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MULTISCALE ANALYSIS OF SATURATED FLOW IN A POROUS
MEDIUM WITH AN ADJACENT THIN CHANNEL

1 INTRODUCTION

The problem of modeling flow of a single phase fluid through a fully-saturated porous
medium has been widely studied. To this end Darcy’s equation is not only regarded as an
acceptable model by experts of different fields but considered as an empirical-theoretical
relation which effectively defines porous media. Many extensions of this law have been de-
veloped to address more complicated types of flow and types of media. Some refinements
preserve the original structure and modify the equation by the introduction of physical

parameters while others perturb the structure of the equation itself.

Amongst the various geometric scenarios an important case arises when the porous medium
contains cracks or fractures, since the velocity of fluid in these regions is expected to be
considerably higher than that of the adjacent or surrounding medium. The presence of
fractures introduces the question of preferential flow, and this affects the overall per-
meability of the medium. The situation when there is a periodic distributed system of
such fractures has been studied in [TA06]. Some other cases have been studied under
the hypothesis that the medium has a microstructure such as fissured or layered media
[BS89] by means of double-porosity models treating partially [RS95] or totally fissured
media [SW90]. The difference is whether there is direct flow between the blocks or not,
respectively; see also [Sho97b]. The previous cases are concerned with the geometry of

the medium while we can quote Blavier and Mikeli¢ for Non-Newtonian Flow [BM95],
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Bourgeat for Two Phase Flow [Bou86] or Ene and Sanchez-Palencia for Thermal Flow
[ESP81], [ESP82] as works regarding a different type of flow. Finally we mention the
work on Poroelastic Media by Auriault and Sanchez-Palencia [ASP77] as a special case
since it is concerned with the material properties of the medium rather than its geometric

structure.

Here we study the situation in which there is a single specified fracture which is a narrow
region of high fluid velocity and low pressure gradient. Such a phenomenon takes place in
the vicinity of a rigid wall of a porous medium where the particles do not pack efficiently
and therefore the permeability rises sharply. As a result there exists a narrow region close
to the wall where the velocity is considerably higher and the fluid flow mostly parallel to
such wall; this phenomenon is known as the channeling effect [DAN99]. The same situa-
tion occurs in interior fractures, and it is applicable to several examples of the real world
such as oil extraction and subsurface water flow [JRC71]. The problem in which there is

a single specified fracture has been studied from a numerical point of view in [VMRO05].

Such problems contain two sources of singularity, one geometric due to the thinness of
the region in which the fast flow occurs, and the other, a material effect since the flow in
the channel is qualitatively different from that of the porous medium. Due to the contrast
in behavior it is immediate that whichever model is chosen to describe this phenomenon
it will present great difficulties when trying to compute solutions. The problems may be
of numerical stability when using a not so accurate choice or to spend too many com-
putational resources in the geometric description of the phenomenon when trying to be
accurate. These lead to numerical issues of stability, storage, computational time and
many other aspects. Since these problems come from the inherent singularities it seems

natural to use the asymptotic analysis of the problem in order to balance out these sin-



gularities and seek a model free of them which is still a good approximation.

The present dissertation is written in the ”"manuscript document format” as specified
by the Oregon State University Thesis Guide 2006-2007. Each of the three subsequent
chapters contains a manuscript on approaching the problem from different points of view,
whether the formulation or the laws involved, or the discussion of interface conditions,
together with its corresponding asymptotic analysis. Each approach gives deeper insight
than the others in different aspects: the impact of the shape of the channel, the geometric
structure of the flow under which it can be considered controlled or estimated, variational
minimization principles, the interface activity, coupling PDE systems with non-uniform
structure and degenerate evolution equations. The publication status of each manuscript
is specified in the respective chapter heading page. In the last chapter of this dissertation
the reader can find some overall conclusions and special remarks as well as open questions

that did not make it into the submitted manuscripts.

I apologize in advance for the difficulties the reader will find due to the difference in
notation and style between manuscripts. The chosen notation was meant to be in agree-
ment with the preexisting literature published on the subject. Besides, each document was
written at different stages of my academic career and it is aimed to different audiences.
This introduction will not explain in detail the material of each document since each of
them contains an appropriate introductory section. However it is pertinent to give the

overall accomplishment of each work under a general perspective.

The first and second parts model the flow in both the channel and surrounding medium
by means of Darcy’s law with scaled permeability to balance the channel width and model

the higher flow rates in it. However the formulation of the system of partial differential
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equations and interface conditions is different: the first document models the problem in a
context of direct variational formulation, as a minimization problem, the second part takes
the setting of a particular mixed formulation which to the author’s best knowledge is a
totally new approach in the formulation of boundary-value problems. For the similarities
of the problems we mention that both cases use equivalent boundary conditions, suitable
to the spaces of formulation and reasonable physical assumptions. Also a fully-coupled
model with a lower dimensional interface problem is obtained in the limit as an approx-
imation from the asymptotic analysis. In both cases the limit has the same structure
and formulation of the original system but coupling the fluid flow inside an open set with
a lower dimensional interface which is part of its boundary. The asymptotic analysis is
presented for a stationary problem in both cases and in the first one it is extended to the
evolution problem by means of analytic semigroups. The time dependent problem for the
mixed formulation is still work in progress. Finally in the standard formulation the time
evolution problem induces a degenerate evolution equation, since the evolution term on

the interface vanishes in the limiting problem.

For the differences of the approaches we begin by mentioning that the first part presents
an additional section which is the analysis of the concentrated capacity model, since its
similar structure makes it a good fit in the context. In turn, the second part presents a
gravity-driven flow including the appropriate forcing term since it is more convenient to
handle the additional term in the mixed formulation context. Another important differ-
ence lies on the geometric description of the channel. In the first part the channel must
be bounded between a flat interface and a top boundary described by a ”width” func-
tion, therefore the surfaces are not parallel. The second part describes the channel as a
region trapped between two parallel surfaces: the interface which may be curved or not

and a top boundary. The treatment of a-priori estimates is radically different in the two
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cases: while in the first case a-priori estimates can be obtained by standard techniques
of asymptotic analysis and they reveal standard information, the search for a-priori esti-
mates in the second case is deeply connected to the nature of the flow and reveals valuable
information about which physical entities must be preserved while the asymptotic anal-
ysis takes place. Even though in the present work both cases assume the same interface
conditions of continuity of the pressure and a balance of the normal flux which are to
be expected, the mixed formulation allows interface conditions of much greater generality
replacing the continuity of pressure and normal flux for balance statements in both cases.
These conditions are consistent with the demands and insight of homogenization theory
when modeling coupled problems where two regions interact and have radically different
physical properties, namely, very different values of permeability for flow in porous media,
of conductivity when modeling problems of heat diffusion or different values of stiffness
for elasticity problems. Interface conditions of such generality make necessary the mixed
formulation and are unknown in the literature. Finally, another remarkable property of
the particular mixed formulation introduced here is the fact that it leaves the spaces of
functions fully decoupled, leaving the interface conditions only on the solution of the prob-

lem.

The third part uses Darcy’s law in the porous medium and Stokes law for the fluid velocity
in the channel, which is a more accurate model for the faster flow. The two laws have
very different structure and scale of validity, making the formulation of a coupled system a
more difficult task. The choice of interface conditions plays a fundamental role in the for-
mulation of a well-posed problem as well as in the asymptotic analysis of the PDE system.
The tangential velocity and the pressure of the fluid are not continuous on the interface,
although conservation of fluid mass requires the normal flux to be continuous; the inter-

face conditions address these facts and relate the normal stress balance with the exchange
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of fluid. The scaling by means of the physical parameters must now be introduced not
only on the Stokes law modeling the narrow channel, since the interface conditions contain
so much important information of the problem they must be similarly scaled. The limit
solution is characterized as a fully-coupled system consisting of Darcy flow in the porous
medium and Brinkman flow on the interface. Therefore, the structure of the problem itself
changes. The function spaces in which the limit problem is modeled also have a different
structure, and it is defined by the a-priori estimates. Several geometric possibilities for
the shape of the channel and the interface are explored leading to interesting cases. The
impact of these possibilities on the structure of the flux on the channel is revealed. Also,
the importance of parallelism between the interface and the top boundary of the channel
follows: there must exist at least a set of non-zero measure where the channel is trapped

between parallel surfaces one of them being the interface and the other the top boundary.
The Relation Between Darcy, Brinkman and Stokes Equations

The present dissertation will address coupled systems containing equations of the three
types: Darcy, Brinkman or Stokes. Combinations of these types will be used to model the
flow in different settings as they arise from the asymptotic analysis of the fluid behavior.
These three laws are related according to the scale at which the problem is analyzed.
From a theoretical point of view Stokes law should suffice to model the viscous fluid flow
through a porous medium as well as any other configuration including an open fracture.
However, Stokes law demands a detailed description of the geometry of the medium.
This requirement makes its use impractical to model flow through a porous medium,
because it will hardly have an easy geometric description or even possible within reasonable
investment of efforts and resources. It is therefore a necessity to use an upscaled equation
which models an averaged flow which describes the main characteristics of the porous
medium flow without taking in consideration a detailed geometric description of the pores.

To this end, Darcy’s law is considered one of the most successful models, accepted by a
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wide variety of experts in different fields. In its primitive form at this macro-scale, it
states merely that the fluid’s velocity is proportional to the negative gradient of pressure,
meaning the fluid moves from regions of high pressure to regions of low pressure. The
constant of proportionality is a ratio between the two main physical parameters involved
in the flow, the permeability describing the overall impact of the medium’s geometry on
the resistance to flow and the viscosity describing the resistance of the fluid to shear. It
is expressed as

v+ng:O (1.1)

where £ is the permeability of the medium and p is the viscosity of the fluid. The results
provided by this law are in excellent agreement with the measurements coming from ex-
periments, and it is clear that its scale of validity is the macro-scale, meaning that Darcy’s
law relates quantitative averages over a typical representative cell. The size of the pores
in average is much smaller than the cell and the medium is considered a homogeneous

composite of these cells. It is in this sense an averaged law.

Since the same phenomenon could be modeled in theory by means of Stokes law whenever
the porous medium has a relatively simple description, and since its scale of validity is
considerably smaller, it is a natural question whether Darcy’s law is an ”averaged” version
of Stokes law or how is related. Several efforts have been done in this direction from dif-
ferent points of view and with many different techniques. The first rigorous proof showing
Darcy’s law as an averaged version of Stokes law appeared in [Tar80]. Later [All89] used
the two-scale convergence to show that Darcy’s law is the limit problem of Stokes law
under the hypothesis that the porous medium structure is periodic. However there are
more general results given by Cioranescu and Murat [CM82] and [CM97] using the energy
method introduced by Tartar to give a more general result. The key aspect comes from

the geometry of the medium, the main parameter is a special ratio between the size of the
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particles € and the distance between them 7 that can be easily identified with the period.

We define according to the dimension N

e(ﬂ)N/2 for N >3

€

Oc = 12 (1.2)
e (2)[* =2

The limit behavior of the ratio o, as € | 0 determines the structure of the limiting problem,

since it dictates the dominant nature of the flow. Three cases are in order

Vp—puAv=Ff inQ

limo.=400:{V.v=0 inQ (1.3a)

v=0 onod

Vp—pAv+Lv=£f inQ

limoc=0>0:C(Vy.v= inQ (1.3b)
v=0 ond
v—iM_l(f—Vp) in Q
limo,=0:¢{VvV.v=0 inQ (1.3¢)
v=0 ond

We see a list of momentum equations in the limit, in the first case Stokes, in the third case
Darcy and the intermediate or transition case is the second one, known as Brinkman’s
law. In all the cases the mass conservation law V - v = 0 remains identical through the
homogenizing or limiting process. An important part of the task is not only identifying
the main geometric parameter, but also giving the type of convergence in which these
laws can be considered as an upscaled version of Stokes law. The type of convergence also

defines the type of ”averaging” process executed on Stokes law to generate the other cases.
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On the line of qualitative modeling rather by asymptotic analysis we recall [Lév83] who
studies the problem of fluid flow through an array of fixed particles. The work does not
assume periodicity of the medium, but rather the existence of a representative element
of volume for the medium and with it a representative relation between the representa-
tive size of the particles € and the representative space between them 7. By means of
asymptotic formal expansions the author discusses the order of magnitude of the different
physical effects identifying which are important and which are negligible according to the

geometry of the medium. For flow in three dimensions the three cases are identified

0
e pga—z +Vp—puAv==f (1.4a)
3 ov 1
e=mn": pga—i—Vp—uAV—i—,u,c H-v=f (1.4b)
P <egn: pc'H-v=Ff—Vp (1.4¢)

where ¢’ is the concentration of the number of particles per unit volume ¢ multiplied by
a factor, we have ¢ = ¢n? and H is a tensor depending only on the intrinsic geometry of
the particle, dependent only on its shape. Again, the three laws are concluded according
to the geometry. Other works pursuing the derivation of Darcy’s law by homogenization

using formal asymptotic can be found in [Kel80] and [SP80].

The mentioned works are evidence of the strong connections between these laws despite
the dramatic difference in the approach when analyzing the problem. The importance
of the relationship between size of the particles ¢ and space between them 7 as critical
parameter to decide the flow regime is an agreement, though the required specifications
for such relation might change from one work to another, the domain of validity for the
critical case i.e. Brinkman’s equation is an active topic of research [Aur05]. It is generally
recognized that Brinkman’s law does not describe a "normal” porous medium, since it
would require the porosity to be at or above 0.8. It has been used with some success as a

means to transition from Darcy to Stokes flow by continuously modifying the coefficients,
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and our results in the third part may explain in part that success. This dissertation shows
the relationships of these laws are present when efficiency of the packing of the particles
near a rigid wall goes down, thereby inducing transition to a different flow regime. The
choice of accuracy level in the starting model will prove to be of capital importance to

detect the perturbation on the flow regime.



2 THE NARROW FRACTURE APPROXIMATION BY
CHANNELED FLOW

2.1 Introduction

Fluid flow through a fully-saturated porous medium is altered in the vicinity of a
rigid wall by the sharp rise in permeability due to the inefficiency of the packing of the
particles in the vicinity of the wall. Consequently, in a narrow region close to the wall
the velocity is substantially higher and the flow is predominantly parallel to it; this phe-
nomenon is known as the channeling effect [DAN99]. Related models were used previously
to describe flow through a porous medium in the vicinity of a narrow fracture which is
characterized similarly as a thin interior region of high permeability. Such problems arise
e.g. from hydraulic fracturing in which narrow channels of high permeability are created in
the vicinity of a well to enhance the flow rate and consequently the production. The nar-
row fracture approximation leads to a model like the one above for thin channel flow, and
by taking advantage of the symmetry about the center surface defining the fracture, one
can reduce such a problem to one of the type considered here with the high-permeability
region located on the boundary [JRC71], [VMRO5]. Analogous models of heat conduction
arise from regions of high conductivity, and these may also include a concentrated capacity.
We include these in the discussion for comparison.

For a final example, we mention saturated gravity-driven flow of subsurface water
through a hillslope bounded below by sloping bedrock. A network of narrow channels
of very high permeability develops in the vicinity of the impermeable bedrock, and it is

observed that most of the fluid in the system flows through this region. Such systems with

11



high flow rate over narrow regions greatly influence the transport and flow processes and
are a topic of current study [WMO7].

