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While the stability of time-homogeneous Markov chains have been extensively

studied through the concept of mixing times, the stability of time-inhomogeneous
Markov chains has not been studied as in depth. In this manuscript we will in-
troduce special types of time-inhomogeneous Markov chains that are defined
through an adiabatic transition. After doing this, we define the adiabatic
and the stable adiabatic times as measures of stability these special time-
inhomogeneous Markov chains. To construct an adiabatic transition one needs
to make a transitioning convex combination of an initial and final probability
transition matrix over the time interval [0,1] for two time-homogeneous, dis-
crete time, aperiodic and irreducible Markov chains. The adiabatic and stable
adiabatic times depend on how this convex combinations transitions. In the
most general setting, we suggested that as long as P : [0, 1] — P2 is a Lipschitz
continuous function with respect to the || - ||; matrix norm, then the adiabatic
time is bounded above by a function of the mixing time of the final probability
transition matrix
toa(P(0), P(1), ) < Lmiz(P1.6)

o €
For the stable adiabatic time, the most general result we achieved was for non-
linear adiabatic transitions Py = (1 —¢(t))Po+ ¢(t)P1 where ¢ is a Lipschitz
continuous functions that is piecewise defined over a finite partition of the inter-

val [0, 1] so that on each subinterval ¢ is a bi-Lipschitz continuous function. In



this setting we asymptotically bounded the stable adiabatic time by the largest

mixing of Py over all ¢ € [0,1]. We found that

€3

4
tsad (Po,P1,6) = O <tmw(€)> .

We also have some additional results at bound the stable adiabatic time in this
manuscript, but they are included to show the different attempts we took and
highlight how important it is to pick the right variables to compare. We also

provide examples to queueing and statistical mechanics.
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Preface

In this text I organize the primary topics of my graduate research at Ore-
gon State University. This research was conducted from the Fall of 2009 to
the Spring of 2013. Collaboration with my academic advisor, Dr. Yevgeniy
Kovchegov, began after his first journal publication [16] on the topic of the
adiabatic time. Together we made another journal publication [4], on the adia-
batic time, before talks with with Dr. Thinh Nguyen and his graduate research
assistant Leena Zacharias. Dr. Kovchegov, Dr. Nguyen and I made a journal
submission on the topic of the stable adiabatic time and the four of us published
a conference proceeding on adaptive queueing policies through an adiabatic ap-
proach [27]. I have plans to make another journal submission on the stable
adiabatic time by the end of the year and we have expanded upon the confer-
ence proceeding to make yet another journal submission on adaptive queueing
policies. With so many bodies of work, I found it prudent to use this disserta-
tion to fully explain our motivation for this research and to outline all of our
results in one location. I also want to bring attention to some ideas that did
not make it into publication.

Because both the adiabatic time and the stable adiabatic time are mea-
surements of stability of finite-state, time-inhomogeneous Markov chains, we
first organize this text with a split between discrete-time and continuous-time
Markov chains. Chapters 1, 2, 3 and 4 cover discrete-time Markov chains while
Chapters 5, 6, 7 and 8 cover continuous-time Markov chains.

In Chapter 1 we review some basic concepts of finite-state, discrete-time
Markov chains, define the mixing time of a Markov chain and outline the con-
ditions necessary for the mixing time to exist. We also outline the relationship
between the mixing time of a Markov chain and the spectral gap of its proba-

bility transition matrix before outlining a new relationship between the mixing



time of a Markov chain and a singular value measurement of its probability
transition matrix.

In Chapter 2 we find an upper bound of the adiabatic time by considering a
function of a related mixing time and in Chapter 3 we find an asymptotic bound
of the stable adiabatic time by considering a different function of a related
mixing time. We split Chapter 2 into three parts depending on the kind of
adiabatic evolution used in the creation of the time-inhomogeneous Markov
chains and we similarly split Chapter 3 into two parts. Each type of adiabatic
evolution demanded different proof techniques to find the upper bound of the
adiabatic time and the asymptotic bound of stable adiabatic time. I included
the different evolutions in these two chapters to give the reader a sense of how
the proofs change in each setting. In Chapter 2 we also provide examples to
show that our results are optimal.

Chapter 4 contains our attempts to find either an upper bound or an asymp-
totic bound of the stable adiabatic time with respect to a function of a related
spectral gap. Our study is motivated in part by the Quantum Adiabatic theorem
which characterizes the quantum adiabatic time for the evolution of a quantum
system as a result of applying of a series of Hamiltonian operators, each is a lin-
ear combination of two pre-specified initial and final Hamilton operators. These
linear combinations are similar to those of initial and final probability transition
matrices described in Sections 2.1 and 3.1. The quantum adiabatic time of a
quantum system specifies the rate at which Hamiltonian operators change so
that the ground state of the system at any time s will always remain e-close to
that induced by the Hamilton operator at time s. The first Quantum Adiabatic
theorem was stated in the 1920s by M. Born and V.A. Fock [9], and have been
subsequently studied in [15] among others. Recently, the quantum adiabatic

time plays an important role in the development of quantum adiabatic comput-



ing. Specifically, quantum adiabatic algorithms are constructed as a sequence
of Hamilton operators applied to a quantum system in such a way that drives
the system to the desirable state or output, see for example [17]. Thus, the
quantum adiabatic time is a natural choice for characterizing the running times
of adiabatic quantum algorithms.

In Section 4.1 we outline the Quantum Adiabatic theorem described in [2]
and we establish that the quantum adiabatic time is of the order of the inverse
cube of the smallest spectral gap over the entire transition of the energy func-
tion. This result gave us hope that we could asymptotically bound the stable
adiabatic time by an inverse power of the smallest spectral gap over the entire
transition. We were unable to find a bound for a general finite-state, discrete-
time time-inhomogeneous Markov chain under a linear adiabatic evolution by
the spectral gap, so we attempted different scenarios. The first scenario is out-
lined in Section 4.2. In this scenario we find a bound of the stable adiabatic time
when the initial and final probability transition matrices have only two states.
The second scenario is outlined in Section 4.4. In this scenario we attempt to
find an asymptotic bound when the initial and final probability transition ma-
trices are reversible. This attempt ultimately failed because the non-hermitian
nature of Markov chains limits our ability to accurately discuss the spectrum
of the probability transition matrices. In an attempt to solve this problem for
reversible Markov chains (i.e. the probability transition matrices are self-adjoint
in the I>(R", m,) space), we used spectral techniques described in [6]; however,
the use of the local norm in the {*(R%,1/7;) space does not allow us to extract
information in such a way so that the magnitude of the adiabatic time is solely
in terms of the spectral gap. Finally, the third scenario is outlined in Section 4.6.
In this scenario we again attempt to find an asymptotic bound when the initial

and final probability matrices are birth-death matrices. Because birth-death



Markov chains are reversible, this is an attempt to restrict even further, and use
known information about birth-death Markov chains to derive a result. This
result failed as well and led us to end the endeavor of comparing the stable adi-
abatic time to the spectral gap and turn our attention to comparing the stable
adiabatic time to the mixing time. I still find the attempts in this chapter allur-
ing and I feel that they can be useful to somebody in the future, so I included
them in this work.

The final chapters discuss continuous-time Markov chains. Chapter 5 we in-
troduce the core concepts of finite-state, continuous-time Markov chains, define
the mixing time of a time-homogeneous Markov chain, and discuss the condi-
tions necessary for the mixing time to exist. This parallels the introductory
style of Chapter 1.

In Chapter 6 we find both upper bounds and asymptotic upper bounds of the
adiabatic time with respect to a related mixing time. We again split the results
into scenarios of different adiabatic evolution. The results from this chapter
mirror the results from Chapter 2.

The continuous-time, time-inhomogeneous Markov chains described in Sec-
tions 6.1 have been used to describe queueing models [27] for networks. Specif-
ically, in the setting described in Chapter 7, the arrival rate of a packet at the
queue is assumed to be unknown and is estimated progressively. An appropri-
ate sending rate is then determined based on this estimation. As a result, the
probability transition matrix at each discrete time describes a queuing policy
(or sending rate) which varies with time based on the new statistics. The adi-
abatic time is then used to characterize the performance of the queuing model
under uncertainty due to error in estimation. The stable adiabatic time has
also found practical applications in network design. The recent work of Ra-

jagoplan et al. [19] used the adiabatic time to design optimal medium access



protocols in wireless networks. In Chapter 7 we discuss some of the results of
these applications.

We apply our asymptotic bound of the adiabatic time to a statistical me-
chanical model in Chapter 8, namely the Ising model with Glauber dynamics.
We consider a general adiabatic evolution between two Hamiltonian (energy)
functions on different dimensional tori. Finally, in Chapter 9, I will briefly
discuss my plans for conducting future research in this area.

At this point I feel that I cannot continue without acknowledging the people
that helped this research take place. I have already mentioned the members
of our research group that contributed to adiabatic time publications and I
naturally owe these people a great deal of thanks for their contribution and
inspiration. I want to extend further thanks to both Yevgeniy Kovchegov and
Thinh Nguyen for their advice and guidance while helping me publish papers
and start my career as a research mathematician. I want to recognize Oregon
State University and their excellent mathematics, statistics, physics and engi-
neering departments - I could not exist without their support. During my stay,
I have worked with many great minds and instead of listing all of these people,
I want to name a few people (listed alphabetically) that helped shape my views
in probability: Max Brugger, Bob Burton, Zlatko Dimcovic, Bechir Hamdaoui,
Mina Ossiander, Bob Smythe, Enrique Thomann and Ed Waymire. I have to
thank all members of my family for helping me to survive as a student and I
lastly have to thank my best friend, Shannon Baker, for her love and encour-

agement.

Kyle B. Bradford
Corvallis, OR, USA
http://bradfordmathematics.tumblr.com/



Chapter 1

BACKGROUND ON DISCRETE
MARKOV CHAINS

This chapter is not necessary for advanced readers, but it contains information
that might be useful when reading the later chapters. The first section will
define a discrete-time Markov chain along with many properties of these chains.
The second section will define the mixing time of an irreducible and aperiodic,
discrete-time Markov chain. This section contains multiple propositions that

outline special bounds on the mixing time.

1.1 DISCRETE MARKOV CHAINS

In this section we are going to consider the creation and development of discrete-
time Markov chains. Markov chains have been studied for many years and
these definitions and propositions are well-known to most readers, but I want to
restate them here to give us a foundation which will lead to a clear understanding
of the spectral structure of the probability transition matrices of the discrete-

time Markov chains.



