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Summary

This report presents a theoretical analysis and the results of tests o n
the buckling strengths of thin-walled plywood cylinders

	

torsion. The

theoretical analysis leads to the expression T = k EL
h

for the buckling-
r

stress . The coefficient k is determined by the plywood construction ,
the direction of the face grain, and a parameter which is a function o f
the dimensions of the cylinder . Theoretical curves are presented that
can be used to find the value of the constant k for a cylinder Of give n
dimensions and type of plywood construction . Experimentally mad
theoretically determined values of k are, considered to be in .patlsfactory
agreement if allowance is made for the scattering of experimental value s
associated with imperfections of construction and material and for th e
lack of complete agreement between the elastic constants of major an d
minor test specimens .

Introduction

The bucklingstress of a thin cylindrical plywood shell in torsion
depends upon a 'number of variables,- such as the dimensions of the shell

-This report is one of a series of progress reports prepared by th e
Forest Products Laboratory to•further the Nation's war effort . Results
here reported are preliminary and may be revised as additional dat a
become available . Original report dated June 1945 .

Maintained at Madison, Wis ., in cooperation with, the University o f
Wisconsin .
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the construction and the elastic constants of the plywood, and the
orientation of the orthotropic axes of the plywood . Because of the large
number of combinations of these variables, a testing program designed to
establish empirically a formula for determining the buckling stress would
be an extremely formidable undertaking . If, however, a method of deter -
mining the buckling stress theoretically can be developed even though thi s
method is approximate, a . smaller number of tests will suffice to confirm
the main features of the theoretical treatment .

In the present report an approximate theoretical treatment is given for
plywood cylinders having the grain of the face plies at any angle with
their axes . The principal results of the analysis are given in a se t
of curves for the cases where the grain of the face plies makes angle s
of 0°, 90°, and 45° with the axis of the cylinder .

The buckling of plywood cylinders in torsion is one of a large number of
problems included in a unified treatment of the stability of plywood
sheets given in a recent paper by L . H. Donnell .. The purpose of that
paper and that of the present report are quite different . In that paper
is given a formula intended to be applicable to a wide range of problem s
in which the buckling stress is expressed as a function of a number of
parameters . By calculating the buckling stress for each of a number of
combinations of values of the parameters, the minimum buckling stres s
can be determined by a series of numerical operations . The purpose of
the present report is to furnish a series of curves for the singl e
problem under consideration . From them the buckling stress can be rea d
for a given cylinder provided that the face grain has pne of the thre e
orientations for which the curves were drawn. Donnell- has also given a
theoretical treatment of the stability of isotropic cylinders in torsion
and the results of a series of tests on such cylinders . In his paper,
references may be found to the literature of the problem for isotropi c
cylinders .

Mathematical Analysi s

Elastic Constants of Wood .	 Choice of Axes- -
Structure and Orientation of Plywoo d

As in previous reports issued by the Forest Products Laboratory dealin g
with the elastic behavior of wood and plywood, wood is considered

Donnell, L . H ., "The Stability of Isotropic or Orthotropic Cylinders o r
Flat or Curved Panels -- Under any Combination of Compression and
Shear ." N .A .C .A . Technical Note No . 918, December 1943.

Forest Products Laboratory Reports Nos . 1300, 1312, 1316, 1322, Al 1503.

Donnell, L . H . "Stability of Thin Walled Tubes in Torsion ." N.A.C .A.
Twentieth Annual Report No . 4-79, 95-116, 193+ .

Report No . 1529

	

-2-



to be an orthotropic material . Reference should be made to these
reports for details concerning the elastic constants of wood and
plywood .

For definiteness, the plywood in the cylinders considered will be taken
to be made of rotary-cut veneers of the same species of wood . When
this is not the case, suitable modifications may be made of the constant s
that appear in the analysis and as parameters in the families of curve s
expressing the results . These modifications are explained in several
of the reports to which reference has been made and in particular i n
the appendix to Forest Products Laboratory Report No . 1316 . It is to
be expected that the theoretical curves are applicable if parameter s
appropriate to a given construction are used,even though the curve s
were constructed for plywood whose veneers are rotary cut . It is
assumed throughout that the plywood is of symmetrical construction with
respect to its middle surface .

The choice of axes in the median surface of the cylindrical shell i s
shown in figure 1, in which the coordinate y is measured along the
circumference . The axis 0 is taken in the direction of the grain of the

face plies . The components of the displacements of points in the median
surface of the cylindrical shell in the axial, circumferential, and radial
directions respectively, are u, v, and w, where w is positive inward .
The notation for the components of stress and strain are those of Love's -
treatise, except that in a few instances it has seemed more convenient
to use the symbols tom, t, , and txy, for the components of stress instead

of Xx , Y, and Xy, respectively . The thickness of the wall of the

cylinder, the radius of its median surface, and its length are denoted
by h, r, and b, respectively .

Energy Method .	 Form of the Buckled Surfac e

A small deflection theory will be used in applying an energy method to
determine the buckling stress . The form of the buckled surface will b e
taken to be

w = f [sin a(y - yx) + g] sin px
r

-Love, A . E . H., "Treatise on the Mathematical Theory of Elasticity . "
Cambridge University Press, 1927 .

(1 )

Report No . 1529

	

-3-



where

a_ n _
b
n

r~

	

'

-n = number of waves in the circumferential direction .

The form of the first term in the brackets in equation (1) is •sag es `
by the' form that has beenf used to 'represent the 'buckled.;-surfac Of an
infinite plane stripy under uniform shear . The parameter g is introi
duced to permit a possible average change of radius of the median surge-- .
Later it will be found to reduce to zero . The factor sin &.c i s
introduced to made the deflection vanish at the ends of the cylindrical
shell . Further conditions at the ends are disregarded . ExceVt for
very short cylinders ) these conditions are not .importnt .

kri expression, equivalent to equation (1) with the parameter omittkd,
was used by L . H . Donnell .3-to represent the buckled surface& of'cylik4ee
and, of flat and curved plate in applying an energy method ..-'In the
following discussion, the procedure differs somewhat'from•t# t of
Donnell in not assuming expression s . for the displacements u and of ." ,
points of the median surface of the shell . Instead, the componevG Of
the induced membrane stresses in th& shell are determined fram. :,B . • stp€a:s. , +
function that satisfies a differential equation expressing the.restrictofl
Imposed on this function by the form of the assumed buckled- surface in
equation (1) . Further, Donnell found it necessary to i'ntrodru an
arbitrary additive ;term in the denominator of his fora for the baps]
stress in order to reduce the predicted values of this stress i'or-the-
torsion problem : It is not clear that this term, chosen arbitrariy,
may be expected to be suitable for use with the wide variety of ' ;
constructions possible in plywood cylinders .