We shall describe such situations with Darcy flow for which the permeability is scaled
to balance the channel width and model the higher flow rates in the channel. Due to the
higher permeability, the fluid flows primarily into and then tangential to the channel.
The resulting model captures the tangential boundary flow coupled to the interior flow
by continuity of flux and pressure. It contains two sources of singularity: a geometric one
from the the thinness of the channel and a material one due to the higher permeability
of the channel. With the appropriate scaling, these two singularities are balanced, and a
fully-coupled model is obtained in the limit as an approximation. See [HSP74], [SP80] for
asymptotic analysis and [VMRO5] for numerical analysis of these and related models.

An additional challenging issue is to account for the shape of the channel, especially
for any taper near the edges or boundary of the channel. Such shapes are ubiquitous
in applications, but they are not commonly included in the modeling process. They
are important because the rate of the tapering at the edges determines the appropriate
boundary conditions (or lack thereof) that describe the resulting model [Mey70], [Sho79].

The geometry of the model is described first. Let €1 be a bounded domain in IR"™
and denote by I' a relatively-open connected portion of its boundary 02y along the top of
the domain. For simplicity of representation, we assume this portion of the boundary is
flat, that is, T € R™~! x {0} and that z,, < 0 for each z = (7, x,) € Q1, where T € R" 1.
The channel is realized as a region of the form Qf = {(z,w(Z)x,) : (T,z,) € T x (0,€)}.
The function w(-) shapes the width of the channel at each € I', and the parameter € > 0
denotes its scale. We assume that this width function satisfies 0 < a < w(z) <1 on each
compact subset of I', where a depends on the set, but it may approach zero near JI' at
a rate to be determined below. This assumption permits the channel to be tapered or to
pinch off near its extremities.

For the single-phase flow of a slightly compressible fluid through Q¢ = Q; UT' U Qg,

12



Darcy’s law together with conservation of fluid mass lead to the interface problem

8 €
M1~V by Vuf = maf in O

ot

uf =0o0n 0 — T
€ € € kz €
uj = us, k1oyuj — ~ O,us =gonl (2.1.1a)

ous ko e
mga—;—v-?w@ =maf in Q5

—(Vug) -n=00n095—-T,
at each t > 0 for the fluid density u{(-,¢) in ; and u$(-,¢) in 5, and these satisfy the

initial conditions
uf(-,0) =ul(-) on Q1, us(-,0) =ud(-) on Q. (2.1.1b)

Thus, the region is drained along 02y — I' and there is no flow across 0€25 — I', where
the outward normal is indicated by n. This latter condition would follow if the region
were symmetric about I' x {e}. The given initial density distributions ug() complete the
initial-boundary-value problem. Corresponding non-homogeneous problems with known
pressure on 0§} — I' and flow-rate along 0€25 — I' can be reduced to this case. The
permeability in €25 has been scaled by % to indicate the high flow rate, and this will be
shown to balance the width e of the channel, so the flow in €25 is closely approximated by
surface flow along I'. It will be seen below that ko is the effective tangential permeability
and ]Z% is the effective normal permeability for channel flow; see [VMRO5] for substantial
discussion and further perspective. The coefficients m1, mo are obtained from the porosity
and from the compressibility of either the fluid or the medium. We include for comparison
the concentrated capacity model in which also ms is scaled by %, but this has nothing to

do with porous media.

2.2 Preliminaries

We use standard notation and results on function spaces. L?(f2) is the Hilbert space

of (equivalence classes of ) Lebesque square summable functions on 2, and H™(Q2), m > 1,

13



with the norm || - |lm.q is the Sobolev space of functions in L?(2) for which each weak
derivative up to order m belongs to L?*(Q2). The space HE(Q) is the closure in H'(Q)
of those infinitely differentiable functions which have compact support in 2. The trace
y(v) of a v € H'(Q) is its boundary value in H'/2(dQ). The spaces with fractional
exponents are defined by interpolation. Corresponding spaces of vector-valued functions
are denoted by bold-face symbols, L2(Q2), H™(Q). The space of those functions of L2((2)
whose divergence belongs to L?(€) is denoted by L2, (). These have a normal trace on
the boundary. See [Ada75], [Sho77], [Sho97a], [Tem79].

Assume the interface T' is an open bounded connected subset of IR"~! and that it
lies locally on one side of its boundary, dI', a C'! manifold. Let §(Z) be the distance from
T €T todl and 0 < a < 1. Define W () to be the space obtained by completing H*(T")

in the weaker norm

_ 1/2
el = { [ 0@7 + 5@ 190@ 1) )

Here and in the following, V denotes the IR" !-gradient in directions tangent to I'. It is
known that the embedding W (a) — L?(T") is compact and the trace operator v : W(a) —

L?(dT) is continuous [Gri63], [Mey67]. Here we assume the width function satisfies
w(x) > cd*(z) ae. €T (2.2.2)

for some ¢ > 0, and we say I is weakly tapered. Then define H.(T) to be the completion

of HY(T") with the norm

N 1/2
ol = { [ 0@ +@IFo@IP) a7
As above, the embedding H!(T") — L?(T) is compact and the trace operator vy : H}(T') —

L?(9T) is continuous. More generally, we have the following [Sho79).

Theorem 2.2.1. Let the bounded domain I' be given as above and let 0 < a < 1. Suppose
there is a function «(-) on OU' for which 0 < «a(Z) < « for each T € OI'. Assume the
function w(-) satisfies (2.2.2) and that at each point of O there is a neighborhood N in

IR"™! and constants 0 < ¢(N) < C(N) such that

14



1. for each x € N NT there is an 29 € OI' such that |29 — || = d(z), and

2. for eachzt € NNT, ¢(N) < 5“’& < C(N).

@l =

Then the trace map is continuous from HL(T') into L?(0T), its kernel is the closure of

C§e(T) in HL(T), and the range is dense in L*(OT).
In the contrary case we call I' strongly tapered if
w(x) < Co(z) ae. TET, (2.2.3)

for some C' > 0, and then C§°(T) is dense in HL(T), so HL(T)" is a space of distributions
onI' and L*(T") c HL(T)'".

We recall some classical results for unbounded operators and the Cauchy problem:;
see [Kat95], [Sho77] or the first Chapter of [Sho97a] for details. Let V be a Hilbert
space, and denote its dual space of continuous linear functionals by V’. A bilinear form

a(-,-) : V. xV — R is V-elliptic if there is ¢g > 0 for which
alu,u) > collull? | ueV.

The Lax-Milgram theorem shows this is a convenient sufficient condition for the associated

problem to be well-posed.

Theorem 2.2.2. If a(-,-) is bilinear, continuous and V -elliptic, then for each f € V'

there is a unique

ueV:alu,v)=f(v), velV .

An unbounded linear operator A : D — H with domain D in the Hilbert space H
is accretive if

(Az,z)g >0, zxeD,

and it is m-accretive if, in addition, A + I maps D onto H. Sufficient conditions for the

initial-value problem to be well-posed are provided by the Hille-Yoshida theorem.

15



Theorem 2.2.3. Let the operator A : D — H be m-accretive on the Hilbert space H. Then
for every u® € D(A) and f € C1([0,00), H) there is a unique solution u € C1([0,00), H)

of the initial-value problem

WO+ A=), >0, w(O)=u. (2:2.4)

If additionally A is self-adjoint, then for each u' € H and Hélder continuous f €
CP([0,00), H), 0 < B < 1, there is a unique solution u € C([0,00), H) N C*((0,00), H) of

(2.2.4).

Finally, the standard finite-difference approximation of (2.2.4) leads to the station-

ary problem with A > 0,
ue D(A): Au+ A(u) = A\F in H,

for the resolvent of the operator A. It is precisely the m-accretive operators for which this

problem is always solvable with ||ul|g < ||F||#-

2.3 The Stationary Problem

With the family of domains 2¢ = Q; UI' U Q5 given above for each value of the
parameter with 0 < ¢ < 1, the stationary problem corresponding to the initial-value
problem (3.1.1) takes the weak form

ut e Ve: / Amq uv dx + kiVu® - Vodx
Ql Q1

+ )\mguevd:v—{—/ @VUE-Vvdfd@v
Qs Qs €

:/ )\mvadaz—}-/ /\mngdx—l—/g’y(v)dE VveVe (23.5)
Q1 Qs T

in the space V¢ ={v € H'(Q¢):v=0 on 0§ —T}. This is the eract or e-problem to
k

be solved, and it depends on the thin domain €25 and the high permeability = through
€

the scale parameter ¢ > 0. We expect the last term on the left side to be approximated



for small values of € by averaging across the narrow channel,

1 -~
- / koVu - Vodry dr ~ / koVu - Vow(Z) dz, (2.3.6)
€ Jas r

where V denotes the gradient in the variable T in I', and this will be established in our

work below.

2.3.1 The Scaled Problem

Since our primary interest is the dependence of the solution on €, we shall reformulate
the problem in a space that is independent of this parameter. In order to eliminate this
dependence on the domain, we scale €25 in the direction normal to I' by xx = €z to get an
equivalent problem on the domain = Q; UT U Qs with Qy = Q4 = {(Z,w(7)z) € R"™ :

(z,z) € I' x (0,1)}. The corresponding bilinear form is

a(u,v) = / k1Vu - Voudz +/ koVu - Vo dZ dz —|—/ ]%2 0,ud,vdx dz. (2.3.7)
Ql QQ QQ €

This form is continuous on V = {v € H}(Q) : v = 0 on 09 — '}, and the scaled
problem is
ueV: / Amq ufvdx + 6/ Amg uv dx dz + a(u,v)
Ql QQ

= Ami Fodr+e )\mngdﬂU%—/gv(v)d:f VvoeV. (2.3.8)
931 Qo r

For each € > 0 the bilinear form (2.3.7) is clearly V-elliptic, so the problem (2.3.8) is

well-posed. Moreover, the solution u € satisfies
)\ml uf -V k:quf = Aml Fin Ql y

uf =0on 00 — T,

k
uj = u§, k10uf — E—; dus=gonl, (2.3.9)

~ ~ k
edxmauy — V- kaVus — —22 0,0,u; = € \maF in Qg |
€
~ 1 R
(Vus, — Oyus) - =0o0n 0 —T.
€
This is the stationary form of the interface problem (3.1.1) after the rescaling. Here we see
the role of the effective tangential permeability ks and the effective normal permeability

ko
€2

17



The Estimates

Denote by X; the characteristic function of ), j =1, 2, and set ©© = u{ X1 +ug Xa.
Due to the boundary conditions of the space V, the gradient controls the entire H'(Q)

norm on V. Testing (2.3.8) with v = u¢, we obtain

Cr(uf 15,0, + s 15,0, ) < Co( lluf 15,0, + I Vui [15
2

€2 <7, € |2 1 €

+ellug llo +11Vug o, +||- d:uz

)

0,

< [IFllo, 01 lluillo,o1 + llgllo,r luill, 00 < Clluilly,

where C1, Cy, C are positive constants. It follows that

2

<C (2.3.10)

=~ 1
I B+ 190 W+ 1S W, 1905 1 0, + 2 0005
0,0

for some generic positive constant C.
The Limit

The estimate (2.3.10) implies that there is a subsequence, which we denote again
by {u}, and a u* = uy X1 +ug Xz € V such that ¢ “> u* in H'(Q) and strongly in L?(€).
For any v € V', as ¢ — 0 we have

/ k1Vuy - Vv de — k1Vuq - Vv dz, and
Ql Ql

/ kgﬁuge-%vd:fdz—> kg%Ug'%Ud%dZ.
QQ Q2

Since the right side of (2.3.8) is bounded for v € V fixed, we conclude the existence of the
limit

k ~
((v) = lim —22 O us O,v dxdz
€l0Jqo, €

and due to the a-priori estimates we conclude ¢ € V'. In addition, there must exist ¢ €
L2(y) such that e 1,us = ¢ in L2(Qg). Also || d,us |[0.0, < €C, so || d.us |l0.0,— O,

and we know 0,us A 9us in LZ(QQ), so O,uo = 0 and weo is independent of z in Q.

18



Taking the limit in (2.3.8), we find that u* = uj X1 + ug X satisfies

u" € V: O,us =0 in Qo, and/

Amqul v dx + / k1Vuy - Vo dx
941

9751

—|—/ kgﬁug-%vdx—i—ﬁ(v):/ )\mvadx—i—/gv(v)d:? Yo eV, (2.3.11)
Qo (951 I

Define now the subspace W = {v € V: 9,u =0 on Q}. We have shown that
for some subsequence we obtain a weak limit, u¢ = u* in V with «* € W, and since the

linear functional ¢(-) vanishes on W, this limit satisfies

ute W My u*v dx + a®(u*, v)
1971

= Amy Fodr + / gv(v)dzx for allv e W. (2.3.12)
o r

where the limit bilinear form on W is defined by
a®(u,v) = / k1Vu - Vudr + / ko Vu - Vo di dz. (2.3.13)
Ql QZ

This continuous bilinear form is W-elliptic, so we see that u* is the only solution and
the original sequence {u¢} converges weakly to w*. In summary, the problem (2.3.12)

characterizes the limit u* of the stationary problems (2.3.8).
2.3.2 Strong convergence
On the space V we take the scalar product
(v,w) = /Q k1Vv - Vwdx + /Q kaVu - Vw dz. (2.3.14)
1 2

This scalar product (-,-) is equivalent to the usual H'() scalar product, that is, the
V-norm ||v ||y = (v,v)"? is equivalent to the H'(Q) norm, so from the weak convergence

u > u* in HY(Q) we know
|| w* || v < liminf || u€ ||y .
€l0

Now, for 0 < € < 1, the solution u¢ of (2.3.8) satisfies

| u |3 < e/Q Amy (u€)? dZ dz + af(uf, uf) = /Q Amy (u)? de
2 1

+/ AmlFuedx+/ eAmgFuEda:—F/g'qud%,
1 Qo r
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so from weak lower-semicontinuity of the first term we obtain

limsup || v || < —/ Amy (u*)? da +/
1951

Amq Fu™ dx + / gy (u®)dz.
€l0 Ql I

But with (2.3.12) this gives

limsup || v |3 < a®(u*,u*) = |u*]|},
€l0

solim, g || u® ||[v =] u* ||v. Together with the weak convergence of the sequence, this

implies || u¢ — u* ||y — 0, and so we have strong convergence u€ — u* in H!(Q).
An Alternative System

The solution of the limiting problem can be characterized by a boundary-value
problem on €y and I'. First we rewrite (2.3.11). Since C§°(€21) C V, for any ¢ € C5°(€1)
we obtain

Amiug @ dx + k1Vuy -V dx = Amy Fo dx,
(951 Q1 1951

i.e., Amiup — V- k1Vup = dmq F in L2(Q4), so k1Vuy € LZiU(Ql) and the normal trace
k1 Vuy -1 € H-Y2(09,) is well-defined. Moreover, we know that for any v € V the Stokes’
formula [Tem79]
(k1Vu1 . ﬁ,’y (U)>H—1/2(8§21),H1/2(891) = / k:1Vu1 - Vo dzx + V- (k1Vu1) vdx
Ql Q1

must hold. Substituting these into (2.3.11), we conclude

(k1Vuy -,y (U)>H*1/2(F),H1/2(F) + kQ% ug - Vo dx

Qo

+/l(v) = / g7 (v) dz for allv e V. (2.3.15)
r

Since the functions in W are independent of z for (z, z) € {3, we have for each pair

u,veW

(1, 0) g ) = /Q (@) v(@) + V(@) -V o(@)) dF dz

_ /F (@) (@) + V u(@) - V(@) w(@) dF
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This is equivalent to the scalar product
(1, 0) g1y = /F (u(@) v(F) + w(@) Vu@) - Vo(@)) dF
of the weighted Sobolev space
HL(T) = {u € L2(): w'/?Vu e LQ(F)} .
Furthermore, we see W is equivalent to the space
Ve={ve H'(M): vlr € H,(T), wv|og,—r =0}
in the sense of boundary trace. Thus, the solution of problem (2.3.12) is characterized by

e Vp: / /\mlu*vd:c—i—/ k1Vu* - Vudz
Ql Q1

+/k2w6u*~6vd5:/ )\mvadac—i-/g’y(v)dEfor all v e Vp, (2.3.16)
r o r

and this means it determines a pair u; = Xju* € HY (), ug = v(u*) € HL(T) which

satisfies the system

Amiuy —V-kiVu, = dmq F in O (2.3.17a)

u1 =0 ondQ; —-T (2.3.17b)

up =ug onl, and (2.3.17¢)

/Fk‘g wV us - %’yv dz + (k1Vuy - n, yv)H_l/g(mHl/z(F) (2.3.17d)

:/gv(v) dz for allv € V.
r
In the situation of Theorem 2.2.1, the variational identity (2.3.17d) is equivalent to

—V kywVug+kiduy =gin T (2.3.17¢)
ug = 0 on JI. (2.3.171)
However, in the strongly tapered case of (2.2.3), the last condition (2.3.17f) is deleted,

since the trace is meaningless and the variational equation is equivalent to the equation

(2.3.17e) in H}(T)". See [ShoT79] for such examples. Thus, the limiting form of the singular
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22
problem (2.3.8) is the elliptic boundary-value problem on €; with the (non-local and
possibly degenerate) elliptic boundary constraint.

