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EFFECTS OF SHEAR DEFORMATION IN THE CORE OF A
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Having Facings of Unequal Thicknessl
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WILHELM S. ERICKSEN, Mathewatician

Forest Products Laboratory,g Forest Service

U. S. Department of Agriculture

Introduction

The present report is a discussion of the problem of determining the
deflection of a sandwich panel under normal uniform load. It is assumed
that the core and facing materials are orthotropic and that the thick-
nesses of the two facings are different. Two types of edge conditions are
considered, namely, all edges simply supported and all edges clamped.

The analysis used to determine the effect of the transverse shear deforma-

tions in the core is similar to that which was applied in the treatment of

the buckling problem in Forest Products Laboratory Report No. 1583-B (l).é

This approach consists in taking the components of displacement in the core
as those in which normal plane sections, parallel to each of the two edges

of the panel, remain plane but rotate as the panel undergoes deflection.

In the case of simple support this type of analysis leads to results which

EThis progress report is one of a series prepared and distributed by the
Forest Products Laboratory under U. S. Navy Bureau of Aeronautics Order
No. NAer 01044 and U. S. Air Force No. USAF-(33-038)(51-4066-E). Re-
sults here reported are preliminary and may be revised as additional
data become available.

gMaintained at Madison, Wis., in cooperation with the University of
Wisconsin.
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—Underlined numbers in parenthesis refer to Literature Cited at the end
of this report.
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are the same as those obtainable by use of the equations of Libove and
Batdorf (2). In the case of clamped edges, explicit approximations are
obtained.

The present problem was treated for the case of facings of equal thickness
in Forest Products Laboratory Report No. 1583 (7). A subsequent publication
in the same series, Report No. 1583-A (3), gave comparisons between pre-
dicted central deflectione and those measured in tests. These comparisons,
showing satisfactory agreement between prediction and test, indicated that
the approximate method used in Report No. 158% for analyzing the effect of
shear deformation in the core upon the central deflection was adequate.

In the enalysis of Report No. 1583 (7) it was assumed that the elastic prop-
erties of the orthotropic materiale of the sandwich were not greatly dif-
ferent in the two directions parallel to the edges of the panel. This
restriction, which does not seriously limit the applicability of the results
in the range of present practical constructiona, does nevertheless exclude
the consideration of extreme cases. In the present analysis this limitation
is removed.

The problem under consideration was solved for the case of a simply supported
panel with isotropic facings and core, the facings being of equal thickness,
by Hopkins and Pearson (2) and Reissner (10).

Notation
a, b dimensions of the panel.
e thickness of the core.
i1, o thicknesses of the facings.
Xy ¥y 2 coordinate and orthotropic axes.
Ef Young's modulus of isotropic facings.
Ex,» Ey Young's modulus of orthotropic facings.
P uniform normal load per unit area.
A =
1 —Uxifyx
>\.f=l-9'2
p' shear modulus of isotropic core.
Fxy shear modulus of facings.
Higx K'yz shear moduli of orthotropic core.
o Poisson's ratio of isotropic facings.
oXy'! TYyX Poisson's ratios of orthotropic facings.
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Besults and Discussion

Formulae for determining the deflection of a uniformly loaded sandwich panel
are given in this section. These formulas are derived in Appendix A for the
case of simple support and in Appendix B for the case of clamped edges.

l. All Edges BSimply Supported

The deflection, 'unde"_‘r uniform load, of a sandwich panel with orthotropic
facings and core depends upon five physical constants:

=== (1)

S e .

A
Y= —=X (3
vIEY
2
i cfy fom \fﬁxEy wy
x 2
(fl+f2) i #lzx
cf. f NE\(E E
By rmer fe LA (5)
(£, + £,) a ?\,u.yz
and the two quantities
f13+f23
Ry TSR (6)
£ %o £ + £ 7 .
e N -

If the panel is simply supported, the deflection is given by the formula
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(8)

with

A9}

and

-9 99 4 h (
¢:('mll-“,ZBman na+ +Sal‘

b2 ahn 2 i
v

m . 'Y (a,m +'Yn2a2) 5, (na +'Ym>+SSyI‘m

‘with ' " (10)
222 2 2.2 2
- 2, mna 28 mna na
¥ _(1-5)-———b2 +'Y(q,m % 22 +abE)

If the thickness of the core is larg’e as comparéd with the thickness of each

facing, the expression V( ) in formula. (8) can normally be neglected.
If the facings are isotroPic. =

