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'ur DtV!:T OP TH!. CH r TIC OVID 
POT U?1. NIC 13IQ 11PT HAUT'IHQ 
iwro PAIAFLJ?.L H ;'ONIC tLOIG TF.EAM 

tNT! OflUCTXON 

it tht *e f rckit, trI1, tini t)er 'uper'cnto 

v:'hc1e, tnterit hc been oatte.j tth he 

ue f jt pr'u1«t, yeus. Prbb1y the ont pre- 

IOitflflt tnteret th unerpanie jets t 'he jet tnter- 

t«recce 1oh y ti'tne the mtsI1e tructur the 

nehborho of the jet exit. Th etrzcture cf the jet 

exhut t octte wPh tP prh1it z1tn with 

jet flDiO ( P. ). 

Tht paper t intentei to be n ecteton eni ¿en 

er8li,'ition of , thot3 eir1y writter the ec subject 
by John Newton (7). lii paper, witch we on» corcorn1 
with orttpnt re nort, ccmcetrtei Th *ttnir)ifl the 

rt bun . ry rethc,r then etertng th jet flow fie1c. 

oonp1eti prject requtrea preca1cut'te1 tfortin* 
bDut th f1cs f1e1i. There'ore1 the prjeot s not 

prtic1riIy trteret4 t,, th inerw1 f1w prperttes. 

The probte unler oort1erntton tn this paper is the 

1eterinet1 'he tnterri fio pr . 2ertte rt only or 

øntsnt re but t'or tvrth r1e el80. 

Therefore, with th eoctine1 papera, th fiut' oroertt«a 

ani loctt,n of the jet hon1ry os be cs1cuhted 

tn1epencnt1 of ony preclou1te:i Irror tion. 



9.L 3.ut t9fl 

The luttn of uterntc nvtat1 jt flw fleli 

be 1etertrt5 ty p1ytn tPe tboi 3f crter- 
ttc'z. The etio ,1! t eth of 

21vtfl tbe hrctertttc qutt whtch icrbe the 
ron).c fl. Th1 etiod tet1re the rYptrtes tu 

the tt.rtor f t jet fl f1e1. The ortertittc 

re 1v1 rt'i1iy by ortr tt'e cr the 

ALWAC411 E ieatrmtc 1ttt1 ,rpter. 

____ Tht 

. eti o! lete ttt jet ?low roertte of 

,rtciIy 1tvrgert otI' . euutt!g tnt . ntfor, 

flowthg hyersorta stre' h beer qoe1tnh. The 

eth1 of rectrttte t usi to taie ohrpaer' 

ttte ut1i øt!c etbb1tP the pptt tn thr jet 

tli fte1. The eth 0! ee1ptng the now feit, 1 

oe of the 1fftcu1tte ttno1ve' tu iot, o, t reeted. 

Tbe ebr*cterttt qttora re t ittte 

t?fer«ee ?ors on t.ze LACiI1 E electronic ttt1 

coputer. i,e coptit.r prOt:! tr ilt the tffret type 

tntv1!ue1 1Guit3n It,oive1 sre tnctu3e1 
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Tt tbruout th per that the fiuti t 

$ 'r'ect bsvtr r c'Ity tn1 , ttrt t'ecfto 

heat t on*tnt Drere, The f1s o th et t 

t be ',t11y ,y'iet rie t'ny, uerrtc, sr 

trrtttn1. The flow t: lo ientrptc, wtteh in 

tip11e by the o3fldtttO of trrtotirtity. It t 

that the exit flou of the iertr no1e is 
cortcø1. 
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)f Dectflo het 
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jet boundary condition 

nozzle exit condition 

values at nozzle wall 

jet flow field condition 

vlue at point under consideration 

exterior flow field 
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T{F. 4!?HOD 'SL' C14A1tACE1USTIC 

f a supe rantc trer b !ecrtb by 

sytez )f cmì orier 2rt1ii 3Irferettta1 equt1ì 

the hyperbolto tyc. Eoh o1uttor t. thi 1ttterent1i 

r"preeit %bre teIon1 surt'ce tri i, y, 

an cp It t ovi tt curves extt th ttee 

urfce htch rerert thc ItIn of 11ct1flutttes 
tr the ciertvettve f the !iut ror,erttes. The.e 

cLrve:, U thcy :10 exIt, ro ørfle1 the chrctertstte 

curves ct' th o1uti3n. Therr, chreot,rtgtt curcs 

ey:tet ther the trritton from one retn of tfle ticw ft41 

to rother tr : 1ve t itccntthutty In aoe f the 

1ertv,tte' (), D. The projecttonw of th three 

Ientonc1 e r rttto 1tne on the X, y plse ere 

ceilel the byta91 eh»rPctertto3, enl the rojeetton 

on thE , V 1ne ere oi1 the ho1oreh ohrctert3tIc. 

tnttr of th potenttI equr.tton fr pott1e 

øcontìTutte in th 1ertvnttve tP 4iu1i prcpertie 

re3u1t ¶n the foflowln.g ecuattonr for 11iy 3yetrto, 

suprrontc, rrottttt, tesiy fl.o (10, p. 67?). 

(gli) a tain (o;.) (1) 

Efl:I 

()x,z ""i,ii c!y)i,xI (2) 



These iifrerert11 eaustlons re the chrcter1stIo 

equt1ons of the o1ution for the flow field. 

In the ebove two equations, the upoer sign refers 

to the right running characteristic frn1ly I, which forcns 

an srg1e of (9 -') with the positive x sxis in the 

physicsl pine. The lower sign refers to the left running 

chrscteristic f : muy II, whicl rorms sn angle of (E +oL) 

with the positive x sxls in the ohyicl piene. In looking 

dawn the velocity vector in the -3irection of the flow, the 

chr'rscteristic lines of fFì-rily I turr ff to the right 

while the chsrecteristic lines of fsmily II turn off to the 

left (3, p. iO). Equstion i represents the chrscteristic 

solution in the ohyic]. pisne, snd eaustion 2 represents 

the cherscteristic solution in the hodograph pisne. 

An exerninstion of equstions i 8n:5 2 reveals that the 

characteristic equations for axially symmetric flow re 

dependent on both the physical an ho1ograph planes. 

Therefore, the solution of the flow field tnust be 

constructed simultaneously in both the physical and hado- 

graph planes (10, o. 678). The fluid properties of the 

flow field for a,ially sym etric flow are a function of the 

velocity. Therefore, once the velocity vector pattern of 

the flow field is known, all the flui properties of the 

flow field are also known. 



The equ8ttons o? the chrcter1t1c Ithee tn the 

nhyìol nì h33ogr3h olpres re exoniei into a ftntte 
1I?fereice form for etu1 i1u1't1n,, The tnter- 

section points o the t.o fant1ies of chrrcteristics 
re corrnecte by traiht line segments. ¶he line 

segments re use to poroxite the systei of continuous 

chsrectertstic curves. The aoourec of this method 

ieperds On the sceuracy of the input thta, the si7e Of 

tue rt cieve1ope an:i the -1eree of co'. vergenee use5 in 

tue cicultions (9, p. 619). 
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LEADING MACH LINE 

The ilverging nozzle uner corslertlon ws ssuiied 

to give ecmlcel exit flow. Conlcl flow is flow In 

which eli the nula properties sre uniform on rays 

passing through a cownon vertex (ii, p 729). In the 

case of e suoersonic diverging no77le, the flow would 

hsve to originate from a ooint to produce a conical exit 

flow. Although this type of e ro27le is a simplification, 

it is reoresentative of ro7zles used to pro1uce supersorIc 

flow and will serve as a good basIs for the study of 

underexoanded jets. 

An examination of the potential equation for conical 

suDersonic flow reveals that a oure source flow is a 

possible solution (9, p. 237). By reoresenting the flow 

in the conical nozzle Ith a source flow, points along the 

leaiIn characteristic line can be readily calculated. 

The leading characteristic line represents the fIrst 
disturbance that is felt by the flow in the noz7le due to 

the sharp corner at the exit of' the nozzle. Points on the 

leading characteristic line represent the input data for 

the development of' the characteristic grid. The local 

1ach line and the characteristic line ere one and the same. 

