calculations due to

uncertainties in the various input parameters.

Schmittroth's study is essentially a sensitivity anal-

ysis. For example, if ciare the average energies of decay

for the fission product and ui are the uncertainties in

those decay energies, then the relative uncertainties, ri,

are defined by: ri = c5i/L In order to determine the

sensitivity of the decay energy calculation to energy un-

certainties, Schmittroth assumes that the relative energy

uncertainties are the same for all fission products (i.e.,

ri is constant with respect to i). He then calculates the

relative uncertainty in decay heat due to energy uncertain-

ties, RE_ (t) = ur(t)/H0(t), where t is the time after reac-

tor shutdown, Ho is the fission burst decay heat function

defined in equation (1 -1) , and cry is the uncertainty in Ho



8

which is due to decay energy uncertainties. Let the sub-

scripts, x and T, be used so that x indicates that the

subscripted parameter is due to nuclides for which decay

energy data are experimentally determined and T refers to

those nuclides for which decay energy is predicted by

theoretical models. Schmittroth assumed that uncertainties

due to experimental nuclides are completely uncorrelated,

and theoretical uncertainties are completely correlated.

He then observed that (due to the linear nature of the

summation calculation) REx (t)/r Ex is constant with respect

to rrx and R,T(t) = rET. The parameters Rc(t)/rEx,

R (t)/r ET' and R (t) /r describe the sensitivity of Ho(t)

to uncertainties in fission product decay energies (assum-

ing that all relative average decay energy uncertainties

are the same). Schmittroth plots these ratios for cooling

times less than 108 seconds; for these times the ratios

are 0.10 or less (e.g., a relative uncertainty in fission

product decay energy of 50% would result in an uncertainty

of Ho(t) of 5% or less). Arbitrarily assuming rr = 0.5,

Schmittroth calculated uncertainty in 110(t) for t less than

108 seconds. He concluded that the uncertainty in Ho due

to energy uncertainties is about at t = 10 seconds,

greater at shorter cooling times and less at longer cool-

ing times. Uncertainty in Ho is dominated by theoretical

decay energy uncertainties at times less than 100 seconds.

Theoretical energy uncertainties become unimportant at
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decay times greater than 103 or 104 seconds (at longer

decay times more of the contributing nuclides have been

measured experimentally). At longer decay times, Schmit-

troth calculated that yield, halh life and experimental

energy uncertainties contribute about equally to a total

Ho uncertainty of about 1-2%.

The study by Schmittroth and Schenter (5) examines

fission product decay energy uncertainty directly. The

nuclides were divided into three classes:

1. those whose average decay energies are based on

detailed photon and beta spectra,

2. those whose Q-value is known but where the split

between beta, gamma, and neutrino energy must be

estimated, and

3. those whose 0-value must be estimated from

nuclear mass systematics.

They then analyzed the data in each class in order to ob-

tain uncertainty estimates.

Uncertainty estimates for the data in class 1 were

made by comparing the ENDF/B-IV Q-values with those pub-

(5)lished by Tobias and with the 0-value obtained by add-

ing the average neutrino energy to the average beta and

gamma energies. (A procedure for calculating the latter

three quantities from spectral data is given in section

2.1.)
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The energy split estimate for nuclides in classes 2

and 3 was made by using the formula:

En = 0(ao +beA +CON-Z) +d0P] (1-9)

where Q is the decay 0-value, 0 denotes either beta or

gamma, A is the mass number, Z is the charge number, N is

the neutron number, P is the nuclear pairing energy, and

the coefficients were determined by a least-squares fit to

known data. Schmittroth and Schenter used the EMS devia-

tions from these fits to obtain beta and gamma decay energy

uncertainties due to uncertainty in the coefficients of:

F, = 0.35 MeV, and Cy = 0.70 MeV. Early calculations used

to obtain these values yielded values of c = 0.32 MeV and

= 0.65 MeV. Schmittroth made these early results avail-

able and they have been used in Oregon State University

after-heat reports(6) and in Chapter II of this thesis.

Uncertainty in Q-value must also be considered in

estimating decay energy uncertainty. In order to obtain

uncertainty estimates for Q-values, Schmittroth and Schen

(5)ter used results from Janecke and Eynon. These results

indicate that the uncertainty in Q-value for a nuclide

which has the most probable charge number for its mass

chain should be about one MeV. Schmittroth and Schenter

then reason that since a typical 0-value near the most

probable charge number is about 4.3 MeV, class 3 nuclides

should. have a relative uncertainty of 100(1/4.3) = 23%.
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They consider these uncertainties to be completely corre-

lated.

Figure 1-1 shows relative uncertainties in the H1

function as a function of shutdown time for a U-235 reac-

tor after a 107 second irradiation as calculated by Schmit-

troth and Schenter. Results obtained at Oregon State

University using the program, ROPEY, are shown for com-

parison.

Schmittroth and Schenter also investigated the contri-

bution to the decay heat uncertainties of the yields and

decay constants. Their estimate of yield uncertainty is

consistent with Spinred's. (1) They also conclude that, for

short cooling times, decay heat uncertainty due to decay

constant data is small compared to that of either energy

or yield uncertainties.
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IT. ENERGY UNCERTAINTY DATA

The evaluated nuclear data file, ENDF/B-IV, gives the

average sensible energy released per decay for the fission

products which contribute significantly to reactor decay

heat; however, this file does not list decay energy uncer-

tainties. C. W. Reich of Aerojet Nuclear Company (now

EG&G, Idaho) has supplied a source document (3) which tabu-

lated experimentally derived nuclear data for many fission

products. Using the data in the Reich file it is possible

to infer decay energy uncertainties for many (but not all)

of the fission products for which experimental data is

avaialble. Thus, the fission products of interest can be

divided into three groups:

A. Nuclides for which experimental

uncertainties are available.

data and evaluated

B. Nuclides for which experimental data are available

but evaluated uncertainties are not available.

