


AN ABSTRACT OF THE THESIS OF

Timothy B. Costa for the degree of Master of Science in Mathematics presented on

February 27, 2014.

Title: Analysis of Domain Decomposition Methods for the Simulation of

Charge Transport in Semiconductor Structures with Heterojunctions

Abstract approved:

Malgorzata S. Peszynska

Charge transport in a semiconductor structure with heterojunction is described by
a multiscale partial differential equation model. This model can be used, e.g., for the
design of more efficient solar cells.

Phenomena at the heterojunction must be resolved at the angstrom scale while the
size of the device is that of microns. The challenge is therefore to account for correct
physics and to keep the model computationally tractable. Thus we use an approach
introduced by Horio and Yanai in which the physics at the interface is approximated at
the device scale, which is handled by tranditional drift diffusion equations, by unusual
jump conditions, called thermionic emission equations. In this model the heterojunction
region is approximated by an abrupt interface, resulting in a loss of continuity in the
primary variables. The thermionic emission equations consist of a nonhomogeneous jump
in the electrostatic potential and unusual Robin-like conditions for carrier transport. The
data for these jumps is determined from an angstrom scale first principles calculation in
the true heterojunction region.

The continuum scale model lends itself well to a domain decomposition approach.

In this thesis we present iterative substructuring methods developed for the drift diffusion



system with thermionic emission transmission conditions and analyze the convergence of

these algorithms.



©Copyright by Timothy B. Costa
February 27, 2014

All Rights Reserved



Analysis of Domain Decomposition Methods for the Simulation of Charge Transport in
Semiconductor Structures with Heterojunctions

by
Timothy B. Costa

A THESIS
submitted to

Oregon State University

in partial fulfillment of
the requirements for the
degree of

Master of Science

Presented February 27, 2014
Commencement June 2014



Master of Science thesis of Timothy B. Costa presented on February 27, 2014

APPROVED:

Major Professor, representing Mathematics

Chair of the Department of Mathematics

Dean of the Graduate School

I understand that my thesis will become part of the permanent collection of Oregon State
University libraries. My signature below authorizes release of my thesis to any reader

upon request.

Timothy B. Costa, Author



ACKNOWLEDGEMENTS

Academic

I am indebted to Dr. Malgorzata Peszynska for the advice and guidance she pro-
vided me as well as for sharing with me her enthusiasm for applied and computational
mathematics.

Research in this work was performed under the support of the National Science
Foundation, grant 1035513 "SOLAR: Enhanced Photovoltaic Efficiency through Hetero-
junction Assisted Impact Ionization,” (Principal Investigator Stephen Kevan, Co-Principal
Investigator Malgorzata Peszynska, Co-Principal Investigator Geraldine Richmond) under
the direction of Malgorzata Peszynska.

I would also like to thank my collaborators David Foster and Guenter Schneider
from the Physics Department at Oregon State University for their hard work and in-

sights, without which this thesis would want for physical grounding.

Personal

I wish to thank my wife, Jen, and daughter, Emily, for their unwavering support.
I also wish to thank my parents, John and Denise Costa, for a lifetime of support and
enthusiasm for my endeavors. Additionally, thanks to my brother, Anthony, for many

productive conversations on science and applied mathematics.



1.

2.

TABLE OF CONTENTS

INTRODUCTION . e e 1

MATHEMATICAL MODEL FOR SEMICONDUCTOR STRUCTURES WITH

HETEROJUNCTION .. e e e e 3
2.1, Drift Diffusion. ... ..o 3
2.2, Heterojunction ....... ... 4
2.3.  External Boundary Conditions......... ..., 7
2.4, Well-posedness . . ...ttt 8
2.4.1 Mathematical Background ............ ... . ... L 9
2.4.2 Single Material Domain ............. ..o 10
2.4.3 Gummel Decoupling ....... ... i 12
NUMERICAL TECHNIQUES ... e 14
3.1.  Finite Difference Discretization............. ... i i 14
3.2. Newton’s Method....... ... i e 18
DOMAIN DECOMPOSITION ... e e 21
4.1. Mathematical Background.......... ... ... .. 21
4.1.1 Continuous Formulation .......... ... ... ... o i 21
4.1.2 Algebraic Formulation ........... ..., 24
4.1.3 Neumann-Neumann Algorithm .......... ... ... ... .. ... ... 25
4.1.4 Richardson Tteration ......... ... . . i i 26
4.1.5 Complexity CompariSon. ..........o.uuiiiiiiiiiiiiiiiieennn. 28
4.2.  DDM for Potential Equation............ ... .o i 29
4.2.1 Continuous Formulation .............. ... ... i 29
4.2.2 Algebraic Formulation ........... ... .o i 31
4.2.3 Algorithm . ... 32

4.2.4 Convergence Analysis ... 33



Page

4.3. DDM for Carrier Transport...........oouuuiimiiiinii e 40
4.3.1 Continuous Formulation .......... ... ... ... i i 41

4.3.2 Algebraic Formulation ................oiiiiiiiiiiiii i 43

4.3.3 Algorithm ... 44

4.3.4 Convergence Analysis ...........oiiiiiiiiiiii i 45

4.3.5 Alternative Algorithm ...... ... .. .. ... . 51

5. NUMERICAL RESULTS ... e 54
5.1, Model Problems .. ... 54
5.1.1 Potential Equation......... ... 54

5.1.2 Equations for Carrier Densities............. ... ... .. 57

5.2.  Semiconductor Structures with Heterojunctions......................... 58

6. CONCLUSIONS . e 62
BIBLIOGRAPHY .o 64
APPENDICES . 68
A Density Functional Theory ....... ..o 68

B oo 70

Bl Algorithm DDP . ... . 70

B2 Algorithm DDC ... . 72

TABLE OF CONTENTS (Continued)

B3 Other Code . ...t 74



Analysis of Domain Decomposition Methods for the Simulation of

Charge Transport in Semiconductor Structures with Heterojunctions

1. INTRODUCTION

In this study domain decomposition techniques are developed and analyzed for the
simulation of a multiscale model for charge transport in semiconductor structures with
heterojunctions. This work is motivated by the collaboration of computational mathe-
maticians, physicists, and material scientists who are interested in such structures for the
purpose of building more efficient solar cells.

A heterojunction is an interface between distinct semiconductor materials. This
interface has a positive width on the angstrom scale. However, the scale of the bulk
semiconductor regions is that of microns. Thus we use the model presented in [18] where
transport across the heterojunction region is approximated at the device scale by a set of
unusual transmission conditions, called the thermionic emission model (TEM). Data for
the model is computed by an angstrom scale density functional theory (DFT) calculation.
Much of the detail on modeling issues is presented in [12].

Charge transport at the device scale is modeled by the drift diffusion equations. The
drift diffusion model is a coupled non-linear system of partial differential equations consist-
ing of a Poisson equation for electrostatic potential and two advection-diffusion equations
for conductive electron and hole densities. In a single semiconductor material this model
is well-established, however, numerical simulation is riddled by difficulties stemming from
its non-linear coupled nature as well as boundary and interior layer behavior.

The heterojunction model is well suited for treatment by domain decomposition
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methods. In 1D the problem is amenable to a monolithic approach where the TEM
equations are hard coded into the algebraic system resulting from a discretization of the
drift diffusion equations in the bulk semiconductor regions. However, this approach may
be intractable in higher dimensions where complicated interface geometries may arrise.
Using the DDM presented in this work ”black box” drift diffusion solvers may be used
to simulate semiconductor structures with heterojunction, as the TEM conditions are
enforced at the level of the domain decomposition driver. The domain decomposition
methods analyzed here were first presented in [7, 12].

The thesis is composed of 6 chapters. In Chapter 2 the model is presented. In
Chapter 3 established computational techniques for simulating the model are reviewed.
In Chapter 4 novel domain decomposition techniques are presented for the simulation
of semiconductor structures with heterojunction. Convergence analysis of these methods
is also performed. In Chapter 5 numerical results are presented. Finally in Chapter 6

conclusions and future work are discussed.



2. MATHEMATICAL MODEL FOR SEMICONDUCTOR
STRUCTURES WITH HETEROJUNCTION

In this section we describe the model used to simulate charge transport in semicon-
ductor structures with heterojunctions [12].

Let Q c RN, N € {1,2, 3}, be an open connected set with a Lipschitz boundary 9.
Let ; C Q, i = 1,2 be two non-overlapping subsets of 2 s.t. Q1 UQy = Q, Q1 N Oy = 0,
and denote ' := Q; N Q. We assume I' is a N-1 dimensional manifold and T' N 9Q = 0.
We adopt the following usual notation: w; = wlq,, wzr = lim,p w;, and [w]p = w21“ — w{
denotes the jump of w. We denote by v* the outward normal of Q; on I', and define

V= I/l.

2.1. Drift Diffusion

In the bulk semiconductor domains €;, i« = 1,2, the charge transport is described
by the drift diffusion system. This system consists of a Poisson equation solved for elec-
trostatic potential 1) and two continuity equations solved for electron and hole densities n
and p.

The stationary drift diffusion model is

-V (Elvwz) =p—n-+ Nr, (2.1)
V- J, = R(n,p), (2.2)
V-J,=—R(n,p). (2.3)

Here Np(z) = Np(z) — Na(z) is the given net doping profile including the donor Np and
acceptor doping N4. R(n,p) is a model for electron and hole generation and recombina-

tion, typically a rational function of carrier densities. ¢; denotes electrical permittivity.



Jn and J, are the electron and hole currents defined by

Jp = Dp(—nV + Vn), (2.4)
Jp = —Dp(pVe) + Vp). (2.5)
Here D,, and D,, are the electron and hole diffusivities, respectively.

For analysis and computation it is convenient to introduce an alternative set of

variables. The Slotboom variables u, v are related to n and p by

n=02e¥u, (2.6)
p= (522,6_7721 v. (2.7)

The scaling parameters 62 and 5]2, depend on the material and doping profile. In Slotboom
variables the continuity equations (2.2), (2.3) are self-adjoint, which is advantageous both
for analysis as well as for numerical simulation. We pay for this improvement in the
Poisson equation (2.1) which is then semi-linear.

Henceforth we will consider the system in Slotboom variables

—V - (Vi) = Spe” Vv — 6pe u+ Ny := q(i, pi, i), (2.8)
=V - Jp = Ry, ui, v;), (2.9)
-V - Jp = =R, us, vy), (2.10)
Jn = Dpo2e?iVuy, (2.11)
Jp = Dyope” Vi Vu;. (2.12)

2.2. Heterojunction

We are interested in simulating charge transport in a semiconductor structure con-

sisting of distinct semiconductor materials connected by a heterojunction interface. A
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FIGURE 2.1: Top: schematic plot of potential across 1D interface region. Bottom: inter-
face region shrunk to a point resulting in discontinuous potential.

true heterojunction interface is a region of positive width on the angstrom scale. How-
ever, a typical device scale for many applications, e.g. solar cells, is that of microns.
Thus we cannot simulate transport in the heterojunction region with the drift diffusion
system. Instead we adopt the Thermionic Emission Model described in [18] where the
interface is treated as an idealized abrupt interface. As Figure 2.1 illustrates, this results
in discontinuities in the primary variables.

The Thermionic Emission Model thus consists of transmission conditions for the
primary variables across the idealized abrupt interface. These are a jump discontinuity
1A in the potential and unusual Robin-like conditions relating electron and hole densities

across the interface.



[Ylr = Ya, (2.13)
[egﬁ] ) =0, (2.14)
JU = a?nk —alnl, (2.15)
[Ju]r =0, (2.16)
Jy = alpy — abps, (2.17)
[Jp]r = 0. (2.18)

Here the coefficients a? and af are, up to scaling, mean electron thermal velocities that
depend on the tempterature 7' and the sign of ¥)o. The jump A must be calculated
at the angstrom scale in the heterojunction region. Typically this is accomplished via
Density Functional Theory. More details on the coefficients can be found in [12].

Note that the homogeneous jumps in the fluxes (2.14), (2.16), (2.18) are an assump-
tion based on observation of the shape of the flux across a heterojunction region. Due to
the loss of scale we have no a-priori reason to expect this homogeneity, and thus future
models may need to account for a non-homogeneous jump in fluxes.