The properties calculated for each point 1 the 

characteristic grid are x, y, 4*, M, e, end. These 

properties ere sufficient to fully describe the entire 



flow fi.elc1. 

Consi.er e conically divergert roz7le assumed to :ive 

oure source flow with the cooritnetes as shown in figure 1 

(L, p. 25). Polar coor'linetes, N en e, ere used with 

the oriin at the source oirt. The angle ê is measured 

counter clockwise from the axis of symmetry. From figure 1 

the rectangular coordinates for points on the leading Mach 

line are as follows. 

Y =Ngtn e 

and 

(3) 

X=Ncosê-Ncosê (Li.) 

The characteristic equation in the hoogranh plane 

for a suerson1c source flo such es this is equation 2. 

The following notation was use to simplify the character- 

istic equation in the hooreoh piare. 

dt = 
v' (dM*)1,11 (5) 

Dy substituting this relation into equation 2, the result 

is 

sin e a(et)1,11 = ± 
,, sin G;) 

(2a) 

In the cae of the leading characteristic lire, which 

represents a right running characteristic line, equation 

5 becomes 

at = oot 4* (5e) 



N 

source point 

SOURCE FLOW NOZZLE 

\\ 

FIGURE I 

jet boundary 

last characteristic 
line 

leading characteristic 
I ne 

y \ -\f_ 
X 

rJ 



1, 

or taertrc'ptc 

_____ 

Fy tkt the dertvttve o utiQr , the reut i 

k1. M 1M ________ (7) 
r 
L1 J 

CmbIii1tïg euRttone 6 n1 7 yte]«3 

1M 

j (t.L M?) U) 

Tht Moh pr1e,o<, t, eftnei by the r1ttn 

tn_i 
' 

(2) 

y oivtrg eouttori 1 or M, tPe re1t Is 

M coeo o( (10) 

Th ertvttve of eqtto 10 Is 

11 --cot( ceoo bC (ii) 
cttr3 equettrs 8, il r1 5 rew1t In th fi1lowtn 

ex)resst3r r,r It. 
3t - (:b) 

'hen ew,tton 5b i thterte for the cse of the 

1esuin chr'cterItIc lIne, It ylells 

t o( 'J cot1 {V1i f (1') 

iovg *ch ltne, the !o1lowtr e.utIor I true p. '7), 

(;'e t)1,11= c (13) 
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The negative sign can be exclu3ed since the lesding 

characteristic (Nach) line represents a ithe of the right 

running chracterist1c family. 

Equation 13 then becomes 

2 e ± t = C1 (13a) 

From the equation of continuity for a pure source flow 

(Li, p. 26). 

N2 = 
v'o 

For adiabatic flow 

(14) 

k +1 
¡0V (±j..2(k-1) M 

K+1 (tv) ( 2 

M21 2(k-1)1 -, 

Therefore, by combining equations iLl. ani 1 

k+ i 

2 I 
2(k-1) 

2 i i +1 i 

N = c L2 J (16) 
2 

Now, from equation 10 

M= i (lOa) 
sin o' 

Conbining the two equations, lOs eri1 i6, a'd solving for 

N results in k+l - i 

4(k-i) 
N = C [i+.a sin 2] (sino') (i4 

By substitutinc equation 12 into equation 13a, ani solving 

for e, the result is 

C _OL(k+1) cot1 tan + (18) 
e = i (k-1$ L(k-i S 

2 
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The costrits C1 pn5 C oi be founc9 fron the bounry 

cordllti.ons at tne shrp corner of the nozzle. The velue 

of N et this poirt is N. The Mach nurnber et the ltp is 

soecifie in eny given proh1e!;. therefore, so is since 

is a function of the f1oh rwuber only. With these two 

properties krown, lt is possible to solve eqution 17 for 

c. Tue velue of e et thc jjp o! the ro7zle is e. There- 

fore, equetior i en be solve-] 'or C1. 

With these equetions and the 1ritiel cowlitions et the 

nozzle lip just prior to exit, the flow properties en1 the 

Certesipr coordinetes of points dong the lesung 

cheracteristic line, or Mach line, cen be deter1ne. 

These ceri be considered the mitici input or the 

'eveloprneït of the chsrectertic grid. 
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DEVELOPMENT 0F TP F CHÂ1ACPERISPIC GElD 

The p'thts n3 11 their f1ut properties hve been 

eteriine 81oTg the 1eair; ohrcteritc line 

reoresent input 1't9 for the evdopiet of the cbarcter- 

istic rtd. The eve1opet oF the ohrr-cteristto grid 

i!vO1ve1 three irferent type3 of c'-1eu . tir', n1 eech 

w exn1ned in ceti1. Th different o1cu1tions re 

encountered when bourdery coritto re impoe or the 

chrecteritic equtiots (9, p. S2O). Due to the 

ymrnetry or the prh1ei, the o1u1n of the flow field 

for the uooer h'lf of the x, y plrne i uff1ctrt ror 

the oluttoii of the entire flow fiell. 

Inter1r 7oints 

Afl irterlor point end ll tt flui orooerttes re 

found fro' the intersection of e r1r t running chercter- 

istic line er left running chprctersttc line. These 

points re elweys found in the interior of the flow snd. 

involve no bounlery conlitions. The notstion 'nd physical 

concept for the deternation of n interior point ta 

shown in figure 2. All the properties of points i ani 2 

tire kno. ?oirjt 
3' rerreseits the intersection of the 

right running cherecteritic line 1-3 :tth the left running 

chrcterittc line 2-3. 1n'e point 3' is e olut ion of 

the to ohrcteristtc ftlte,, it is escribei by 
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INTERIOR POINT CALCULATION 
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2 
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1/ 
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7J 
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equations i nd 2. 

1. First Approximation. The following nott1ons 
sre usel to simplify the chrecteristic equations. 

A = tan (el --) (19) 

B = tan (e2+-2) (20) 

c cot c-1 (21) 

D cot-2 (72) 
2* 

E' sin sino-i (23) 

Yi cos 

Sir] G2 sin-2 (24) 
Y2 005 (e2+2) 

The characteristic equations in finite ifference form for 

chord 1-3, which represents s right running chsrscter- 
istic line, are 

y3-y1 = A (x3-xj) (25) 

for the physical plane, end 

e3-e1 = -C (M3*_A1*) +F (x3-x) (26) 

for the hoograph plane. The corresoning character- 

istic equations for the chord 2-3, which represents a 

left running characteristic line, are 

y3-y2 = B (x3-x2) (27) 

for the ohysicel plane, and 

e3-e2 = D (M34_M2*) -F (x3-x2) (28) 
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for the hodograph plane. The form of the hodograph 

equations for both characteristic lines have been 

changed slightly from equetion 2 by substituting for 

the differential term dy from eauation i. 3y doing thl.s, 

the possibility of dividirg by zero when e is equal to - 

is eliminated. 

Equations 25 end 27 are solved simultaneously for 

i3 and y. These velues ere then used in equatIons 26 

and 28 which are then solved sinultareously for and 

e3. This first orocelure of firtng the properties of 

point 3 assumed that the coefficients of the differentials 

for the characteristic line 1-3 had the properties of 

point 1, end the coefficierts of differentials for 

the characteristic line 2-3 hd the prooerties of point 2. 

Therefore, the first evaluation of point 3 is termed the 

first apnroximation and involves some degree of error. 

2. uccessive Iterations. The approximate results 

already found may be improved by a rapidly convergent 

iteration procedure which rests on the use of s. verage 

conditions between 1-3 and 2-3 (9, . 619). irce 

tentative values of the properties for point 3 have already 

been found, the entire computation is reoeatel using the 

average coefficients along the chords 1-3 and 2-3. Using 

this procedure, the coefficients become 

= [tan (e1-1) + tan (e3-3) 
] 

(19e) 
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= [ten (e2+2) + t (e+0()] (20e) 

.1 [cot.1 + 2.±31 (2t) 
2LM1* * J 

D' = rcoto ootOL31 (22e) 
2 M3* J 

E'' = 
[sth e1 

2 

F' i[sine2 
2 

L3'2 COS 

sin-1 S1.uI S3 S1flO3 i (23e) 
(e1-) y3 cos (83_O i 

s1n e3 
(24e) 

(2) y3 Cos 

The cbracteristic equations for the chora 1-3 now hecoe 

= A' (x3-x1) (25e) 

for the physical plane, end 

= -C' (M3*_M1*) + E'' (x3-x1) (25a) 

for the hodogrph plane. The cherctenisttc equattons 

for the ch':rd 2-3 become 

:3-2 = 
B' (x3-x2) (27e) 

for the physical piare, en 

3-e2 = r' (r3*..*)_pI (x3-x2) (2es) 

for the hodogreob plane. 