C. Nuclides for which decay energy

from theoretical models.

data are predicted

The uncertainty in each decay heat function will,

therefore, have a component for each of the above groups.

A further complication arises because it is possible for

a theoretical model to give decay energy predictions which

are biased away from the true values with a high degree of

correlation. The effect of this possible bias on the decay
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energy functions is estimated by postulating an additional

"correlated" uncertainty for each nuclide in group C, and

propagating that uncertainty through the after-heat calcu-

lations along with the "uncorrelated" uncertainties. The

problem, then, is to evaluate uncorrelated uncertainties

for nuclides in groups B and C, and to evaluate a corre-

lated uncertainty for nuclides in group C.

Section 2.1 shows how group A uncertainties are ob-

tained from the Reich data, sections 2.2 and 2.3 give pro-

cedures for evaluating uncertainties for nuclides in groups

B and C respectively; section 2.3 also gives a method for

evaluating the correlated uncertainties. Appendix II is a

copy of the Reich data with estimates of spectral uncertain-

ties, and average decay energy uncertainties inserted.

2.1 Energy Uncertainties Due to
Evaluated Experimental Data

Table II-1 illustrates the format of the Reich nuclear

data file. The entries in the right hand column are iden-

tifier numbers which identify the nuclide for which data is

displayed and the type of data which is given on each line.

Digits 2 through 4 give the atomic number of the nuclide,

digits 5 through 7 give its atomic mass number, and the

last digit indicates which metastable state is being consi-

dered (0 indicates the ground state). The first digit of

the identifier is a code (or "card type") which tells what
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type of data is contained on the corresponding line.

The meaning of the codes is given in Table TI-2 which is

copied from reference (3). Notice that provisions are made

to list uncertainties for average beta and average gamma

energies although these uncertainties are not listed. Tech-

niques for supplying those uncertainties are given in this

chapter. The uncertainties obtained are given in Appendix II.

The beta decay energy listed in the first entry of the

type 7 cards is the end point energy for each of the measured

beta decay modes. The intensity listed in the third entry

of the type 7 cards is (when normalized by the first entry

in the type 6 card) the percentage of the total decays which

should decay with the corresponding and point energy. If

the energies are denoted by E,1 and the intensities are de-

noted by where 1 -.11 and n is the number of type 7

cards (i.e., the number of beta decay modes measured), and if

the normalization factor is denoted by F3, then the average

beta energy of decay for the nuclide under consideration, E13,

is given by (reference 3, pp. 13-14):

1
E F, E,

(D

I, f (E, ) ,100 3
i=1

E41 1

where

1 10 + + 2x2
f (E31) 71 10 + 5x + x2

and x = E31 /511

(2-1)

The function, f, estimates the fraction of decay energy not

carried away by neutrinos (the neutrino energy does not stay
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Table 11-2

Card Format for. Input to the Nuclear Decay-Data File

(All onergv valaes are given in keV and all Intensities are given in nercent of decays.)

CARD TYPP

1 NUCLIDE IDENTIFICATION (one card)

1_, 0 (Atomic Number) (Right Adjusted)
4-5 A (Mass Number) (right Adjusted)

isomer tag:

blank (or zero) indicates the ground state;
1 indicates the first isomeric state;
2 indicates the second isomeric state; etc.

31-40 "'umber of comment cards to follow (Floht Adjusted)

2 COMMENT CARDS (any number of cards)

'hese include any desired comments on the decay information. they

should contain the month/year the information was prepared and the
references from which it was obtained.

3 HALF-LIFE (one card)

2eZzc"yl:c)

1-10 Malf-life
11-,0 Its uncertainty
0 Units for half-life (one letter: S, M, E, D, Y)

40 'umber of decay modes of the parent state. [This is equal to he

number of decay-mode cards (type 4)i
50 Number of "spectra", or data lists, to follow. 0 indicates

no data lists, 2 indicates two such lists, e c.)

4 DECAY NODES (one card for each mode; any number of cards)

10 Mode of decay:
1

3 = Isomeric transition
4 = alpha particle
5 = delayed neutron
5 = spontaneous fission

20 Is an isomeric state in the daughter nucleus fed?
0 - no
1 - first isomeric state in daughter is fed

= second isomeric state in daughter is fed
etc.

21-30 0 -value of the decay. For isomeric-transition decay, this will
be the energy of the isomeric state.

31-40 Uncertainty (in ke7) in this cvalue
41-50 'sercentage branching of this decay mode

51-60 Uncertainty in this branching

If both an isomeric state and the ground state in the daughter nucleus
are fed in the decay, separate cards for each should be prepared.
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CAR:a:LEE

AVERAGE ENERGY (one card)

1-10 Average beta energy
11-20 't- uncertainty
21-10 Average gamma energy
31-40 Tts uncertainty
41-50 Average alpha energy
;1-00 Its uncertainty

5 INTENSITY NORMALIZATION

AND RADIATION TYPE
c2on(s) 2,23c,pption

(one tyre -6 card to be followed by any
number of type-7 cards; any number of
such groups)

1-10 Normalization factor (abswlute intensity / relative intensity) for
the list to follow in type-7 cards

Uncertainty in the normalization factor
21-30 Number of transitions of this type to be listed (right adjusted)
40 Padiation type (same numerical designation as in column 10 of

card 4)

7 ENERGY AND INTENSITY

INFORMATION

3')Le7n(s) tion

(one per card in order of increasing energy
of each individual transition of the radiation
type given on card 6; any number of cards)

1 -10 Energy of transition (gamma radiation excluded)
11-20 Uncertainty (in keV) of the energy
21-30 Intensity of this transition
31-40 Uncertainty in this intensity value

8 GAMMA-RAY DATA (one type -S card followed by any number of type-9 cards)

icao!iu:rotion

1-10 Normalization factor (absolute intensity /relative intensity) for
the gamma rays listed on the type-9 cards to follow

11-20 Uncertainty in the normalisation factor
21 -30 :'umber of gamma rays included in the list. This is equal to the

number of type -9 cards to follow. (right adjustad)
40 0, radiation-type designation for gamma radiation

9 GAMMA-RAY ENERGY AND INTENSITY DATA (any number of cards, in order
of increasing -jamma-rav energy)

03Z,IV7fl(2

1-10 Gamma-ray energy (Ey)
11-70 Uncertainty in E,

Oamma-ray intensity (Ii)
31-40 Uncertainty in 1y
41-50 Internal-conversion coefficient, ICC. (Generally given only for

isomeric transitions or for highly converted gamma rays.)
51-60 Uncertainty in ICC

If an isomeric state in the daughter nucleus is fed, do not include in
this list any transitions which result from the decay of this daughter
isomer.
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in the vicinity of the reactor, thus it does not contribute

to sensible decay heat).

