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Chapter 1: Background
This first chapter discusses the background information, including motivation for the
research, historical elements regarding people, events, and issues, and current methods.
Chapter 1 also includes the statement of purpose, detailing a research question, and a
definition of various terms used.

Shape Optimization
The shape characteristics of airfoils describe how an aircraft acquires the lift needed to fly
and depicts how an aircraft will be affected by drag forces and pressure distributions from
a surrounding fluid. This information leads designers to insights concerning the behavior
of an aircraft due to lift and drag in various conditions. It has been observed that a higher
lift to drag ratio is desired to achieve a greater performance of an aircraft. Geometric
optimization is used to refine the profile of an airfoil to best suit the needs of the aircraft
and achieve the desired lift to drag ratios.
Geometric optimization can be divided into three parts: size, shape, and topology
optimization. Size optimization defines the ideal parameters for a given component. This is
useful when various mechanisms are constrained within a certain volume, perhaps to be
compatible with other components. Shape optimization focuses on the boundary of an
object. The manipulation of a boundary, particularly in aerospace, determines how fluid
will flow over that boundary. Topology optimization outlines the optimized structure based
on needed reinforcements. This can be considered the final step in the geometric
optimization process.
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For this project, the focus will remain around the shape optimization aspect, due to the
connection between the shape and the flight characteristics related through the lift and drag
for an aircraft.

Historical Elements
Flying can be seen throughout the history of man, dating as far back as the first kites.
However it wasn’t until the 15th century that man displayed a need to fly, a need well
represented by individuals like Leonardo da Vinci. Toward the end of the 15th century da
Vinci wrote many manuscripts and drew over 500 sketches that pertained to flight [1].
While progress was made throughout the 18th and 19th centuries, it wasn’t until the end of
the 19th century, when Wilber and Orville Wright began a comprehensive study of
aerodynamics and produced the first functional and practical aircraft, the Flyer III, in 1905
[1]. The Flyer III implemented double rudders, improved propellers and a gas powered
engine.
Designers have made significant progress throughout the 20th century in the area of
aerodynamic design. Over the years the focus that designers put on the physical
characteristics of aircrafts has changed dramatically, which caused designers to address
various aspects of a design. This began with the understanding the basics of lift, followed
by stability and durability in terms of landings and takeoffs. Designers then concentrated
on the maneuverability of an airplane and reliability of an airplane to remain airborne. The
reliability aspect, related to the endurance and performance of an airplane, lead to the
development and improvement of aircraft engines [1], [2] .
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Following the aircraft engine development phase of the 20th century, designers turned to
airfoils and wings.[1] Originally, airfoils were “customized and personalized”; however,
between the years of 1910 and 1920 the United States and the British developed National
Advisory Committee for Aeronautics (NACA) and Royal Aircraft Factory (RAF) airfoils,
respectively. These led to the need and advancement of more efficient wings [1].
In 1917 it was found that variations on airfoil shapes made huge differences in the
performance of an aircraft, which motivated further research and wind tunnel testing. It
was not until the early 1930s that airfoils were described using numbers that represent the
maximum camber percentage, camber position, and maximum thickness. In the 1950s
NACA airfoils were discontinued so that focus could be placed on supersonic and
hypersonic aerodynamics research. At this point, engineers are focusing on improvements
in both wind tunnel testing and computer simulations [1].

Motivation
Current methods pertaining to the selection of wing shapes for various aircrafts, leaves
much to be desired in terms of the selection process. It has been observed that shape
optimization techniques, used in the past, focus around using an initial shape that is usable,
yet not the optimal solution, and building upon this preliminary choice. It can be argued
that this process hinders a designer in that an optimal solution may not retain
characteristics of the first shape and therefore the process of selecting a preliminary design
becomes obsolete. Furthermore, the current methods for selecting a preliminary wing
shape rely on using large data bases and filtering through these designs. While some
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implement techniques to screen out unlikely candidates based on previous knowledge, this
becomes more difficult when designers must choose a wing shape for a new type of
aircraft, of which vary little is known. These short-comings presented from current
methods leave certain challenges in the field of aircraft design that must now be addressed.
These challenges include how to best implement an optimization method without limiting
a designer, while continuing to obtain an optimized result.

Current Methods
The modern process for designing airfoils include a variety of qualitative, quantitative, and
mixed methods. The qualitative methods include those based on knowledge of the designer
or of previous designers, such that the airfoil chosen would have already been in existence.
This design method, known as “designing by authority”, usually involves choosing an
airfoil shape from a catalog or database [3]. While it has become uncommon for an airfoil
to be designed for multiple aircrafts, sometimes existing airfoils are acceptable [3].
Quantitative design processes begin with an ambiguous question concerning the “best”
shape needed for the mission of the aircraft, subject to many restrictions [4]. The designers
implement either a classical optimization method or an inverse method, which is based on
determining a shape that may correspond to a prescribed pressure distribution. This is
particularly difficult when a geometry does not exist or is not possible to attain due to
structural limitations [4]. These methods are described in the following table, Table 1 [4]:
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Table 1: Classical Optimization vs. Inverse Method

Classical Optimization Method


Requires generations of design

Inverse Method


proposals to be analyzed for a single

Speed is comparable to that of a single
design

design


Solution is based around the user



The geometry may not exist

assumed form of the answer


Can handle a variety of constraints



Has difficulty handling constraints



If a large optimization code is utilized,



Solution is a direct result of past

the solution is not considered to be

experience and intuition

obtained from past experience or
intuition

We will be focusing on a mixed method for this project. While a classical optimization
method is being used, pieces of an inverse method are displayed throughout the design
process. The components are seen as visual inspection by the designer and comparisons to
existing designs.

Statement of Purpose
Due to the increasing use of aircrafts, designers must focus on improving optimization
techniques concerning optimal shapes, which can lead to improvements on previously
implemented designs through the use of optimization techniques, as well as innovative
designs based on user requirements. The main purpose of this research is to determine if
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one can aerodynamically optimize a geometric model comprised of data control points,
based on lift and drag characteristics and basic constraints, without the use of large data
bases and years of industry’s “common knowledge” within the aerospace profession. It is
believed that one no longer has uses for large airfoil data bases in terms of design and they
may be replaced with faster and more accurate optimization processes. That being said,
these databases may still be beneficial in validation testing for designs created through
optimization.

