
1. Introduction
Observations in the nearshore surf zone at Duck,

North Carolina, by Oltman-Shay et al. [1989] showed
the existence of alongshore propagating disturbances as-
sociated with the presence of alongshore currents. The
observed propagating disturbances have different char-
acter than surface gravity waves because their wave pe-
riods (ndOO s) are too long in comparison with their
wavelength (1OO m) to be gravity waves. Bowen and
Holman [ 1989] used linear analysis to show that the
disturbances could be caused by shear instabilities in
the alongshore currents. Dodd et al. [1992] obtained
good agreement of wavelengths and wave speeds from
observations and from theoretical predictions based on
the most unstable mode from a linear stability analy-
sis using realistic estimates of mean currents and barred
beach bottom topography and including bottom friction
effects.
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Abstract. The nonlinear dynamics of finite amplitude shear instabilities of
alongshore currents in the nearshore surf zone over barred beach topography are
studied using numerical experiments. These experiments extend the recent study
of Allen et al. [1996], which utilized plane beach (constant slope) topography by
including shore-parallel sandbars. The model involves finite-difference solutions to
the nonlinear shallow water equations for forced, dissipative, initial-value problems
and employs periodic boundary conditions in the alongshore direction. Effects
of dissipation are modeled by linear bottom friction. Forcing for the alongshore
currents is specified using a model formulated by Thornton and Guza [1986] (T-G).
Distinct classes of flows develop depending on the dimensionless parameter Q, the
ratio of an advective to a frictional timescale. For Q greater than a critical value
Qc the flows are linearly stable. For z.Q = Qc - Q > 0 the flow is unstable. For
small values of LQ, equilibrated shear waves develop that propagate alongshore at
phase speeds and wavelengths that are in agreement with predictions from linear
theory for the most unstable mode. At intermediate values of Q, unsteady vortices
form and exhibit nonlinear interactions as they propagate alongshore, occasionally
merging, pairing, or being shed seaward of the sandbar. At the largest values of

Q examined, the resulting flow field resembles a turbulent shear flow. A net
effect of the instabilities at large tQ is to distribute the time-averaged alongshore
momentum from local maxima of the T-G forcing, located over the sandbar and
near the shore, into the region of the trough. The across-shore structure of the
time-averaged alongshore current is in substantially better qualitative agreement
with observations than that given by a steady frictional balance with T-G forcing.
The results point to the possible existence in the nearshore surf zone of an energetic
eddy field associated with instabilities of the alongshore current.
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Several fundamental aspects of the dynamical behav-
ior of finite-amplitude shear waves over beach topogra-
phy similar to that at Duck, North Carolina, have yet to
be explained. Why do the disturbances retain wavelike
properties if they are unstable? Is there an equilibration
mechanism at finite amplitude that stabilizes the flow?
How does the resulting flow depend on beach topogra-
phy, dissipation processes, and the alongshore current
forcing conditions? Allen et al. [1996] addressed some
of these questions in a study of nonlinear shear waves
on plane (i.e., constant slope) beaches. Observations
of shear waves, however, have primarily been reported
from field experiments at Duck, North Carolina, on a
beach that includes a shore-parallel sandbar. The pur-
pose of our present study is to extend the work of Allen
et al. [19961 to include barred beaches. The primary
objective is to examine the effect that the barred beach
topography has on the resulting nonlinear flows with
forcing specified by the model of Thornton and Guza
[1986].

With regard to other studies of the finite-amplitude
behavior of shear instabilities we note that some prelim-
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mary results have been obtained by Dodd and Thornton
[1993] using weakly nonlinear theory and by Faiques et
al. [1995], Deigaard et at. [19951, and Ozkan-Haller and
Kirby [1997] using numerical experiments.

The numerical experiments of Allen et at. [1996] in-
volved finite-difference solutions to the nonlinear shal-
low water equations for dissipative, initial-value prob-
lems with idealized forcing. It was shown that the
flow response depends on a dimensionless parameter
Q = pL/Vha, representing the ratio of an advective
to a frictional time scale, where p is the bottom fric-
tion coefficient, VM is the maximum alongshore veloc-
ity, and ho/L is the beach slope. Below a critical value
Qc, the flows are linearly unstable, and disturbances
grow initially at the wavelength of the most unstable
linear mode. For small values of zQ = Qc - Q (O)
the waves equilibrate with constant or time-varying am-
plitudes. For larger values of AQ the unstable waves
evolve into longer-wavelength, nonlinear, propagating,
steady or unsteady, wave-like disturbances.

The barred beach model utilized in the present study
is forced by the Thornton and Guza [1986] alongshore
current model, which is based on a time-averaged mo-
mentum balance between the across-shore gradient of
the wave-induced momentum flux from obliquely inci-
dent, breaking surface waves and the alongshore bed
shear stress. The Thornton and Gina [1986] (here-
inafter referred to as T-G) model has been successful
at predicting observed mean alongshore current profiles
on plane beaches. The model, however, has not been
as successful for barred beaches, where it predicts that
the largest currents will be found over the bar and at
the coast, with relatively small currents in the trough
shoreward of the sandbar [e.g., Church and Thornton,
1993]. Strong alongshore currents are often observed
in the trough, however, in contrast to the predictions
of the T-G model [e.g., Smith et at., 1993]. These dis-
crepancies have led to investigation of other horizon-
tal diffusive processes by which momentum input from
obliquely incident breaking waves could be distributed.
Other approaches have been to include horizontal tur-
bulent eddy diffusivities [e.g., Battjes, 1975; Thornton
and Guza, 1986] or breaking wave roller models that
broaden the region of momentum input [e.g., Svendsen,
1984] in the T-G type models. We purposefully use
the basic T-G model without modification of the forc-
ing mechanism to assess the effects of horizontal mo-
mentum diffusion from current instabilities alone and
to avoid complications from the inclusion of additional
uncertain horizontal diffusive processes.

Several questions concerning the behavior of along-
shore currents when sandbars are present remain unan-
swered. Can the existence of significant mean along-
shore currents in the trough be related to the presence
of instabilities in the alongshore current? Does the T-G
model make reasonable predictions for the forcing from
obliquely incident breaking surface waves, but is the
time-mean momentum then redistributed by Reynolds

stresses associated with the instabilities? Does the pres-
ence of a sandbar change the flow behavior from that
observed over plane beaches? We attempt to address
these questions by conducting numerical experiments.

Our approach is to select barred beach profiles sim-
iLar to topography measured at Duck, North Carolina.
The topography is held fixed for each set of experi-
ments in which the bottom friction coefficient is var-
ied. The observed flow behavior for barred beaches with
T-G forcing is found to have strong qualitative differ-
ences from the behavior obtained for plane beaches. To
examine and verify the generality of these differences,
we present results from experiments with two different
barred beach profiles. We emphasize that in these ex-
periments we focus on a study of the dependence of the
general characteristics of the flow on the magnitude of
Q through variations in the bottom friction coefficient
p and we do not pursue detailed comparisons with field
data. The nature of the flow response is found to be sen-
sitively dependent on the value assumed for the bottom
friction coefficient. Given this sensitivity and the fact
that quantitative representations of bottom frictional
processes in the surf zone are not well established, we
feel the present process-oriented studies are a desirable
prerequisite to studies that attempt direct simulations
of conditions during field experiments.

The paper is organized into four sections. Section 2
contains the problem formulation. The numerical ex-
periments are described in section 3. Section 3.1 in-
troduces the basic flow features, section 3.2 contains
analysis of integrated flow properties, and section 3.3
presents results related to alongshore propagation rates.
A summary and conclusions are given in section 4.

2. Formulation
Numerical experiments involving finite-difference so-

lutions to the shallow water equations for idealized,
forced, dissipative, initial-value problems are utilized to
study the nonlinear dynamics associated with shear in-
stabilities of alongshore currents in the surf zone over
beaches with shore-parallel sandbars. We select the
simplest fluid dynamical system that retains the essen-
tial physics of this problem. The model geometry is
periodic in the alongshore direction and bounded off-
shore of the region of interest by a vertical wall (Fig-
ure 1). Forcing effects from obliquely incident breaking
surface waves are approximated by a steady body force
in the alongshore momentum equation. Dissipation is
modeled by linear bottom friction. Weak biharmonic
friction is included to provide additional numerical dis-
sipation at high wavenumbers in the finite-difference so-
lutions. The rigid-lid approximation is also invoiced.

The governing shallow water equations are employed
in dimensional form as

(hu) + (hv) = 0, (la)

Pa, UUt +uu +vu = -- vV4u, (lb)
PU



L(Y)

Figure 1. Schematic of the model geometry showing
the computational domain. Details of the beach profiles
are described in Appendix A.

Py vVVj+UVx+VVy=P
h

vVv, (ic)

where Cartesian coordinates (x, y) are aligned across
shore and alongshore, respectively, with x = 0 at the
coast, t Is time, (u,v) are velocity components in the
(x, y) directions, p is pressure, Po is the constant fluid
density, h = h(x) is the depth, p is a bottom friction
coefficient, and ji is a small biharmonic diffusion coef-
ficient. A steady forcing term F = popV(x,y)/h(x) is
applied to the y momentum equation to represent mo-
mentum input from breaking surface waves.