2

(f) e o ;128.2

Vm = T \o + -;-2— 5 : : i ‘ (11)

. 222 _,22% ;

+* n-a n-a +

Qﬂ | 'b2>* {1 + Y st. 1,2- : SVm)

Y- — \ (12)
b saP 4 ’fﬁ_z.'-wv sna+ 2+s 2}
X y b2 Sym xsy
If both the facings and the core are isotropic, V ( £) remains as defined by

formula (11) and
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2
V., = b (13)
iy
1+ 8 %f + na&i)
be
with
(£ + £p) a®App!
The central deflection is given by the formula
- n+n-2
T
B 16 g > > o 155
T VEx Ey L m n V ¥ Vo
m
m, n odd
where Véi) and Vﬁn are taken from the preceding formulas. In the range
B \E
E
3 e (i) < 1.k (16)
- a Ey -

the termm = n = 1 is exvected to give satisfactory results (7).

The central def%ection of an Infimitely long panel, obtained from formula 15
by neglecting V f) and summing with respect to m and n, is

L f Y8 Ey ¢ £1 T
W, = 2 a Et 2 L D 1
max Z T Ex { 5 32 A ,J, ZX (fl + fe)J (17)

In the event that both the facings and core materials are isotropic and the
facings are considered as membranes, the central deflection of a panel of any
agpect ratio may be obtained by using the formula

” g, :
pa’Ap
Wmax = I E;ﬁal {l + S 02} (18)

in conjunction with the curves given in figure 1. For panels of this type, the
bending and twisting moments, the transverse shear stress resultants, and the
reactions at the edges and corners are independent of S, and the formulas for
these quantities are identical with those for homogeneous isotropic plates.
Such formulas are given in reference (11)
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“togethsr with & table of maximum values. With the use of the formulas for
the moments and shear stress rTesultants, the fiber stress in the facings
and the shear stress in the core can be estimated.

2, All Bdges Clamped

For panels with all edges clamped, formulas have been derived only for the
deflection at the center of the panel. The formulas which follow give
gpproximate results and those which apply to & rectangular panel are
limited in applicability to the range (16).

In the event that both the facings end core are orthotropic, the central
deflection is given in terms of the quantit;es 1 to 7 above by the,f_qrmlgs

u}\.
Cow = 2.5 (19)
' 311 I\[ﬁTy (V +V
with
1 2 4
v(f)_—.--ig- a,-!-,z.aEB-l-@a.'u' (20)
3b ab
and
‘ A
2 R &b
ar e B, 2 u"’u‘{ +sy}l‘
'V'=‘ 35 ab v2 —
. a .8 Y
1+nstx+ ;‘_B‘g)*usy(a?'*'g)"'lssx
> (21)
with
4
=§... ) (a,-}-aa ﬁ-a- ah)
2 \ &'b:

J/
(£

The tern ¥V ) is negligible if the core is thick relative to the thickness

of each facing.

If the facings are isotropic,

W = — axi (22)
nax 377#11} (v(f) )1_
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with

I 2 Y
(£) _ £ 2 a a
v = {1+3——-—b2+;¢ (23)
and
( 2
2a2 aL2+ 8 a 'Y.ts’.2 232 a."L }I Sb}
1""“""""’ + L --—E-'F 1+ S+ B | 148 + e
= - .
l+ks ( 4 5y (:+'Y>+1GSS —-Ega +'.’f.(3_+2a +2
(24)
with
.'Y=127

' If both the facings and core are isotropic, Wnax is given by formila (22),
vf by formila (23), ana :

2 14 ll- 2

23. Y a

1 -E+1&s ——-E-t-——g
352 b {9 (

1+hs [1+Y)(1+2)+165282 Y (1 +28 +a>}
( 3)( > Y{Bbﬁ 5 352 pY

o
+
na
dml
no
+
o
o
N
L —
r—-':'——ﬂ
+
o’
§ n
I |

Y=

with § defined by (16).
The maxirmm deflection of an infinitely long panel is given by the formula

L
LA i I . (26)
TS W 3 e P
x

14 -
(£1 + £3) a® A pbyy
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"AFPENDIX A

Panel Under Uniform ILoad

s Axes of Reference, Notation for-Dimensiohs "

‘The axes of reference x and y are taken in the undeformed surface of separa=
tion of the core and the facing of thickness denoted. by fl' end ‘in coinci-

dence with two of the edges of the panel. The z-axis 1is “then perpendicular
to the facings and is directed as shown in figure 2. It is assumed that the
orthotropic core and facing materials are so oriented that these axes are
perpendicular to their planes of elastic symmetry. The material in the two
facings is considered the same and eimilarly orientede.