We summarize the above as follows.

Theorem 2.3.1. Let the regions L€ and the rescaled €2, the constants ky, ko, m1, mo >
0,\ > 0, and functions F' € L*(Q), g € L*(T') be given. Define the bilinear form (2.3.7) for
each 0 < € <1 on the space V. Then each scaled problem (2.3.8) has a unique solution,
u®, these satisfy the estimates (2.3.10) and converge strongly u¢ — u* in V, where u*
satisfies (2.3.11). Finally, the limit u* is characterized as the solution of the well-posed

limit problem (2.3.12) or its equivalent form (2.3.16).

Remarks on Minimization and Penalty

Set fe(v) = le Amy Fodx + efm Amg Fvdx 4+ [ gv(v)dZ. The equation (2.3.8)

shows that u€ is characterized by the minimization of

1
e(v) = = (/ Amy v? dx —i—/ edma v? dx + aE(’U,v)> — ff(v), veV.
2 Ql Q2
According to (2.3.11), the limit u* satisfies

uteW: My u*vdr + (ut,v)y 4+ L(v) = fO(v) for all v € V
Q1
and is characterized by (2.3.12), that is,
ut e W: Amy u*vdz + (u*,v)y = fO(v) for all v € W.
951

This shows that u* is obtained by the minimization of

1
o(v) = 3 </ Amyv? dx + <v,v>v> — %), weV, (2.3.18)
1951
over the subspace W. This is the same as minimizing ¢(v) + Iy (v) over all of V| where
0 ifoeW,
Iy (v) =
+oo ifvgW,

is the indicator function of W.
Furthermore, if OIy(-) denotes the subgradient of the convex Iy (-), then ¢ €
OIw (u*) is the Lagrange multiplier that realizes the constraint u* € W. The last term in

(2.3.7) is the penalty term and (2.3.8) is a penalty method to approximate (2.3.12).



2.3.3 The Concentrated Capacity Model

Suppose that in the interface problem (3.1.1), we assume that not only the per-
meability ks but also msy is scaled by % in Q5. Such an assumption is meaningless for
porous media, since the porosity is bounded by 1, but it is appropriate in analogous heat
conduction problems with a concentrated capacity along the highly-conducting interface
or boundary. However, the problem (2.3.8) with the factor e deleted from the two terms
can be used as a fracture model with highly anisotropic permeability. We include this case
to show what assumptions are required to arrive at the narrow fracture model described

in [JRCT1].

Theorem 2.3.2. Let the region €2, the constants ki, ko, Amq > 0, and functions F €

L3(Y), g € L*(T") be given. For each 0 < € < 1, consider the problem

ueV: / Amy uvdx + Amoufvdx + af(uf,v)
Ql QQ

:/ Amvad:U—i—/ )\mngd:U—{—/gy(v)d:? YoveV, (2.3.19)
2 Q2 r

This problem has a unique solution, u¢, these satisfy the estimates (2.3.10) and converge

strongly u¢ — u* in V', where the limit u* satisfies

u* e W :

/ )\mlu*vdx—i—/)\mgw u*vdf—i—/ k1Vu*-Vvd:c+/k2w%u*-§vdE
Q1 T (921 T

:/ /\mvadx—i—/)\mgwﬁvdff—i—/g'y(v)d&?for allve W, (2.3.20)
oh) r r

and the channel average of F' in o is given by

3 (@)
Fa) = w(lz)/o F@,2)ds, Fel.

Note as before that the limit u* € Vi determines a pair ug € H(), ug € HL(T)
which satisfies

)\ml uy — V- k1Vu1 = /\m1 F in Ql (2.3.21&)

up=0 ondQ; —T (2.3.21b)

up =uz onl, (2.3.21c)

23



and /)\mzwt@vdf—i—/k:gw%uz-%vdf
T T

+ (k1 Vur - 1, 9) go1/2 iy, gz = / Mo w FodZ + /ng(v) dx

r

for all v € V.
In the weakly tapered situation of Theorem 2.2.1, the variational identity is equivalent to

AMo w Uy — V- k‘QW%UQ + k10,u1 = )\mgwﬁ +gin T, (2.3.21d)

ug =0 on JI', (2.3.21e)

and in the strongly tapered case of (2.2.3), the last condition (2.3.21e) is deleted.

2.4 The Evolution Problems

We apply Theorem 2.3.1 to show the dynamics of the initial-boundary-value problem
(3.1.1) is governed by an analytic semigroup on the Hilbert space H = L?(f2), and the
limiting form corresponds similarly to an analytic semigroup on the Hilbert space Hy =
L?(21). Then we establish the convergence as ¢ — 0 of solutions of the corresponding

evolution problems.
2.4.1 Well-posed problems

Let H denote H with the norm |jul|lg, = Hm}ﬂxw + (emg)?xo ullr2(q), so its
Riesz map is the multiplication function me = mix; + e maxs from H, to H.. Similarly,
mgo = my is the Riesz map from Hy to H)), where |lul/g, = ||m}/2u|\L2(Ql). Note that
V € H. and W C Hj are dense and continuous inclusions.

Define the operators A¢: D¢ — H! with domains D¢ C V by u® € D¢ and A°(uf) =
FeH! ifu €V : af(u,v) = F(v) for all v € V. Similarly the operator A° : D® — H}
with domain D° C W is determined by u° € D® and A°(w’) = F € Hj if v’ € W :
a®(u’,w) = F(w) for all w € W. If we set g = 0, then the scaled problem (2.3.8)
is equivalent to A°(u€) = AIm(F — u) for F' € H, and the limit problem (2.3.12) is

equivalent to A°(u*) = Amg(F — u*) when F € Hy.
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Each of the operators m_ ! A€ is m-accretive on H, that is, ||(I+am 1A¢)"1F|| g, <
|F||a. for each @ > 0 and F € H,. Likewise (I + amy'A%) ™! is a contraction on Hy
for each a > 0. These operators are also self-adjoint, since the corresponding bilinear
forms are symmetric, so m_ A€ and mg 1 A0 generate analytic semigroups on H, and Hy,
respectively.

The Hille-Yoshida Theorem 2.2.3 shows that the corresponding initial-value prob-

lems are well-posed. Applying it to the operator m- A€ in H,, we obtain the scaled

problem.

Theorem 2.4.1. For every ug € L*(Q) and F € CP(]0,00), L?(Y)), there is a unique
u¢ € O([0,00), L%(Q)) N CY((0,00), L2()) with u¢(t) € D¢ for each t > 0 such that

u(t) = x1u(t) + xaus(t) satisfies the scaled problem

duf c ,
mi T V-kiVuf =miF in
uf =0 on 0Q; —T
k
uj = u§, k10uf — 6—; O;us =0 onT (2.4.22a)
oué =~ ~ k
€msy (;;2 — V- kVus — e—sﬁzﬁzug =emoF in Q9

~ _k
(kQVuf, 6;831@) n=0o0n00%-T,
at each t > 0, and these satisfy the initial conditions
ug(+,0) =up(:) on Q1, u5(-,0) = ug(-) on Qy. (2.4.22b)

Note that this is a rather strong solution, since V - k;Vu§(t) € L%*(Q;) for each
t>0, =12
Similarly from the operator mg 1A% in H, we obtain the limiting problem. When

the fracture is weakly tapered, this takes the following form.

Theorem 2.4.2. For every ug € L*(Q) and F € CP(]0,00), L?()), there is a unique

u* € C([0,00), L2(£21)) N CL((0,00), L?(21)) with u*(t) € D° for each t > 0, such that the
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functions uy(t) = u*(t)|q, € H' (1), ua(t) = y(u*(t)) € HL(T) satisfy

0
ml%—v-klvulzmlF ian
ur =0 onoQy —T
up =uo onl', and

—V - kowVug+ ki O,uy =0 in T,

ug =0 on O,
at each t > 0 and the initial condition

ui(+,0) = up() on Q.

(2.4.23a)
(2.4.23b)
(2.4.23¢)
(2.4.23d)

(2.4.23e)

(2.4.23f)

In particular, each term of the equation (2.4.23a) belongs to L%(£;), so the solution

is rather strong. As before, in the strongly tapered case, the last condition (2.4.23e) is

deleted.

2.4.2 Strong Convergence

For the stationary problems, we have shown that (m. + AS)"'m.F — (mg +

AN ~Img F in the V-norm, hence, in H(Q) so also in H. However, for the corresponding

dynamic problems, with € > 0 we have an evolution in H, = L?(2) whereas the limit is an

evolution in Hy = L?()), and these are not immediately comparable, so we shall work

directly in the corresponding evolution spaces, V = L2(0,T;V) and W = L?(0,T; W).

The Cauchy problem leads to the Hilbert space

Wi2(0,7) = {u eV: % € V'}

with the norm ||ul|y1.2(0,7) = (Jull2 + H%H%,)I/Q, and this space is contained in C([0, T, H)

with continuous imbedding, that is,
lulleqo, 71, i) < C llull wrze, 1)y, v € W"(0,T).

See any one of [Ada75, Sho97a, Tem79].
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The solution of (2.4.22) satisfies

ut €V Yo € VNWH2(0,T; H) with v(T) = 0,

T € dv T € € v
[ (e o) e [ a0
T
_ /0 (meF (), 0(8)) 12 dt + (e, v(0)) L2

This is the weak formulation of the Cauchy problem

d €
u €V imr () + ACW() = me F() in V', u(0) = uo,

and the solution u¢ satisfies the identity

T
5 me (1) (D) + [ a0 0)

T
1
= / (mEF(t), uf(t))Lz(Q) dt + i(meuo, uO)Lz(Q). (2.4.24)
0

This implies that [[uc[|y, [|10.u¢ 12(0,T; Hy) are bounded, so there is a weakly convergent

subsequence, u¢ = u* in V with limit «* € W. Then the evolution equation shows that

dut W du* ' ;
g 4 in W', so we obtain

ut €W : Yo € WNW'(0,T; Hy) with v (T) = 0,
T d T
* v 0/, *
= [ o @0, S gy i+ [ 00000
0 0
T
_ /0 (moF(£), v()) 20y dt + (motio, v(0)) 12 ().

As before, this characterizes the solution of

du*
dt

W EW o () + AW () = moF () in W, w(0) = x1 o,

which has only one solution [Sho74], so the original sequence converges weakly to u* and

this is also the solution of (2.4.23). Moreover, we have

T
5 (mou (1), (M) gy + [ o (0).w(0)

T
. 1
_ / (1m0 F(8), " (6) 2 dt + 5 (1m0 0, 00) p2(0,), - (2:4.25)
0
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and this will be used to show strong convergence u¢ — u* in V. From the weak convergence,

we have

T T
/0 (u*(t),u(t)) dt < hmlnf/0 (uf, uf) dt.

el0
This follows since the V-norm from the scalar product (2.3.14) is equivlent to the H'(£2)-

norm. Also from (2.4.24) we have

T T
/ (u, uc) dtg/ ae(ue,ue)dtz—% (meu(T),u(T)) 12(q)
0 0

(me o, uo) 2(q) -

T
1
+ [ mePO. )y +

Then using the (weak) continuity of the linear map u — u(7") from {u eEW: ml/ 2 du ¢y }
to Hy, we take the lim sup above to get

T
1
lim sup / (e, u) dt < —= (o (T), u*(T)) 1o
€l0 0 2

T
1
+ [ o PO O)0,y i+ 5 (mouo. o),

Together with the limiting identity (2.4.25) this shows

T T T
: € , € 0/, * * _ u* ’LL*
hmsup/0 <u,u>dts/0 o (u <t>,u<t>>dt—/0< (£),u* (1)) dt,

el0

so we have established lim, | fo u,ul) dt = fo ), u*(t)) dt and, hence, strong con-

vergence in V. Recalling that from the evolution equation we have the strong convergence
du® du* w! h
me‘g — mog in W, we have

Theorem 2.4.3. In the situation of Theorem 2.4.1 and Theorem 2.4.2, the sequence

converges strongly u¢ — u* in V = L*(0,T; V) and in C([0,T], Hy).
2.4.3 The Concentrated Capacity Model

We obtain the analogous results for the evolution problem corresponding to Theo-

rem 2.3.2. The approximation evolves in H = L?(Q) with the norm |ju||y = H(my2

1/2

my' “x2) ull £2(q); its Riesz map is the multiplication function mix1 +max2 from H to H'.

X1+



Similarly, Hy is defined to be the closure of W in H, and as above we find it is equivalent
to the weighted L? space with the scalar product
(u,v)r2 Q) = my u(x)v(x) dr + / mau(Z) v(Z) w(Z) dz .
0 r
Note that V € H and W C Hy are dense and continuous inclusions.

By the same arguments given previously, we obtain the following.