Dimensionless variables are formed using the charac-
teristic scales (Ls, h0, V) for a horizontal length scale,
a depth scale, and a velocity, respectively. The charac-
teristic velocity Vm is related to the magnitude of the
forcing based on scaling appropriate for a steady, y inde-
pendent, forced flow balanced by bottom friction and is
chosen as the maximum of the forced profile VTGE (de-
fined below). We choose the horizontal length scale Ls
as the across-shore distance from the coast to the x po-
sition of the crest of the sandbar where the depth of the
water is h0 = h(x = Ls). The rigid-lid approximation
is utilized based on the assumption that the character-
istic timescale is the advective timescale tc = Ls/Vm
and on the scaling estimate that V, << 9h0, where g
is the acceleration of gravity [e.g., Bowen and Ifolman,

19891. The latter condition is reasonably well satisfied
for typical scale values Vm 1 m r' and h0 2 in.
With dimensionless variables denoted by stars we have

V = V*Vm. (2C)

The equations in (1) in dimensionless variables (drop-
ping the stars) are

(hu) + (hv) = 0 , (3a)

Ut + Uttz + VU9 = Pr - R'V4u, (3b)
IL

Vt +UV+ VV = -
QVV R'V4v , (3c)

where
= p Lg/(V4 h0) (4)

ft = v/(VmL). (5)

In general, we consider R' <C 1 so that Q is the pri-
mary dimensionless parameter upon which the solutions
depend. Note that Q represents the ratio of an ad-
vective timescale Ls/Vm to a frictional timescale ho/p.
The numerical experiments reported here are performed
in dimensional variables. The dynamical similarity for
a specified beach bathymetry indicated by the dimen-
sionless equations (3) and the dependence on the di-
mensionless parameters Q and R' can be recovered,
of course, by rescaling. Henceforth we use (1) and di-
mensional variables.

The basic geometry of the model is shown in Figure
1. The (x, y) dimensions of the domain are (L',
The model is periodic in the y direction with period

= 1200 in or = 1280 in. Experiments with
longer alongshore domains 1700 c ct 2560 m have
been conducted and demonstrate that the results ob-
tained here are independent of the choice of We
choose (= 1000 m) large enough that the behavior
of the flow is not influenced by the finite domain size in
x. Figure 1 shows a sandbar located offshore (Appendix
A) and an alongshore velocity profile characteristic of
those predicted by the T-G model (Appendix B).

The numerical model is described in detail by Allen
et at. [1996]. It is a finite difference model written in
conservation form on a staggered (C) grid using Adams-
Bashforth time stepping and a direct Poisson solver to
obtain the pressure field. The grid spacing is uniform
(Ax = Ay) and set at either 2.0 or 2.5 m and the time
step At 0.2 s. The biharmonic friction coefficient
v = 1.25 m4 s for 2.0 m grid resolution or v = 2.5
m4 s for 2.5 m grid resolution. With Ls lOOm and
Vm 1 m sfl', (5) gives R' 10-6 << 1 so that the
biharmonic friction, which adds numerical damping at
small length scales (4 m), has little influence on the
dynamics of the instabilities of interest here.

The boundary conditions in x correspond to no nor-
mal flow at the shore and at the offshore boundary, i.e.,

hu=0 x=O,L(t). (6)

The hiharmonic diffusion operator requires the addi-
tional boundary conditions

u=v=v2,=0 x=O,L. (7)

(x,y) = (X*,y*)LS,

=

(2a)

(2b)

/L = (2c)

(u,v) = (u*,v*)Vnz,

p = p?poV,,

(2d)

(2e)
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Two representations for the beach bottom topog-
raphy h(x) with shore-parallel sandbars are utilized.
These are described in Appendix A and shown in Fig-
ure 2. Also shown in Figure 2 are velocity profiles de-
rived from the Thornton and Cuza [1986] model (Ap-
pendix B) which represent the effective forcing as de-
scribed below.

The T-G model predicts steady state frictionally bal-
anced alongshore currents VTG for specified wave field
parameters using an approximate steady alongshore
momentum balance between the gradient of the radi-
ation stress (or wave-induced momentum flux) and the
bottom stress. The submodel parameters are speci-
fied in Appendix B. The parameter that distinguishes
the resulting velocity profiles is the linear coefficient of
bottom friction .t. For these experiments, bottom fric-
tion coefficients are examined across a range of p val-
ues appropriate for nearshore environments [e.g., Dodd,
1994]. Values of ,u used for beach 1 (Figure 2, top)
are p = 0.00060, 0.00087, 0.00116, and 0.00145 m s1.
For beach 2 (Figure 2, bottom), p = 0.00085, 0.00142,
0.00256, and 0.00369 ms1. If we consider p = C1 FtLrmsl,
where Urms is the wave orbital velocity and assume

2.0

VTGE

1.0
(ms1)

0

h 4.0
(m)

8.0

0,00060
0.00087
0.00116
0.001 45

100 200 300 400 500
x (ml

0.00085
0.00142
0.00256
0.00369

Ittrms 0.3 m [e.g., Dodd, 1994], then the speci-
fied values of p correspond to values of C1 in the range
0.002 - 0.012.

For these experiments we utilize the forcing V(x, y)
in (ic) as obtained from the Thornton and Cuza [1986]
submodel with small y dependent perturbations added,
i.e.,

V(x,y) = VTG(X) [1 + fb(y)] (8)

where

fb(y) = cbcos (2jy/L - (9)

For the experiments presented below = 0.001, J =
12, and represent random phases. The sensitivity of
the results is examined for different values of between
10- ' and 0.1. It was found that the long time behavior
(t > 5 h) of the flows is independent of the perturbation
amplitude over this range.

The VTG profile for barred beaches results in rela-
tively large gradients and large values near the beach at
x = 0 as a result of the assumption that all of the shoal-
ing wave energy is dissipated as the wave reaches the
shore. This approximation is less realistic for steeper
beaches as some wave energy is reflected offshore [e.g.,
Elgar et al., 1994]. Because of the unrealistically large
gradients of VTG between x = 0 and 30 m, biharmonic
diffusion in (ic) plays a role in this region. Conse-
quently, in order to obtain an expression for the along-
shore velocity that would result in a steady balance of
T-G forcing with friction, we define VTGE(X) as the so-
lution to

vV4vTGE+VTE/VT) =0, (10)

with boundary conditions (7), and we regard VTGE(X)
as representing the effective forcing. For x > 30 m, bi-
harmonic diffusion plays a minor role in the momentum
balance, and there is no noticeable difference between
VTGE and VTG.

The velocity profiles VTGE associated with beach 1
(Figure 2, top) have three distinct maxima located at
approximately x = 20, 125 and 250 m. We will some-
times consider these separate velocity peaks to be dis-
tinct alongshore jets. Most of the momentum in the
velocity profile on beach 1 is contained in the jet cen-
tered at 125 m, which is -'55 m seaward of the bar crest.
There is very little forcing of the alongshore velocity in
the trough located near x = 50 m. The forcing velocity
profiles VTGE for beach 2 have two distinct alongshore
jets. The inner jet reaches a maximum at x = 15 m
and decreases to a minimum in the trough at x = 45 m.
The outer jet has a maximum at x = 90 m just outside
of the bar crest at x 80 m.

The most dynamically significant difference between
the velocity profiles on beaches 1 and 2 is that there
is stronger shear (i.e., a narrower jet) in the offshore

2.0

VTGE

1.0
(ms1)

0

h 40
(m)

8.0
0 100 200 300 400 500

x(ml
Figure 2. Beach profiles h(x) for (top) beach I and for
(bottom) beach 2 and velocity profiles VTGE(X) from the
Thornton and Guza [1986] submodel for different values
of.z (m s').
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jet on beach 2. Bowen and Holman [1989] and Allen
et al. [1996] showed that an increase of the shear off-
shore of the maximum in the velocity profile can lead
to an increase in the growth rates and to a decrease in
the length scales of the instabilities that develop in the
alongshore currents.

For analysis of the experiments it is useful to define
the following variables and averaging operations. The
vertical component of vorticity is

= - uy (11)

and the potential vorticity is q = c/h. From (la) a
transport stream function may be defined such that

hu=t,, hv=. (12)

The alongshore and time averages of a quantity are
given by

v(x,y,t)dy, (13)

(v)=kft, v(x,y,t)dt, (14)

3. Results
3.1. Basic Flow Features

The linear stability of the forced velocity profiles over
barred beach topography is determined in the standard
manner [e.g., Drazin and Reid, 1981]. Solutions of the
form

= Re{(x)exp[ik(y - (c,. + ic)t)]} (19)

for the perturbation streamfunction / are obtained nu-
merically from the linearized potential vorticity equa-
tion as a function of the alongshore wavenumber k. The
method of solution, discussed in Appendix C, is similar

where huv = hüi.

v(x, y, t) = (v) + v'(x, y, t)

v(x,y,t) =1Y+i3(x,y,t)

v(x,y,t) = () +(x,y,t).
For the across-shore velocity u we note that with h =
h(x) and periodicity in y, (la) implies i = 0. Using
(10), the time- and alongshore-averaged p momentum
equation (ic) can be written

/ (VVTGE)
+Kuv4(v - VTGE)) = 0,

(18)

to that utilized in Allen et al. [1996], with the exception
that the biharmonic diffusion terms are included here.
The real part of the phase speed c,. gives the along-
shore rate of propagation of the linear modes, while the
imaginary part multiplied by k gives the growth rate
kc. Positive values of kc1 indicate unstable modes while
negative values indicate modes that decay in time.