The dimensions of the panel are designated by a and b, with a measured along
the x-axis as 1ndice.ted in figure 3, while ¢, fl and fe denote the thickw

nesses of the core and of ths two facinge, respectively. ‘It 1s convenient
to designate a facing as 1 or 2 according as its thickness if fl or: fe.

A2. ’.l.‘he Stra:.n Energ in the Sand.wich

The ina‘ease in the d.eflection of a uniformly loaded rectangula.r pa.nel,
associated with shear deformation in ‘the core, is to be determined by the
method used in Forest Products Laboratory Report No. 1583-B (1). In the
case of simple support, the deflection is taken as

> >wm (op ¥ 2 (208 (a1)
m=11l n

= 1
where

ir@ = Gmn sin &% gin !-ﬂ (A«?)

This expression is taken as the deflection throughout the core and the two
fe,cings.

The analysis of the strain energy in the sandwich which was used in Forest
Products Laboratory Report No. 1583~B (1) was based on the assumption that
in the core, plane clements initially parallel to the x, z plane remained
plane under deformation but rotated about their intersections with the

I

=The method of analysis is one which was used by Williams, leggett, and
Hopkins (12), and other British writers (i), (2)e It was first used
in the present type ¢f problem by Hopkins and Pearson (2).
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surface z = g by an amount specified by a parameter k. Elemeats inltially
parallel to the y, z plane were treated similarly with two other paramsters,
r and h, determining their fixed lines and amounts of rotation respectively.
In the present problem, where the series (Al) is used to describe the de-
flection, the displacement associsted with ea.ch term is analyzed in this
manner, using sets of parameters kmn qmn’ mn' and r . for each term, and

the components of displacement in “the core are a.ssumed. to be

@D w aw
u> > (2= o) gy =
m=1 n=1
<3 I8
vc::.. / > (Z‘-l’mn) hmn 3Y ? (AB)

B
H
[
=
i
[

Wc =w (xo Y)

In facing 1 the components of displacement are taken in the forms

W = \m \ (e gy = 2) 3wmn
9x
Loy Eov
® ) | 5w
v, = > \ (hpy, Ty ~ 2) I
i /l v i (Ak)
ms= n=<=
w., =w (x, ¥)
and the forms
; y O w
By & = {*ﬁm_(c”‘lmn)*z"’fain (45)
m=1 n=1
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.Vé == 2 {h,m (c = rpy) +2 '-',-"c} éaw:n' '
| | # (45)

We =w (Ia y)

p

arerassumed for those in facing 2.

love!s (£) notation will be used for the components of strain, with the
superscripts ¢, 1, and 2 used to denote components in the core, in facing 1
and in facing 2 respectively. The components af transversae shear strain in
the core, as obtained for expressions (A3), ere

q? = i w
°§§)=>> - 35
m=1ﬂ n=1 '\
©_ ; ] (46)
°yz = Q-hy) 3y
m=1 n=1 /‘

It is assumed that the bending strains assoclated with the displacement
components (A3) contribute a negligible amount to the total strain energy
and therefore need not be considered.

The state. of strain in the facings is considered as the superposition of two
states of strain. The first of these consists of the membrane strains or
strains in their middle surfaces. According to formulas (A4) and (A5), the
components of this type are

m
2SS (mewd) 5
m=1 n=1
L (A7)
¥y mn. = mn 2 3y
m=1 n=1
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Wik . » aa
e;(qlr) . 2 z {kmn ‘lmn"’hmnrmn‘*fl} ‘5‘5;? (A7)
n=1l n=1

and
2 )

(2) l ol 3" W
Oxx =™ kpy (€ = agy) + 37 “537
mn=1 n=1 )
\
eg) > ; thm (¢ =t )+-—} yam > (48)
L

m=1 n=
3y a Yo
; ; ‘knm(c'qmn)'*hmn(c'rmn)*fa}m“
m=1 n=1

The secomd state of strain in the facings is that associated with the bending
of the facings about their own middle surfaces. This state, in either facing

has the components
=2 ®
I = gt
m=l1l n=1
@ w

\

T

(9)

a Yon
1 = e t
e 2z } > 33y

m=1 n=zl

?