Definition of Terms
The following is a list of symbols used during various stages of calculations within this
research project. Each symbol is briefly defined below.
𝑝: B-spline curve segment
𝑢: Continuity of curve
𝑁: Basis function of the curve
𝑝𝑖 : Control points of the curve
𝑡𝑖 : Knot values
k: Controller of the degree (k-1) of the polynomial
m: Number of panels
𝑉∞ : Uniform velocity
φ: Velocity potential
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𝑥𝑖 : Horizontal position of the ith control point
𝑦𝑖 : Vertical position of the ith control point
𝑠𝑗 : Panel length
α: Angle of attack
C: Boundary condition based coefficients
𝜃: Orientation angle of the ith panel

Description of the Remaining Chapters
Chapter 2 details a literature review, focusing on current design control techniques, curve
types, design parameters, and optimization methods used in various shape optimization
methods.
Chapter 3 focuses on the materials and methods for this research project. This includes a
definition of techniques, systems and devices and methods used throughout the project
lifetime. This chapter also includes a narrative breakdown of the process used in
completing the research.
Chapter 4 discusses the results obtained through the combined b-spline and genetic
algorithm codes. Images of airfoil shapes in various stages of the optimization process are
displayed and discussed.
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Chapter 5 reviews several topics of interest, including the time taken to run the
optimization trials, abnormal shapes achieved during optimization, and the effect that the
number of control points and panels have on the shape approximations.
Chapter 6 concludes the report with a recap of the main points and discussions found in the
previous chapters. It also includes a discussion concerning possible future work to be
completed to increase the functionality of the b-spline creation and shape manipulation
process.
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Chapter 2: Literature Review
A selection of literature regarding shape optimization techniques were reviewed,
compared, and summarized to illustrate the various techniques used in the domain of shape
development.
Based on the focus of this project, it has been determined that this literature review should
emphasize the following areas: robustness, uncertainty, and reliability, b-spline and
NURBS, and numerical design techniques.

Robustness, Uncertainty and Reliability
Robustness in design can be defined as the somewhat unchanging performance and
insensitivity of a design in the presence of uncertainty [5]. Robustness can also be
identified by the following optimization goals [6]:


Identify designs that minimize the variability of the performance under uncertain
operating conditions.



Mitigate the detrimental effects of the worst-case performance.



Provide the best overall performance of a system by maximizing the expected value
of its utility



Achieve consistent improvements of the performance over a given range of
uncertainty parameters.

Keeping these meaning and ideas in mind, the application of robustness has become a
larger part in the field of design, specifically in the region of aerospace.
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Uncertainty based design methods implements various uncertainties associated with an
engineering problem [7]. Characterizing and managing these uncertainties help develop the
design solution as well as improve an understanding of the problem at hand.
Uncertainties can be broken into two categories: parameter and model form. Parameter
uncertainties focus on characterization aspects and include the following [7]:


Boundary Conditions



Initial Conditions



Computational Parameters



Coefficients

Model form uncertainties differ from the former in that the model forms focus on the
management aspects and include the following [7]:


Systematic Procedures



Design of Experiments Methods



Statistical Process Control Techniques

Reliability based design is yet another domain. Reliability based designs focus on seeking
a solution that minimizes the probability of various failures and probability of attaining or
meeting a performance condition. [7]. Aspects that pertain to reliability based design are
as follows [8]:
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Full scale testing on developed products



Testing for worst case design scenarios



Quantitative analysis Methods

Designers in the field of aerospace have increased their focus toward minimizing the
variability of a design under uncertain operating conditions and mitigating the detrimental
effects of the worst case scenarios of the performance [9]. More resent techniques contain
optimization involving multi objective functions [10]. This is becoming standard in
aerospace design due to the large amount of variables that can influence the performance
such as minimizing weight and increasing safety, as described by Padula [10]. It has also
been observed that these robust objective functions tend to be related to the lift and drag
characteristics of an aircraft due to the great affect they have on the aerodynamic
performance. These are popular choices because they are objective functions of Mach
number values for various airfoil shapes which help generalize the objective [9], of which
information has already been determined through wind tunnel testing [1].
Some would argue that aerodynamic shape optimization is a an example of robust design
instead of reliability design [10]; however the shape characteristics can be incorporated
into a reliability based optimization technique involving a first order reliability method
(FORM) that focuses on aerodynamic criteria, such as the lift and drag aspects of the
design, and maintains an acceptable level of reliability that the criteria is met with[8].
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B-Spline and NURBS
Geometric modeling has become the basis for computer aided design and manufacturing
techniques for a large variety of industries including aerospace, automotive, and energy.
Making consumer products more safe, efficient, affordable, and customizable via shape
optimization are just a few of the advantages of applying geometric modeling to a design
process [11].
Geometric modeling can be displayed as both two and three dimensional curves and
surfaces, respectively. The three dimensional shape projections are built upon the
combined two dimensional components. For example, a Non-Uniform Rational B-spline
Surface (NURBS) is a three dimensional model diagram, built upon two dimensional bspline curve components [12]. According to Samareh, a NURBS curves has five important
properties [13]:


It is invariant under a linear transformation



A NURBS curve of order p, having no multiple interior knots, is p-2 differentiable



The approximation is local in nature



A NURBS curve is contained in the convex hull of its control points



The NURBS approximation is variation diminishing

NURBS have been used in a variety of designs involving flow simulations, from piping to
airplanes to rocket design[12], [14], [15].
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The properties stated above can also be found in b-spline curves, which can be depicted as
the two dimensional cross section of the NURBS surface [11], of which this project is
focusing on in terms of airfoil design.
Various geometries can be modeled using b-spline curves, where the control points
produce smooth, continuous contours [16]. Two dimensional optimization for airfoil
geometry has been used to solve design problems including designs for hypothetical
aircrafts deemed to be used for civil transport and for heavier and faster aircrafts [17].

Numerical Approaches for Optimization Design Techniques
Numerical Design techniques consist of several aspects that help distinguish them from
other design systems. These include [18]:


Assumptions



Verified by experiments



Subjected to mathematical analysis



Interdisciplinary cooperation among designers

These characteristics are features in all the following discussed documents. The research
papers also applied optimization methods to supplement the design techniques used. This
is important, as optimization is a key part to the research being conducted in this project.
Muyl et. al. developed an optimization procedure based on a genetic algorithm approach
and a Broyden-Fletcher-Goldfarb-Shanna (BFGS) approximation, which is an estimate
based on a predetermined hill climbing approach [19]. This technique was validated using
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an example within the automotive industry and was found to be acceptable in terms design
characteristics however remains less than ideal due to computational time and the amount
of varying quantities that can be taken into account. Tang and Periaux took a different
approach to the problem of minimizing drag and applied Pareto and Nash game strategies
[20]. This style of optimization imposed a more numerical slant on the design process,
including focuses on robustness and multi criteria objectives. Other methods build on this
idea of a more robust design, which seem to be applicable in this and similar, types of
research.
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Chapter 3: Materials and Methods
This chapter will introduce the basic components of an airfoil shape, detail the materials
used throughout this research and the procedure that was taken to complete the study. The
materials include b-spline curves, panel methods, and Matlab software.