Finally, the Thermionic Emission Model in Slotboom variables is

[Wr = YA, (2.19)
[egf]rzzo, (2.20)
Ty = a3 (ePu)y — aff ()T, (2:21)
[Jnlr =0, (2.22)
J; =af (e7V)} — b (e V)3, (2.23)
[Jp]r = 0. (2.24)

For each equation in the drift diffusion system, the Thermionic Emission Model provides

a pair of transmission conditions. For the potential equation (2.8) we have (2.19) and
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(2.20), for the equation for electron transport (2.9) we have (2.21) and (2.22), and for the

equation for hole transport (2.10) we have (2.23) and (2.24).

2.3. External Boundary Conditions

The system (2.8)-(2.12), (2.19)-(2.24) is completed by appropriate external bound-
ary conditions.
In the simulations in this work we use Dirichlet boundary conditions for the potential

equation (2.8),

Yloa = Y. (2.25)

and Robin boundary conditions for the equations for carrier densities, (2.9), (2.10).
To illustrate the derivation of the value ¢p we restrict to 1 dimension, where 2 =

(a,b), and 02 = {a,b}. Then in this case we have

Yp(a) = ta, (2.26)
¥p(b) = V. (2.27)

To find v, ¥, we solve an algebraic problem for the neutral-charge equilibrium values
w:{E , w;;FE resulting from setting the quasi-Fermi potentials 1, and 1, to zero everywhere
in Q and dropping the derivatives from (2.8). The quasi-Fermi potentials are an alternative

set of variables related to the carrier densities by Maxwell-Boltzmann statistics

n = Nge¥TXx—¥n, (2.28)
p = Nye Vv xTvr=Eq (2.29)
where No and Ny are the conductive and valence band density of states, respectively, x is

the electron affinity, and Ej is the bandgap, i.e. the energy required to excite an electron

from the highest energy valence band to the lowest energy conductive band.



The resulting system to solve for ¢IF reads
Nye ¥a"X"Fs _ Noes "X 4 Np|,_y = 0 (2.30)
with a similar equation for z/JbTE . Y, and 1y are then set by

Yo = VIE 4V, (2.31)

vy ="+ VW (2.32)

where V, and V} are physically controlled external voltages.

For (2.9) and (2.10) we assume recombination velocity boundary conditions, which
are Robin type. These are specified using individual carrier currents via contact-specific
effective recombination velocities. In 1d we denote the effective recombination velocities

by Un,a, Unbs Up,as Vpp- Then the boundary conditions read

In  V]|g=a = —Vna(n — n0)|z=a (2.33)
Ip  V|z=a = Up,a(P = P0)|2=a (2.34)
In - V|p=p = —Vnp(n — n0)|s=p (2.35)
Ip - Vle=p = vpp(p — P0)|=b (2.36)

where ng, po are the carrier densities corresponding to the equilibrium values v, = v, = 0.

2.4. Well-posedness

Here we review the well-posedness analysis for the drift diffusion system following

[26].



2.4.1 Mathematical Background

Before proceeding we recall definitions of Lebesgue LP(U) spaces and Sobolev spaces

WLP(U) [3]. For 1 < p < oo, the space LP(U) is the set of functions v defined on U s.t.

(/U w)’l’ < 00, (2.37)

where integration is with respect to the Lebesgue integral. This space is equipped with

ol = vrp)‘l’. (2.38)

In the case that p = 2, L?(U) is a Hilbert space when equipped with the inner product

the norm

(u,v) 2 :/Uvu. (2.39)

The space L*>(U) is defined as those functions v defined on U s.t. v is bounded

almost everywhere on U, with norm given by the essential supremum,
|v]|pe = inf{K : |v] < K a.e. on U}. (2.40)
For 1 < p < oo the Sobolev space WP(U) is defined as

391,92,.-.,9v € LP(U) s.t.
WP (U) = dve LP(U) - 192,08 € LHU)  (2.41)

Jyvde == [ g0 ¥p € CX(U), Vi=1,2,...,N

where C°(U) denotes the set of infinitely differential functions with compact support.
This space is equiped with the norm

N 1
p \ P
lullwr = (IIUH’EP +> ) . (2.42)
i=1 Lr

In the case that p = 2, we denote WP by H'. H! is a Hilbert space with the inner

ou
al‘i

product

N fou ov
(u,v) g1 = (u,v) 2 + (, ) . (2.43)
H L ; 8377/ axl 2

The associated H! norm, is the same as the W2 norm.
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2.4.2 Single Material Domain

Following [[26], Sec 3.2] we consider the drift diffusion system in one material domain
U (bounded in RN, N € {1, 2,3} of class C%!) with no heterojuntion in Slotboom variables

with mixed Dirichlet and homogeneous Neumann boundary conditions.

=V (eVY) =q(¥,u,v), z€U, (2.44)
—V - (Dp02e¥Vu) = R(4,u,v), = €U, (2.45)
-V (Dpélz,e_¢Vv) = —-R(,u,v), zeU, (2.46)
Ylovp, = Vb, ulovp = up, vlou, = Vb, (2.47)
oY ou v

%|8UN = abUN = $|8UN =0. (2'48)

We will be interested in the weak formulation of the system (2.44)-(2.48). We write

Y =1y + ¥p, u=up +up and v = vy + vp and wish to find (¢, u,v) € (H})? such that
| wun-vo= [ awo+ o~ [ evun-vo, (2.49)
U U U
/ D,62e¥Vug - Vo = / R(th,u,v)¢ — / D,62e¥Vup - Vo, (2.50)
U U U
/ Dysre Vg - Vo = / —R(1), u,v)d — / Dydre "Vup -V, (2.51)
U U U

for all ¢ € H&.

We make the following assumptions:
(A1) The N — 1 dimensional Lebesgue measure of dUp is positive.
(A2) The Dirichlet boundary data satisfies
(p,up,vp) € (H'(U))?,  (¥p,up,vp)lov, € (L¥(0Up))’
and there is a K > 0 s.t.

e % < inf up, inf vp; supup,supvp < .
oUp oUp oUp oUp
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(A3) The recombination-generation rate R satisfies R = F'(z, %, u,v)(uv — 1), where F' €

Clforallz € U; F e L™, Vpuw)E € L7, and F' > 0.
(A4) The mobilities D,,, D), satisfy:

(i) Dy = Dy(2,V), Dy = Dp(x,V)), Dy, Dy : U x RN — R,
(i1) 0 < Dy o < Dy, < Dy, for some D,, o, Dy 1 € R.
(i1) 0 < Dpo < D, < D, for some D, o, Dp1 € R.

(iv) Dyp(x,y1) — Dp(z,y2)| + |Dp(z, y1) — Dp(x, y2)| < L|y1 — y2| for some L > 0.
(A5) The doping profile Ny satisfies Ny € L (U).

Theorem 2.4.2.1 ([26], p. 35). Let assumptions (Al) — (A5) hold. Then the problem
(2.44)-(2.48) has a weak solution (1, u,v) € (H*(U) N L®(U))3, which satisfies the L>°

estimates,

Proof of this theorem has two components. The system is decoupled by an iterative
procedure, resulting in a fixed point analysis for the so-called Gummel Map while existence
of solutions is demonstrated for each of the component equations independently.

For analysis of the component equations, the reader is refered to [[26], Sec. 3.2]. We
note that under physically admittable data it is well known that solutions to the system
are not unique. Under more severe restrictions on data solutions can be shown to have
H? regularity [[26] p. Sec. 3.3].

The decoupling procedure is important for both analysis and computation, and is
used in the simulations in this paper. We describe this procedure, the Gummel Map, in

the next section.
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2.4.3 Gummel Decoupling

One of the difficulties with the drift diffusion system is its coupled nature. The
right hand side of each equation depends on the primary variable of the other equations.
Additionally, in Slotboom variables the equations for carrier densities have dependence in
the differential operator on the electrostatic potential. A classical method of decoupling
the equations for analysis as well as so that each may be solved independently is called
the Gummel Map [8, 20, 26].

Let 3 := HY(U) N L*°(U) with norm inherited from H!. The Gummel Map,
G : H? — H2, is applied iteratively until a fixed point (u*,v*) is reached. The map

proceeds by: given (u®,v%) € H?2, for each k > 0,

1. solve (2.44) with data (u”,v*),

V- (eVyFT) = g WP o%) on U, (2.52)
pF = yp on OUp, (2.53)
k+1

8121/ = 0 ondUn (2.54)

for *+1 € K.

2. Then solve (2.45) with data (1)**1, u* v*) iteration lagging the right hand side semi-

linearity,
—V - (Dpe? Vbt = R@F WF %) on U, (2.55)
u**tt = wup on AU, (2.56)
k+1
M _ ) ondUy (2.57)

ov
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for uF*! € H and solve (2.46) similarly iteration lagging v* on the right hand side,

-V (Dpe_wkHVka) = R W k) on U, (2.58)
"1 = wp on OUp, (2.59)

o k+1
”81/ = 0 ondUy (2.60)

for vFtl e K.

A fixed point corresponds to a weak solution (¢*, u*,v*) € H? of the drift diffusion system.
The Gummel Map can be shown to have a fixed point by the application of the

Schauder Fixed Point Theorem.

Theorem 2.4.3.1 (Schauder Fixed Point Theorem). Let X be a normed vector space,
and K C X a non-empty, compact, and convex set. Then given any continuous mapping

f: K — K there exists x € K such that f(z) = x.

In our case X = H? and K C X is a subset satisfying bounds on u and v guaranteed
by the analysis of the component equations of the drift diffusion system. Thus a fixed point
is guaranteed by showing that G is continuous and maps a non-empty, convex, compact
subset K into itself where K is determined by bounds on solutions to the component

equations.
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3. NUMERICAL TECHNIQUES

In this section necessary tools for the simulation of the model presented in Section
2 are reviewed.

As Figure 3.1 illustrates, the continuum scale solver used in this work consists
of 3 nested loops to handle the coupled nature of the model, the nonlinearity, and the
TEM equations. The Gummel Map described in the previous section is the outer most
iterative loop and decouples the model. The first interior loop is the domain decomposition
algorithm for each decoupled equation. This handles the TEM model and is the subject
of the next chapter. Finally, each equation is nonlinear and must be solved iteratively by
Newton’s method. This chapter describes Newton’s method as well as the finite difference
discretization for the continuum scale model.

A brief overview of the computational model for the microscopic heterojunction

parameter calculation, Density Functional Theory, is given in the Appendix.

3.1. Finite Difference Discretization

In the numerical experiements in Chapter 5 the equations are discretized by centered
finite differences. Here a centered finite difference discretization is reviewed for the linear

Poisson equation.

—u" = f, z € (a,b), (3.1)

u(a) =a, u(b)=p0. (3.2)

We seek to approximate u on (a,b) by values U; at grid points x;, j = 1,..., M, where

a = xg and b = xp711. We will assume a uniform grid, so that xj;1 —x; = h, j =0,..., M.
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| u
Qi Q> Q Q)
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A \4
Qi Q3
< < Gummel Loop ——

Algorithm DDP ——
Algorithm DDC  ——

Newton Iterations ———

FIGURE 3.1: Illustration of continuum solver structure.
Replace v’ in (3.1) by a centered finite difference approximation,
D*U; = %(Uj—l = 2Uj + Uj41) (3-3)
to obtain a set of algebraic equations
Uy = 2+ Upa) = f(ay) for j=1,2,.., M. (3.4)

Incorporating the boundary conditions we obtain a linear system

AU = F, (3.5)
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[ 1 I Us 1T a ]
-1 2 -1 Uy f(x1)
-1 2 -1 Us f(x2)
1
» - (3.6)
-1 2 -1 Unr—1 f(wa-1)
-1 2 -1 Unt f(zar)
I 1 11 Uni+1 | I B |

The values U; are an approximation of the true solution v at grid points x; depending
on the width of the mesh h. Thus we expect error between U; and u(z;) to shrink as
h — 0. In Chapter 5 convergence will be tested in the domain decomposition setting to
ensure that the introduction of the domain decomposition algorithm has no effect on the
order of convergence of the discretization. For that reason we review the expected order
of convergence for the centered finite difference approximation.