First consider a finite dimensional, n X n, matrix with real entries

Pn1 - Pnn

The space of all matrices of this form M,,(R) form a noncommutative ring
with identity. A subset of this ring is the space of all n x n matrices with
nonnegative (positive) entries. The following definition gives an apt name for

matrices in this subset.

Definition 1 A matriz P with real entries is called nonnegative (positive) if all

its entries are nonnegative (positive). This is denoted P >0 (P > 0).

Next we consider a subset of the space of all n x n nonnegative matrices
that is vital in the construction of discrete-time Markov chains. The following

definition gives a name for matrices in this subset.

Definition 2 A nonnegative matriz P is called stochastic if Z?:M%‘ =1 for

alll <i<n.

Before I describe how these matrices help in the construction of discrete-time
Markov chains, I will stop to consider some of the spectral properties of stochas-
tic matrices. The following two propositions have been known for generations,
so much so that I could readily find them in my introductory graduate linear

algebra text [10]. I included their proofs in Section 1.2 since they are so short.
Proposition 1 If P is a stochastic matriz, then 1 is an eigenvalue of P.
Proposition 2 If A is an eigenvalue of the stochastic matriz P, then |A| < 1.

We will return to these two propositions in a moment. We turn our attention

to the creation of a discrete-time Markov chain. We start with a finite state



space E. This can be an abstract collection of objects with no ordering, but we
can enumerate this collection and impose an ordering so that we can consider

E ={1,---,n}. Given this state space, we make our definition.

Definition 3 A discrete-time Markov chain is a random process in the set of

all sequences X : Zt — E, where each sequence has a probability associated with
it uniquely determined (up to initial distribution). This probability is governed
by a sequence of stochastic matrices P[k] which give the conditional probability
at time k € Zt: P(Xg41 = j| Xy = i) = plkli; where the plkl;; is the ij entry of
P[k].

Because the entries of the stochastic matrices P[k] determine the conditional

probabilities at time k we call it the probability transition matrix of the Markov

chain at time k. There are two basic types of discrete-time Markov chains that

we will now define and we will consider both types throughout this dissertation.

Definition 4 A discrete-time Markov chain is said to be time-homogeneous if

there exists a stochastic matriz P such that P[k] =P for all k € Z7.

If there exists a pair j,k € Zt such that P[j| # P[k] the Markov chain is called

time-inhomogeneous.

Next we highlight two important properties of the probability transition
matrices of discrete-time, time-homogeneous Markov chains. We will consider
matrices with these two properties many times throughout the paper, so we
want to know as much about these matrices as possible. We start by defining
irreducibility, but before we can define this we must first consider the concept

of accessibility and communication between states in our state space E.

Definition 5 Let 1, be a column vector of length n with 1 in the k' entry and

0 in every other entry.



For a time-homogeneous Markov chain, a state j € E is said to be accessible

from a state i € E if there exists k € Z such that lzTPklj > 0.
A state i € E is said to communicate with a state j € E if both i is accessible
from j and j is accessible from 1.

Being able to communicate is an equivalence relationship, ~ on E, so a

communicating class is an element in the quotient space E/ ~. The structure

of this quotient space tells us whether or not our probability transition matrix

is irreducible.

Definition 6 If E/ ~ consists of one element, then the matriz P is said to be

irreducible.

We finish by defining aperiodicity, but to do this we have to understand the

period of a given state in our state space.

Definition 7 The period of a state i € E for a time-homogeneous Markov chain

is defined by k = ged{m : P(X,, = i|Xo = i) > 0}.

If the period of every state is one, then P is said to be aperiodic.

We briefly return to Propositions 1 and 2 before continuing. Remember that
these propositions describe some spectral properties of stochastic matrices. Now
we explore some further spectral properties of irreducible and aperiodic, often
called primitive, matrices. We begin with the statement of the Perron-Frobenius
Theorem for irreducible and aperiodic matrices as it was written in [6]. We will
not include the proof to this theorem, but there is a nice proof of the Theorem

of Frobenius in [11].



Theorem 1 For an irreducible and aperiodic n X n stochastic matriz P, the
etgenvalue 1 has algebraic multiplicity one and all other eigenvalues have mod-

ulus less than 1.

This theorem gives us two very important conditions to place on our stochas-
tic matrix to guarantee the existence of a unique left-handed eigenvector for the
matrix P. Furthermore, this theorem leads to an explanation of the convergence
of any probability vector to this unique left-handed eigenvector under repeated
applications on the right by P. For a more complete explanation, consider the

following: for any vector

N

such that u; > 0 for 1 < i < n and Z?:l u; = 1 we see that uP is also a
vector such that each entry is nonnegative and its sum is one. This tells us that
multiplication of row probability vectors on the right by P preserves the I*(R™)
structure. Naturally, for every n € Z*, uP™ is a vector such that each entry is
nonnegative and its sum is one. What happens as n — co?

For irreducible and aperiodic matrices, [6] shows that P™ tends to a matrix
with every row equal to the unique-left handed eigenvector of P. You could also
show this through a Jordan Decomposition of your matrix P. This would imply
that any vector u multiplied on the right by this matrix many times would
eventually approach the unique left-handed eigenvector of P. For this reason,

the vector was given a name and we end this section with its definition.

Definition 8 For a discrete-time, time-homogeneous Markov chain with irre-
ducible and aperiodic probability transition matriz P, the unique left-handed

etgenvector associated with the eigenvalue 1, denoted 7, is called the stationary distribution

of P.



1.2 PROOFS

1.2.1 PROOF OF PROPOSITION 1

If we multiply the vector

1
vl =
1
on the left by P, then we find that
n
P11 0 Pin 1 ijl D1j
Pn1 ' DPnn 1 Z?:l Dnj

This tells us that PvT = 1vT,

1.2.2 PROOF OF PROPOSITION 2

Let vT be a right-handed eigenvector of P associated with .

Let

U1

Un

Let v,, be the entry of v with the largest modulus.



|Um||A 7pmm| = |>\Um 7pmmvm‘

n
= |mej1}j 7pm,mvm|
j=1

=Y Pyl

j#m

<Y Pl

J#m

j#m

= |vm| Z DPmj

j#m

= |'Um| (1 = prmm) -

We now have that |A — prmm| <1 = prmm.

This will imply that

IAl = |A = Pram + Pml

<1.

1.3 MIXING TIME FOR DISCRETE MARKOV CHAINS

I ended Section 1.1 with a definition of the stationary distribution of a discrete-

time, time-homogeneous Markov chain with a probability transition matrix that



is irreducible and aperiodic. I described in rough terms why any initial proba-
bility distribution tends to the stationary distribution through consecutive ap-
plications of the probability transition matrix. A natural question arose from
this: how does the structure of the irreducible and aperiodic matrix affect how
quickly the Markov chain converges to its stationary distribution? To measure
this stability one needs a norm to measure the size of the changes in these prob-
ability vectors, so I am going to use the total variation norm, denoted || - ||7v
throughout this paper. One measurement of ’how quickly’ the Markov chain

converges was given a name many years ago, and I recall this definition.

Definition 9 Let P be the probability transition matrix for an irreducible, ape-
riodic, discrete-time, time-homogeneous Markov chain with stationary distribu-
tion w. Given an € > 0, the time t,,i (P, €) is called the mizing time if it is the
least T € N such that

max |[vPT — 7||py <€
v
where the mazximum is taken over all probability distribution v.

The mixing time is a topic of great interest in and of itself and it has been
thoroughly researched. I want to highlight one aspect of this research that
pertains to comparing the mixing time to the spectral gap of the probability

transition matrix. First I will define what I mean by spectral gap.

Definition 10 For a stochastic matriz P that is both irreducible and aperiodic,
the spectral gap of the matrix is the difference of its largest two eigenvectors in
magnitude. Specifically, if we denote A as the spectral gap of the matrix and we
denote Ao € (—1,1) as an eigenvalue of P such that for any other eigenvalue A,
[A2| > |A|, then

A=1-\



The author of [18] provides upper and lower bounds on the mixing time
with respect to the spectral gap for reversible Markov chains. Notice, however,
that the upper bound is not entirely in terms of the spectral gap. Before I cite
these two theorems, I will first define what it means for a Markov chain to be

reversible.

Definition 11 A Markov chain, { X, }mez+ is reversible if there exists a prob-

ability distribution m € R™ such that for all m € Z+ and all states i,j € E

TP (X1 = JlXm = i) = 7()P (Xins1 = i[ Xon = 7).

Another way to describe reversibility is saying that the probability transition
matrix is self-adjoint with respect to the the inner product < -,- >,, but we

will return to this definition is Section 4.4.

Theorem 2 For a probability transition matriz, P, of a time-homogeneous,
discrete-time, reversible and irreducible Markov chain over a finite state space
E, if we are given € > 0 and we let Ty := mingep () and A be the spectral

gap of P, then

1 1
tmiz (P, €) < log (éﬂmm) N (1.1)
Theorem 3 For a probability transition matriz, P, of a time-homogeneous,
discrete-time, reversible, irreducible and aperiodic Markov chain, if we are given

€ > 0 and let A be the spectral gap, then

bia (P €) > (i - 1) log (216) . (1.2)

It seems that the mixing time almost acts like the inverse of the spectral

gap, but not quite. Chapter 4 addresses our attempts to asymptotically bound
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the stable adiabatic time with a power of the inverse spectral gap, but we
unable to find a reasonable bound. Chapter 3 addresses our successful attempt
to asymptotically bound the stable adiabatic time with a power of a related
mixing time. The difference of these two attempts seems to be very slight if
you consider the previous two theorems, but this difference turned out to be
significant. To address this difference we are now going to develop a singular
value relative of the spectral gap and show that this relative has a much more
intrinsic relationship with the mixing time when compared to its spectral gap
cousin.

The derivation of the following proposition was original work. We included
it in [5] and we include the proof in Section 1.4. It is an important aspect
of the reason behind exchanging the spectral gap with the mixing time when
switching from the /2 (R™) dynamics of the Quantum Adiabatic theorem to the
I* (R™) dynamics of the Stable Adiabatic Theorem, see Chapter 4.

We know that irreducible, aperiodic time-homogeneous Markov chains gov-
erned by a probability transition matrix P has a unique stationary distribution,
making the nullity of (IA — P) equal to one when A = 1. This would necessarily
imply that the rank of (I — P) is n — 1.

