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THE DEVELOPMENT OF THE CHAEACTERIZTIC GRID
FPOR SUPEEZONIC DIVEREGIRG JETS EXHAUSTING
INTC A PABALLEL HYPERZONIC FLOWING STREAM

INTHODUCTION

In this sge of rockets, missiles, snd other supersonic
vehicles, inerecsing interest hes booa.aagectated with the
use of jet propulsion systems. Probably the most pre-
dominent interest in underexpanded jets e the jet inter-
ference which may impinge cn the missile structure iz the
nelghborhood of the Jet exit. The structure of the Jet
exheust is slso outogiutaﬂ with the probleas dealing with
Jet nolse (5, p. 5).

This paper is intended to be en extension snd gen~
erslization of‘a‘chooxs elresdy written on the ssme subject
by John Newton (7). His paper, which wes only concerned
with constent sres nozeles, concentreted on sttaining the
Jet boundery rether thenm deteraing the jet flow fleld.

His completed projeet required precaleulated informstion
about the flow fleld. Therefore, the prajeot'nat not
perticulsrily interested in the intermsl flow properties.
The problem under conziderstion in this paper is the
detersination of the internsl flow properties rot omnly for
oaastant'ar;a nozeles, but for diverging nozezles alsmo.
Therefore, with the combined papers, the fluld oroperties
and locatlion of the jet »ouniary oan be czlculated

independently of any precelouleted information.



Hetbod of Zolution

The solution of a sunersonie inviecid Jet flow fleld
¢sn be deterained by spplying the zethod of obhsreotere
isties, The nethol of cherscteristics is s sethod of
solving the cherscteristic equations which desoribe the
supersonic flow., This zethod Jdeterzines the properties im
the interior of the Jet flowx fleld. The chsrescteriastic
eqnatléus gre 20lved nuqartnsllr by progresing thez on the
ALV ACII1I E electronie ﬁlgltci conputer,

Sgope 2f Ihesis

& method of detersinisg the Jet flow properties of
conienlly dlvergent nozzles exbausting into a uniform
flowing hypersonic stren®? haz beer soconplished. The
sethod of oherscteristiesz 12 used to solve the charecter-
i1stic equatioms snd esteblish the properties in the Jet
flow field., The wmethod of developing the flow fleld, and
sore of the 4ifficulties involved in doimg so, is presented,
The cherscteristic equestions sre progrezed ilv finite
difference Tors on the ALUAC-III E electronie ilgital
cozputer, The couputer progrsss for sll the different type
individusl esloulstions involved are included snd

discussed,



dasusptions

It 17 sssumed throughout the peper that the fluid 1s
e perfect ges bevirng wo vizeosity snd s constent specific
heat at constent pressure. The flow of the jet 1¢ assumed
to be sxlally symsetric, stesdy, supersonle, snd
irrotationsl. The flow 13 elso ieentroplc, which is
izplied by the conditiom of irrotstionslity., It ie slso
sgeumed that the exit flow of the Aliverging noszle s
conieel,
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Jefined hy eguastion 19
defined by equation 19
lefined by equatlon 19b
dufined by equstion 20
dorineﬂ by equetion 20s
laesl apeed of sound
gspeed of zourd st Meoh Number of unity
defived by equation 21
defined by equetion 2le
e conatant

s constsnt

o constant

defined by eguation 22
defired by eguation 2%

ssxisum nuaber of points or the leading Nach line
left to be osloulsted

ssxisus nuaber of points to be eslovlsted along
leading cherscteristic line

defined by equation 23
defired by squation 23s
defined by equation °h
defined by equation 2ua
deficed by equation 34k
defined by equation 35
defired by egustion &2



Lo

A

B

AX YN R @ ow N § <« ® % % o

[aet|-€

ratio of specific hests

lae|-€

distsnce from lip of cometant ares nozszle to point
unier eonalieration on lesdlng cherscteristio
line

dlmensionless veloelty V/e knowr ss Hach Nusber

disenzionless velocity V/e*

wusher of polmts on sxis of syssetry left to be
enloulsnted

dlstance fros source nolmt to point on leading
ehsracteristic line

puaber of points on sxis of symuetry to be
ealculated

|A~€*|— 3

pressure

number of interior pointes left to be ealoulsted
defined by equation 12

totel wvelocity

total veloolty ot ¥ech Humber of urity

axlal coordinste

redlel cooriimate

incluied argle between veloelty vector and gzenxis
volooity potentisl

Mook sngle ‘

denalty

density st Moch Number of unity

eoevergence liwit



denotes
denotes
denotes
denotes
denotes
denotes
denotes
denotes

denotes

the change in

right running charscteristic family I
left running characteristic family II
jet btoundary condition

nozzle exit condition

values at nozzle wall

jet flow field condition

value a2t point under consideration

exterior flow field



THE METHOD OF CHARACTERISTICS

The motlon of a supersonic stress car be Jescribed by
8 system of second order partisl differevtial equations of
the hyperboliec type. Easch solution to the differentlel
equations represents ¢ three dimensionsl surfece in x, y,
and  space. It is possible that curves exist in these
surfaces which represent the location of dxéoontlnultlaa
in some of the derivetives of the fluld properties. These
gurves, Af they 4o exist, sre oslled the charscteristic
curves of the solution, Therefore, charscteristic curves
exlst when the trengition from one region of the flow fleld
to arnother involves ¢ discontinuity in some of the
derivatives (9, p. 584), The projections of the three
dimensionel chsracteristic lines on the x, y plene sre
celled the physical cherscterlistics, end the nrojections
on the 3, V plsne are oslled the hodogreph charscteristies.

in exasinstion of the potentisl egquation for possible
discontinulties in the derivatives of the fluld propertles
results in the following equations for sxislly syssetrie,
supersonie, irrotstionsl, stesdy flow (10, p. 677).

(dg) = gan {oF«) (1)
(ax)y 14

end .
= Bakin .
(a0)y,11 = ¥ /L= (awe); gy - MR ML (ay)p 11 (2)



These Alfferentisl equations are the characteristic
equations of the solution for the flow field.

In the sbove two equations, the upper sign refers
to the right running chsracteristic family I, which forms
an sngle of (8 =) with the positive x axis in the
physical plene. The lower sign refers to the left running
characteristic family II, which forms en sngle of (8 +°%)
with the positive x axis in the physlcal pleane. In looking
down the veloclty vector in the direction of the flow, the
charsecteristic lines of family I turm off to the right
while the chesrscteristic lines of family II turn off to the
left (3, p. 10). Equation 1 represents the characteristic
solution in the physical plene, =nd equation 2 represents
the characteristic solution in the hodograph plane.

An exsmination of equations 1 and 2 reveals that the
Qharaoteristic equations for axially symmetric flow are
dependent on both the physical and hodograph planes.
Therefore, the solution of the flow field must be
constructed simultaneously in both the physiesl and hodo-
greph planes (10, p. 678). The fluld properties of the
flow field for axially symmetric flow are 2 function of the
velocity. Therefore, once the velocity vector pattern of
the flow field is known, 211 the fluid properties of the

flow field are a2lso known,



The equations of the characterlistic lines in the
physiesl and hodograph planes are expsnied into a finite
jifference form for actual calculations. The inter-
section points of the two families of characteristics
sre connected by stralght lihe segrents., The line
segments sre used to spproximete the system of continuous
charscteristic curves. The asccurscy of this method
depends on the sccuracy of the input dsta, the size of
the grid developed and the degree of convergence used 1n

the ecalculations (9, p. 619).
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LEADING MACH LINE

The diverging nozzle under consideration was assumed
to give conical exit flow. Conlcal flow is a flow in
which 211 the fluid properties are uniform on rays
passing through a common vertex (11, p. 729). In the
case of 2 supersonic diverging nozzle, the flow would
heve to originate froﬁ a point to prcdude 2 conical exit
flow. Although this type of a2 nozzle 1s a simplification,
lt.is representative of nozzles used to produce supersonic
flow and will serve ss a good basis for the study of
underexpanded Jjets.,

An examination of the potential equétlon for conical
supersonic flow reveals that a pure source flow is a
possible solution (9, p. 237). By representing the flow
in the conical nozzle with a source flow, polnts along the
leading characteristic line can be_readlly calculated.

The leading characteristic line represents the first
disturbance that 1s felt by the flow in the nozzle due to
the sharp corner at the exit of the nozzle. Points on the
leading characteristic line represent the input data for
the development of the characteristic grid. The local
Mach line and the characteristic line zre one and the same.