The velues of the properties for point 3" ere found 

in the same manner as used in the first soproximetion. 
This process is repeated as many times es necessary to 

give e degree of eccJracy corsistert with the errors in 

the rtd. Each successive iteration makes use Of the 

results o' the orcceeflng one. The point 5esignated as 
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3" tri firure 2 reoresent tile reu1ts of the first 

itertiOEn in the orocess of ieterrnirin! the point. 

Although the improvement in ccurcy tt3ine after esch 

iterstion becomes sTall, the proerties eterthe1 at a 

new ootnt become the iritis1 prooerties for eterrnining 

the next point. Therefore, the error accumulates and 

could possibly be quite large after a number of points 

have been determined, The iteration proces' is continued 

until the change between successive values of becomes 

less than a designated limit E. Therefore, hen the term 

- e3 - becomes negative, the iteration process for 

that particular point is finished sn ali the properties 

of that point have been found to the accuracy desired. 

Corner ixpaos&on Calculation 

The flow around the sharp corner at the exit of the 

no7zle may be ecrihed by a Prandtl-Meyer expansion 

(9, p. 600). The size of the grid directly epens on 

the charge in each time a new characteristic line is 

generate1. In the evelopment of the characteristic grid, 

the amount of expansion was her 3le1 in two different ways. 

The most desirable method is one which would have a 

constant change in the value of 9 for each succeeding 

characteristic line, Therefore, the change in the angle 8 

between succeeding points found et the lip of the nozzle 

should be as close to being constant as possible. 
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In Prpndtl-Meyer flow, the following relation is 

true (10, p. L66). 

i IJ (92_1) + t-ij M2-1 +C3 (29) 
e = -- 

The constrit C rny be evsluted from the initi8l 

conîitions t the ho of the nozzle. The first method 

useì wss to sssume e soecific charge in the Mpch number 

for each succeeding expansion line. Using the new Mach 

number, equation 29 can be solved for a new e. This is 

the value of 9 at the beginning of the new characteristic 

line. However, the relation between 9 en3 the Mach number 

was not linear; therefore, the chare in 9 each time was 

not constant as desired. 

Another method, that was usei ith more success, 

designated a specific increase in the pressure ratto, 

e/x' given for isentropic flow by k 

(1+ 2) (30) = 

(1+ M 2) 

2 e 

If equation 30 is solved or N, the result is 

= 
{i!T 

Me2_h] (31) 

The new value of e"x' after the specified increase has 

been made, is then substituted into equation 31 and the 

equation is solve for M, This new value 4'or M is then 

used in equation 29 to determine the new value of 9. With 

the Mach number and 9 known atH the hysical coordinates 
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1ver for the lip, 'l1 the oronertt for the new notnt 

re knowr.. Tht netho tv' good resultA for vlue of 

up to pro1rn'tely 25 1evree. For lrger values of , 

the z'moutt of expn3Io for each new ohrctertsttc ithe 

becornes inoresinly smeller. 

Otzitji Ne;:t Ìx1 jyiìnetry jaLcult tons 

The points in the chorcter1sttc rt1 tht lie next 

to tlie xt of ynnetry require ectl con11er'tton since 

in the soltton of the chrRctertsttc eouttons for this 

point, oe o the terns in the hoiogroh tl3ne fór the 

loft running chrrctentsttc fatly becomes inetercninent. 

Constaer figure 3, which lerotes the notstton end 

phystc1 concept of oirt tb t i ret to the s:is of 

eymnmetry. All. the properties re known for toints i 2. 

Point 3 represents the unknown point ni t locete. at the 

irtereotion of the ntht runntn chractertsttc line 

from point 2 ari the left running charsoteristic ltre from 

point 1. The chrsctertstic equstions or the chor 1-3 

is the s'e es for er interior tolnt. The chsrsctertttc 

equetions for te chord 2-3, however, involves n 

inetermtrsnt ter' m . Th hodorsph equetton for the first 

spproxttetton in finite itfference forrn for the ciarsoter- 

istic chord 2-3 te s follows: 

__2 (M3*2*) (9) (3-2) (28b) 
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Since ootnt 2 lies on the axis of symmetry, both y2 an e2 

ere equal to 7ero. Therefore, the value of in the 
y2 

l9st term of equation becomes O/O, whIch is n 

incleterminant form. 

The limit of the ineterm1nant term 9oes apProach an 

eporoximate value as Y2 sonroaches zero. ruhe limit of 

this term results in the following (io, p. 680) 

11m 2 S1fld2 _e 
(32) 

y-'°2 s n 2 2 3'3 
n 

The vr.lue of . being the limit of the theterminant term 
y3 

assumes that point 3 is close to the axis of symmetry. 

The closer that point 3 is to the axis of symmetry, the 

more accurate the limiting value becomes. 

1. First Approximation. By insert1n the limiting 

form of the in1eterminant term Into equation 28b arid 

not1n tht e2 and Y2 are equal to 7ero, the hodograph 
equation for the first approximation o the characteristic 

chord 2-3 becomes 

e3 = cl:r.2 (43*_2*) 
;.- 

(y0) (:3) 

If equation 33 is solve for 
, 

the result Is 

e 2tcA.2 (M3*_42*) (338) 
3 2M2' 

The corresponding characteristic equation for the physical 
plane becomes 

y3 = (x3-x2) tno2 (27b) 
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The hooraoh equation im1 the nhystc1 equt1on fr t1e 
characteriatte chorl 1-3 re the s tho3e use3 in the 
e1cu1ttDn of interior ootht. The hoioraoh equation 
18 

(M5*_M1*)+E'(x3...x1) (26) 

e1 the corresooriing physical ch'rctr1st1c equt1on 1 

a A(x3-x1) (25) 

Equations 27b and 25 are .o1;ed 

y. These values are then usei 
which re solves simultaneously 
these velues re found, the fir 
coolete1. 

2. ucce1ve Iteret1oi,, 

simultaneously for end 

in equations 33a end 26 

to find e3. Once 

st tp)roxim5t1or1 h'a been 

The following rotation 
is use1 to impl1fy the characteristic equat1or fr 
successive iterations 

c; = [tno2 + ten (e3+3)] (3k) 

H a i + 
sin s1no'31 () 2 L 3 sin (9+.) J 

The ohar3cterist1c equations using the everge coefficients 
along the chor3 1-3 becorne 

_c' (M*_*) .t- E'' (x3-x1) (26a) 

for the hoiogrsoh piene, r1 

:3i 
a ¡ (x3-x1) (2g) 

for the pxysical piene. Thc corresDor3ir. ohsrectertstic 
equations for te chord 2-3 becote 
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93 = ' (i3*_M2*) - n (36) 

for the hodograph pleiie, end 

y3 = G (x3-x2) (37) 

for the physicel piene. The properties of poirt 3''ere 

deteriined in the seme nenner es they ere determined in 

the first eptroxtmetion. This orocess is reoeted until 

the chr.znge between successive velues of become less 

than some specified. Therefore, when the velue of 

93' 
- 

e3 - E becomes negative, the degree of accm.racy 

tht wee esired been reeched, and the iteratIons 

procedure for that point is completed. 

Point On Axis of Tymmetry Calculetion 

The points that lie on the exis of symmetry are 

similar to those that 11e next to the axis of symmetry 

since they both involve an indeterruthent term ir the 

characteristic equations for the hoorath plane. Consider 

figure 4, which denotes the notation and hys1cel concept 

of a point on the axis of syiiietry. The properties of 

point i ere known. Point 3 represents the unknown point 

end lies at the intersection between a right running 

characteristic line from point i and the axis of symmetry. 