Airfoil shape
Airfoil shapes are the basis for aircraft wing design. They are the starting point when
considering an aircraft’s mission and help describe the achievable speed and
maneuverability that and aircraft can attain.
Airfoils have six basic components, displayed in Figure 1 below.

Figure 1: Airfoil Components

The leading edge refers to the most forward point on the wing. This is the first point that
will interact with the fluid traveling at a velocity V towards the wing. The trailing edge is
the last point on the wing, viewing it from left to right. While the trailing edge is a part of
the main airfoil, it can be supplemented by extending flaps to give better flight
characteristics. That being stated, flaps will not be taken into account in this project.
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The lower and upper cambers refer to the bottom and top surfaces of the airfoil shape,
respectively, and they refer to the curvature characteristics of the airfoil. The mean camber
is the line that is most equidistant from both the lower and upper cambers [21].
Finally, the chord is a straight line that can be formed between the leading and trailing
edges, along the horizontal reference axis [21].
For this project, the airfoil shapes will always be structured in the manner seen in the
figure above, leading edge to the left and trailing edge to the right. The velocity flow will
also move from left to right.

B-splines
B-splines are curves made of multiple segments, which are defined and influenced by
localized control points. These control points make up a control polygon, which controls
the shape of the b-spline curve that is found within the convex hull of the control polygon
[11]. B-spline curves are represented using the following equation:
𝑝(𝑢) = ∑𝑛𝑖=0 𝑝𝑖 𝑁𝑖,𝑘 (𝑢)

(1)

where 𝑝, 𝑝𝑖 , and 𝑁 represent the curve segment, control points, and basis functions of the
curve, respectively [11]. The basis functions act as piecewise function switches and take on
values of either 0 or 1, depending on the continuity, 𝑢, over each region of the curve.
B-spline curves were chosen above others due to specific advantages and characteristics,
described below.
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Due to b-spline control points having localized influence about the curve, the position of
any one control point can only effect the surrounding curve segments. This suggests that
the entire curve cannot be affected by moving only one control point.
The points along a b-spline curve are approximations in regards to the control points
within the control polygon, rather than an interpolation. The shape optimization process
used in the research depends on data that is randomly generated and relies on the
movement of a point that is determined by an optimization algorithm. This simplifies the
process and allows for local averages to be used which leads to a smoother curve.
Finally, b-spline curves can be controlled intuitively by the user. This intuitiveness comes
from the ease of use and understanding from the movement of control points, leading to
predictable responses from the b-spline itself.
The main disadvantage to using a b-spline cure is that it is a polynomial curve, which
cannot represent simple shapes such as circles and ellipses without significant restrictions
and precise placement of the control points. This study, however, only uses the b-spline to
create an original shape, one which is not, nor needs to be a “simple shape.”
B-spline curves can be broken into a couple of categories. First, b-splines can be defined as
either uniform or non-uniform. Uniform b-spline curves are described using uniformly
spaced, non-repeating knot values, whereas non-uniform b-spline curves implement knot
values that may change spacing as well as an application of increasing, repeating values.
This research implemented non-uniform b-spline curves, which are described using the
following basis function:
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𝑁𝑖,1 (𝑢) = 1
𝑁𝑖,1 (𝑢) = 0

𝑖𝑓

𝑡𝑖 ≤ 𝑢 < 𝑡𝑖+1

𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

(2)

and
𝑁𝑖,𝑘 (𝑢) =

(𝑢−𝑡𝑖 )𝑁𝑖,𝑘−1 (𝑢)
𝑡𝑖+𝑘−1 − 𝑡𝑖

+

(𝑡𝑖+𝑘 −𝑢)𝑁𝑖+1,𝑘−1 (𝑢)
𝑡𝑖+𝑘 − 𝑡𝑖+1

(3)

where k represents the degree (𝑘 − 1) of the polynomial and u defines the continuity of the
curve [11]. It should be noted that to achieve a smooth curve, the degree of the polynomial
must be at least two.
B-splines can also be described as open or closed curves. Open b-spline curves have fixed
ends, known as clamped ends, which correspond to the first and last control points within
the control polygon. Closed b-spline curves have both endless control polygons and
curves, which are presented as continuous as their ends reconnect with the beginning of the
polygons and curves respectively.
For this study, a clamped-closed b-spline curve was used to illustrate the shapes used
throughout the optimization process. The closed curve was needed to describe the airfoil
shape, and the clamped ends gave way to a simplified and known starting point to the
control polygon as well as the b-spline curve itself. While this did introduce a jagged edge
to the curve and an unchanging segment in terms of curvature, it was of little consequence
as the sharp edges became less predominant and the straight components could be
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implemented as the shape became more aerodynamic, as many basic airfoils can employ a
straight structural component.

Panel Methods
Panel methods, or panel codes, are two or three dimensional computer computations used
to calculate fluid flow information, specifically fluid velocity, and display the fluid flow
around an object. These computations can also lead to information concerning the pressure
distributions about the object. This study will focus on the two dimensional aspect of the
panel method and implementing these calculations on airfoil designs.
Panel methods remain advantageous due to low computation time. This can be attributed to
the simplifications made and the small number of elements used in the two dimensional
calculations. For these reasons, panel methods are still used in preliminary airfoil design
and why this method will be used in this research.
The disadvantages of the panel method revolve around its lack of complexity, compared to
that of computational fluid dynamics software. While the panel method allows for one to
simplify a design problem, it does not take into account the more advanced aspects within
aerodynamic design and can only give preliminary design information.
The vortex panel method is a specific variation of the general computation method
previously described. The general panel method does not apply to lifting surfaces, however
the vortex method utilizes fluid circulation about the airfoil shapes allowing for lifting
bodies to be properly analyzed [22].
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The vortex panel method uses a series of discrete, planar panels to approximate the flow
around an airfoil. The airfoil is represented by a closed polygon made of vortex panels with
varying strength [22]. Each panel varies linearly between ends, but remains continuous.
The following image, Figure 2, describes the replacement of an airfoil by vortex panels
[22].

Figure 2: Vortex panels along and airfoil

For an angle of attack of 𝛼, 𝑚 number of panels, and a uniform velocity of 𝑉∞ , the velocity
potential can be determined for each control point. The velocity potential is a scalar value,
dependent on location but not direction. The velocity potential equation is depicted in
Equation 4, below.
𝜙(𝑥𝑖 , 𝑦𝑖 ) = 𝑉∞ (𝑥𝑖 𝑐𝑜𝑠 𝛼 + 𝑦𝑖 𝑠𝑖𝑛 𝛼) − ∑𝑚
𝑗=1 ∫

𝛾(𝑠𝑗 )
2𝜋

𝑡𝑎𝑛−1 (

𝑦𝑖 − 𝑦𝑗
𝑥𝑖 − 𝑥𝑗

) 𝑑𝑠𝑗

(4)

where
𝛾(𝑠𝑗 ) = 𝛾𝑗 + (𝛾𝑗+1 − 𝛾𝑗 )

𝑠𝑗
𝑆𝑗

(5)
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According to Kuethe and Chow, the boundary condition states that the velocity in the
direction of the normal vector, shown in Figure 2 above, must cease to exist at the 𝑖th
control point, such that:
𝜕
𝜕𝑛𝑖

𝜙(𝑥𝑖 , 𝑦𝑖 ) = 0;

𝑖 = 1,2, … . 𝑚

The boundary points are further expressed in the following figure, Figure 3, where the
hallow points represent control points, located at the center of each panel [22].