	

_

Membrane Stresses and Strain s

When buckling begins, both bending and membrane stresses .a.re
developed. The strains associated with the membrane stresses will be '

-"I'imoshenko, S ., "Theory of Elastic Stability," page 360 ; Max& ii. .
Forest Products Laboratory Report No . 1316 .
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uniform across the - thickness of the'cylindrical shell . : These strains
are expresged in terms of the displacements by the followin g
'equations :-

e, .

F .' .

Ty-
(2 )

IV eliminating u and v_ from equations (2), the following relation is '
found connecting the components of strain :

62 ecIc

	

ey ' _ a2 exY _ - 162 w
ay + ax

	

ax dy

	

r .a X2

To obtain the relations_ between the stress and strain componen:W, axe s
of reference 0 and Onr will be chosen parallel and' perpendicular ,
respectively, to the grain of the face plies. Let e denote the angle
between OE~ and OX, .that is, the .inclination of the grain-.ofthe face
plies to the axis of the cylinder . From the equations Of transformation
of strain components9, it follows that :

exx e tt cost a + e~~ sin2 6 - e ~ sin 6 cos -6 ,

eyy = ett sing e +

	

' :e- en 'sin a cos 6 '

ex. = 2e Et sin 8 cos e - 2erm sin a cos 6 + en (cos28

-See equations (1), page 7,. Forest Products Laboratory Report No . 1322-A .,
Since the small-deflection theory is to be used, the terms containin g
the derivatives of -the displacement w do not appear . For a discussion
of the approximations involved in using these expressions for th e
strains and expressions to be used subsequently for the changes o f
curvature and unit twist of the middle surface, see pages 105-108 o f
the paper by L. H .' Donnell, referred to in footnote 4 . Also the paper,
"The Buckling Of -Thin-Cylindrical Shells under Axial Compression, "
by Th. von: Karman and H . S . Tsien, Jour . Aero . Sciences . 8,303, 19 4 -l .

9-See for example Forest-Products-Laboratory Report No . 1503.

	

'
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Denote the "mean moduli in stretching"10 'in directions parallel and
perpendicular, respectively, to the grain of the-face plies by Em and, ht- :

respectively, and the mean stress components referred to the axes a --, _.

and ( by !Lu! tin , tn . It is readily " established tha tll

.egg - =

	

TUB - ELHTL tip , -

= xa 'Inn - ELE' tgg y

e gn =
.-L

T whereEL is Young's modulus in the longitudinal direction ,

Ea

	

2!c 2
H= .	 -	 L	 2'L =

= 1 - aLT aTL' '

aLT
is2a Poisson's ratio representing the ratio of . the tangeir& 1 ' 4- '

contrsction to the longitudinal extension dssociatea with a. longt uanpl -
tension, and

µLT = modulus of rigidity associated with a shearing st,rain'leith respec t

Ti Taxes parallel to the longitudinal and tangential dir;Atioos,, :
respectively . In the definitions just given the subscripts L .anci : T

	

f,`
refer to the longitudinal and tangential directions in the•wood•fro ;
which the rotary-cut veneers forming the plywood were cut' . .' "

If .the veneers are made of wood of different species, the constants i n
equations (5) can be modified as explained in the latter part of .F`orsst
Products Laboratory Report-No . .1503 .

-Forest Products Laboratory Report No . 1503, equations (53) and (55) ,

~ page 19 .

1F'orest Products .Laboratory Report No .1503, .eqi ations :(56 )4 :page 19 .

.
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Stress Function

The equations of equilibrium satisfied by the mean stress component s
ttE, E , Till imply the existence of a stress function F such that

t

	

_

	

62F= a2
2

,

	

till =

	

,

	

t.n = -

	

F
60 11

After expressing the derivatives appearing in equation (8) in terms of
the derivatives a , 62F' and 62F with the aid of the transformation

)c2' 3y2

	

3x3y

x=tcos0-

	

sin0

	

(9 )
y = t sin0+gcos 0

the results are substituted in equation (5) . The results of that
substitution are substituted in equation ( 1i),and finally the results of
that substitution are inserted in equation (3) . The following
differential equation for the stress function F is obtained :

M64y +P 64F +S	 6	 +

	

64F += _162w

	

(10 )
6x4

	

6x36y

	

6x2ay2

	

66y3

	

3y4

	

r ax2

where

M= A sink 0+ B cos4 0+ C sin2 0 cost 0 ,

P = 2 [(C - 2A) sin3 0 cos 0 (C 2B) sin 0 cos 3 0] ,

S = (6A + 6B _ 1C) si nk 0 cost 0 + C (sin4 0 + cosh' 0 )

Q = 2 [(C - 2A) sin 0 cos3 0 - (C - 2B) sin3 0 cos 0 ]

N= A cosh' 0+ B sink 0 + C sin2 0 cos2 0 -

A =51 B = Ea, C =-1---. - 2EL!M. .
H

	

H

	

µLm

	

H

(8)
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Stress and Strain Components Referre d
to the Axes OX and OY

The assumed form of the buckled surface is given by equation (1) . It
is convenient to rewrite this equation a s

r = 2 [cos (ay - Sx) - cos (ay - ex)] + g f sin px

	

(12 )

where

E, =ay +

	

(13 )

e=ay -

The following equation is obtained by substituting equation (12) i n
equation (10) :

M aF+P

	

+S	 +

	

64'

	

N a F
ax4

	

x3ay

	

-ax.2ay2

	

c ?ty3

	

aye '

=1 [52 cos (ay - sx) - e2 cos (ay ex)] + g f

A. solution of equation (i1 . ) is

F=al tos (ay . - 5x)+a2 eos (ay-ex)+ajsinpx

where

al =	
2 (MS S' - Rxs3' + w2s2 - Qa38 .+ Nay+)

	

.

	 fE2	 	 (16) f

2(Me 1 - Rxe3 + Sa2e2 Q1x3 _+

a

3

=

'(14 )
sin px

(i )

fs2
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The following expressions for the mean stress components referred to
the axes OX and OY are obtained from equation (15) :

Xx a1a2 cos

- cosa182 cos (ay - 8x) - a2 e2

(ay-8x) (aycos

Yy
a 2F -
ax2

- a1a8 cos (ay - 6x) - a2ae cos (ay - ex )

cos (ay - ex) - a3e
:! I (17 )

sinpx,

Next the equations connecting the strain components ems , . . . and the

stress components Xv . . . will be obtained by expressing the strain

components of equations (5) in terms of the mean stress components Xx,

. . . by means of transformation (9), and substituting the resulting
expressions in equations (4) . For any direction of the grain of the
face plies, the connecting equations are :

- .exist= ell Xx + c12 Yy + C13 Xy

c12 Xx + C22 Yy +c X23 y

c13 Xx + c23 Yy +c33 Xy

where

;cam = C sing e cos26 + A co s4e + B sin4 e

c12 = (A + B - 2- ) sin26 cos2e - ELsTL (sin4
µLT

	

H

Oi3 = (C - 2B) sin3 e cos e + (2A - C) sin

'7 c22 = C sin2 0 cos 2e + A singe + B cos4e

c23 = (2A - C) sin3 e cos 9 + (C - 2B) sin a cos3 e

11- (A + B - C) sin2e cos2 e + 1
µLT
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Strain Energy of.the $14E1Il

The strain energy associated with the membrane stresses in the'. e11
R

is given by

wl = h b 2H r{ cll Xx2 + . c22 Yy2 + c 33 Xy2 + 2c12 Xx Yy ,

o a

	

. .