The growth rate kc for the most unstable linear mode
is plotted as a function of k for beach 1 in Figure 3
(top) for different values of the bottom friction coeffi-
cient p. The velocity profiles used in the linear stability
calculations are the VTGE profiles (Appendix C). Fig-
ure 3 shows that all of the velocity profiles are linearly
unstable at the specified values of p with the fastest-
growing linear mode for beach 1 having a wavelength of

260 m. The growth rates increase as p is decreased.
The e-folding times of the fastest-growing linear modes
for beach 1 are 3.5, 5.7, 10.0, and 20.7 mm. For the
high friction case, p = 0.00145 m s1, unstable modes
are predicted for wavelengths between 190 and 472 m,
while the low friction case, p = 0.00060 m s1, has pos-
itive growth rates for a larger range of wavelengths be-

0.00

0.00

0.02 0.04
k (m')

0.04 0.08
k (m')

Figure 3. Results of the linear stability calculations
for the alongshore velocity v = VTCE(X) in terms of
growth rate kc1 versus alongshore wavenumber k for
(top) beach 1 and (bottom) beach 2 at different values
of p (m s'). The values of the wavelength ) 27r/k
m at the maximum growth rate are indicated.

0.00085
0.00142
0.00256
0.00369

0.06

0.12

where Lt = - t. Variables, such as the alongshore
velocity, may be divided into mean (time average, along- 0.005

0.00060

0.00087
-

260 m

shore average, or time and alongshore average) and fluc-
tuating parts, as defined by kc. (s') 0.00116

0.00145
0.003

0.001

0.0 13 130 m

kc1 (s')

0.009

0.005

0.001
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Table 1. Parameters From Experiments on Beaches 1 arid 2

The bottom friction coefficient p, the governing dimensionless parameter Q (4), Q/Qc (Qc -
Q)/Qc, the maximum of the forcing profile VTGEm, the maximum of the observed time-averaged along-
shore current (V)m and the observed alongshore propagation velocity c0.

tween 126 and .-..'lOOO m. For p > Pc = 0.00182 m s

the flow is linearly stable. We denote the corresponding
critical value of Q as Qc, such that for Q Qc the flow
is linearly stable.

The growth rates for beach 2 are presented in Fig-
ure 3 (bottom). The values of p used on beach 2 are
significantly higher than those used on beach 1 be-
cause in this case the profiles are more unstable, so
that p = 0.00482 iii s is approximately a factor
of 2.6 greater than beach 1. The e-folcling times of the
fastest-growing modes for beach 2 are 1.5, 2.5, 5.3, and
12.9 mm for these values of p. The fastest-growing lin-
ear modes have alongshore wavelengths of 130 m for all
values of p.

Parameters for the experiments on both beaches are
presented in Table 1. The ratio zQ/Qc = (Qc -
Q)/Qc gives a measure of how far from the critical
stability condition the experiments are conducted. We
note that the range of values for LIQ/Qc is similar for
each beach.

The numerical experiments are started with the fluid
at rest and run for 20 hours duration. Time series of the
across-shore velocity u at a location 125 m offshore for
beach 1 are shown in Figure 4. For p = 0.00145 m s1,
fluctuations develop into a regular pattern of oscilla-
tions with an amplitude of about 0.13 m s after a
time of approximately t = 6 hours. The regularity of
the fluctuations corresponds, as will be shown, to pe-
riodic wave-like behavior. As the bottom friction coef-
ficient p is decreased, the amplitudes and frequencies
of the oscillations in the u time series increase, and the
fluctuations become more irregular.

Time series of the u velocity for experiments on beach
2 at x = 100 m are shown in Figure 5. The experiments
again cover the range from regular to strongly irregu-
lar oscillations. Above a frictional value of p = Pc =
0.00482 m s1 the flow is stable, and no fluctuations are
observed. The magnitude of the regular fluctuations
in u for p = 0.00369 m s is 0.07 m s. For the
more irregular cases at lower values of ,u, there appears

to be an asymmetry to the fluctuations. The positive
(offshore) velocities have greater magnitudes than the
negative (onshore) velocities. The time mean of the u
time series is near zero as expected from continuity for a
homogeneous flow. The asymmetry in the fluctuations
shows stronger offshore current fluctuations, localized
in time, compensated for by longer periods of weaker
onshore flow.

Note from Figure 4 that the observable growth of
the disturbances occurs at later times for the higher

Beach /1,

m
Q LQ

Qc
VTGE,n,

m s

<V>m,
m s1

GO,

m s

1 0.00145 0. 1809 0.364 0.5822 0.4827 0.2686
1 0.00116 0.1158 0.593 0.7277 0.5 199 0.3062
1 0.00087 0.0665 0.766 0.9647 0.5919 0.4346
1 0.00060 0.030 1 0.894 1.4490 0. 7498 0.5463
2 0.00369 0.4382 0.408 0.3931 0.3298 0. 1770
2 0.00256 0.2134 0.712 0.5600 0.3830 0. 1880
2 0.00142 0.0676 0.909 0.9809 0.4943 0. 2283
2 0.00085 0.0250 0.966 1.5875 0. 65 12 0.4583

0.2
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0.2
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-0.2
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Figure 4. Time series of across-shore velocity corn-

ponent u(xo,yo,t) (iii s') at TO = 125 m, = 0
from experiments on beach 1 with different values of
p from top to bottom p 0.00145, 0.00116, 0.00087,
and 0.00060 m s*
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Figure 5. Time series of
ponent u(xo,yo,t) (m s1)
from experiments on beach
p from top to bottom p =
and 0.00085 m s*

10 15 20
t (h)

across-shore velocity corn-
at 10 = 100 m, ho = 0
2 with different values of

0.00369, 0.00256, 0.00142,

frictional cases as expected from the results of the lin-
ear stability analysis. In general, at a fixed p the
time of initial observable growth of the instabilities de-
perids on the amplitude of the forcing perturbations
(8), with shorter times found for larger amplitude per-
turbations. This dependence is illustrated on beach 1
for p = 0.00087 m s1 by time series of the across-
shore and alongshore velocities for values of E = 10
and 10_i for t < 5 hours in Figure 6. In the experi-
ment with = iO3 (as in Figure 4) it takes '-'l hour
for the disturbances to create across-shore velocities
>0.05 m s1. For = iO the across-shore veloci-
ties reach this threshold in -'30 mm. Time series of
the alongshore velocities at the same location indicate
that the fluctuations begin after v has reached a value
of '0.5 m s1, which takes '-30 mm under these forc-
ing conditions. Since the time of development of the
instabilities depends on the perturbations present, we
do not attach particular significance to the initial flow
behavior. Additional details of the flow development
during periods of initial linear growth are presented in
Appendix D.

The vorticity fields from experiments over beach 1 at
t = 15.3 hours and beach 2 at t = 10 hours are shown
in Plate 1. The p = 0.00145 rn s1 experiment shows
a very regular pattern with five positive vortices in the
alongshore direction centered -'90 m offshore. The pos-
itive vortices have an across-shore dimension of -'100 m,

spanning the region from the bottom of the trough at
x = 43 m to approximately x = 140 m, which is off-
shore of the crest of the sandbar and the maxima of
VTCE. The alongshore length scale for these vortices is
256 m, close to the length scale predicted for the fastest-
growing unstable linear mode in Figure 3. The vortices
maintain their coherent structure and propagate along-
shore at a constant phase velocity c = 0.2686 m s
determined, e.g., from the wavelength and period of the
regular fluctuations in the u time series (Figure 4). We
describe this type of flow behavior as an equilibrated
shear wave. In this experiment, when the waves reach
finite amplitude, they adjust the time mean current in
a manner that stabilizes the flow as discussed iii more
detail in section 3.3.

In the second experiment, with p = 0.00116 m s, a
pair of vortices of opposite sign (loosely termed dipoles,
even though the vortices are of finite size and possibly
of unequal strength) located offshore at x = 300 m and
y = 200 m are evident. Except for this localized distur-
bance the nearshore jet is similar to but slightly more ir-
regular than the p = 0.00145 m s1 case, with coherent
alongshore propagating vortices over the sandbar and
in the trough. Again, there are five clearly discernible
vortices located over the sandbar, but in this case the
positive vortices are observed to pulsate, stretch, catch
up, and merge with one another. Occasionally, vortices
will break away from the alongshore current and move
offshore.

1.0
V

0.5

0

0 1 2 3
(h)

Figure 6. Time series of across-shore velocity compo-
nent u(xo,yo,t) (m s') and alongshore velocity com-
ponent v(xo,yo,t) (m s1) at X = 125 m, ho = 0 from
experiments on beach 1 for p = 0.00087 m s1 with
different values of the perturbation amplitudes in (8),

= iO and 10_i. Note the difference in scale for ii
and v.
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p. =0.00145 p. =0.00116 p. =0.00087 p. =0.00060
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Plate 1. Contour plots of vorticity ((x,y,t) (r') fields at t = 15.3 hours for experiments on
(top) beach 1 and at t = 10 hours for experiments on (bottom) beach 2 with different values of t
(m s_1). The blue contours indicate positive vorticity, yellow and red regions represent negative
vorticity, and the green background regions have near-zero vorticity.
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For the lower friction cases (p = 0.00087 and
0.00060 m s1) the vorticity fields become progressively
more complex. There is an increased rate of vortic-
ity shedding from the alongshore current. Frequently,
the shedding involves vorticity of both signs, which de-
tach into dipole structures. The dipoles are observed
to propagate offshore and reach distances of 400-750 m
from the coast. In addition, the vortex structures in
the alongshore jet have become more disorganized but
retain length scales of -.250 m.