Figure 3: Panel boundary points on an airfoil

The vortex panel method allows for computing flows in which the effects of
compressibility and viscosity are negligible, making the flow simpler. It also allows for
one to take into account a broader spectrum of shapes, ones less smooth and less
aerodynamic.

(6)
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There is a disadvantage to the vortex panel method computations. The results become
unstable when a large number of panels are applied to an airfoil shape with a pointed
trailing edge.

Genetic Algorithm
Genetic algorithms are stochastic search optimization methods that are based on Darwin’s
theory of evolution [18]. As a stochastic process, this optimization method employs
random distributed generations of possible solutions. Once the initial generations are
created, they are statistically analyzed and compared to one another. Solutions are removed
and replaced by other solutions that have been manipulated based on cross over
manipulations, a roulette wheel process, or a number of other mutation techniques.
Genetic Algorithms and other nature inspired methods are designed to find a global
optimized result, however may take a significant amount of time to do so. The advantages
of running the code longer are in the amount of possible solutions tested and searching the
entire design space for an optimized result.
There are a couple of disadvantages of using a genetic algorithm. First, as discussed above,
the runtime for an optimization program can be lengthy, particularly if the code includes
many constraints that must be tested. Unfortunately, the main disadvantage in running a
genetic algorithm program is that a global optimized result is not guaranteed [18].
However this drawback can be overcome by running the algorithm several times and for
longer periods [18]. This still does not guarantee a global optimum result; however, it does
increase the chances of finding one.
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Genetic algorithms were chosen to implement into this research because this project is seen
as a first step in implementing a more biological inspired approach to airfoil design and
can lead to further development in genetic algorithms, specifically within the manipulation
process. It is believed that the current mutation and crossover influence techniques can be
further developed. This process was chosen over a particle swarm technique because of the
need to search the entire design space. Particle swarm processes have the possibility to get
stuck around local optimal points and for this project we needed to determine a global
optimal value.

Matlab
Matlab, short for Matrix Laboratory, is a type of mathematical computation tool that
includes other software such as Maple, Mathematica, and MathCad [23]. Matlab is widely
used in science and engineering fields, particularly electrical and biomedical engineering.
It is also used in fluid dynamics calculations, such as those found in aerospace engineering.
Matlab has several advantages. First, the software can easily take the place of any scientific
calculator, as it can perform all the same tasks and countless more [23]. Next, Matlab
excels at numerical computations and graphics, but is optimized for matrix calculations
[23]. Finally, Matlab is extremely user friendly, as are the toolbox applications found
within the program.
The main disadvantages to the Matlab software is processing speed and the lack of
availability, due to it not being an open source software. Another disadvantage is its word
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processing capabilities. This program was not built to perform any task such as the
composition or formatting of any document.
Due to its ability to handle numerical computations and display results using detailed plots
and figures, Matlab became the program of choice for the b-spline and optimization
functions.

Process
Generating a realistic airfoil geometry involved several steps, as illustrated in Figure 4.
First, b-spline models were tested within various Matlab codes to determine how to create
realistic geometries that could be molded to generate airfoil designs. Next a panel method
code was applied to the b-spline model code to collect data concerning the lift and drag
characteristics of the produced shape. The measured data is then use to construct the
coefficients of lift and drag of the shape. Finally, a genetic algorithm was applied to the
combined b-spline and panel code, via optimization toolbox found within Matlab. The
combined components of the airfoil optimization process are displayed in Figure 4, below.
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Figure 4: Process of design

The b-spline curves were formulated using the basis functions for six control points and a
polynomial of degree three. To close the b-spline curve, the first three control points were
copied and added to the end of the control point vector, to overlap and fuse the beginning
and the end of the curve. An example of this process is displayed in Figure 5, below.
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Figure 5: Process of creating a closed b-spline curve

In Figure 5, above, the black line represents the control polygon, the orange line represents
the b-spline, and the red ovals encompass the control points that will be superimposed on
one another.
Finally, the curve was tested for realism about the geometry of the shape. Realistic
geometries are defined as those in which the splines do not intersect with themselves with
the exception of the fusion points created from the first and last three control points. Figure
6 displays an example of an unrealistic geometry, created from the b-spline generation
portion of the code.

Figure 6: Example of an unrealistic geometry
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These representative shapes are restricted during formation so that only useful and
moldable shapes are implemented into the panel code and the optimization algorithm.
After construction, the b-spline curve was broken into points, allowing of the panel code to
be applied.
A panel code was implemented to describe the produced geometries using a closed
polygon of vortex panels. The vortex panel code, described by Kuethe and Chow was
modified to calculate the coefficients of lift and drag, ultimately leading to the L/D ratio
[22]. The panel code uses a set number of panels that are determined by the user and the bspline curve points to determine the velocity and pressure distribution. These values are
then used to find the L/D ratio.
The final component to the airfoil design process was implementing a genetic algorithm
optimization method. This was done by representing the b-spline control point coordinates
with a binary bit string. The genetic algorithm works by manipulating the bit string via
crossover manipulation and mutation techniques to produce an airfoil shape that has lift
and drag characteristics needed to meet the user specified L/D ratio. Figure 7 displays an
example of a crossover manipulation used in the genetic algorithm portion of the b-spline
code, while Figure 8 shows an example of a mutation manipulation technique.

28

Figure 7: Crossover operation with a single cut point [18]

Figure 8: Mutation Technique

New shapes are constantly manufactured throughout the optimization process while lesser
profiles, profiles with unfavorable lift and drag characteristics, are disregarded. These
shapes are ranked using the L/D ratio, determined by the panel code, which is observed as
the objective function. As the shapes are transformed, they become more aerodynamic and
eventually reach a point at which they can be considered to maintain an airfoil shape. This
shape development portion of the process is depicted in Figure 8, below.
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Figure 9: Visual shape development process

These results can be compared to user desired results to help guide the optimization
process. That being said, the implementation of the genetic algorithm allows, but does not
guarantee, for the user to determine a global minimum. So one could either wait to see the
eventual result, or monitor the intermediate results and conclude the process at any given
time where the product would be sufficient.