Thus, if one has uncertainties, (SE(31 and 6Tpi, for all

of the end point energies and intensities, and if each end

point energy is assumed to be the mean of a random variable

with standard deviation the listed uncertainty, then the

standard deviation, of the derived random variable

(Appendix I) can be approximated by:

10,000
f 2

(Ei)
2 6E,2 E 261 2] (2-2)

1 = 1

The above approximation assumes that the function, f, is not

a strongly varying function of E,h.. Probabilistic techniques

can also be used to find o, (Appendix I) without making the

above assumption. Appendix II includes values of o obtained

using both of the above methods; the agreement between the

two methods is quite good.

An analogous calculation is used to find average gamma

energy of decay, Ey, and its uncertainty Lay. Let Eyi and

6Eyi be the gamma decay mode energies and their uncertainties

where 1 i and m is the number of type 9 cards (i.e., m

is the number of measured gamma decay modes). If F is the

normalization constant, ICJ are the internal conversion co-

efficients, and I and 61 , relative intensities and inten-
yi yi

sity uncertainties, then

1
E =

1 0 0
F

{ y
E I ( + IC )

= 1

(2-3)



and

m
2 1

F
2

(I + IC
0

2 2_
10000

) i)0 'i 'Xi +E
l i -1Y-'

]

i =1

20

(2-4)

Appendix II includes the results of these calculations

together with probabilistic estimates of ay for the various

nuclides.

2.2 Energy Uncertainties Due to
Unevaluated Experimental Data

Energy and intensity uncertainties are listed for all

of the spectral data for the nuclide illustrated in Table II-

I. This uncertainty data is not complete for many of the

nuclides listed in the Reich data file (cf. Table II-3).

This section gives a method for analyzing the existing un-

certainty data and using the results of the analysis to

supply estimates for the missing uncertainty data. Tables

11-4 through 11-7 list various sortings of the uncertainty

data which are used to make the estimates. Table 11-8 gives

the algorithm used to supply the estimates, and Table 1T-9

lists the decay data for the nuclide of Table 11-3 with

estimates for the missing uncertainties included. The un-

certainties which were supplied by the methods described

below are labeled with "*".

Table 11-4 lists the 25 largest relative and absolute

uncertainties found in spectral energy or intensity for all

spectral lines listed in the Reich file. For example, the



Table 11-3

441030 RA 12 10441030
PRFFARFT FOR FIL,,t 9/73 RS1 (GULF) 20441030
REFERENCE: H. FETTERSCr ET AL., Z. PHYSIK 233, 260 119711 20441030
HALF-LIFE- N.E.FOLDEN,CHART OF THE NUCLIDES (1973).0 20441030

ADO PRIVATE CimmuNICATION1SEPT.,10711. 20441030
VALUE IS FROM 1973 REVISION OF wAPSTA-DOVE HASS TABLES. 20441030
GAHmA-kAY ENERGIES ARE WEIGHTED AVERAGE ENERGIES FROM 20441030
TABLE 2 OF REF. 20441030

GAMMA -RAY INTENSITIES ANO INTENSITY Utr.:;ERTAINTIES ARE TAKEN 20441030
FRum TABLE 1 OF REF., EXCE6T FJR. 610.20-KEY GAMMA RAYS, FOR 20441030
THESE GAMMA RAYS, INTENSITY DATA FROM FIG. 4 WERE ALSO USED. 20441030
INTERNAL CONVERSION COEFFICIENTS WERE O(TAINED FROH DATA IN REF. 211441030
BETA-RAY DATA WERE TAKEN FROM rIs. 4 OF REF. 20441030
39.6 0.2 D 1 2 30441033

1 1 722.0 3.6 100 40441030
67.53 0.0 490.02 0 0 50441030

1.0 6 1 60441030
111. 0.4 70441030
112. E.2 70441030
225. 90. 70441030
405. 0.31 70441030
467. 0.25 70441030
722. 3.5 70441030

0.90 10 0 40441030
53.274 0.010 0.354 1.020 2.18 90441030

114.65 0.05 0.012 0.005 0.21 90441030
241.32 0.13 0.014 0.304 90441030
294.34 0.06 0.284 0.115 90441030
357.27 3.13 0.007 A1441030
443.32 0.07 0.402 0.013 90441030
497.030 0.013 100. J0441030
557.19 0.09 3.491 0.135 90441030
610.29 0.19 7.96 91441030
611.53 0.25 0.44 90441030
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Table 11-8

Maximum Uncertainties for Spectral Decay Data

Intensity

BETA
Energy Intensity
keV or % %(a) or %(h)

Energy
keV or %

GAMMA
Intensity

Va) or %(h)

I % 10%

10% % I % 1%

1% I

400 or 15

400 or 35

400 or 35

6 or 30

4 or 150

1 or 100

5 or 1

5 or 1

10 or 2

10 or 70

4 or 100

2 or 200

(a) of total intensity

(h) of line intensity

NOTE: The uncertainty to be supplied is either the first
entry of the appropriate position or the second
multiplied by the datum, whichever is smaller.
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Table 11-9

10 30 RU 12
PRFPARE1 FOR FILEt 9773 RL-=S (GULF)
RFFEREN,3Es H. PETTERSGN ET AL., Z. PHY'_;IK 233, 260 (1970)
HALF-LIFE- N.E.HCL1EN,CHAPT OF THE NO[;LIOES (1173)4.