For the lowest frictional case, p = 0.00060 m
the region outside of the sandbar from x = 250 -
750 m contains an energetic eddy field created by eddies
shed from the alongshore currents. The eddies persist
for '-1-2 hours, which is consistent with a frictional
timescale tp = h/p in the range 42 tp 139 mm
for 1.5 < h < 5.0 m. It is common for eddies with pos-
itive vorticity (blue) to appear to last longer than ed-
dies with negative vorticity. This feature is apparently
related to the fact that the central peak of the VTGE
jet has stronger positive vorticity in the region between
60 < x < 125 m than negative vorticity in the region
between 125 < x < 170 m (Figure 2.) This asymme-
try evidently contributes to making the positive vortices
shed from the jet generally stronger than the negative
ones, thus leading to the impression of greater persis-
tence. The p = 0.00060 m s case has the appearance
of a turbulent shear flow. The alongshore length scales
in the nearshore region 50 < x < 200 m are difficult
to characterize visually, but the flow appears to retain
energy around the 250 m scale found to dominate at
the higher values of p.

Instantaneous vorticity fields from the experiments
over beach 2 at t = 10 hours are shown in Plate 1
(bottom). For values of p > PC = 0.00482 m s1
the flows are linearly stable and no waves develop. At
p = 0.00369 m s' the flow develops into a propa-
gating equilibrated shear wave with alongshore wave-
length of 133 m. The phase speed of the waves is
co = 0.177 m s1. Equilibrated flows of this type are
established for frictional values between approximately
0.0033 <p < 0.0043 m s. Transition to more irregu-
lar flows occurs gradually near p = 0.0033 m s1.

For p = 0.00256 m s the vorticity field in Plate 1
-'& '-'b''

of about 200-300 m. These features remain confined to
the outer region of the current, where they form fronts
of vorticity, roll up, and sometimes merge with the dis-
turbances in front or behind in an irregular manner.
This behavior is reminiscent of that found over plane
beaches by Allen et al. [1996].

At the lower frictional values, p = 0.00142 and
0.00085 m s, the vorticity fields become progres-
sively more complex and resemble turbulent shear flows
in which eddies are formed in an unsteady manner
and either propagate alongshore or break away from
the current and move offshore of the sandbar. For
p = 0.00142 m s1 an offshore propagating dipole may

be seen at approximately (x, y) = (400, 100) m. In the
experiment with p = 0.00085 m s1 the nearshore re-
gion is populated with energetic eddies. An event has
just occurred at (x, y) (400, 800) m where a pos-
itive (blue) vortex has "sheared out" and destroyed
its weaker companion negative (red) vortex, creating a
weakly negative (yellow) circle around the core of posi-
tive vorticity. This process is frequently observed in the
experiments and occurs when the weaker member of an
offshore propagating dipole is elongated by the shear
from its partner of opposite sign. When this occurs,
offshore propagation stops and the remaining vortex
spins down from bottom friction with little change in
position unless another vortex approaches close enough
(100 m) to interact. Often, opposite-signed vortices in
the offshore region set one another in motion, propagat-
ing along curved paths if they are of unequal strength.
Occasionally, two vortices of the same sign will orbit
one another or merge to form a stronger vortex.

The vorticity fields from experiments on beaches 1
and 2 in Plate 1 show that there are several different
flow regimes that can develop from nonlinear instabil-
ities of alongshore currents. Four general categories of
flows that develop include (1) equilibrated shear waves,
(2) fluctuating eddies confined to the current, (3) fluc-
tuating eddies that are primarily confined to the cur-
rent but with some eddies that break away from the
alongshore jet, and (4) a turbulent shear flow in which
the energetic eddy field in the alongshore current fills
the nearshore region and continuously sheds eddies that
populate a region offshore of the sandbar. Similar qual-
itative results are found for both beaches 1 and 2 and
also in additional experiments not presented here with
other beach bathymetries, alongshore domain lengths,
and/or wave field forcing conditions. Thus the qual-
itative nature of resulting flows appears to be robust
for barred beaches with forcing from the Thornton and
Cuza 1986J submodel and appears to be independent
of the specific beach profile used in the model.

3.2. Flow Properties
The time- and alongshore-averaged perturbation ki-

netic energy KE = (i2 + 132) for experiments over
beach 1 and beach 2 are shown in Figure 7 as a func-
tion of x. For the cases with the lowest bottom friction,
p = 0.00060 m s (beach 1) and p = 0.00085 m s
(beach 2), significant perturbation energy extends be-
yond 500 m offshore. For the equilibrated shear wave
cases (largest p values) the perturbation energy is con-
fined within the region of forcing of the alongshore jets
(within 175 and 125 m of the shore). Note that for
beach 2, there is very little perturbation kinetic energy
in the inshore region x < 40 m. In general, as the bot-
tom friction decreases, the kinetic energy in the per-
turbations increases, and the distribution broadens and
spreads offshore. The maxima of perturbation kinetic
energy generally occur at the location of strongest mean
alongshore velocities, i.e., at x = 80-90 m.
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(0.0245 m',0.0066 s-'). Approximately 2 orders of
magnitude more energy are found at this (k, w) point
than at any other point. The corresponding wavelength,
A = 2ir/k = 256 m, and the period T = 27r/w = 953 S.
This wavelength agrees with the estimate from the vor-
ticity field in Plate 1, which shows five disturbances
with alongshore length scales of 256 m each, and this
period agrees with that estimated from the u time series
in Figure 4. Note, additionally, that there is also a lo-
cal energy maxima at (k,w) = (0.049 m,0.0132 s')
corresponding to twice the (k, w) values of the maxi-
mum in energy. For the lower friction cases the spec-
tra show progressive spreading of the energy to higher
and lower wavenumbers and frequencies. For p =
0.00116 m s1, with larger fluctuations, the energy is
in a fairly narrow band, around the line w = 0.30k,
suggestive of nondispersive waves moving at the phase
speed c0 = 0.30 m s1. For the two lowest friction
experiments the energy is spread to higher wave num-
bers and to higher frequencies. The energy is still con-
centrated about a line representing a linear relation
between w and k but fills a wider band about that
line. The (k,w) points of maximum energy for p =
0.00116, 0.00087, and 0.00060 m s1 are (0.0196 m1,
0.0060 s'), (0.0196 m1, 0.0085 s-'), and (0.0209 m',
0.0114 s'), respectively.

The dominant phase speeds of alongshore propaga-
tion (co = c/k) can be estimated by utilizing the (k,)
points of maximum energy. For the highest friction case
p = 0.00145 m s, the phase speed of the most ener-
getic mode is 0.269 m s which agrees with the pre-
vious estimate. Details of the dominant phase speeds
from each of the cases and their relationships to the
mean velocities are discussed in section 3.3.

The v(x0, y, t) spectra (Figure 8, bottom) for experi-
ments on beach 1 include similar distribution of energy
to the u spectra with two main differences. First, the
v spectra contain energy maxima at k = 0 owing to
contributions from 11 not present in u and correspond-
ingly higher energy at low values of k and w. Second,
at higher k and w the v spectral levels are not as large
as those of u.

To examine the effect of the alongshore domain length
L() on the flow, additional experiments were run with
L) = 2560 and 2400 m for bottom friction coefficients
of p = 0.00087 and 0.00060 m s1, respectively.
These experiments produce results essentially equiva-
lent to those obtained with 1280 and 1200 m. In
particular, the resulting (w, k) spectra for u(x0, y,t) and
v(xo,y,t) are nearly identical to those shown in Figure
8. In an additional experiment with p = 0.00145 m s
and = 1920 m, the flow develops into seven equi-
librated waves with wavelengths of 274 m. This wave-
length corresponds to the integral value nearest to that
of the fastest-growing linear mode (Figure 3). We con-
clude that the important flow characteristics found in
the basic experiments with = 1280 and 1200 m are
independent of the choice of

200 400 600
x (m)

0 200 400 600
x (m)

Figure 7. Alongshore- and time-averaged perturbation
kinetic energy density 0.5(ü2 + i2) as a function of x for
(top) beach 1 with p = 0.00145, 0.001 16, 000087, and
0.00060 m s1 and for (bottom) beach 2 p =0.00369,
0.00256, 0.00142, and 0.00085 m s where the energy
density increases with decreasing p. The time averages
are for 12 hours from t = 8 to 20 hours.