The properties calculated for each polnt in the
characteristic grid are x, y, M*, M, 0, and¢, These

properties are sufficlient to fully describe the entire
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flow field.
Consider s conically divergent nozzle assumed to glve
pure source flow with the coordinates as shown in figure 1
(4, p. 25). Polar coordinstes, N and ©, ere used with
the origin at the source point. The angle © 1s measured
counter clockwise from the axis of symmetry, From figure 1
the rectangular coordinates for points on the leading Mach
line are as follows.
Y =Nsin 6 (3)
and
X = N cos & - N, cos 6, (&)
The cheracteristic equation in the hodograph plane
for = supersonic source flow such as this is equation 2
The following notation waes used to slmplify the character-

istic equation in the hodograph plane.
+ got =«

By substituting this relation into equation 2, the result
is

a(ett)y 11 = S gins (ay); 1y (2a)

-

y sin (Bgx
In the case of the leading characteristic line, which
represents a right running characteristic line, equatlon

5 becomes

dt = og o aM* (58)



SOURCE FLOW NOZZLE
jet boundary

last characteristic
line

leading characteristic
line

source point X

FIGURE |
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For igertropic flow

Lk gm (6)

1¥4ka

Tl

By teking the derivstive of equation 5, the result ls
KXl m am

aAN® = > {(7)
A 1+£%L H

Combining equations 6§ and 7 ylelis
. L b :

The Msoh engle, o<, 13 defined by the relstion

X = tan"§ J=:%ff=§ (9)

By solving equation 9 for ®, the result is

¥ = goree X (10)
The derivstive of equation 10 is
4% = -cot o ensec X 4 X (11)
Combiring equations 8, 11 end Se results in the following

expression for at.

2
a - - TSESASY (5b)

when equation 5b iz integrated for the csse of the

leeding cherscteristic line, it ylelis

S i J_; cot™! {\/: nmx} (12)

Along Yasch lines, the following equation is true (&4, p. 27).
' + - .
(20 2 t); 11= & (13)
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The negative sign can be excluded since the leading
cheracteristic (Mach) line represents a line of the right
running cheracteristic family.
Equation 13 then becomes

28+t =20 (13a)
From the equation of continuity for a pure source flow

{4, p. 26).
2 c
N° = 75 (14)

For adisbstic flow

PV _ f@zﬁ M

vE 2 KT (15)
2 tgiees) I

Therefore, by combining equations 14 and 15

(16)

k+
. l Iik_! 24q 2(k-1)
N =c, 2

Now, from equation 10

M= -S-T'El% (10&)

Combining the two equations, 10a end 16, and solving for

N results in k+ o A
, 1~ (3] =

X ko) A (
N ¢, [1 ) gin NZI (sinot) 17%

By substituting equation 12 into equation 13a, snd solving

for 6, the result is 3 3
o (k1) -1 [ (k+1)® tan dzl+ a
6 is c1 gﬁ 4y k-1 % | 4 (18)
2
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The constants C1 and Cé can be found from the boundary
conditions at the sharp corner of the nozzle. The value
of N at this point is N, The Mach number at the llp is
specifled in any given problem; therefore, so iz ot since o~
1s a2 function of the Msch number only. With these two
properties known, 1t is possible to solve equation 17 for
C;. The value of © at the lip of the nozzle is en' There-
fore, equation 1 csn be solved for Cy.

With these equations and the initial conditions et the
nozzle lip Jjust prior to exit, the flow properties and the
Cartesien coofdlnates of points along the leading
characteristic line, or Mach line, can be determined.

These points cen be considered the initisl input for the

development of the charascteristic grid.
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DEVELOPMENT OF THE CHARACTERISTIC GEID

The points and all their fluid properties have been
deterained slong the leading charscteristic line and
represent input date for the developunent of the charascter-
istie grid, The development of the cherscteristic grid
involved three different types of caleulstions, snd each
was examined in detalil. The different calculations are
encountered when boundary conditions sre lmposed on the
characteristic equations (9, p. 620). Due to the
symmetry of the problem, the solutlon of the flow fleld
for the upper half of the x, y plene is sufficient for
the solution of the entire flow field.

Interior Points

in interior point and 2l1ll ites fluld properties are
found from the intersection of s right running charscter-
istic line end a left rumning charscteristic line. These
points are always found in the interior of the flow and
involve no boundary conditions. The notation =2nd physical
concept for the determination of an‘lntorlor point is
shown in figure 2, All the properties of points 1 and 2
sre known, Point 7 represents the imtersection of the
right running cheracteristic line 1-3 with the left running
charscteristic line 2-3. Since point 3'1: a solution of

the two cherascteristic fewilies, it is described by



— <

INTERIOR POINT CALCULATION

Vi
: [
| o o ARCTAN — _TAN(e,-or,)+ TAN(ej-Otjﬂ
e ] L
~N T~
\\\K
S~ 11\73
7?

|
ARCTAN > lTAN(G2 Orz) + TAN(93+°<3) \
V2

FIGURE 2
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equations 1 2nd 2.
1. PFirst Approximation. The following notations

are used to simplify the characteristic equations.

A= tan (8 - 4) (19)
B = tan (8,+%%yp) (20)
c = E%%étl (21)
D g;%;ﬁa (22)
E'! = _sin 84 sindy (23)

y1 cos (8y=4)

F = _8in 62 sinoo (24)
y2 cos (8p+0~,)

The charscteristic equations in finite difference form for
the chord 1-3, which represents a right running character-
istie line, ere

¥3-¥y = A (x3-xq) (25)
for the physical plane, and

03-8; = =C (Mg®=My*) +E (x3-x;) (26)

for the hodograph plane. The corresponding character-
istic equations for the chord 2-3, which represents a
left running cﬁaracteristlc line, are

¥3=¥5 = B (x3-xp) (27)
for the physical plane, and

84-6, = D (Ma*-M;*) -F (x3-xp) (28)
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for the hodograph plane. The form of the hodograph
equations for both characteristic lines have been
changed slightly from equation 2 by substituting for
the differential term dy from equation 1. By doing this,
the possibility of dividing by zero when © is equal to o~
1s eliminated.

Equations 25 and 27 are solved simultaneously for
x3 and y3. These values are then used in equstions 26
and 28 which are then solved simultaneously for M3* and
03. This first procedure of finding the properties of
point 3 assumed that the coefficients of the differentisls
for the characteristic line 1-3 had the properties of
point 1, and the coefficients of the differentisls for
the charascteristic line 2-3 had the properties of point 2.
Therefore, the first evaluation of point 3 1is termed the
first approximation and involves some degree of error.

2. Successive Iterations, The approximate results
already found may be improved by 2 rapidly convergent
iteration procedure which rests on the use of average
conditlons between 1-3 =nd 2-3 (9, p. 619). Since
tentative values of the properties for point 3 have already
been found, the entire computation 1s repeated using the
average coefflcienﬁs along the chords 1-3 and 2-3., Using

this procedure, the coefficients become
A = %- [tan (64-9y) + ten (63-°3) ] (19a)
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1
B! = : [tan (6, %,) + tan (93+¢*3{] (20a)
gt = 1 [cot% - cowa] (21a)
o d M1* MB*
D' = 1 [008%2 4 88k oty (22a)
e i Mqy®

(sin & sind~ sin 84 sindy (23a)

EN sl
2 Lyq cos (8;-9) y3 cos (63-'3@~

" TS, | [ sin 6, sindy 4 Sin 63 sindb_f (24a)
2| ¥; cos (6p905) ¥3 cos (63+85)

The echeracteristic equations for the chord 1-3 now become
Y9-¥, = A' (x3-x) (252)
for the physicel plane, and
63-6, = -C' (My¥*-M,*) + E'? (x3-x1) (26a)
for the hodogrsph plane. The characteristic equations
for the chord 2-3 become
y3=¥p = B' (x3-%,) (272)
for the physical plane, 2nd
64-8, = D' (Mj*-M *)-F' (x5-x5) (28a)
for the hodograph plane.
The values of the properties for point 3" are found
in the same manner as used in the first approximation.
This process 1s repeated as masny times as mnecessary to
give a degree of accuracy consistent with the errors in
the grid. Each successive lteration makes use of the

results of the preceeding one. The point designated as
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3% in fizure 2 represents the results of the first
iteration in the process of determining the point.
Although the improvement in sccurscy attalned after each
iteration becomes small, the properties determined at a
new point become the initisl properties for determining
the next point. Therefore, the error accumulates and
could possibly be quite large after a number of polnts
have been determined, The iteration process 1ls contlinued
until the change between successive values of 93 becomes
less than s designated limit €. Theréfore, when the term
|63i - 93| - €& becomes negative, the iteration process for
that particulsr point is finlished and all the properties

of that point have been found to the 2eccurscy desired.