We begin by recalling Taylor expansions up to fourth order,

h? h3 ht

u(e + h) = u(z) + ha'(x) + " () + Fu@) () + ﬂu<4> + O(h%), (3.7)
h? h3 ht

u(x — h) = u(z) — hu'(z) + ?u”(x) - Eu<3> (z) + ﬂu@ + O(h%). (3.8)

Then plugging (3.7)-(3.8) into (3.3) we have

u(z + h) —2u(z) + u(x — h)
2

h2d"(z) + 15htu® + O(RY)
12

= u"(z) + O(h?)

D*u(z) =

where O(h?) denotes the term whose size is controlled by h?. Note that this calculation
required u(x) € C%.

This shows that the pointwise error |D?U; — v (z;)| is controlled by h?. However,
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this does not tell us about how the global error
1Bl = U = tlloo = max |U; = u(z;)| (3.9)

is controlled by the mesh size h.
To obtain a bound on || E||» we compute the local truncation error (LTE), and then
use stability to show that the global error can be bounded in terms of the LTE.

Replacing U; by u(z;) in (3.4) we define the local truncation error 7; by
1 )
T = ﬁ(u(xj_l) —2u(zj) + u(xjp1)) + fx;) forj=1,2,..., M. (3.10)
Then assuming u is sufficiently smooth, we can use the Taylor expansions to obtain
1
= [u"(x) + EhQUW(xj) + O | + f(z;). (3.11)

Then we note that from the original differential equation, u”(z;) + f(z;) = 0, thus we

have

S %h2u""(xj) + oY), (3.12)

"

Since u”” is independent of h, we have 7; = O(h?) as h — 0.

Define u to be the vector consisting of the true solution evaluated at grid points, so
that u; = u(z;). Then let £ = U — u, and 7 be the vector with components 7;, the local

truncation error at z;. Next we subtract
AU =F +7 (3.13)
from
Au=F (3.14)
and consider the equation,

AMEN = 11 (3.15)
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where the superscript h denotes the dependence on h.

Solving (3.15) for E" we have

Eh = —(AM Lt (3.16)
Thus,
IE" < 1AM HII" - (3.17)
Then, if there is some constant K s.t.
(A"~ < K for sufficiently small h, (3.18)
we have
IE"|| < K| (3.19)

in whichever norm we choose.
The existence of such a K is referred to as the stability of the method.
In [[23], p. 20] it is shown that A is stable in both the 2-norm and the oco-norm.

Thus we have

IE" | = O(h?). (3.20)

3.2. Newton’s Method

In Slotboom variables each component equation of the drift diffusion system is semi-
linear. Thus we need a method for solving nonlinear partial differential equations. For
this we use Newton’s Method [22, 23]. In describing Newton’s method we will consider a

nonlinear equation

G :RF 5 RF, (3.21)

G(z) =0, (3:22)
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e.g. the result of discretizing one of the equations in the drift diffusion system.
Newton’s method solves this equation iteratively by starting from an initial guess

20 and proceeding for each k > 0,
b =2k — TG () (3.23)

until a stopping criteria is met, where J(x) is the Jacobian of G(x).
In 1d we can illustrate how Newton’s Method works by following the tangent line at
G(2%) from the point G(z*) to the z-axis. The Newton iterate 2% is located where the

tangent line crosses the z-axis. Figure 3.2 illustrates Newton’s Method in one dimension.

G(x)

FIGURE 3.2: Illustration of Newton’s Method in one dimension. T denotes the solution
to G(z) = 0.

It is well known that Newton’s method is not globally convergent, and thus success
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depends significantly on the choice of the initial iterate. However, there are conditions

under which Newton’s method can be guaranteed to converge.

Theorem 3.2.0.2 ([22] p. 71). Assume the equation G(x) = 0 has a solution x*, that the
Jacobian J is Lipschitz continuous and is nonsingular. Then there are constants K > 0

and § > 0 s.t. if 2% € Bs(x*) then the Newton iterate given by (3.23) satisifes
|zF+ — 2¥|| < K|j2* — 2. (3.24)

The theorem says that there is a neighborhood about the solution in which Newton’s
method converges quadratically. We note that this neighborhood is, in practice, very
difficult to determine.

There is no reason to expect that the Gummel Map described in the previous section
will converge quadratically to a solution of the drift diffusion system. Thus the natural
question to ask is, if Newton’s method converges quadratically, why not solve the coupled
drift diffusion system directly with Newton’s method? Indeed, in [24, 37] the coupled
model is solved directly. However, whereas the range of initial guesses for which New-
ton’s method would converge for the fully coupled system may be frustratingly small and
difficult to find, the Gummel Map is much more forgiving. Thus when employing the
Gummel Map difficulties associated to initial guesses for Newton’s method are restricted

to the individual equations.
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4. DOMAIN DECOMPOSITION

Domain decomposition methods provide a framework for solving a PDE indepen-
dently on multiple subdomains. Originally these methods were developed in the interest of
parallelization for PDE problems with smooth solutions that were too large to be solved on
a single processor. More recently, domain decomposition has developed as a technique for
solving problems with discontinuous coefficients or interfaces separating different materials
or physical models [4, 5, 9, 25, 31, 32, 33, 43, 44].

First we review the basic concepts of domain decomposition for the linear Pois-
son equation on 2 following [34]. This setup is then extended to present two algorithms
designed for the model for charge transport in semiconductor structures with heterojunc-

tions. Convergence analysis is performed for these algorithms.

4.1. Mathematical Background

The linear Poisson equation has no jumps or discontinuities but this background will
serve as a template for the more interesting problems related to semiconductor structures

with heterojunctions.
4.1.1 Continuous Formulation
We begin with the linear Poisson equation posed on the whole domain 2:

“Np=f, e, (4.1)

6 =0, z €. (4.2)

We divide the domain Q into two non-overlapping subdomains ;, ¢ = 1,2, (Fig. 4.1

shows examples) and I" will denote the interface between them.
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FIGURE 4.1: Examples of dividing 2 in to subdomains.

Next we rewrite (4.1)-(4.2) in a multidomain formulation:

—A¢1=f, x€D, (4.3)
$1=0, on 9 NOL, (4.4)
¢1=¢2 onT, (4.5)
8;;2 = 8;;1 on I, (4.6)
P2 =0 on 00N O, (4.7)
—Aps=f, x€s. (4.8)

Equations (4.5)-(4.6) are the transmission conditions for the problem. In a domain de-
composition setting we would like to solve the PDE independently on the two subdomains
Q1 and Q9. Clearly if we had a boundary condition for ¢; on I' this would be a straight-
forward task. Instead, we have the transmission conditions (4.5)-(4.6). The difficulty in
domain decomposition lies in resolving these transmission conditions while solving the
PDE independently on the two subdomains.

For the class of methods known as iterative substructuring methods this is accom-
plished by iteratively solving a particular equation posed on the interface. The solution
of this equation will provide a boundary condition for the subdomain problems at the

interface such that the transmission conditions are satisfied.



Consider the problem

_Awl = f7 YIS in
w; =0, on 0; N0,

w; = A, on OL.
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(4.9)
(4.10)

(4.11)

It is clear that for any A the transmission condition (4.5) is satisfied by w;. However,

there is no reason to expect that (4.6) is satisfied for any particular A. Clearly, though,

for A = ¢1|p = ¢2|r where ¢ solves (4.1)-(4.2), (4.6) is satisfied. Next we describe an

equation that will provide a method of finding this correct A.

For a linear or semilinear problem we can write w; = J;A+ P;f where J; A solves the

problem

—Av; =0, x €y,

vi=A, on |

v; =0, on 09Q; NOLY,

and P, f solves

_A’Ui:f7 meQi?

v; =0, onT,

v; =0, on 08; NON.

(4.12)
(4.13)

(4.14)

(4.15)
(4.16)

(4.17)

This is the standard splitting of the solution to (4.9)-(4.11) into parts responding to the

boundary data A and the forcing term f.

Now define the operators SA and y by

2 AT
i=1 ot

S\ =

and

2 OP,f
X = _Zl ovt

(4.18)

(4.19)
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and consider the following Steklov-Poincaré interface equation
SA=x, onlT. (4.20)

If A satisfies the Steklov-Poincaré interface equation (4.20) then w; = ¢; for i = 1,2 [34].

In this paper we consider a class of methods known as iterative substructuring meth-
ods. These methods are designed to solve (4.20) iteratively, e.g. by a Richardson scheme.
The solution A provides data for the solution to (4.1)-(4.2) along I" which guarantees both

transmission conditions are satisfied when solving independent subdomain problems.
4.1.2 Algebraic Formulation

In this section we consider the linear Poisson equation (4.1)-(4.2) discretized by finite
differences. In this setting domain decomposition methods iteratively solve the Schur-
complement system, the discrete counterpart to the Steklov-Poincaré interface equation.

Consider the algebraic system resulting from a discretization of (4.1)
Ad =F. (4.21)

Denote by A; ; the parts of A corresponding to unknowns in domains 7 and j, and by A; r,
Ar;, and Arr the parts of A corresponding to unknowns in along the interface in domain
i or purely along the interface. Then if we order the unknowns so that ® = (&, &9, &r)7,

where ®; denotes unknowns in £2; and ®r denotes interface unknowns, we have

A 0 Apr @y f;
0 Azs Aor Oy | = 5 |- (4.22)
Ari Aro Arr or fr

By block elimination we obtain the Schur-complement system

Yo =0 (4.23)
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where
©:=fr — Ar AT 1fi — AppAg D, (4.24)
Y:=Aprr — ArjAT{Ar — AppAj Ao (4.25)
4.1.3 Neumann-Neumann Algorithm

The algorithms developed in the next section are most closely related to the Neumann-
Neumann algorithm.
This is a well-known iterative substructuring method that solves independent Dirich-

let problems on subdomains while iteratively solving (4.20),(4.23).

Neumann-Neumann Algorithm

Given X°, for each k > 0,

1. For ¢ = 1, 2 solve the subdomain problems

—APTL=f, zeq, (4.26)
Tt =X onT, (4.27)
P =0, on 00 NOQ, (4.28)

for ¥+ and ¢5TL.

2. Then solve in subdomains i = 1, 2,

—Avfﬂ =0, ze (4.29)
vFtt = 0 on 9Q N O, (4.30)
ot Tog
= [81/]1“ on T’ (4.31)
3. Update A by
AL = Nk g [vkﬂ} . (4.32)

4. Continue with (1) unless stopping criterium H [a%k:lLH holds.
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As it is shown in [34] the Neumann-Neumann algorithm can be analyzed as a

Richardson scheme for the solution of (4.20), and there exists a 4, > 0 s.t. if 6 €
(0, Omaz ), the Neumann-Neumann algorithm converges to a solution of (4.1)-(4.2).

Also we note that in 1D it is easy to show that step two may be skipped, instead

updating A by

(4.33)

Ml — Ak g [%M] .
ov r

To see this, consider Q = (—1,1), ; = (—1,0), Q2 = (0,1). Then if v; solves

(4.29)-(4.31), v; is a linear funtion defined by

vi(z) = [gﬂ ) (14 2), (4.34)
vo(z) = [gf]r (x—1). (4.35)
So
[vk“} L= ) =) (4.36)
~ B‘f] R (4.37)

Hence we may avoid step 2 in the Neumann-Neumann algorithm by making this adjust-
ment.

The algorithms in the next two sections designed for the model for semiconductor
structures with heterojunctions are extensions of this algorithm. The algorithm for the
potential equation allows for discontinuities in the condition (4.5) while the algorithm
for the equations for carrier densities allow for a discontinuity whose value in domain 2

depends on the flux of the solution in domain 1.
4.1.4 Richardson Iteration

There are many types of iterative methods for the solution of linear systems of

structure similar to (4.20) [22]. The domain decomposition methods in this work can be



27

analyzed as Richardson schemes. Here we overview this iterative scheme for an equation
. Rk
posed in R”.

Let A : R¥ — R* and b € R¥, so that we consider the problem,
Ax =b. (4.38)
Write (4.38) as
r=UI—-A)N+b, (4.39)
then define the Richardson iteration by: given z° for each k > 1 iterate
aPth = (I — A)zF +b. (4.40)

A theorem to prove that ¥ converges to the solution z of (4.38) is based on the

more general scheme
2* = Ma* + ¢, (4.41)
where M is called the iteration matrix.