The differences between the equilibrated shear wave
regime and the progressively more unsteady cases at
lower friction are illustrated by the alongshore wave-
number-frequency spectra of the across-shore and along-
shore velocities in Figures 8 and 9. The spectra in
Figures 8 and 9 are calculated from u(xo, y, t) and

y, t) where the offshore location X (specified in
the captions for Figures 8 and 9) is generally close to
the location of the maximum of VTGE. We examine
the u spectra from the beach 1 experiment in Figure
8 first. For the highest friction p = 0.00145 m s1,
the energy is strongly localized at the point (k,w) =
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Figure 8. Alongshore wavenumber-frequency (k, ) spectra for (top) the across-shore velocity
u(x0, y, t) and for (bottom) the alongshore velocity v(xo, y, t) from experiments on beach 1 with
the following values of Ii: 0.00145 (case a), 0.00116 (case b), 0.00087 (case c), and 0.00060 (case
d) m s1. The spectra are calculated utilising Fourier transforms in y and t for an 18 hour
portion of the experiments (from t = 2 to 20 hours) at the offshore location x0 = 125 m for the
first three cases and at x0 = 100 m for the case of z = 0.00060 m The spectra are calculated
using a cosine taper on the first and last 10% of the time series, and the resulting spectra are
band averaged over 10 frequencies. The contour levels are 10_i, 100, and 101 m2

The wavenumber-frequency spectra for experiments
with beach 2 are shown in Figure 9. The results are
similar to those from beach 1. At high friction =
0.00369 m s1, nearly all of the energy is concentrated
near a single frequency, = 0.0083 s, with some

0.04

0)
(s')

0

0.04

(0
(s_i)

0.06 0 0.06 0 0.06

energy also evident at the first harmonic, w = 0.016 s.
As for beach 1, at the lower frictions the energy is spread
to higher wave numbers and to higher frequencies but
is still concentrated about a line representing a linear
relation between w and k. Note that the vertical axis

0 0.06 0 0.06 0 0.06 0 0.06
k(m1)

Figure 9. AJongshore wavenumber-frequency (k, w) spectra for (top) the across-shore velocity
u(x0, y, t) and for (bottom) the alongshore velocity v(xo, y, t) from experiments on beach 2 with
the following values of i: 0.00369 (case a), 0.00256 (case b), 0.00142 (case c), and 0.00085 (case
d) m s. The spectra are calculated as in Figure 8 for an 18 hour portion of the experiments
(from i = 2 to 20 hours) at the offshore location x0 = 100 m. The contour levels are 10-1, 10°,
and 101 m2 s2.
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extends to higher frequencies for beach 2 than for beach
1. The (k,w) points containing maximum energy for

= 000369, 0.00256, 0.00142, and 0.00085 rn s1 are
(0.0471 m1, 0.0083 s'), (0.0314 m, 0.0059 s1),
(0.0157 m, 0.0036 s'), and (0.0209 m', 0.0096 s1),
respectively.

The v(xo, y, t) wavenumber-frequency spectra for ex-
periments on beach 2 show the same trends as for beach
1. The energy in v is concentrated about the same band,

= w/k, as for u but with maxima at (k,w) = (0,0).
To examine the effect of the choice of x0 on the es-

timate of Co = w/k, alongshore wavenumber-frequency
spectra from the vorticity fields were calculated for dif-
ferent across-shore positions between 10 < xo < 250 m.
The resulting estimates for CO are remarkably indepen-
dent of x0 and of the local mean velocities (fl). This
evidently reflects the basic propagating nature of the
fluctuations as waves, even in the more turbulent cases.

The time mean velocity profiles (v) at y =
from a 15 hour portion of the experiments (5 < t < 20
h) are compared with the velocity profiles VTCE for
the experiments with JA = 0.00145 and 0.00060 m s
on beach 1 in Figure 10. In both cases the mean ve-
locity profiles (v) are broader and their maxima are
smaller than the forcing profiles VTGE. In the high fric-
tion case the mean alongshore current has a maximum
value of (V)M = 0.50 m s1 compared to the maxi-
mum VTGE value of 0.60 m s-1. In the low friction
case the difference is more dramatic. In the absence
of nonlinear dynamics, the forced velocity profile VTGE
would achieve a frictionally balanced maximum veloc-
ity of 1.45 m s', but the observed maximum mean
velocity (V)M is closer to 0.7 m s1. For the lower
friction experiment, a = 0.00060 m a significant
feature is the filling in of the velocity deficit between
the two jets of the alongshore current in the trough
located at approximately x = 50 m. This is one of
the principle results from these experiments. An effect
of the finite-amplitude shear instabilities is to spread
the mean alongshore momentum from regions of surface
wave breaking, as parameterized in the (T-G) model,
into the trough region of relatively low surface wave
breaking.

Also pictured in Figure 10 are the time-averaged (15
hours) rms velocity fluctuations Urms = (uF2)h/2 and
Vrms = (vF2)h/2 as a function of x at y = L(Y)/2. For
the equilibrated shear wave case, i = 0.00145 m s1,
the fluctuations occur inside of x = 200 m and have
magnitudes of '..0. 1 m s. For the more turbulent case,

= 0.00060 m s1, substantial velocity fluctuations ex-
tend out to x = 700 in. For x > 500 m the fluctuations
exceed the mean velocity. Inside of 200 m the velocity
fluctuations have magnitudes of -0.15 m s, which is
roughly one quarter of the mean velocity in this region.

Similar results for beach 2 are shown in Figure 11.
There is very little difference between the mean (v) and
forced VTGE alongshore velocity profiles for the exper-
iment with the strongest friction, = 0.00369 m s1.
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Figure 10. Time-averaged alongshore currents (v) at
y = L(')/2 and the forcing velocity profiles VTGE as a
function of z from experiments on beach 1 with =
0.00145 and 0.00060 m s1. Also shown are the rms
velocities Urn,s = (u/2)h/2 and Vrms = (vF2)1/2 at y =

/2.

There are small fluctuations Uriis and Vr,,,s in the inner
jet, but the mean velocity is close to the forced velocity.
This corresponds to the previous observation that the
velocity fluctuations result from small-amplitude equi-
librated shear waves. It is clear from Figure 11 that
these equilibrated shear waves do not significantly fill
in the alongshore velocity profile in the trough. For
the experiment at low friction, a = 0.00085 m s, the
alongshore momentum input from the forcing is effec-
tively diffused from the region of the sandbar into the
trough and offshore of the bar. The mean velocities in
the trough are '80% of the mean velocities over the
sandbar. Inshore of 40 m, the mean jet is less affected
by the fluctuations, perhaps because the water is shal-
lower and motions are more strongly damped by the
bottom friction. In the regions of the trough and bar
the rms perturbation velocities are again approximately
one quarter of the amplitude of the mean currents.

The terms from the time and alongshore averaged y
momentum balance (18) are plotted for beach 1 in Fig-
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Figure 11. Time-averaged alongshore currents (v) at
y = L(V)/2 and the forcing velocity profiles VTGE a
function of x from experiments on beach 2 with 1a =
0,00369 and 0.00085 m s1. Also shown are the rms
velocities Urms = (ut2)h/2 and Vrms = (v12)h/2 at y =
L(1/2.

ure 12. The terms show that the difference in velocity
between the mean and the forced profiles, p ( - VTCE),
is balanced by the gradient of the Reynolds stress
((huv)) = ((hu)). The Reynolds stress term repre-
sents the alongahore- and time-averaged across-
shore flux of perturbation alongshore velocity Li. It
is noteworthy that the difference in the mean y mo-
mentum balance between the equilibrated shear wave
case (p = 0.00145 m r1) and the turbulent case
(p = 0.00060 m r') is primarily quantitative rather
than qualitative in spite of the large differences in the
qualitative characteristics of the flows in these experi-
ments.

Inside of 40 m, diffusion by the biharmonic friction
contributes to the momentum balance as a result of the
large gradients in VTGE and () near the coast. For
x > 40 rn biharmonic friction plays essentially no role
in the momentum balance. The residual term is the
sum of the other terms in the equation and is relatively
small. It would be expected to be zero for a long enough
time average or y average over a statistically steady and
homogeneous flow. In these experiments, averaged in

time over 12 hours and in y over this assumption
is approximately satisfied.

The real part of the alongshore wavenumber-frequency
cross spectra calculated from u(xo,y,i) and v(xo,y,t)
for experiments on both beaches are shown in Figure 13
at the same offshore locations as for the u and v spectra
in Figures 8 and 9. These spectra indicate the contri-
butions from different wavenumbers and frequencies to
the Reynolds stress (huv), which is responsible for the
across-shore exchange of alongshore momentum. The
w - k distributions in the real part of the cross spectra
are generally similar to the u(xo, y, t) spectra in Figures
8 and 9 with an apparent shift of the larger spectral
levels to somewhat lower values of w and /c, evidently
reflecting the characteristics of the v spectra for small
w and k.

Time- and space-lagged correlations

(u'(xo,yo+yL,t+tL)u'(xo,yo,t))
(20)

(u2(xo,yo+yL,t+tLflW2 (zil2(xo,yo,t))h/2
are presented in Plate 2 for p = 0.00145, 0.00116, and
0.00060 ms1 for beach 1 from time series of u(xo, Yo, t),
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Figure 12. Terms in the time- and alongshore-
averaged y momentum equation (18) as a function
of x for beach 1 experiments with p = 0.00145 and
0.00060 mr'. The time-averages are for 12 hours from
t = S to 20 hours.
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where x0 is specified in the figure caption and y = 0 rn
For the ji = 0.00145 m s1 experiment the correlations
indicate the wave-like nature of the flow. For example,
on the line at tL = 0 from YL = -640 to 640 m the
correlations oscillate in a regular fashion between val-
ues near -1 and 1 through five wavelengths. Approxi-
mately constant correlations exist along lines with slope

= = 0.27 m s1, indicating wave propagation
at that velocity in close agreement with the estimate ob-
tained previously from the wavenumber-frequency spec-
tra of 0.269 m s'.

For the intermediate friction case, .z = 0.00116 m s',
there is a similar high correlation extending diagonally
along a line through the origin at (YL tL) = (0,0). The
correlations outside of this center diagonal line arc much
weaker, with magnitudes <0.4, indicating the fact that
this flow is more complex than uniform waves. Time
and space correlation scales, determined simply as the
lag to zero correlation along Y. = 0 and tL = 0, respec-
tively, give tc 3.3 mm and yc 66 m. The time
and space correlation scales calculated along the line
of high correlation c0 = yL/tL = 0.31 m s' are sub-
stantially larger. Determined by the lag to correlation
of zero, these are tp 100 mm and yp 1900 m.
For the lowest frictional case, = 0.00060, the re-
sults show decreased correlation scales of t 1.9
mm and Yc 64 m. When considered along the line

= yL/tL = 0.55 m s1, the correlation scales are
tp 27 mm and yp 900 m. These scales are also de-
creased relative to the values found in the experiments
with larger i. Similar results were obtained for beach 2.