+ 2c
13

Xx Xy + 2G
23

Xy Yy ay dx

where the coefficients oil , . .i are given. in equations (19')•, and h,4s the '
thickness of the' shell . On substituting equations (17) in equation _
and performing the integration, it iv foltnd that

.g

	

•

	

r .

	

►~
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. where El and E2 are proportional to the flexural rigidities of the
plywood in the wall of the shell in the

	

and 9-directions, resp€ tiveiy .
The flexural rigidities in these two directions are Ell and E21',
respectively, where I is the moment of inertia of the entire cross •
section of unit width of the plywood with respect to its central line .
The integration is t o, be extended over the entire middle surface of the
shell . Transforming the expression for the strain energy of bending by
mans of equation (9), it is found tha t

,

The strain energy of bending of the shell is given by

W2 = 2 3 f f'
El
; (b2)2 + E2

()2

+ 2ELcr,
(
6-f2 / \ 2/a

	

a aearl

	

22 Y

+ 4x PIT (609), ] 4(19 ,

1 =

h b 2nr

{

c11 [alt a + a2a ] + c22 [a .2 +S4 + a22 6 + 3

2 a252 + a 2 a2 E2

	

2 a232+ a

	

2E2 ]+c

	

[a

	

]+ ?c

	

[a

	

c

	

,~(2] .
.33

	

l

	

2

	

12-

	

1

	

2- -

	

, .

+ -2c13 [alt a3 : + a22 a 3e] + 2c23 [at a 63 + a22 a€ =]

	

I•

ii



b 21tr

24k J ,1 ~bl \6/ +b2 \~21`+b3 \6x6y'
0 0

(23 )
+ b

	

w

	

+ b

	

w°-+ b 62w a2w dydx
-

	

ax2 6xcay

	

5 '6x2 aye

	

6
ay2 6x6y

where

b1 = Elcos4 0+ E2sin4 0+ 2EL aTL sin2 e cost e+ 4x "W.LT sing a .cos? 'e

, .(24 )

b2 = Elsin4 0+ E2cos4 0+ 2EL ;cITL sin2 0 co st @+ 4x IµLT sari a cos2 @

b 3 = 4Elsin2@ cos2e + 4E2 sin2@ co st@ - 8EL.am sin2e OA
+ 4x PM (cos2e sin2e)2 '

= 4E1sin@ cos3 @ 4E2sin3@ cos 0 - 4EL aTL (cos2e sin2e)8ine cose

- 8? µLT (cost@ sin2@)sin@ case

b5 = 2E1 sin2& cost@ + 2E2 sin2 @ cost@ + 2EL aTL (sin4e . + cos4@ )

- 8a, µLT sin20 cost@

b6 = 4E1 sin30 cos 0 - 4E2 sin 0 cos3 @ + 4EL aTL (co st@ - sin2@ ) x

sine cos @ + 8X µLT (cost@ - sin2e) in@ cos@

By substituting the derivatives obtained from equation (12) in equation
(23) and integrating, it is found that

W
f2 ''r2- h3` 6	 	 [8`4	 2'itr

	

+ e + 4 g2p4 ] + 2 b 42 _=	
192,

	

1

	

ta

+ (b 3 + b5) [a2b2 + a2e2 ] - b4 [a&3 + ae3 1

	

(2 5 )

- b6 [a3s + a3e 1
}
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Work Done by Applied Load

The work done by the applied load during buckling is given by

b 2nr

-Th r rW3 = `

	

(26 )w dydx ,
x C7 y

0 0

where T is the uniform shearing stress induced in the cylindrical shel l
by the couples applied at its ends . On substituting from equation (12) ,

- equation (26) after performing the' integration becomes :

W3 = Thb
2

3f2a2y

	

(27 )

Critical Value ofT

The critical value of T is found from the equation

=W1 + W2

	

(28 )

Where W1, W2, and

	

are given by equations (21), (25), and (27) ,

respectively. On substituting these values of W1 , W2 , and

	

in equation

(28) and using equations (16), the following expressions for T as a
function of the parameters a, t!, 2, and g is found :

xT ~•

	

1

?- 2y

s[cll '

	

	 +c22' 84 +	
c33a262 + 2c12a282 + 2c13 a3s + 2c23as3 ]

[M84 P- obi sa282 _ Q05 + Nall. ?+

	

]

e	 [cll	 +	
c22€

1	 +	
c33&2e2 +-2c12a2e2+	 + 2c13a3E + 2c23as3 ]

(29 )
[ME4 - PaE3 + sa2e2 - Qa3e + Na4 ]2
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+ 4 g2 c22 +	 h2	 fbl [S4 + E4 + 4 g2 p4 ] + 2b2
48aa2y

+ (b3 + b5) [a2e + a2€2 ] - b4 [053 + ad ' - b6 [a3s + a3E]
}

The critical value of T is given by the minimum value of the right-hand
member of equation (29) . It is evident from the way in which the variabl e
g enters into equation (29) that this minimum value occurs when g = 0,

that is, k-r = 0 only when	 = O.
sg

In order to facilitate finding the ,minimum value of equation (29), th e
following notation will be introduced. Let

p _ . ~ k _rT

	

J = b
a

	

ELh

	

rh

Then equation (29) can be written in the form :

k = J fl ( p,7) + J f2 (p,7),

	

(31 )

where

	

fl =

	

2 x
4 EL7

1(7+04 [ cll+2el3(7+p )+( c)3+212)(7+p)2 +	 2c23 (y+p) 3

	

	 +c22(7+p ) 4 ]

[M(7+p )' - P (7+p )3 + S (7+p)
2

- Q(7+p ) + N
2

]

	

+ (y-p )	 [ c11+2el3( y-p ) + ( c33+2c12)(7 -p )2 + 2c23(y -p ) 3 + c22(7-p ) 4 ]
4N(7-p) - P (7-p )3 + S (y-p )2 - Q(y-p ) + N12

(32 )

(30 )
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f,2

		

{ 101 [0' + P )4
48aELYP2

[(Y+P)2+(Y-P)2i-b4[ (7+ p ) 3 +(7 -p )3 ] - 2b67

	

.

	

,~

The right side of equation (31) has been expressed in terms of the thre e
quantities J, fl, and f2 by the notation introduced in equations (30 )

. and (32) . The expression represented by J depends on the dimensions o f
the plywood cylinder, while each of the expressions represented by fl

. and

	

depends on the construction and elastic constants of the plywood ,

▪ and the two parameters z and p . Hence for a given cylinder, k, which
is proportional to T, can be expressed as a function of y and P by means
of equation (31) . The problem is to find the minimum value of k.

is convenient to do this graphically by first assigning a value Yl
to z and then determining a minimum value of k, say k1, by plotting k

	

, .