where z} is measured from the middle surface of the facing under caonsidera~
tione.
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The strain energy for .any of the aboverstates of strain is compubedﬁ'om ths
ezpression, (8) (9)

1 2 - 2
U= 3% //‘fixe °_+anx’yxxxw+>‘“mem

2
+>\p,zxezx-g>\ e yz:ldz dy dx

where I denotes a Young'!s modulus, u & shear modulus, 7 a Poisgonts ratio,
and K =1 - I9x Txy® The subscripts associate these constants with

appropriate orthotropic axes. Primed letters will be used to denote the
elastic constants of the core and unprimed letters those of the facings. The
indicated integration is to be carried out over the entire wvolume of the core
or facing under consideration,

- (A10)

With the substitution of formulas (A2) into (46), and (A6) in turn into (ax0},
the strain energy in the core 1ls expressed as

¢ 2
ff > > )szcmncos%_ﬁainygz

m=1 n= | (ﬁ»ll)

ey > > (1- hm) Cpp 8in -—-cos m dydx
=1 n=1
f/[ > Amnsin—sin-gl>
m =

it
{ B, sin o= sin g- »|dydx (412)

t\)[o

Now formally

e, 3
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and this result remains unchanged for the integral of the product two cosine-
‘(:osine serles or two cosine~sine series. Then this formula is applied to
All),

0

©
5 2 m uty <
D (s ST e

mn=1l n=1

The energy associated with the membrane strains in the facings is determined
from formula (A10), using formilas (A7} and (A8) with wm given by formula

(A2)« After integrating with respect to z and epplying formula (Al2) for the
integrations with respect to x and gy, this component of the strain energy is
glven by

LR . S| B, fla ’ fa
Uy = =g~ > > T 1f1 (EmQpn *+ 57 "'fa(l‘nm[c'qmnj""g")
m

; (A1k)
REo | £ : £
5 d 1

e+ D0
* Fxy {fl (eppl + bygPan * £2)°

: 22
oty (e [e~qp ) +b fe-r ]+f2)} abQ:l :

In a similer manner the strain energy in bending of the two facings is found
from formulas (A9) and (Al0) to be

3
:i' + f ) 2.2
abw 1 mn 2
Up = ) E E II II o+ 2( * gy 222 Com

(415)
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The total strain snergy in the sandwich

U=10, +Uy+ Up (A16)

is now written in the form

U_—_Zrz—: (a7)

withviql_ expressed as a quadratic in (kmn qmn)' (b.mn rmn)' k. andh as
follows

T = B (Kpntm) * 2 Boe) (o Q) (o)
3 (npr)® + 2 35 (i) K

+2 Bg) {(kmqmn) RN Y IRE -1
j

mn mn mn
(a18)
+2 3(6) (b r )b+ Bg) kmi + 2 Bii) Kk b

+Bg)hm+23(lo) (kmn )+23(u) (h r )

N TN - RPN
with B( ) , 1 =1 —_15 obtained from formulas (Al3), (Al4), and (A15) in the
forn e
E
B(l) = (f; + £,) A(l), 3(2) = (£ + £5) A(a) Bgl) = (£ + £5) Ag)
() ' (1) (5) (2) (6) (3)
Bun =~ cfp &y mrsx cfo Apn's Bpy == CfZAmz (419)
Bﬂx) = °A$) + %ty A‘:Su];)' @ - oty & ﬁ)' 3151191) = °A<5) e 4 gx)
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BERJ;O) =Cla-; fea)@m) ,Ef;) (11) £,° - f2 )Q(z) +A,ED
512 _ | ) °§ ((1) Mﬁi)

B33 -l 2((2) )

A ¢ (A19)
3 “ f \
th) (ﬁ) +A(5)) '—”T—"E { g) +2 Aii) +ag)JL
3 3
5035 (fl ;fa) {%(;) r2a(® Ag)}i
where ) )
(1) _ A~ 2 22\ 2
Amn =3 = *‘uxy nb;')m
(@ _ 2 (B 222
A = i kxx b “xy) =
(3)  n2 [By b 12s2E
An = ;é- 1;.1 —.biar + Fxy 'bEa (220)
A;ﬁ) = o #ox
151151) b2 “"'yz

5‘I’he terms Brg;m are those obtained from (Al5). These terms are written

separately because they often have a negligible effect upon the
defleotion and may therefore be dropped.
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The work done by the applied uniform load of p pounds per unit area is