0

0
k(m1)

uv

0.06 0 0.06 0 0.06 0 0.06

Figure 13. The real part of the alongshore wavenumber-frequency (k,w) cross spectra of
u(xo,y,t) and v(xo,y,t) from experiments on (top) beach 1 and (bottom) beach 2 with the
following values of z: 0.00145 (case a), 0.00116 (case b), 0.00087 (case c), 0.00060 (case d),
0.00369 (case e), 0.00256 (case f), 0.00142 (case g), and 0.00085 (case h) m s'. These spectra
are calculated at the same locations and in the same manner as the u and v spectra in Figures 8
and 9. The contour levels are 10_i, 100, and 101 m2 -2

The decrease in correlation scales as decreases clearly
illustrates the transition from equilibrated shear waves
to a more turbulent shear flow.

The above results from the space- and time-lagged
correlations lead us to analysis of the flow in a frame
of reference that translates alongshore at the dominant
propagation velocity c0. The time mean vorticity fields
(((x,i)) where i = y - c0t are plotted in Plate 3 (top)
for beach 1. For each value of bottom friction the along-
shore propagation velocity e0 is determined from the
wavenumber frequency spectra. The velocities used are

= 0.269, 0.306, 0.434, and 0.546 m s1 in order of
highest to lowest friction. The vorticity field in this
translating coordinate system is averaged over a 10 hour
period, from t = 6.7 to 16.7 hours, in the nearshore re-

-

gion 0 < x < 500 m. The rms vorticity fluctuations
(rms = ([((x, i) (((x, ))J2)h/2 about the mean are
shown in Plate 3 (bottom) for the same 10 hour period.

For = 0.00145 m s1 the time mean captures the
coherent alongshore propagating structure of the vortic-
ity field. There are five distinct alongshore wavelengths
evident in the region of the strongest mean alongshore
current, centered at approximately x = 100 m. The
mean vorticity field in Plate 3 is very similar to the in-
stantaneous vorticity field at t = 15.3 hours shown in
Plate 1. The vorticity field in this experiment propa-
gates at a nearly uniform velocity. The rms vorticity
fluctuations (Plate 3, bottom) occur in a well-defined
pattern around the perimeters of each of the five mean
vortex structures, indicating that they fluctuate weakly
in a regular manner as they propagate alongshore.
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For the lower frictional experiments, coherent struc-
tures in the mean vorticity fields are less clearly defined,
and the mean vorticity is more uniform in the along-
shore direction. Nevertheless, the positive vorticity in
the region 50 < x < 130 m remains relatively strong
and shows evidence of an approximate 250 m along-
shore length scale. At the same time, the rms fluctu-
ations become stronger and distributed over a larger
spatial region. For p = 0.00060 m s1 the region be-
tween 100 <x <400 m becomes dominated by offshore
excursions of strong vortex dipole events that appear as
streaks in the rms fields. Note also that there is a rela-
tive minimum in the rms fields located at approximately
x = 90 m, where the mean vorticity is largest.

3.3. Alongshore Propagation

Results from application of linear stability analysis
to the time--and alongshore-averaged velocity profiles
() are shown in Figure 14. Growth rates kc, as a
function of wavenumber k, from the experiments for
both beach 1 and beach 2 are plotted. For beach 1
the mean velocity profiles for p = 0.00060, 0.00087,
and 0.00116 m s are unstable, while the mean ve- -

locity profile for p = 0.00145 m s1 is stable. We
note first that the growth rates kc in Figure 14 are
approximately an order of magnitude smaller than the
growth rates shown in Figure 3 for the effective forcing
velocity profiles VTGE. The main points from Figure

30

20

it =0.00145

C
0.88

10 0.64

0.39
0

(iiiin)
0.15

-0.09
-10 -0.34

-0.68
-20 -0.82

-30 -600 -400 -200 0 200 400 600
YL (m)

30
p. = 0.001 16

20 C
0.88

10 0.64

0.39
0

(mm)
0.15

-0.09
-10 -0.34

-0.58
-20 -0.82

-30 -600 -400 -200 0 200 400 (500
YL (m)

30
LLO.0006O

20 C
0.88

10 0.84

0.39

(mm)
0 0.15

-0.09
-10 .0.34

.0.68
-20 -0.82

9600 -400 -200 0 200 400 600
YL (m)

Plate 2. Time-and space-lagged correlations C(YL, tL) (20) for the across-shore velocity com-
ponent u(xo,y,t) from beach 1 experiments with different values of p (m s') (x0 = 125 m for
p = 0.00145 and 0.00116 m s1; Xe = 100 m for p = 0.00060 m s').
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Plate 3. The (top) time-averaged vorticity (((x,ii)) (s") and the (bottom) rms vorticity fluctu-
ations ([((x, i, t) - ((x, ))]2)h/2 (s-') for beach 1 experiments with different values of (m s-')
calculated in a frame of reference i = y - c0t translating at the observed dominant alongshore
propagation velocity c0 calculated for each experiment from the (k, ) spectra in Figure 8 as
explained in the text. The time averages are for 10 hours from t = 6.7 to 16.7 hours.
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Figure 14. Results of the linear stability calculations
for the time- and alongshore-averaged alongshore ve-
locity (U) in terms of growth rate kc versus alongshore
wavenumber k for (top) beach 1 and (bottom) beach
2 at different values of p (m The values of the
wavelength ) = 2ir/k m at the maximum growth rate
are indicated.

14 for beach 1 are that the alongshore wavelengths pre-
dicted for the most unstable mode for the mean veloc-
ity profiles (272 to 283 m) are approximately the same
as the alongshore wavelengths predicted for the most
unstable modes for the forced velocity profiles VTGE
and are also close to the wavelengths obtained from the
wavenumber-frequency spectra at the points of maxi-
mum energy.

For beach 2 the effective forcing profiles VTGE (Figure
3) have fastest growth at wavelengths of about 130 rn.
This is similar to the results from the mean profiles (o)
in Figure 14 where the wavelengths range from 138 m
for p = 0.00085 ms1 to 176 m for p = 0.00256 ms1.
The numerical experiments show that significant energy
is contained at these wavelengths though the maximum
energy in the wavenumber-frequency spectra are at gen-
erally greater alongshore wavelengths of 300, 400, and
200 m for p = 0.00085, 0.00142, and 0.00256 m s1
respectively.

Linear stability analysis also gives values for the ve-
locity of propagation c,. of the most unstable linear

mode. Three values of propagation velocity are com-
pared in Figure 15: the values found from linear stabil-
ity analysis of VTGE and of (U) and the observed values
c0 found from the wavenumber-frequency (k,i) spec-
tra. Propagation velocities are not predicted from (13)
for p = 0.00145 rn s1 on beach 1 because linear theory
did not predict unstable modes. For beach 1, propaga-
tion velocity predictions are similar for VTGE and (U)
and both agree over the range of p with the values of CO

obtained from the (k,w) spectra, even when VTGE arid
(U) differ substantially. For beach 2 the propagation
velocities from the linear stability analysis of VTGE and
(U) likewise do not differ greatly. The observed veloci-
ties c0 agree well with the linear stability results from
(U) for p 0.00256 m s, but the agreement is not as
good at smaller p. We discuss these results further in
the next section.

The ratio of the maximum of the mean alongshore ve-
locity (13) and the local maximum between 50 < x < 200
m of VTGE, denoted by (13)m and VTGEm, respectively,
are presented in Figure 16. The maximum value VTCEm
is located at x = 123 m for beach 1 and at x = 91
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Figure 15. Phase velocities Crm of the most unstable
mode from linear stability theory applied to VTGE and
(13) and the observed phase velocities Co for experiments
on (top) beach 1 and (bottom) beach 2 for different
values of p.
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Figure 16. Ratios of velocities involving the observed
propagation velocity c0 and the maximum values, de-
noted by subscript m, of VTCE and (17) from exper-
iments on (top) beach 1 and (bottom) beach 2 as a
function of p.

m for beach 2. Also plotted is the ratio of the ob-
served alongshore propagation velocities CU, determined
from wavenumber-frequency spectra, to VTGE. Values
of c0 /VTCEm generally decrease with decreasing fric-
tion. This effect is somewhat more pronounced for
beach 2 (Figure 16, bottom) than for beach 1 (Figure
16, top). Both beaches show nearly linear decreases of
()m /VTOEm with decreasing p from -'0.8 for beach 1
and 0.9 for beach 2 at high values of p to '--'0.4 at low
friction for both beaches. This result is consistent with
the variation in across-shore structure of (v) relative to
V-raE as p decreases (Figures 10 and 11).

To assess effects of different forcing profiles, addi-
tional nonlinear experiments were run with forcing spec-
ified by the observed mean velocity profiles (v(x)) from
experiments on beach 1 at the same values of i, i.e.,
V = (v(x)) [i + cb(y)]. For j.t = 0.00145 m r' the flow
forced with (v(x)) is linearly stable. Time series of the
across-shore velocity for .t = 0.00087 and 0.00060 ms1

are shown in Figure 17. For p = 0.00087 m s the flow
develops into an equilibrated shear wave with along-
shore wavelength of 256 m, in as close agreement with
the linear theory as possible in the 1280 m domain. For
p = 0.00060 m s the flaw forced by (IT) develops into
fluctuating shear waves similar to the response observed
for p = 0.00116 mr' with VTG forcing as shown in Fig-
ure 4. For p = 0.00060 m s the dominant alongshore
wavelength, obtained from the alongshore wavenumber-
frequency spectra of u(xo, y, t) at x0 = 100 m, is 240 m.
The alongshore propagation velocities are c0 = 0.411
and 0.585 m s for p = 0.00087 and 0.00060 m
respectively, very similar to the results from linear the-
ory and the VTC-forced experiments. The results of
these experiments forced with (17) point to the difficulty
of predicting the shear wave climate based on the mea-
sured mean velocity profiles. The lower velocity max-
ima and weaker shear in the () profiles compared to
the VTGE profiles result in less turbulent flow response
for the same values of p.