1. kirst Approximation. For the first approximation 

tne indeterminent term does not eppeer since the properties 

of point 3 ¿Jo not enter into the characteristic equations. 



POINT ON AXIS OF SYMMETRY CALCULATION 
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The chErecteristic equtiJns for the chord 1-3 become 

-y1 = (x3-x1) tn (e1_i1) (38) 

for the ohysIc2l plane, and 

-e = -cot-1 (M,*_M1*) + sir e1 1no1 (_9) 
i M1* -J 

y1 s1n(ê1v1) 

for the ho1oreph plane. The velues of e3 and y are equal 

to zero since point 3 lies on the axis of symmetry. The 

velue for x3 en be solved from equation 38. Equation 39 

crì be solved for M '. 

2. "uccess1ve Iterations. The average coefficients 

are used for the characteristic chord 1-3 in the succesaive 

iterations. The hodoraoh equation or the chor 1-3 now 

becomes 

i rcot'-+ COttY_11(M*M*) + = - 
5 LTh3* M1* J 

(Li.o) 

1; rs e1 s1n1 sin 83 s1ri3 
- 

2 L sin (G1L1) y3 sin (e3_&3)J i 

The value of' S3 and y3 are both equal to zero from the 

axis of' symmetry corilitior. Therefore, the last term in 

equation 40 is indeterminant. The limiting form of the 

indeterminant term does have an approximate value 

(io, . 6eo). The limit of the irdetermirant term results 

in the following 

11m 1s13 51fl1 (41) 

sin (e3_3)J -._ y1 
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By repl5clr the ireterliisrit tern lr equat tori 40 with 

its ll'nitthg v'lue, the re'ult is 

= i Icot c:'< 3 + cot °i ( *'*) + 
LMf J 3 

(40e) 

[;" _ - 

The last tern in equtior 40e contains the tern giri 

in the cenonlnetor. This reoresets possible trouble 

spot heri the values of e1 becone equal. This 

wss cb'rge by subatitutIrr lr the value of (-y1) fron 

the ohysloel plane, which chnges the tern th (-) to 

°° (1_:K1). 

The following notation ta use3 to irnitfy the 

characteristic equations 

p,, = l[tan (ê') + ter (_0c3)j (i9b) 

C, coto(i] (21) 

I = re + sin 9 o( (x _xi)] (42) 
L 1 y'1 oca 3 

The characteristic equattors for the chord 1-3 now become 

-y1 * t'' (c3-x1) (í) 
for the ohysicri plane, and 

-el = 
_c$ (M3*_1*) +1 (4Z) 

for the hoograph plane. The values of X3 r3 M are 

found tri the same nanner es use1 in the first 
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approximation. A repi31y convergent iteration process 

is used with each successive iteration making use of 

the results of the preceeding one. The convergerce 

process compares the change between consecutive velues 

of M3* with e Iesignated limit, ( . hen the change in 

M3* becomes less than, the iteration orocedure is 

comnieted n9 the desired accuracy has been achieved. 

Lepc]1n Mph Line for Constpnt Area Nozzle Calculation 

The caiculstions used in determining the character- 

istic ir1d for diverging conical noz2les has been 

ietermine3. The source flow solution cannot be used for 

points on the leaing characteristic line when 9N equals 

zero since the value of N becomes infinite at this point. 

Therefore, a separate method was ievelope for the 

constant area nozzle. The leading characteristic line 

for the case of constant area nozzle Is reoiesented by 

a straight line ernanatln. from the lI of the cozzle e.ri 

having an included angle of with the x axis. There- 

fore, this characteristic line l.a a function of the exit 

Mach number only. The notation end ohysical concept for 

this type of nozzle is shown in figure 5. The exit 

conditions et the lip of the nozzle specify the fluid 

properties along the entire leading characteristic line. 

From an examination of figure 5, the ohysical coordinates, 

x and y, are 



CONSTANT AREA NOZZLE 

osofsmet 

FIGURE 5 

X 

jet boundary 

characteristic line 

'eading characteristic line 
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X,«COSO( (È45) 

y = i- siflcX (46) 
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CONSTFWCTION OF TE CHARACTEIIISTIC GEJD 

All the inivi9ul type c1cultions it conrectiori 

with the 1evelopment of the chracteristic grH hve 

been consiere1. The problem now is to combine the 

different cicultions to produce the characteristic 

grid. 

Figure 6 shows the notation and physic1 concept cf 

the evelonei chrcteristic rii. The last chracter- 

istic line represents the last right running character- 

istic line that was calculcìte. before the boundary 

ciculst1ons were used to 1eterrnine the jet bound8ry 

between the nozzle flow and the exterior flow, The 

section of the characteristic gri3 between the leaflrg 

characteristic line and the last characteristic line is 

called the kernel. 

The first step in the development of the character- 

istic grid is to ciculate points along the leading 

chracteristtc line. By using the lealing characteristic 

line calculation already considered, the properties of 

the Doints on the leading characteristic line can be 

determined. The number of these points directly affects 

the size of' the characteristic gri oroducel. The 

closer the ooints are together, the finer the character- 

istic grid will become. The lesung characteristic line 



CHARACTERISTIC GRID 

FIGURE 6 
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is reoresented by the oothts 1, 2, 3, L, 5 8t 6 in 

fIgure 6. These ooints cm be constered the input 

date for the 9eve1op!nent of the kernel of the chrcter- 
istic grid. 

The next step is to use the corner expansion 

oalculetions to calculete the start of the next right 

running cI-rcteristio line from the lir of the nozzle. 

The no7zle 'lo is experie eroun the corner of the 

nozzle using the soeoifie increese in the nressure retio, 

The new ciculetei ootht at the li of the nozzle 
px 

hs the atne ohyslcsl coorinetes, but the fluid properties 

lieve chne1. The new oint is represented by point 7 

in figure 6. 

The next point, which is point 8, represents the 

Intersection of e right running chsracteristic line from 

noint 7 with a left running cheracteristic line from 

point 2. This was the tyoe of' celculetlon thet ws 

3iscussed as en interior point. Therefore, using the 

Interior point celculetions, the properties of point 8 

cen be ciculeteJ. The interior point calculetions can 

be used to celculate the properties of points 9, 10 and 

li sinoe they, too, &re e solution of the same cheracter- 

istic equations as point 8. 

The properties of point 12 are calculated by usIrg 

the point next to the axis f symmetry celeuletions. 
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The proertles of point 13 cre found by using the noint 

on the cxl" of symmetry cs1cu1tion. 

;lth the determinetlon of oolnt 13, the right 

runnin ch?rccterlstic line represented by the points 

7, 8, 9, 10, 11, 12 and 13 has been aetermlreci. 

The flow at the lip of the noz7le is expan-iea once 

more through a specified increase in the or'esure ratio, 

Pe/Px, to establish the heglnninc of the next right 

runnirl.! charscterltic line. These right running 

oha.rscter1stc lines are gerer'ted until trie isst 

calculated chsracteristic line i close enouh to the jet 

ooundery t use the bouniary calculetions. The Initial 

properties of the jet bouncry at the lip of the no7zle 

are specifie frodi the free stream arid exit c'miitions. 

For most cses, the value of O et the lip of the nozzle 

for the isst characteristic line Is within L or 5 degrees 

of the value 'or O from the Initial properties of the jet 

bourcry. 

The change in 9 for each new charccterstic line is 

directly relatel to the size of the grid developed. The 

grid size is controlled by the change in O for each new 

chraeterlstic line at the ib of the nozzle and by the 

number of ooints on the lee'lrg characteristic line. 