Theorem 2.4.4. For every ug € L*(Q) and F € CP([0,00), L*(Q)), there is a unique
u¢ € O([0,00), L3(Q)) N C1((0,00), L2()) with u¢(t) € D¢ for each t > 0 such that

u(t) = x1ui(t) + x2us(t) satisfies the scaled problem

m a(;f V- kVuf=m Foin O
uf =0 on 0Q; —T
uj = us, k1 0uf — %azug =0onl (2.4.26a)
mo 8;;26 v k26u§ — %(%&Zug =mokF in Qo

~ k .
(kQVuQE, 2282u§> ‘n=0o0on02%—T,
€
at each t > 0, and these satisfy the initial conditions
ui (+,0) =ug (-) on 1, u5(-,0) =wug(-) on Na. (2.4.26b)

Also, there is a unique u* € C(]0,00), L?(2)) N C*((0,0), L*(Q)) with u*(t) € D° for

each t > 0, such that the functions ui(t) = u*(t)|q, € H' (), ua(t) = v(u*(t)) € HL(T)

satisfy
aul .
mlﬁ -V k:1Vu1 = mlF m Ql (2427&)
up =0 ondQ —T (2.4.27b)
up=wuz onl, and (2.4.27¢c)
Jus = ~ _ ~
mgwﬁ—v-knguQ—i—klazul =mowkF inT, (2.4.27d)

ug =0 on I, (2.4.27e)
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at each t > 0 and the initial condition
u1(+,0) = up(:) on Q1, uz(-,0) = ug(-) on (2.4.27f)

Finally, we have strong convergence u¢ — u* in V = L?(0,T; V) and in C([0,T], Hp).
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3 LIMIT MIXED FORMULATION OF DARCY-DARCY MODEL
FOR CHANNELED FLOW

3.1 Introduction

The constitutive law of Darcy is
a(x)u(z,t) + Vp(z,t) +g(z) =0, (3.1.1a)

where u(z,t) represents the fluid flux, p(z,t) the pressure, and g(x) is the gravity force.
The flow resistance a(z) is fluid viscosity times the inverse of permeability of the porous

medium. The conservation law is

c(x) apéf’ 2

+ V u(z,t) = f(z,t), (3.1.1b)
in which ¢(x) is the (slight) compressibility and porosity of the fluid and porous medium
with sources f(x,t). The density factor has been dropped from each term of (3.1.1b).
The system (3.1.1) is supplemented with appropriate boundary and initial conditions.

The backward-difference approximation for % p leads to a corresponding boundary-value

problem for the stationary system

a(z)u(z) + Vp(z) + g(z) =0,
(3.1.2)

c(x) Ap(z) + V- u(z) = f(z),
where A = h~! is the reciprocal of the time increment A > 0. We study an interface
problem for which the resistance coefficient a(x) is of order € > 0 on a thin fracture with
width of order € and show that this is approximated by a coupled problem with tangential

flow on the interface.
3.1.1 The Interface Problem

Consider a domain Q¢ = Q; UT'U Q5§ in IRY representing a porous medium as
the union of disjoint subdomains €21, 2§ separated by a smooth IRN~! manifold I' =

0021 N 0§25. For any function on Q¢ we denote its restrictions to €2; and to Q§ by
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superscripts 1 and 2, respectively. Vectors are denoted by boldface letters, as are vector-
valued functions and corresponding function spaces. We use % to denote a vector in RV 1.
If x € RY, then the RY~! x {0} projection is identified with X = (x1,x2,...,Zx_1) 50
that x = (X, 2x). The RV ™! gradient V and divergence V- are denoted similarly.

The geometry of Q€ is prescribed by a domain G ¢ IRV~! and a continuously
differentiable map ¢ : G — IR, i.e., the interface I is the graph of (, I' = {(z, { (%)) : & €

G }. Denote the thin fracture domain with width € > 0 by
Q5={(z,2n) : (@) <azn<((Z)+e,T€G}. (3.1.3)

It is bounded below by I' and above by its vertical e-translate, I' +e¢. Let Q1 ¢ RY be a
domain for which 21 N Q5 =@ and 9021 NING =T, and set Q= Q1 UT'UQS.

The stationary interface problem is

ar (z)ust + Vpel 4 gx) =0 and
(@) Apet+V-ust = fin Q,

pt=0 ondQ; T, (3.1.4a)

1. n and (3.1.4b)

cas ()u®? 4+ VpS? 4+ g(z) = 0 and
co (x) Ap©2 +V-us? = f€in QF,

u®?.n=00n005 T, (3.1.4c)

&1 u%?2 on the respective domains Q 1, Q5.

for the fluid pressure p© !, p©? and velocity u
The coefficients are a1, c¢; on 21 and eag, co on §25. The interface conditions on I' are
that fluid flux from €2, is driven by the pressure difference with resistance o > 0 and that

fluid is conserved.
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For our weak formulation of the stationary system we use the spaces

Vei={ve L2(Q9): V-vlie L?(Q)), o vl-n‘F € LQ(F)},

Qf={qe L*(2: Vq* e L*(Q5)}
with the norms

/
Iviive = (IMB2e) + 1V ¥ 220, + ot mlag)

1/2
lallo = (a2 00 + V0% Bag)) -

Our weak formulation of the interface problem (3.1.4) is

u‘eVe pcec: /

alue-vdm—/ p¢V  -vdzx
Ql Q1

+e/ asu-vdx + Vpe-vdac+/p€72v1'nd5
Qs Qs r

+/a(u€’1-n) (vl-n) dS:—/ g -vdr, (3.1.5a)
F €

/)\clpequ—i-/ Acop©qdx + V -ufqdzx
(921 Q5 1971

—/ ue-quar—/uE’l-nqzdS
Qs r

= fﬁqdac—i—/flfqzdS forallve V€ ge Q¢ (3.1.5b)
Qe T

Remark 3.1.1. We have coupled the Hg;, — L? formulation on Q1 and the L? — H!
formulation on Q5. Each ¢ € Q€ has a well-defined trace q°|r € HI/Q(F) and similarly
each v € V¢ determines a normal trace v! -m € H-Y2(T). If a > 0, then for each such

v it is additionally required that v' -n € L*(T).
Define operators A€ : V€ — V¢’ B¢ : Ve - Q¢ C¢: QF — Q° by

Aeu(v):/ aju-vdx —i—e/ agu‘vdx—l—/a(ue’l-n) (vl -n) ds, (3.1.6a)
o Qs r

Bu(q) = — V-uqdw—l—/

ul-andS—l—/ u- Vgdx, (3.1.6b)
o r

Q3
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Cp(a) :/ c1pgds +/ c2pqdz. (3.1.6¢)
1 Qg
Then the system (3.1.5) has the mized formulation
u€€VE, pEGQE:
Au(v) + B pc(v) = —g(v), ve VE,
—Bu(q) +ACp°(q) = [(q), ¢ € Q.

For the analysis of such problems, see [GR79a, BF91, Shol0].

Theorem 3.1.1. Assume that V and Q) are Hilbert spaces and A,B,C are continuous
linear operators A:V —-V'/ . B:V - Q', C:Q — Q' such that

o A is non-negative and V -coercive on Ker B,
e C is non-negative, symmetric, and
e B’ is bounding, i.e., it is 1-1 and

B
inf sup VDL o g, (3.1.7)
€Qvev [[Vlvlldle

Then for every f € Q', g € V' and X\ > 0 the system
uev, peq@:
Au+B'p=—-ginV/, (3.1.8)
—Bu+ACp=finQ’,
has a unique solution, and it satisfies the estimate
lallv + liplle < K (llgllv: + 1 fllq) - (3.1.9)

We have the following classical result. (See Proposition 5.2 of [Sho97a].)

Lemma 3.1.2. There is a ¢ > 0 for which

IVal 7y + a7z = cellall7zog) (3.1.10)

for all ¢ € HY(QS).



Lemma 3.1.3. For each € > 0, the operator B¢ satisfies the inf-sup condition (3.1.7) on
Ve and QF€.
Proof. Let ¢ € Q€ and denote by £ the unique solution of the mixed problem
—V-VéE=¢'inQy, VEn=¢?>onl, £E=00ndQ; —TI.
Set vl = V¢ Then —V - vt = ¢! and v! - n = ¢? on I" with Cluleng(Ql) < HQIHLQ(Ql)
1 2]

by the Poincaré inequality. Set v = Vg2, For v = [v!,v?2] on Q¢ we have v € V¢ and

with (3.1.10) the estimate

Bv(q) = — V-vlqldaH—/

vl-nqzdS—i—/ v . V@de
of) r

Q3

:/ ‘qlf da:—l—/‘q2|2 d:n+/ ]Vq2‘2 dx
o r o

> [P ol [ 1af e ( [1af aor [ Ve a
9 2 Qs 2 r Qs

> cllvilvellallqe,
with ¢ = min(cy, %, %), and this yields the inf-sup condition (3.1.7). O
Theorem 3.1.4. Assume that0 <e<1,0< X, 0<q, a(-), c(-) € L®(Q°), a(x) > a* >
0 and c(x) > 0 on Q°, f€ e L*(Q°), g€ € L*(Q°), and f € L*(I'). Then the system

(3.1.5) has a unique solution.

3.2 The Scaled Problem

By scaling Q0§ in the vertical direction with xy = €z + (1 — €) {(Z), we shall refor-

mulate the interface problem (3.1.5) on the regions
Qo={(x,2):((X)<z<(X)+1,xeG}, Q=Q,UTUQ,.
These regions and the corresponding spaces
V={vel*Q): V-v'€L*Q1), a vl -n|, € L*I)},

Q= {q € L*(Q): Vq° ¢ LZ(QQ)}
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are independent of €. The norms on the spaces V and ) are given by
2 12 1 2 1/2
Ilv = (Iv1320) + IV ¥ 320 + lav! - nliZag)
1/2
lalle = (a3 + IVa2aa)) -

The gradient is written as V = (V, 9, ~ ), and it becomes (V, 19.) on Q5 under the scaling

above. The scaled interface problem is to find
ucev pce@: alue-vdx—/ p¢V . -vdzr
Ql Q1

—|—€2/ asu®-vdr +¢ epe'f/dx—f— 0,pvndx
Qo Qo Q2

+/p€’2vl-nd5+/a(u6’1'n) (vl -n) dsS
r r

:—/ gﬁ-vdas—e/ gt -vdr (3.2.11a)
Q1 QQ

/)\clpequ—i-e/ Aeap€qdx + V -uqdx
9] Q2 (91

—e/ a%? - Vqdz —/ u?{f@zqu—/ue’l-nqzdS

92 Qo I

:/ fe’lqd:n~|—e/ f6’2qd93+/f§q2d5 forallveV,¢e Q. (3.2.11b)
951 Qo I

Theorem 3.1.4 shows that the system (3.2.11) has a unique solution for each 0 < € < 1.

This solution satisfies the equations

au+Vp +g°=0and (3.2.12a)
Aeipc+V-u“=fin Qq, (3.2.12b)

p*=00n0Q; T, (3.2.12¢)
pel—p9?=qu“!.n and (3.2.12d)
—ue’l-n—|—<eﬁ6’2,u§\’,2>-n:f§ onl, (3.2.12)

casi®? + Vp° +8°=0, e2ay uﬁ\’,Q +0.,p°+€egy =0 and (3.2.12f)
eXcapS+ eV a2 40, uG =efCin Qy (3.2.12g)

(eﬁ6’2,u§\’,2> n=00n00, —T. (3.2.12h)
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3.2.1 The Estimates

We shall assume additionally that

| “Ilz2(<) is bounded and fre®ofbin L2(Qy). (3.2.13a)
g |l 2(q) is bounded and (3.2.13Db)
1/¢]l 2y is bounded. (3.2.13¢)

Note that €'/2 f2€ is bounded in L?(Q23), so € f %€ — 0.

Set v=u® ¢g=p°in (3.2.11) and add to obtain

a* (J[u'5 o, +Ileu®?

’(2), 0,) T alust n||2L2(F)

1/2 ¢ 1/2 € €, €
+ Al *pelB q, + Al ey 22 3,Q2=/Q fpeda
1
+/ ef‘pdx +/f15p6’2d5— ge'uedaz—/ g -eudx
Qs N (951 Qo

< C (£ Mo, + I fllo,r) NIl + llgtlloe (la o, 00 + llews?fo,0,)  (3.2.14)

The constant C' is independent of € < 1. From (3.2.12f) we have

IVp2llo,0, < €llazllneoa) 320,00 + 1€ 0, 00 (3.2.15a)
€ 72 €
180 %ll0,0 < €®[laz||zoe (o)l w0, 25 + € g5 llo, s » (3.2.15h)
so we obtain for 0 < e <1
IVD“2[l0,00 < [lazllze (o)l €u?lo, 0, + [l &0, 2 (3.2.16)

From (3.2.12a) we obtain

VP o, < llasllzeeonllu® o, 00 + 10, -

With the boundary condition (3.2.12c) and the Poincaré inequality, this shows the left

side of (3.2.14) bounds |p&*

’%Il(ﬂl)' The interface condition (3.2.12d) and (3.2.16) in

(3.1.10) show that the left side of (3.2.14) bounds ||p?

’1%11(92)' We conclude from these



together with (3.2.15b) and (3.2.12b) that each of the sequences

lacto.ars ews?o,0,0 al/2ust nllzay, (3.2.17)
1
Hp&lHHl(Ql)? Hp572‘H1(92)7 H6azpe ’ ”V'UEJHLQ(QH (3.2.18)
0,Q2

is bounded. In L?(€2) we know only that the combination V-uc? 4 %c’?zuj\’,z is bounded

due to (3.2.12g).

Remark 3.2.1. The preceding can be done even without the boundary condition (3.2.12c)

when the coefficient c1(+) is not identically zero and A > 0.

Lemma 3.2.1. Assume the nonnegative function cy(-) is non-zero in L*°(§21). There is

a c >0 for which
IV4l320,) + leaall32(g,) = cllallin ) (3.2.19)
forqe HY(Q).
3.2.2 The Weak Limits
We have bounds on u® = [u®!,eu®?] in V and on p¢ = [p©*,p?] in H'(Q) x

H'(93), hence, in Q. Therefore, there must exist p € Q, u = [ul,u? €V, n € L?(Qy)

such that for some subsequence, hereafter denoted the same, we have weak convergence

p¢Lpin Q, strongly in L*(Q), (3.2.20a)

u! %L ul in L2(Q)) and V- ust % v .oal in L2(Q,), (3.2.20b)
o?ust . n 2 24! nin L3(T), (3.2.20c)

eu®? % u? in L?(Qy), (3.2.20d)

%@pe Ly, 0.p° — 0 strongly in L?(Q5). (3.2.20e)

In the equation (3.2.11b), take limits with ¢ = e¢ € C5°(22); then from (3.2.20d)

we conclude (€0, uj\}Q, ?)D/(0), D(Q2) — (O u?;, ®)D(0), D(2) = 0, s0 the component

38



u3 = u3,(X) is independent of z in Qy. Again with eg in (3.2.11b) with a general q € Q,

take limits and use (3.2.20d) to conclude

0=1lim [ eul’d.qde= / ui (%) 0.q(%, 2) da
€l0.Jq, Qs

B 2 2 ¢(z)+1 N -
_/GuN( ) </<(5) qu(ac,z)dz> d
:/G 2@ [q(@,¢@)+1) — ¢(T,¢(T)] dT. (3.2.21)

Since this holds for all ¢ € @, in particular with ¢ (Z,{(Z)) = ¢ |[r=0and ¢ (z,{(z)+1) =
q Ir+1= () for ¢ € C5°(T) arbitrary, we obtain u3; = 0.
Now consider a function v € (C§°(Q2))V 1, set v = (%\7, 0)in (3.2.11a) and let € | 0

to obtain

e/ ag(x)ﬁ€’2-0d$+/ <6p5+§6)-\~/d$—>
Qg QZ

/agﬁQ-\?d:U+/ (%p+g)-vdx=0.
QQ Q2

This holds for all v € (C§°(Q22))¥ "1, so we conclude the lower-dimensional Darcy-type
constitutive law

az (z) a2+ Vp? +g=01in Q5. (3.2.22)

From (3.2.20e) it is clear that p? does not depend on the variable z, i.e. p? = p2(%).
Therefore if we assume
az = aq(x), g =g(X) in Qq, (3.2.23)
=2

we conclude 12 = @?(x) is independent of z in Q5.