Cornmer Expansion Caloulation

The flow around the sharp corner st the exit of the
nozzle may be described by a Prandtl-Meyer expansion
(9, p. 600). The size of the grid directly depends on
the change in © easch time 2 new characteristic line is
generated. In the development of the charascteristic grid,
the amount of expansion was handled in two different ways.
The most desirable method is one which would have a
constant change in the value of © for each succeeding

characteristic line., Therefore, the change in the angle 6
between shcceeding points found at the lip of the nozzle

should be as close to being constent as possible.
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In Prendtl-Meyer flow, the following relation is
true (10, p. 466).
0 = _"%‘t} tan-i /LL— (Mz-i) + tan—l Mz-i +03 (29)

k+1
The constant C3 may be evaluated from the initial
conditions at the lip of. the nozzle. The first method
used was to sssume a specific change in the Mach number
for each succeeding expansion line. Using the new Mach
numbef. equation 29 csn be solved for a new 8, This is
the value of © at the beginning of the new characteristic
line., However, the relation between © and the Mach number
was not linear; therefore, the change in © each time was
not constent as deslred.

Another method, that was used wlth more success,

designated a specific increase in the pressure ratlo,

Po/Px, given for isentropic flow by

TR ) iy (30)
Py (v Elnf) ®T

If equation 30 is solved for My, the result is
J k-1 3
My = {k-l I}?:; % §1+ =1 0 %1 (31)

The new value of Pe/Pxo after the specified increase has
been made, is then substituted into equation 31 and the
equation is solved for My, This new value for My 1s then

used in equation 29 to determine the new value of 8., With

the Mach number and © known erid the physical coordinates
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given for the 1lip, =1l the properties for the new point
are known, Thils method glves good results for vslues of
©® up to spproximetely 25 dezrees. For larger values of ©,
the smount of expansion for each new charscteristic line

becomes incressingly smesller.

Points Next to tue 4xis of Svmuefry Calculgtions

The points in the charscteristic grid thet lle next
to the axis of symmetry require special considerstion since
in the solution of the characteristic equations for this
point, one of the terms in the hodogreph plane for the
left running charscteristic fanily becomes Indeterminant.

Congider figure 3, which denotes the notation send
physical concept of 2 point thst 1s next to the axls of
sysmetry. All the properties are known for polints 1 and 2.
Point 3 represents the unknown point and 1s located st the
intersection of the right rumning characteristic line
from point 2 and the left rumnning characteristic line from
point 1. The characteristic equations for the chord 1-3
is the same as for an interior point. The characteristic
equatldns for the chord 2-3, however, involves an
indeterminant term. The hodograph equation for the first
approximetion in finite difference form for the character-

istic chord 2-3 ig as follows:

coto o gin 8- gino .
53-92 b “2' (HB*‘HZ’)"W) (13 Yg) (28b)
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POINT NEXT TO AXIS OF SYMMETRY CALCULATION

2l

ARCTAN 4 | TAN(0¢, ) + TAN(O4t og)] |
o/ %2 XL axis of symmetry -X

i

FIGURE 3
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Since point 2 lies on the axis of symmetry, both Yo and 62
are equal to zero. Therefore, the velue of 5110 85 3p tpe
last term of equation becomes 0/0, which is anyz
indeterminant form,

The 1limit of the indeterminsnt term does approach an
approximate velue as yo approaches zero. The limit of

this term results in the following (10, p. 680)

lim -Sin &5 k2 64 (32)
y-o¥2 sin 924'0‘2) s Y3

The value of ;3 being the limit of the indeterminant term
assumes that pgint 3 1s close to the axis of symmetry.
The closer thet point 3 is to the axis of synmetry, the
more eccuraste the limiting value becomes.

1. First Approximation. By inserting the limiting
form of the indeterminant term into equation 28b and
noting that ©, 2nd y, are equal to zero, the hodograph

equation for the first epproximation of the charscteristic

chord 2-3 becomes

0, = 20822 (v w_y #) - 83 (y.) (33)
3 M 3 72 y3 2

If equation 33 is solved for 93, the result is

o, = °°“:*2 (Mq¥*- M%) (33a)

2Mo*
The corresponding cherscteristic equetion for the physical
plane becomes

y3 = (x3-x2) tenot, (27b)
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The hodograph equation and the physicel egqustion for the
characteristic chord 1-3 sre the save as those used in the
caloulstion of =n interior point. The hodogrsph equation
is

93=8,=-C (M *-M,#)+E' (x;-x,) (26)
and the corresponding physieal characteristic equation is

Y3=¥y = Alxg-x,) (25)
Equetions 27b and 25 are solved simultaneously for X3 and
13. These values are then used in equations 33a and 26 |
whieh sre solved simultsneously to find H3' snd 93. Once
these velues sre found, the first sporoximstion hss been
completed.
2. Successive Iterations, The following notation

1s used to simplify the cheracteristic equations for
guceessive 1terations

G = é- tant, + tan (934'0\3)] (34)

. 1 sin sinok
ek [ SRR ] 05}
The characteristic equations using the average coefficients
elong the chord 1-3 become
e g e |
93--91 -C (Hj’-ﬂl') + E (33-11) (26a)
for the hodograph plane, end
)
Yg=¥y = A (x3 xi) (25a)
for the physical pleme. The corresponding chsracteristic

equations for the chord 2-3 become
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93 = D! (MB*-MZ*) - H (36)

for the hodograph plene, and

y3 =G (13-32) (37)
for the physicel plesne. The properties of point 3''zre
determined in the same manner a2s they were determined in
the first aporoximation. This process is repeated until
the change between successive values of 63 become less
than some specified €. Therefore, when the value of
Ieaﬁ - 3! - € becomes negative, the degree of sccuracy

thet was desired has been reached, and the iterations

procedure for that point is completed.

Polnt On the Axis of Symmetry Calculation

The points that lie on the axis of symmetry are
similar to those that lle next to the axis of symmetry
since they both involve sn indeterminant term in the
characteristic equetions for the hodograph plane. Consider
figure h; which denotes the notation and physical concept
of a2 point on the axlis of syumetry. The properties of
point 1 are known. Point 3 represents the unknown point
and lles at the intersection between a right running
characteristic line frowm point 1 and the axis of symmetry.

1. First Approximastion. For the first approximation
the indeterminant term does not appesr since the properties

of point 3 do not enter into the charascteristic equations.
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The chsracteristic equations for the chord 1-3 become

-y, = (x3-xl) ten (8,- %) (38)

1

for the physical plane, and

(39)
-, = - cot A (M #.M .') + gin G_L sinoal (-y
1 : 31* > Yq sin(61-0<1) !

for the hodozreph plesne. The values of 63 and ya are equal
to zero since point 3 lies on the axis of symmetry. The
value for x3 can be solved from equation 38, Equation 39
can be solved for MB*.

2. Successive Iterations. The average coefficlents
are used for the charascteristic chord 1-3 in the successilve
iterations. The hodograph equation for the chord 1-3 now

becomes

1 2 M.*

- _ 1 [cot>xa, cot ox, oM ®
-8 --[ il Jemge-mgs) +

(40)

1 rsin 8, sincky 4 sin 83 sind, ] (=y
2 [y1 sin (84=24)  ¥3 sin (83-59) 1)

The value of 63 and y3 are both equal to zero from the
axis of symmetry condition. Therefore, the last term in
equation 40 is indeterminsnt. The limiting form of the
indeterminant term does have zn approximate value

(10, p. 680). The limit of the indeterminant term results
in the following

1im rsin 65 sincg 7 _ @y (41)
y3»o[y3 sin (63433) ~— Y1
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By replacing the indeterminant term in equation 40 with

its limiting velue, the result is

-6, =3 [M-a + 9.95_9&1 ] (mge-ugm)

sin 9 - B
% [’1 .1n_fé?2§:) ;L ; yl)

1

(40g)

The last term in equation 40a contalns the term sin (8;-)
in the denominstor. This represents & possible trouble
gspot when the values of 91 andcxl become egual. This
was chenged by substituting in the value of (-yl) from
‘the physicel plane, which chsnges the term sin (31'°i) to
cos (8- ).