Let 01 > -+ > 0,1 = o be the positive singular values of (I — P) with
respect to the Euclidean inner product, which we will denote || - || throughout
this paper. We will similarly denote the [* (R™)-norm by || - ||; throughout the
paper. By definition our singular value decomposition gives us an orthonormal
basis {v1,---,vn} such that vj(I - P)(I—-P)" = o?vjfor 1 < j <n—1and
van(I-P)(I-P)T =0.

Clearly vy, = 7/||7|2.

Proposition 3 We have that for an time-homogeneous, discrete-time, n-state,

wrreducible and aperiodic Markov chain, if we are given € > 0, then if o is the
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smallest singular value of T — P

4 —ne

747577“'95(}’7 72) <o. (1.3)

There have been many results bounding the inverse spectral gap for re-
versible Markov chains on weighted graphs, for example conductance bounds
and weighted path upper bounds. In both [1] and [6] the authors introduce the
necessary spectral structure to find these bounds. They also define a Dirichlet
form to help derive the well-known Rayleigh Theorem and the Perron-Frobenius
Theorem, which also describe bounds on the inverse spectral gap. Our work,
however, does not employ these techniques directly, but these topics will be

reviewed again in Chapter 4.

1.4 PROOFS

1.4.1 PROOF OF PROPOSITION 3

For t € Ndefine My_1 =1+P+P2+... + Pt L
Also define 7 to be the stationary distribution of P.
Notice that T— P! = (I — P)M;_.

For irreducible, aperiodic Markov chains we have that if Ay, --- A, are the eigen-

values of P such that 1 = Ay > |Az] > -+ > |A,|, then

1A, 1-A

t
T 1=,
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are the eigenvalues of My_1. Notice that M;_1 must be invertible because all

eigenvalues are nonzero and also notice that ¢ is the largest eigenvalue.

This implies that T — P = (I — P*)M;_1 ' and we see that
7= [[va1(I=P)l2 = [[va1 (I = P")Me_1 7.

We see that if || - || is the standard matrix norm, then

Va1 (T =Pz = [va-1 ([ - P)Me_1 ™ "M_1l2
< Va1 (= PHMe_1 o[ Mg 1|+
< v (T—P)Me_1 7|2

< to.

If we let u be a vector such that for 1 <i < n, u(i) = 0 whenever v,_1(i) > 0
and u(i) = —vp_1(¢) whenever v,_1(¢) < 0, then we have that v; = u/||ul)y

and vg = (Vp—1 + u)/||va—1 + u||1 are probability distributions and

Va1 (I =P =vn_1 + ([uly — [va-1 +ul)7

— ([lva-1 +ulls (v2 = M) P* — [Jufls (1 —7) P).
For x,y € R™ such that x and y are probability measures, we see that

| A
§||X =yl < lx—yllrv < THX -l
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Through the triangle inequality we see that if we select ¢ = t,,;. (P, €/2), then
| (Ivn_s +ull (72 — ) P* = [[ull (1 — 7) PY) [

< Va1 +ulli | (v2 — 7) P2

+ [[ull1 (vr — 7) PY|2
< Vollvaa +ulhl| (v2 = ™) Plzv

2
N Vvalull | (v1 = 7) Py
2
< V(a1 +ufli + [[ufl)e
- 4
V[ va-1ll1€
- 4
nl|vn_1l2€
- 4
ne
<=
4

Because v,_1 and 7 are orthogonal, we see that

2
Va1 + (s = Va1 —ufl)7]2 = \/1 + (lully = [lva-1 +ul[1)? (I7]l2)

> 1.

Now through the reverse triangle inequality, meaning that for vectors x and y,

IIx —yll2 > |Ix|l2 = llyll2; we see that if ¢ = t,,;.(P, €/2), then

ne

[va (TP > 1- 25

This now implies that
4 —ne
Upin(P,e/2) =7
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Chapter 2

THE ADIABATIC TIME VERSUS
THE MIXING TIME FOR

DISCRETE MARKOV CHAINS

This chapter first introduces three types of evolutions between two irreducible
and aperiodic time-homogeneous Markov chains. For each type of evolution, a
class of time-inhomogeneous Markov chains is created. We then turn our atten-
tion to the stability of these time-inhomogeneous Markov chains. We introduce
a measurement called adiabatic time and bound this adiabatic time by a func-
tion of the mixing time of the final time-homogeneous Markov chain. We also

provide an example to show that this bound is optimal.

2.1 LINEAR EVOLUTION

This section introduces the notion of a linear evolution between the probability

transition matrices of two discrete-time, time-homogeneous Markov chains. We

15
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then define our first type of discrete-time, time-inhomogeneous Markov chain
and study a metric of stability called the adiabatic time. This nomenclature

was first introduced in [16].

Definition 12 Let Pog and Py be the probability transition matrices for two
discrete-time, time-homogeneous Markov chains. We call Pqy the initial tran-
sition matriz and Py the final transition matriz. We define a class of proba-
bility transition matrices based on a linear evolution between Pg and Py to be
{Pt}icpo1] so that

P, =(1-t)Po + Py (2.1)

for each t € [0,1].

We define 7y to be the stationary distribution of Py for each ¢ € [0,1]. Given
T € N, the specific time-inhomogeneous Markov chain being considered in this
section is the one such that the probability transition matrix at time k is P K
for 0 < k < T. We consider the class of all time-inhomogeneous Markov chains
of this type over all T € N. We will say that any Markov chain in this class is
governed by an linear adiabatic evolution between Pg and Pj.

The adiabatic time is the smallest integer T guaranteeing that any distri-
bution will evolve under consecutive applications of P K for 1 <k < T to an
epsilon-ball of the stationary distribution P;. We summarize this in the follow-

ing definition.

Definition 13 Given € > 0, a time t,q4(Po,P1,¢€) is called the adiabatic time
for a linear adiabatic evolution between Po and Py if it is the least T* € N such
that

mgX”VP%P%"'P%Pl_Wl”TV <e (2.2)

for all T > T* where the mazimum is taken over all probability distributions v.
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It is crucial to note that we are using a linear evolution of discrete Markov
chains for this definition, because we will later allow for evolutions that are not
linear. We also remark that this definition only requires the uniqueness of the
stationary distribution 7.

Under this definition, we make a relationship between the adiabatic time
for a linear adiabatic evolution between two discrete-time, time-homogeneous
Markov chains and the mixing time of the final Markov chain. We attach the

proof of the following corollary in Section 2.2.

Theorem 4 Given a discrete-time, time-inhomogeneous Markov chain governed
by a linear adiabatic evolution between two discrete-time, time-homogeneous, ir-
reducible and aperiodic Markov chains with probability transition matrices Pg

and Py, we have for e >0

2t2 . (P 2
tea(Po, Py, €) < M (2.3)

The following is a direct result of the previous theorem. This corollary was

shown in [16].

Corollary 1 Given a discrete-time, time-inhomogeneous Markov chain gov-
erned by a linear adiabatic evolution between two discrete-time, time-homogeneous,
wrreducible and aperiodic Markov chains with probability transition matrices Pgo
and P1, the asymptotic behavior of the adiabatic time as € \, 0 is

toa(Po, P1,€) = O (’W) . (2.4)

€

We next give an example to show that the asymptotic bound from Corollary

1 is the best bound in this setting. That is to say that there exists at least one
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pair of Markov chains such that

Ct3ix (P1,€/2)

tad(Po,P1,€) = c

for some constant C. This was shown in [4] and you can reference a more

detailed explanation of why this example is a lower bound in Section 2.2.

Example 1 (The lower bound.) Let there be n+ 1 states, {0,1,2,...,n}.

1 0 0
1 0 0
Py =
1 0 0
01 0 O 0
0 01 O 0
0 00 1
P, =
0
000 -~ 0 1
000 - 0 1

The probability transition matrices mentioned above are not irreducible,
but they have a unique stationary distribution, so that the adiabatic time can
be defined in this case. Also note that we can perturb them to make them
irreducible, and for these irreducible Markov chains, our adiabatic time will be
a constant multiplied by the mixing time squared.

There are many practical applications for the linear adiabatic evolution be-
tween two time-homogeneous Markov chains, but there are many problems that
are unaccessible by a mere linear evolution. In Sections 2.3 and 2.5 we will find

a similar bound for more general types of evolution.
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2.2 PROOFS

2.2.1 PROOF OF THEOREM 4

From the proof in [16], we notice that
tad(PO» P17 6) S Ktmiz(Pla 6/2)

where
P1 ,6/2)

K—1\ tmiz(
(1+ %)
AV < /2.

After performing some basic algebra and taking the natural logarithm of either

side of the equation, we see that

K-—1
(1 — €/2) < trin (P1,€/2) <1n ((1 + K1_1> ) - 1)

< tie (P1,¢/2) ((K 1)l (1 + 1(11) - 1)

<tz (P1,€/2) | (K= 1) | 3 (-7 S5 | =1

Jj=1

< tmix (Plv 6/2) Z(_l)j—i_lW

> ; 1 —J
< twia (Pr,€/2) | _(-)" s—5; <J' + 1)

It is clear now that if we select K large enough so that

N —e/2) <t (P e/2) | S 1yt L
1 (1 /Q)S tmzm(P ) /2) jzz:l( ]‘) j(K—l)]

1
S 7tmim (Pla 6/2) In <]‘ + [(_1)
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then K will be large enough to satisfy the previous inequality.

Exponentiating either side of the equation and performing the basic algebra

required to solve for K we see that

(inie -1
K > 1+ [ e\tmiza®Pre/2)) ]
-1

= (1 (=In(1—¢/2) ’
>1+ Z(,(taam))‘l

—In(l—¢/2) =1 [ —In(l—¢/2)\' "
< 1+tmim(Plae/2) 1 (—In(1-¢/2)

1

Notice that the infinite sum that we have is the sum of positive terms and the

first term in the sum is 1. This tells us that

tmim

21 (—In(1—¢/2)\ "
1§Zw( )

therefore .