	

as a function of p . A second value 72 of y is assigned and a

	

'

	

corresponding minimal

	

is found by the same method. The process i s
▪ repeated until a pair of values yi , ki is found (fig. 2) such that any

change in the value yi assigned y leads to a larger value of k than ki.

This value ki of ktheoretical is the minimum value of the right-hand
member of equation (31), and from it the theoretical buckling stres s
may be obtained (equation (30)) . The choice of 71, y2,	 is guided by

the fact that the arctan z, the angle of inclination of the wrinkles to
the axis of the cylinder, lies between 10° and 30° for most of the

• plywood cylinders considered here .

Theoretical Curve s

1' ' The elastic moduli used for Douglas-fir plywood are given in table 1 .
The values of ktheoretical were computed by the method given in the

previous section for several values of J for each of several construction s
of Douglas-fir plywood (table 2) . The angles of inclination of face
grain to the axis of the cylinder considered are 0°, 90°, and 45° . For
the constructions considered and for a given angle of face grain an d
value of J, the values of ktheoretical can be represented satisfactoril y	 _

	

E

A

	

by a smooth curve when plotted as a function of the ratio
E + E1 2

Constructions that have values of Ea and Eh that depart markedly from

those of the constructions given will have values of ktheoretical
.different from those given by the theoretical curves, but this differenc e
will be small for all practical constructions . This difference is due

;~♦

	

' to the fact that k

	

is a function of E and Eb as well asit

	

theoretical

	

a

Report No . 1529
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El and E2, for a given shear modulus and construction. The constructions

used in the computations are chosen to give values of 	 E1	 . that are
Ei + E2.

approximately evenly spaced Over the interval from 1/2 to 1 in which th e
usual constructions will-lie . A series of the curves for ktheoretical
are given in figure 3 where all curves ,in'each group . ,re drawn for the
same angle , of face' grain .

	

• .

	

',

	

-

	

"

For plywood made of other species than t

	

4tim the ratio A
to EL is likely - to be'-different, and ,4add.iti69 u-EAitles for ktheoretical
are given In figures 4 and 5 for two-different shear moduli combined with
the other elastic moduli of Douglas-fir in table 1 . The various shear ,
moduli used are 80,000, 123,800, and 200,000 pounds per'tquare inch,
which give ratios of µLT to EL of approximately 0 .036- ; . 0 .056,- and 0.090, .

respectively . The curves (figs . 4 and 5)-show that it is necessary to
consider a variation of thie ratio'of µLT to EL, since for some Cases' a
change of from 0 .036 to 0 .090 in this ratio for the same construction,
angle of face grain, and value of -J gives a difference of :45 percent in
the value of ktheoretical •

Use of the Theoretical Curves for PlywoodCylinders

• .The procedure for finding the theoretical-buckling -stre•sS -'or a given ,
cylinder follows . Compute El and E2 , the effective moduli of elasticity
of the plywood in bending, by means of the equations

i=n

	

i= n

	

E = 1 )	 (N)i i ,

	

E = I ~--(E:q )i i
i= l

	

i= 1

ti
where n is the number of plies, Et and En are Young's moduli in=each ply
in the t- and l-directions, respectively (fig. 1), I is the moment of
inertia about the centerline of the total cross section perpendicular to
the direction considered, and Ii is the moment of inertia of the ith ply
about the centerline of the same total cross-section . Compute next the
ratio	 E1	 and the parameter J =- where

	

and , h rare "the radius.,

	

El + E2

	

rh

length, and thickness, respectively of the plyiiood .cylinder . .In figure s
3, 4, •and 5 find the group of curves drawn for, the cleated angle 'of-fac e
grain and for the ratio µT nearest that of . the given cylinder ;.-_ The: .

EL
modulus a is Young's modulus measured parallel to the grain of` the .
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wood from which the plywood is cut, and the modulus µLT i sthe mddulus

of rigidity associated with a shearing strain with respec t ' to k ,x s .
parallel to the - and i1-directions, respectively . For many'plyw9o d

cylinders, the ratio LT will be approximately 0 .056 . Then after
EL

locating the point representing the computed value of 	 E1	 on theEl

	

E2 . .

horizontal scale the value of k

	

corresponding tdthe • giv'eia J ; r	 theoretical
can be found by interpolation between the ordinates of the- curve,O drama. '
for various values of . J . Then the minimum value of

	

T , .'gbtai3le .d. - -

from equation (33), is_

	

.

E h
Ter _ k L

r

.

	

u,

	

.
from the curves . Hence if- P. and EL are

differs from the ones used in figures 3, 4, or 5, the value v , o'L}l-
found by interpolation .

	

_ _

Experimental Analysis

Description of Specimen s

Specimens were made of yellow birch or yellow-poplar plywood . All veneer
was-of aircraft grade, rotary cut at the Forest Products Laboratory .
All plywood was made flat, using a phenolic resin film glue set in a
hot press . The cylinders were formed by bending the flat plywood aroun d
a hot mandrel (fig. 6) . Prior to forming, the plywood was scarfed ,
then moistened to facilitate bending, and finally bent around the mandrel
upon which the scarf joint was glued with a thermosetting syntheti c
resin glue . Cylinders were made of two diameters, 10-1/2 inches an d
3 inches . Cylinders of 3-inch diameter were tested to investigate th e
range in which the buckling stresses approach the shear strengths of
the plywood . Most of the specimens had a diameter of 10-1/2 inches .
Specime'ns m of the larger diameter had 3/4-inch snugly fitting plywood
U e ' . glued- in each end . The specimens, 3 inches in diameter, wer e
fitted with birch end plugs, which were glued to a depth of 4 inches .
This was necessary to provide sufficient glue area and, therefore ,
sufficient strength in the joint to force the failure into the plywoo d
shell rather than to allow a'glue joint failure .
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For the ,same construction, angle of face grain, and value of J, the
values of k show approximately, a linear variation with the ratf® - :

- :

	

The truth of this statement can he shown by taking values of t
EL

t

v



The plywood of the cylinders was of several constructions, as listed in
table 3 . The four-ply construction was made of 1/100-inch veneers with
the grain direction of the two inner plies parallel to each other and
perpendicular to that of the face plies . All other plywood was
manufactured with the grain directions of adjacent plies at right angles .

The grain of the face plies of the cylinders was oriented in fou r
different directions : Face grain parallel to the axis of the cylinde r
(e = 00 ), face grain circumferential (B = 90°), face grain oriented a t
!4.5° to the axis so that the face plies were placed in tension parallel
to the grain (0 = +45°), and face grain oriented at 45° to the axis so
that the face plies were placed in compression parallel to the grain
(0 = -45°) .