The following notatlion is used to =implify the

cheracteristic equations

att =4 [em (07%) + tem (=)] ~ (19v)
' 1
c' = E[&%@g + Q-g-igh] (21a)

1=4[e + ; coa’ﬁu“} (xg-x1) | (42)

The cheracteristic equations for the chord 1-3 now become

-y; = AY (13'11) (43)
for the physical plane, and
-8, = -C! (”3"”1') +1 (4k)

for the hodograph plsne. The values of Xq and HB' are

found in the sa2me manner as used in the first
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approxlmation. A rapldly convergent iteration process
is used wlth each successive iteration making use of
the results of the preceeding one. The convergence
process compares the change between consecutive values
of M3* with a designated limit, ¢ . When the change in
M3* becomes less than ¢, the iteration procedure is

completed and the desired asccuracy has been schieved,

Leading Mach Line for a Constant Area Nozzle Calculation

The calculations used in determining the character-
istic grid for diverging conical nozzles has been
determined. The source flow solution cannot be used for
points on the leading charscteristic line when Oy equals
zero since the value of N becomes infinite at this point.
Therefore, a separate method was developed for the
constant area nozzle. The leading characteristic line
for the case of constent area nozzle is represented by
a stralght line emanating from the lip of the nozzle and
having an included angle of X with the x axis. There-
fore, this charscteristic line 1s a funetion of the exit
Mach number only. The notation and physical concept for
this type of nozzle 1s shown in figure 5. The exit
conditions at the lip of the nozzle specify the fluid
properties along the entire leading characteristic line,
From an examination of figure 5, the physical coordinates,

X end y, are
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x = K cos (45)
and

y = 1- Lsiny (46)
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CONSTRUCTION OF THE CHARACTERISTIC GRID

All the individual type calculations in connection
with the development of the characteristic grid have
been considered. The problem now is to combine the
different calculations to produce the characteristic
grid.

Figure 6 shows the notation and physiczl concept of
the developed cheracteristic grid. The last character-
istic line represents the last right running character-
istic line that was calculated before the boundary
calculations were used to determine the jet boundary
between the nozzle flow and the exterior flow. The
sectlon of the characteristic grid between the leading
characteristic line and the last characteristic line is
called the kernel.

The first step in the development of the character-
istic grid is to cslculate points along the leading
chzracteristic line. By using the leading characteristic
line cslculation already considered, the properties of
the points on the leading characteristic line can be
determined. The number of these points directly affects
the size of the charscteristic grid produced. The
closer the points sre together, the finer the character-

1stic grid will become. The leading characteristic line
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is represented by the points 1, 2, 3, 4, 5 and 6 in
figure 6. These points can be considered the input

data for the development of the kernel of the character-
istic grid.

The next step is to use the corner expension
calculations to calculate the start of the next right
ruﬁning characteristic line from the lip of the nozzle.
The nozzle flow is expanded sround the cormer of the

nozzle using the specified increase in the pressure ratio,

;:, The new calculated point at the 1lip of the nozzle
has the same physical coordinates, but the fluid properties
have changed., The new point 1s represented by point 7
in figure 6.

The next point, which is point 8, represents the
intersection of 2 right rumning characteristic line from
point 7 with 2 left running characteristic line from
point 2. This was the type of calculation that wsas
discussed as an interior point. Therefore, using the
interlor point calculations, the propertlies of point 8
can be calculated. The interior point calculations can
be used to calculate the properties of points 9, 10 and
11 since they, too, sre a solution of the same character-
istic equations 2s point 8,

The properties of point 12 are calculated by using

the point next to the axis of symmetry calculstions.
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The properties of point 13 are found by using the point
on the axis of symmetry calcul=tions,

With the determination of point 13, the right
running characteristic line represented by the points
7, 8, 9, 10, 11, 12 and 13 has been determined.

The flow at the lip of the nozzle is expanded once
more through a specified incresse in the pressure ratio,
Pe/Py, to establish the beginning of the next right
running charscteristie line. These right running
characteristic lines are genersted until the last
- calculated characteristic line is close enough to the jet
boundary to use the boundary calculastions. The initial
properties of the jet boundary at the lip of the nozzle
are specifled from the free stream and exit conditions.
For most cases, the value of © at the lip of the nozzle
for the last cheracteristic line is within 4 or 5 degrees
of the value for © from the initial properties of the jet
boundary.

The change in © for each new characteristic line 1is
directly related to the size of the grid developed. The
grid size 1s controlled by the change in @ for each new
characteristic line at the 1lip of the nozzle and by the
number of points on the leading characteristic line.
Therefore, it 1s possible to develop the grid size

desired.
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The end results of the developuent of the character-
istlic grid 1s the jet boundsry. Once the jet boundary
is determined, the entire characteristic grid has been

developed,
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COMPUTER CALCULATIONS

Since the iteration orocesses in the development of
the characteristic grid are relatively lengthy and
numerous, the problem of =ctually calculating the
characteristic grid was programmed on the ALWAC III-E
electronic digital computer. The machine time required
to sccomplish the desired results is of major concern
since the program for the development of the character-
istic grid for one problem may require several hours for
the solution. The method of programing is strictly
determined by thg ingenuity and ability of the programer.
Although the final program is not optimized, an effort
was made to minimize the computer time required for each

problem,

Initial Programs

The interior point calculations that have been
discussed in the preceeding section and the boundary
point eslculstions were programed by Newton (7, p.19).
These calculations developed the charscteristic grid
between the last czlculated right running cherscteristic
line 2nd the jet boundary. The interior point calculations
are the same for the interior points in the kernel as they

are for interlor points lying between the last character-

istic line and the Jjet boundary.
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The Prandtl-Meyer expsnsion eslculations, whioch were
elso programed by Newtom, sre used in a slightly altered
form in the progrem for the expension around the sharp

corner of the unozzle (7, ». 57).

Method of Csloulation

The seqguence of the different calculations, connected
together to develop the charscteristic grid, was discussed
in the preceeding section. The computer prograss for
the development of the chsracteristic grid sre presented

in the sprendix.

Initial Input

The initiasl input dstes consists of the Tollowing
gquantitlies,
1. The specific heat ratlos, ke snd K.

2, The initlel values of Sb snd Mb st the 1lip
of the nozzle.

3. The nozzle flow perameters Se and Me.
4, The free strezm parameters . and Mg »

5. The desigrated increase in the pressure ratio
gt the corner of the nozzle, AP,

6. The maximum number of interior points to
celculate E,

7. The deslignated decresse inxto determive the
leading Mach line,act.

€. The number of points on the axis of symmetry
to calculate N',
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The values of ke and Me specify the type of nozzle
flow while the value of ©e dJdesignates the amount of
divergence of the nozzle. The quantities k, and M
designate the type of exterior flow. The values of
€y and Mp are determined through the use of the Prandtl-
Meyer expansion program and denote the initial conditions
at the start of the jet boundary. These values also
determine the pressure ratio, Pe/E, , which must exist to
produce such a jet boundary at the 1lip of the nozzle.

The value of 0P is the amount that the pressure ratilo,
Pe/Px, 1s increased each tlme a new right running
characteristic line 1s generated at the 1lip of the nozzle.
The quantity acdesignates the amount of decrease in™ for
points calculated along the leading chaerscteristic line.
The value of E deslgnsted the meximum number of points to
be ealculated along the leading charascteristic line.

The quantity N represents the number of points to be
calculated along the axis of symmetry. The initlal input
discussed 1s the input for one entire problem including
the czleulation of the Jet boundary. If the development
of the kernel 1s 21l that is desired, the properties at

the boundary and free stream flow can be ignored.
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individuel Csloulations

The combined program was programed in such a manner
that two of the individual cslculations cazn be operated
independently. These two calculations are the points
on the leeding characteristic line program and the
corner expsnsion program,

With the properties of e, kK, and Me known from the
inltial input, the conditions at the lip of the nozzle
are glven, This represents the first point on the
leading characteristic line. To calculate the
properties of the next point on the leading charscteristic
line, the value ofx at the lip of the nozzle is decressed
by the specified amountsq. Using this new value of «,
the rest of the properties gt the new point can be
determined. This process is repeated until the value of
y for a point on the leading charascteristic line becomes
negative. Thls 1indicates that the last caleculated point
in the physical plane lies below the axls of symmetry.

It 1s desirable to have the last point on the axis of
symmetry. The point on the axis of symmetry cannot be
found exactly by using this process, but a convergence
method was developed which will converge on the point
at the axis of symmetry. This convergence method uses

the point on the axis of symmetry progrem to determine
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the epproxlimate value of the properties for the point on
the axis of symmetry. This is accomplished by using the
properties of the last calculated possitive point on the
leading characteristic line as the input data for the
point on the axis of symmetry program. The difference
between the value of the calculated~and Xfrom the last
positive point on the leading characteristic line is
determined end divided by one less than the number of .
points on the leading characteristic line. This new
increment of «tis then added to the value ofax, Using
this new value of &%, the properties of the points on
the leading characteristic line are re-calculated,
This process is repeated until the Adifference between
for the last positive point and the point on the axis
of symmetry 1s less than some designated value €&,
Howevér, if the value of ax, which will produce = point
on the leading characteristic line sufficiently close
to the axis of symmetry 1s known in advance, the
convergence process can be eliminated. Since the point
on the leading characteristic line program can be used
independently of the finzsl program, the value ofaxcan be
determined before the combined program is used.