[e%e) j—1
1 /—=1In(1-¢/2)\’
= (51 ()
j=1 J: tmi:}c (Pla 6/2)
This tells us that if we select K such that

K Z 1+ tmix(Plae/Z)
“In(1—¢/2)

then the above inequality will be satisfied.
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Finally we can expand In(1 — ¢/2) to find that

—1

K21+ mzr ]-:,176/2 Zl(*)

Again the infinite sum is the sum of positive terms and the first term in the

sum is 1. This tells us that

We conclude that if we select K such that

2tmix(P17 6/2)

€

K >

then
K—1\ tmiz(P1,6/2)
(1+ 25)
o <e€/2.
e
Therefore, we see that
2t P 9
tad(Po,P1,€) < 2mie(P1,¢/2)
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2.2.2 PROOF OF EXAMPLE 1

Recall that there are n + 1 states, {0,1,2,...,n} and our probability matrices

are
10 0
10 0
Py =

10 0
010 0 0
001 0 0

000 1

P, —

0
00 0 0 1
00 0 0 1

Notice that m; = (0,---,0,1).

Also notice that [|[vP1"™ — m1||rv = 0 for all distributions v and
1(1,0,-+ ,0)Py" " — ]y = 1.

This implies that for 0 < e < 2

t?nzr(Pl’ 6/2) _ 712

€ €
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We also have that vPg = (1,0, - ,0) for all distributions v which implies that

o Proa Py —mirv
T

— j T -
Z Z (1_T>W ((1,07,0)P1 —7T1)

7=0 TV

Observe that VPlT_j —m; =0 for any 0 < j < T — n. Therefore

T-1 j T
||I/P%~P%~--P%'P1_7T1HTV2 Z <1_T)j!'TT_j
j=T—n+1
T-1
| |
= Z ( i .?E—j (G- 1)1.TfT(j1)>
j=T—-n+1 J: J :
|
sy T
- (T —n)!-Tn
>1_T—n+1”.T—1.
- T T
Now, because %-n%g(T%%)iforn22,weseethat

T-2\% (=2
”VP%'P%"'PTTI'P1—771|TV21—( T2) >1l-e (“).

2

Thus € > [[vP 1 Pz --Pra Py — iy > 1—6_(27) implies

This indeed tells us that

t%niz(PlaE/z)> .

€

tad(Po,P1,6) = O (
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2.3 NONLINEAR EVOLUTION

We now extend the results in Section 2.1 to cover more general evolutions be-
tween the probability transition matrices of two discrete-time, time-homogeneous
Markov chains. In this section we will consider nonlinear evolutions rather than
linear evolutions, but we find a familiar result. We will extend our results even
further in the following section. We first develop our terminology for this sec-
tion. Although our definitions look similar to those in the previous section,

notice the different notation associated with the nonlinear evolution.

Definition 14 Let Pog and Py be the probability transition matrices for two
irreducible, aperiodic, discrete-time, time-homogeneous Markov chains. We call
Py the initial transition matriz and Py the final transition matriz. We define

a class of probability transition matrices based on a nonlinear evolution between

Py and P to be
Py = (1 —6(t))Po + ¢(t)P1 (2.5)

where ¢ : [0,1] — [0,1] is continuous functions such that $(0) = 0 and (1) = 1.

We similarly define mg(t) to be the stationary distribution of Pyt for each
t €[0,1]. Given T € N, we now consider a time-inhomogeneous Markov chain
such that the probability transition matrix at time k is P B(X) for 0 <k <T.
We consider the class of all time-inhomogeneous Markov chains of this type over
all T e N. We will say that any Markov chain in this class is governed by a
nonlinear adiabatic evolution between P and Py by the function ¢.

For these types of adiabatic evolutions, the adiabatic time is now the small-
est integer T guaranteeing that any distribution will evolve under consecutive
applications of P $(k) for 1 < k < T to an e-ball of the stationary distribution

of P1. Our formal definition accounts for this nonlinear evolution.
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Definition 15 Given € > 0, a time tq,q(Po,P1,€) is called the adiabatic time
for a nonlinear adiabatic evolution between Po and Py by the function ¢ if it is

the least T* € N such that
m9X||VP¢(%)P¢(%)"'P¢(%)P177T1||TV <e (2.6)

for all T > T* where the mazimum is taken over all probability distributions v.

We want to compare this definition of the adiabatic time to the mixing
time of the final Markov chain as we did in the previous section, however, the
techniques used in the previous section will not help us derive this result. We
will find a result on a dense subset of the continuous functions from the unit
interval to itself. Our dense subset will be the space of Lipschitz continuous
functions with finite Lipschitz constant. We will first remind the reader of what

it means to be Lipschitz continuous.

Definition 16 A function ¢ : [0,1] — [0,1] is Lipschitz continuous with posi-

tive, real Lipschitz constant L if for x,y € [0,1],
|6(z) — ¢(y)| < L]z —y]. (2.7)

Typically we understand the Lipschitz constant L to be the smallest such
positive, real number under which the inequality holds. It should be clear
that the space of Lipschitz continuous functions with finite Lipschitz constant
mapping the unit interval to itself is dense in the space of continuous functions
mapping the unit interval to itself. This is because continuous functions on the
unit interval are uniformly continuous. For € > 0 and continuous function ¢

there exists n € N (depending on the uniform continuity condition) such that
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the interpolation function

(1-nt)p(0) +ntp(L) ifo<t<i

n

(1—nt)p(L) +nto(2)  if L
d)n(t): )

(1—nt)p(=2) +ntg(l) if 2=t <t <1

has the following property:

max |p(t) — ¢n(t)| <.

te(0,1]

Notice that ¢,, is a Lipschitz continuous function with Lipschitz constant

p= (0 (5) o (50))1

To begin our comparison between the adiabatic time and the mixing time

of the final probability transition matrix, we consider the case where ¢ is a
Lipschitz continuous function with Lipschitz constant L such that ¢(0) = 0 and

¢(1) = 1. The proof of the following theorem is given in Section 2.4.

Theorem 5 Given a time-inhomogeneous, discrete-time Markov chain governed

by a nonlinear adiabatic evolution between the two irreducible and aperiodic Pg

and Py by the Lipschitz function ¢ with Lipschitz constant L, for ¢ >0
4142 . (Py1,€/2)

tad(Po, Py, €) < —mie =102, (2.8)

Our next goal is to expand the class of functions in the nonlinear evolution
to all continuous functions on the unit interval. This has proven to be elusive,

but there hope that even if we cannot do this we can expand the class to all
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Holder continous functions on the unit interval. We now turn our attention to
defining a general evolution, rather than a nonlinear evolution. In Section 2.5

we will define a general evolution to account for even more adiabatic evolutions

2.4 PROOFS

2.4.1 PROOF OF THEOREM 5

Observe that

VPd)(

S

where vy = 1/P¢(%)P¢(3) e P¢(¥), and £ is the rest of the terms, and both

T

T and N are natural numbers with N < T'.

By the triangle inequality, we have

e Py (3)Po(2)  Po(zpyPr = mllry
T
§max||1/P1T_N—7T1HTV' H ¢(/T)| +Sn
v j=N+1

where 0 < Sy <1 — HJT:NH ¢(j/T)]

Setting T' = Ktz (P1,€6/2) and N = (K — 1)t;i.(P1,€/2), where € > 0 is

small, we see that

T
m3X||VP1T7N*7T1||TV~ H o(G/T)| <e/2.

j=N+1

It now suffices to select K large enough so that 1 — HJZNH o (J/T) <e€/21in
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order to show that t,q(Po,P1,€) = Ktpir(P1,€).

Assume that
4Ltm1x (P]_, 6/2)
€

K>

where L is the Lipschitz constant for the Lipschitz continuous function ¢.

Because 1 < 3777, (¢/2)”7" /j, we see then that

2Ltmim(P1, 6/2)
(e/2) X252, (/27" /i
_ 2Ltmz;r (Pl, 6/2)

Z;}il (E/Q)j /3
o 2Ltmm(P1, 6/2)
 —log(1—¢/2) "

K

Y

After performing some algebra we find that

2Lt (P1,€/2
—log (1 —¢/2) > #

First note that 2 > 72 /6 where here we mean 7 to be the irrational number.

Remember that 3777, 1/j% = 7?/6. We now find that

Ltmzz (P17 6/2) ﬂj
K 6
o0
_ Lt s (P17 6/2) Z i
= —K j2

—log(1—€/2) >

Lt piz(P1,€/2) <
F 2]

= tmiz(P1,€/2) (é) i j(j:- 1)
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Notice that when € > 1 the t,q (Po,P1,€¢) = 1 because the total variation dis-
tance between two probability distributions is always going to be less than 1.
We need only concern ourselves of the case when ¢ < 1 and in this case it is

easy to show that K > L.

This being the case we see that 1 > (L/K) ™' for j € N.

This would now imply that

—log (1 —€/2) > tmiz(P1,€¢/2)

)iy(jil)

(%)%
> P2 (1) i%
~tustprc 3 A
~wePr) 3 (£) ;- 7]
e |3 T (1) S 0
e i } ( [L(> i (L/K)’

Using the Taylor series representation of log (1 — z) around = = 0, we see that

we can write the previous inequality as

“log (1 — €/2) > tyia(P1,€/2) {1 + (f) log (1 - f{) log (1 - f{ﬂ .

Performing some basic algebra, we find that

T L ) A A A )
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We can now use the fact that T = Kt (P1,¢/2) and 1/K = (1 — N/T) to

write the previous expression as

etz 2 [ (100 2 (e (124 ) 1))

We see that the right hand expression is an integral of a logarithm function. In

fact

—log (1 —¢€/2) > %/1 —log (x) dz.