Therefore, lt is possIble to evelo the rri1 size 
desired. 
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The end results of the deve1opent of the chsrscter- 

istic r1d is the jet bourd'ry. Once the jet boundary 

1.5 determined, the entire chracter1stic grid hs been 

developed. 
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COMPUTFE CALCULATIONS 

Since the iteration orocesses in the eve1opment of 

the chrcteristtc gri1 re re1t1ve1y 1encthy arid 

numerous, the troblem of ctua11y c1cu1ttng the 

chrecterist1c gri3 ws progrtne1 on the AL\AJAC III-E 

electronic dtgtt1 conputer. The machire time requtrea 

to ceomp1tsh the lesired results is of m2jor concern 

since the progrem for the deveIoornet of tne ch9rcter- 

istic gr1 for one problem .y require everel hours for 

the slut1on. The method of proraming is strictly 
1eternithed by the irigeruity e ebility of the progrsmer. 

Although the firl progrem is riot optimized, sn effort 

wss made to minimize the coriputer time required or each 

problem. 

Iriti.1 Prozrsms 

The interior poirt calculations that h.ve been 
discussed ir the receediri section and the bounary 

point oplculatiDns were pror&rned by Newton (7, p.19). 

These calcultioiîs developed the characteristic grid 

between the ùst cslcultei right running characteristic 
line an the jet boundary. The interior point calculations 

are the spme for the interior roints ir the kernel as they 

are for interior points lying between the last character- 

istic line and the jet boundary. 



The Prndt1-eyer expnsion c1oltions, hioh were 

&lso orogrerne by Newton, re used in sli:;htly 1tere3 

forn in the progr or the expvnton round the shrrp 

corner of the nz1e (7, p. 57). 

ethoî Clc.iùìtton 

The equevce . f the different o1ou1tion, ornected 

tzether to levelop the cherRoterittc grid, WRS utcue 

in the nreceeing qectior. The oomputer programs for 

the dev'iopent of the chrecteristic grid ere preeer.te 

in the pptenlix. 

Iitth1 Ir)pt 

The initi1 input 1te oorist of the roilowing 

q u e n t t t i e s. 

1. The specific hc'at retio, ke en }. 
2. The titie1 vniue of b and 1b et the lip 

of the n)?zle. 

:3. The nO27le flow psrerneters e an Pie. 

L; The free trcen reeters ,. 

5. The de-ireted increee in the pressure ratio 
et the corner of the no7z1e,A'. 

6. The 'naxtnurn nunber of interior points to 
celculte E. 

7. The 1esiated deere se inocto ieterTlt:e the 
leutng Mech ltne,4oc. 

s. The nuiher of points on the axis of syrnetry 
tz, oelcul- te . 
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The v1ues of ke nd Me specify the type of nozzle 

flow while the velue of ee ieslgnetes the 8mount of 

1vergerce of the nozzle. The qurt1t1es lç eni 

es1gri'te the tyoe of exterior flow. The v1ues of 

6b Nb are determthe through the use of the Prandtl- 

Meyer exors1on program and 1enote the initial con'iltloris 

pt the start of the jet bounry. These velues also 

deter1ne the ressre ratio, e/i , v1ch iiust exist to 

produce such a jet bouúhry et the ito of the nozzle. 

The value ofP is the amount that the pressure ratio, 

Pe/Px, is increased each time a new right runring 

Oharacterst1c line is eneratec5 et the lip of the nozzle. 

The quantityLc.designates the nount of 'eorease 1n for 

points calculated along the leaãing characteristic line. 

The value o! E designated the nax1murn nuther of points to 

be calculate3 alors the les'1ng characteristic line. 

The quantity N'represents the number of points to be 

calculate1 along the a1a of symmetry. The initial inout 

discuse is the irput for one entire problem including 

the ciculat1on of the jet bounary. If the development 

of the kernel is all tht is desired, the oroperties at 

the boundary and free streqrn flow can be ignored. 



Inivi.ual Cgculatiorìs 

The combine program was prograrne3 in 

that two of the in-livi3ual c1culations ca 

thdepenently. These two calculations are 

on the lesung characteristic line program 

carrer expansion program. 

'ith the properties of ee, 1e, STil Me 

such a manner 

be ooeratei 

the points 

anZI the 

kno'n from the 

initial input, the eonUtions at the lip of the nozzle 
are given. This represents the first point on the 

lea'1thg chsrseteristic line. To osloulate the 

oroperties of the next point on the leling characteristic 

line, the value of at the lip of the nozzle is iecrcasei 

by the specifie1 smount4c(. Uing this new value of«, 

the rest of the propeTties at the new point can be 

determirei. This process is repeated until the value of 

y for a point on the leading characteristic line becomes 

negative. This indicates that the last calculatea point 

In the physical plane lies below the axis of symmetry. 

It is esirable to have the last o1nt on the axis of 

symmetry. The point on the axis of symmetry cannot be 

founì exactly by using this process, but a convergence 

methol was ieveloped which will converge on the point 

at the axls o symmetry. This convergence method uses 

the point on the axis o' symmetry nrogr'm to leterrntne 
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the approx1rnte value of the properties for the point on 

the axis of symmetry. This i coomp1ihed by using the 

oroperties of the 1st c8lculstei possitive point Ofl the 

1e8iirg chrcterist1c line ss the input dste for the 

point on the axis of symmetry program. The aifferenee 

between the value of the the lpst 

positive point on the leeing characteristic line is 

determire enc5 d1viie by one lesF thon the number of 

points on the leading cbercteristÌc line. This new 

increment ofois then edded to the value ofAoc. Using 

this new velue ofA., the proerttes of the points on 

the leing chsrcteristc line re re-c4culte1. 

This rroeess is reoeate until the '3ifference between 

for the isst positive point n1 the point on the sxis 

of symmetry is less than sorne 'esignate velue . 

However, if the value ofLi% which will produce point 

on the leazllng characteristic line sufficiently close 

to the aìs of symmetry is known in a3vance, the 

convergence process csn be elirninate3. Since the point 

on the leing characteristic line progrsm csn he used 

inc9eoencently of the final progrprn, the value of&can be 

1eterrnine before the combined program is usel. 

The expansion around the sharp corner o' the nozzle 

is hFJnhled by the corner expansion progra:i. The prc'sure 

ratio, &/Px, is increased by the quantityan1 the 



properties for the new point t the lip of the nozzle re 

cieterrninea. is ws discusse1 in the preceeing section, 
the rnount of change in the v1ue of e 'hou1d be constant 
ror each iiew rtcrht runninc chrcteristic line. As the 

vslue of 9 get larger, the rnount ot exrc"sion becomes less. 
To correct this, it is poible to intrese or decrease the 
v1ue ofAP bePore the rext right running chrscteritic 
line is calculeted. Thereore, if' the amount of exosusion 

begl.nsto becoïreless ir vplue, the vr1ue of A cnn be rslsed 
to counterct this. One problem in using s vslue such as 

¿P to lesigriate the pmount o! exîarsion is that there is 
no ay of krowtng in advance whet the value of the change 

going to be. corner ecparsion program has been 

programed so that tt he operate'. .ndependently of the 

final program. Thererore, it is possible by using this 
program inepencientl' to determine by trial End error a 

suitable value for AP that will give the desired change in 
the value of e. 

Prorarn Conveniences 

while the arithmetic operations of the computer are 
quite rapid, the type out is nuch slower. The orogram 

atoros all the properties of points or. any particular 
right running chracteristic line until the whole line has 

been calculated. It then proceeds to type out the prop- 

for each point on the line, which are x, y, M*, i, e and. 



Since for & 1rge rurnber of points this is quite 1ncthy 

en becuse the 1st chrcteristic line is the desired 

result, the tyDe out of the charscter1'tic lines in the 

kernel ccn be ornitte.. 

In the initiel input, the velue rf E must be known. 

This velue is the mximu number o? points that ny he 

ceiculpte on the lec'-iing ohrecteristio line. Therefore, 

it is oosible to thclue only psrt of the leang char- 

acteristic line and evelop the characteristic grid from 

this. If all of' the points on the leairg charocteristlo 

line are to be calculate, the value of E is a number 

larger than the actual number of points on the line. 

The v'lue of N' desirìates the number of ocints on 

the axis of symmetry that are to be calculated. If a 

certain number of such points are desired, the value of 

N' represents the number of right running characteristic 

lines that will include ooints on the axis of symmetry. 

After this number of' lines has been calculated, the char- 

acteristic line hreks away from the axis of symmetry. 