?
[ l wdydx (a21)

Upon substituting the series (Al) for w and integrating,

li.ib_l’. E E o ( A22)

i n=1

m, n odd
The total potential energy of the sandwich, .W, 18

With the substitution of formulas (Al7) and (422), this takes the form

gl ® | P % 6 .
_bm 2 ha’bg \ mn
& > > "o Cmn e ' = (a23)
m=1 n=1 - n=1 n=1
m, n odd

The parameters kp., Gpn, hmn' Tyne and 8, are now determined by the condition

- that they minimigze the potential energy. + An equivalent minimization is ob-
tained by minimizing with respect to (ky, apn)s (hpirpn), ke By, and

and O » With the use of expression (418), the conditions for the vanishing

of the partial derivatives of W with respect to these parameters are
respectively,

<1) (kmmn)"'B (hmlnn)"'Bﬁ)kmn"’B(S)hm'FB(lO)—O '
(2) (knmqmn) B 3(3) (hmnr ) + 3(5) kmn + B hmn + B(ll) = 0
8y } (a2k)
B(mu) (e 8) + B,E,Z) (B e ) 3(7) B * 3(8) o 1;3(12) &'
\5) (km %m) +B( ) (hmn *mn) +B§m) kpp * Bx(m?;) hm'l-B;n” =0
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and

' 2
_ 16 a -y
T Sp = ~ 1f m'end n are odd
7 mn

(A2k)
=0 4f mor n is even
The. first four of these equations expresé the condition that T, be a minimum

with respeet to the fowr varisbles in terms of which it is written. Desig-
nate this minimum by T' ,¢ Then, solving the first four equations for

Qe pmd s Oy, Tpom) o kmn, and hy, ond substituting into formila (a18), it is
found that

D 5@ B&),. NS
58 (3 8 (6) 5(11)
Jiiiad mn mn mn
Bn(;t) Bg) Bg) (s) (12)
5(5) 5(6) 5(8) (9) 3(33)
mn, mn mn
5(10)  g11)  5Q12) 3(13) 3(1‘*)
Pt = LD mn m +335)  (az5)
mn ‘B(l) 3(2) y B(u) 3(5) - oan
oy mn mn nn
B(E) ]5(3) B<5) 3(6)
mn mn mn
s 505 Bm 5(8)
mn un mn
m pitte] mn

When the expressions (Al9) are substituted for the olements of the deters
minants in this formula it is found that

13 zf{m +2 a2 +.A.,§i)]

: [Aﬁi’ v 2 4,0 +J&[([:;> RELS ca) {'33* ) ﬂ
o ’ e mn Amn !
St m(z) £ DD ,0T 2]

2 @
mmn mn
L= Tm RO (5)
mn mn mn mn

(426}
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with

e3¢}
Iy = =13 (a27)
2
. I £y + £
S 1 2
I = f]_ T f-a- (c + 5 ) (AQS)
cfy f
R T (a29)
1 2
The last of conditions (A24) may now be written
0y, = 22 o” if daa
m = —E-——-—P— m and n are o
7 m TV
S m
(A30)
=0 if m or n is even
and the deflection of the panel is determined by the expression
~ o ®
_16 a° 1 oin DX o4p DY (a31)
L= i mn TV a b
m mn
n 1-1-1,111 odd .

A formula for the deflection, w, which is somewhat simpler 1s obtained by
introducing the. parameters

\

> (A32)
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s _2me VB
y .2 (AEQ)
a~A ,u,'yz

When the facing material is isotropic

a=/3=1a.nd.‘y=l;r (433)

If both the facing and core materials are isotropic, then in addition to the
reductions, (A33), Sy and EX both reduce to

-
g P Bp (a34)
e )\f 74
With the use of formulas (A32) and (A20), T'yp, formula (A26), may in the
Iorthotropic case be written
2
e I
o 2T L VEEy G(e) , vy (A35)
mn 2\ mn mn
with
I 222 L L
() °¢f y 28 mn"a na }
V= =={am + + (A36)
mn I b2 a bII'
and \
2.2 5
amt + 28 mPnPa? | na" +{an ® +8ym }an
Voo b7 a b v°
mn 2 2 22 >
l+Sx(a.m +-—---——1:)2 )+ y(a 03 +‘)’m)+ xOyFmn
with (437)
222 222 Ly
anz(l_ﬁE)mna_l_y amh+eﬁmna+na)
b2 be a gh
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With the substitution of (A35) into (A31),

sin MX sin -,Bz-
" =-n'6 I > > (f) ) (438)
mn

m=1 n=
m,nodd

The expression vr(un) brings in the effect of the bénding of the facings about

their, orm middle surfaces. When the thickness of the core is lé.rge as

compared with the thickness of each facing, this expression can be neglected
with no practical effect upon the results.