—L+EF
Notice that —log (z) is strictly decreasing on the interval [1 — L + £ 1], so
we can find a lower bound to the integral by taking a well known right hand
sum from introductory integral calculus. Here we partition [1 — L + £ 1] into

T — N subintervals of length L/T and we have that

1 T-N .
L LN Lj
— > = _ Can
/_ R OLEDYD (T)log(<1 L+ T)+T)
1-L4 L2 =
We now have that
T—N .
LN Lj
—log(1—€/2) > — jgﬂ log ((1 - L+ T> + T> .
With a change of indices on the summation we find that
T-N .
LN Lj
—log (1 —¢/2) > — g log((l—L+T>+T>
T .
Lj
=— > 1 1—-L)+ =22
3 j
= — 1 —_ —_ — .
J=N+1

Multiplying both sides by negative one and then exponentiating either side, we
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see that

e 11 (2 (i2).

j=N+1
Now we notice that because ¢ is a Lipschitz continuous function with Lipschitz

constant L

ﬁ (1L(1%>)ﬁ (1-L|1-4/T|)

A A
— -
I \
= o

| ™
\e\ S~—
< \
~ -
= <
= N
-
N

I
—
ASH
<
~
3

After some basic algebra, we can now state that

1= ] ¢G/T)<e¢/2

j=N+1

when
€

From this we now conclude that

AL#2 . (Pq.€/2
t(zd(Po,Pl,e) < M

€
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2.5 GENERAL EVOLUTION

This section is devoted to extending our results from Sections 2.1 and 2.3. We
begin by introducing terminology and we again find a familiar result. We will
also discuss a more descriptive result at the end of this section. For the following

definition we use the Matrix notation P () = (P¢(¢, j)); ;-

Definition 17 Let Po and Py be two probability transition matrices where Pg
18 an initial transition matriz and Py is a final transition matriz. We define a

class of probability transition matrices based on a general evolution between Pg

and Py to be a class of matrices P (t) such that

P(t)(i,5) = (1 = ¢1,(t)Po(i, j) + ¢4 5 (H)P1(i, j) (2.9)

where ¢;; 1 [0,1] — [0,1] are continuous functions such that ¢; ;(0) = 0 and
$ij(1) =1 for all 1 < i,j < n and 32, ¢;;(t) (P1(i,7) — Po(i, 7)) = 0 for all

t €10,1] and each 1 < i <mn.

We can also describe a general evolution using matrix notation. Let M, ([0, 1])

be the collection of all n x n matrices with entries in [0, 1]. Define
Pp ={P € M,([0,1]) : P1 =1}
where 1 is the n dimensional column vector with all entries 1 and define
Piv = {P € P, : P is irreducible and aperiodic}.

In this section we could also define the class of probability transition matrices
based on a general evolution between Pg and P; as a continuous function P :

[0,1] — Pl such that P (0) = P and P (1) = P;. We would also define a
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function 7 : [0,1] — R™ such that = (¢) is the stationary distribution of P (¢).

Given T € N, we now consider a time-inhomogeneous Markov chains such
that the probability transition matrix at time k is P (%) for0 < k<T. We
consider the class of all time-inhomogeneous Markov chains of this type over all
T € N. We will say that any Markov chain in this class is governed by a general
adiabatic evolution between Pg and Py by the function P.

For these types of adiabatic evolutions, the adiabatic time is now the smallest
integer T guaranteeing that any distribution will evolve under consecutive appli-
cations of P (%) for 1 < k < T to an epsilon-ball of the stationary distribution

of P (1). We summarize this in the following definition.

Definition 18 For e > 0 the adiabatic time of a time-inhomogeneous, discrete-
time Markov chain governed by an adiabatic evolution between Pgo and P1 by

the function P, is defined as:

tad(Po,P1,€) =inf{T* € N:

max [P (0) P (;) P <;> P <TT 1) P (1) - 7 (1) lrv

<eforTeNT>T"},

(2.10)
where v is a probability distribution.

We again want to compare this definition of the adiabatic time to the mixing
time of the final Markov chain as we did in the two previous sections. We will
follow an approach similar to the one outlined in Section 2.3. We will find a
result on a dense subset of the space of continuous functions, now mapping the
unit interval to P:. This dense subset is the space of Lipschitz continuous
functions with finite Lipschitz constant, again mapping the unit interval to Pi2.

It should be understood that this is a dense subspace if you follow a similar
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treatment as the one in Section 2.3. Our notion of Lipschitz continuous has
now changed, however, so we define what it means to be Lipschitz continuous

in this setting.

Definition 19 A function P : [0,1] — P is Lipschitz continuous with posi-

tive, real Lipschitz constant L, if for z,y € [0,1],
IP () =P (y) || < L|z —y| (2.11)

where || || is some Matriz norm.

The matrix norm we will use in this section for a matrix M is |[M]|; =
max,, |[vM]||; where the maximum is taken over all probability distributions v
and the vector norm || - || is the standard I'-norm.

To begin our comparison between the adiabatic time and the mixing time
of the final probability transition matrix, we now consider P to be a Lipschitz
continuous function with Lipschitz constant L such that P (0) = Pg and P (1) =

P;. The proof of the following Theorem is given in Section 2.6.

Theorem 6 Given a time-inhomogeneous, discrete-time Markov chain governed
by a general adiabatic evolution between the two irreducible and aperiodic Po and

P, by the Lipschitz function P with Lipschitz constant L, for e >0

L2 . (P 2
tad(P07P1,e)§—"‘Z“( 1¢/2) (2.12)
€

We now wish to make a slight improvement which takes into account exactly
how these general adiabatic evolutions are continuous. To do this we return to
the notation that we developed at the beginning of the section from Defini-
tion 17. The following Theorem describes our more precise result and the proof

is given in Section 2.6.
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Theorem 7 Suppose Pgo and Py are irreducible and aperiodic Markov chains.
Consider a general adiabatic evolution between Pgo and Py. Let € > 0. Letting
@ be the piecewise minimum function of all of the ¢; ; functions, if m is the first
positive integer such that (™ (1) # 0 then

m+l
t. 7 (Py1,e/2
tad(Po,P1,6) = O (“”” ( & ¢/ )> (2.13)
€Em
This is in fact the best bound in this new setting as shown through the
example in Section 2.1; however, the proof is somewhat different. We include
the following example and the proof of why this example shows our bound in

Theorem 7 is optimal. This was shown in [4].

Example 2 (The lower bound.) Let there be n+ 1 states, {0,1,2,...,n}.

1 0 0
1 0 0
Py =
10 0
01 0 0 0
0 01 0 0
0 00 1
P, =
0
0 0 0 0 1




36

2.6 PROOFS

2.6.1 PROOF OF THEOREM 6

Observe that

2()r(i) +(i5
o (P+ (P (B —p @) Prs

o wp o (p () )

where vy =vP ()P (%) ---P (%), P; =P (£)---P(1), and both T and N

are natural numbers with N < T.

By continuing this process for P (%) and so on, we find that

w()e(3) 2 (5 )po
=y (P(1)" Y
e (p () e ) i

k=0

+

By the triangle inequality, we have

e ()2 (3)p (5 ) P -n v

< Jow (P W)™ =7 (1) llrv
T—N-2

+ kZ:O lvn (P (1)) (p (N+T1+k> -P (1)) P sl

Because 2| — v||rv = || — v||1 whenever p and v are probability distributions,
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we see that

1 2 T-1 _
WP (7)P(3) P (T ) PO =m0l < o W) =5 (1) v
T—N-—-2
v Y PRl
k=0

where v} = vy (P (1))k (P (2R — P (1)).

Notice that for 0 < k < T — N —2, because Pf\,+2+k is a probability distribution,

we have that
n n
[ViPN okl =D | v () Priory (0,5) |
=1 i=1
J’I’L n
<>
j=1i=1
n n
= Z vy (1) | ZP*N+2+I<: (4,7)
i=1 j=1
n

= [lvilh-

v, (i) |P7\'+2+k (4,7)

v (i) |

We therefore see that

VP <;) P (;) P (TT_1> P (1) —m(1)[lrv

o (P )* (P () <P )

It is clear to see that vy (P (1)) is a probability vector for 0 < k <T — N — 2,
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so we can see that

max||vP <;>P (;) S (TTl> P (1) —m (1) v

< max [[v (P W) =7 (1) v

T—N-2
1 N+1+k
s3> ml (P () e )

k=0

where the maximum is taken over all probability vectors v.

We observe that the terms in the sum of the right hand side of the inequality are
now the matrix norm for the matrix P (2H+%) —P (1) for 0 <k <T— N —2.

This would imply that

ma [P (;)p (;) P (TT”) P (1)~ (1)rv

< masc v (P (1) =7 (1) [y

T—-N-2

w3 2 () cpo

k=0

At this point we consider € > 0 and we use the fact that the space of Lipschitz
continuous functions with finite Lipschitz constant from [0, 1] to P is dense in
the space of continuous functions from [0, 1] to P to find a Lipschitz continuous
function P* : [0,1] — P with Lipschitz constant L such that P* (0) = Py,
P* (1) = P; and

€

s P )

IP(t) = P*(2)

for all t € [0, 1].
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We can use our previous inequality to write

ngﬂwp<;)P(;>u.P<TTl)Pﬂ)wﬂﬂhv

< max v @ @) N =7 (1) v

T—N-2

1 (N+1+k )
vz > 1P () el

k=0

T—N-2

1 N+1+Ek N+1+k

- p( TP} pr( T TF
rp 2 (FF5) P ()

Because P* : [0,1] — P! is a Lipschitz continuous function with Lipschitz

constant L, we see then that

max |lvP <;>P (;) . P (T;l> P(1)—7(1)|rv

L N+1+k
9 Z | T - 1|
k=0
. 1 T—-N-2 c
2 E—0 2tmzx (P (1) ) 6/2)

After relabeling our sum, we can easily see that

n@ﬂWP<;)P(;>~~P(TT1)PU)WOHHV

< max v (@)Y =7 (1) v

L
+ (T =N=1)(T - N)

T a0 LN

Setting T = Kty (P (1),¢/2) and N = (K — 1)ty,(P (1) ,€/2), where ¢ > 0
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is small, we see that

max[|vP <;)P (;) . (TTl) P (1) —m1)llrv

3e L
< Z + E (tmix (P(l),e/?) - 1)

3e L
< — 4+ —tmie (P (1 2).

Selecting
o Ltmm (P17 6/2)

we find that

mpx P ()P (2) 2 (T30 ) PO -5 () v <

This implies that

tad (Po, P1 6)<M.
B €

2.6.2 PROOF OF THEOREM 7

Recall that for each s € [0, 1] we have ¢(s) = min; ;{¢; ;(s)}.

We see that
P(s)(i,5) = (1 = ¢i,(5)Po(i, ) + (¢4,5(s) — &(s))P1(i, j) + ¢(s)P1(i, )
will give us a well defined transition matrix P such that

(1= d(s)P(i,5) = (1 — ¢;,3(5))Poli, 5) + (¢5,5(s) — H(5))P1(4,5).
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We will thus have that
P(s) = (1 - ¢(s))P + ¢(s)P1.

Observe that

(1) (2) e (TR = | T o] mwpam ve

J=N+1

where vy = VP (%) P (%) P (%) P (%)7 and £ is the rest of the terms,

and both T" and N are natural numbers with N < T.