4. Summary
Results of numerical experiments of the nonlinear

development of alongshore currents over two barred
beaches have been presented. In these experiments the
forcing is coupled to the bottom topography by the
Thornton and Guza [1986] model, which parameterizes
the effects of obliquely incident breaking surface waves
and translates that into alongshore momentum input.
The flow response depends on the dimensionless param-
eter Q. Different parameter ranges of Q are explored
(Table 1) by varying the bottom friction coefficient p
for a fixed barred beach topography. Numerical ex-
periments have been conducted here across a range of
bottom friction coefficients p < pc that produce signif-
icantly different flow regimes. The qualitative features
of the results appear to be robust and independent of
the particular beach topography. The flows are started

0

-0.2
0 5 10 15 20

t (h)
Figure 17. Time series of across-shore velocity com-
ponent u(xo,yo,t) at x0 = 125 m, Yo = 0 from exper-
iments on beach 1 forced with (U) profiles with (top)
p = 0.00087 and (bottom) 0.00060 mr1.
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from rest. During the initial transient period, propa-
gating disturbances grow with wavelengths and phase
speeds that are well predicted by linear stability the-
ory. There are roughly four classes of nonlinear flows
that develop after the unstable perturbations grow in
amplitude. For relatively large iz ( < Pc), equilibrated
shear waves develop that stabilize at finite amplitude
and propagate alongshore at a uniform phase veloc-
ity. The wavelength and phase speeds of the equili-
brated waves are in agreement with the predictions for
the fastest-growing linearly unstable mode. The second
class of flows that develop, at slightly lower friction, are
fluctuating vorticity waves. The vorticity fields associ-
ated with theses waves generally maintain the structure
of individual positive vortices, but these fluctuate in an
irregular fashion within the confines of the mean along-
shore current as they propagate alongshore at a nearly
constant phase speed. Occasionally, these positive vor-
tices will merge as one vortex overtaLces another. The
third class of flows is characterized by the shedding of
vortex pairs of opposite sign that break away from the
nearshore region and propagate offshore of the sand-
bar. The final class of flows, at still lower values of bot-
tom friction, fits the description of a turbulent shear
flow. Here the alongshore currents are dominated by
energetic eddies that continuously form, merge, and in-
teract in a complex fashion. In these flows, oppositely
signed vortex pairs and single vortices are continuously
shed from the region of alongshore current, creating an
offshore eddy field with significant turbulent kinetic en-
ergy measured out to distances 500-700 m offshore.

Wavenumber-frequency spectra show that for the
equilibrated shear waves the energy is tightly confined
around the particular w and k values corresponding to
the dominant frequency and wavenumber of the steadily
propagating regular waves. As the friction is decreased,
the energy spreads progressively to higher wavenumbers
and frequencies generally along a line corresponding to
the phase velocity of the vorticity waves w/k = CAJ. It
is worth noting the strong qualitative differences in ap-
pearances of the spectra for the equilibrated shear waves
compared to the more irregular flows at low friction.

The T-G model has evidently been successful at mak-
ing mean alongshore current predictions on plane (i.e.,
constant slope) beaches [e.g., Thornton and Guza, 1986).

T-G model predictions over barred beaches, however,
have not been successful when compared with field ob-
servations [Church and Thornton, 1993). When a sand-
bar is present, the T-G model predicts the largest along-
shore currents over the sandbar and near the shore
with relatively weaker currents in the trough. This
leads to two distinct regions of momentum input (jets).
Typically, however, the observed alongshore current is
found to be just as strong in the trough as it is over
the bar or near the shore [Snñth et at., 1993). The
time mean alongshore currents (u) plotted in Figures
10 arid 11 demonstrate that turbulent eddies caused by
shear instabilities of the alongshore current may be re-

sponsible for diffusing alongshore momentum into the
trough. The horizontal diffusion of mean alongshore
momentum is supported by the gradient of the Reynolds
stress ((huv)). Thus across-shore diffusion of the mean
aLongshore momentum by larger-scale current instabil-
ities may be an important consideration in reconciling
field observations with predictions from T-G type mod-
els.

In each of the four classes of shear flows that de-
velop, flow features propagate alongshore at a dominant
characteristic velocity. These propagation velocities are
clearly revealed by the energy spectra in wavenumber-
frequency space and by time- and space-lagged corre-
lations. By utilizing a coordinate system translating
alongshore at the observed characteristic velocity, use-
ful information about the magnitude and structure of
the mean and fluctuating parts of the vorticity fields
can be obtained. In this way it is shown quantitatively
that for the equilibrated waves, nearly all of the vor-
ticity is contained in the mean field. It is also clearly
shown how the magnitudes of the fluctuations increase
as p decreases.

Application of linear stability analysis to the time-
averaged alongshore currents (V) (Figure 14) is moti-
vated by similar applications to field data [e.g., Dodd
et at., 1992]. In those studies, linear stability analy-
sis of observed time-averaged alongshore velocity pro-
files have been used to estimate wavelengths and phase
speeds of shear instabilities. These estimates appear
to agree with the observed values. The generally good
agreement could lead to the interpretation of observed
shear instabilities as being weakly nonlinearly equili-
brated shear waves. We have shown here (Figures 14-
16) that linear stability analysis of time-averaged ve-
locity profiles from flows with equilibrated shear waves
can imply stability and that linear stability analysis
from flows with irregular fluctuations can give predic-
tions of unstable waves with propagation velocities and
alongshore wavelengths in reasonable agreement with
the observed values. In general, the growth rates of
the unstable waves are substantially smaller than those
found with the VTCE profiles. Forcing with the mean
(U) profiles from the VTG experiments leads to nonlin-
ear flows with weaker shear wave environments. The (U)
experiments, however, produce similar alongshore wave-
lengths, propagation velocities, and time mean along-
shore velocity profiles compared to their more turbulent
counterparts forced with VTG. The implication is that
good agreement of measured values of propagation ve-
locities and wavelengths with predicted values obtained
from linear stability analyses of time-averaged velocity
profiles does not necessarily imply a weakly nonlinear
flow regime. It is possible that energetic eddy fields,
which have yet to be clearly identified from existing
analyses of field observations, may be present in the
nearshore region.

Several of the findings in this study of shear waves
over barred beaches with forcing from the Thornton and
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Cuza [1986] model differ from the results found by Allen
et at. [19961 for shear wave behavior over plane beaches.
One of the most significant differences is that over
barred beaches, lowering the friction spreads significant
energy in the alongshore wavenumber-frequency spec-
tra to smaller length and shorter timescales. On plane
beaches at low friction, shorter-wavelength disturbances
tend to merge, creating propagating disturbances with
longer characteristic length scales and longer timescales.
Possible causes for the different flow development in-
clude the different velocity profiles predicted by the T-G
model. The T-G model applied to plane beaches forces
a single broad alongshore jet, qualitatively similar to the
idealized forcing profiles assumed in Allen et al. [1996],
while applications to barred beaches produce narrower
twin jets. Another reason for the difference might be
the dynamical effect of the bottom topography of the
sandbar on the instabilities that develop in the along-
shore currents. These aspects of the problem are under
investigation. Preliminary results indicate that both ef-
fects acting together, as in the present experiments, are
necessary to produce the barred beach behavior found
here.

Appendix A: Beach Bathymetry
The bathymetry profiles h(s) for beaches 1 and 2 are

presented here. The depth profile in Figure 2 (top) is
described by

E

(S_Il
L

)2]
h(s) = bx+Aicxp

+
21(5X2\

A2exP[ L2 ) j
where b = 0.0125 is the linear beach slope, i = 40 m
is the location of a nearshore trough with amplitude
A1 = 0.9 m and characteristic width L1 = 20 m, and

= 180 m is the center of an offshore trough with
amplitude A2 = 0.7 m and width L2 = 50 in. This
profile is generated to approximate bathymetry from
the Superduck field experiment on October 15, 1986, at
Duck, North Carolina, in which a shore-parallel sandbar
was located at in offshore [e.g., Dodd et al., 1992].
This beach profile is referred to as beach 1.

The depth profile in Figure 2 (bottom) from Lipp-
mann et al. 119981, is

fb1x\ A1 b1x (b1xh(s) = Aitanh-A_)+__ _A__tanhA_

- A2exp[_5(5 xc)1

where b1 = tan f3 = tan (0.075) is the linear beach
slope close to the shore, b2 = tan 32 = tan (0.0064)
is the beach slope offshore of the sandbar, -y = b1/b2,
xc = 80 m is the location of the sandbar, and the coefli-

(Al)

(A2)

cients A1 = 2.97 and A2 = 1.5. This beach profile is an
approximate fit to topography measured at Duck, North
Carolina, October 11, 1990, as part of the DELILAH
(Duck Experiment on Low-frequency and Incident-band
Longshore and Across-shore Hydrodynamics) field ex-
periment and is referred to as beach 2.