1

2

2

2

441030
441030
441030
441030

AND PRIVATE CC9MUNIGATION(SEPT.,1973). 2 441030
Q VALUE IS FPON 1973 REVISION OF WAPSTRA-GOVE MASS TABLES. 2 441030
GAMMA-PAY ENERGIES ARE WEIGHTED AJEkAL.E ENLIRGIES FRCM 2 441030
TABLE 2 OF REF. 2 441030

GAMMA-;AY INTENSITIES AND INTENSITY UNCERTAINTIES ARE TAKEN 2 441030
FROM TABLE 1 OF REF., EXCEPT FOR 610.24-KEJ GAMMA RAYS, FOR 2 441030
THESE GAMMA PAYS', INTENSITY DATA FROM FIG. 4 WERE ALSO USED. 2 441030
INTERNAL CONJERSION COEFFICIENTS WERE OBTAINED FROM DATA IN REF. 2 441030
1EIA-SAY DATA WERE TAKEN FROM FIG. 4 OF REF. 2 441030
39.6 0.2 D 1 2 3 441030

1 1 722.0 3.6 150. 4 441030
67.53 0.0 490.02 0.3 5 441030

1.0 6 1 6 441030
111.00 18.1500* .4000 .1300* 7 441030
112.00 39.2010* 6.2000 4.1000* 7 441030
225.00 33.7530* 91.0000 6.1000* 7 441030
405.00 141.7500* .0130 .0200* 7 441030
467.00 163.4500* .2503 .5300* 7 441030
722.00 252.7000* 3.5010 4.0300* 7 441030
0.90 10 0 3 44103U
53.27 .0110 .3840 .0200 2.1100 9 441030

114.65 .3590 .3121 .3350 .2110 441030
241.12 .1300 .0140 .1340 441033
294.1 .0600 .2P40 .1150 3 441030
357.27 .1300 .0070 .1140* 441030
443.12 .0700 .4020 .1110 9 441030
497.01 .0130 109.0000 11.1111' 1 441030
557.09 .1930 .1°31 .0350 4 441030
610.29 .1930 5.9690 4.4444. 9 441030
611.53 .2500 .4400 .1300* 9 441030
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largest absolute beta endpoint energy uncertainty is 400 keV

and the largest relative uncertainty in beta endpoint energy

(i.e., 100cWE0 is 36.7%. These maximum uncertainties need

riot correspond to the some spectral line or even the same

nuclide. The largest absolute gamma intensity uncertainty

is 37.76% of total intensity and the largest relative gamma

intensity uncertainty (i.e., 1000 /13) is 206,9096. Tables

11-5, 11-6, and 11-7 are listings of the largest spectral

uncertainty data found when attention is restricted to var-

ious subsets of the spectral data. Table 11-5 lists the 25

largest uncertainties for spectral lines with intensity less

than or equal to 1% of total intensity, Tables 11-6 and 11-7

list uncertainties for lines with relative intensities

between 1 and 10%, and greater than or equal to 10% respec-

tively. The expected pattern is found: the more intense

spectral lines have been more accurately measured. Table

11-8 summarizes this observation and gives an algorithm for

estimating uncertainties for those spectral data which do

not have evaluated uncertainties: for a given datum an un-

certainty is assigned to be either the first entry in the

appropriate position in Table 11-8 or the second multiplied

by the datum,whichever is smaller. Table 11-9 shows the

result of applying the algorithm to the Ruthenium-103 data

given in the Reich file.

Once the spectral uncertainties are supplied for group

B nuclides, average beta and gamma energies of decay can be



29

calculated as they were for group A nuclides. Many of the

uncertainties supplied above are quite large compared to

the corresponding data; some relative uncertainties are

greater than 100%. This means that it is not reasonable

to model these data as normal random variables since that

model gives the data a high probability of being negative.

It also suggests that the derived random variable might be

strongly non-normal, in which case the standard deviation

as estimated by equations (2-2) and (2-4) cannot be used

to infer confidence information (this topic is discussed

at the end of Appendix I).

In order to resolve the above questions, data with

large relative uncertainties were modeled as beta distri-

butions as described in section 2 of Appendix I. The

probabilistic technique of Appendix I was then used to

determine the derived density functions for average beta

and gamma decay energies. Appendix II compares standard

deviations obtained using probabilistic techniques with

those obtained using equations (2-2) and (2-4). Agreement

between these two methods is good for group B nuclides as

it was for group A nuclides. Furthermore, the derived

density functions turned out to be very nearly normal.

This can be explained by noticing that the spectral data

with large uncertainties have small yields. This means

that the non-normal spectral data contribute little to

average decay energy and have correspondingly little
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effect on the derived density function.

2.3 Energy Uncertainties Due to
Data from Theoretical Models

Most of the decay energy data used in afterheat summa-

tion calculations are predicted from theoretical models. In

order to estimate the uncertainty in afterheat calculations

due to uncertainty in decay energies, it is necessary to

examine the possible sources of error in predicting these

data. Two sources of error are considered here: a random

or uncorrelated error in the decay energies predicted by

the model, and a correlated error resulting from a bias in

the model which systematically predicted energies too high

or too low.

The decay energies listed in ENDF/B-IV were predicted

by using nuclear systematics to obtain the atomic masses of

the parent and daughter, and subtracting the masses to get

the Q-value of the decay. This energy was then apportioned

among the gamma, beta and neutrino radiation emitted from

the decay according to formulae given by Schmittroth and

Schenter (equation 1-9).