The expansion around the sherp corner of the nozzle
1s handled by the corner expansion program. The pressure

ratio, P=/Px, 1s incressed by the quantityaPand the
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propertles for the new point at the 1lip of the nozzle are
determined. As wes discussed in the preceeding section,
the amount of change in the value~of ® should be constant
for each new right rumning characteristic line. As the
value of © get larger, the amount of expansion becomes less.
To eorrect this, it is possible to incresse or decreasse the
value of AP before the next right running characteristic
line 1s calculsted. Therefore, if the amount of expansion
begins to become less in value, the value of AP can be rsised
to counteract this., One problem in using a value such as
4P to designate the amount of expansion 1s that there is
no way of knowilng in advence what the value of the change
in ® 15 going to be. The corner expansion program has been
programed so that it can be operated independently of the
final program. Therefore, it is poscsible by using this
program independently to determine by trial =and error a
sultable value for AP that will give the desired change in

thelvalue of O.

Program Convenlences

While the arithmetic operations of the computer are
quite rspid, the type out 1is much slower. The program
stores sll the properties of points on any particular
right running cheracteristic line until the whole line hes
been caleculated. It then proceeds to type out the prop-

for each point on the line, which are x, y, M*, M, 0 and ,
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Since for 2 large number of points this is quite lengthy
end because the last characteristic line is the desired
result, the type out of the characteristic lines in the
kernel can be omitted,

In the initisl input, the value of E must be known.
This value 1is the maximum number of points that may be
calculated on the leading characteristic line. Therefore,
it 1s possible to include only part of the leading char-
acteristic line 2nd develop the characteristic grid from
this. If 21l of the points on the leasding characteristic
line are to be cslculated, the value of E is a number
larger than the actual number of points on the line.

The value of N' designates the number of points on
the axls of symmetry that are to be calculated. If g
certaln number of such points are desired, the value of
N' represents the number of right rumning characteristic
lines that will include points on the axis of symmetry.
After this number of lines has been ealculated, the char-
acteristic line breasks away from the axis of symmetry.

The program to develop the charscteristic grid of
the kernel is independent of the boundary program. When
the lest right runniﬁg characteristlé line has been cal-
culated, the properties of points on this line are punched
on tape. To use the boundary calculations program, the

same program that is used to put the properties on tape
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is used to store the properties in the correct place. The

boundery program is then started as 1t would be ordinarily.

Couvergence Criteris

The selection of a convergence limit depends on each
particular cazlculation end problem, The size of the grid
is o deterhlning factor, The error that the grid size :
introduces 1s & function of the distsnce between successive
points, The total oversll error involved in any particular
problem is equal to error caused by the size of the char-
acteristic grid plus the error in the accuracy of the
celculated points. Therefore, even if there is no error
in the calculsted points, the overall error would still
exlst., The degree of accuracy of the grid is difficult to
establish., It is known that the error introduced by the
grid is inversely proéortibnal to the grid size (7, p. 36).
Therefore, the larger the characteristic grid size, the
more error 1t introduces. The value of the convergence
limit € should be made as large as the accuracy require-
ments will allow since it would reduce the machine time
needed to calculate esch point.

The type of convergence nrocess used in the calculations
was to compare the absolute difference between successive
values of © for the point under considerstion with a des-

ignated limit € . Since there are no set rules by which
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the value of € can be selected for each particular grid
size, the value of € is steadlly decreased until de-
cressing 1t any further does not affect the results.
The value of the error lntroduéed by the size of the grid
varies with various positions in the grid. It can be
notlced>from figure 6 that the zrid specing is much finer
in the vicinity of the 1lip of the nozzle than near the
exls of symmetry. Therefore, the error due to the grid
size becomes greater as the points approsch the axis of
symmetry, To attain a constant over all error, the value
of € would have to be smaller for points near the axis of
symmetry then those near the 1lip of the nozzle. The value
of €, however, is fixed and is the szme for all the inte-
rior point caléulations.

Another method of convergence was under considerationm.
This method made use of a percentage basis to calculate the
accuracy of a point. The difference between successive
values of © for a point is determined and divided by s
function of the grid spacing. This value is then compared
with a2 convergence limit € to check for sccurscy. This

46
convergence method is denoted by | =) |-e<o. For this

perticular type flow, the funct;on of the grid spaclng
can be replaced by |©€|. The value for the function of the
grid spacing can have other values besides |©]| . This
was used es an illustration. This method.has'the ability
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to sdjust with the sigze of the grid., If tbis convergerce
eriterie 13 put in the seme fors eos the convergence method
used in the sctusl celoulations, the result 1is |AG|< élel .
If the point iz close to the lip of the nozzle, the vslue
of E 'el is reletively lerge. 43 a point epprosches the
axle of sysmetry, the value of © becomesz less. The produet
¢ |e|-zn plso become less since € is fixed, Therefore,
the convergence limit beoomes sweller as the grid size
ineresses. By ueing this method, 1t seews possible thet
some asobine tlze could be seved since the convergence
1imit éle' would become larger where the grid wes fine,
#nd At would epprosch the vslue of € used in the first
method of oouv.argcnoo for the polnts neer the axls of
sysmetry. 4As & result, the points near the lip of the
nozzle would not be es socurste ss points nesr the axis
of symsetry, btut the overall error would be approxinstely

the 2swe,
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CONCLUSIONS AND BECOMMENDATIONS

The deve10pmént of the characteristic grid for 4i-
verzing conicel nozzles has been completed. The accuracy
of the process has been checked against a constant pres-
sure jet boundary end verified (6, p., 15). The pfoblem
has been programed on the ALWAC-IIIE electronic computer,
It 1s now possible to develop the cheracteristic grid
and jet boundary completely independent of any precalcu-
lated deta., With the development of the axis of symmetry
caloulations, it 1s now possible to study other supersonic
flow problems involving similar axis of symmetry calcu-
letions,

The limitztions on the method used here to develop

the characteristic grid are briefly the following:

1, The flow 1s axlally symmetric, steady, irrota-
tional, 2nd supersonic.

2, The diverging nozzle produces a conical exit
flow,

3. The fluid is a perfect gas and has a constaent
specific heat ratio at constant pressure.

4, The points next to the axis of symmetry in the
characteristic grid are clqse enough to the
axls of symmetry for the approximation in their

calculation to be valid.
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One individual calculation which is needed to solve
some types of supersonic flow still remains., This 1is the
solution et a2 solid boundary which does not lle along the
axis of symmetry. Once this is completed, a worth-while
study would be the design of supersonic nozzles. The
interior point calculations and both of the axis of sym-
metry calculations could be adapted quite easily to this
type of a problem,

The method of convergence using the percentage basls
as dlscussed in the preceeding section seems quite worth-
while. The possibility of saving some machine time while
attalning the desired results 1s qulite evident.

One direct problem is to study the effect of the
various parameters on the jJet boundery.

A study of the error introduced by the size of the
grid can now be made since it is possible to vary the grid
to the size desired.

Through the use of the calculations in this paper
and in Newhon's, the basic tools for the development of a

number of supersonic problems are ready to be used.
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APPENDIX

Subroutines

All the calculatlons are programed on the ALWAC-III E
electronle digital computer., The programs use the floating

point subroutines. The subroutines used are ss follows:

t. 8% 7. 244 multiply

2, cosin | 8. addition

3. square root 9. multiplication

Lk, arctengent 10, division

5. exponential 11. Ainput

6. mnstural log 12, output
Erograus

The combined program hss two programs which can be
used independently. These two programs, the point on the
leading characteristic line and corner expension, will be
consiiered separately, but must be included with the rest
of the combined progrsm to solve a complete problem, The
Newtonian boundery program snd the Prandtl-Meyer vrogram

1s listed in Newton's thesis snd will not be included (7).

Foint on the Lesding Charscteristic Line Program

The program is started with 5500.
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Input date. The input Iata consists of Ko, O,
end ¥,

Output date. The output coualsts of x, y, ¥*,
M, 8, snd o« for every point on the lesding char-
seteristic line.