Theorem 4.1.4.1 ([22] p. 6). If || M]|| < 1 then the iteration (4.41) converges to

x = (I — M)~'c for all initial iterates 2(°).

For (4.38) we have M = (I — A) and ¢ = b so that if || — A|| < 1, the iteration
(4.40) converges to the solution 2 = (I — I+ A)~'b = A71b of (4.38) for all initial iterates
20,

Clearly the interface equation (4.20) is not posed in R*. Given that we would like
to analyze the convergence of algorithms designed to solve equations similar to (4.20),
this may seem problematic. However, a proof of this theorem does not rely on the finite
dimension of R¥. As we will see later in the context of the algorithms for the heterojunction

model, the convergence of these methods relies on the contraction property | M| < 1 as

well as the completeness of the vector space in question.
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4.1.5 Complexity Comparison

It is well known that the Neumann-Neumann algorithm is mesh independent. That
is, as the mesh is refined and the number of computational nodes increases, the number
of domain decomposition iterations required to reach a given tolerance remains constant.

Here we analyze the relative computational complexity of solving (4.1)-(4.2) in a
single domain versus solving the problem with a mesh indepndent iterative substructuring
method like the Neumann-Neumann method.

Let N denote the number of computational nodes in the domain €2, and for simplicity
assume % = Ny is the number of nodes in each subdomain.

Suppose as well that the solver for the linear system resulting from a discretization
of the problems has O(N?) complexity.

Then if the domain decomposition algorithm requires K iterations, we have 2K O(Ng )
work done in the domain decomposition setting.

Then using N = 2Ny, we note that we have O((2Ny)?) = 4O(Ng) in the single
domain case.

Thus we see that the domain decomposition algorithm will require less work when
K <2.

For anything but the simplest problems, this is unattainable. However, this calcu-
lation ignores the possibility of computing the subdomain problems in parallel, which is
a considerable advantage for computational time for the domain decomposition setting.

Additionally, in the case of the model for charge transport in semiconductor struc-
tures with heterojunctions including the thermionic emission model equations directly in
a single domain monolithic solver results in a change of the sparsity pattern of the ma-
trices in the linear systems to be solved, as well as the loss of symmetry. This affects
the choice of linear solver for the problem and in many cases affects the efficiency of the

solver. This further advocates for the use of domain decomposition, which resolves the



29

thermionic emission model at a level that does not effect the linear systems being solved.

4.2. DDM for Potential Equation

In the previous section we described the background for iterative substructuring
methods including transmission conditions and the Steklov-Poincaré interface equation
(4.20). We then introduced the Neumann-Neumann method, a method that can be ana-
lyzed as a Richardson scheme for (4.20).

In this section, we extend these techniques to the problem (2.8) with (2.19) and
(2.20). The method we develop will be based on the Neumann-Neumann method but will

allow for the non-homogeneous jump (2.19).
4.2.1 Continuous Formulation

Here we develop an algorithm to solve (2.8) with (2.19) and (2.20). Homogeneous
Dirichlet boundary conditions are assumed at the external boundary for simplicity of
exposition. Rather than solving this problem on the whole domain, we would like to
solve independent problems in subdomains 1, €5. The iterative substructuring method
described here is thus a method for finding a suitable A defined on the interface I" so that

(2.8) with (2.19) and (2.20) is equivalent to the problem

=V (aV)=q, €, Pilr=A\ (4.42)

—V - (eaVY) = q2, v € Qa, Yalr = A+ Ya. (4.43)

For any A, the system (4.42)-(4.43) satisfies (2.19). However, there is no reason to expect
that (2.20) is satisfied by a solution to (4.42)-(4.43). Thus we seek the value A\ which
guarantees (2.20) is also satisfied.

To develop the method for finding such a A we recall the definitions of J;\ (4.12)-
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(4.14) and P;f (4.15)-(4.17) and write

Y1 =JA+ Piq, P2 = Jod+ Jopa + Pog. (4.44)

For 1 this is the standard separation of the solution to (4.42) into components responding

to the boundary data A and the forcing term ¢;. For 9 we are additionally separating

the response to the data A + ¥ A into components responding to A and ¥ distinctly.
Then define K and Y by

o 0J1 A 0Jo\
K\ = ¢ 5 25, (4.45)
o 0Psq 0Pq OJatha
T = ¢ By — € By + €9 o (4.46)
and consider the equation
K\=T1. (4.47)

Lemma 4.2.1.1. Suppose \ satisifes the equation KA\ = Y. Then a solution of (4.42)-

(4.43) also solves (2.8) with (2.19) and (2.20).

Proof. The proof of this lemma is a straightforward calculation. Assume \ satisfies (4.47)
and assume 1) satisfies (4.42)-(4.43) with this A. Clearly (2.8) is satisfied for ¢ = 1,2.

Further, note that for any A the condition (2.19)

[Y]r = ¥a (4.48)

is satisfied by construction. Thus it remains to check (2.20)
0
[eﬂ = 0. (4.49)
ov | p
To see this condition is satisfied we calculate, beginning with (4.47),
KX = T.

Recalling the definitions (4.45)-(4.46) we have

_ rO0Pyq 10Pyq
“ ov © o € o

€

0Johp
ov te ov



31

Then we group terms by domain,

O\ P O\ OJabs  OP
r 1 19 T 2 2N 24
61( ov " ow > B 62( o o v >’

thus

rO(JiA+Pig) pI(L2A+ s + Pogq)
e :
ov ov

Recalling (4.44) we conclude
T 8¢1 r O1hy

‘1 ov 2 ov

4.2.2 Algebraic Formulation

To construct the algebraic counterpart to (4.47) we consider the centered finite

difference discretization of (4.42)-(4.43). After reordering unknowns we have

A, 0 Ar O Uy Q
0 Ass 0  Ayr Wy Q
- > . (4.50)
AF,l AF,2 A%‘,F A%,F ‘I’% {QF}F
i 0 0 —I I ] _\Il%_ i LN |

The first two lines in this system are simply the discretization of the potential equation

in the bulk domains 1 and 2. In the third line, we define

1 2
[Qrlp = 290 ;r or (4.51)

The last line is the algebraic counterpart to the TEM condition (2.19). Rewriting this

system we have four equations

AW+ A rYE = Q, (4.52)
AsoUs + Aar Vi = Q,, (4.53)
Ar 1V, + App¥s + AIl‘,I‘\I/ll“ + A%,F‘P% ={Qr}r, (4.54)

U2 Ul =0, (4.55)
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Substituting (4.55) in (4.53)-(4.54) we have

A s¥? + Agp (U] + Up) = Q,, (4.56)

Ar Ui+ AppWs + Ap pUp + AR (U + ¥a) = {Qrlp- (4.57)
Now using (4.52) with (4.56), (4.57) we solve for ¥y, Uy,

U =A71Q; — A1A Yy, (4.58)

Uy = A55Q — AA Ut — AL 0. (4.59)

Substituting (4.58) and (4.59) into (4.57) results in the algebraic counterpart to (4.47)

Kok =1, (4.60)
where
Kp:=Apr+Afr —Ar A {Ar — AppAsiAsy (4.61)
and
Yh = (AriAT Q) + Ar2As2Qy +{Qrlp) + (Afr — AraAs ) ¥a. (4.62)

4.2.3 Algorithm

To find an appropriate A and solve (4.42)-(4.43) we present a method that can be
analyzed as a Richardson scheme for (4.47).
Algorithm DDP to solve (2.8) with (2.19)

Given A, for each k > 0,

1. Solve (4.42) for )¥*1 and (4.43) for y5*1.
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2. Solve the following problem in subdomains i = 1, 2,

V- (Vo) =0, z € Q (4.63)

¢ =0 0on 90 N O (4.64)

€ a‘g?:l = [6i§f]F onT (4.65)
3. Update A by

ML= 2F 9o, (4.66)

4. Continue with (1) unless stopping criterium ‘ [eg—ﬂFH holds.

Similarly to the Neumann-Neumann method, in 1D we may avoid step 2 by adjusting

the update of X to

w] R (4.67)

)\k-i-l — )\k 9 e
+ 681/

4.2.4 Convergence Analysis

To show that algorithm DDP converges we will analyze the weak form of (4.47).
Step 3 of the algorithm will be analyzed as a Richardson iteration preconditioned by steps
1 and 2. This will be shown to be a contraction on a complete metric space and the

Banach Contraction Theorem will be applied to guarantee convergence.
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Let v; : HY(Q;) — H%(an) be the trace operator, and

Vi = HY(), (4.68)

VP = {v €V | ivlaanan, = 0}, (4.69)

V o= {veL*Q) | vlo, € VP fori=1,2}, (4.70)

A = Hz(I), (4.71)

(U,’U)Qi = / uv, (472)
Q;

ai(u,v) = / &Vu - Vo, (4.73)
Q;

First we characterize K as an operator from A to A’, where A’ denotes the space
of continuous linear functionals on A. Let u € A, multiply by u, apply the divergence
theorem and note that both €;J;\ is divergence free in §2; and R;ulponsq, = 0 for any

e A

- OFN DDA
(KA p) = /F<€1 o1 T2, >H
OJ1A 0JoA
= /1—\6181/1 Rip+ /1—\626112 Rop
0J1A / 0JoA
- a2 Rt | 22 R
/891 10 1K 00, 275,2 2/
= / 61VJ1)\'VR1M+/ Vol - VRau
Q1 QQ

= a1(Si\, Rip) + aa(J2 A, Rop)

Since R; can be any possible extension operator, we take R; = J; in this case. Thus we

have
(K)\,,u> = al(Jl)\, Jlu) —I—(IQ(JQ)\,JQ/L). (4.74)

The fact that for each A € A, (KA, ) is linear as a function of y follows from the
linearity of integration. In the proof of the upcoming Theorem 4.2.4.2 continuity will be

shown. Thus as a function of u, (KA, u) € A’ for each A € A.
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Next we proceed similarly for the right hand side of (4.74), recalling the definition
of Piq (4.15)-(4.17) and applying divergence theorem

1) = _/631326] _/eaplq _/GaJﬂZ}A
o F28V2M Flal/lﬂ FQal/Qu

oP. OP, 0J
_ _/62 22ngu—/el 1quu—/ 2¢AR2M
r  ov r

81/1 T €2 8V2
_ 0P2q 0Piq / OJ2thp
= /6522 2753 Raop /m1 €21 Rip . €252 Rop

== V- (EQVPQ(])RQILL — / EQVPQC] . VRQ,LL
QQ Q2

+ V- (e1VPq)Ripn — /
Ql Ql

€1VP1q . VRML — / EQVJQwA . VRQ,M
Q2

= / QQRQ,U_/ GQVP2Q'VR2M+/ Q1Rlﬂ—/ eiVPiq- VRip — ax(Jon, Rop)
QQ QQ Ql Q1

2

= > (@i Rip)a, — ai(Pig, Rip)] — aa(Jaton, Rap).
i=1

Linearity of (Y, u) follows from the linearity of integration. Continuity of a;(-,-) terms

is demonstrated in the proof of Theorem 4.2.4.2. The continuity of the terms (g;, Ript)q,

/ qi Rip
Q;

< Nlgill 2 1 Rivtll 20y

remain to be demonstrated. Let p € A,

(¢, Rip)o;| =

< Nlgill ez 1Riptl 5 (0, -

as long as ¢; € L?(€;). Then since R; : A — ViO is continuous, there exists C' > 0 s.t.

(@i, Rim)e;| < Cllaillzcn llella-

So, (T,u) € A'.