The program to develop the characteristic grU of 

the kernel is inde'endent of the boundary program. When 

the last right running characteristic line has been cal- 

culated, the properties of olnts on this line are Punched 

on taoe, To use the boundary calculations orogram, the 

seme program that is used to put the properties on tape 
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1.s usec to store the properties in the correct olsoo. The 

bourdery progrn is then stsrted s it woufl be orUriari1y. 

CoDvergence Crlterte 

The se1ectirn of converence limit eoends on each 

p8rticu1r celcuistion ri '-rohiem. The i7e of' the grid 
is e 1eterrninin f'ctor. The error that the gri5 size 

introduces is r function of the distsnce between successive 
points. The totol over.sll error irvolved in any prticu1r 
prob1en is equ1 to error ceuse1 by the size of the cher- 
ecteri"tic grid plus the error in the eccuracy of the 

celculated points. Therefore, even if there is no error 

in tie celculeted ooints, the overell error could still 

exist. The degree of 'ccurocy öl' the cr1d is 5ifficult to 

establish. It is krown thet the error irtrouced by the 

gril is inversely prorrnrtionel tD the grid size (7, p. 

Therefore, the lerger the cheracteristic grid size, the 
llore error it introduces. The velue of the convergence 
limit é shoul5 be rns5e es lrge os the .sccurecy require- 

ments will allow since it would re5uce the mechine time 

neee to celculete eccò point. 

The type of convergence 'roces ueI in the celculetions 

ec to cospsre the ebsolute difference between successive 
velues of for the point under consieretion with e des- 

ignated limit Since there ere ro set rules by which 
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the vlue of cn be selected for each p8rticu1r gr1 

sie, the v1ue of 6 is step11y 9ecresed until de- 

cre1n lt ry further does not rf'Pect the rcsu1t. 
The value of' the error 1ntrouced by the size 'f the grt 
varies with vr1ous oositios In the r1i. It cn be 

noticed from figure 6 that the r1d spacing Is much riner 
in the vicinity of the lip of the liOz7le thri near the 

axis of symmetry. Therefore, the error r3ue to the :r1d 

size becomes rester s the points approseb the xis of 

symmetry. T3 attiri a constsnt over all error, the velue 

of é would have to be smeller for points near the axis of 

symmetry then those near the lip of the nozzle. The value 

oft, however, is fixe3 end is the same for all the irite- 

nor oint calculations. 
Another method of convergence was under consi-eretion. 

This ciethod made use of a percentage basis to calculate the 

accuracy of' a point. The dif'fercnce between successive 

velues of for a ,oint is determined and divite1 by 

function of the grid spacing. This value is then compared 

with a convercence limit ¿ to check for accurcy. This 

converence metho is deroted by _ 4e -6<0. For this 
particular type flow, the function of the grid spacing 

can he replaced by 161. The value for the function of the 

grid pacing can have other values besides lei . This 

was used as an illutrstion. This method has the ability 
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CONCLUSIONS AND RECOMMENDATIONS 

The development of the cheroteristIc grid for di- 

ver.71.r.ig conicpl nozz1e hs been completod. The ccurcy 

of the process hs been checkei g1nst constnt pres- 

sure jet bounry m1 verified (6, p. 15). The problem 

hs been progrewed on the AL'iAC-IIIE electronic computer. 

It is now oible to 5evelop the cheracteristic grid 

ti1 jet boun'Thry comoletely iöeper1ent of any precicu- 

lted 1ats. with the development of the exts of symmetry 

celculetions, it is row possible to study other supersonic 

flow problems involving similsr exis of symietry celcu- 

lt ions. 

The liiiittions on the method used here to develop 

the ch'recterist1c grid ere briefly the following: 

1. The flow is exielly symmetric, steedy, irrota- 

tionel, end supersonic. 

2. The diverging noz?le produces a conical exit 

flow. 

3. The fluid is a perfect ges and hs e constant 

specific heat rtio at constant pressure. 

i. The points next to the axis of symmetry in the 

charecteritic grid are close enough to the 

axis of symmetry or the aporoximation in their 

calculation to be valid, 
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One 1n.Uv1ua1 c1cu1ìt1on h1ch is needed to solve 

sone types of :upersonto flow still ren1ns. This is the 

solution et soli5 bouniery which 1oes not lie 1on the 

axis of' synnetry. Once this is completed, worth-while 

stw5y woul1 be the lesign o supersonic nozzles. The 

interior ooirit calcuistions en1 both of the axis of' syrn- 

fletry c1cultions could be a1apteì quite esi1y to this 
type of a problem. 

The method of convergence using the percertage bssis 

SS 9iscussed in the preceeding section seems quite worth- 

while. The nossibility of sving some machine time while 
attainir the aesl.red results is quite evident. 

One direct problem is to study the effect of the 

vrious prrieters on the jet bouni'ry. 

A study of the error introduced by the size of' the 

grid cn row be rnde since it is possible to very the rid 

to the size desired. 
Through the use of the calculations in this paper 

in NeNtO's, the basic tools 1'or the development of a 

number of supersonic problems ere ready to be used. 
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All the calculations re programed on the ¡.L.AC-III E 

electronic igital cotputer. The programs use the floating 
ooint subroutines. The subroutines used are as follows: 

1. sin 7. aId multiply 

2. cosin 8. al-U.tion 

3. square root 9. iiultiplication 

, srctarent 10. division 

5. exoonertial 11. irmut 

6. natural log 12. output 

re rn s 

The combineI program has two prograns which can be 

used independently. These two programs, the point n the 

leading characteristic line nd corner expansion, till be 

cons1ere- separately, but must be included with he rest 
of the combined orogram to solve a complete nroblem. The 

Newtonian boundary program an the Prantl.-Meyer orogram 

is liste3 in Newton's thesis an will not be included (7). 

Point on the Characteristic Line Program 

The program is startel with 500. 



i. innut 'øt. The trput cntt e,,, 

r1 

2. Output i*p. Th output orntts of z, y, ', 

9, r1 rtnt on the Le.4tng ober- 

otertttc line. 

:3. Lc,c,tion f cnvrel1cbe lttit. he 11iit,, i 

1cr tel in cPr.nel ?, w*ri ir. 

4. oiiftorttn. hen this pror tue 4th the 

ctT ... )ro:trt1, unreoeRry crrrtse return 

t e1etl, To elete the orrrie 

return, iruert the fo11otng *rd 

n )e OOQ0000C 
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COMPUTER PPOGFAM 

65 
83668567 r706795f 872a3025 00005b53 

795bf701 83761126 5b53791b 7917a508 

5Í78l44 6366a508 ao8116O il6O95c 
T706372e 11603a02 87133000 5b37953 
795b1].60 79532130 79191160 2f301120 

811783 791b1160 c51198712 b9e7eO2 

550c7906 67293016 117917 0&..97e6i 
f701784a 790d1160 1160372a. 8d66f6f 
6 3b55014. 

79312160 79021160 14JÀc7951 5b56I4iJ4# 

kl9Z145bi1.3 4978fl2 e508116O 79521160 
¿4153793f 1i49793b A91d8712 30OO5b4.b 

a5061160 a5031160 11149795a 79529.508 

9#53a9c ce872a 11600011 U6OLi.94b 
1793b 5bc4]Àc 5b+c672a 816811oo 
U6ci6 79511160 795aa508 31b8027e 
8729iJA6 b5b53 116O49L.O 302x46161 

66 32b59fa7 

67 
53150r80 6689d99L. 53j14513 53Q5f 
53bd0000 53o50000 53176000 5oOOOo 
6689i' 53151a00 00000000 00000000 

00000000 00000000 00000000 00000000 

00000000 2s3d7e6f b3Zb6f7e 66o0000o 

25b87e61 0a097e6f 3s000000 6e3be8d.3 

b0286fbf Be000000 beb2ThOl 5bGd&0))4. 