Matlab Code Implementation
Implementing the described process within Matlab required various function files and
integrated scripts. There are five main steps within the Matlab execution process. These
steps include:


Initializing the genetic algorithm



Generate the b-spline curve



Calculate lift and drag characteristics
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Manipulate the b-spline shape



Store and Compare results

For the initialization stage, a user defined number of control points were randomly
generated using a random function within Matlab. The x and y coordinate functions are
depicted in Figure 10, below.

Figure 10: Matlab random functions

The control points created from the functions above were then used to create a control
polygon, which was converted into a binary bit string. Figure 11, below, depicts the
conversion process.

Figure 11: Control point to bit string conversion

The conversion takes each control point component, which is described using five
significant figures, and converts each component into a bit string. Each bit string is then
combined and reshaped to create one all defining bit string that is composed of 224 binary
components. There are a total of eight control points used, which lie in the Cartesian
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planes. Each Cartesian coordinate is constructed of 24 binary components, which relate to
both the x and y positions of the control points. The x and y components are represented by
12 binary components, each. These bit strings were then transferred to the b-spline
objective function, via the genetic algorithm, to generate the b-spline curve.
Generating the b-spline curve was completed by first converting the bit string back to the
form of control points and the control polygon. The control polygon was then used to
create the b-spline curve. This was done using a nested for loop within Matlab, part of
which is shown in Figure 12. A full nested for loop can be seen in Appendix B.

Figure 12: B-spline curve nested for loop

The shape created from the b-spline curve is then evaluated in terms of lift and drag
characteristics. The first step in this part of the process was to deconstruct the b-spline
curve into points of reference. The number of reference points created in the
deconstruction process were defined by the user. These reference points were then used
within the vortex panel method to calculate the lift and drag characteristics of each vortex
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panel, which are approximated along the shape of the b-spline curve. A section of the
vortex panel method is shown in Figure 13, below. Figure 13 depicts the deconstructed x
and y coordinates of the b-spline, Bx and By, being used in the initial steps of the vortex
panel method.

Figure 13: Points of reference used in vortex panel method

Figure 13 also depicts several other variables, including the number of panels used, Np, the
angle of attack applied, alpha, a counter, ip1, and various functions that begin the panel
code evaluation process.
The characteristic calculations along each panel were combined for each b-spline curve
and totaled to output a L/D ratio for each curve.
After the characteristic calculations were completed, the shapes are then manipulated using
mutation techniques, that were discussed previously, built within the genetic algorithm
code.
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Finally, the b-spline curves and corresponding L/D ratios are compared to one another to
determine a desired airfoil shape. The results showing appealing characteristics were stored
and only replaced when more applicable designs matched more closely with the required
user desired results.
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Chapter 4: Results
This chapter discusses the results of the research. First a general results section is
presented, showing possible initial shapes that are to be optimized, followed by a
discussion of various stages of the optimization process corresponding shapes. The next
section discuss specific shapes and their related L/D ratio results. This discussion is
followed by explanations to discrepancies seen within the results.
General Results
The lift to drag ratio based results presented in this document were formed using clampedclosed b-spline curves with five distinct control points along the control polygon, and one
hundred panels. The various results shown in this section were formed from random
control point placement and therefore morph differently throughout the optimization
process.
The images shown in Figure 14 represent initial b-spline configuration possibilities within
the b-spline code.

Figure 14: Initial B-spline Configurations

35

Through calculations, it can be seen that the lift to drag ratios, corresponding to the initial
airfoil configurations, vary between 1 and 100. The use of the genetic algorithm and the
vortex panel method allows for these, and other configurations, to slowly transform into
shapes that retain realistic parameters and reasonable lift and low drag characteristics. Such
structures are presented in the following figures. Figure 15 shows a shape from three
different generation stages of the optimization process. It should be noted that each image
within the figure is displayed on the same size grid due to the setup of the b-spline
objective function. This is of no consequence except to enforce the differences in size and
shape when comparing the airfoil structures.

Figure 15: Intermediate stages of airfoil designs

It can be seen in Figure 10a, that the shape bears similarities to that of a simple airfoil,
specifically the leading edge of such. Note the increasing thickness, from left to right, and
the formation of a symmetric curvature. Given more time, the shape is continually
morphed into more aerodynamic shapes, as seen in Figure 10b. At this stage in the design
process the airfoil has become elongated and has seen a significant decrease in the
thickness. This shape continues to evolve into a more aerodynamic form and the final
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image in this series depicts a mildly less aerodynamic leading edge, however shows a
completed, pointed, trailing edge.
Selected Ratio Results and Corresponding Shapes
This sub- section will discuss the shape optimization process in terms of the shape results,
L/D ratio results and the corresponding genetic algorithm generation and time.
First, in terms of the shape itself, it can be seen throughout various stages of the
optimization process that the shape becomes more aerodynamic as the process goes on.
Table 2 shows several shapes seen at random generations during the optimization process.
The corresponding generation numbers refer to the number of mutations that had occurred
to reach the shape that is portrayed. The time refers to the time, in seconds, needed to
complete the optimization process for the matching airfoil design.
Table 2: Selected L/D Ratio Optimization Results

B-spline
Configuration

L/D Ratio

-0.8733

-0.3094

.79423

.22437

-1.9694

Generation

2

29

35

87

139

Time (sec)

30.589

165.353

196.009

459.510

720.546
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Notice that there are three shapes within Table 2 that have corresponding L/D ratios that
are negative. This can be explained by either downforce or the vortex panel method
limitations.
As seen in the table above, the two first generations displayed showed negative L/D ratios.
It is believed that these values are negative because the lift force was determined to be
negative, which relates to a positive downforce. Downforce is a force that corresponds the
to the air resistance along the airfoil and the gravitational force. It is possible that the first
two shapes did indeed have negative lift characteristics causing a negative L/D ratio.
The second explanation is the vortex panel method limitations. It was explained in a
previous chapter that the vortex panel method is inadequate in dealing with sharp or
pointed trailing edges. Unfortunately, these types of edges were not well defined in the
vortex panel method resources and due to the lack of information it was not compensated
for within the b-spline objective function. Perhaps it would benefit the research to spend
more time on the panel methods and b-spline constraints, to better control the L/D ratio
results.
Table 2 also displays the shapes and how they tend to points towards the lower left corner
of the design space. This was determined to be caused by the original panel code used in
this research. The panel code specifies the velocity travels toward the airfoil shape at a
specified angle of attack. The panel code is set up such that the velocity flows toward the
airfoil shape at a specified angle of attack. When the angle of attack is zero degrees, the
velocity is flowing from the interception points of the x and y axes. It was specified in the
objective function, that the b-spline must be within the positive region of both the x and y
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axes, meaning that the velocity would then be flowing from the point (0,0), which is found
in the lower left corner of the design space. This was concluded to not have a negative
effect on the outcome of the results, as the only issue was in which direction the airfoil
shape was being optimized in.
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Chapter 5: Discussion
This chapter discusses observations found during the design and optimization process, in
terms of runtime of the code, number of panels used in the panel method evaluations, and
number of control points used to describe the b-spline curves. This section also offers
explanations as to why various results were observed.