And now we write the weak form of (4.47) as:
find e A = (KA pu)=(T,u) YueA. (4.75)

To prove convergence of Algorithm DDP we use the following lemma, contained in

a theorem from [34].
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Lemma 4.2.4.1 ([34] p. 120). Let X be a Hilbert space and A : X — X' be an operator.
Suppose A can be split into A = Ay + Az, and that A; is continuous and coercive with

continuity constant C; and coercivity constant «;, 1 = 1,2. That is,

[(Aiz,y)| < Cllelxllyllx Va,y € X and (4.76)

(Ajz,z) > alzl|}% Vz e X. (4.77)

Define N = (A7 4+A5 1) ™1 Note that N is continuous and coercive since A; is continuous
and coercive. Let any denote the coercivity constant for N and let C denote the continuity

constant for N. Further assume N satisfies the condition that there exists k* > 0 s.t.
(N NTIAN 4 (AN N > B I\% YA e X. (4.78)

Then there exists a Omqqr given by

k*aN
Cy (o% + O%) (01 + 02)2

(4.79)

gmax =

s.t. for any 0 < 0 < Opaw, the operator Ty = I — ON"YA is a contraction on the space X .

We also note that if A; are symmetric, condition (4.78) is equivalent to the coercivity
of A [[34], p. 121].
We will also require the Banach Contraction Mapping Theorem. A proof of this

result can be found in any standard real analysis text, e.g. [36].

Theorem 4.2.4.1 (Banach Contraction Mapping Theorem). Let (X,d) be a complete
metric space, and let f : X — X be a contraction. That is, there exists 0 < K < 1 such
that d(f(x), f(y)) < Kd(x,y) for all z,y € X. Then there exists a unique fized point

xg € X such that f(xg) = xg. Further, for any v € X, lim,, o f™(z) = xo.

Theorem 4.2.4.2. There exists H%M >0 s.t. forany 0 <6 < H%M, and for any initial

guess A Algorithm DDP converges to the solution \ of (4.47).



Proof. A proof of this theorem takes the following steps:

37

1. First we define an operator splitting for K, and show that Algorithm DDP is equiv-

alent to the following preconditioned Richardson scheme for (4.47),
(K{P+ KD k) = g(7 — KAR).
2. Next we show that
Ny = (K + K™

satisfies the criteria from Lemma 4.2.4.1 on the Hilbert space A.

(4.80)

(4.81)

3. Finally we conclude via application of the Banach Contraction Mapping Theorem

and Lemma 4.2.4.1 that the algorithm converges.

We will require the Poincaré Inequality.

Theorem 4.2.4.3 (Poincaré Inequality, [3] p. 290). Suppose that 1 < p < oo and U is a

bounded open set. Then there exists a constant C such that

ull 2o (o) < ClIVull oy Yu € WoP(U).

(4.82)

In particular, the expression ||Vul| Ly is a norm on W&’p(U), and it is equivalent to the

norm ||u|lyw1.e-

Step 1

We define the operator splitting of K by

oJ1 A

KA o
OJo )\

KoA == ov

Recall that w]f'H = J1\F + Piq and W;H = JoA* + Jopa + Poq, therefore,

)\k
Kl_l <8J1/\ + 8P1q _ 8J2 + J2¢A . 6P2q>

¢k+1 ’F
1 ov ov ov ov

= —K{Y(T - KM

(4.83)

(4.84)

(4.85)

(4.86)
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Similarly,
5 r = Ky (T — KA"). (4.87)
And so we have,
ML 2P LK+ Ky H(T — KAR). (4.88)
Or equivalently,
N,(AFFE - 2\FYy = 9(T — KAF). (4.89)

Step 2
To show that N, satisfies the criteria of Lemma 4.2.4.1, we must show that K is
continuous and coercive on A for i = 1,2 and that N, satisfies condition (4.78).

To show that K; is coercive we will require the trace inquality

Proposition 4.2.4.1 (Trace Inequality [34], p. 7). Let v; € V;, then there exists CF s.t.
[vilrlla < Cfllvill - (4.90)

In the weak setting we have

<K1)\,,u) = al(Jl)\,Jlu), (4.91)
<K2)\, ,u) = ag(JQ)\, JQ/,L). (4.92)
Then we calculate,
(Kid A > el VAL, (4.93)
> eCll N A7y (4.94)
> CC*|[IAX- (4.95)

where C' is the constant guaranteed by the Poincaré Inquality. Thus K; is coercive with

a1 = egCC*. The calculation for Ko follows.
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Next we calculate

(Kid,p) < allJiMlma)llJrellm@,)- (4.96)

From well known estimates for elliptic boundary value problems [[34], p. 9] we know there

exists § > 0 such that

[Tl 1) < BlIAA- (4.97)

Thus K7 is continuous with constant C1 = €13. The calculation for Ky follows.

Now we simply note that the K; are clearly symmetric, and thus condition (4.78)
is equivalent to the coercivity of K. But the coercivity of K is a direct consequence of
the coercivity of the K;. Thus condition (4.78) is satisfied, and the conditions of Lemma
4.2.4.1 are satisfied.

Step 3
Let 9%(11 be the constant guaranteed by Lemma 4.2.4.1. Let 0 < 6 < 6’%”. From

Lemma 4.2.4.1 we know that the operator
1) =1-0N,'K (4.98)

is a contraction on A. Notice,

N (AL 2F) = 9(T — KAF)
then solving for \F*+1,

AL AP — NS L (KR = ),
and applying (4.98),

N = TR N1

Then since ON, 17 does not depend on \¥, Tgw a contraction implies

GyA=TY\ + N, 1T (4.99)
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is a contraction on the Hilbert space A.
Now applying the Banach Contraction Mapping Principle we know that Algorithm

DDP converges to a fixed point, Ag of the map G;p. Then we have
Gy = Ao,
then recalling (4.99)
Ty o + ON; 1T = ),

then recalling (4.98)

Ao — ON; (KA — 1) = Ao,
then isolating the two free A% terms,

Ao — Ao =ON, (KXo — 1),
S0,

0=KX\—-T.

O

Estimating 0% directly from material parameters is a subject of ongoing research.
The coercivity and continuity constants depend on known material parameters, and using

optimal values for 6 has a dramatic influence on the efficiency of this method [12].

4.3. DDM for Carrier Transport

In this section we extend the techniques developed in Section 4.1. to the problem for
electron and hole densities. The method developed here is again related to the Neumann-
Neumann method, but is designed to handle the unusual Robin-like transmission condition
(2.21) or (2.23), rather than the homogenous jump in the primary variable from the

background on the linear Poisson equation.
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4.3.1 Continuous Formulation

Here we develop an algorithm to solve (2.9) with (2.21) and (2.22) or (2.10) with
(2.23) and (2.24). To this end we note that each problem for carrier transport in Slotboom

variables can be written in the following form, ¢ = 1, 2,

-V (k}lVU%) = fi, T € Qi7 (4.100)
8U1
klrﬁ = apub, — ajul, (4.101)
ou ou
rvvl _ ,pYu2
ky i k5 e (4.102)
uloonaq; = 0. (4.103)

We note that homogeneous Dirichlet boundary conditions (4.103) are assumed at the
external boundary for simplicity of exposition.

Again k is data s.t. 0 < kpmin < k < kmae on Q for some constants knin, kmaz- We
also assume f € L2(Q;) for i = 1,2 and a; are positive and bounded.

Rather than solving the problem on the entire domain, we would like to solve inde-
pendent problems in subdomains 21, 9. The iterative substructuring method described
here is thus a method for finding a suitable value A defined on the interface I' so that

(4.100)-(4.103) is equivalent to the problem

=V (kiVu) = fi, €M, wlr=A (4.104)

a 1 pou
~V - (kaVup) = fo, 2€ Q2 wofr=—A+ —kl 1.
as as - Ov

(4.105)
For any A the solution of the system (4.104)-(4.105) satisifes (4.101). However, there is no
reason to expect that (4.102) is satisfied by a solution to (4.104)-(4.105). Thus we seek
the value A\ which guarantees (4.102) is also satisfied.

To develop a method for finding such a A\, we write

1 OHi\N 0P
up = A+ Pif, up=Hoh+Hy | —K (L + 11f +Pof,  (4.106)
a1 ov ov
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where u is the solution of (4.104)-(4.105). Here we recall the definition of P; f (4.15)-(4.17),

and define H;\ as the solution of the problems

-V (kZVvZ) =0, xe€;, (4.107)

vp=2A, onT (4.108)

=%, onl (4.109)
az

v =0 on 0Q; NON. (4.110)

For u; this is the standard separation of the solution to (4.104) into components responding
to the boundary data A and the forcing term f;. For us we additionally separate the
response to the data 2 /\ + 1 k{ g}ﬁ into components responding to —1/\ and - k{ gzl
distinctly. The multiplicative factor Z—; is included in the definition of HoA on the boundary

data to simplify calculations.

Then define = and X

OH1 A OHs\

=y .— LI 1A 4r 2

A ki —— 5 ks 7 — ks ey , (4.111)
1 0P f
Y .- kF@ng _kFaplf + kL w (4.112)
)Y ov 2 ov '
(4.113)
and we consider the equation

ZA =3 (4.114)

Lemma 4.3.1.1. Suppose X\ satisfies the equation 2\ = . Then a solution to (4.104)-

(4.105) also solves (4.100)-(4.103).

Proof. The proof of this lemma is a simple calculation. Assume \ satisfies (4.114). Assume
u satisfies (4.104)-(4.105) with this A. Clearly (4.100) is satisfied for i = 1,2. Further,

note that for any A the condition (4.101) is satisfied by construction. So, the only issue



to check is the condition (4.102). So we calculate, beginning with (4.114).

EXN =
Recalling (4.111)-(4.112) we have
1 0H1A
O pOH) krafb (a v )
L ov 2 ov 2 ov

Then we group terms by domain,

OH\\ 0P
4555

ov

Recalling (4.106) we conclude

k

4.3.2 Algebraic Formulation
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3.

1 OPLf
kF&ng fk?r@Plf ap Ov )
2 v L ov '

O H; (A+a—1l(

oP f

T )) L Of

Faul
Lot

F8u2
2ol

ov

To construct the algebraic counterpart to (4.114) we consider a finite difference

discretization of (4.104)-(4.105). After reordering unknowns, we have

A
0

Ar

fluzx
L Al,F

0 Air
Ao 0
Arp App

0 a1l

0
Asr
Afr

—CLQI ]

U
U,
Up

Up

F,y
F,

{FF}F
0

(4.115)

The first two lines of this system are simply the discretization of the the equations in the

bulk domains €; and 5. In the third line we define

{Frip =

FlL + F2
———

(4.116)

The last line is the algebraic counterpart of the TEM equation (2.21) or (2.23), with AJ%

describing the discrete flux of the solution Uj as it approaches I'. Rewriting this system



we have four equations

AU + A UL = Fy,
AyoUy + Ay UR = Fy,
Ar U +Ar,Us + A%IU% + A%FU2 ={Fr}p,

AU + a1 TUL — aoTU = 0.
Substituting (4.120) into (4.118) and (4.119) we have

1 a
As2Us + Asr (A{l{:mUl + 1U%~> = Fo,
as ’ as

1

a
Ar U + AUy + AL pUp + Af ¢ (aA{thUl + JU%) = {Fr}r.
2 2
Now using (4.117) and (4.121), (4.122) to solve for ¥y, Uy we have

U, = A[jF; — AT1A, UL,

_ 1, _ _ _ ai , _
Uy = Aj,Fs — aszzéAz,FA{fﬁxAﬁFl ~AT1A U + £A2,§A2,FU%-

Finally substituting (4.123) and (4.124) into (4.122) gives

— 1
:‘hUF = E]-“
where
- ~1 —1 a —1 1
Eni=Ar A jALr — ArpA AL + AP A Ao + A,
1 A2 flux A —1 al A2
— AT rAI D AALr + HAT
and

Sh={Fr}p — Ar1AT{F1 — ArpAiFo + LA A AL p AT AT IR,

1 A2 fluz A —1
_,T2AF,FA1,F A1,1F1'

4.3.3 Algorithm
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(4.117)
(4.118)
(4.119)

(4.120)

(4.121)

(4.122)

(4.123)

(4.124)

(4.125)

(4.126)

(4.127)

To find an appropriate A and solve (4.104)-(4.105) we consider a method that can

be analyzed as a Richardson scheme for (4.114).



45
Algorithm DDC to solve (4.100)-(4.103)

Given X\°, for each k > 0,
1. Solve (4.104) for %™ and then solve (4.105) for us™!.