Locetion of convergence lizit. The linit, g, 1s
loce ted in chennel 74, word 1f, |
Roduionuea._ ¥hen this progrsm is wed with the
combimed progrsm, sn unnecezsery cerrisge return
pneeds to be deleted., To delete the oarriage
return, insert the following word

72 Os 00000000



COMPUTER PROGRAM

65

83668567 £706795¢ 87223025 COC05L53
795b£701 83761126 5b53791b T917a508
555¢784k 83660508 85081160 1160k95¢
£706872e 11603202 87133000 5bk37953
79561160 7953230 79191160 2£301120
48441788 79101160 5498712 Bv9eTe02
550¢7906 87293016 41417917 Oelg7ebl
£701784a 79041160 1160372a 8db66L6T
65 34b5h504

66

7931160 79021160 klhc795L Sb56kLkk
holihsph3 LokT8712 =5081160 79521160
4153793f 41h9793p ko4d8712 30005blb
25081160 5081160 41497958 79522508
49i53a9¢ e54e872a 11600011 1160494b
41447930 Sbhchlle Sbkc872a 81681100
11604946 79511160 T795a8508 31b8027e
87294146 5b53 11604040 30246161
66 32059fa7

67
53150180 6689d99% 53a45468 23050180
53b30000 53e50000 53176000 45400000
66893994 53151800 00000000 00000000
00000000 00000000 00000000 00000000
00000000 2a3dT7ebf ©3206£Te 85000000
25b87e61 02097e6f 8a000000 6e3bedd3
0286£6f 8000000 beb2720L 5b6ds0lk
00000000 1:087e61 07126£6f 58040000
67 bObeefTe

68
30005053 5b%e0000 41447955 a5081160
ng '5'97221160 350815;‘.69 koln3000
30be 3000 5b5e791f
41597954 79321160 7951160 11604950
a5081160 4opB8718 87103099 415050kb
LoleBT18 41ka7912 79121160 79lfa508
4147930 11608722 8722301a 83691120
1160872a c54e5053 Solb795e a0BrérTe
68 570bTTeb

Figure 7
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u60h9he 313akl57 k1577933 8726792¢
b1k75040 79371160 a5081160 4dTa5b56
79301160 5bl73000 4okrllhs 81701100
30045b53 79378508 SbkaT792f beb2Tebl
793ba508 11603000 1160k9ka 2a3d7eb1
11608713 793f2f3a 5b4lll57 bl296fTe
30007909 79331160 79m508 bh2eTebs
1160872a 49kaspho 11603000 9ed0C000
69 59470625

70
79421160 9lb 00000000 4lk1r790f
495b872a uéokglu 8371k1ks 25081160
79%a2f3e 87123000 11138712 83711120
b15b791f 7910508 4lka79lT Oble0lof
11603200 1160872a a5081160 81721116
k156791Lf suke7917 872a5bke 1699016¢

a5081160 116049kb T790£1160 9185026F
boke3000 1d02118a 4oka8712 129076l
70 k5al9edd

7
872a5b5¢ 41ka793b 5p487933 818e1199
793£1160 5081160 11603000 8172118¢
2r3050ka 49k83023 5b537933 00000000
793fa508 5bke7937 5081160 5832007
116049ka 11604oke 30065bkc 32a6616F
Sb4s5kl56 Sphlllse 792£1160 bdblTebs
znéo 79378508 87293018 293c6£Te
Iy 11603000 79291160 ©028616F
71sﬁmhwﬁl

‘m?am 79422£30 83697917 81771100
00061104 5bhf79lf 49367908 50980061
kokallaa 1160494s 493d6069 4olH3000
00005504 41hf5057 00000000 1188£701
872£793a 791ru508 836611a5 4oleBlT72
40501160 1160koko T9075b42 81701184
792££701 8368791b 11604oks 4olplll3
17108722 49276068 79031100 95896161
72 ebaddchd

Figure 7 Continued
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bok3klsk 1bo0555p MokollbT 79374040
50497955 87217939 £701179¢ 2800492b
25081160 koi9l160 7906701 Bo8e8374
21305057 T950£601 872aklkl 11af8l65
79558508 17057905 5057791f 113a56ko
1160494k fmw?;g 3160049&1 8165791f
T951£706 795¢1160 Mlkollb3 58000000
76 ba6alkla

Figure 7 Continued
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58
Cormer Expension Program

The program is started by 6¢20

1. Input date. Input data consists of the following:
kes k_, Op, Mp, Mg, M_, and AP,

2. Output data. The output is as follows: M, M*,
™ W, and 0, where w 1s a function of O,

3. Modification. The carrlage returns are deleted

by inserting the following words:

6b Oc 00000000
60 18 00000000
60 ic 00007921



COMPUTER PEOGRAM

6a

30005b1b 87124102 a5085p05 490es5b0e
25081160 79061160 1160kl0e 4llbT790a
871vkl3l 333a872a 3006500b 5081160
30001160 T90ba508 1160k10e 490£7930
L903872a 11604900 3C025bLf £7025552
79164522 LlO15b0O5 ®5081160 780706
k9207012 79073160 kloa3008 7906£70L
k9501134 41073034 50031160 1757110¢
6a Talfl7a5

6b

Olkelko0 Olkelh2l 6689499k Olhes5hls
Olbke5kle Olhesh2h 58000011 c65d6t61
014ece000 4bhldabea Lrl3Tedr dalko6£02
7930701 17147914 Saceblof 3aseblos
5552872f %922492a B91bllkl b903872a
7958010 73134950 30005604 82000000
11607906 83641120 482r6f7e 00000000
£7011104 50033055 3lalélef 86000000
6b a9rl306b :

64

816b856a 11604902 30005503 c51b8T2a
7930701 791fklle 1160410f Sbo0kile
55347806 2£30a308 30005b03 T91allén
£706872e 5b001160 11604102 bllaliko
79321160 491e3a50 5b1£3034 Ge3bedd3
48061788 41177937 a5081160 00b90O6S
872a4102 11604937 8718413b 5b6dac23
2:337 f@ T937413f 30001160 00a6006f

60

8361571 £705571f 5b3eT9LT 11604936
T93££701 T93b£701 85061160 5o2rki33
T824£707 7828£705 493a5028 79101160
872e791f 1705793f 79372130 00000000
1160k82¢ £7015028 79131160 83166£61
17080000 4137872a 49333000 0ald6rol
00000000 79171160 5b3e7913 002e007e
£7047921 k92£3031 235080000 00040090
60 Odalacel :

Figure 8

59



61

0lkclhoo 0lhkeS5ho0 0L49ak00 6689399k
53177400 150ca89k 49lle8lhk 6689499k
00000000 00000000 00000000 00000000
8562412f 412£1160 00000000 0000CC0C
492£5033 49321140 003800Te 00000000
79321160 6e3beBd3 00000000 86000000
k9338729 lateTebl 00000000 58000044
Zlguum 1097e61 82000000 5b6deleb

eb b

62

8163872a T95b1160 4157793f 41535637
k1295b29 87293055 11608728 791£1160
795£1160 T94el160 5577932 011k6£6f
ko2e30kd 495THL3e 2384157 00deCO6l
79372f3a ToU51160 795ba508 00000000
7958508 49538713 11603008 0CO0C000
1160493e 3000793b 5b3eTolr a6hs6L6S
3000533 1160e53e 11604926 a84eb1l6P
62 29ce0Tb8

63

30008713 5b3730¢9 4920520 a5081160
79561160 79341160 7926230 ko27hl29
€525872a 50533099 79391160 T90e872f
5b3aktl2e 79342508 49233a8f 1160793b
79401160 11603040 41357939 £7017911
k9535036 87297909 25081160 k1240000
k12e7okb 11604924 h92330ak 85641160
25081160 87227926 5b2b79Lf 0T00617e
63 98fc2522

6

793b£701 793b£701 49148963 87221182
872a5b25 41277901 795TLIAT kOlaBo63
4135795¢ 11608722 8361551b locb7943
11603041 412a5b29 T844482e 491a8963
872£791a 795£e508 170e8db6e 856211c0
1160793b 11604929 81601194 872a7926
£70141.23 00000000 83781139 00040000
T94¢1160 8163795e 87281182 d5ccblTe
6l eda3Te2a

Figure 8, Continued
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6e

8160793f T92£kok0 79271160 bllellhis
4910856e 8d6dB56a 49577953 be266lTe
79304%1e 79204953 £706872e 836¢1131
11008164 83641138 T9kda1160 816b856e
79374900 8979856e 4okr872a 836c1l3e
89647933 T90Lk95E 112350k 8164938
83641120 790e495p 79278508 836ellac
846e356d4 5b034llb 116049kb 1160k8k:
6c £7895649

e

86ccceec SacThel3 00000014 B8e000000
56567947 87225b3b 00000000 d4cBTeTe
1160k93f 795e1160 83785b0k 86000000
Sblello0 87103032 793£1160 768£5¢28
79472508 791a1160 860b620b 53akbhoo
1160k93b 87280045 8a000000 96b66ALS
871841hp 2513f 86000000 aslllofe
79551160 k6ha6rer 96L66dLs
6e aacOTe2l

76

50043025 79201160 hol6B8ash 87227926

79322508 49410000 81637923 79571147
11603000 0000816k 491d8963 872a1182
Sblf793b 79374904 8r7£1100 4l2e5b29
11603000 79334906 49548463 8o90l1s5a
5052793b 896k110a 856e8179 11595029
25081160 8564792f 836c11b2 3cb06£6L
81l7r1118 Loka7927 87221182 aB8206fTe
78 9al88742

(4

836e79Lr 11604913 11608729 83615510
49368b6e 410T91b 30001121 LllbSpoks
85647903 2£3a7917 836ck936 82196£7e
4ohaB38c 25081160 8b6c8378 82000000
11alilblh 30005b0f T9leloha 25080337
7907110a 7901160 8d6k793e 11816161
3128791b 30005b13 85631132 86000000
2£3a7917 790ba508 8390551b 11235pks
¢ fa7ele3r

Figure 8, Continued
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8e
hok88185 492rBb8e 5bOTTI03 3eB66161
1187793¢ 8376113e 1160490b 86000000
4956846k T92rkok3 89820000 96800000
1bac793b 79334041 11272800 86ccecee
kg568a64 2800492b 490bllal T63bedd3
11147940 B08e8l76 79238508 SabaellsT
~ h9377941 110349ke 87221160 856211ko
k9337943 872aklob 30001191 81601194
8c 218b5a9f

Figure 8, Concluded
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Combined Program

Type 7elf to start the program.