3.3 The Limit Problem

Define the subspaces Vo ={veV: d,v2=0and vy =0in Qs}, Qo ={q € Q:

0,q=01in Q3}. That is, v = [v2(X),0] when v € Vg and ¢? = ¢%(X) when ¢ € Qo.
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If v € Vg then we have [v!,1v2] € V(. Using the latter and a ¢ € Qp as test
€

functions in (3.2.11), we obtain

ucev pe@: alue-vdx/ p¢V . -vdz
Q1 Q1

+e/ asu®? . vdr + 6]?6'\7(156
QQ QQ

+/p6’2v1-nd5+/a(u6’1'n) (vl -n) dS
r r

:—/ g'vdx—/ g-v2idzx,
1951 Qo

/)\clpeqdac+e/ Acap©qdr + V -uqdz
Ql Q2 Ql

—e/ as?. %qdw —/ue’l-nq2dS
Qo r

f qu+/ ef qu+/ fifq?ds.
Q Qo

Letting ¢ | 0 we find that the limits [ L eu© 2} — u and p¢ — p of the subsequences

are a solution of the limit problem

ue Vg, peo: / alu'vdx—/ pV -vdr
Ql Ql

+/ asu?-vdr + 6p-\~fdx +/p2v1-ndS
Qg r

Qo

—i—/a(ul‘n) (vl n) dS:—/ g-vda:—/ g -vdr, (3.3.24a)
r 951 Q2

Acipgdr + V-uqd:n—/ ﬁ-%qd:v
Ql Q1

/u -nq¢?dS = fqd:c+/qu dsS
r

for all v.e Vg, ¢ € Qo. (3.3.24b)

This problem is a mixed formulation (3.1.8) with the operators

Aou(v):/ aiu-vdx +/ agﬁ-ffdx—l—/oz(ul-n) (Vl-n) as,
Q1 Qo r

ul-nq2d5+/ ﬁ-equ,

B u(q) = — V-uqdm+/
Qo

1951 r
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C%@%iécmqw-

Note the degeneracy in C°: the ca-terms on Q5 have vanished in the limit. Theorem 3.1.1
applies to these operators on Vy and (Qy. The inf-sup condition follows from the proof
of Lemma 3.1.3. As a consequence of the uniqueness of the solution of the limit problem

E’l,euﬁ’Q] , p¢ converge as

(3.3.24), not only a subsequence but the original sequences [u
indicated to [ul, uQ] , D.

We summarize the above as follows.

Theorem 3.3.1. Assume the conditions of Theorem 3.1.4 and (3.2.13) and (3.2.23).

€1

Then the sequence [u ,eu€’2] , p¢ of solutions of the corresponding scaled problems

(3.2.11) converges weakly in 'V x @ to the solution [ul,uQ] € Vo, p € Qo of the limit
problem (3.3.24), and

€ 2 p weakly in HY(Q 1) x HY(Qy), strongly in L*().
3.3.1 The Strong Form

Plane area on G is related to surface area on I' by dx = nydS, where ny is the
N-th component of the unit inward normal on 9§22, ny = n-ey. Note n = n(x) and
ny =0 on dT x [0,1]. Functions of X can be regarded as functions on 9, G, or I', and

we have the identities
/ F(x)dz = / F(x)dx = / ny FdS.
Qo G T
From (3.3.24a) we obtain

aul + Vpl +g=01in Q1 (3.3.25a)

a0+ Vp2+g=0onT, (3.3.25b)

and

g, [t om) (v om) s =0
T
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for all v € V. Note that (3.3.25a) shows p' € H'(Q1), so it’s trace is in H/2(0 Q). Thus
we have
p'=p’+a(u'-n) onT, (3.3.25¢)

pt=00n0Q; T (3.3.25d)
Choosing g € C§°(21) x C§°(G) in (3.3.24b), we first obtain

Aeipt+Voul = finQy, (3.3.25¢)

1

nNe-ﬁQ—u ‘n=fronT. (3.3.25f)

Since V -2 € L2(@), the third term in (3.3.24b) can be rewritten

/ ﬁ.%qu:/ﬁ-%qdi:/%-ﬁqdi<ﬁ-ﬁ,q>8G
Qo G G
:/nNe-ﬁqu—<ﬁ~ﬁ, @) gr for g € Qo,
r
so we obtain also
i-n=0in H /2(a) (3.3.25g)

The system (3.3.25) is the strong form of the limit problem (3.3.24).
The limit problem (3.3.24) on the lower dimensional interface I is in the mixed form

(3.1.8). To see this, we define the spaces
Voo = {v=[v,v] e L*(Q) x L*() : V-v' € L*(Q), av'-ne L*D)},

Qoo = {a=[q".¢°] € L*(Q1) x H'()}

and the operators

Aoou(v):/ aiu-vdr +/nNa2ﬁ-\7dS+/a(u1-n) (Vl-n) ds,
o)) r

r

B (q) = - V-uqdaz—l—/

ul-nq2d5+/nNﬁ‘€qu,
ol r r

% (q) =/ cipgdr.
Q

It suffices then to check that (3.1.8) with these operators and spaces is equivalent to

(3.3.24).



3.4 Strong Convergence of the Solutions

Assume additionally the strong convergence
g€ — gin L*(Q) and ff — fr in L*(T). (3.4.26)
Set v=u® ¢=p°in (3.2.11) and add to obtain the identity

1/2 ¢

a;" u 5

1/2
0,1 + 62“ a2/ u€”(2),(22 T Hual : HH%2(F)

1/2 1/2
+ M a2p R o + M e 13 :/ﬂ fepdx
1

+e | fpdx +/f15p5’2d5 - gE-uedaz—e/ g -uder (3.4.27)
Qo r 1951 Q2

From the strong convergence of the source terms (3.4.26) and the strong convergence of

the sequence {p€: e > 0} in L?(f), we can estimate

. 1/2 1/2
timsup {]| ay/*u|F o, + |l as*cul o, +allu" - n | |

S—Auc}”puagl+/ fipda +/frp2d5 —/ g-uda:—/ g-u’dr. (3.4.28)
Q1 r 951 Qo

Set v = u, ¢ = p in the limit problem (3.3.24) and add. Using the resulting identity to
evaluate the right side of (3.4.28), and then using the weak lower semicontinuity of the

norms, we obtain

. 1/2 1/2
timsup { || a/* 0|3 g, + | 0¥ eucllf o, +alus’ - nlfap) |
€E—
1/2 1/2 ~ 2 2
<oy u' 3 o, + 0¥ 023 o, + o[l nf3a

o 1/2. €2 1/2 2 1 2
<timinf {] o} *uR g, + | ¥ *cu|E o, +aluct nlZag ) (34.29)
But since these norms converge to their value at the weak limit, it follows that the con-

vergence is strong in the indicated norm.

Theorem 3.4.1. Under the assumptions of Theorem 3.5.1 and (3.4.26), we have strong
convergence

u®! — ul in L2(Q4), eu®? — u? in L2(Qy), (3.4.30a)

pet —plin HY(Q4), and p©% — p? in H'(Q5). (3.4.30b)
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4 STATIONARY DARCY-STOKES SCALED MODEL OF
CHANNELED FLOW GRADIENT FORMULATION

4.1 Introduction

Consider the flow of a single phase incompressible viscous fluid through a system
composed of two regions, the first being a porous structure and the second being an
adjacent open channel, possibly a macropore, an isolated cavity, or a connected fracture
system. Both regions are saturated with the fluid, and we need to prescribe the stress
and flow couplings on the interface between the Darcy flow in the porous medium and the
Stokes flow in the open channel.

The disjoint regions Q1 and Q§ in IR? share the common interface, I' = 9Q1 NN
and Q5 = I' x (0,¢€) i.e. the fracture Q§ has a cylindrical geometry. The first region
2 is the fully-saturated porous matriz structure, and the second region 25 is the fluid-
filled macro-void system. Here we denote by n the unit normal vector on the boundaries,
directed out of 21 and into 2§. The derivative with respect to time will be denoted by a

superscript dot.

4.1.1 The Equations

The laminar flow of an incompressible viscous fluid through the porous medium 4

is described by the Darcy system

Vvl =hi(a,t), (4.1.1a)

ovi+vpl=o0, (4.1.1b)

a conservation equation for fluid mass and Darcy’s law for the filtration velocity or fluid
fluz v!. Here p' is the pressure of the fluid in the pores. The conductivity tensor Q is the
reciprocal of the permeability of the structure, times the shear viscosity of the fluid.

The slow flow of an incompressible viscous fluid in the adjacent open channel Q2 is
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described by the incompressible Stokes system [Tem79, SP80]

V.-vi=0 (4.1.2a)
-V-o24+Vpi=1fy (4.1.2b)
0?2 =2ep®(v?, inQf (4.1.2c)

where v2 is the velocity of the fluid and p? is the pressure of the fluid in Q5. Amongst
the above equations only two of them are constitutive. Darcy’s law (4.1.1b) describes
the fluid on a piece of the domain that is not subject to change with respect to the
thickness of the channel, therefore it is not subject to scaling. The law (4.1.2c) describes
the relationship between rate of strain tensor and stress for the fluid in the thin channel
and p is the viscosity; it is a constitutive law therefore it is subject to scaling according

to the geometry. Finally, we recall that whenever V - v2 = 0 we have
V.0?=V [2euD (v?)] = enV - Vv? (4.1.3)

This observation transforms (4.1.2) in the classical Stokes flow.
4.1.2 Interface Conditions

The objectives in Section 2 are to describe a physically consistent set of interface
conditions which couple these systems together in a variational statement modeling a
mathematically well-posed boundary-value problem. The interface coupling conditions
recognize the conservation of mass and total momentum. Thus, they will include the
continuity of the normal fluid flux and account for the stress. These include the dependence
of the Darcy flux on the increment of normal stress at the interface and the effect of the
tangential component of stress on the velocity increment at the interface. The former is
the classical Robin boundary condition, and the latter is the slip condition of Beavers-
Joseph-Saffman.

The description of a free fluid in contact with a rigid but porous solid matrix requires

a means to couple the slow flow to the upscaled Darcy filtration. Since a Stokes system
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is used for the free fluid, we have two distinct scales of hydrodynamics, and these are
represented by two different systems of partial differential equations. Fluid conservation
is a natural requirement at the interface, and other classically assumed conditions such
as continuity of pressure or vanishing tangential velocity of the viscous fluid have been
investigated [ESP75, LSP75], but these issues have been controversial. See the discussion
on p. 157 of [SP80]. In fact, one can even question the location of the interface, since
the porous medium itself is already a mixture of fluid and solid. Moreover, Beavers and
Joseph [BJ67] discovered that fluid in contact with a porous medium flows faster along
the interface than a fluid in contact with a solid surface: there is a substantial slip of the
fluid at the interface with a porous medium. They proposed that the normal derivative

of the tangential component of fluid velocity v satisfy

9 _L( —vl)
anVT_\/?VT VT

where K is the permeability of the porous medium, ~ is the slip rate coefficient and v% is
the tangential Stokes velocity on the interface while v} is the tangential Darcy velocity
also on the interface. This condition was developed further in [Saf71, Jon73], and a
substantial rigorous investigation of such interface conditions was given in [JM96, JMO00].
See [DAN99, McKO01] for an excellent discussion, [ASD94, DKGG96, WJLY03, ABar,
TAJ04] for numerical work, [PS98] for dependence on the slip parameter, and [ALO6]
for homogenization results on related problems. Later, Saffman realized that the Darcy
velocity of the fluid could be neglected and stated that the tangential stress is proportional

to the tangential velocity on the interface this is the so called Beavers-Joseph-Saffman
o} =1VAvE.

Finally in the present work assuming that the velocity is curl-free on the interface we give

an equivalent version of this condition by

0
e—v%:e

n vi =e2y/OvE. (4.1.4a)

dx N
Where the left hand side of the expression above express the tangential stress on a curl-

free surface and on a flat horizontal interface the normal derivative becomes the derivative
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with respect to the third component. Finally €2 is a scaled destined to balance out the
geometric singularity introduced by the thinness of the channel.

We continue with the mass-conservation requirement that the normal fluid flux
be continuous across the interface. The solution is required to satisfy the admissability
constraint

viin=vZ.n (4.1.4b)

for the conservation of fluid mass across the interface. The Darcy flow across I' is driven
by the difference between the total normal stress of the fluid and the pressure internal to

the porous medium according to

02—p2+p1:avl-n.

The constant a > 0 is the fluid entry resistance. This last conditions expressed in terms

of the rate of strain tensor and recalling the scales we have

ov? ov?
i A —p2+p1:6ﬂ—p2+p1:avl-n (4.1.4¢)
on aﬁN

We shall show that the interface conditions (4.1.4) together with adequate boundary
conditions suffice precisely to couple the Darcy system (4.1.1) in €1 to the Stokes system
(4.1.2) in Q5.

4.1.3 Boundary Conditions

We choose the boundary conditions on 021 UO0Q5 — I in a classical simple form,
since they play no essential role here. On the exterior boundary of the porous medium,
0Q1 — T, we shall impose null flux conditions, v! - n = 0.

On the exterior boundary of the free fluid, 09 — I', we impose no-slip conditions
on the wall of the cylinder 5 = I' x (0,¢), i.e. v = 0 on 0T x (0,¢). On the top
to the cylinder we have a mixed boundary condition: a Neumann-type condition on the

tangential component of the normal derivative of the velocity

2 2 2
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The above condition is actually a statement on the tangential stress. Besides there is a
non-flux, we have:

vin=v3=0 onl+e (4.1.6)
Where I' + € = {(Z,¢) : 7 € '}
4.1.4 Preliminaries

Standard function spaces will be used [Ada75, Tem79]. Let 2 be a smoothly bounded
region in IR? with boundary T' = 9. Let H () be the Sobolev space consisting of those
functions in L?(2) having each of their partial derivatives also in L?(£2). The trace map
or restriction to the boundary is the continuous linear map v : H(Q2) — L?(T") defined
by 7(w) = w|p. Corresponding spaces of vector-valued functions will be denoted by
boldface symbols. For example, we denote the product space L?(2)? by L2(f2) and the
corresponding triple of Sobolev spaces by H!(Q) = H'(€2)3. We shall also use the space
L2 () of vector functions L?(2) whose divergence belongs to L?(2). Recall that for the
functions w € L3, () there is a normal trace defined on the boundary, and this is denoted
by w - n, since it takes this value on the smooth functions w in L3, (€2).