Time
While normally genetic algorithms work fairly quickly, the combination of the genetic
algorithm and the realistic shape assessments within the functions cause drastic increases
in the computation times. The program designed and implemented in this research tests
each shape for realism by searching for intersections along the control polygon. This is
done using a while loop and examining every point along the polygon. Even though the
time taken to resolve the realism issues causes lags during the calculations, it is necessary
to restrict the possible outcome of unrealistic geometries.
The time needed for the calculations also depends on the number of panels used within the
vortex panel method. The smaller the amount of panels used, the less time the calculations
will take to complete. The weakness of using a reduced number of panels lies in the
approximated shapes. If the number of panels is not sufficient, the shape will not be
evaluated correctly.
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Number of Panels
As previously described, the number of panels directly affects the approximated shape and
the mutation of it. Through iterations of mutations, it was observed that certain shapes
were more likely to appear, yet not all gave accurate results. Figure 16 shows an example
of one such shape along with two achieved shapes, witnessed during the optimization
process.

Figure 16: unrealistic shape results

As the shape is mutated, it has a tendency to fold over itself, creating a crevice in the
trailing edge of the airfoil shape. It was observed that the gap decreases in thickness as the
process goes on. A possiblility for this error was determined to be based on the number of
panels used in the optimization algorithm. As previosly discussed, the panel method used
in this research can be described as panels approximating the shape of an airfoil shape and
used to determine characturistics about the shape. The lower the number of panels, the
more of an approximation the panels take to the shape to be optimized. This becomes a
problem when physical problems, such as the gap, get overlooked. These inferior shapes
seemed to disapear as the amount of panels were increased, however adding more panels
did cause the optimization process to take more time.
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Number of control points
It was observed that the more control points used to create a b-spline curve, the more
precise the shape estimation would become. This can be seen through the relationship
between the control points and the connecting control panels. Five control points were
chosen, not including the three overlain points used to close the curve. This quantity was
chosen due to the success of b-spline operations performed using simple geometric
modeling techniques done by hand and by means of Matlab. This value may be adjusted
within the random initial point generation script file and objective function script file, if
need be.
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Chapter 6: Conclusion
This chapter concludes the research with a brief summary of the research, with final
thoughts about the project and the importance of the research. Future work is also
discussed, followed by final thoughts concerning the project.

Summary of Research
It was hypothesized that one could aerodynamically optimize a shape, such that it displays
characteristics of low drag and high lift, while using numerically defined geometric shapes.
The clamped closed b-spline curves, genetic algorithm, and panel method used in this
project proved to accomplish this task.
Originally, the implemented design process used in this research was meant to be used to
display set of data points and overlay a geometric shape. However, the scope of the project
morphed to focus on aerodynamic shapes specifically, and incorporated a self-defined bspline curve type to achieve the goal of shape optimization.
It was determined that this process can achieve an aerodynamic shape based on basic
constraints and laws governing the flight characteristics of an aircraft. This leads to a belief
that it is possible to optimize any shape to fit the needed parameters of flight, without the
use of large data bases and years of industry’s “common knowledge” within the aerospace
profession.
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Research Conclusions
It has been determined that using b-spline related optimization techniques are not only
capable of improving upon a shape’s aerodynamic properties, but allows for a user to
manipulate most of the shape parameters fairly easily. This was observed during trial and
error sessions, in which the b-spline code was being created as well as integrated with the
panel code.
It has also been concluded that the restrictions and constraints needed to apply this method
to a realistic mission profile are great, and yet achievable. Restrictions and constraints
should be implemented from general to mission specific. General constraints would
include those to only permit realistic geometries while mission specific refer to those that
only apply to a particular aircraft or specific ability that one is designing for.

Research Importance
The importance of this research may be seen in the abilities to manipulate any given shape
to form an aerodynamic profile, without the need of intuition and experience that may only
be gained working in industry. This research has also presented an alternative method to
basic airfoil design, excluding the need for airfoil databases, which may be presented in a
complicated user interface.

Future Work
There are four improvements that can be made to the design method presented in this
research: Implementing other optimization techniques, adding design constraints within the
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airfoil design procedure, expanding the existing 2D airfoil representation into a 3D wing
model, and optimization based on a mission profile.
First, implementing various optimization techniques would be beneficial in determining
faster methods and lower costs. According to Hassan, Cohanim, and Weck a particle
swarm method requires significantly less effort and results in superior efficiency[23].
These effects directly relate to a desired outcome of obtaining an optimized result in a
timely manner without being limited by current methods. Other optimization technique
options could also include gradient based optimization methods.
More design constraints must be added to the design of the 2D airfoil shape. The original
constraints prevent the crossing of the b-spline within the initial generation of the shapes,
however this is not maintained throughout the optimization process. This does not prove to
be of any major consequence, seeing as the unrealistic shapes are removed during the
evaluation stages of the optimization process, but this makes the process more costly in
terms of efficiency and time.
A 3D profile of the wing should be built around the formation of the 2D airfoil design.
This should be done to include as many parameters as possible as to give the user as much
control as possible. This could include, but is not limited to, size parameters, wing tip
design, and topological variations.
Finally, the b-spline design and optimization process should be applied to a mission
profile. This research proved that one can go about designing an airfoil shape, while still
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lacking time and experience from industry. However, this method should be conformed to
fit a specific mission, therefore cementing the results.

Final Thoughts
While conducting background research concerning shape design, it was discovered that the
same shape design techniques used in aerospace design could also be used in the design of
submersibles. The whole idea revolves around designing a shape to be aerodynamic within
a fluid, whether that fluid be air or water.
Biologically inspired design is an avenue that should be investigated further. Particularly
more diverse manipulation techniques could be created and applied to attain more
optimized results. Perhaps an initial population could also be derived from nature, or
possibly a more severe natural selection process could be explored.
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Appendix A: Vortex Panel Code
This section of the appendix will detail more equations used within the vortex panel code.
This section will cover the equations for various coefficients, constants, and velocity. The
following equation were taken directly from the Foundation of Aerodynamics book,
written by Kuethe and Chow.
The following equation represents the boundary conditions for the source panels after
several steps of differentiation and integration.