2. Solve the following problem in subdomains ¢ = 1, 2,

—V - (V¢ =0, z € O (4.128)
PP =0 on 00 N IQ; (4.129)
k; aggijl = [kg?ﬂr onT (4.130)
3. Update A by
AL \E g [gsk“} ) (4.131)

4. Continue with (1) unless stopping criterium H [k%]FH holds.

Similarly to the Neumann-Neumann method and Algorithm DDP we may avoid

step 2 in 1D by adjusting

(4.132)

P (L [%ukﬂ] .
ov r

4.3.4 Convergence Analysis

To show that Algorithm DDC converges we will analyze the weak form of (4.114).
This analysis is very similar to that of Algorithm DDP. This is not surprising since both
methods are designed to be extensions of the Neumann-Neumann algorithm, and thus
have similar structures. However, the calculations do differ due to the difference in the
definitions of the interface equations, (4.47) and (4.114).

In this analysis the Richardson scheme in step 3 of the algorithm will be shown to
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be a contraction on a complete metric space and the Banach Contraction Theorem will
again be applied to guarantee convergence.

We recall the definitions (4.68)-(4.73) and let R; and R; denote any possible con-

tinuous extension operators from A to V2. Also we define the bilinear form

bi(u,v) == / kEiVu - V. (4.133)
Q.

7

First we characterize = as an operator from A to A’. Let u € A, multiply by u,
apply the divergence theorem, and note both that k; H;\ is divergence free in §2; and

Riploanaq, = 0 for any p € A.

1 O0H1 A
_ B OH\ N OHpx  OH> (a v )
(EXp) = /F k1 o + ko 92 +k2T K

1 0H1A
. OH1 A OHo A\ OHy (ch ov > "
= /F’“aylf"’”“/r’“? a2 R?”*/Fk2asz“

1 OH )
OH A O Ho\ OHy ( o 50"
— [ WS R R [ R R [ @HR;
o, Ov o, = Ov 8

1 OH1 A
= / k1VH1)\'VR1u—|—/ k‘QVHQ)\'VRQIU—i-/ kQVHQ < ! ) VR;M
(N Qo Qo al 81/

2
1 O0H A
= E bi(HiA, Rip) + bo <H2 <1> ,R§7M>
P a1 Ov

Since R; and R3 can be any possible continuous extension operators, we will take

a1 Ov

R; = H; and Ripu = Ho (LM) in this case. These choices ensure symmetry of the

operators, which is useful in this analysis. Then we have

2
1 OH1 )\ 1 OH
(EX ) = sz’(Hi)\,Hm) + bo (Hz (ma;> , Hy < 1M>> . (4.134)
i1

a1 Ov
The fact that for each A € A, (EA, p) is linear as a function of p follows from the
linearity of integration. In the proof of the upcoming Theorem 4.3.4.1 it will be shown
that = is continuous. Thus for each A € A, (EA, u) € A'.
Next we proceed similarly for the right hand side of (4.114), recalling the definition

of P;f and applying divergence theorem:
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OH, (1 BP1f>

. 8P2f 6P1f ap Ov
(X, p) = /kQ 92 K /Fkl 92 K /Fk?QWM
1 0P f
OP,f oP f OH> (a o ) .
= /k‘g 92 Rg /k 002 R1 /Fk281/2 RQ,U

1 0P f

/ 0P b / w2 g / kaH2<a1 ai)R*ﬂ

- - 27~ o LV — 1 1U 27 & o
o0,  OV? o0, OVl 80 o2 2

= V-(szng)Rzu—/ koV Py f - VRop
QQ Q?

1 0P,
+ V . (k1VP1f)R1p — / k1VP1f . VRLLL — / k‘zVHQ < 1f> . VR;/J
of N Qo ap Ov

= / f2R2,u—/ kgVng-VRgu—i—/ fiRip
Q2 Qo (o1

1 OP
—/ FiVPLf-VRipu—bo (Hz <1f> 7R§M)
0 a; Ov

2
= Y _[(fi, Rip)o, — bi(Pif, Rip)] — b (Hz <al<9§;f> ,R§u> :

i=1 !
Linearity of (X, ) follows from linearity of integration. Continuity of the b;(-,-) terms is
demonstrated in the proof of Theorem 4.3.4.1. In the analysis of Algorithm DDP we saw
that as long as f; € L*(;), the terms (f;, Rip)o, are continuous. Thus (3, u) € A,

Now we can write the weak form of (4.114) as
findhe A : EX\p) =3, pn) VueA (4.135)

Theorem 4.3.4.1. There exists 0

max

> 0 such that for any 0 < 0 < 0% and for any

max’

initial guess X, Algorithm DDC converges to the solution to (4.114).

Proof. Similarly to the proof for Algorithm DDP, the proof of this theorem takes the

following steps:

1. First we define an operator splitting for ¥, and show that Algorithm DDC is equiv-

alent to the following preconditioned Richardson scheme for (4.114),

(ST 45T - AR = 9(8A - B), (4.136)
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2. Next we show that
Ne = (S + 55078 (4.137)
satisfies the criteria from Lemma 4.2.4.1 on the Hilbert space A.

3. Finally we conclude via application of the Banach Contraction Mapping Theorem

that the algorithm converges.

Step 1

We define the operator splitting of = by

- OH A

A= k{Tyll (4.138)
1 O0H1 )\

_ oMy 02 (& %o

Zo) = kb 53 + k5 (ayﬂ ) (4.139)

Recall that w1 = HIM + Pif and vkt = HoAF 4 Hy (?11’“{ (amk n aplf)) + Pof

therefore,
OH\A 0P f
k+1 _ —1 1 1
¢ r = Hj < 5+ o (4.140)
k 1.0 (9HIAF ons
_8(H2)\ + Hy (kD (2328 4 2R B YA R
ov ov '
= —HY(Z -2\ (4.142)
Similarly,
PE = Hy Y2 — 2XF). (4.143)
And so we have,
AL = \F L o(HT + HyY)(S - EXF). (4.144)

Or equivalently,

N(AFFE 2y = g(2 — 20F). (4.145)
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Step 2
To show that N, satisfies the criteria of Lemma 4.2.4.1, we must show that =Z; is
continuous and coercive on A for i = 1,2 and that N, satisfies condition (4.78).
To show that =; is coercive we will again use the trace inquality. In the weak setting

we have

<El)\7:u’> = bl(Hl)\) Hlu)v (4146)

- o 1 8H1)\ 1 8H1,U,
<_2)\,,u> = bQ(HQ)\,HQH) + bg <H2 (Cll o ) , Ho <a1 BN )) . (4.147)

Then we calculate,

(ENA) = kol VHIAZ2 g, (4.148)
> koCllHiM % g, (4.149)
> koCC*|[HiA|3 (4.150)

where C' is the constant guaranteed by the Poincaré Inquality. Thus =; is coercive with
o] = koC c*.

To see that Z, is also coercive, note that

1 1
by (1 (2O g, (LOHINNY (4.151)
a1 Ov a1 Ov

So,

~ 1 OH 1\ 1 OH1 A
= _ o H o, = H, [ — 4.152
< 2)\,)\> b2( 2N, 2/\) + by < 2 <a1 o ) , 112 <a1 o >> ( 5 )

> by(Ho, Ho)). (4.153)

The calculation to show that ba(H2\, Ha\) is coercive is identical to the calculation for
=1. Thus we conclude that =5 is coercive on A.

Next we calculate,

EAw < kil HM g o) Hipll g o) (4.154)
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From the well known estimates for elliptic boundary value problems [[34], p. 9] we know

there exists 8 > 0 such that
[H1Al 1) < BlIAlIA- (4.155)

Thus Z; is continuous with constant C7 = ¢18. Again the calculation for Z5 follows.
Now we simply note that the Z; are clearly symmetric, and thus condition (4.78)
is equivalent to the coercivity of =. But the coercivity of = is a direct consequence of
the coercivity of the Z;. Thus condition (4.78) is satisfied, and the conditions of Lemma
4.2.4.1 are satisfied.
Step 3
Let 0

max

be the constant guaranteed by Lemma 4.2.4.1. Let 0 < 8 < 0 From

max-*

Lemma 4.2.4.1 we know that the operator
Ty :=1—60N'= (4.156)
is a contraction on A. Notice,
N —2\F) = g(2 — 2NF),
then solving for A1,
D L (=P LD )
and applying (4.156),
ML — TP L oNTY,
Then since #N; 'Y does not depend on ¥, Ty a contraction implies
G\ =T+ ON;'S (4.157)

is a contraction on the Hilbert space A.
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Now applying the Banach Contraction Mapping Principle we know that Algorithm

DDC converges to a fixed point, Ag of the map G§. Then we have
Ggro = Mo,
then recalling (4.157),
Tg o + ONIE = N,
and recalling (4.156),
Ao — ONSEH(EN — X) = Ao,
then isolating the two free Ag terms
Ao — Ao = ONSLHEN - B).
Hence
0==2N—2X

O]

u

b o directly from material parameters is a subject of ongoing research.

Calculating 6
The coercivity and continuity constants depend on known material parameters, and just
as with G%ax, using optimal values for 6 again has a dramatic influence on the efficiency

of this method.
4.3.5 Alternative Algorithm

A more natural algorithm for the simulation of the equations for carrier densities is
one in which the subdomain solves involve a Neumann boundary condition at the interface
and iterates to satisfy (4.101). Here we present an algorithm with this structure that has

had promising performance on test problems.
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In this setup we seek to find a value A defined on the interface I" so that (4.100)-

(4.103) is equivalent to the problem

-V (k:1Vu1) = f1, x €Qy, ki 68711/1 =\, (4158)
-V (k‘gVUz) = fz, €y, ko—— Ouz =\ (4.159)

ov
To develop the method for finding X\, we define u; = N;A + M; f where

ON; A

~V (kVNA) =0, 2 € Qi ki S| = A, (4.160)
—V - (k;VM;f) = fi, v € Q, z-ag{jf r=0. (4.161)
Then define L and Y
L\ = </<:F 8g” + a1 N\ — agNg)\> ey (4.162)
Y = (azsz — a1 My f — Ky 82(;41f> Ir. (4.163)

We then consider an algorithm that can be analyzed as a Richardson scheme for the

equation LA =Y,

Algorithm DDN to solve (4.100)-(4.103)

Given X°, for each k > 0,
1. Solve (4.158) for u¥*! and (4.159) for u5™.
2. Update A by

k+1
)\kJrl — )\k Y (kl 8ul—i_

5 agub ™ + aluk+1> Ir (4.164)

k+

— a2u§+1 I alukH) ’I‘

3. Continue with (1) unless stopping criterium H<k1

holds.
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Convergence analysis and implementation for a true semiconductor structure is a
subject of ongoing research and so neither will not be presented in this work. The mixed
boundary value problems on the subdomains in this algorithm with true heterojunction
parameters are very ill-conditioned. Solving these subdomain problems accurately is a

matter of ongoing work.
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5. NUMERICAL RESULTS

In this section we present results from numerical simulations. First, the domain
decomposition algorithms developed in this work are demonstrated on model problems
for the potential equation and the equations for carrier densities. Convergence studies
are performed and various performance aspects are discussed. These model problems are
useful for testing but do not have the diffulties associated with a true heterojunction
semiconductor such as coupled nonlinearity, widely discontinuous coefficients, and layer
behavior. These problems were designed to have solutions with similar qualitative behavior
to solutions to a true heterojunction problem.

Full semiconductor structures with heterojunctions are simulated in the section

following the model problems. More details of these simulations can be found in [7, 12].

5.1. Model Problems

5.1.1 Potential Equation

Here we present numerical results from the simulation of the following model prob-

lem,

—(e1)' = filw,91), = €(=1,0), (5.1)
—(ey)' = fa(z,92), 2€(0,1), (5.2)
[Vl = ¥a, (5.3)
[ev']y = 0. (5.4)

This problem has the same form as the potential equation in the model for semi-
conductor structures with heterojunctions.

We discretize (5.1)-(5.2) by centered finite differences and solve (5.1)-(5.4) using
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Algorithm DDP, while the subdomain problems are solved by Newton’s method.