Three or five specimens were made for each type of plywood, diameter ,
length, and face grain direction as listed in table 3 . The veneers in
each group of specimens were matched as closely as possible by cuttin g
them from adjacent portions of the log . In order to obtain the
mechanical properties of material similar to that of the cylinders, fla t
sheets of matched plywood were prepared . These sheets provided specimens
for testing in bending, compression, and tension .

No attempt was made to condition the specimens to a particular moistur e
content other than to allow them to remain in the testing laboratory
for about a week before testing . All specimens of a group were teste d
the same day

. Testing Method s

The apparatus used to test the cylinders is shown in figures 7 and 8.

The cylinders that were 10-1/2 inches in diameter were tested in th e
apparatus shown in figure 7 . The end plates of the cylinders wer e
fastened to the loading arms and the end bracket by means of pins . The
load was applied by means of the movable head of a testing machine an d
was measured on the scale placed between the loading arms and testin g
machine .

The cylinders that were 3 inches in diameter were tested in the apparatu s
shown in figure 8. The end plugs were clamped in the jaws of th e
torsion testing machine and the load measured on the scale . The loads
were applied slowly and at a uniform rate until failure occurred .

In some instances, a troptometer was used to measure shear deformation s
for computations of the modulus of rigidity µLT . The troptometer wa s

of the wire-wound, differential-dial type . The wires were wound one
turn around the specimen and then weighted, causing enough friction so
that the wires would not slip, but would follow the twist of the
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specimen without injuring it in any manner . When the shear modulu s
;tas mnot•determines for a particular cylinder, an average value of

'LT, taken from tests of other cylinders of the same species, wa s

Minor specimens were tested in bending, compression, and tension t o
determine the mechanical properties of the material . The testing pr o-
cedures followed for these coupons are described in the appendix .

Test Result s

The manner of failure of the cylinders was either by (1) formation of a n
elastic buckle, (2) buckling followed immediately by breaking, or (3 )
shearing of the plywood . Column 13 of table 3 describes the type of
failure for each specimen .

Failure due to the forming of an elastic buckle was usually sudden. As
soon_as the buckle appeared, the torque immediately dropped to a lo w
value . In some instances progressive buckling occurred, that is ,
one buckle would appear, then another, and so on . In general, the
initial buckle was long and narrow, with its long axis at an angle to
the axis of the cylinder . Some measurements of this angle showed tha t
theoretical and experimental values agreed fairly well . If deformation
was continued after formation of the initial buckle, several smalle r
buckles occasionally appeared inside the large initial buckle . As
was true for buckles formed in thin-walled cylinders in compression, • -
the torsion buckles also-deflected inward from the original surfac e
except .at the edge of the buckle .

Buckling, followed immediately by breaking, . occurred in the thicker and
shorter specimens . The -buckle -formed, and then the plyW-ood broke witI, ,
a loud report . The breaking was caused by the high bending stresse s
that were-induced' in the plywood due to the sharp radius of- urvatgr e
of the buckle .

Shearing of the plywood occurred in the short specimens of smalle r
diameter . This type of failure was instantaneous and explosive . A
failed specimen is shown in figure 8 . .

ComputationSf Results

The computations or test results consisted of calculating the shearin g
stress at buckling fromthe applied torque . From this stress `the value
of the constant. kte st was computed . The experimentally determine d
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valued of k were compared With. the theoretical alu'a Bo f seta , .of
values are presented in table •3 and are 'plotte d . . i3n.,fLgurea pg,,;1 -}1) .
The computations were carried out,a,s- follows :

i
The shearing stress at .failure (bdlumn 151 table 3) wa; s :e
of the formula-

	

.
010 .0

	

dt' key means '

T = torque at failure

r = mean radius of the plywood cylinder '

h =plywood thickness

The experimental buckling constant (k)1 .
from, the formula

k ,- 'rr
Ez l. .

where EL is the .modulus of elasticity of the% veneers bf the,_ta od.
me surer parallel to the grain . 'Average. values of: EL (F61w 'l6- ; . table 3
were deter wined = from test data. of minor coupons fxc the. Lf orrnula

• E1 + E2
.EL

	

C

where
C = a constant depending on the species of veneer . For yellow

' birch C = .1 . 0 11-50 and for yellow-poplar C = 1 .037. (See
Forest Products Laboratory Report 1304 "Methods of Computing
the Strength and Stiffness of Plywood Strips in Bending" )

El = bending modulus of elasticity of the plywood with the face
grain parallel to the span (table . 4) .

E2 = bending modules of elasticity of the pl~rwood with the fac e
grain perpendicular to the span, .(table

T

	

f

2,tr2h

where
= shearing stress

+Eo
C



Ea = compressive or tensile modulus of elasticity of the plywoo d
measured parallel to the face grain .(table 4) .

Eb = compressive or tensile modulus of elasticity of the plywoo d
measured perpendicular to the face grain (table 4) .

In order to compare the experimental values with the theoretical values ,
it is necessary to compute theoretical values of the buckling constan t

(ktheoretical)'
Values of

2
J = bh (column 14, table 3) were computed from test measurements ,

where
b = length of the cylinder (column 11, table 3 )

r = mean radius of curvature (computed from outside diameter i n
column 9 table 3 )

h = plywood thickness (column 10, table 3 )

Values of
E
	 E1	 E (column 19, table 3) were computed from the formula
1

	

2

El

	

K
l	 , where K1 and K2 are given by the following formul a

E1 +E2 Kl+IG2
= n Ei 1i

EL

where
I = moment of inertia of the entire cross section of unit width

about its centerline (I = 12
3 )

12

Ii = moment of inertia of the ith ply of unit width about the neutral

axis of the cross section .

Ei ,= modulus of elasticity of the ith ply, measured parallel to the

span. For plies having the face grain parallel to the spa n
Ei = Et; for plies having face grain perpendicular Ei = 0.045EL

for yellow birch, and E i = 0 .037EL for yellow-poplar .

Kl or K2 =	 = 1
I

'1.
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Using appropriate values of 	
E*

E
	 - and Jo the curves of figures 3, 4,
R1

	

2
and 5 were entered and values of ktheoretical were determined for th e

ratio µLT equal to 0.056, 0.036, and 0 .090, respectively-., Values of
EL

ktheoretical for test values of ,ELT (column'20, table 3) were then .

determined by interpolation .
I

The shearing strengths of the yellow birch plywood, with •i'

	

.- 1/100-
inch veneer with the grain direction axial, and with corot-Isif. 1Ue 1/100-
inch veneers with the grain direction cireuin epential ( :6'

	

de 0 = 90°) ,
were determined by torsion tests on 3-inch dd:te •dylimdr rs of short
lengths, so that no buckling would occur . The shear strength for yellow

-birch plywood of the same construction,but- having the face grain of th e
cylinder at t45°;was, calculated from the 'ormula

where
fc = compressive strength of the plywood

_F-t = tensile strength of the plywoo d

Values of the compressive or tensile strength were obtained from test s
on minor coupons .