𝑚
′
∑(𝐶𝑛1,𝑗 𝛾𝑗′ + 𝐶𝑛2,𝑗 𝛾𝑗+1
) = sin(𝜃𝑖 − 𝑎);

𝑖 = 1,2, … . , 𝑚

𝑗=1

where the coefficients are represented by

𝐶𝑛1,𝑗 = 0.5𝐷𝐹 + 𝐶𝐺 − 𝐶𝑛2,𝑗

𝐶𝑛2,𝑗 = 𝐷 +

0.5𝑄𝐹
− (𝐴𝐶 + 𝐷𝐸)𝐺/𝑆𝑗
𝑆𝑗

and the constants are characterized as

𝐴 = −(𝑥𝑖 − 𝑋𝑗 ) cos 𝜃𝑗 − (𝑦𝑗 − 𝑌𝑗 ) sin 𝜃𝑗
𝐵 = (𝑥𝑖 − 𝑋𝑗 )2 + (𝑦𝑗 − 𝑌𝑗 )2
𝐶 = sin(𝜃𝑖 − 𝜃𝑗 )
𝐷 = cos(𝜃𝑖 − 𝜃𝑗 )
𝐸 = (𝑥𝑖 − 𝑋𝑗 ) sin 𝜃𝑗 −(𝑦𝑗 − 𝑌𝑗 ) cos 𝜃𝑗
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𝐹 = ln (1 +

𝑆𝑗2 + 2𝐴𝑆𝑗
𝐵

)

𝐸𝑆𝑗
𝐺 = tan−1 (
)
𝐵 + 𝐴𝑆𝑗
𝑃 = (𝑥𝑗 − 𝑋𝑗 ) sin(𝜃𝑖 − 2𝜃𝑗 ) + (𝑦𝑖 − 𝑌𝑗 ) cos(𝜃𝑖 − 2𝜃𝑗 )
𝑄 = (𝑥𝑗 − 𝑋𝑗 ) cos(𝜃𝑖 − 2𝜃𝑗 ) − (𝑦𝑖 − 𝑌𝑗 ) sin(𝜃𝑖 − 2𝜃𝑗 )

The following describes the self-induced normal velocity at the 𝑖th control point.

𝐶𝑛1,𝑗 = −1

and

𝐶𝑛2,𝑗 = 1

′
𝛾1′ + 𝛾𝑚+1
=0

which can be rewritten as

𝑚+1

∑ 𝐴𝑛,𝑗 𝛾𝑗′ = 𝑅𝐻𝑆𝑖 ;

𝑖 = 1,2, … , 𝑚 + 1

𝑗=1

in which, for 𝑖 < 𝑚 + 1:

𝐴𝑛,1 = 𝐶𝑛1,1
𝐴𝑛,𝑗 = 𝐶𝑛1,𝑗 + 𝐶𝑛2,𝑗−1 ;

𝑗 = 2,3, … , 𝑚

𝐴𝑛,𝑚+1 = 𝐶𝑛2,𝑚
𝑅𝐻𝑆𝑖 = sin(𝜃𝑖 − 𝛼)

For 𝑖 = 𝑚 + 1:

𝐴𝑛,1 = 𝐴𝑛,𝑚+1 = 1
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𝐴𝑛,𝑗 = 0;

𝑗 = 2,3, … , 𝑚

𝑅𝐻𝑆𝑖 = 0

Local dimensionless velocity:

𝑚
′
𝑉𝑖 = cos(𝜃𝑖 − 𝛼) + ∑(𝐶𝑡1,𝑗 𝛾𝑗′ + 𝐶𝑡2,𝑗 𝛾𝑗+1
);

𝑖 = 1,2, … , 𝑚

𝑗=1

in which

𝐶𝑡1,𝑗 = 0.5𝐶𝐹 − 𝐷𝐺 − 𝐶𝑡2,𝑗
𝐶𝑡2,𝑗 = 𝐶 +

0.5𝑃𝐹 (𝐴𝐷 − 𝐶𝐸)𝐺
+
𝑆𝑗
𝑆𝑗

𝐶𝑡1,𝑖 = 𝐶𝑡2,𝑖 =

𝜋
2

Finally, the equations are once again simplified to the following tangential velocity
equation:
𝑚+1

𝑉𝑖 = cos(𝜃𝑖 − 𝛼) + ∑ 𝐴𝑡,𝑗 𝛾𝑗′ ;

𝑖 = 1,2, … , 𝑚

𝑗=1

where the influence coefficients are

𝐴𝑡𝑖1 = 𝐶𝑡1𝑖1
𝐴𝑡𝑖𝑗 = 𝐶𝑡1𝑖𝑗 + 𝐶𝑡2𝑖 𝑗−1 ;

𝑗 = 2,3, … , 𝑚

𝐴𝑡𝑖 𝑚+1 = 𝐶𝑡2𝑖 𝑚
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and the pressure coefficient is

𝐶𝑝𝑖 = 1 − 𝑉𝑖2
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Appendix B: B-spline Objective Function
function [Ratio,clift,cdrag] = B_spline_obj(bit)
%Bspline and Panel code test integraed code
count = 1;%counter for plot
n = 5;%set number of control points
k = 3;%set order of curve

global Control_Points A B p
siz = size(Control_Points);% displays the size of the bit string (number
of rows by number of columns)
num = numel(Control_Points); % number of values in the bit string
bit = reshape(Control_Points, 1,num);% changes the shape of the bit sting
to 1 row and num columns
bit2 = reshape(bit,siz(1:1),siz(2:2));
bit_length = length(bit2);
B = [bit2(1:num/2)];
A = [bit2(num/2+1:end)];
B = reshape(B,siz(1:1),siz(2:2)/2);
A = reshape(A,siz(1:1),siz(2:2)/2);
J_new = bi2de(B)/10000;
K_new = bi2de(A)/10000;
p = [J_new K_new];
%%
%Uniform knot vector, t+1 knots: u0 = 0, u1 = 1/m, u1 = 2/m, ..., um = 1.
m = n+k;
T = linspace(0,1,n-k+2);
T = [ones(1,k-1)*T(1),T,ones(1,k-1)*T(end)];%[ones(1,k1)*T(1),T,ones(1,k-1)*T(end)]
%%
%Creating the B-spline
N_x_points = zeros(k,k);
N_y_points = zeros(k,k);
y = linspace(0,1,1000);
m = size(p,1);
for l = 1:length(y)
t0 = y(l);
id = find(t0 >= T);
ot = id(end);
if (ot > m)
return;
end
N_x_points(:,1) = p(ot-k+1:ot,1);
N_y_points(:,1) = p(ot-k+1:ot,2);
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for i = 2:k
for j = i:k
numerator = t0 - T(ot-k+j);
%special case. For a bspline basis equation, 0/0 = 0
if numerator ==0
Basis = 0;
else
denominator = T(ot+j-i+1)-T(ot-k+j);
Basis = numerator/denominator;
end
N_x_points(j,i) = (1-Basis)*N_x_points(j-1,i-1) +
Basis*N_x_points(j,i-1);
N_y_points(j,i) = (1-Basis)*N_y_points(j-1,i-1) +
Basis*N_y_points(j,i-1);

end
end
values(l,1) = N_x_points(k,k);
values(l,2) = N_y_points(k,k);