We adopt the convention that repeated indices are summed. In particular, the
scalar product of two vectors is v - w = v; w;, and that of two second-order tensors is
o : T = 04;T;j. Let n = {n;} be the unit normal vector on a surface. For a vector w, we
denote the normal projection w, = w - n and the tangential component wp = w — w,n.
Likewise for a tensor 7, we have its value at n, 7(n) = {r;; n;} € IR3, and its normal and
tangential parts 7(n)(n) = 7, = 7nn;, 77 =7(N) — TN

For an element z = (x1, ..., x N_1, TN) € RY we denote by 7 = (x1, ..., xN_1) €
IRV~ the first N — 1 components. For a vector function w : R — IRY we define wr the
first NV — 1 components and w n the last component of the function. Finally V1 denotes

de RN~ !-gradient in directions tangent to I, i.e. Vo = (8%:17 e WL).
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4.1.5 The weak formulation

We want to construct an appropriate variational formulation of the the Darcy system
(4.1.1) coupled by the interface conditions (4.1.4) to the Stokes system (4.1.2). Consider
now the spaces:

Vi={veli,():v.n=0009Q —I'}
Vs={veH"(Q5):v=00n9T x (0,¢), v-n=00nTl +¢}
X ={[v,v}]eVixVi:vl.-n=v? nonl'}
YO = L3() x L3(Q)
Where LE(U) ={p e L?(U): [,pdx =0} for any U C R" open.

Multiply the Darcy law by a test function w! € V{ and the momentum equation
by w2 € V¢ integrate and obtain:
/ (QV1 Wl —pd:®D (wl)) dm+/ (equ2 —p6) :Vw?dz
of) Q3

+/ (pln-wl—l—e(VVQD) w2 —p? (w2-n)) dS:/ £2.wlda
r Q5
For test functions satisfying the admissibility constraint (4.1.4b), i.e w! -n = w?2-n on

I', the interface integral reduces to

[ (5wt = 0%) (w2 om)) as

Moreover, decomposing the velocity terms into their normal and tangential components,

FE), ) o) s

and then, the interface conditions (4.1.4a) and (4.1.4c) yield:

we obtain:

/62’}/ Qv2 -wrp2dS+ a/(vl-n) (w1~n) dS
r

r
Finally, multiply the fluid conservation equations by test functions o' € L?(Q1), p? €

L%(Q5), integrate over the corresponding regions and add to obtain the second of two
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variational statements.

Find [v€ p€] € X x Y* suchthat :

/(Qvl’e-wl—pl’EV~W1) dx+/ (e,quZ’E—pQ’E(S):VWQdfde
o) Qs

+ oz/(vl’e ‘n) (wl-n) dS—i—/ley\/@v%’e-wTQdS
r r

:/ f2¢. w2dzdey (4.1.7a)
Q

3
V.-vheplds + V. -v2eotdidey = ht € ol de. (4.1.7b)
Ql 926 Ql
forall [w,®] € X x Y©
Where it is understood that v¢ = [vl’E,VQ’E], pe = [pl’ﬁ,pz’e}, w = [Wl,w2] and
® = [p', ¢?].

4.1.6 The mixed formulation

We write the resolvent system on a product of two spaces so that it is realized as a

saddle point problem. We define the operators:

+ 9, ayn 0
ac— | @Fmen (4.1.8)
0 2y yVQyr+ (V) uV
V.- 0 div 0
B¢ = — (4.1.9)
0 V- 0 div

And the resolvent system is obtained in the form

[v,p] EX XY : Av— (B) p=*f (4.1.10)
Bv=h (4.1.11)
for the unknowns v = [v!,v2] € X¢, p = [p',p?] € Y¢. This formulation requires a

closed range condition on the operator B, and it provides a natural and well established
approach to the numerical approximation of such problems. In addition, the estimates

provide a means to establish the relation with the singular limits below.
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Lemma 4.1.1. The operator A€ is X -coercive over XN Ker(B).

Proof. The form A€v (v)+ le (V -v)? is X -coercive, and V - v |, = 0 if v € Ker(B).

O
Lemma 4.1.2. B¢ has closed range.
Proof. Since H(Q€) C X and | v||x < C|v | 11 (@) We have:
B 1 B¢
inf sup v(¥) > — inf sup v(¥)
peLFQc) veX ||VHXH90||L3(96) C peri©e veHL(Q9) HVHH{)(Qe) [l z2@e
and this last term corresponds to the Stokes problem and is known to be > ¢ > 0. O

According to the theory for problems in mixed formulation [GR79b] the problem

(4.1.10) is well-posed.
4.1.7 Fixing a Domain of Reference

So far the sequence of solutions {[v¢,p¢]|: e > 0} to the problem (4.1.10) have dif-
ferent geometric domains of definition and therefore no convergence statements can be
established. On the other hand the a-priori estimates given from the well-posedness of
the problem (4.1.10) depend on the geometry where the problem is defined. Therefore a
domain of reference must be found; since the only part that is changing is the thickness
of the channel it suffices to make a change of variable on such region.

0 10

Let x = (Z,zn) € 5, define zy = ez and notice 57— = ¢ and for any w € V

notice the changes on the structure of the gradient and divergence respectively:

~1
Vw Gy | IV o) o (4.1.12)

(VT WN ), 671 azWN

V. -w(z,zy) = <VT - W+ 18ZWN> (z, 2) (4.1.13)
€

Taking in consideration (4.1.12), (4.1.13) and combining it with (4.1.7) we conclude a

family of e-problems in a domain of definition given by Q = Q1 UQ,, where Q1,05 C IR?



bounded open sets, with Qo =T x (0,1), I' = 9Q1 N9Ns C IR%. The test spaces are fixed

and given by:
Vi = {V € Lﬁiv(Ql) :v-n=0on0 —F}

VQE{VEHl(QQ)ZV:OOHaFX(071)’ v.nzoonp+1}
XE{[Vlvvz]6V1XV23V1-11:V2-n0nF}

Y = L2 (Q) x LE(Qy)

Where I' + 1 = {(z,1) : # € I'}. The problem (4.1.7) in this common domain of reference

is given by:

Find [v€,p€ € X x Y suchthat :

ovhe. wl d:L'—/ pl’EV-w1 dx

Ql Ql

—6/ pQ’EVT'WTQd»%dZ—/ p2o,wididz
Qo Qo

+ 62/ ,LLVTV%C:VTWTQd:Edz +/ u@zvgp’e- O, w2 dT dz
QQ QQ

+ 62/ MVTVZ%,’E-VTWZ%, d:?dz—f—/ ,u@zv]%,’e@zw]% dz dz
QQ QQ
+a/ (vl’e-n) (vv1 -n) ds + ez/v@v%€~wT2dS
I I
:e/ f2¢. w2drdz
Qo

V. -vhepldr +e VT-V%6<p2dEdz
Ql Q2

+/ &Zvif’egon%dz:/ hbe ol da.
QQ Q1
forall [w,®] € X xY

4.1.8 The Strong Problem on the Domain of Reference

(4.1.14a)

(4.1.14b)

After integrating by parts and recovering boundary and interface conditions, the

problem (4.1.14) is the weak solution of the following strong problem:

QVl’E—i-Vpl’e :0’

(4.1.15a)



V.-vbe=nbc in Q (4.1.15b)
eVTpQ‘—eQVT-uVTv%’e— Z,u&zv?,?e:ef%’e, (4.1.15¢)
8Zp2’6—62VT-,uVTv]%;€— Z,uazv]%,’e:ef]%;e, (4.1.15d)

EVT-V%G—FaZV]%[’E:O in Q9 (4.1.15¢)
eu@zvif’e—pze—l—pl’ﬁ:avl7€~n, (4.1.15f)
avz,e 2,€ 2 2,€
€l =epn0, vy =€y VJQVE, (4.1.15g)
vie.n=v%*“n on T (4.1.15h)
vien=0 on 9Q; -T (4.1.151)
v3€=0 on T x (0,1) (4.1.15j)
27
vZ<n=vy =0, (4.1.15k)
8V7?’6 2, €
o =pd,vy-=0 on I'+1 (4.1.151)

4.2 The a-priori Estimates

In order to compute the a-priori estimates test (4.1.14a) with w = v and (4.1.14b)
with & = p© and add them together in order to get rid of the terms that are not necessarily
positive (mixed terms) to end up with:

ovhe.vhedr

951

+/ 97 (evi): Vi (evie) d%der/ povEe 0, vEe didz
QQ Q2

+62/ ,uVTv]%,’E-VTVi;6 didz—l—/ ,uazv]%,’E Zv]%;ed?c'dz
QQ QQ

—i—a/ (Vl’e-n) (Vl’e-n) dS—i—/eQ'y\FV%’G-V%’EdS
r r

:e/ fZ’E-VQ’Edider/ hbepledr  (4.2.16)
QQ Q1
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Assume for the respective coefficients to be positive and bounded from below and above,
and for the tensors involved to be uniformly elliptic, assume « > 0 . Finally, apply the

Cauchy-Schwartz inequality to the right hand side and conclude the following estimate:

2 € €
1o el o, + | Vo (ev3) | o+ o],

2 2

2, 2 2
+evavie], ,, + o e

+ 3

0 92 07 QQ 07 F

< (I oo, v o, + [ weptear ) @2an
931

The summand involving an integral needs a special treatment in order to get the a-priori

estimate.

/Q Rl phedr < le,e HO,Ql H ple Ho,ﬂl < CH Vphe H0791 H ple H0791
1
_ H Ovle Ho,sh H Bl Ho,m < CN'Hvl,e Ho,fh (4.2.18)

The second inequality holds since || 0. pl€dr = 0 the equality is due to (4.1.15a) and
the third inequality because the tensor Q is bounded and so is the family of sources

{hb€:e>0} C L%(Q).
Poincare-type inequalities

We need to control the L?(Q25)-norm of v%€. For this we use the fundamental

theorem of calculus and the trace on the interface I', we have

< 0:v2 o, 20 Ve

or (4.2.19)

| v ’6“0,92 Ho,m

Combining (4.2.18) and (4.2.19) in (4.2.17) we have:

2
HVLeHOleJrH VT(ev%e))Ho Qs i 0,
2. € 2 2. € 2 2. € 2
eVrvy ”092+“aZVN o,Qz—i_HV]\; F+HEVT, 0,T
<C[lI£2 0.0, (I10: vV lloa, +2 1) lor) + IV Il g.0]
SCA’(Hazvif 07Q2+}|6zv2’6H0’Q2+ GV%E 0,7

e

o vl 0. m) (4.2.20)

54



Using the equivalence of norms || - ||1,]| - ||2 for 5-D vectors.

Lep?2 2,¢ 2, €
Iv HomHvT(fvT D,
92 ¢ 2, € 2
‘l‘HEVTV]\f + | ovie||, .+ H +H€VT
0, 0,Q2 0,I' 0,I
) ) 1/2
! 2,€ 2, 2¢ L 2
| L S TR T (R S LS PR
1,e 2 2, € 2
SC{HV "O,Ql+“ VT(EVT )“092+“6ZVT 0,
2 0|l 2 ¢l 2 22 "?
s N 2 A R N PR I SR

The expression above implies, there must exist a constant K such that:

2
1,
ol e (o) [ o
2,€ 2 2 € 2 2,€ 2 2, € 2
RN S ST T
5 842 5 8 E2 ) )

Where K is an adequate positive constant.

4.3 Convergence Statements

4.3.1 Convergence of the Velocities

Due to the general a-priori estimate (4.2.22) we assure there exists a subsequence,

still denoted {v®: e > 0} and v € L2(Q) such that:

vhe vl weakly in L*() (4.3.23)
ev?© —v? weakly in HY(Qy) strongly in L*(Qy) (4.3.24)
Vr (ev?p’6> — Vrpvi weakly in L2%(Q») (4.3.25)

We also identify bounded higher order terms. There must exist x € L*(Q22), n € L?(£s) x
L?(22) such that:

2,€
anN - X,

az(eva’E)HOQ =0 (4.3.26)
5 842

2,€
anT —-n,

9, (evi:g)HO =0 (4.3.27)
2



Where the weak convergence is in the sense of L?(23). Due to (4.2.19) and (4.2.22) we

know there exists £ € L?(Q22) such that:

2,€

27 K
EV

vy =g, -0 (4.3.28)

0,0

4.3.2 Convergence of v ¢

Due to (4.2.22) and (4.2.19) we can consider the sequence {ev%’6

:6>0} C
r

L? (T") x L? (T) as a bounded sequence, then we have that ev%’E

— vZ| in L?(T) x

L% (T'). On the other hand due to (4.3.27) we have 9, v2 =0, i.e
Vi =vH(T) (4.3.29)

Since the traces are continuous applications on this space and using (4.3.29) we conclude

vi=vi|re H} (I) x H} (I).

4.3.3 Convergence and agreement of v ]%,’6

L. n. For this, consider the

Finally we show the agreement 0,¢ = x and £|p = v
Hilbert space

H(D.,0) ={ue L*Qy): 0, u e L*(Q)} (4.3.30)

(u,v) H(o,,00) = / (uv+ 0, u0;v)dr (4.3.31)
Qo

2,€

Due to the estimates the sequence {VN te> 0} can not be considered as a bounded
sequence of the space H1({23) because we do not have estimates in L2?(Qg) x L?(Q52)
for {VTV]%[’G te> O}. However we can still consider {v]%,’6 te> O} C H(9,,) as a
bounded sequence due to the estimates; then we conclude 9, & = x. Matter of fact the
limiting problem will be modeled on this space in the normal direction (vertical direction
in this particular case). On the other hand since the trace application v — v | is well-

defined and continuous in this space we conclude ¢ | = v! - n|r. Finally we write:

vieR g, in H(8.,0) (4.3.32)
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Moreover, since v]%f’e(fﬁ, 1) = 0 and the trace on the faces I',I" + 1 are continuous in the
space H(0,,2) we conclude:
£(z,1)=0 (4.3.33)

4.3.4 Convergence of pl:€

We know from (4.1.15a) that:

192" g0, = | V@V

OQ1

The positive constant on the inequality above comes from (4.2.22). Since le plédr =0

we know there exists a constant C' > 0 such that:

< 5’HVp1’€

HpMHLQl > Ho,m

Combining the two inequalities above we conclude there must exist p* € HY(Q1)NLE (1)
such that:
1,e

ph€ —p' weakly in H'(Qq), strongly in L3(Q) (4.3.34)

In particular holds:

ph€ —p' weakly on L*(T) (4.3.35)

Notice that the fact that [, p Ydz = 0 does not imply [~ (p') dZ = 0. Therefore v (p')|r
will not belong necessarily to L3 (T).

We turn now our attention to the convergence of the pressures on {29
4.3.5 Convergence of p%¢ in L?(Q5)

Take any ¢ € C3°(€22), and define now a new function:

¢(Z,2) = /1 o(z,t) dt (4.3.36)

By construction we know |[<|[1,0, < C| ¢|0,0,- We know there must exist a function

wl e L2, (Q) such that wl - n=w2-n=¢(7,0) = fo ¢ (z,t)dtonT and w!-n=0on
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o8
001 —T and || w! HLfr @) < lsllo,r < Cll¢llo,0,- Take the function w? = (0r,¢(7, 2)),
then [w!, w?2] € X. Test, (4.1.14a) with this test function to end up with:

Qvhe. wl dx—/ pl eV - whde

Ql Q1

—i—a/ (vl’E-n) (wl-n)dS+/ p2€p(T,2)dT dz

r Q2

—|—€2/ uVorve©. VTg(:f,z)dfdz—/ 10, v O, 2) di dz
Qg Q2

:e/ focdidz (4.3.37)
Qo

From here we conclude the following inequality an applying the Cauchy-Schwarz inequality

to the integrals we have

< OVl 0, 1wt g 0, + 1125 o 0, V-9 o o,

/ p2€p(Z,2)dx dz=
Qo

€ 2, ~
+Co [vhnllg plslor+eCs [ Vo (evi) || 1Vr6@.2) o,

o

+ Cy HaZV]%,’E

f2,€
0,9 oo, . + H N o0 I<llo.q,

we notice all the norms depending on w! and ¢ due to the construction are controlled by

the norm || ¢ ||, q,. Therefore, the above expression can be reduced to

/ p2€p(Z,2)dx dz
Qo

<O(IV" Do 1" o, + V" n g r

2,€
efy

+
0,2

+e

2 )
Vo (i) |, o v, 16109 < Cl6 0,
s 842 s 862

The last inequality holds since all the summands in the parenthesis are bounded due to
(4.2.22) and (4.3.34) and we assume the forcing term is bounded. Taking upper limit

when € — 0, on the above expression we have:

lim sup
el0

/Q P> O(F, 2) didz| < G 6.0, (4.3.38)
2

Since the above holds for any ¢ € C5°(Q2) we conclude that the sequence { p%“:e >0} C
L?(23) is bounded and therefore it has a weakly convergent subsequence, i.e. there exists

p? € L3(Q2) such that p¢ A p2in L3(Q2).