The theoretical buckling stress (theoretical) was computed from the

formula

Ttheoretical = ktheoretical x Ttest

kte st

Discussion of Result s

A comparison of theoretical buckling constants with experimenta l
constants is shown in figure 9 where ktheoretical is plotted against

ktest• The line drawn on the graph represents the relation ktheoretical =

Etest and does not represent the average of the points plotted . Each
point represents the test results of one cylinder of 10-1/2-inch diameter .
Much of the scatter of these points is attributed_torthe fact tha t
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4

4
1 , .

small initial imperfections not taken into account by the theory ma y
cause premature buckling, and to variations in the dimensions of the
specimen, and in the mechanical properties of the plywood . Measurements
taken on several similar specimens showed that the thickness of the

" plywood may vary as much as 7 percent on a single cylinder .

Figures 10 to 13 show values of ktest plotted against values of

ktheoretical for cylinders 10-1/2 inches in diameter of each different
plywood construction .

The agreement of test and theoretical values of the buckling constant ,
as shown in figures 9 to 13, is regarded as satisfactory, considerin g
the many possible causes that can contribute to the variation of the
experimental values .

In the theory it was assumed that the ends of the cylinders were simpl y
supported ,, while in test they were glued to circular plates inserte d
at each end . The effect of the resultant restraint should manifest
itself in an increase in the value of the constant k with decreasing
length for a series of cylinders of the same radius, thickness, and type
of plywood . In the different series of tests shown in table 3 of the
cylinders 10-1/2 inches in diameter and of lengths ranging from 38 .5
to 8 .5 inches, such an increase was not evident . In these series, the
plates glued in at the ends were 3/4 inch thick .

In order to obtain information regarding the influence of the shea r
strength on the buckling stress of the plywood cylinders, tests wer e
made on specimens of three-ply plywood 3 inches in diameter . The face
plies were one-half as thick as cores, and the lengths varied from 5
inches to 1/8 inch . The shorter specimens failed in shear without
buckling . Ratios of theoretical and experimental buckling stresses t o

shearing strengths (Ttheorfetical and Ttest) are plotted in figure 14 .
o

	

s
It was expected that the points would fall along the straight line until
the buckling stress was about 60 percent of the shearing strength, that
beyond this point the theoretical ratio would exceed the experimental ,
and that a design curve could be drawn as it was for cylinders in
compression (Forest Products Laboratory Report No . 1322). Although
the data are widely scattered, an approximate design curve of thi s
character can be drawn . Buckling constants determined from specimen s
3 inches in diameter showed no definite trend due to the more rigid end
restraint provided by the long loading plugs and to the change in lengths
of the specimens . This expected increase was not observed and wa s
probably obscured by the approach of the shear stresses to the shear
strength for the plywood .

In connection with design, it should be noted that many of the cylinder s
broke immediately after buckling occurred at relatively low shearin g
stresses . This was due to the high bending stresses induced by the
sharp curvature of the buckle .
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The theory presented in this report was used to compute bucking co n-
stants for thin cylinders of brass a.hd steel reported in NACA Report No .

479, "Stability of Thin-Walled Tubes Under Torsion" by L . H. Donnell .
Values of the test buckling constant versus the theoretical buckling
constant, as computed by the method presented herein, are plotted in

figure 15 . The test values are all lower than the theoretical . In NACA
Report No . 479, it was found that all observed buckling stresses wer e
greater than 60 percent of the theoretical buckling stresses calculated .
by the theory of that report . By drawing the line ktest = 0 .60

ktheoretica1 in figure 15, it can be seen that this statement is also

true for the buckling stresses calculated by the approximate theory

	

-
of the present report . As previously indicated, the theory assumes nog . ,
initial imperfections of shape in the cylinders under consideration .
Since the metal used in the tests of Report, No . 479 was thin, the magni
tude of the departures from true cylindrical form, as compared with the
thickness of the wall of the cylinder, were probably much larger than
those of the plywood cylinders and consequently lower test values of th e
torsion buckling constant would be expected .

Conclusion s

The buckling stresses of thin plywood cylinders can be compi3rthe--
approximate formula

`r _ kEL h
r

where k is taken from the curves presented in this report . Approximate .
failing stresses for cylinders in which the buckling stresses are influ-
enced by the shear strength of the plywood can be determined by use o f
figure 14 in connection with the theory . The data scatter considerably ,
but average values obtained from test agree well with the theory .

Plywood for which the ratio	
E

1	 is less than 0 .9 can be used
E1 E2

effectively in thin-walled cylinders in torsion . For ratios larger tha n .
0 .9, the steepness of the curves (figs . 3 to 5) shows that caution should :
be exercised in their use .

The theoretical analysis may be used for any angle of inclination of the
face grain of .the cylinder equation 31) . The angles of face grai n
for which curves are given ik this report were selected as representatives .
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APPENDIX

Tests of Minor Specimen s

Flat plates of plywood that matched the material of the cylinder s
-furnished specimens for minor tests in bending, tension, and compression .
Results of tests are presented in table 4+ .

Bending specimens were 1 inch wide and were. tested on a span length 48
or more times the thickness of the specimen for face grain directio n
parallel to the span and 21+ or more times for face grain direction
perpendicular to the span, thus eliminating the necessity of correcting
for shear deformation . Specimens were cut so that the face grai n
direction was parallel to the span, or perpendicular to the span .
Specimens rested on end supports rounded to about 1/16-inch-radius . The
load was applied at the center with a bar of about 1/8-inch radius .
The stiffer specimens were tested on an apparatus-that measured the
load by means of a. platform scale reading to 1/100 pound . , The rate of
loading and driving force were obtained from a testing machine on which
the scale was mounted (fig . 16) . Specimens not stiff enough to test
on the platform scale apparatus were tested on an apparatus that use d
water as a load . The load increments could be read to 10 grams and the y
rate of loading was controlled by the size of nozzle (fig . 17) .
Immediately after testing, a sample was cut from the specimen for
moisture content determination . The specific gravity was obtained fro m
measurements and weights taken before testing and subsequently corrected
for moisture , content . During the test, load-deflection curves wer e
plotted. Properties computed . from the test data were the modulus of .
elasticity, the moisture content, and the specific gravity .

The tension specimens were 1 inch wide and 11 inches long, with fac e
grain directions parallel and perpendicular to the direction of the load .
The ends of the'specimens were gripped in Templin grips fastened to'the
testing machine by bolts passed through spherical bearings . The strain
over'a 2-inch gage length was measured at the center of the specime n
with an .extensometer reading to 0 .0001 of an inch (fig . 18) . The rate .
of loading was 0 .05 inch per minute . During the test, load-deformation
curves were plotted . Properties computed. from the test data were the '
modulus of elasticity, the tensile strength, the moisture content, and '
the specific -gravity . Moisture content and specific gravity . were
.determined in the same manner as they were for the bending specimens .