By the triangle inequality, we have

max|[|vP (;) P (;) . <TT_1) P (1) —m1)llrv

< max [vPL "N — 7|y H ‘b(%) + Sn

where 0 < Sy <1 - H?:NJrl (/)(%)}

Supposing we set T'— N = ;. (P1,€/2) where € > 0 is small, we have that

T .
max [Py "N —miflry | [T (5| <e/2.
j=N+1

Setting 1 — [HJT:N_H qﬁ(%) < €/2 we obtain

T .
log(1-¢/2)< Y logo(z).

J=N+1



We plug in the approximation of the minimum function ¢ around z =1

o™ (1) (z —1)™

m!

o(x) =1+ + O (Jz — 1y

obtaining

—log(1—€/2)

T m .(m \m
> Z log <1+(—1) ¢( )(1)(T_J) +O((1j/T)m+1)>.

v Tm . ml
j=

Therefore

—N—

m+1 _ m—+2
—log(1—6/2)2()Tm—0in, Z J +O<(TT5+)1>'

Observe that (—1)"+1¢(™) (1) > 0 as ¢ : [0,1] — [0,1] and ¢(1) =

Because
n—1 k k
(k+1)—j5
PDEL) e )
Jj=1 J=0 J

we see that

tmic(P1,6/2)—

e
o P (m+ 1 k
“tmia (P1,6/2)( ok +0 <Tm+1

42
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where By, is the k' Bernoulli number, and therefore

e > —log(l—¢€/2)

e O N
- Tm - m)! kiO(m—&—l)—k k
mt1)—k (T — N)™+2
“lmia (P1,6/2)( Mo <Tm+1

In order for the right hand side of the above equation to be —log(1 — €/2) close

to zero, it is sufficient for T to be of order

o (tlif (Pll,e/m) |

€Em

2.6.3 PROOF OF EXAMPLE 2

Recall that in this general adiabatic setting
P(t)(1,5) = (1 = ¢i(t)) Po(i, j) + @i (t)P1 (i, 7).

Suppose ¢; ;(t) = ¢(t) for all 1 < 4,5 < n and suppose m > 1 is the smallest
integer such that ¢(m)(1) # 0. Then noticing that for any distribution v, vPg =

e; = (1,0,---,0), we have that

WP ()P ) = 70l

T— T

> ||es 1—o/1) I ¢G/T) | PT7' (1) — x(1)|
0

= Jj=l+1

=
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and therefore

1 T—1 T
WP(>'“PQ)WQHHV> S (-eu/my) [ oG/m)
T I=T—n+1 j=l+1

= Z H¢.7/T [IeG/D
j=l

I=T—n+1 \j=Il+1

=1- H ¢(j/T).

j=T—n+1

The minimum function ¢(z) =1+ W + O (Jz — 1|™*!) and

P (1) P = 7Dl
>1- H (1 + (_1)m¢(m)(1)(T )" +0 ((1 _ j/T)m+1))

Tmm)!
j=T-—-n+1

_1ym 4(m) _ym . m
ZJ_T:P”H10g<1+%+0((1_ﬂn +1)>

=1-e

_1)ym g(m) _1 .
>1_ e( 1) T(?T’- 1) Z;}:11jm+0((7l/T)m,+l)

as log(l+2x) <=z

It is a well known fact that

n—1 k k

- (k+1)—j
2= g n(EH=,
= =k 1 i\

where Bj is the jth Bernoulli number.
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Suppose € > VP (7) - P(1) — w(1)||7v, then

e~ —log(l —¢)

(~)" g1 ¢ B, L i1
i e ;Mmd)—j i) O (1))

Thus confirming that the order of the adiabatic time in Theorem 7 is optimal

€

1ad (P(0) P(1), = O (WW) |



Chapter 3

THE STABLE ADIABATIC TIME
VERSUS THE MIXING TIME
FOR DISCRETE MARKOV

CHAINS

This chapter will consider both linear and nonlinear evolutions between two
irreducible and aperiodic time-homogeneous Markov chains. We consider the
corresponding time-inhomogeneous Markov chains from Chapter 2: Section 3.1
considers linear adiabatic evolutions and Section 3.3 considers nonlinear adia-
batic evolutions. We now seek to to find a stricter form of stability of these
Markov chains. We introduce a measurement called the stable adiabatic time
and asymptotically bound this measurement by a function of the largest mixing

time over the entire adiabatic evolution.

46
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3.1 LINEAR EVOLUTION

This section is going to define a new metric of stability for the time-inhomogeneous
Markov chains introduced in Section 2.1. Recall that Definition 13 suggests for
e >0 and any T > t,4(Po,P1,€) that any probability distribution will evolve
under consecutive applications of P k to an e-ball around 71 in the space of
probability distributions with respect to the total variation norm. We desire a
stronger notion of stability in this paper to match the description of the quan-
tum adiabatic theorem mentioned in [9]. We want to select T large enough so
that starting at mg, the distribution will evolve under consecutive applications
of P% within an e-corridor of T for 1 < k < T. This leads us to the following

definition.

Definition 20 Givene > 0, a time tsqq(Po,P1,€) is called the stable adiabatic time

for a linear adiabatic evolution between Po and Py if it is the least such T € N
such that

||’/T0P%~'P%771’%||Tv<6 (3.1)
for1<k<T.

The goal of this section is to find an asymptotic bound for the stable adi-
abatic time with respect to the maximum mixing time over all the probability

transition matrices in the linear adiabatic evolution. For € > 0 we let

tmim(e) = sup {tmzm(Psae)} (32)
s€[0,1]

and we seek our bound in terms of this ¢, (€).
The following theorem gives us insight into the nature of the stable adiabatic

time. Its proof is given in Section 3.2.
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Theorem 8 Given a time-inhomogeneous, discrete-time Markov chain governed
by a linear adiabatic evolution between the irreducible and aperiodic Po and P4

and given ¢ € (0,1], for any e > 0,
[moP 1+ Pix —mxllry <e

for

T > w’ (3.3)

€

and 0 < k/T < 1.

If we can find T' > W that satisfies |[moP 1 -- Pa—mi lrv < efork/
T € [0, 6], then this value of T would be an upper bound for the stable adiabatic
time. Notice that we can choose ¢ € (0, 1] to be as small as we like. If we find
a bound of [|moP 4 -- Po — |l7v in terms of |7 — T |l7v then we can use
the continuity of mg at s = 0 to find this value of T. We devote the following

propositions to this endeavor and their proofs are shown in Section 3.2.

Proposition 4 For 1 <k <T

(k+1)2.

= (3.4)

[P s - Px —mxlrv <7y —mollrv +

Now we can use the continuity of mg at s = 0 to find an appropriate bound for
[moP s -+ Px —mp |lrv for 0 < k/T < 6. We devote the following proposition
to the discovery of how 7y is continuous at s = 0. The spectral structure of Pg

is crucial to this development. Its proof is given in Section 3.2

Proposition 5 75 is continuous with respect to the total variation norm at
s = 0. In particular, for e > 0 if we let o be the smallest nonzero singular value

of I — Pyg, then if
€o
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we have for all s < 0, ||7s — mol|l7v < €.

Now we can use Proposition 3 along with the fact that ¢, (Po, €) < tmiz(€)

to derive the following Corollary to Proposition 5.

Corollary 2 7y is continuous with respect to the total variation norm at s = 0.
In particular, for 0 < e < 1/y/n if

5 = 6(1 — \/EE)
An3/2t . (e/2)

we have for all s < 6, ||1s — mol|lTv < €/2.

We now have all the necessary tools to find a bound for the stable adiabatic

time. The proof is in Section 3.2.

Theorem 9 Given a time-inhomogeneous, discrete-time Markov chain governed
by a linear adiabatic evolution between the irreducible and aperiodic Po and Py,
for any € >0,
tsad(Po,P1,€) = O (W) . (3.7)
We will see in Section 4.1 that this result somewhat reaffirms what has been
shown in the Quantum Adiabatic Theorem in [3], but a main difference is that
the inverse spectral gap bound for the quantum system is replaced with a mixing
time bound in our result. Our result also has an extra multiple of 1/e. Notice
that the inverse spectral gap was a natural choice for the Quantum Adiabatic
Theorem due to the Hamiltonian matrix being self-adjoint. For general, not
necessarily reversible, Markov Chains, the Adiabatic Theorem is expressed using

mixing times.
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3.2 PROOFS

3.2.1 PROOF OF THEOREM &

To develop the tools for this theorem, we consider the following treatment of

our probability transition matrices. If we are given s € (0, 1], then we see that
P: = (1—t>P0+tPs
s s
for all ¢ € [0, s].
Defining PES) = Py, we see that
P& = (1-t)PY + P
for all t € [0,1]. We also define m(®) = 7g.

We see that {Pgs)}te[oyl] is a class of probability transition matrices where

Po =P and P, =P,

Since the time-homogeneous Markov chains determined by Po and Py are
irreducible and aperiodic, we can consider a time-inhomogeneous, discrete-
time Markov chain governed by adiabatic evolution between these two time-

homogeneous Markov chains.
Now let € > 0 and § € (0,1].

For s € [5,1] we have that T* = t,q(PS) P €) is the adiabatic time between

P{ and P{Y.
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This tells us that
max ||VP(1)P(2 . ~P(ls) — 1|y <e.
v T* T*

Because m(®) is a specific distribution, we have that

€> ||ﬁ0(8)p(1_ing ...P(ls) — 1|y

= ”WU(S)P(S(i/s) P(S(i/s) a 'P((ST)*/S) - 7r§S)||TV

T8 T T/%)
=|mP_1 P_2 - Pgrre — Tserrys |7V
Imo T /e (T S eSO T v

Clearly if T = tad(Pgs), P(ls), €)/s, then
||7T0P%P%P% _ﬂ-%HTV §€.

We showed in Theorem 4 that for e > 0

2t2 . (Pg,€/2
ta(PO P 6) < mic(Ps:€/2)
€

It follows that for € > 0

2t2 . (e/2)
P(S) P(S) < mx .
( 0+ 1 76) — €

tad

For € > 0 if we let T" any integer such that

25, (€/2)

T >
- €
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we have

H’lToP%P%"-P% —W%HTVSE
forall § < k/T < 1.