Appendix B: Thornton and Guza Model
Tile alongshore momentum equation is forced using

results from the Thornton and Guza [1986] model with
a constant linear bottom friction coefficient [see also
[Thornton and Guza, 1983]. The T-C model, special-
ized to the case of a constant linear bottom friction co-
efficient i, predicts an alongshore velocity profile given
by Thornton and Guza [1986, equation (17)]

VTC(x)
1 sinà0

, (Bi)

where C0 = gT/2ir is the deep water surface gravity
wave phase speed, T is the wave period of the peak
of the wave energy spectrum (assumed to be narrow-
band), &0 is the mean offshore wave angle (measured
from the onshore direction), P0 is the fluid density (1000
kg m3), and ji is a specified constant value for the bot-
tom friction coefficient. The dissipation function (b(X))
is determined using [Thornton and Guza, 1983, equa-
tion (26)]

3/pogB3f H,,.4(x)
16 12h3(x)

{1
[i + (Hrws(x)\21

h(x) )

5/2}
(B2)

Here h(s) is the water depth; firms(S) is the ms wave
height distribution for a narrow-banded wave field; f, =
1/Tn is the peak wave frequency; -y is the breaker index,
taken here to be 0.43 (following typical values utilized
by Thornton and Guza [1986]); g is the gravitational
acceleration (9.8 m s2); and B is an empirical constant
that accounts for various breaker intensities. Optimal
values of B in the T-G model have been reported in
the range between B = 1.5 [Thornton and Guza, 1983]
and B = 0.8 1 Thornton and Guza. 1986]. Here we take
B = 1.2.

The rms wave height Hrms is determined by integrat-
ing the relation [Thornton and Guza, 1986, equation
(3)]

d(EC9cos&)
dx (Eb) (B3)

from an offshore location to the beach. Equation (B3)
indicates that the across-shore gradient of the wave field
energy flux E Cg cos a, where E = pgH,?ms/8, is bal-
anced by the dissipation of wave energy from breaking.
The term C9(s) cos[â(x)J represents the onshore com-
ponent of the group velocity vector of the oncoming
wave field. The derivative on the left-hand side of (B3),

(Eb(s)) =
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d(pgH2 C cos&)rms 9
(eb) (B4),

dx

is discretized using one-sided finite differences. The dif-
ference equation is solved with a marching procedure
in the onshore direction from an offshore location at
5 = sj, outside of the region of wave breaking, to the
shore. Conditions required at x = s include Hr,ns(xj)
and Tp, and a(s1) is determined from the specified deep
water wave angle &a using Snell's law.

The x component of the group velocity C9 varies
with depth in shallow water and is determined from
[Thornton and Guza, 1983, equation (10))

and where &(x) is determined through Snell's law by

- . C(x)sin &oc(x) = sin . (B7)
Co

The phase velocity C(s) = a/k(s) is found by uti-
lizing the dispersion relation a2 = gk tanh (kh) with
a = 27r/Tp to find k(s). We have used an approximate
method, based on that of Eckart [see, e.g., Dean and
Datrymple, 1991, section 3.5], to obtain k(s). This ap-
proximate method produces results for both k(s) and
VTG(X) that are equivalent within a few percent to ex-
act solutions obtained using iteration of the dispersion
relation. The Eckart approximation is implemented us-
ing C(x) = 2ir/ [T,k(x)J with a2 = (2ir/T)2,

k'(x) = (a2/g) [tanh(a2h/g)]'2 (B8a)

k"(x) = a2/ [g tanh(k'h)] (B8b)

k(x) = [k'(x) + k"(x)]. (B8c)

For beach 1 and beach 2, VTG(X) (Bi) was calculated
assuming Tp = 8 S, Hrms(sj) = 0.7 m, and â = 200,
where xj = 1000 m. For beach 1, h(xj) = 12.5 m, and
for beach 2, h(sr) = 9.2 m.

Appendix C: Linear Stability
It is most convenient to start an investigation of the

linear stability of the alongshore current v = VTGE(X)
by considering the equation for potential vorticity q =
(/h, which may be derived from (2.1):

qt +uq +vqy - (p/h)(V/h)
+ (,i/h)[(v/h)7(u/h)] + (v/h)V4( = 0. (Cl)

We write the variables as

u=u, V=VTGE+ii, (C2a)

where and e may be complex (c = C,. + ic.j) and where
Re denotes the real part. The resulting equation for '

is

(VTGEC ) (4 - c5Xk2) h (VTCEX)

i/2h ivh -+ --& - --(( - 2k2(1 + k4() = 0, (C5a)

where
= (,, - (h/h) - k2)/h. (C5b)

The boundary conditions for (C5a) follow from (6) and
(7)

=0 x=0,L', (C6a)

(=c,,=0 x=0,I}'. (C6b)

Following the procedure in Allen et al. [1996], finite
difference methods are utilized to solve the linear sta-
bility problem (C5) and (C6). A centered, second-order
difference scheme that is consistent with the difference
approximations used for the shallow-water equations
is employed. The resulting difference approximations
for (C5) are the same as those described in Allen et
al. [1996) with the exception that here the biharmonic
diffusion terms are included and boundary conditions
(C6b) are added.

This procedure results in a set of algebraic equations.

A = cBq, (C7)

where A and B are matrices and is a vector. From
(C7) we obtain

B1A=c4, (C8)

which may be readily solved for eigenvalues c and eigen-
vectors 4.

The grid resolution utilized is the same as in the cor-
responding numerical experiments.

+ (v/h)V4( = 0, (C3)
C91(x) = C(s)

where C(s) is the wave

1
n(s) =

n(s) cos [&(s)]

phase velocity,

2kh
1

,

'

(B5)

(B6)

which provides a single equation for the perturbation
streamfunction b. We consider solutions of the form

= Re{(x)exp [ik(y_ct)]}, (C4)+
sinh (2kh)

hu=, hi=, (C2b)

(=i3u, =ç/h, (C2c)

(TOE = VTGEz, TcE = TGE/h, (C2d)

where
V = VTG(5), (C2e)

and where VTGE(X) satisfies (10).
Substituting (C2) in (Cl) and retaining linear terms,

we obtain

1t + V'i'cEty + üq'cj + (p/h)[(i/h)1 - (ii/h)]
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Appendix D: Observed Growth Rates
Linear growth rates from the stability analysis (Fig-

ure 3) are compared to the observed rates of growth
in the nonlinear simulations. A measure of the kinetic
energy in different alongshore Fourier modes is calcu-
lated at x0 = 125 m by utilizing Fourier transforms of
u(xo,y,t) and v(xo,y,t) in the alongshore direction.

Assuming Fourier component wave solutions for the
variables u and v of the form v4y) = ü(k)e' and pen-
odicity in y with period the fields can be expanded
in truncated Fourier series with corresponding Fourier
coefficients

N-i
1u(k) = u(y3)e "" , (Dl)

where y = L(j/N, j = 0,1,., N-i; and k are the
wave numbers 2irri/L). The mode numbers ii range
from it = o,i,... ,N-1, where N is the total number of
grid points in y [Canuto etal., 1988]. The kinetic energy
is defined as a function of the alongshore wavenumbers
with

KE(k,t) = [ii(k,t)u(k,t) +i'(k,t)ii*(k,,t)]
(D2)

where ü is the complex conjugate of ü.
Experiments were conducted with infinitesimal (c =

10- 10) forced perturbations added to the mean pro-
files (8) and (9) with J = 12 and random phase shifts.
Mode 0, the mean alongshore current, was started at
the steady state frictionally balanced amplitude with

= VTCE(x), Uo = 0. This differs from the method

KE

(m2s2)

100

10.2

1 V
10.6

10.10

io.'4
10.6

10.20

10.22

10.24

1026

I
ylØ

0 50 101)

it (mm)

used in the other experiments, where the flows were
started from rest. In this experiment the flow was
started from the frictionally balanced steady state value
so that the linear growth rates would not vary over the
start-up period as the strength of the mean current in-
creased.

The linear growth rates are confirmed in the nonlinear
model. The energy in each alongshore Fourier mode was
calculated as a function of time, and the growth rate of
energy was compared to the predictions from the linear
analysis. Results are shown for beach 1 in Figure 18 for
the case with ji = 0.00087 m where the energy for
mode numbers 1-49 is plotted on a log scale as a func-
tion of time. The nearly linear slope of the energy for
times between 40 and 120 mm for modes 4 and Sand for
times between 60 and 100 mm for mode 6 were used to
estimate the growth rates of the fastest-growing modes
in the simulations. As predicted by linear theory, mode
5 (256 m) has the fastest growth rate. Ratios of the ob-
served growth rates in the nonlinear experiments to the
predicted rates from linear theory for the three fastest-
growing modes, mode 4 (320 m), mode 5 (256 m), and
mode 6 (213 m) are 0.9921, 0.9913, and 0.9912, re-
spectively. This is very close agreement between the
nonlinear model results and the linear predictions. In
each case the observed growth rates are within 1% of
the predicted values, Also apparent in Figure 18 is the
rapid growth rates of modes 9-19, beginning at approxi-
mately = 90-120 mm. These modes are linearly stable
but are evidently influenced by a different type of in-
stability mechanism when the primary modes begin to
grow to appreciable amplitude. The growth rates for
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Figure 18. Kinetic energy KE (D2) in different alongshore wavenumbers corresponding to
Fourier mode numbers it = 0,19 as a function of time at x0 = 125 m.
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these modes are even larger than the growth rates of
the fastest-growing linearly unstable modes. We note
that these modes only begin to grow after the energy in
the initially fastest growing modes has increased several
orders of magnitude from the initial levels.
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