The compression specimens'were 1 inch wide and +inches long, with fac e
grain .directions parallel or perpendicular to the direction of the load .
Because of the thinness of the specimen, an apparatus consisting of
thin spring . fingers was used to give lateral support (fig . 19) . The
strain was measured over a 2-inch gage length with a Martens' mirro r
apparatus .' Load-deformation curves were plotted as the tests were run .
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Table,-1.--Elastic	 moduli of Douglas-firs
used in the- calculation. .

= 2,223,000 pounds. per square . inch

E,r = 125,000 pounds per square inch

µLT = 123,800 pounds per . square inch

a=0.434

se are tentative values of the
constants for material at 12, percent _
moisture content with the exception of
the modulus of rigidity, I LLT . The
value .used for this' constant was takers .
from the results of a limited numbe r
of tests at 10 percent moisture '
content

•

	

r
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Table 2.-Theoretical buckling constants for this-walled plywood cylinders in torsio n
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kthsoretical
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1,000 : J-
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P1 -wood construction-: - --,-_-~-s	 ~-:
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:90
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.0368

	

: .0252

	

: .0213 : Three-ply (1 :0 .4 :1)
.45

	

:

	

.036 :

	

.9147

	

:

	

.0595

	

. 0 4 57

	

:

	

.0395

	

•

	

.0 357

	

.

	

.0283

	

. .0200

	

. .0172 one-ply '
90

	

.056

	

.500

	

.0576

	

:

	

.0517

	

:

	

.0488

	

:

	

.0469

	

.0427

	

. .0362

	

r .0332 :90

	

:

	

.056 :

	

.584

	

.0612

	

t

	

. 0553

	

1

	

.0525

	

:

	

.0506

	

:

	

.046

	

: .0363 6-ply

90

	

.

	

.056 :

	

.689

	

.o644

	

:

	

.0507

	

:

	

.0558

	

14:.0539

	

.049 .0395.0420

	

:20 0 85 Seven-ply (1

	

:1 :1 :1 : 1Seven-ply [llrl :l :l :l :l )90

	

:

	

.056 ,

	

.835

	

:

	

.0689

	

:

	

.0643

	

:

	

.0619

	

.

	

.0601

	

: .0463

	

: .0445 Three-ply (1 :2 :1 }90

	

1

	

.056

	

.914

	

:

	

.0695

	

:

	

.0648

	

:

	

.0621

	

.0601

	

.

	

.0552

	

:;

	

.056 1

	

.926

	

.0692

	

,

	

.0643

	

:

	

:.0615

	

.0594

	

:

	

.0544

	

: .046 9

	

. .042917 .Three-ply (1 :111 )
90

	

:

	

.056 :

	

.936

	

..060672.04

	

.

	

.0633

	

:

	

.0603

	

:

	

.0582

	

:

	

.0528

	

: .0458 :.04141 .0011 0007
Three-ply (1 :0 .1 :1 )

90

	

:

	

:

	

.06156

	

•943

	

5

	

.0583

	

0560

	

:

	

. 050;

	

:90

	

.

	

: 0414

	

. .0374 Three-ply (1 :0 .14 :1 ). Threo-ply (1 :0 .4 :1 ).056 :

	

.9 147

	

:

	

.0546

	

:

	

.04 75

	

.0436

	

0410

	

.

	

.0353 ..0274

	

. ..0244 one-ply
0

	

.056

	

500

	

.0578

	

s

	

.0517

	

.

	

.0488

	

:

	

.0469

	

.

	

.0427

	

. .0362 .0332 .0

	

:

	

.056 :

	

.5814

	

:

	

.0540

	

:

	

.0477

	

:

	

.04148

	

:

	

.0429

	

:

	

.0388

	

:0 .0326

	

: . 0298 : Five--poly (1 :2 :2 :2 :1 ):

	

.056 :

	

.689

	

:

	

.01487

	

:

	

.0424

	

:

	

.0396

	

:

	

.0378

	

:

	

.0340

	

:0 .0285 .0261 :

	

Seven-ply (1 :1 :1 :1 :1 :1 :1 ):

	

.056 :

	

.835

	

:

	

.0378

	

:

	

.0317

	

:

	

.0291

	

:

	

.0274

	

:

	

.0240

	

: .019 14 .0175 . Three-ply (1 :2 :1 )o

	

1

	

.056 :

	

.914

	

:

	

.0302

	

:

	

.02147

	

:

	

.0224

	

:

	

.0209

	

:

	

.0181

	

:0 .0145

	

: .0130 . Three-ply (1 :1 :1 ):

	

.056 :

	

.947

	

:

	

.0252

	

:

	

.0206

	

:

	

.0187

	

.

	

.0175

	

•

	

.0152

	

: .0122

	

. .0110 : One-pl y
+45

	

•

	

.056 :

	

.500

	

:

	

.0747

	

:

	

.0571

	

:

	

.01493

	

:

	

.0445

	

:

	

.0352

	

: .0250 .0215 .

	

6-ply
2

	

457.0527

	

.0 .0414

	

.

	

.0330.589

	

:

	

.
0 6610+ 45

	

0 6 :

	

04:

	

:

	

75

	

:.
056 .68 .0237

	

: .0205 :

	

(1 :2 :2 :2 :1 ).0414+45

	

:

	

.056

	

.835

	

:

	

.0459

	

:

	

.0370

	

:

	

.0330

	

:

	

.0304

	

:

	

.0252

	

: .0192

	

. .0170
Seven-pl y
Three-ply (1 :1 :1 :1 :1 :1 :1 )

1:

	

.056 :

	

.91 1 1

	

.

	

.0382

	

:

	

.0317

	

:

	

.0286

	

:

	

.0266

	

:

	

.0226

	

:
+14 5

	

:

	

.056 :

	

.936

	

:

	

. 0357

	

:

	

.0300

	

:

	

.0272

	

:

	

.02

	

.0218

	

:
:1

.+45 .0178

	

:.0173

	

:
. 01 5 9.0156

.

. Three-ply (1 :1 :1 ): Three-ply (1 :0 .6 :1 )+ 145

	

:

	

.056 :

	

.947

	

.

	

.0352

	

:

	

.0293

	

.

	

.0265

	

.

	

.0247

	

:

	

.0210

	

. .0163

	

. .0145 : One-ply
-45

	

.056 :

	

.500

	

.071+7

	

71

	

.0493

	

.0445

	

.0352 - 0250

	

. .0215 n-45

	

.056 :

	

.584

	

:

	

.0807

	

:

	

.0613

	

:

	

.0526

	

:

	

.0474

	

:

	

.0373

	

: .022

	

. .0224 Five-ply (1 :2 :2 :2 :1 )-q 5

	

:

	

.056 :

	

.689

	

.0060

	

:

	

.0651

	

:

	

58

	

:

	

.0

	

2

	

0-45

	

:

	

.056 :

	

.835

	

:

	

.0974

	

:

	

.0728

	

:

	

. 0620

	

:

	

:.0555

	

.0430

	

: 2 .023 47.0296 : Seven-ply (1 :1 :111 :1 :1 :1 )
-45

	

:

	

5

	

:09025.056

	

.0619

	

.0555

	

.0432 .0251 : Three-ply (1 :2 :1 )
-k5

	

:

	

.056

	

,

	

M

	

:

	

06

	

3, 91.936

	

.0691

	

.0597

	

:

	

.0537 .0297 .0252 Three-ply (1 :1 :1 )
»45

	

r

	

s

	

1

	

:

	

.0404.056

	

.9113

	

. 0.0872

	

.0665

	

5

	

:

	

: . 0282 (1 :0 .6 :1)
-45

	

:

	

.056 !