3.2.2 PROOF OF PROPOSITION 4

Because mgP ; = 7o + %Tl’o(Pl —Py) for 1 < j <k we notice that
T

ToP s P —ﬂ%—i—%ﬂo(Pl—Po)PJ— L P

P - Px —Tx = i1 x
T T T T T T
for1<j<k-—1and
k
WOP%f’]T%:(7'(077('%)4*?71'0(1)17130).
Using the convention Pjiq ---Pyx =1 when j > k, we would see that
~j
7r0P1..Pk—7rk—(0—7rk ZT Pl_PO)P%P%

Taking the total variation norm to either side of the inequality, using the triangle

inequality and pulling out constants, we see that

k.
ImaPy Py —mpllry = |(mo = my) + Y Zimo(P1 = Po)Pus - Pyl
j=1
k
<o — mxl|7v +Zl |70 (P1 — Po)Puss -+ Pelrv-
J
Notice that for 1 < j <k —1
7T0(P1 7P0)P% P% :ﬂoplp% Pk 77T0P0P% o P%
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is the difference between two probability distributions and
mo(P1 — Po) = moP1 — moPo

is also the difference between two probability distributions.

Because we are taking the total variation norm to the difference of two proba-

bility distributions we see that || - |7y = 3| - [+ where || - ||1 is the l;-norm.

We have that for probability distributions p and v, ||u — v|rv = &|lp—v|i <

sl + vl < 1.
This tells us that ||mg(P1 — Po)Pj+1 -~-P%||TV <lforl<j<k.
T

We see then that

k.
J
ImoPy - Py iy < |lmx —mollzv + )
j=1
1 k
=7 —mollrv + TZJ
j=1
B k(k + 1)
= llmg = mollrv + —7—
(k+1)?
< lme = mollrv + 7

3.2.3 PROOF OF PROPOSITION 5

We begin with the creation of an orthonormal basis of eigenvectors associated
with (I—Pg)(I—Pg)T by a singular value decomposition similar to the process

we mentioned in Proposition 3.
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Here we let 01 > -+ > 0,1 = o be the positive singular values of (I — Pyg)
with respect to the Euclidean inner product. This implies that there exists
an orthonormal basis {v1,---,vn} such that vj(I — Po)(I — Po)” = o7v; for

1<j<n-—1and vo(I—Po)(I—Po)’ =0.
Here vy, = mo/||mo]|2-

To show continuity at s = 0 let ¢ > 0 and first notice that for any s € [0, 1],
(ﬂ's — 7T0)(]I — PO) = STFS(Pl — Po)
Using the Euclidean norm, we see that if Pg # P and s # 0, then

[(s —m0)(I=Po)ll2 _ SHWS(Pl —Po)ll2

[7s — Tol2 [7s — 7oll2

Throughout this proof we will use < -,- > as the Euclidean inner product.

For 1 < j <nlet ¢; =< ms —mo,vj >. Then we see that 7g — mg = Z;’:l cjvj.
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We have that

(7 — 7o) (I~ Po)l3 < (ms — 70)(I — Po), (rs — mo)(I - Po) >
|ms — mol|3 B < Mg — Mo, Ts — T >
< s — o, (s — m0) (I — Po)(I — Pg)T >
< Mg — Mo, Ts — TQ >
<X cjvj,Z;:ll oicivy >
<GV Dl GV >

n—1 92 92
Zj:l 035 ¢

If we let w(s) = (ms — 70)/||ms — mo||2 then we see that

_ allme(Pi—Po)l3

2
o2 (1 — (< w(s),vnp >) ) T
s 2

Because w(s) and vy, are unit vectors, we can use the fact that
IW(s)lI3 =2 < w(s), va > +[|[vall3 = [w(s) = vall3

to show that

1
1— < w(s), vy >= §||W(S) — vnH%

and we can use the fact that

W ()13 +2 < w(s), va > +[val3 = [|W(s) + Vall3
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to show that

1
1+ < W(s), v >= o [w(s) + vall3

From this we see that 1 — (< w(s),vn >)° = ||w(s) — va|3 - [W(s) + val3/4.

Plugging this into our previous equation, we can see that

2 2
Op1 |7s(P1 — Po)|
7] [W(s) — vall2 - [|[W(s) + Va3 < 8?22 — 2212

I7s — 7ol3
After performing some basic algebra we see that

2s||ms(P1 — Po)||2

on-1l[w(s) = vall2 - [[w(s) + vall2

[7s — moll2 <

Notice that < w(s),1 > /v/n = 0 and < vn,1 > /v/n = 1/(y/n|mo||2) for
all s € [0,1]. Because these are the scalar components of the projections of
w(s) and v, onto 1 respectively, we see that the minimum possible value for

lw(s) — vall2 and ||w(s) + vn||2 is at least 1/ (v/n||mo]|2) -

We now have that

2sn|[mol|3 - s (P1 — Po)ll2
On—1
2sn||ms(P1 — Po)||2
On—1
2sn||ms(P1 — Po)|l2
o

[7s — moll2 <

Again for x,y € R™ such that x and y are probability measures, we see that

1 n
M=yl < x = yliry < 2rx -yl
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This will imply that

25n%/2||my(P1 — Po)llrv

On—1

|ms — mollrv <

Because 7s(P1 — Pg) = msP1 — msPo is the difference of two probability distri-
butions, we see that || - |7y = |- |1 where |- [|; is the l;-norm. This implies
that

1 1
[|7s(P1 — Po)llrv = §||7TsP1 —msPoll1 < 3 ([[msPls + [|msPoll1) < 1.

This shows that

2sn3/2
|7s — mollTv <
Clearly if € > 0, then
€0
< 0= ——
s<9 5,372

implies ||7s — mol|lTv < €.

This shows that 7 is continuous at s = 0.

3.2.4 PROOF OF THEOREM 9

We first provide a sketch of the proof followed by the technical details. Our
proof is based on the results of Theorem 8, Proposition 4, and Corollary 2.
Specifically, we divide our proof into two cases. In the first case, we will show
how to select T" and § in order to satisfy the two conditions in Theorem 8,

namely:

25,1, (€/2)

)
€

T>
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and

§<k/T<1.

Therefore, by Theorem 8, we have
TP Px — 7|7y <e.
T T T

However, the selected T is not yet tsqq(Po,P1,€) since this only holds for &
such that

§<k/T<1.

In the second case, we will use the results of Proposition 4 and Corollary 2 to

show that for the same selected T and 9,
[moP 1Py —mxllry <e

even in the case when

k/T <§< 1.

Therefore, we conclude that the selected T is a sufficient condition for ts,4(Po, P1, €).
We now proceed with the details of the proof, starting with the first case.

Let € > 0. For this fixed ¢, we choose T be an integer such that

4 2

€3 €2

:<2t?mix(6/2)+ 1 )2.

1
+ =

This implies



Multiplying either side by /e and subtracting 1 from either side, we obtain
(€/2)
-1 > mz:v
VevT -

Notice that \/ev/T — 1 > 0 because

22,.(/2)

€

Dividing either side of the above inequality by 1/ev/T — 1, we obtain

2
L 2le/?)

(e 1)
Multiplying either side by T', we obtain

2
e 2(e/2)

€ 1
S=NT T

2
7> Haisle/2)
€

Now, let
then clearly

Next, let k£ be an integer such that

| €
6: T—

Then by Theorem 8, we conclude that

Nl =
IN
Nl =

[moP 1 Pyx —mxllry <e

59
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Now in the second (complementary) case, i.e., when k/T < § < 1, we will

show that for the same selected 0 = /5 — %, and T, it is still true that:
[moP s Py —mllry <,

Let k£ be an integer such that

Then,

Using Proposition 4, we have

k+1)2
ImoPy Py gy < lhmy —mollry + P10
T (k+1)\
=7 —mollrv + 5 (T)

<limg = molev + 3 (/5
€

= lImg = mollrv + 5

Next, from Corollary 2, as long as € < 1/y/n and /& — 7 < #%,
we have

||7T0P%--~P%—7T%”Tvg€

for

o
IA
N =
IN
5
|
S| -



61

It should be clear that as e — 0,
/£7l< e(1 — v/ne)
T T = 4n3/2t,,.(€/2)

ath o (ef2) At (e/2) 1

€ € €

when

This tells us that as e — 0,

tsad(Po,P:l’e) S mzz?fe/ )+ mzz(e/ ) 4o

€ €2 €

We conclude that
tt (/2
tsad(Po,P1,€) = O (mw(e/)> )

€3

3.3 NONLINEAR EVOLUTION

We devote this section to the creation of a stable adiabatic time for the time-
inhomogeneous Markov chains introduced in Section 2.3. We will again find
an asymptotic bound of the stable adiabatic time as ¢ — 0 with respect to an
inverse power of € multiplied by a power of the largest mixing time over the
entire adiabatic evolution for a subclass of continuous functions.

Recall how we defined a nonlinear evolution between the probability tran-
sition matrices of two irreducible, aperiodic, discrete-time, time-homogeneous
Markov chains in Definition 14. Denoting the initial and the final matrices Py
and Py respectively, we defined for t € [0,1] a class of probability transition

matrices {P ) }ref0,1] such that

Py = (1 - ¢(t))Po + ¢(t)P1
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where ¢ : [0,1] — [0,1] is a continuous function such that ¢(0) = 0 and ¢(1) = 1.
We similarly define 74 ;) as the stationary distribution of P y).

We used these matrices to define a class of time-inhomogeneous Markov
chains. Any Markov chain in this class was said to be governed by a nonlinear
adiabatic evolution between Pg and P; by the function ¢. We defined the
adiabatic time in Section 2.3 as the smallest integer T guaranteeing that any
distribution will evolve under consecutive applications of P s(k) for 1<k<T
to an e-ball of the stationary distribution of P;. As we did in Section 3.1, we
are now going to demand that P, By remain in an e-corridor of By for all

1 <k <T. We now define this new metric of stability.

Definition 21 Given € > 0, a time ts,q(Po, P1,€) is called the stable adiabatic
time for a nonlinear adiabatic evolution between Po and Py by the function ¢
if it is the least such T € N such that

ImoP (1) Py

T

)—W¢(%)||Tv<6 (38)

Sl

for1 <k<T.

Again, our goal is to seek an asymptotic bound for the stable adiabatic time
only now it is with respect to the maximum mixing time over all the transition
probability matrices in the nonlinear adiabatic evolution. For ¢ > 0 we again

let

tmia:(e) = Ssup {tmiI(PS76)}
s€(0,1]

and we seek our bound in terms of this ¢, (€).