Several assumptions are made here in order to obtain

uncertainty estimates for group C nuclides:

1. The uncertainty in 0-value, 60, is assumed to be

a function of the difference between the atomic

number of the parent nuclide and the atomic
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number of the first stable nuclide in the beta

decay chain (Az).

2. 6Q(0) =0 and (0.(2) =-1.3 MeV [Schmittroth and

Schenter, (5) and Liaw (reference 7, page 113) have

independently concluded that this is a conserva-

tive assumption].

3. Correlated and uncorrelated 0-value uncertainties,

6Qc and 60u, apportion 60(2) as follows: (SQu(2) =

1.26 MeV and 600(2) = 0.26 MeV.

4. Uncorrelated uncertainties in average beta and

gamma decay energy, (SE0 and BED,, are at least

as large as those uncertainties, 0.32 MeV and

0.65 MeV, due to the least mean squares fitting

process (section 1.3, page 9 of this thesis).

5. 6Qu increases linearly with Az.

6. The predicted masses used in estimating 0-values

are consistently in error by a term which is

cubic in Az.

Assumptions 1 and 5 reflect the trend that half life

gets shorter as distance from beta stability increases. It

is difficult to experimentally measure nuclear parameters

for nuclides with short half lives, so as Az increases

there is less experimental verification for our evaluated

nuclear data.

The assignment of about one MeV uncertainty for theo-

retically predicted Q-value was arrived at independently



32

by the researchers mentioned above by comparing evaluated

data with predicted data (where the evaluated data is

available). The value of 1.3 MeV used here is a conserva-

tive choice.

The uncertainties of assumption 3 apportion the total

Q-value uncertainty between a correlated and an uncorre-

lated component [(1.26)2 +(0.26)2 =(1.3)2]. The possibil-

ity of correlated Q-value uncertainty must be considered;

however, the correlation cannot be too strong without

showing up when predicted and observed data are compared.

No such correlation has been observed. It is assumed here

that a correlation would show if the correlated component

were greater than 20% of the uncorrelated component.

Assumption 4 utilizes the statistical analysis that

Schmittroth and Schenter have done on the evaluated beta

decay data. As used here, this is a conservative assump-

tion since it assigns finite uncertainties when Az =0 and

linearly increases uncertainties as Az increases.

The semi-empirical mass formula, for constant atomic

mass number, is essentially a quadratic in Az, with even-

odd correction terms. The addition of a cubic term with

coefficient, k, provides a mechanism for considering bias

in Q-value (which increases quadratically with Az). The

coefficient, k, should be chosen large enough to accommo-

date any possible bias, but it cannot be so large that it

would disturb the fit of the formula to known masses.
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Assumption 3 imposes the appropriate limit on k. Conserva-

tion of mass and energy imposes further constraints on the

size of k, but these constraints are less restrictive than

assumption 3.

From assumptions 2, 3, and 5, a formula for 6Qu can

be derived:

Qu(Az) = 1.'226 Az = 0.63 Az

Next, expressions for 6Ep, and 6E), as functions of Az

can be derived. Since

Ep, Ey
E = E + E =Q

Q Q

6E can be expressed in the following ways:

(6E) 2 = (6E0 2 + (6E1) 2

= (Q)2
'53

Q Q

ro (60)`

EF2 ' Ey
6Q +

, Q

Ey1
I 4E' +

60)) 2

,.4Az- Ey= +,
Q- Ep

6F and 6E are defined by:

( 0 . 3 2 )
2 + 4 A Z 2

Y 0)

(6E3)2 = E2 0.4Az2
f3 Q2

(E )2 ,
and

0.4Az2

Q:

F,(1
1 +EH+(0.65)2

1 +
EY'

+ (0.32)2 (2-5)

E
+-- + (0.65)2 (2-6)
EI,
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in order to satisfy 6E2 = AE2 +6E2.

From assumption 6,

M(Az) = MS (Az) + kAz3

where M(Az) is the actual mass of the nuclide in a mass

chain which is Az charge units from beta stability, Ms is

the predicted mass, and k is a constant. The Q-value can

then be expressed:

Q(Az) = Ms (Az) -Ms (Az -1) +k[Az3 (Az -1) 3]

and the correlated uncertainty in Q-value can be expressed

as:

6Qc (Az) = k[Az3 (Az -1)3].

Since 6(4(2) = 0.26 MeV,

,SQs(Az) = 0.375 [Az3 (Az -1) 3] . (2-7)

Equations 2-5, 2-6 and 2-7 were used to supply uncertain-

ties for Appendix III when they were not available in

Appendix IT.
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III. CONCLUSIONS AND DISCUSSION

Appendix III is a listing of the nuclides used in

after-heat calculations together with energy uncertainties

obtained using the techniques of Chapter II. The coeffi-

cients Aii(t,T) of equation 1-6 can be calculated using

decay constant, yield, and branching ratios data. Appendix

III data can then be used with equations 1-6, 1-7, and 1-8

to obtain the II functions as a function of irradiation time

and shutdown time together with uncertainty in these func-

tions due to decay energy uncertainties. Figures 3-1

through 3-6 display these functions and their uncertainties

for a standard irradiation time of 1.28 x 108 seconds at

constant power and constant flux. The effect of neutron

capture during the irradiation has been neglected in these

calculations. Shay (8) has shown that these effects can be

treated with a small correction for the conditions consi-

dered here. The graphs are plotted from calculations made

with 37 decay times from zero to 104 seconds.

Figures 3-1 through 3-3 show log-log plots of H, H1,

and H2 respectively with total uncertainty bars. The total

uncertainties have both yield and energy components; the

yield components were obtained using techniques described

in reference 1, and the energy components were obtained

using the techniques described in this paper. Each energy

component has three subcomponents; a correlated component,
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a component due to uncorrelated uncertainties in beta decay

energies, and a component due to uncorrelated uncertainties

in gamma decay energies. The total uncertainties are ob-

tained by calculating the square root of the sum of the

squares of the individual components.