	

.947

	

.0600

	

:

	

.0465

	

. 0405

	

s

	

.0368

	

:

	

.0296 : .0240 : 11666-plyply (1 :0 .4 :1 ).0213 .0184 one-ply

z m 61595 F
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Table

4

	

:

	

ktheoreticsi for certain values of J
o

	

, LT

	

i75;5l; s	 ^	 ^	 =	 Plywood construction
Z1

	

: J 5 250 : J =500: J 5 750 : J = 1,000 J .2.000 : J 5 6,000 : J 5 10,000

	

5

	

nee
:555---- :55-555505 :	 0 - 50	 55-55 --- .	 ;	 •	 50----N ..T :

90

	

0 .090 : 0 .500

	

t 0.0692 : 0 .0611 .

	

0.0570 .

	

0 .0544 0 .0483

	

0 .0593 0 .0355 , : w -ply
90

	

.090 . .584 .0734 . .065

	

.0614 .

	

.08 : .0525 .0430 .0388 4 Five-ply (1 :2 :2 :2 :1)
1 -9 0

	

:

	

.090

	

: .689 .0773

	

: .0694

	

.0652 :

	

.002244 - 055
1

.046

	

: .0411 :seven-ply (1 :1 :1 :1 :1 :1 :1 )
90

	

.090 : .835 .0856 .0768 :

	

.0730 :

	

.0702 .063 .0528

	

: .0479 : Three-ply (1 :2 :1) 5 '4
90

	

.090 : .91 .0858 .0764 :

	

.0722

	

.0692 .0619 .0505 .0455 : Three-ply (1 :1 :1 )
90

	

I

	

.090 : .926 .0830

	

: .0755 :

	

.0711 .

	

.0680 .0605 .0491 1 Three-ply (1 :0 .8 ;1 )
90

	

:

	

.090 : .956

	

: .0817

	

: .0738 :

	

.0692 :

	

.0660 .0583 .0469 .0421 1 Three-ply (1 ;0.6 :1 )
90

	

:

	

.090 : .943

	

: .0792 : .0708 :

	

.0660 :

	

.0626

	

: .054.9

	

: .0437

	

: .0390 : Three-ply (1 :0 .4 :1 )
90

	

.090 . .547 .0605 . .0513 .

	

.0466 :

	

.0435 .0368 0281 .0248 One-ply

0

	

.090 . .500 .0692 . .o6ii

	

.0570 :

	

.0 .0483 . 03 . 0555 co -pl y
0

	

.090

	

: .584 .0645 : .0562 :

	

.0522 :

	

.Oeg

	

: .0438

	

: .03N .0319 Five-ply (1 :2 :2 :2 :1 )
0

	

:

	

.090

	

: .689

	

: .O : .0501 :

	

.0462 :

	

.0438

	

: .0384

	

: .0510

	

: .0278 : Seven-ply (1 :1 :1 :1 :1 :1 :1 )
0

	

:

	

.090 . .835

	

: .0448 . .0371

	

:

	

.0335 :

	

.0514

	

: .0267

	

: .0208

	

: .0186 Three-ply (1 :2 :1 )
.1 0

	

i

	

.090

	

: .914

	

: .0361 : .0292 :

	

.0261 :

	

.0242 .020
4

.0156

	

: .0139 : Three-ply (1 :1 :1) 10

	

.090 . .947

	

: 0305 : .0247 :

	

.0222

	

.0206 .017 .0154 .0119 One-ply

+45

	

.090 . . 500 .0817

	

. . o6 4

	

. . 05 5 9 .509 . . 0 41 0 . . 0 2 9 6 . .0 02 m5ply
+45

	

.

	

.090 . .5134 .0750 .0593 : .0521 .0476

	

: .0386

	

:

	

.02E2

	

:

	

.0245 115e-ply (1 :2 .2 :2 :1 )
+45

	

:

	

.090 . .689

	

: .0677

	

: .0541

	

: .0478 ------ 	 :	 ;	 :

	

seven-ply

	

(1 :1 :1 :1 :1 :1 :1 )
+45

	

.090 .834 .0511

	

: .0485 : .0553 .0557

	

: .0502

	

:

	

.0234 .0208 Three-ply (1 :2 :1 )
+45

	

.090 : .91 .0459 : .0375 : .0343 : .0323

	

: .0279

	

1 .0221 :

	

.0199 Three-ply (1 :1 :1 )
+45

	

.090 : .936 .0417 : .0360 : .0331

	

: .0312

	

: .0272

	

:

	

.0217 .0195 : Three-ply (1 :0 .6 :1 )
+45

	

.090 -97 .0418

	

: .0357 . .0325 . .0304

	

: .0259

	

.0200 .0178 .one-pl y

445

	

.090 : .500 .0817 . .0640 .0559 . .0509 .0410

	

.0296 :

	

.026 :w-plr
-45

	

:

	

.090 : .584

	

: .0880 : .0685

	

: .0596 . .0541 .0452

	

.0309 :

	

.0267 : Five-ply (1 :2 :2 :2 :1 )
-45

	

:

	

.090 : .689

	

: .0929 : .0720

	

: .0625

	

: .0567 .0451

	

:

	

0321 :

	

.0276 :

	

Seven-ply (1 :1 :1 :1 :1 :1 :1 )
-45

	

.090 .835 8055 : 08013 . 0696 . .0628

	

: .0495

	

.0346 :

	

.0296 .Throe-ply (1 :2 :1 )
-45

	

:

	

.090 : .914

	

: .1026 : .0791

	

: .0653 .0618

	

: .0485

	

:

	

.o944 :

	

.0294 Three-ply (1 :1 :1 )
-45

	

.090 .936

	

: .0965 : .0749

	

: .0690

	

: .0559

	

: .G468

	

r

	

.0331 :

	

.0284 : Three-ply (1 ;0.6 : 1 )
-45

	

4

	

.090 . .943

	

: .0906 ; .0707

	

: _0615

	

: .0559 .0446

	

.0318 :

	

.0273 : Three-ply (1 :0 .4 :1 )
545

	

;

	

.090 . .947

	

: .0607 : .0475

	

: .0416 : .0380

	

: .0310

	

:

	

.0227 :

	

.0198 One-ply

Zm 61596 F
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. Figure 1 .--Orientation of axes in the middle surface of cylindrica l
shell .
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