%

plot(values(:,1),values(:,2),'b-','LineWidth',4)

end

%%
%Plot
figure(2)
hold on;
if count == 1
for i = 1:n
hold off;
plot(p(:,1),p(:,2),'k-','LineWidth',2);
hold on; box on;
if (i >= k)
plot(values(:,1),values(:,2),'b-','LineWidth',4);
end
plot(p(:,1),p(:,2),'ro','MarkerSize',10,'MarkerFaceColor','r');
end
else
count = 2;
end
hold off
%%
%Exporting specific values to re-plot
values;
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B = (1:1:1000);
Bx =values(B,1);
By = values(B,2);
% figure(2)
% plot(Bx,By)
hold on
POINTS = [Bx By];
%Saving as dat file
% save POINTS.dat

%%
% L/D Ratio
xfoil = Bx;
yfoil = By;
Np = 100;
alpha = 0;
alpha = alpha*pi/180;
Np1 = Np+1;
%
% Compute geometrical characteristics
%
for i=1:Np,
ip1 = i+1;
x(i) = 0.5*(xfoil(i)+xfoil(ip1));
y(i) = 0.5*(yfoil(i)+yfoil(ip1));
s(i) = sqrt((xfoil(i)-xfoil(ip1))^2+(yfoil(i)-yfoil(ip1))^2);
theta(i) = atan2((yfoil(ip1)-yfoil(i)),(xfoil(ip1)-xfoil(i)));
sine(i) = sin(theta(i)); cosine(i) = cos(theta(i));
rhs(i) = sin(theta(i)-alpha);
end
% Assembly the system matrix
%
for i=1:Np, for j=1:Np
if (i==j)
cn1(i,j)=-1;cn2(i,j)=1;ct1(i,j)=0.5*pi;ct2(i,j)=0.5*pi;
else
A =-(x(i)-xfoil(j))*cosine(j)-(y(i)-yfoil(j))*sine(j);
B = (x(i)-xfoil(j))^2+(y(i)-yfoil(j))^2;
C = sin(theta(i)-theta(j));
D = cos(theta(i)-theta(j));
E = (x(i)-xfoil(j))*sine(j)-(y(i)-yfoil(j))*cosine(j);
F = log(1+s(j)*(s(j)+2*A)/B);
G = atan2(E*s(j),B+A*s(j));
P = (x(i)-xfoil(j))*sin(theta(i)-2*theta(j))+...
(y(i)-yfoil(j))*cos(theta(i)-2*theta(j));
Q = (x(i)-xfoil(j))*cos(theta(i)-2*theta(j))-...
(y(i)-yfoil(j))*sin(theta(i)-2*theta(j));
cn2(i,j) = D+0.5*Q*F/s(j)-(A*C+D*E)*G/s(j);
cn1(i,j) = 0.5*D*F+C*G-cn2(i,j);
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ct2(i,j) = C+0.5*P*F/s(j)+(A*D-C*E)*G/s(j);
ct1(i,j) = 0.5*C*F-D*G-ct2(i,j);
end
end
end
%
%
%
for i=1:Np
An(i,1) = cn1(i,1); An(i,Np1) = cn2(i,Np);
At(i,1) = ct1(i,1); At(i,Np1) = ct2(i,Np);
for j=2:Np
An(i,j)=cn1(i,j)+cn2(i,j-1); At(i,j)=ct1(i,j)+ct2(i,j-1);
end
end
An(Np1,1) = 1; An(Np1,Np1) = 1;
for j=2:Np, An(Np1,j) = 0; end
rhs(Np1) = 0;
%
% Solve for vortex intensities
%
gamma = An\rhs';
%
xcen = x-1;
i=1;
while xcen(i+1)>0.99, i=i+1;
end
ista = i;
i=Np;
while xcen(i-1)>0.99, i=i-1;
end
iend = i;
%
%
% Compute Cp, Clift, and Cdrag
%
cx = 0; cy = 0;
for i=ista:iend
v(i) = cos(theta(i)-alpha);
for j=1:Np1
v(i) = v(i)+At(i,j)*gamma(j);
end
cp(i) = 1-v(i)^2;
cs(i+2) = cp(i);
cx = cx+cp(i)*s(i)*sine(i);
cy = cy-cp(i)*s(i)*cosine(i);
end
clift = cy*cos(alpha)-cx*sin(alpha);
cdrag = cy*sin(alpha)+cx*cos(alpha);
cs(1) = clift;
cs(2) = cdrag;
%%
[g,~]=nonlcon();
g=max(g,0);
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% clift = abs(clift);
% cdrag = abs(cdrag);
Ratio = clift/cdrag
toc
Ratio = 1/Ratio
% if Ratio <=0
%
Ratio = 100
% end
% count = 1 +count;
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Appendix C: Random Generation Script File
function [ Control_Points, p ] = B_spline_generate_random( problem, ~ )
n = 5;%set number of control points
k = 3;%set order of curve
ix=n+1;
iter=1;
%%
%Testing for intersecting lines on the control polygon
while length(ix) ~= n
%Defining control points
a = 0;
b = 1;
px = (b-a).*rand(n+k,1) + a;
py = (b-a).*rand(n+k,1) + a;
px(end-2)=px(1);
py(end-2)=py(1);
px(end-1)=px(2);
py(end-1)=py(2);
px(end)=px(3);
py(end)=py(3);
p = [px py];

%
%
%

% mapshow(px,py,'Marker','+')
[ix,iy] = polyxpoly(px,py,px,py,'unique');
figure;
hold on
mapshow(ix,iy,'DisplayType','point','Marker','o')
mapshow(px,py)
hold off
iter = 1+iter;

end
disp('number of iterations');
disp(iter)
global Control_Points
% J = decimalToBinaryVector(round(p(:,1) * 10000));
% K = decimalToBinaryVector(round(p(:,2) * 10000));
J = de2bi(round(p(:,1)*10000),14);%changing points into bit strings
K = de2bi(round(p(:,2)*10000),14);%changing points into bit strings
Control_Points = [J,K];% completing the bit string

siz = size(Control_Points);% displays the size of the bit string (number
of rows by number of columns)
num = numel(Control_Points); % number of values in the bit string
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bit = reshape(Control_Points, 1,num);% changes the shape of the bit sting
to 1 row and num columns
bit2 = reshape(bit,siz(1:1),siz(2:2));
bit_length = length(bit2);
B = [bit2(1:num/2)];
A = [bit2(num/2+1:end)];

end