With the omission of the expression v( ) , formula (A38) is identical with &

result obtainablg in a dhferent._manner by the use of the équations of Iibove
and Batdorf (5)¢8 who neglect the effect of the bending of the facingse .This
fact indicates that the steps taken in the preceding formal analysis ere
Justifiede .

The central deflection is determined ﬁy ‘the formula

" ; n*ta-2
" ; g 7 e
16 2" p A , (=1)
W = hevenss (439)
B > > Com (Ve ey )
=1 n=1
m, n odd

Yor panels which are square or nearly so, the termm = n = 1 of this series
often g:.ves a good approximation to the complete sum. If the ratio

‘B- is not near 1 however, a number of ‘torms. mst be used to obtain satisfac—

tory results. In the extreme case tha_'r, the side b 1s infinitely long, the
formula yields

& me 1
L _ )
_ba pr (=1)
Vmax T °H 1
T IEX f;

ETO assure the identity of the two results, the physical constants of
Iibove and Batdorf are interpreted in terms of those of the present
report as in Appendix C of reference (1)
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I
If the expression -i-f— Elt in this formula 1is neglected, the summation with

respect to m can be carried out to obtain

v | wgm e |
L 5—31—%"— {1+ s X l> b infinite (ak40)
38 < I 5 ac A p,!sz

If both the facings and thé core are 1sotropic, it is found with the use of
expressions (A33) and (A34) that formalas (A36) and (A37) reduce to

) 2
(£) I 2 nfal
Y = == [m° + —— (A1)
mn I b2 > y
and 2

m2 - n2a2
b 2
¥ = -

mn 22
1+5 (m2,+ n—-—a)

(ak42)

respectively. The formula

g m. | 2, o%?)

it l+S(m + A

e pre \ i 27;|

- f \ : By . m7x nmy
W & i / > - 5 — sin = sin 5 (A43)
7 IR 2.2
f 2 ,.Dna
m=1 n=1 m \n= + =5
m, n odd b

(£)
obtained by substituting (A42) into (A38) and neglecting Vy, in the latter

is similar to that which has been derived by Reissner ((10 page 31) for the
case of egual face thickness. Formula (AU43) reduced to the case of equal
face thickness is identical with that obtained by Reissner provided § is

c+f
G

replaced by S. This slight discrepancy, which affects only the

edditional deflection due to shear deformstion in the core, arises from the
fact that Reissner assumes that the stresses transmitted from the core %to the
facings act upon the middle surfaces of the respective facings.

4 formula that is generally more suitable for use in computations can be

derived from formula (Al3) by making use of the following expansions, all of
which are valid in the internal 0 € y < b:
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n=1, 3, § =
£ wy
mw by _ 4 &2 j - RS Y
cosh = (y- 'é') = ;_;—é-cosh Qi (2+ naaa) (Al5)
m
n=1y3,5— \ ¥
-and.
mr /[
a ¢
where
_ m7b
L é-;- (A47)

From expansions (Al4) and (AMS) it is found that

(akig)

b Z g
- I:],. cosh L ( - E)Al 2 sin -%1’-
Hcr; coaha.m. 1 n-l 35 nm( n2 2)

- and from this expression together with (A45) and (AU6)
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moo By ' B (p2)— BT (5-2) etmn 27 (1) |
cosh;—(yu-a-)“._a,mtanhamcosha (y2 — s sinhg yi-§$
cosh @ 2 cosh ey

With the use of the last two expansions the summation with respect to n in
(A43) is accomplished and

o}

(ak9)

a0
u. ~ -
_N-a p)\f 1 " ][2+amtanhaml coshmwy 'b)
w— — — r—— - —
5 5 2 cosh o, a 2
m’ I B ‘ m
£ mn=1, 3, 5 £
mr (o _b) g m_z(_h)
+_'a._ ; 2)smha Q' 2 ; mmx
2cosham 8in =g
oo

4 m7 b

+1Iva. p)ufS 1 l_cosh;—(-'a—) im (A)

7T5 IR ;- cosh CIpm L a 50
f n=1,3,5 = _

Here the first expression is recognized as that obtained by the method of

M. Ievy for the deflection of homogeneous isotropic plates ((11), page 128)

I being interpreted as the moment of inertia of a section. The second

expression gives the additional deflection dus to transverse shear deformaes
tion in the core.