4.3.6 Behavior of the Normal Stress Interface Condition

We want to analyze the normal interface condition in the limit. We have already
shown that { p%€:e> 0} C L*(Q32) is weakly convergent, therefore in (4.3.37) take limit
as € | 0 to get

Qvl‘wldx—/

plv-wld:c+a/§(w1-n)dS
o r

1951

2 N T T 7 Tdy =
+/92p &(T,2)dT dz /u3z§¢($az>d$dz 0

Qo

integrating by parts the second summand and using (4.1.15a) we get

—/pl (Wl-n)—l—a/f(wl-n)dS
r r
+/92 pzcb(f,z)dfdz—/ w0, EP(T,2)drdz =0

Qo

recalling by construction that w! -n|p = [ é ¢ (7, z) dz the above expression becomes

—/Fpl |1 (/Olqﬁ(%,t)dt) d:f+a/rg\p (/Olqs(i,t)dt) dz

+/ p2p(T,2)dz dz — / 10, EQ(T, 2)dT dz =0

QQ Q2

Since the above holds for any ¢ € C§°(Q2) and £ |r, p' |r can be understood as functions

in Q9 extended to the whole domain as constant with respect to z we conclude:
—pr+alr+p?—pd. =0 in L*Qy) (4.3.39)

4.3.7 Convergence of the Equation Terms

We want to show the agreement between v! - n and ¢|p. Take any u € H(Q21)

consider the identity:

—/Q vhe . Vudr + (vhe . 0, W) g1/2(00,), H1/2(0y) :/Q Vvl uds (4.3.40)
1 1

1,¢e

In this specific problem we know v - n=v?¢.nonI and vb¢ - n=0o0n 0Q; — T

then, the identity above transforms in:

V,Vl,eudxz_/ Jhe . vudm+/va‘ud5 (4.3.41)
Ql Q1 r



From (4.3.23) and (4.3.32) we know both terms on the right hand side converge, therefore
the sequence {V - vl € : e > 0} is weakly convergent in L2(Q1), this says the sequence

{vl€:e> 0} is weakly convergent in L3; (£21), moreover, from (4.3.28) we conclude:

V-vludm:—/ vl Vudx—i—/(ﬂp)udS (4.3.42)
Q1 1951 r

Then we conclude

vl n=¢|r (4.3.43)

Now we can rewrite (4.3.39) as
p?=pd, 6 —avt n|r+p'|r (4.3.44)

Consider now a test function of the structure ® = [0, p?] € Y, test (4.1.14b) and let
€ — 0, we have:

Vr vietdzdz + 0,2 dTdz =0
QQ QQ

i.e.

Vr-vi+ 0,6 =c

Where c is a constant, we know vZ = v2(%) then we conclude
0,&=0,¢(7) (4.3.45)
combining this with (4.3.44) we conclude:

p> =p*(@) (4.3.46)

Finally, we notice that in (4.1.14b) in the quantifier [w!, w?] € Y since the tangential and

2

normal effects are not coupled then we can replace w? = [wrp? w2, by [e w2 wZ]

and rewrite (4.1.14) as:

Find [v¢ p‘] € X x Y suchthat :
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QVI’E-wldx—/ ph eV - whde
Ql Ql

—/ pQ’EVT-WT2d§dz—/ p2’68zwz%d5dz
QQ Q2

+ /Q2MVT (evT ) Vrwr?didz +i 10, (EVT )'3ZWT2 di de

Qo
+ 6/ wVr (evN ) Vrwi da:dz—i—/ ,uazvi,’eazw]% dz dz
QQ Q2

—i—a/ (vl,e.n) (wl .n) dS—I—/’y\F <evT )-W%dS
T
:e/ f2¢. w?dzdz (4.3.47a)
Q2
V.-vieolde e | Vi vi<o?didz

Ql Q2

/ 8VN @ da:dz—/ hb ol dr.  (4.3.47b)

Q1

forall [w,®] e X XY

4.4 The Limiting Problem

Consider now the subspaces W C X, A C Y defined as follows:
W= {(w',w?) eX:wi=wi@),d. wy = 8. wi(7)}

A= {((pl,gOQ) €Y :pi= 902(5)}

Now test the problem (4.3.47) with a function of the structure [w, ®] € W x A, we have:

Qvl’g-wldx—/ pl’EV-wld:U
Ql Ql
—/ pZ’EVT-WT2da7dz—/ p2’€6,zwj%,d:fdz
QQ Q2

+/Q2'uVT (evT ) Vrwr? dxdz+e/9 uwVr (evN ) VTVNd!EdZ

2

+/ u@zvif@zwﬁ,dfﬁdzqta/(vl’e-n) (wl-n) dS
Qo T

/V\/> <6VT ) -wr2dS = A £2¢ . WTQdfdz+€/Q f2° . wididz (4.4.48a)
2 2
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V-vl’egoldm+/ Vo (evgf) o dF dz

Ql Q2

+ | vy ptdidz = / hb €l de  (4.4.48b)
QQ Q1

Now let € | 0 to end up with:

Qvl-wld:c—/ 'V -wldz

(921 Q1
—/ pQVT-wT2d;Edz—/ pQGZW]%d:Edz
QQ Q?
+/ ,LLVTV%:VTWTQdde—F/ ,u@zgﬁzwj%d:fdz
QQ Q2
+a/(v1~n) (wl-n) dS+/7\/§v%-wT2dS
r r
:/ f2 . wr?didz (4.4.49a)
Qo
V-vipldr + VT-(V%) 0 dT dz
Ql QQ

+ [ 0.6p%dxdz = / Rt ptdr  (4.4.49D)
QQ Ql

Notice that the limit [v,p] ¢ W x A since we have not proved v € H*(Q3). Then, we
need to consider a setting where the limiting solution belongs to and the above variational

formulation makes sense. Define the following spaces:

V={w?=[wrlw}l:wr?e (H' ()", wr?=wr2(@),
wr?=00n0T, wi € H(0.,0), O.wg = 0. wh(Z), wh(Z,1) =0} (4.4.50)
1/2
Iw? v = (w2120, + w3 3.0, ) (4.4.51)
Z={(w\,w?)eLl, (Q)xV:w n=wy=w?nonl} (4.4.52)
Clearly W C Z and we have the following result:

Lemma 4.4.1. W is dense in Z.

Proof. Let G C IR™ be an open set, we know from the theory that for every g €

H~Y2(dG) there exists a function u € L2 (G) such that u-n = g and || u L2 () <
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K| gl grr2oc)- Inparticularif g € L?2(0G) the function u meets the estimate || u || L2 (@) <
K| gllo,0¢ with K depending only on the domain G.

Consider now an element w = (w!,w?) € Z, then w? = (wr? w%) € V with
w2 € H(0,s) and it is completely defined by its trace on the interface I'. For € > 0 take

w € Hy(T) such that || w—wg|r || L2(r) < €. Now extend the function to the whole domain

by o(Z,z) = w(Z)(1 — z), then |0 — W3 || g(o..0,) < € The function (wr?2,0) clearly

belongs to W. By construction of ¢ we know ||o|r — w3 |r|lo,r = |w—wZ|r|or <e
Define g = o|r — wi|r € L?() and find u € L3, (1) such that u-n = g and
||uHL3_ @) < Cillgllo,r- Then, the function w! + u is such that (w! +u) -n =
win+w-wi=wand |[w +tu—-w'|pz o) =lullLz @) <Cilglor < Cie

Moreover, we notice the function (w! + u,[wr?,0]) € W and due to the previous it

holds:
[w—(w'+u,[wr o)) lz=(w,w?) - (w'+u,[wr?o])|lz <Cre

The involved constants were dependent only on the domains 21,25, then we conclude W

is dense in Z as desired. O

Define now the function v = (v!,[v2, £]), then it is clear that the limit [v,p] €
Z x A and the variational statement (4.4.49) holds true for all [w, ®] € W x A. Since the
bilinear forms are continuous with respect to the space Z x A we can extend the above
variational statement by density to all test functions [w,®] € Z x A and formulate the
problem as follows

Find [v,p] € Z x A

Qvl-wld:v—/ 'V -wldz

Q Q1

—/ pQV'w2d5d2+/ ,LLVTV%:VTWTQdfﬁdz
QQ QQ

+/Q2,u(8zﬁ) (azwj%;) d%dz+a/r(v1-n) (wl-n) as

+/7\FQ va -whdS = | f2.whdrdz (4.4.53a)
T Qo



V-viptde + V'[V%’f]ﬁdeEdz:/ hl ol da (4.4.53b)
951 Qo Q1

forall [w,®] € Z x A

The above problem is well-posed in mixed formulation. Define the forms

+ v avn 0
A= ermen (4.4.54)
0 [ Vv V@ + (Vo) uV r, (9:) 10, ]
V- 0 div 0
B = = (4.4.55)
0o Vv 0 div

And the resolvent system is obtained in the form
[v,p]€ZxAN:Av—-B'p=f (4.4.56a)
Bv=h (4.4.56b)
Lemma 4.4.2. The operator A is Z-coercive over Z N Ker(B).
Proof. The form Av (v) —G—le (V -v)?%is Z-coercive, and V -v | g, = 0if v € Ker(B). O
Lemma 4.4.3. B has closed range.

Proof. For an open domain G C IR¥ it is a well-known fact that for any ¢ € L3(G) there

exists u € (HH(G) )Y such that:

V-u=yp

lullic < cllelloc

where the constant ¢ > 0 depends only on the domain G.
Now choose ® = [¢!, ¢2] € A, due to the previous result and since p? = p2(7) €
L*(T") we know there exist a couple of functions u! € H} (Q;) and u2 € H} (I') x H} (')

such that V- u' = ¢!, Vr -uf = ¢?|p, and [[u' |10, < a1 ] ¢' o0, 0% [l1,r <

calle?|rlloor = call©? 0.0, Extend the function uZ to H{ (Q2) x H{ (Q2) in the
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trivial way and denote it in the same way. Consider the function u = (ul, [u%,O}),

clearly this function belongs to the space Z and

/2 _ ~ 1/2
lullz <C (% a +luzlfa,) " <CUe" 15a +1¢218,q,)

Where C depends on the domains €21, 1" and the equivalence of norms for 2-D vectors, and
it is independent from ® € A.

Consider now the following inequalities

[q®V wdz - Jo, ¢!V -utde + [ ¢*Vr-ubdidz

sup >
wez Wiz [ullz
1 I 15 0, + 1102115 0,
—C (It 5.0, + 192115 0,02
1 1/2 1
:5(||901||(2),91+H<P2||3,92) :EH‘I’HO,SL VdeA

O]

From the two lemmas above and from theory of problems in mixed formulation

[GR79b] we know (4.4.56) is well-posed.
4.4.1 Dimensional Reduction

Notice that the space V has the property 9, w = 9, w (Z) = —w2(Z,0), since

w2(z,1) = 0. Consider now the statement (4.4.53) written as:

Find [v,p] € Z x A

Qvl-wldaj—/ PtV -whdz

Ql Ql

—/ pQVT-wT2d§EdZ—/ p23zw]%,d§5dz
QQ QQ
+/ pVrva: Vyewrp? didz
Qo
+/ p(0:€) (0.wR) d%dz+a/(v1~n) (w!-n)dS
[ T

—&—/’y\FQV?p-W%dS: £2 . wr?didz
r Qq
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V -viplde + V- v%gozdfdz—&- 8z§cp2d5dz:/ ht ot dx
Ql QQ QQ Q1

forall [w,®] € Z x A

introducing the previous observation in the statement above and simplifying the integrals

for the functions not dependent on the variable z we have the formulation:

Find [v,p] € Z x A

QVI-Wlda?—/ PtV - whdz

Q Q

—/PQVT-WT2dEE+/p2w]%(§,O)d§
r r
—|—/,LLVTV%1VTWT2d§
r
+/,uf(f,())wj%(:f,())d:?—l-a/(vl-n) (w'-n)dS
r r

+/wv% -w%dS—/f%-wTQd%,
I T

V~v1<p1dx+/VT-v%¢2d5—/§(z,o)<p2d§:/ Rt ol da
Ql r r Ql

forall [w,®] €Z x A

Taking in consideration (4.3.43) and recalling that w%(Z,0) = w?-n = w! - n we rewrite
the problem as:

Find [v,p] € Z x A

Qvl-wlda:—/ p1V-w1da:+(,u+a)/(v1-n) (w' n) dz
2 Q1 r
+/p2 (wl-n) di—/pZVT-WTQdf
r r
—i—/,uVTv%:VTWTZd&:’—k/V\/év% 'w%dS:/f% -wr2dT  (4.4.59a)
r r r

V-vlcpldx—/ (vl‘n) QOQdE—l—/VT'V%gonE:/ ht ot dx (4.4.59b)

Ql r r Ql

forall [w,®] €Z x A
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Consider now the space
H= {w2 = [wrp?,wh]:wrp? e (Hl(F))Q, wr? =00ndl', w3 € L*(T) } (4.4.60)

_ 1/2
Iw? [l = (Iwe? I p + W3 15.r) (4.4.61)

Notice that the space V is isomorphic to the space H and the application is given by

t:V—-H
w? = [wrp?wi]— [wr? wi(Z,0)]
Define now the space E as follows
E={ (whwh) eL3,(Q) xH:w -n=wi=w?n onT } (4.4.62)

Then it is clear that the spaces Z and E are isomorphic too. Finally, for the pressures
define the space

M= LE(N) x LE(T) (4.4.63)

Clearly the spaces IT and A are isomorphic. Thus we can rewrite the statement (4.4.59)

as follows:
Find [v,p] € E xII
Qvl-wldx—/ pIV-wlda:+(u+a)/(v1-n) (w! n) dz
971 Q1 r

+/p2 (wl-n) di—/pZVT-WTQdf
r r
+/’y\/@v% -szdi+/MVTv%:VTWTQdfz/f% - wr2dT (4.4.64a)
r r r
/ V-Vlcplda:—/ (v n) gonf—l—/VT'v%goZd%:/ ht ol dx (4.4.64b)
971 r r 1971
forall [w,®] € E x II

We show now this problem is well-posed in mixed formulation.