The DDM algorithms developed in this paper add a third iterative loop to the full
simulation of heterojunction problems. With this in mind we would like to know how
this effects the computational complexity of the full solver. Many iterative substructuring
algorithms are known to be mesh independent, including the Neumann-Neumann method,
and so we check the number of DDM iterations performed at difference mesh sizes. Like
with the Neumann-Neumann method we observe mesh independence for Algorithm DDP,
thus we do not increase the computational complexity of the problem by using the domain
decomposition algorithm.

Table 5.1 presents the observed order of convergence and the number of DDM itera-
tions at each mesh size for this problem. As expected by the finite difference discretization,
we see order two convergence.

In these simulations we set

fi(2,9) = falw, ) = — cos(v) (xglﬂ ~ (sin() +2) <(xffl)2>> . (55)

€] — €2 = 1, LZ)A = —0.1. (56)

Figure 5.1 presents the solution of this problem. A good value for 6y was determined

experimentally to be 0.248.

N h 12 error  Observed Order DD iterations
200 le-02  1.77626e-06 - 6
400 5e-03  4.52010e-07 1.9744 6
600 3.33e-03  2.02026e-07 1.9861 6
800 2.5e-03  1.13961e-07 1.9902 6

TABLE 5.1: Observed order of convergence and DDM iterations for Algorithm DDP.

The efficiency of Algorithm DDP is strongly dependent on the choice of the relax-

ation parameter ¢,. Table 5.2 shows the number of DDM iterations for varied values of
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0.5 T T T T T
Mock Problem, Algorithm DDP
0.45F B

0.4 B

0.351 4

0.3r 1

0.25- 1

0.15- 4

0.11 b

0.05- 1

FIGURE 5.1: Solution to the model problem for the potential equation with Algorithm
DDP.

6. As the table shows, if the value is made too small, the method converges slowly, while

if the value is too large the method does not converge.

0y Algorithm DDP iterations
0.1 45
0.2 15
0.248 6
0.9 diverged

TABLE 5.2: DDM iterations for various 8, for DDP.
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5.1.2 Equations for Carrier Densities

Here we present numerical results from the simulation of the following model prob-

lem,
(k') = ri(z,u), € (~1,0), (5.7)
(k') = ra(z,u), € (0,1), (5.8)
k! = azuz(0) — arus (0), (5.9)
(k'] = 0. (5.10)

This problem has the same form as each of the equations for carrier densities in the
model for semiconductor structures with heterojunctions.

We discretize (5.7)-(5.8) by centered finite differences and solve (5.7)-(5.10) using
Algorithm DDC, while subdomain problems are solved by Newton’s method.

As we did with Algorithm DDP, we check the number of DDM iterations at various
mesh sizes for Algorithm DDC to ensure computational complexity is not increased by
the use of the algorithm. Again we observe mesh independence.

Table 5.3 presents observed order of convergence and DDM iterations for this prob-
lem. As expected by the centered finite difference discretization, the order observed is 2.
Also in our simulations Algorithm DDC is mesh independent. Figure 5.2 presents the

solution of this problem. In this case we set

r1 (1) = 7o, w) = — cos(u) <x21+1 ~ (sin(u) +2) <(x22f1)2>> (5.11)

kl = ]{32 = a] —ag = 1. (512)

A good value for 6, in this case was determined experimentally to be 0.47.
The efficiency of Algorithm DDC is strongly dependent on the choice of the relax-
ation parameter 6,. Table 5.4 shows the number of DDM iterations for varied values of
0. As the table shows, if the value is made too small, the method converges slowly, while

if the value is too large the method does not converge.



N h 12 error  Observed Order DD iterations
80 0.0125  4.69017e-06 - 6
160 0.00625 1.26278e-06 1.893 6
320 0.00313  3.27393e-07 1.9475 6
640 0.00156  8.38261e-08 1.9656 6
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TABLE 5.3: Observed order of convergence and DDM iterations for Algorithm DDC.

1.2r

1.1-

Mock Problem, Algorithm DDC

0.4
-1

FIGURE 5.2: Solution to the model problem for carrier densities with Algorithm DDC.

5.2.

TABLE 5.4: DDM iterations for various 6, for DDC.

O Algorithm DDC iterations

0.1
0.25
0.47
0.9
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6

diverged

Semiconductor Structures with Heterojunctions

Here we present results from the simulation of two semiconductor structures with

heterojunctions using the algorithms DDP and DDC. In these simulations the full solver
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is used for the continuum scale. The equations are discretized with the finite difference
Scharfetter-Gummel discretization [26]. This is a centered finite difference approximation
that is designed to handle the layer behavior typical in a semiconductor device simulation.
The system is solved with the Gummel map as the outer loop, inside of which Algorithm
DDP solves the potential equation and Alrogithm DDC solves each of the equations for
carrier density. All subdomains problems are solved by Newton’s method.

Table 5.5 provides data for these two structures. In the simulations, Structure 1
consists of Material L1 in the left domain and Material R1 in the right domain. Structure
2 consists of Copper-Phosphorus-Silicon (CPS) in the left domain and Silicon (Si) in the

right domain.

property L1 R1 CPS Si
permittivity 10.0 10.0 151 [13]  11.9 [41]
electron affinity x (eV) 5 5 4.05 4.05 [41]
band gap E4 (eV) 1.0 0.5 1.4 [13] 1.12 [41]
eff. electron density of states No (cm™3) 5 x 10'8 5 x 10'8 3x 101 2.8 x 10
eff. hole density of states Ny (cm—3) 5 x 1018 5 x 1018 1.2 x 1018 1 x 1019
dopant charge density Ny (cm™3) 1x10%  —1x10® —6x 107 [13] 1 x 101°
electron diffusion constant D;, (cm?/s) 2.0 2.0 2.6 [19] 37.6 [41]
hole diffusion constant D, (cm?2/s) 1.0 1.0 0.5 12.9 [41]
constant photogeneration density G (cm™3/s) 1 x 1017 1 x 1020 1 x 102! 1x 1018
direct recombination constant Rg. (cm?/s) 1x10710 1x1010 1x10710 1x10°1°
jump in potential Ay (eV) -0.15 -0.01

TABLE 5.5: Material and Structure Parameters

Figures 5.3 and 5.4 show potentials and carrier densities, respectively, for both of
these structures. In Tables 5.6 and 5.7 DDM iterations are provided for each component
equation at each Gummel iteration. As these show, the DDM algorithms remain essentially
mesh independent when simulating a true semiconductor structure with a heterojunction.

Table 5.7 also shows how dramatically different the acceleration parameter 6 for

Algorithm DDC can be with differing parameters. A good value for the equation for
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FIGURE 5.3: Simulation of Structures 1 and 2 Potentials

le+20 T T T T
I Structure 1 Electron Density —&— |
le+18 & Structure 1 Hole Density —v—
- Structure 2 Electron Density —&— -
le+16 A—La A A A A Structure 2 Hole Density —<— _|
le+14
le+12
1e+10
1e+08
1le+06 b
10000 L ' ' '
0 0.5 1 1.5 2 2.5

X (microns)
FIGURE 5.4: Simulation of Structures 1 and 2 Carrier Densities



DDP 4, 6y, = 0.0025
N GI1 GI 2 GI3 GI4
201 1 14 10 4
401 2 12 9 5
601 3 11 12 3
(
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TABLE 5.6: Number of iterations at each Gummel Iteration (GI) and parameter 6, for
Structure 1 and Algorithm DDP.

DDCu, 6, =25 DDC v, 6, =180
N |GI1 GI2 GI3 GI4 | GI1 GI2 CI3 CI 4
201 | 6 2 1 1 5 3 1 1
401 | 5 2 1 1 8 4 1 1
601 | 3 2 1 1 8 4 1 1

TABLE 5.7: Number of iterations at each Gummel Iteration (GI) and parameters 6,6,
for Structure 1 and algorithm DDC.

electron density for Structure 1 was 2.5, while a good value for the equation for hole

density was 180. In fact, when these values are swapped, iterations for electron density

did not converge, while the run for hole density was stopped at 2000 iterations without

having converged.

This hightlights a key feature of the acceleration parameter. A good choice in each

case is 0,4 — € for very small e. With any value larger than 6,,,, the algorithms does not

converge, while with values much smaller than 6,,,,., the algorithm converges slowly.



62
6. CONCLUSIONS

In this work a model for charge transport in semiconductor structures with hetero-
junctions was presented. Analysis of the drift diffusion system was presented for a single
semiconductor material and numerical techniques necessary for simulation of the model
were presented.

The heterojunction model consists of a coupled system of partial differential equa-
tions posed in subdomains connected by unusual transmission conditions involving a jump
discontinuity in electrostatic potential and Robin-like internal boundary conditions at the
interface for the carrier densities. This setup lends itself naturally to a domain decom-
position approach. We proposed novel iterative substructuring methods and convergence
analysis was performed.

Finally we presented numerical results. First the domain decomposition algorithms
were tested on model problems with the same structure as the component equations of
the heterojunction model for which they were designed. In this setting convergence rates
and mesh independence were demonstrated. Second, we simulated realistic semiconductor
structures with heterojunctions.

In future work we would like to finish analysis and implementation of the more
natural alternative algorithm for the carrier densities.

Given the importance of the choice of acceleration parameter 6 for each algorithm,
we also intend to implement methods for calculating optimal values directly from material
parameters.

Additionally we will extend these methods to the time dependent model for charge
transport in semiconductor structures with heterojunctions.

Finally, we are working to use the domain decomposition framework developed in

this work as a tool for extending the traditional well-posedness analysis for the drift
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diffusion system in one semiconductor domain to the model for charge transport in a

structure with a heterojunction.
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APPENDIX

A Density Functional Theory

Here we review the computational model for the microscopic calculation of hetero-
junction parameters, Density Functional Theory.

Heterojunction parameters are determined by the quantum mechanics of electrons.
First principles methods solve a 3d quantum electron system having discrete atoms with
a characteristic spacing of 2-4 angstroms. DFT is a widely used, low cost first principles
method which solves the zero temperature, zero current ground state of a system [10, 11].
The local pseudopotential calculated by DFT is continuous at an interface, and can be
used with known material properties to obtain the change in the continuous electrostatic
potential ¥ occuring very close to a heterojunction. The transport, scattering, and recom-
bination/generation processes involved in an active semiconductor device are not suitable
for handling by first principles calculation methods, and thus must remain in the realm
of macroscopic models.

The fundamental equation describing quantum behavior is the Schrodinger equa-
tion. However, the problem of an interacting NV electron system remains computationally
intractable. Density Functional Theory, [10, 11], provides an efficient method of deter-

mining material properties from first principles by shifting focus from wave functions to
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electron density, n(r). This is accomplished by application of the theory of Hohenberg
and Kohn to the formulation of a minimization problem in electron density equivalent to
the solution of the Shrédinger equation for the ground state.

We consider here the standard Hamiltonian, H=T+ ‘766 + Vext, of N interacting
electrons, ignoring spin for brevity. T is the kinetic energy operator, Vee the Coulomb
interaction between electrons, and Vext the interaction of electrons with an external po-
tential, Vet (7).

N

~ h ~

T = E o = E ‘Tz Vixt :/vext(r) n(r) d3r
i=1

2,j=1
1<J

where i = h

with h the Planck constant, m is the electron mass, —e = —|e| is the charge
of the electron, and 7; is the quantum mechanical position operator for electron j.

The solutions of the stationary Schrodinger equation
H|U,) = E,|V,,) (A1)

are the many-electron wavefunctions |V,), with energy F,. For the ground state |¥q)

with energy Fy, (A.1) is equivalent to the minimization problem
E:%MMﬁW) (A.2)

In [17], Hohenberg and Kohn establish the existence of a density variational principle for

the ground state,

E = ngn {F[n] + /vext(r) n(r) d37‘} ., Fln] = min(U|T + Ve |T)  (A.3)

U—n

The solution to (A.3) is computationally a considerable improvement over the solution
of the Schrédinger equation; in (A.3), density is a function in R3, while for (A.1), ¥ is
posed in C3N. However, the functional F[n] is unknown and DFT requires approximate
solutions for F'[n]. The Kohn-Sham equations provide a framework for the solution of the

minimization problem (A.3) as well as a basis for approximating density functionals.
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For a system of N non-interacting electrons we may find F'[n| by considering single

electron Shrodinger equations,

h
(- 5 7 # o) 4 il 1)) ) = et (r) (A1)
where 1, €k, denote the eigenstate and energy of a single particle, and ves(r) the electro-
static potential. The exchange-correlation potential vy.([n];r) is the functional derivative
of the exchange correlation energy FEy.[n| with respect to the electron density. Exc[n] is

the remainder of the functional F'[n], after the kinetic energy of the N electrons, Thi[n],

and the Hartree energy U[n], have been subtracted:
Exc[n] = Fn| — Thi[n] — U[n| (A.5)

A solution to the Kohn-Sham equations (A.4)-(A.5) can be found iteratively for a

suitable choice of approximation of the exchange correlation energy.