00000000 ]M087e61 O71266r 58014.0000 

6ï b0beef7c 

68 

30005'o53 5beOOOO 4.])4.7955 a5081160 

795d1160 79551160 a081160 1494.b3000 
914b5b146 3?'1b3c 30005bke 5b5c791f 

l4.159795d. 79321160 795e1160 116014.950 

a5081160 14.914.b8718 871b3099 11505b14.b 

f9e8718 4.111.d7912 791a1160 791fa508 
Z4.1Xtb793O U60872a 872a301a 63691120 
1160872a c5i.e5b53 5b14b795e a08ff'7e 

68 57077eb 

Figure 7 



69 
116O1194.o 313&#17 1.1577933 872b792c 
¿i.1Zi75b1O 793T1160 a5081160 Lk17a5b56 
793b1160 5b730O0 94fI1f 81701100 
30O45b53 7937e5O8 5b11.a792f beb27e6l 
793bft508 11603000 116011.911a 2a3d7e61 
11608713 793f2f3a 5b1IJÀ].57 b1296f7e 
30007909 79331160 792fa508 b2c7e6f 
U60872a 91la5bL19 11603000 9ed00000 
69 597a625 

70 
79a116O 5b57791b 00000000 1.114179Of 
L&95b872a. 1160Z1911a 83711l1L.f a5081160 
794a2t'3a 87123000 1113873.2 83711120 
11.15b791f 791ba508 ¿1)i4a7917 ObleOl6f 
11603a00 1160872e. a5081160 81721116 
i.15 6791f 5b+c7917 872a5b11c 1699016f 
s5o8116o 116oL9b 790f1160 9185026f 

9e3000 1d.02U8a Lê914a3712 1c907e61 
70 L.519d 

71 
872a5b5c 141Z1.d793b 5b87933 818e1199 
793f1160 a5081160 11603000 8172118e 
2f305b4a 9L83O23 5b537933 00000000 
793fa508 5b11.c7937 a5081160 583e.007e 
U60491e 116011.9Z3c 30065b+c 32a6616f 
5b5'156 5b114l1J.56 792±1160 bd.b17e6f 
793b1160 7937a08 87293018 293c6f7e 
9c5b1#d 11603000 79291160 b028616f 

71 95adn.ed. 

72 
Il9278b71 7922f30 83697917 81771100 
000bllOd 5bLf791f 9367908 5b9a0061 
1494.a11aa 116091.f 93d8b69 9b3000 
0000550k Ll1f5b57 00000000 1188±701 
872±793e. 791fa508 836611a.5 ¿l9Li.c8172 
4.0501160 116011.91.9 79075b112 817o1184. 
7921±701 8363791b 116011.9ulf LI.9L1.b1113 

17l0872a L.9273'068 79031100 95896±61 
72 e6addcl4d 

F1.gure 7 Continued 
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76 
9311L5 1bOO55b 119+9Ub7 7937L9Q 

5b1497959 872f7939 f701179c 2600L1.92b 
a508U60 O9li6O 79Or?O1 6b8c8371+ 
2f3Ob57 795bf601 872.aL4.1L1.1 11a165 
7955a508 17057905 5b57791f 113a5b.O 
U6C914 Í701372a il6o1.91 6165791f 
00001131 ¿1.114.95b53 838c11b# 11090000 
79511706 795c1160 I#1L0Ub3 56000000 
76 

46a11i.1d 

Fjure 7 Continued 



Corner Exppnsior ProRrrn 

The program is strte1 by 6c20 

1. Input ete. Inrut at consists of the fo1loin: 

ke, k, eb, Mb, Me, 

2. Output ata. The outout is as follows: M, M*, 

, w, an O, where w is e function of O. 

3. 1odificetion. The carri.age returns are leletea 
by inserting the following wors: 

6b Oc 00000000 

6o 18 00000000 

6o ic 00007921 
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COMPUTER 2FOGRAM 

68 
30005b1b 671 211.102 a53Cb O 9OeOe 
a5o8116o 790b1160 11c*1Oe 14.11b790a 
C71+131 333a872a 3oo65ob a5031160 
30001160 790ba508 ll6oL.].Oe ¿493f793 
9O3872a 1160L4.90b 30025b1f ±7O25552 

79164.92 2 14.1015b05 t.5O8UCO 780aÍ706 
92a79l2 79u71160 14.10a30Çt3 793tíf701 
495OU3d 4.1O73O31# 5b031160 1757110e 
6e. 7e1f17a5 

6b 

Oi4.eV1OO O3Àclli.211. 66B9d99Li O11tc5.16 
O]Àc541e O3)4c524. 53000011 C()5dbf6 
01ceO3O ¿1c3.bca f437ef d]À96f02 
793bf701 1714.791d. 5361Lr 3ae616f 
5552872f .9224.92a L1.9lblltI.1 9O3&f 2e. 
795a40].O 7913i.95O 30005b 8200o000 
11&79O6 836dU20 4.32f6f1e 00000000 
r7olli:d 5b03305 31a.1616f 86000000 
6b d9f1306b 

816b356a U601.9o2 30005b03 c51b872a 
793bf701 791i11a 116O410f 5bOÙkile 

3k78o 2f30a508 300()ibO3 71n1160 
£706872e 5b00U60 116o1o: i.1i11Ào 
79321160 !493.3a5j 5b1f3034 6e3be8d3 
!8ol7e.8 !l.1177937 a5Q1160 &Jb9OD6 
872aL.1o2 116O937 871Bi.13b 5b6da023 
5b33791 79371U.3f 30001160 OOsÓOO6f 
6a f 3i.f1e65 

p,' 
OLI 

S361571f f7O571t 5b3e7917 116O1i936 
793ff701 793bf701 5O8i16O 5b2f133 
782L7O7 7825f705 93e.5b23 791b1160 
872e79lf 1705793f 79372Í'30 00000000 
116o132c f7015b 28 79131160 83166161 
17030000 137872& f9333üOO 0e.Id6fól 
00000000 7917110 5b3&7913 OO2cCK)7e 
f7017921 92f3O31 a5030000 OOOOO90 
60 OdaOaccl 

Fjrur 8 



61 

0114.clLl.00 01li.c5li00 01t.9d1l.00 6689199# 
5317714.00 15Oca89L 149Uc&k 6689d99k4. 
00000000 00000000 00000000 00000000 
8562L#12 1.L12f1160 00000000 00000000 
14.92f5b33 9321]J0 0038007e 00000000 
79321160 6e3be8d3 00000000 86000000 
149338729 1a0e7e6]. 00000000 5ß0000dd 
791d112d. 91097e61 82000000 5b6d0c6 
61 eb9Bcl441# 

62 
8l63872a 795b1160 L157793f 141535b37 
14.1295b29 87293055 1160872a 791±1.160 
795±1.160 791fc1160 c5577932 o11146f6f 
14.92e3014d 14.95714.13e 2f3I4.157 OOdeOO6i 
79372f3a 791451160 795ba508 00000000 
795Th508 149538713 11603008 00000000 
U601493e 3000793b 5b3e7914.f à61456t6 
30005b33 U60c53e 116014926 d814616t 
62 29ce07b8 

63 
30008713 5b3730c9 149205b20 a5081].60 
79561160 793d1160 79262f30 1492714129 
c525872a 5b533099 79391160 790e872f 
5b3a1412e 793d.a508 149233a8f 1160793b 
7914b1160 116o3o1#o 141357939 f7017911 
149535t36 87297909 a5081160 1412140000 
1412e7914b 1160149214 1492330d14 856141160 
a5081160 872a7926 5b2b791f 0700617e 
63 98fc2522 

614 

793bf701 793bf701 1491d8963 872a1182 
872ab25 141277901 795711147 149148963 
4135795f 1160872a. 83615 51b 1bcb79143 
116030141 1412a5b29 781441482c 14.91d8963 
872Í79la 795fa508 170e8d6e 8562Uc0 
1160793b 11604929 816011914 872a7926 
f70114123 00000000 83781139 00040000 
7914c1160 8163795e 872a1182 d.5cc617e 
614. ed.a37e2a 

Figure 8, Continued 



8160793f 792f149140 79271160 1411e111414 
14910856e 8d6d856a 149577953 be26617e 
793b.91c 792b14953 1706872e 83c1131 
U00816d. 836d.U38 7914d1160 816b856a 
793714900 8979856e 14914f372a 836c113c 
896d7933 790f1495f U235b14f 816b11.938 
836&U2J 790e1495b 7927a508 836c11ac 
8d6e356d 5b031411b 1i6014914 116o1481414 