68
Well-Posedeness of Reduced Limiting Problem

Consider the forms

e (it a)y (4.4.65)
0 VO + (V1) uVr
V- 0 div 0
B= = (4.4.66)
M V- —Yn divy

And the resolvent system is obtained in the form
[v,p]e ExIl: Av—B'p=f (4.4.67a)
Bv=h (4.4.67b)
Lemma 4.4.4. The operator A is E-coercive over EN Ker(B).
Proof. The form Av (v)+ le (V -v)?is E-coercive, and V-v | g, = 0if v € Ker(B). O
Lemma 4.4.5. B has closed range.

Proof. For an open domain G C IR¥ it is a well-known fact that for any ¢ € L3(G) there

exists u € (H(G)) Y such that:

V.u=g¢p

lallie < cllelloq

where the constant ¢ > 0 depends only on the domain G.

Now choose ® = [¢!, 2] € TI, due to the previous result and since p? = p2(7) €
L*(T) we know there exist a couple of functions u* € H} (1) and u2 € H{ (') x
Hg (D) such that V-u' = ¢!, Vr -uf = ¢? and | u' 1,0, < 1]l [lo,0:, [uF [lr <
c2]l¢?|lo,r. Consider the function u = (u',[u?,0]), clearly this function belongs to

12 - 1/2
the space B and || uflp < O (w20, + |03 121) " <E (16! 130, + I02130)
Where C depends on the domains €21, and the equivalence of norms for 2-D vectors,

and it is independent from ® € II.



Consider now the following inequalities

[o®V wdz - Jo, 9"V -ultde+ [ ¢* V- uZdTdz

sup >
wee  ||WlE [ulle
1 I 15 0, + 1102115 1
—C (1ot 5., H @215, )2
1 1/2 1
:5(\|901’g,91+|’¢2”g,r) :E”‘I’Hoﬁv Ve ell

O]

From the two lemmas above and from theory of problems in mixed formulation

[GR79b] we know (4.4.56) is well-posed.

4.4.2 The Strong Reduced Limiting Problem

After integrating by parts and recovering boundary and interface conditions the

problem (4.4.64) is the weak solution of:
Qv +Vpl=o0,
V.vli=h' in Q
Vi +9VQvi— (Vo) uVr (vE) =f£7,
VT'V%—Vl-Il:O,
p'—p’=(p+a)vi-n in T
pt=0 on 09,

v =0 on U

4.5 Strong Convergence of the Solutions

Assume the extra hypothesis H f2e 2 H 0.0 — 0, H hbe —pt H 0.0

(4.4.68a)

(4.4.68b)
(4.4.68¢)
(4.4.68d)
(4.4.68¢)
(4.4.68f)

(4.4.68g)

— 0. Test

(4.1.14a) with w = v and (4.1.14b) with ® = p€ and add them together in order to get

69



70

rid of the terms that are not necessarily positive (mixed terms) to end up with:

Qvl,e,ledx-k/ ,uVT(evT ) VT<6VT > dr dz
Ql Q2
2,€ 2,€ 3~
—I—/ po vy -0, vy d$dz+/ uVor (EVN) Vr (evN > dr dz
QQ QQ
+/ M@VNCBVNEdJ;dZ
Qo
+a/ (vi<.n) (vheon) dS+/ WQ (evT )-(evT )dS
r
:/ f2’5~(6v2’5)d§dz+/ hl’epl’edx
Qz Q1

We realize the right hand side of the expression above converges and so does the left hand

side. However we only control some terms, then taking lim sup we have:

hmlsup{||\/>vle|!0 o TveVr (EVT ) 150,

2, € €
VRO VE B0 + I Vavhe nlZ e+ v V@ (evE) 130
FIVE (Vi) 1o, + VA (9:v5) 1.0,
g/ f2.v2d§dz+/ Rl ptdr (4.5.69)
QQ Q1

On the other hand test (4.4.53) on the solution, add both equations together to end up

with:

VOV IR o, + I VEVT (VE) 5.0, + | VEO: €15 0,
+vVavt a4+ 1vAVQVE I5.r

:/ f2-v2d5dz+/ R ptdx (4.5.70)
QQ Q1

Comparing the left hand side of (4.5.69) and (4.5.70) we conclude one inequality. On the

other hand, we know the application

w = {IVEVT (we?) 10, + 1V wr 1§ o, + | V0 wi 11§ q,

+lIvawi e+ vy VQwe? 15} = wly (45.71)



is a norm in the space V as defined in (4.4.50). The norm in (4.5.71) is equivalent to the

norm

1/2
we {1 vz w2 o, + 10 we? 13,0, + 1 W3 1 30, 0) (4.5.72)

Due to the convergence statements we have seen that the sequence { [ev%’e, vyl Ccv

is bounded and weakly convergent to [v%, €] € VCM it must hold:

H [VT, ] HV < hmlan {evT ,VN ] H
=1irglliglf{\|\/l7VT(€VT 13,0, + I VEOVENIE

2, 2, 2,
FVEEVR N 0+ IIVavy g e+ I vVIVRVE 1§} (4.5.73)

Since we have seen v1:¢ = vl in L2, (Q1) in particular it holds

| v < liminf || v! (4.5.74)

2
1”0,91 €l0 HO,Ql

Putting together (4.5.73), (4.5.74), (4.5.69) and (4.5.70) we conclude the norms are con-
vergent i.e.:

2, € 2,€ 2
v = lim H Jevie v ])H (4.5.75)

H(Vl,[v%, HL2 (Q1)x €l0 L2(Q1)xV

Also since {(v1 € [ev%e, VJ%, 6}) te> 0} C L2(Q1)xV is weakly convergent we conclude

the strong convergence of the overall sequence; again using the equivalence of norms we

have:
2,€ o2

[vie-vi],,, —0

(4.5.76)
2,€
oot o], 1
2,€ 2

_ 0 4.5.77
HVN VN HH(@Z,QQ) - ( )

Finally since V - v1:¢ = h1€ and the forcing term converges strongly we conclude too:

=0 (4.5.78)

[vhe =Vt L3, ()
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Strong Convergence of p'¢

Notice that (4.5.78) together with (4.1.15a) implies || Vp! < — Vp! || 0.0, — 0- Again,
since le pbedr =0, le p' dz = 0 we know the gradient controls the H'(€21)-norm, this

implies:
1, 1
2" =P g, —0 (4.5.79)
Strong Convergence of Vr (evif’e) , azv%’6

Notice too that (4.5.75) together with (4.5.69) imply

‘ 2
0,2 0,2

2
<tim (i or (v, * e vi
_61?(1){ HVT | EVYN 0,Qg+ HO; Ve

2, €
2V

ctiy {|[vr (ev3)

+]a

2
=0 (4.5.80
. Q} (4.5.80)

with ¢ > 0 an ellipticity constant coming from pu.
4.5.1 Strong Convergence of p?¢

In order to show this convergence a previous step of localization of the function p2 €

must be taken, consider then a function ¢. € C5°(€22) such that:
HvaG—@HQ% <e (4.5.81)

Observe the following;:

/ p2’6p2’€dzd55—/ p% € dzdT
Qg Q2
= ’/ pz’e (p2,e_¢€) dz dxr
Q2

<> Noq, 19> = @cllgq, <Ce (45.82)

The last inequality holds due to (4.3.38). Now, for any w € L?(2):

((;SE—pQ’E) wdzd:f—i—/Q p?Cwdzdx
2

qbewdzdi:/

QQ Q2

_>0+/ plwdzdzr (4.5.83)
Qo
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The expression above implies ¢. — p? in L?(Q3). In particular if we take w = w(Z) in
the expression above we conclude f[o,l] pedz 2> p?in L2(T).

Now, for ¢. define the function ¢, by the same rule as (4.3.36). The function
Se(7,0) = f[o 1) Pedz € L*(T"). Then, there must exist w! € L3; (£21) such that w! -n =
f[O,l] ¢pedzonT, w!-n=00n0Q; —T and || w! HLﬁiv(Ql) < C|lse(z,0) || < C. Where
C depends only on the domain and by construction . |1 is bounded in L2(T).

We know the function [w!,w2] € X, with w2 = (07, cc(%,2)) . Test, (4.1.14a)
with this test function to end up with:

Qvhe. w! d:z—/

pl’ev‘widx—i-a/ (vl’e-n) (Wel-n) dz
951

Q1 r

+/ p2’6¢6(i,z)d5dz+e/ uVT<ev§;6>-VT§e(5,z)dEdz
QQ QQ

—/ u@zvif’e@(%,z)d%dz:e/ fﬁ’egedfdz (4.5.84)
QQ QQ

In the expression above all the summands except the fourth are known to be convergent
due to the previous strong convergence statements, therefore, this last summand must be
convergent too. The first two summands behave as

Qvhe. wl dx/

pl’ev'weld:c:/]ol’e (wel-n) dz
951

r

:/pl’E ( gbedz) di%/ppod:?
r [0,1] r

The limit above holds due to the strong convergence of the pressure in H'(21) and the

Q1

weak convergence of f[o 1 ¢ dz. The third summand behaves as
a/ (vt n) (w! n)dz
r
:/a(vl’e-n) Gedz di%/a(vl-n)def
r [0,1] r

And the strong convergence of the velocities and its traces is already proven. We know
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the fifth summand vanishes due to the estimates. The sixth summand behaves as

—/ PO Ve G(@, 2)didz — — | po. € <wk—li?(1) ¢>€(5,z)> dz dz
Qo €

Qo

1
:—/uazg (/ wk — lim ¢E(§,z)dz> d%:—/uazgdez
r 0 €lo r

The first equality above holds true since 8, £ = 9, (%) and because || é wk—lim, | g ¢(,2)dz =
wk —lim¢ | o fé ¢¢(Z,2)dz = p?. Finally the right hand side on (4.5.84) vanishes. Putting
together all these observations we conclude:
/ P2 P (T, 2) dT dz — (uﬁzé—avl-n]r+pl|p)p2d§
QQ QZ

This fact together with (4.5.82) and (4.3.44) implies:

2
0,9

2 ~ ~
2% 6.0, —>/Q (po.€—avi-n|r+p'|r) pds = /pzpzdx = |p?|
’ 2 I
again, the convergence of norms together with the weak convergence imply:

2 €

9% =p*|[ g g, =0 (4.5.85)

4.5.2 Ratio of Velocities

The relationship of the velocity in the tangential direction with respect to the ve-
locity in the normal direction is very high and tends to infinity as expected. We know
{IIvyllo.a, : € > 0} is bounded, therefore ||evy 0.0, = €l|vy 0.0, — 0. Suppose
first that v2 # 0 and consider the quotients:

2, 2,
[vZE oo levilloe, _ [IvZloo, =6

2,€ - 2,€ 2,¢€
vyl levy lloe,  [levy

0,2
The lower bound holds true for € > 0 small enough and adequate § > 0 then we conclude
the quotient of tangent component over normal component L?-norms blows-up to infinity,
i.e. the tangential velocity is much faster than the normal one in the thin channel.

If v% = 0 we can not use the same reasoning, so a further analysis has to be made.
Suppose then that the solution [(v!,v?), (p',p?)] of (4.4.64) is such that v = 0

then (4.4.64b) imply v! -n = 0 on I i.e. the problem on the region Q7 is well-posed



independently from the activity on the interface I'. The pressure on I' becomes subordinate

and must meet the following conditions:
p’=p'—(p+a)vi-n=p' —(p+a)Q ' Vp'-n

VTp2 = f%

We know the values of p! are defined by h' then, if we impose the condition on the forcing
term fjg

£7#Vr (p' —(u+a)v'-n)

we conclude a contradiction and therefore it is impossible to have v% = 0, i.e. restrictions
on the forcing terms f2, h' can be given so that v # 0 and || v2 |00, > || va 0.0,

for € > 0 small enough as discussed above.
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5 CONCLUSIONS AND FUTURE WORK

In the present work the problem of flow in porous media with the presence of adjacent
cracks has been extensively studied with different modeling assumptions and with different
mathematical techniques. The aim was to better understand the physical phenomenon of

preferential flow inside porous media.

It is common in the three problems presented that the singularity introduced by the
presence of the channel can be well approximated by a problem with lower dimensional
interface since the geometric singularity and the physical one balance out by means of
appropriate scaling. Another accomplishment of this dissertation is the treatment of the
shape of the channel. The first two problems treat a large variety of potential shapes of
cracks under reasonable assumptions and combinations of both geometric scenarios can

be done.

Another important accomplishment of this thesis is the introduction of the mixed-mixed
formulation in the treatment of coupled problems with interface. This formulation which
appears to be totally new is necessary in order to study interface conditions of greater
generality than the preexistent ones in the literature, and at the same time to provide
a setting as reasonable as possible from the numerical approximation point of view. Im-
portant characteristics of this formulation are that it mixes the spaces of functions of
both velocity and pressure and handles them in a fully decoupled fashion so that the
interface conditions apply only to the solution and never on the test functions. The for-
mulation uses boundary and interface conditions from both equations: conservative and
constitutive. This is in contrast to its mixed predecessors which pick boundary and inter-

face condition only from either the conservative or the constitutive law, but not from both.

The first work is taken further and illustrates the technique in dealing with the time
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dependent problem at the same time that induces in the limit a problem which is degen-
erate in time on the interface. It also shows how this technique can be easily applied to

the analysis of the concentrated capacity model.

Finally, the third problem analyzes a much more complicated model of the same phe-
nomenon by coupling a Darcy-Stokes system. The analysis of estimates and convergence
becomes much more delicate even though the limiting problem can be identified as a
problem with lower dimensional interface; this is not immediate since the identification
of adequate spaces and isomorphisms to that end is of substantial difficulty. The struc-
ture of the limiting problem is different from the original because it is characterized by
a Brinkman flow model in the tangential coordinates of the surface representing the col-
lapsed fracture coupled with a Darcy flow in the interior. The Brinkman law has been
successfully used in numerical simulations when coupling Darcy and Stokes flow models
from the experimental point of view. The identification of a Darcy-Brinkman coupled
system as a limiting problem of a Darcy-Stokes coupled system supports such numerical

success and provides understanding of this phenomenon to a deeper extent.
Future Work

Amongst the future research projects we mention the analysis of the mixed-mixed
formulation in evolution by means of semigroups and further explorations on the possibil-
ities this new formulation allows at the time of modeling coupled systems with interface.
These include the application of such techniques to more general settings such as de-

formable porous media where elasticity becomes important.

From the Numerical Analysis point of view the author has results only at the level of
numerical experimentation for the first two problems. It is one of the goals for future
research to achieve rigorous results on the convergence rate of the solutions and explore

the theoretical aspects of the discreete mixed-mixed formulation of these problems.

7



For the Darcy-Stokes system our future projects include the analysis of different types
of geometry for the shape of the crack. It is planned to analyze cracks limited by con-
tinuous parallel surfaces such as in the case of the mixed-mixed formulation problem as
well as those limited by non parallel surfaces and finally by piece-wise linear surfaces.
This third case is important from the numerical implementation point of view. Also, the
behavior of the system in evolution must be studied. Another interesting question is the
behavior of the system under perturbations of the interface which is clearly non-linear;
since the interface separates two types of flow at a very different scale, a small pertur-
bation of the interface can become significant. Preliminary results show that the level of
technical difficulty in order to get statements of continuity can be extremely hard. How-
ever, getting stability statements is a reasonable task and the existence of such statements
allows numerical simulation as a valuable tool in understanding this dependence. Finally,
the scaling of the Beavers-Joseph condition in coupling the Darcy-Stokes system plays a
fundamental role in the conclusion of the limiting problem. Further possibilities of such

scaling must be explored.
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