By carrying out the summation of the first series in each expression of

formila (AKO), the central deflection, x = 2,' y = E, is obtained in the form
2 2 e

y
p a8 )\f C!-l ( 3
+ !
mex IE; 11 8 q'2 (451)
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where

m= 1
w ) { \
| B 2 (=1 __2 + o, tanh o !
o B fgﬁ'— a5 E :51 L cosh ag i (452)
' m=1, 3,5
and
J" @ m=-1
B
1 5 § 4 -1) T
oy S . 1 (A
"2 %y {8 ne 79 m cosh a,mf 53)
ped, 3,5 g

The parameters “’l and a-2 are plotted in figure 1 as functions of "o"' The
curve representing °’J. was constructed from values taken from reference (__) n

table 5, and converted for use in formula (A51). These values were used in
computing a,2 by means of (A53).

In his analysis of the deflection of a uniformly loaded, simply supported,
isotropic sandwich panel Reissner ((10), page 32) has demonstrated that the
bending and twisting moments, My, &, and , a8 well as the transverse
shear stress resultants, Qx a.nE'ﬁ; are independent of the transverse shear
deformations in the core oy ere independent of §) provided the boundary
conditions are of the type

=y = ¥ _ - -
-..Hx-—,ay—zc—:%ﬁ'-oatX“o.ao

It then follows that the reactions at the edges and corners, Vx, Vy, and R

are also independent of 5 and are therefore the same as those “obtained in the
theory for homogeneous 1sotr0p1c plates. Timoshenko (}_1_) has given formulas
for Mg, My, Qx, Q, Vx, -Vﬂ_. and B for simply supported isotropic plates under
uniform oad'é'ﬁnd s “Tabulated the maximum values of the first slx, together

with R, as functions of g-in table 5 of the same reference.
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APPENDIX B

Deflections Under Uniform Load,‘Edges_Olamped :

The deflection in the case of clamped edges will be determined approximately
by assuming the expression

= G sin2 X sin %X- (B1)

for the deflection surface. Results obtained on the basis of this assumption
are considered applicable only in determining tho central deflection of sands
wich pancls that are square or nesarly so.

For the case under consideration, the formules for the components of dis-
placement and strain given in Appendix A apply, using the single term (B1)
in place of the series (A1) and a single set of values k, q, h, and r in
place of a series of sets Kmms Qgne Bme and rp, With the substitution of
expressions for the components of transverse shear strain in the core ob-

tained from (A6) in this menner into (A10), it is found that the strain
energy in the core is given by

2 v
2 T af
S ben™ 2 2 My 2
Up = S35 [f“zx (- 1)+ (1) k=)

Similarly, the strain energy assoclated with the membrane strains in the
facing is obtained in the form

2 Y - : I | £
UM=LQ_;§_E Ex(fl(kq+§]-'-> + £, [k(c-q)+§-2-

8 a” A [ _

T £..2 £2
+Eygﬁ-ﬁ(fl<hr+-él) + £, E;(cpr)+§% }

Lo\

g‘lﬁwﬂaj £, .19 £5 o
e | G e+ 52) o5z e (om0 ¢ o tomd 45
ApL 32 '
+—»3-5-Y——<f1 (kq+hr+fl) +f2[k(c-—q)+h(c-r)+f2]

(B3)
from the states of strain (A7) and (48), using (Bl) in place of (Al)e 'In th.
same way the strain energy in bending the facings about their own middle
planes,
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n

3 3
T, =2 @ty é‘l +f2)m s +2'32(Ex'73"‘+2p (B4)

is derived from (A9).