Figure 3-4 is a semi-log plot of the H1 function with

total uncertainty bars, and Figure 3-5 is a log-log plot

of the H1 function with the uncertainty bars due to uncer-

tainty in decay energy of the individual nuclides. Figure

3-6 compares the various energy uncertainty components.

Uncertainties are largest for short cooling times be-

cause most of the decay power immediately after shutdown

comes from nuclides with short half lives. Decay data are

not available for most of these nuclides since their short

half lives make experimental observation difficult. There-

fore, the data which contribute most to decay heat at short

cooling times are predicted by nuclear chematics and have

relatively large uncertainties; and these large uncertain-

ties propagate to produce large uncertainties in the H

functions.

The H1 function predicts the amount of power which

must be removed from a reactor in event of a loss of cool-

ant accident in order to prevent any increase in fuel tem-

perature. The H7 function gives the amount of decay energy

which has been released since the loss of coolant accident.

The difference between the amount of energy removed by the



Li

LU

0200
Ui

CO

CO

N

CC0
LL

FIGURE 3-4
U235 H1 FUNCTION WITH TOTAL UNCERTAINTY

1.00E-01

I I iLlif 111

1.00E4 0 0 1.00E+01 1.00E4-02 1.00E+03

TIME AFTER SHUTDOWN (SECONDS)

40

1.00E+04



O20
11.1

U)

CO

w

N
CO

v1f

CC0
Li

FIGURE 3-5
U235 H1 FUNCTION WITH ENERGY UNCERTAINTY

41

or
w

Uri

I

r

111 1 1 I V 111111 1 1 I fl,11 7 , i rr 1 1 11171

1.00E-01 1.00E4-00 1.00E4-01 1.00E+02 1.00E+03

SHUTDOWN TIME (SECONDS)
1.00E+04



0

O
O

FIGURE 3-6
Hi UNCERTAINTY COMPARISON FOR U235

_ \ \
0 \N

C)
C)

woo

1 - ,, \ _
2! ...4

\

UJ
.,1

\

w
w
OD

\

\
\

\
\\\

03
C \I \

\\\
N-1

Of
C)
U._

Correlated Energy \

Uncertainty

01
UJ Yield Uncertainty

F-
2! Beta Uncorrelated \ \ \\
Hi

1-1 Energy Uncertainty \

F-
<E

\
\

Of
w
0
2!
D Oj \

1
, , t i i , tit i 1 1 11111 1 1 1 1 1 1111 1 \1 1 1 1 1111 1 1 1 1 1111

W
v-A o
p= 71.00E -01 140E+00 1.00E+01 1.00E+02 1.00E+03 1.00E+04

TIME AFTER SHUTDOWN (SECONDS)

Total Uncertainty

Gamma Uncorrelated
Energy Uncertainty

42



43

emergency core cooling system and the H2 function is the

energy which has produced a temperature change in the

reactor fuel. The emergency core cooling systems must be

designed so that fuel integrity is not damaged by this

energy difference. It should be noted that the uncertainty

bands for the H2 function are much smaller than the uncer-

tainty bands for the H1 or H functions. This means that

the amount of energy which must be removed can be calculated

much more reliably than the instantaneous shutdown power.

The results presented here are intended to be used in

the formulation of a new decay heat standard for the United

States Regulatory Commission. The standard is used to

determine adequacy of the emergency core cooling systems

for commercial nuclear power plants. The emergency systems

must be capable of removing the maximum amount of decay

heat produced, so conservative engineering practice dic-

tates that the emergency systems be capable of removing

the maximum predicted heat plus enough extra heat that one

can be confident that uncertainties in the computation will

not cause reactor damage under any likely emergency condi-

tion.

The uncertainty bands given here are "one sigma" bands;

i.e., the "confidence level" (Appendix I) which can be

assigned to the calculation is 68%. If the emergency core

cooling system is sized to remove the predicted heat plus
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one sigma, then one can be 84% confident that it will be

adequate.

The agreement between the results presented here and

those of Schmittroth and Schenter (5) is a strong indication

that these uncertainty calculations are reliable. Further

comparisons should be made between these results and various

integral experiments which are in progress.

There are a variety of ways in which these uncertainty

calculations might be refined:

1. As evaluated data become available for more

nuclides the calculations can be performed with

the new data set. This might change the predicted

decay power, and it should decrease the uncertain-

ties.

2. Integral experiment data might be used to infer a

correlation among the nuclides for which decay

data is predicted by nuclear systematics; data for

these nuclides could be modified according to the

correlation, changing the predicted values of

reactor heat.

3. The calculations could be performed again using

the latest least-squares coefficient uncertainties

(cf. section 1.3 of this thesis).

4. The methods presented here do not take advantage

of the fact that the sum of the beta spectral line
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intensities used in equation 2-1 add up to one

(this is not true for gamma spectral intensities).

This latter refinement should have little effect

since the component of decay heat uncertainty due

experimental data is small for most decay times.
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Appendix I

STATISTICAL PRELIMINARIES

Suppose that one is presented with a set of experimen-

tally determined data, xi, 1<i n, together with an estimate

of the uncertainty, Gi, in each xi. Suppose further, that

an arithmetic calculation is performed using the data. The

question arises: "Given that there is uncertainty in the

data base, how much confidence can one have in the result of

the calculation?"

The above question is usually answered in terms of ran-

dom variables (defined in section 1 of this appendix); it is

assumed that each time a parameter, xi, is measured, a dif-

ferent answer can be obtained. If a given parameter is

measured many times, then an average value, xi, and a stan-

dard deviation ai can be determined. The average, xi, is an

estimate of the "real" value of the parameter and the stan-

dard deviation, ai, is a measure of how well the various

experimental observations agree. If a large enough number

of observations have been made, then xi can be considered as

the "best" estimate of the datum, and ai is a measure of

the confidence that we can have in

The arithmetic calculation referred to above is a con-

tinuous function of n variables, f(xl,x2,...xn) = f(x) (where

x is a real n-dimensional vector). Each time measurements
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are taken to determine a complete set of data, (x2,...x,), a

value of f can be determined. If several such sets of meas-

urements are taken, then several values of f are available.