6c f76956149 

6e 

86cceccc 8ac7bel3 OOOOOO114 8e000000 
5b5679147 872t5b3b 00000000 d14c87e7e 
11601493f 795ei1t0 83785b014 &5000aoo 
5b1e14100 871b3032 793f1160 768f5c28 
79147a508 791d1160 860b62ob 53d14b1400 

11601493b 872a0014 8a000000 96b66d1ff 
871814.]i#b 95 21413f 86000000 aaUlót a 
79551160 fl40000 14614d6f 6f 96b66dbf 
6e aacO7e2l 

73 
5b0143025 79201160 149468d.614 8727926 
793fa508 1491410000 81637923 795711147 
11603000 000081614 1491d8963 872a1182 
5b1.Í793b 793714.90d ßl7rlloo 1412a5b29 
11603000 793314906 1495d&163 8b90115a 
5b52793b 89614110a 856e8].79 U595b29 
a5081160 85614792f 836c11b2 3cb06f61 
817f1118 14914d7927 872e1182 a8206f7e 
78 9al887d2 

7f 
836c791f 116014913 11603729 8361551b 
149368b6c 141140791b 3000112]. 14114b5b14f 

856147903 2f 3a79).7 836c14936 82196±7e 
4914e838c a5081160 8b6c8378 8a000000 
Ua141b114 30005b0f 791e14914a 250a0337 
7907110e. 790b1160 8d.61#793e 11816161 
3128791b 30005b13 85631132 86000000 

21'3a7917 790be.506 8390551b 112351,14f 
7f fd7f 1463f 

Figure , Cort1rued 



u, 

8e 
14.914.38185 1492f8b8c 5b077903 3e866161 

1187793f 8376113e 11601f90b 8ó000ûoo 
1#9568d6I 792f14.9L4.3 898c0000 96a00000 
lbac793b 793314.914.]. 11272800 O6cecccc 
li.9568d614 280014.92b 149Oblla]. 763be8d.3 

111147914.0 8b8c8176 7923a503 8abae]À7 
1493779141 110311.91#c 372a1160 856211140 
149337914.3 872a1410b 30001191 816011911. 

8e 218b5d9f 

Figure 8, Coricluled 



Cornbthed Prorm 

Type 7elf t stsrt the rogrm. 

1. Input ists. The input Ists consists of the 

following: ke, kQ 9b' 14b' Me, ee,'., 

r, n9 N'. 

2. Output det. The output dats is ss follows: 

x, y, M*, M, e, sndfor ech point in the char- 

acteristic grid. 

3. Dt Storage. The noints on each right running 

characteristic line are stored in channel (fO-z) 

where Z is the number that the pint occupies 

the characteristic One point is stored 

in each channel. Point number i will be locate 

in channel ef, while noint number 2 is located 

in channel ce, and so forth. The noints are 

numbered as shown in figure 6, with point number i 

representing the ootht at the lip of the noz1e. 

Location of Convergence Limit. The location of 

for the point on the leading characteristic line 

has already been given. The corresoording loca- 

tion for the point the axis of' symmetry orogra 

is the same. For the interior point calculations, 

-, is locted in channel 5e, word 37. The loca- 

tion for the ooint next t. the axis of symmetry 

program is channel 8, word 2f. 



5. Otfttt3n. if e type ut rtht runtn 

chrpctrtt10 line rt tz be ttte, put jun 

switch I in th rorupr poiticti. If R VR1U? 

,f14 P wnt t h tfflro3uce' tnt, the progre, 

t jUt) 'wttc th norul otttor. 
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CMPUTER PFOGbAM 

53 
8712111lIf J415Í'791b 2f3O5be 15579Of 
791f1160 e5o8U6o 79131160 a5051160 
c5iO4JÀf c54.17917 i495LÇ913 b8acOl7e 
791fa508 i.15f116O a508415e 2i.9eO2O1 
U60c51f c51b872a 5b5fU60 160a6161 
5bLl.0872a 5b1417917 9558712 1d117e02 
791bU60 a5081160 3000790f O9lcOl7e 
91+O8712 4.91.179f 1160c556 90080201 

53 75da2c75 

5Ìl 

81531100 1160333a 1160872a 5b1f7933 
872a333a iê.157872a 5b1b7937 a5081].60 

790b#156 793fe508 11603a00 81553a00 
116049i.6 li6oi1i 141567937 141571100 
871279cm 8712793b a5081160 2b3e6f7e 
a508141514 14114e1160 3a001415b 36aa7e6f 
1160c557 c53f793b 79331160 a2390202 
793f141514 a5081415e 1491431413f adal7eO2 
514. 2eec1aL.6 

55 
8356791f 790814d7a 791462f30 0000li6o 
U6o14114b 791f14.114a 5b1447917 302fc559 
3a0d791f 5b14.l#1160 a508].160 5b11.67913 

a5081].60 1491f795a 301d.5blf 11600000 
14142714b 2f305b146 791ba508 2820616f 

2f305b5b 790e14d7a 1160149514 0e076161 
791b1160 791f1160 795a2f30 961c7e61 
1491í87 1491f872a 5b5147917 108147e7e 

55 3lfbc7dO 

Fj:ure 9 
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3].5b7913 5b1$.]ila5c 913795e 79O71.d.7a 

a508U60 793bfl60 2f305&te 791b11#3 
t.9551I.)ÀO 9'.1sb'io 7937a.508 5b591160 
5b1i.1793 30be793b 116O91f 072a3009 
116011.91b a5031160 872b792d 83571120 

O11c 9177911a k47a791f ae226161 

793a508 2f305b514 1iaL25b13 3529617e 
116th91.o 79371160 116th9].f bcbO7e6l 
6 795b560Í 

57 
5b1f793Í' 5b1793b 5b3f7933 93167e61 
li6o3aoo a5081160 1160#958 0a9c17e61 
I.11773f 300051,5e 11000000 95096f6f 

a508U60 79371160 879a6161 9e906f7e 
¿i9568158 493f79#3 92867e7e 88a66161 

795c2f30 2305b59 1d910102 bd.316f61 
5b56793b 7937a508 89010201 29bc6f61 
11603000 11603000 130c6161 30&.7c61 

57 f176d.T$.9 

I1185b1.8 30005'o3b 5b337927 790a1160 

7933a508 792b1160 a5081160 9575b.8 

11603a9b 9337952 92f3007 1412b7923 

153792f 2f305b37 79#B2Í'3*L 372aa508 
U6093b 792ba508 79231160 11608713 
Ii.15656 1160301e 87293000 30007908 
792fa508 5b1487927 79151160 U60c559 
U6011937 11603000 !92bLl121' 81591100 

58 e7be562 

59 
872a7959 c55)ì1123 5b3a7932 792ea508 
ar305b58 793aa508 U6o936 1160#919 
793e1160 1160c53e 5b3el5l 835&i]J8 
L4.927#158 L$.1277936 7932a503 5b8793f 
5b59793e 1160c53a 1i605b16 116011.91e 

a5081160 11.1277936 30a1792e 79Lb1120 

i.9238712 a5Q8U60 U6o1491d 3aaa6l7e 
793a.U60 c550872a 141365bL a2o616f 
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COMPUTER PROGRAI1 

73 
8571q9U 79bf7O1 79e116Q 508U60 
f(O355f 1flcT93.1 3&O]53 OO4153 
y8I#3ro6 r(o179Io 795s5O$ 79561MO 
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76 
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Figure 10 
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Tepe Progrsjn 

This progrem puts the last right running charscterictic 

line on punched toe. The program can then be use: to 

transfer the ooints to their proper locations for the 

Newtonian hounlary progtam. To put the points on tape, 

type 9bol. To transfer the points into the Newtonian 

boun1ary program, type 9b00. 

1. Input lata. The number of points is store1 in 

channel 9b, word 17 in the following form: 

00 (N) 0000 

where N represents the number of points. 
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Figure iii 