The total strain emergy, U, in the sandwich is taken as

U= Ub + Un + Uf

g
Fith the substitution of expressions (B2), (B3), and (BY) into this formule,

s Bl ) ]
D)

T

can

d in the form

b3 expr

=P_ﬁ

2
SaTC

U

corresponding’ to formula (Al7), with T cbtained
guppressing tho subscripte »a throughout. The
present case defined as fellows:

(B5)

d (119) by
i) gve in the

fron (AlZ)
quantities L

(86)

The work done by the applied uniform load of
tained by substituting formula (Z1) into (A2

5.
p.C ab

The total potential energy of the sandwich,

Uy,
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pounds per unit area is ob-
After integration

(B7)




1s now obtained in thse form

P—ﬁ—i‘?.-? | (z8)

by the substitution of equations (Bb') and (B7). The parameters k, ¢, h, I,
and 0 are determined by the conditions

oW_ _ ) ﬂ—- - oW _
kg - O s o O ok O ah 0 5g=0 (29)

Since T in the present case is given by formula (A18) with the subscripts mn
suppressed, the first four of the above conditions yield the first four
equations of (A24) with the subscripts mn suppressed. If T! is used to
denote the expression for T after imposing these conditions, it follows that
T' 1s obtained from formula (A26) with the suppression of the' subscripts mn,
namolys

TR I S

x[.a(l) A gﬁeug"’(”‘;{ @ 46 _ (y@)° { gl

& (B10)
g — -
‘M m(l) qu qbg{A( ). (3) (A(E)) 2},
RO (5) (h) 2(5)
v;ith A(i), i =1~ 5 given by (36)". The condition 5%‘ = 0, applied to (B8)
yields - 1 § 05 i
4 c o E'San i
S pg®
or, after imposing all of conditions (B9)
A - S
0= wp, = &Em o (B11)

hax VT‘ 172

That this formila gives the central deflect:.on of the panel can be seen by
reference to: formula (Bl1). -

With the introduction of the parameters (A32) into formula (B10), the central
deflection can be given in the form

(B12)
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with

r 1
: 4
() E{, 2a°p a
v T o+ 5 +a,bl"-} (313)
and
2 ~ %
ne B, o Lo 10 Lot
i 312 abt % y.vr
= 5
1+usx%+§—b—2)+usgb2 3>+165xsyr
with . g (Blh)
2 2 Y
=B by Bl )gd 2e°B, &
’ F’b?-(l 9)4‘36:"' a.b’*)

The term VI) is negligible if the thickmness of the core is large as compared
with the thickness of either facing.

In the event that the ratio 2- is large, the function

= @ 8in® ;—E (B15)

leads to better results than those obtained on the basis of formula (Bl).
This representation of the displacement is one which has been used with good
results in the treatment of an infinite plate in ordinary plate theory. With
the use of this function in place of (Bl) the expressions for the energies
per unit length of sandwich are

c 7S ut 5

-—rﬂ (1 - k)° o? (B16)
i e
7 B fi 2 f
Uy = a3A% ‘fl (kq + 519 + fa‘{k (c - Q)L+ §gI ¢ (B17)
\ -~
and Y 3 3
7 By |£17 + £

U = =5 [ — ]ez (B18)

which replace (B2), (B3), and (BY4) respectively, and
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.. P Ca
u, = B8 (819)

is obtained in place of (B7). Waen (B16), (B17), and (B18) are compared with
(82), (B3), and (BY), respectively, it is seen that the former can be derived
by the latter by first multiplying each by g—s' and then taking the limit as

b becomes infinite. On this basis formula (B5) is replaced by

U--—GETOD (B20)

where To denotes the limit of T as b —~ ®. According to the discussion
following formula (B5) T is obtained from formulas (A18) and (219) by sup~
pressing the subscmpts mn. After taking the limit as b becomes infinite,

_ the quantlties A(l), i=1-5, in terms of which T is given, reduce to

(1) _ 3~ E () 344

o el wi "
Ao a2 AT Ao 4
(B21)
282 2 a3 _ 4 (5) - g
Now from (B19) and (320)
202
= 7°C _pac
¥ 3a T 2
end from the last of conditions (B9)
2
6= B8 (B22)
4~ o,
The remaining conditions (B9) express the conditien that Ty be a minimum with

respect to Uig) and k. This minimum, which is denoted 'by ‘I“m, is obtained
from (B10) by taking the limit as b - ®. Thus

Thp = I, a5H) 4
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The central deflection obtained dy substituting this expression for Tx in
{B22) and making use of (B2l) is

e %;t&' e ok
i 2 | e 72 By
a” A J“'zx)
Again, the ratio ;_i_'_ is usually so small that it can be neglected.
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Figure 2.--Cross section of loaded sandwich panel.

(M 85797 F)

Report No. 1583-C







Figure 3.--Section of panel parallel to facings.
(M 85798 F)
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