These values of f can be averaged to determine f(x), and a

standard deviation, o, can also be determined. The average

value, f(x), is the number which we expect to be the "real"

result of the calculation, and CY is an indication of how

much confidence we can have in f(x). In practice, the pro-

cess of evaluating data is much more complex than the process

described here, but this simple approach is used as a basis

for estimating uncertainty propagation. When a datum is

given with an uncertainty, it is assumed that the value given

for the datum is the average value of a random variable and

the uncertainty is the standard deviation.

Most physical parameters which are measured experimen-

tally are not random variables; if successive measurements

disagree, it is due to imperfections in our ability to ob-

serve physical phenomena (ignoring quantum mechanical ef-

fects). Sometimes, however, it is necessary to measure

parameters which are random variables. For example consider

the measurement of two parameters of a radionuclide which

decays by beta emission. The two parameters to be measured

are Q-value and kinetic energy of the beta particle. Every

time a nuclide of the type being considered decays, the Q-

value is the same; disagreement among observers is used to
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determine "error bars" for the datum. The kinetic energy

of the beta particle, however, varies widely from decay to

decay. We say that the beta particles are produced in a

"spectrum."

1. Random Variables

A "random variable" (xi,pi) is a function, xi:Si-4R,

from a set, S , to the real numbers, together with a "proba-

bility density function", pi:R->-R-4-, from the real numbers to

the non-negative real numbers. The density function, pi,

has the properties:

1. p is Lebesque integrable,

2. f pi (x)dx =1, and

3. p (x) 0 for all x.

This definition applies to the discussion above concern-

ing experimental measurements. The set S is the set of all

experimental observations of a particular phenomenon; for a

particular observation, s LSi, xi(s) is the datum obtained.

The integral, fab p.(x)dx, is the probability that xi(s)

is in the interval [a,b]. If a finite number of observations

(si,s2,...,sm) are made, then pi can be approximated by

approximating its integral between any two real numbers, a

and b:

1
fb
a a_

U (a,b)

where U(a,b) is the number of times that xi(si) falls in
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the interval [a,b].

The mean, xi, and the standard deviation, Gi, of the

random variable, (xi,pi) (usually denoted simply by xi),

are given by:

xi = f xpi(x)dx, and

= (x-xi) pi(x)dx

= j x2 pi (x) dx 2x1 r xpi (x) dx + xi

A probability density function, pi, determines a

"cumulative probability density function," Pi, by the for-

mula:

Pi (x) =
x p.(x)dx

L 1

Cumulative density functions are monotonically increasing,

i.e., if xi<x2 then Pi(xl) <Pi (x2) . If a given cumulative

density function is strictly increasing (i.e., if strict

inequality holds above), then it has an inverse, Pi71

where I is the unit interval of real numbers between zero

and one.

Intuitively, Pi(x) is the probability that a given

observation will give a result which is less than or equal

to x.
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2 The Normal and Beta Distributions

In order to exhibit a particular random variable, xi,

it is necessary to provide a prescription for its probability

density function, pi. The most commonly used random variable

is the "normal distribution"; its density function is given

by:

(x-xi )2)
pi(x) /777

of
Exp

2;r G2-

where xi and nj are the mean and standard deviation as

defined above.

The "beta distribution" has been used in this thesis.

Its density function is given by:

xn (M x) m/N if 0 x
pi (x)

0 otherwise

where n, m and M are positive real numbers, and N is chosen

so that

-CO
pi(x)dx = 1

The parameters n and m are related to the mean and standard

deviation of the random variable by:

n+1
x. = M n+m+2 and

a? m2 (n+1) (m+1)
1 (n+m+2)2(n+m+3)
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Beta distributions are useful because they assign zero

probability to values of the random variable which fall out-

side the range from zero to M. It is common for physical

parameters to he confined to a finite range in this manner

(e.g., the beta particle from a beta decay must have a

kinetic energy which is greater than zero but less than the

Q-value of the decay).

3. Sampling a Distribution

If the cumulative density function, Pi, for a random

variable is strictly increasing (this is the case for most

density functions including those for normal and beta dis-

tributions)thenithasaninverse,p71, (as noted above).

This distribution can then be "sampled" by choosing a number,

rj, at random from those real numbers between zero and one,

and then calculating pil(ri). If m random numbers between

zero and one are chosen, then a set of numbers PT1(rj),

1 j is determined. For any real number, x, P(x) can be

approximated by:

P (x) 1 U(x)

-1where U(x) is the number of times that falls in the

interval from to x.

This sampling technique provides a method of converting

a "uniform" random number into one which conforms to a given

probability density function. The technique can be used to
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model the situation described at the beginning of this

appendix in which physical parameters are being measured.

Selecting the random number, ri, between zero and one cor-

responds to conducting an experimental measurement. The

-1
number, P. (rJ

'

) is modeled as the result of the experiment.

4. Pro2pgation of Uncertainties

Suppose that n uncorrelated physical parameters,

xl,x),...,xn, are used in a calculation, f(xl,x2,...,xn) =

f(x). The information about each parameter, xi, comes as

a random variable with density function, pi, mean, xi, and

standard deviation, oi. The mean, xi is modeled as the best

estimate of the datum, and the standard deviation, oi, is

modeled as a measure of the confidence in xi. Selection

of n random numbers between zero and one, ri,r2,...,rn,

allows one to sample each random variable. The numbers ob-

tained by sampling, 17):1(r1),P,;1(r2),...,P-1(rn), can be

interpreted as a set of measurements and, as such, they can

be used to obtain a value of f. If the sampling process is

repeated many times, then many values of f will be available

and a probability density function, p(z), for the calculation

(the "derived" density function) can be approximated by:

U
p(z)

(h)

2mh

where m is the number of sets of samples taken, U(h) is the
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number of times that f(x) fell in the interval (z-h,z+h),

and h is some small positive number.