1. Input dsta. The input data consists of the
following: kg, k., Op, Mp, Mg, M,AP, 8¢,404
E, end N',

2. Output data. The output data 1s as follows:

X, Yy, M¥*, M, 8, and o~for easch point in the char-
acteristic grid.

3. Data Storage. The points on each right running
characteristic line sre stored in channel (f0-Z)
where Z 1s the number that the point occuples
on the characteristic line. One point is stored
in each chennel, Point number 1 will be located
An channel ef, while point number 2 1is located
in chsnnel ee, and so forth. The points are
numbered s shown in figure 6, with point number 1
representing the point at the lip of the nozzle.

4L, Loecstion of Convergence Limit., The location of
for the point on the lezding charascteristic line
has a2lready been glven. The corresponding loca-
tion for the point on the axis of symmetry progran
is the same. For the interior point cslculations,
£, is located in chammel 5e, word 37. The loca-
tion for the point next to the axis of symmetry

program is chemnel 8a, word 2f.



Se

G

Modificetion, If the type out of & right running
charpcteristic line wents to be owitted, put lump
awiteh 1 in the forwerd position. If m new velue
of AP wants to be introduced into the program,
set jump iuiteh 2 1o the nérnl position,



COMPUTER PROGEAM

k2 :

0lhkelloo Olkcll2h Olhesk2h Olkefh00
00000000 82000000 00000000 0006000
asoooooo 00000000 00000000 00000000

ooooooélooisoo'reoooooooooooooooo
92916£61 00000000 001e006f 00000000
86140202 008T006f 00000000 00000000
00000000 00000000 00000000 00000000

b2 269c436a

ammr L15£791b 2£305bke U155790f
791£1160 25081160 79131160 a5081160
eShollhe e5H1TOLT U95kTIL3 bBteOlTe
791£2508 k15£1160 a508415e 249e0201
1160c¢51f ¢51b872a 5b5£1160 160a6161
Sbhoa'rza 5b4l7917 49558712 1d117e02
91b1160 a5081160 3000790f 091cOlTe
hghoe'nz Lolil7oks 1160e556 90080201
53 75«2e75

54

81531100 1160333a 1160872a 5b1£7933
872a333a 4157872a 5b1b7937 25081160
79004156 793£a508 11603200 81553200
nﬁokgza 1160kokl 41567937 41571100
87127900 8712793b 25081160 2b3ebfTe
a5084154 4lkell60 3a00415b 36maTebf
1160e557 €53£793b 79331160 82390202
7331'&15& a508415e 4ol3kl3f adal7e02

8356791: 79084d7a T62£30 00001160
1160k1kp T9lrklha SolUTILT 302fe559
3804791f 60 25081160 5b46T7913
25081160 491£795a 301d5blf 11600000
hoh279kp 2£30 791va508 2820616f
2£30505b 790ekdTa 11604954 0e0T6161
79101160 T91£1160 T795a2£30 96lcTebl
491r8720 491£872a 5b54TILT 1084TeTe
55 31lfbe7d0

Figure 9
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315b7913 Soll4ls5e 913795e 790ThdTa
25081160 793b1160 2£305bke TOlolll3
bos5k1ko koll5bko 7937508 5591160
5p41793f 30beT93b 1160491f 872a3000
1160491b 25081160 87267924 83571120
5okoklhe 491779%a bdTaTolf ee226161
7932508 2£305b54 41425013 3529617e
11604940 79371160 beb0Tebl
56 795b580¢

57
5b1£793f 5pll793b 5b3£7933 93167e61
11603200 25081160 11604958 Oa9d7e6l
4117753¢ 30005b5e 11000000 95096£6F
25081160 8796161 9¢9061Te
49568158 493£7943 92B67eTe 88066161
795¢2£30 2£305b59 1d910102 bd316£61
5b56793b 79372508 89010201 29beb£61
11603000 11603000 180c6161 308476l
57 £47649a9

58
41485048 30005030 50337927 790all60
7933:508 79201160 a5081160 49575b48
603a9b 49337952 492£3007 412b7923
h15379zr 2£305b37 79482f3a 87222508
1160493b 79208508 79231160 11608713
k1565056 1160301e 87293000 30007908
792fa508 5pk87927 79151160 1160e559
37 11603000 492ph12¢ 81591100
58 eThbe562

873-7959 e5514123 5b3a7932 792u508
2£305058 79322508 11604936

793el160 1160¢53e Sb3eklsl 835-1&#8
k9274158 41277936 79322508 W93f
5b59793e 1160c53a 11605b46 1160k9le
25081160 41277936 30al792e T94bl1l20
49238712 25081160 11604914 3asablTe
79381160 5508722 41365bkk a2b06167
59 30502a86

Figure 9, Continued
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87217959 e5514123 5b3a7932 T92ea508
21305058 T793a8508 11604936 11604919
T793e1160 1160c53e 5b3eklsl 835aklh8
ko27hl58 U1277936 79322508 SpA8TI3L
5059793e 1160¢53a 11605b4k6 1160491e
25081160 41277936 30a1792e TOWL1120
49238712 25081160 11604014 3asablTe
79381160 ¢550872a 41365bkk a2b0616F
59 30502486

5a
2£305b5b 11604916 11603000 3000872b
793fa508 T92¢kdTa 5b1lTT791b T92ekdTa
11605ble 7958230 11604954 5b1aT95b
30b1791f 5bld7916 3aaf795a 11604955
1160k91a 11604917 2£30791b 815b8712
8727916 79148722 25081160 8351100
hd7eltlha 2£305b19 30005bk5 0023006f
5b19791a 791508 79301160 88936161
5a b6895495

5b
§159793f 11604908 32004155 oooooooo
1160¢500 32004151 7933508 Sphollhko
klsmsr 79371160 11604950 792b1160

3a004155 5000410k 30005bkS5
csohMSB 79372508 792£1160 79202508
793b1160 11604951 3a004156 11604149
5bok8T72a 5008150 792£a508 4ok9osphl
793ba508 79331160 11604949 79271160
5b 57¢21881

S5¢
30105bk45 49515043 U92kT95e be3k6LEL
79272508 T793el160 zraoszzz a8206£61
116?;20 30045b45 T91ba508 970L6£61
k95 2 793ea508 1160492¢ 9el6TeTe
79a3u60 11608154 T94a2£30 Bal27eTe

5o45 holf795a SbSETILT 950dT7eTe
7923!.508 2£30791b 81186£02
11604151 5b541160 v1296£61 108%201
5¢ 5¢650892

Figure 9, Continued
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zglbsm 792944Ta 50507917 4913872b
79204472 79345b1b 25081160 790akdTa
792c5049 41511160 30205b1f Tohehll3
blhell60 4929793a 79131160 5pk9ll60
ko20793% "d7s79:z *95683% 0312617e
4aT7a7920 5plfkl 02006161
5b5¢4150 1160'091: 7913-508 2e226161
11604934 872ak1k9 00acll60 00000000
5d 20e50d7h

5e
kol7T79le 2£3a793b 8150570f 00000000
M7a1917 25081160 17a68cf0 00000000
51 1b 1d39793f ¢30£170k 00000000
93f 49588158 T792££703 5b64a000
87nzrso 83571100 8351120 00060000
5b58793b 00000000 00000000 65000000
11600000 57337852 00000000 29b86161
24307937 Eesa'm 00000000 00000000
S5e aadbe30k

80

85828722 T791v1160 79178508 T90£1160
k1565658 32004155 1160c541 c51rklse
791£1160 79lba508 41k07913 83611120
k9553000 u60k955 1160333a ak070102
5b57T9LE c%;r'ﬁgfﬂﬁ;;ga?ﬂboz
a5081160 2£3a7917 79135 90161
hosklh156 1160koko 1160koko 8405T7e61
79582¢3a 87124140 8712k15f 180cTebl
80 eebeBbbl