B Code

Bl Algorithm DDP

Below find a matlab implementation of Algorithm DDP for a linear problem. The
setup here is easily extended to a nonlinear problem by employing nonlinear solvers in

place of the calls to bpsolve2.m.

% Solves

% -k_1 u_1’’(x) = f_1(x) on [a,c]
% -k_2 u_2’’(x) = £_.2(x) on [c,b]
% u_1(a) = alpha, u_2(b) = beta

% [ul_c =734, [k w]l_c=0

=

with algorithm DDP

%% Setup



% User edits funddp.m with specifics of the problem to be solved.

funddp;

% Solver parameters:

% If vectors: gl, g2 are grids on domains 1,2 resp.

% If scalars, gl, g2 are the number of grid points on domains 1,2 resp.
% theta = relaxation coefficient

% count = # of D-D iteratiomns

gl = 30;

g2 = 30;

count 0;

theta = 1/4;

p = @(x) O*x;

% grid2 generates grid from gl, g2.

[h1,sx1,x1]

grid2(gl,a,c);

[h2,sx2,x2]

grid2(g2,c,b);

% Evaluate coefficient functions along grids x1, x2.

k1 kifun(x1);

k2

k2fun(x2);

% Initialization for solutions Ul, U2 on domains 1,2 respectively.

Ul = zeros(sx1,1);

U2 = zeros(sx2,1);

% Assemble linear systems.

[A1,F1] = assembly4(x1l,sx1l,k1,hl,bcl,1,rhsl1,1,1);

[A2,F2] = assembly4(x2,sx2,k2,h2,1,bc2,rhs2,1,1);
[A3,F3] = assembly4(x1l,sx1,k1,hl,bcl,2,p,1,1);
[A4,F4] = assembly4(x2,sx2,k2,h2,2,bc2,p,1,1);

%% Solve
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while abs((3/(2¥h1(sx1-1)))*Ul(length(x1)) - (2/h1(sx1-2))*Ul(length(x1)-1) ...

+ (1/(2*h1(sx1-3)))*U1(length(x1)-2) + (3/(2%h2(1)))*U2(1) - (2/h2(2))*U2(2) ...

count = count + 1

% [U]
% data a and

[U1]

[v2]

[P1]

b.

+ (1/(2%h2(3)))*U2(3)) > 10°(-10) || count ==

bpsolve2(A,F,sx,a,b) solves the linear system AU=F with length(U) = sx, and boundary

bpsolve2(Al,F1,sx1,alpha,lambda) ;
bpsolve2(A2,F2,sx2,lambda - Jd,beta);

bpsolve2(A3,F3,sx1,0, ((3/(2¥h1(sx1-1)))*U1(sx1) - (2/h1(sx1-2))*Ul(sx1-1) ...

+ (1/(2xh1(sx1-2)))*U1(sx1-2)) - ((2/h2(2))*U2(2) - (3/(2*h2(1)))*U2(1)

[P2]

- (1/(2%h2(3)))*U2(3)));

bpsolve2(A4,F4,sx2, (3/(2%h1(sx1-1)))*U1(sx1) - (2/h1(sx1-2))*Ul(sx1-1)

+ (1/(2¥h1(sx1-3))*U1(sx1-2)) - ((2/h2(2))*U2(2)

- (3/(2%h2(1)))*U2(1) - (1/(2*%h2(3)))*U2(3)),0);

lambda = lambda - theta*(P1(sx1) - P2(1));

end

B2 Algorithm DD

C

Next find a matlab implementation of Algorithm DDC for a linear problem. The setup here is

easily extended to a nonlinear problem by employing nonlinear solvers in place of the calls to bpsolve2.m.

% Solves

% - (k1 ul’)’

f1 on (a,c)

% - (k2 u2’)’ = f2 on (c,b)

% ul(a) = alpha, u2(b)
% k1 ul’(c) = d2 u2(c)
% k2 u2’(c) = k1 ul’(c)

% with algorithm DDC

%% Setup

= beta

- d1 ul(e)
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% User edits funddc.m with specifics of the problem to be solved.

funddc;

% Solver parameters:

% If vectors: gl, g2 are grids on domains 1,2 resp.

% If scalars, gl, g2 are the number of grid points on domains 1,2 resp.
% theta = relaxation coefficient for dd algorithm

% count = # of dd iterations on the interface problem

ddcount 0;

theta = .125;

% grid2 generates grid from gl, g2. hl,2 is vector of distances between
% grid points on domains 1,2 resp. sx1,2 are length of grids 1,2 resp.
% x1,x2 are grids on domains 1,2 resp.

gl = 30;

g2 = 30;

[h1,sx1,x1] grid2(gl,a,c);

[h2,sx2,x2] grid2(g2,c,b);

% evaluate coefficient functions along grids x1, x2

ki1

kifun(x1);

k2

k2fun(x2) ;

% Initialization for solutions Ul, U2 on domains 1,2 respectively.
Ul = zeros(sxl,1);

U2

zeros(sx2,1);

% assembly.m assembles linear system
[A1,F1] = assembly4(x1,sx1,kl,h1,bcl,1,rhs1,1,1);

[A2,F2]

assembly4(x2,sx2,k2,h2,1,bc2,rhs2,1,1);

% DDP loop residual

ddres = 0;
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%% Solve
while ddres > 10°(-10) || ddcount ==

ddcount = ddcount + 1

% [U] = bpsolve2(A,F,sx,a,b) solves the linear system AU=F with length(U) = sx,
yA and boundary data a and b.
[U1] = bpsolve2(Al,F1,sx1,alpha,lambda / di);
Ulp = k1(sx1)*((3/(2xh1(sx1-1)))*Ul(sxl) - ...
(2/h1(sx1-2))*U1(sx1-1) + (1/(2%h1(sx1-3)))*U1(sx1-2));
[U2] = bpsolve2(A2,F2,sx2,(lambda + Ulp) / d2,beta);
U2p = k2(1)*((-3/(2*h2(1)))*U2(1) + ...

(2/h2(2))*U2(2) - (1/(2%h2(3)))*U2(3));

lambda = lambda - theta * (Ulp - U2p);

ddres = abs(Ulp - U2p)

end

B3 Other Code

Here find the addtional files needed to run the code for Algorithms DDP, DDC. These include
grid2.m, which constucts a grid; assembly4.m, which constructs the linear system to be solved for a cen-
tered finite difference discretization of a variable coefficient Poissoin equation; bpsolve2.m, which solves
the subdomain problems; as well as funddp.m and funddc.m which provide problem definitions for the

solvers.

% grid2.m

function [h,sx,x] = grid2(g,a,b)

% Inputs: a = left endpoint, b = right endpoint.

% If g is a vector, producus vector h of distances between nodes of x.

% If g is scalar, produces uniform grid from a to b with mesh width g.

% Outputs: h = vector of distances between nodes.

% sx = # of nodes in grid x.



%

x = grid.
if length(g) ==
hs = (b-a)/g;
X = a:hs:b;
sx = length(x);
h = hs*ones(sx-1,1);
else
X =g;
sx = length(g);

h = zeros(sx-1,1);

for p = 1:sx - 1
h(p) = x(p+1) - x(p);
end

end

end
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%
%

assembly4.m

function [A,F] = assembly4(x,sx,k,h,bcl,bc2,rhs,bvl,bv2)

assembly4.m assembles the linear system Ax = F for a centered finite
difference discretization of the problem

-(k u’)’ = f with Dirichlet, Neumann, or mixed boundary conditiomns.

Inputs: x = grid

sx = # nodes in grid

k = vector of function k evaluated at grid points
h = vector distances between nodes

bcl = 1 for Dirichlet, 2 for Neumann at left endpoint

bc2 = 1 for Dirichlet, 2 for Neumann at right endpoint

rhs = function handle for forcing term



%
%

bvl

bv2

boundary value for left endpoint

boundary value for right endpoint

Outputs: A = centered FD matrix

F

= force vector

ones(sx,1);

o
1]

A = spdiags([e e e], -1:1, sx, sx);

for p=1:sx -1
kt(p) = 0.5 * (k(p) + k(p+1));

end

for p = 2:sx-1
A(p,p-1) = -kt(p-1) / h(p-1); %#ok<SPRIX>
A(p,p) = kt(p-1)/ h(p-1) + kt(p) / h(p); %#ok<SPRIX>

A(p,pt1) = -kt(p) / h(p); %#ok<SPRIX>

end

if bcl ==
A(1,2) = 0;
AC1,1) = 1;

elseif bcl == 2
A(1,1) = (-3 * k(1)) / (2¥h(1));
A(1,2) = (2 * k(1)) / h(2);
A(1,3) = (-1 * k(1)) / (2%h(3));

end

if bc2 ==
A(sx,sx-1) = 0;
A(sx,sx) = 1;

elseif bc2 == 2

A(sx,sx-2)

k(sx) / (2 * h(sx-3));

A(sx,sx-1) (-2 * k(sx)) / h(sx-2);
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A(sx,sx) = (3 * k(sx)) / (2 * h(sx-1));

end

F = zeros(sx,1);

F(1) bvi;

F(2)

bv2;

for p = 2:sx-1
F(p) = ((h(p) + h(p-1)) / 2) * rhs(x(p));

end

end

7

%

bpsolve2.m

function [U] = bpsolve2(A,F,sx,bvl,bv2)

h
h
h
h
h
%

Solves the problem Ax = F, coming from a discretization
of the problem -(k u’)’ = f, with boundary data bvl, bv2.
sx = grid size.

bvl = boundary data at left end point.

bv2 = boundary data at right end point.

F(1) = bvi;
F(sx) = bv2;
U = A\F;

end

=

This script defines the parameters of the problem to be solved by ddp.m

[a,b] is the domain, c is the interface



% Jd is the size of the jump discontinuity in function value at c,

% specifically Jd = Uil(c) - U2(c)

% lambda0 = initial guess for condition at C for problem on
% Omegal

lambda = 1/2;

% -(k1 u’)’ = rhsl on [a,c]
kifun = @(x) O*x + 1;

rhsl = @(x) (2*x)/((x.72+1).72);

% -(k2 u’)’ = rhs2 on [c,b]
k2fun = @(x) O*x + 1;

rhs2 = @(x) (2*x)/((x.72+1).72);

% alpha is the value of the boundary condition at a
% bcl = 1 for Dirichlet, bcl = 2 for Neumann
% beta is the value of the boundary condition at b

% bc2 = 1 for Dirichlet, bc2 = 2 for Neumann

alpha = 0;
bcl = 1;
beta = .5;
bc2 = 1;

78

=

This script defines the parameters of problem for ddc.m

% [a,b] is the domain, c is the interface

[e]
]
o
&



% lambdaO = initial guess for condition at C for problem on

% Omegal

lambda = O;

% -k1lu’’(x) = rhsl on

kifun = @(x) O*x + 1;

rhsl = @(x) (2*x)/((x.

% -k2u’’(x) = rhs2 on

k2fun = @(x) O*x + 1;

rhs2 = @(x) (2*x)/((x.

[a,c]
"2+1).72);
[c,b]
"2+1).72);

% alpha is the value of the boundary condition at a

% bcl = 1 for Dirichlet, bcl = 2 for Neumann, bcl = 3 for Robin

% beta is the value of the boundary condition at b

% bc2 = 1 for Dirichlet, bc2 = 2 for Neumann, bc2 = 3 for Robin

alpha = 0;
bcl = 1;
beta = 1;
bc2 = 1;

% ul’> = d2 u2 - d1 ul
d2 = 1;

d1

1;

at c
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