The derived density function is a complete measure of

the reliability of the calculation. For example, if one

wants to find an interval around fTx) such that the probabi-

lity of the "real" value of f(x) being in that interval is

p%, then one simply finds a number h such that

f(x)+11

1 p(z)dz =
f (x) -h

100

The probabilistic techniques outlined above require a

considerable amount of computer time, so techniques which

give an indication of reliability for a calculation without

sampling the density functions are very desirable. If the

function, f, can be approximated by the first two Taylor

terms,

f (X) = f (x) (xi r

i=1

then f (x) f (x) and a2 f (-X ) e ,

1=1

where X=

and f
i
(x) =

ax
f(x)

i

In order to show the above, notice that

f(x) = if(x)p(x)dx

f (x) fp (x)dx f fi(-x) (xi- xi)
1=1

p(x)dx



= f (X) + y fi (x)
i=1

0)

-CO
(xi xi)pi(xi)dxi
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= f(x) (3)

where the integral sign without limits means the integral over all of

n-dimensional Euclidean space and p(x) is the product of the pi(xi).

The standard deviation can now be approximated by:

o2 = f [f (x) f(x)1 2p (x) dx

= f [f (x) f (3) p (x) dx

I
--n

f 1 (x) (x Xi )

1=1

= f ff (xi xi 2 p (X) dx
i=1

_p

L
2V,l\

= kA

Equations (3) and (4) both utilize the identity:

(x
i
-x

i
p) (x) dx = 0

5. Standard Deviation as a Measure of Confidence

Standard deviation has been referred to (vaguely) in

(4)

this appendix as a measure of the confidence that one can

have in a datum. Specifically, if xi is a normal random

variable which describes a physical datum, then the proba-

bility that the "real" datum is within one standard devia-

tion of the mean is 0.68. That is:
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0.68 = j pi (x) dx
x3-

where pi is the density function for pi and ai is the stan-

dard deviation. The probability of being within two standard

deviations is 95% and the probability of being within three

is 99%.

These observations relating standard deviation and con-

fidence do not apply if the random variable in question

deviates much from the normal shape. For example, consider

the "uniform" distribution determined by the following proba-

bility density function:

1 if 0 x < 1

p(x) =
0 otherwise

The mean of this random variable is 0.5 and the standard

deviation is given by:

1
a2 = f x2dx 0.25 = 1

2

Thus the probability of being within one standard deviation

of the mean is 2//1: 0.58, and one is certain to be within

two standard deviations of the mean.

Non-normal random variables are commonly generated by

normal ones; for example, if x is a normal random variable

with 3= 0, then the derived density function fox x2 has a

maximum at zero yet it is zero for all negative values.

Thus x2 is a very "non-normal" random variable and it cannot
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be expected that a "one sigma" band around the mean corre-

sponds to a 0.68 confidence level. This is also an example

where the approximation:

f (x) f (X)

is very poor.

Two methods for assessing the confidence that can be

placed in a given calculation have been given here:

1. calculate the derived density function, and

2. approximate the first two moments of the

derived density function.

The first method works in general but it takes significant

amounts of computer time. The second method can be accom-

plished quickly and easily, but its results are valid only

when the calculation can be approximated by the first two

terms of its Taylor series, and the results (when valid)

can be used to assess confidence levels only when the derived

density function is approximately normal.
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Appendix II

ENERGY UNCERTAINTY EVALUATIONS FOR NUCLIDES
LISTED IN THE REICH NUCLEAR DATA FILE

This file consists of the "5" cards of reference 3

(cf. Table II-3) together with two extra "5" cards generated

as described in section 2.1 of this thesis. For each nuclide,

the first "5" card is that of reference 3, the second "5"

card lists energies and uncertainties calculated by equations

2-1 through 2-3, and the third "5" card lists energies and

uncertainties obtained by using the probabilistic techniques

of Appendix I.

The columns labeled "E BETA" and "E GAMMA" are average

beta and gamma decay energies; the columns labeled "UNC BETA"

and "UNC GAMMA" are "one sigma" uncertainties which are

obtained from spectral uncertainty data assuming that the

spectral uncertainties are completely uncorrelated. The

column labeled "NUCLIDE" is an eight digit number which

identifies the nuclide for which data is given. The first

digit identifies the type of data presented (it is always

"5" here). The next three digits give the atomic number of

the nuclide, the following three digits give the atomic mass

number of the nuclide, and the last digit indicates whether

the data is for a metastable state or the ground state

("zero" indicates ground state and "one" indicates metastable

state).
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Appendix III

A TABULATION OF FISSION PRODUCT
DECAY ENERGIES AND UNCERTAINTIES

This is a file of decay energies and energy uncertain-

ties for those nuclides which might contribute significantly

to reactor decay heat. The decay energies listed here were

obtained from ENDF/B-IV; the uncertainties were estimated

using the techniques of this thesis.

The column headed "NUCLIDE" identifies the nuclides for

which data is displayed. Each nuclide identified is a six

digit integer; the first three digits give the atomic mass

number, the next two digits give the atomic charge number,

and the last digit indicates the metastable state. The

columns headed "E BETA" and "E GAMMA" give the beta and

gamma energy of decay for the nuclide as obtained from ENDF/

B-IV. The columns headed "UNC BETA," "UNC GAMMA" and "CORR

TOTAL" give the uncorrelated and correlated energy uncertain-

ties. The column headed "E TOTAL" lists the sum of the beta

and gamma decay energies, and the column headed "UNC TOTAL"

is the quadratic sum of the uncorrelated beta and gamma

energy uncertainties. An asterisk following a nuclide iden-

tifier indicates that the energy data for that nuclide was

obtained experimentally.
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