&
790£8508 79301160 7937!503 11604943
1160872e 2£30503f 11603000 3a0015e

5‘b1ﬂ93! 793ba508 Mgﬁ 31331:’?2

79#1»2:3- b1425b58 baseTeTe
7931’1508 79371160 7933a508 16396151
1160493f 493pblho 11603200 ad2561
b15a5pk2 Tok22£3a K157T792f baume
81 08a39ck3

Figure 9, Continued
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82

7e2d6b38 Ted778d0 Teb9lOba 86£0224T
Sblioasle 7683895 Ba0f995e Sbbedee0
Bb696Ta3 961£2rd2 Sebell9e Th88defl
8a034live TeOr39%b 73306fa5 TeB64e85
82rke83s 73crosko STOL2UTE Geleff38
83555555 Tesaseal 86cccece 8a000000
86000000 6e3beBa3 Sb4gasle 76838295
8a0r995e Bbbedeed 8b696Ta3 961£2fd2
82 6accda52

83

792508 791b1160 2£3aT917 320014l
11604950 491£3a00 a5081160 790£1160
8712k1kr 4lhe7olb 40178712 83841120
791£1160 85081160 klheTS1l3 2c0b6fTe
e55141ke 49523000 11608722 92926£02
791£a508 5507917 00005b51 02996161
1160333a 1160491 79132508 11057eTe
4151872a bllkh7oka 11604953 98100102
83 6bl7alp?

S

49533000 5b1£793b 79378508 T92£1160
5b17790f 11603000 11603000 kok8hlh6
25081160 Sbk3793p 5bk27933 81851100
320041k 85081160 11604045 08276£6F
793£1160 3a00411b 4146795¢ 3eeeblés
30005bkte 79371160 2£3a7933 a63961Te
79378508 4okohlhl a5081160 31856161
11603000 795a2f3a 30005b50 be346lTe
84 £59e83e9

85

5pk6792f 5b58791b 2£3aT9L7 790allb0
25081160 11603099 8721160 5498712
493£3012 5b3b791b 87293007 41497913
5b54791f 25081160 79081160 83861160
1160493b 401£8729 87223000 28200201
k155503f 30007905 5b58T9L7 leOaTebl
791ra508 11604047 25081160 11857e61
11602r30 411£7958 87133000 9e906£6¢
85 f7lkacaes

Figure 9, Continued
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86

e5h1klk9 79301160 25081160 11608712
79132508 32008157 e53vklh8 4937792f
11608722 T93ba508 79331160 81871100
SollT93f 1160@3: 872a5p30 Oha30261
11603200 5b5341hb 79332508 b62e6£02
41h6793F 79371160 1160kokl 2639027e
85081160 493£8712 h1485p2f ad257eb1
49515b52 41hoT937 ToM92f3a 3ebOTeTe
86 dfa7skbd

87

25081160 11603300 5b407913 11604950
5334137 b1k5791b 11603200 83884149
79171160 25081160 1577913 Sphk8Ll20
052£872a 5b3£7917 25081160 839a6l7e
5b33791f 11603800 hokd5b51 128676l
25081160 k1577917 M15T7790f 1d917ebl
k91£5bll a5081160 11605050 0aBl7eTe
412£791b 495ak11f 790£2508 180cTeOl
87 r8akosef

88 ,

793£1160 k93p5phl 79332508 87287944
1olb8T12 413£7937 11604157 273a8169
7932508 11605048 3abe792f 4lhell00
1160e53f 79372508 1160kokl BkaebfTe
411p793b 11603200 87207928 abb96l7e
11605b3¢ 41577933 kd7a7okd blagblTe
79302508 11604951 41lhl5pSa 21bkT7e0l
87221160 k13b5bk2 937 ac2k0261
88 £a2d5b8b9

8

792ra508 kolhhlSe a5081160 5blf790b
11605037 Sble79lb 5b5a7913 838all60
791£1160 25081160 11605bke 2¢206161
49337944 4oLrklSb 79132508 03la6l6l
273ak1ll 5b5¢T79L7 11605b51 6f
791£a508 1160491b 790£1160 0695616fF
11605b33 T94a2f3a 5b1bT790f 0d0l6fTe
7911160 M1WhTOLT a 980e6161
89 93%8Se

Figure 9, Continued
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8a

holT7hl5b 5bkl793b 85081160 838411a7

5b5e790b 11604945 49517948 5bSLHLISO

a5081160 795c2f3a 2£3a7933 81861100

5b17793F L1b6T793b 11602430 65000000
11604546 a5081160 T92f2f3a baseblél

mzﬁn 5b5b7937 79332508 260961.6¢
793f 11607951 11601427 35a5616f

a5081160 2£3a7937 T7951k9k8 21b0617e
8a 280585be

8b

T91£1160 791fa508 4ol85bL9 £70117ls
kol85pko 872a1160 M1597913 T908£TOL
k159791f 2330791b 11604949 1booT9hl
25081160 2£387917 ssoowk 838c1120
m 118p 8721’5% 02917.6;
17148395 41597917 K060T7910 00060000
1110000 a5081160 11607913 1o0kTeTe
8b 8533kenl

S’mhlln k11r791p 79131160 néoesrn
5b57T91f 85081160 LokThike 837aklhy
1160Ugks 87280800 5HEOTIL3 793£1160
79h9213a 41527917 85081160 §396027e
T91£a508 11604958 5b53790f 12066£61
1160k91f Tokb2£3a nﬁohgsz 9d917eTe
8712791b 7917a508 8712k1hkf 0990201
1717_62265: 11605bka TOOFaS08 948B616F

Ta |
872a5b1b T94a2f3a 11605vkf Solh792p
793fa508 79371160 T792f1160 817bl100
11603200 5b5d7937 38004152 Ok3ebf7e
k15e793b a5081160 T92fa508 b22aTebl
11603800 493£5b53 116040kk a2p961Te
klkb793b 4107933 Sb564ILE5 31296£61
85081160 11605b3f 792b1160 3eb0T7eTe
Losakll7 79332508 Lo3phllh 88206102
Te Skecbfe8
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To

85081160 5b33791b 79132510 c5lbklsl
49375b3b 5081160 1160872a 790fa508
79111160 49128729 5p537917 83941160
k9335037 79131160 a5081160 20030201
L1k6ToLs LohaB7za 87137913 0086lall
85081160 79532f3a 25081160 129d7ebl
2r3akl53 L1LET9LT 5518712 0901T7ebl
791b1160 11608729 T90f1160 180cTebs
To 220cfBaa

Te

5b514157 118¢898e 89718165 81741109
793£1160 1008168 11250000 Sblhkl57
LoleTohT 793THO0T T93£2508 8172118¢
Loka7olh 89688169 11223000 33000000
9le2800 79334914 79532138 kokaSbho
kohekolh 7927h916 110e818c holkb3000
00008172 89698171 118e0018 17101la5
793pk51le T920M907 00001100 002800Te
7c b8T7accad

74

5b3£792b 11602d3a T90rk922 001eQ0bl
25081160 T91£2£30 152¢11a5 11b65053
5blf7olp 79131160 0CC0000C 89718165
11603200 1d95791b 00000000 £9711123
k1557910 4okhB37a 11200000 00040061
25081160 1136837c 11295p42 00810061
k9lp 7okl 1100000 79031160 188c7e6l
2327917 30001196 kok21192 65000000
Td 9afT00ke

94 .
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Conntont Aprss Hoggle Prozras

The progrea is started by typimg 7300.

1.

2.

Input Nata. The input Asts consliasts of the
following: kg, Mg, #n3 H''where N'' is the
nusber of points on the lerding Hach line to
be oeloulsted,

Output Deta. The output consiate of x, y, ¥*,
M, 8, sndorfor sach polnt slong the lesling

cheracteristic linve,
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COMPUTER PROGRAM
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79
Tepe Program

This program puts the last right rumning characteristic
line on punched tape. The progresm csn then be used to
transfer the points to their proper locations for the
Newtonlan boundary program, To put the points on tape,
type 9boi. To transfer the points into the Newtonlan
boundary program, type 9b00.

1. Input data. The number of polnts‘ls stored in

chennel 9b, word 17 in the following form:
00 (N) 0000

where N represents the number of points.



COMPUTER PROGRAM

%
87281110 00007917 11604840 00000000
7917208 4d09551f 17985517 0000000
16001f9¢ 16001199 8af0l78e 6e3pedd3
ellfell7 ellf82e0 1b000000 00820061
51b£108 551b 7840 00000000 00020000
790 £5081791 00000000 00050000
55134040 11851b01 00000000 00060000
11141000 SbObT90f 00000000 00000000
Jb £3T7ed55e

Figure 11
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