To find this result for any continuous ¢ proved to be difficult. As we did in
Section 2.3, we attempted to restrict the types of functions ¢ that we consider
so that they are contained in a dense subset of the continuous functions on

[0, 1], namely the Lipschitz continuous functions with finite Lipschitz constant.
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To find an asymptotic bound for Lipschitz continuous functions also proved to
be difficult, so we restrict even further by considering bi-Lipschitz continuous
functions ¢ with Lipschitz constant L, so we first define what it means to be

bi-Lipschitz continuous.

Definition 22 Assume a,b € R with a < b. A function ¢ : [a,b] — R is
bi-Lipschitz continuous if there exists a positive constant L, called the Lipschitz

constant, so that
1
Tle—y[<lo@) —oW)| < Llz -y (3.9)

for x,y € [a,b].

The following proposition outlines an important property of bi-Lipschitz
continuous functions that we will use throughout this section. The proof of this

proposition is given in Section 3.4.

Proposition 6 If ¢ : [a,b] — R is a bi-Lipschitz continuous function with
Lipschitz constant L, then ¢ is either strictly increasing or strictly decreasing

on la, b].

We can find an asymptotic bound for the stable adiabatic time if ¢ is a
bi-Lipschitz continuous function with finite Lipschitz constant L. We do this
using nearly the same process of that in Section 3.1, however, each theorem has
a slightly different process. Instead of considering only bi-Lipschitz continuous
functions on the interval [0, 1] we will consider bi-Lipschitz continuous functions
on the interval [a,b] where 0 < a < b < 1. We do this because we ultimately
want to consider Lipschitz continuous functions on [0, 1] that are not bi-Lipschitz
and this generalization helps us in this cause. Notice that if we pick a = 0

and b = 1 we will have found an asymptotic result for the stable adiabatic
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time when ¢ is bi-Lipschitz continuous. We start by considering a general
continuous function ¢ : [0,1] — [0,1] with ¢(0) = 0 and ¢(1) = 1 such that
¢ is bi-Lipschitz continuous on a subinterval [a,b] with 0 < a < b < 1. The
following theorem finds a bound for ||7r¢(a)P¢(a+%) . .P¢(a+%) ~T(at k) lv
when 0* <a+k/T < for some §* € (a,b] when ¢ is strictly increasing on
[a,b]. Its proof is given in Section 3.4. We will return to the case when ¢ is a
continuous function on [0, 1] such that it is bi-Lipschitz continuous and strictly

decreasing on [a, b] later.

Theorem 10 Suppose a,b € R such that 0 < a < b < 1. Given a time-
inhomogeneous, discrete-time Markov chain governed by a nonlinear adiabatic
evolution between the irreducible and aperiodic Py and P1 by the continuous
function ¢ such that ¢ is a strictly increasing, bi-Lipschitz continuous function
on the interval [a,b] having Lipschitz constant L and given 6* € (a,b], for any

e>0,
1To@P gt 2) " Po(ars) = To(arg)lrv <€
for

242

> — (3.10)

and 0* < a+k/T <b.

If we can find T > % that satisfies

176@ P o(asrd) " Po(ars) = To(ars) v <€

for a + k/T € [a,0*], then this value of T" would guarantee that the nonlinear
adiabatic transition between a and k,q./T < b is within an e-corridor of T(t)-

Notice that we can choose §* € (a,b] to be as small as we like. If we find a
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bound of
1Ts@Pg(ar 1) Po(ar ) = To(ars)llTv

in terms of [|74(q) T (at k) |7v then we can use the continuity of 74y at s = a
T
to find this value of T. We devote the following propositions to this endeavor

and their proofs are shown in Section 3.4.

Proposition 7 For 1 < k < T and ¢ : [a,b] — R a strictly increasing, bi-

Lipschitz continuous function with Lipschitz constant L,

(k +1)2
||W¢(G)P¢(a+%) T P¢(a+%) _7T¢(a+%) HTV < ||7T¢(a+%) —T¢(a) ||TV +L or

(3.11)

Now we can use the continuity of w44 at s = a to find an appropriate bound
for ||7r¢(a)P¢(a+%) -..P¢(a+%) - 7r¢(a+%)||;pv for a < a+k/T < ¢6* where §*
is the unique number in (a,b] such that ¢(6*) = 4§, ¢(t) < J for ¢t < ¢* and
o(t) > 6 for t > 6*. We devote the following proposition to the discovery of how
Ts(s) 18 continuous at s € [a, b] when ¢ is a bi-Lipschitz continuous function with
Lipschitz constant L. The spectral structure of Py is crucial to this development.

The proof is in Section 3.4.

Proposition 8 For a,b € R such that 0 < a < b < 1 we have that w4 s
continuous with respect to the total variation norm on [a,b] when ¢ is a bi-
Lipschitz continuous function with Lipschitz constant L. In particular, for e >0
if we let o be the smallest nonzero singular value of 1— Py over all s*,s € [a,b],

then if
€

0 = L

(3.12)

we have for all

s* =8| < 8%, Imger) = Mo lrv <€
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Now we can use Proposition 3 along with the fact that ., (Po,€) < tymiz(€)

to derive the following corollary to Proposition 8.

Corollary 3 m, is continuous with respect to the total variation norm on [a, b]
when ¢ is a bi-Lipschitz continuous function with Lipschitz constant L. In
particular, for 0 < e <1/y/n if

= V7 1
ALN3 2t 10 (e)2) (3.13)

we have for all |s* — s| < 6%, ||my(se) — To(s)lTv < €/2.

We now have all the necessary tools to find an asymptotic value of T with

respect to € that ensures

176@ P o(atrd) " Po(ars) = To(ars) v <€

for all 1 < k < T when ¢ is a strictly increasing bi-Lipschitz continuous function

with Lipschitz constant L. The proof is in Section 3.4.

Theorem 11 Suppose a,b € R such that 0 < a < b < 1. Given a time-
inhomogeneous, discrete-time Markov chain governed by a nonlinear adiabatic
evolution between the irreducible and aperiodic Py and Pq1 by the continuous
function ¢ such that ¢ is a strictly increasing, bi-Lipschitz continuous function

on the interval [a,b] having Lipschitz constant L we see that as € — 0, if

544 342

T

.14
- 3 €2 € (3:.14)

then we have

1To@Py(ar 1) Po(ars) = To(ars)llTv <e
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fora<a+k/T <b.

Again, notice that if we select a = 0 and b = 1, we have found a bound on
the adiabatic time when ¢ is a bi-Lipschitz continuous function on [0,1]. We

summarize this in the following corollary.

Corollary 4 Given a time-inhomogeneous, discrete-time Markov chain gov-
erned by adiabatic evolution between two time-homogeneous, discrete-time, n-
state, irreducible and aperiodic Markov chains with probability transition matri-
ces Po and Py by the bi-Lipschitz function ¢ with Lipschitz constant L, for any

e>0,
tfmx(e/2)
tsad(P07 P17 6) = O 63 . (315)

Now we want to use this information to find a bound for

Imo@Pofart) * Pofars) = To(ars)Irv

for a < a4+ k/T < b when ¢ is a continuous function ¢ : [0,1] — [0, 1] with
¢(0) = 0 and ¢(1) = 1 such that ¢ is bi-Lipschitz continuous and strictly
decreasing on a subinterval [a,b] with 0 <a < b < 1.

Consider the Markov chain that is governed by a nonlinear adiabatic evolu-
tion between Py and Pg by the function ¢ where ¢(t) = 1 — ¢(t) for t € [0, 1].

Notice now that

and FZ(t) = (1)
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Naturally this would imply that

”ﬂw(a)Pw(a—k%) »~~Pw(a+%) 7ﬂw(a+%)”TV

= Imo@Po(ar) * Po(ars) ~Tofars) v

only now v is a bi-Lipschitz continuous function on [a, b] with Lipschitz constant
L that is strictly increasing. This would imply that Theorem 11 would also be
applicable to functions where ¢ is strictly decreasing on [a,b]. I summarize this

in the following corollary.

Corollary 5 Suppose a,b € R such that 0 < a < b < 1. Given a time-
inhomogeneous, discrete-time Markov chain governed by a nonlinear adiabatic
evolution between the irreducible and aperiodic Py and Py by the continuous
function ¢ such that ¢ is a bi-Lipschitz continuous function on the interval [a, b]
having Lipschitz constant L we see that as € — 0, if

mix
€3

16 L5t 2 L3t2 . 2 L
7o 6L (e/2) | L (¢/2) | L

€2 €

then we have

1To@ P gt 2) " Po(ars) = To(arg)lrv <e

fora<a+k/T <b.

Our ultimate goal is to find a similar result for Lipschitz continuous functions
with finite Lipschitz constant, but we will work incrementally toward this goal. I
want to highlight the following property of bi-Lipschitz functions. This property
will be important when defining the next class of functions for which we have
a stable adiabatic theorem. The proof of the following proposition is given in

Section 3.4.
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Proposition 9 Let ¢1 : [a,b] — R be a bi-Lipschitz continuous function with
Lipschitz constant Ly and let ¢o : [b,c] — R be a bi-Lipschitz continuous function
with Lipschitz constant Lo such that ¢1(b) = ¢=2(b). Suppose that either both ¢
and ¢o are strictly increasing or both ¢1 and ¢o are strictly decreasing. Define

a function ¢ : [a,c] — R such that

¢1(t) ift € [a)b]
o(t) =

da(t)  ifteb .

Then we have that ¢ is a bi-Lipschitz continuous function with Lipschitz constant

HlaX{Ll7 LQ}

Let M € N. Let Py be a partition of [0,1] into 2M — 1 intervals. By
creating a partition, we pick numbers 0 = ag < a1 < -+ < aspr—2 < aopr—1 =1
to divide the set [0,1]. We will denote I; = [a;—1,a;]. Now we want to consider
continuous functions ® = ¢prp,, : [0,1] — [0,1] so that there exists a partition

Par of the interval [0,1] so that & = @y p,, is a piecewise defined function

¢1(t) ifte[l

ba(t) ift €I

donr—2(t)  ift € Iopyo

Gani—1(t) ift € Iopr—

where ¢; : I; — [0,1] is a bi-Lipschitz continuous function with Lipschitz con-
stant L; and ¢;(a;) = ¢it+1(a;).
Proposition 9 tells us that a minimal such partition exists, so we will as-

sume that Pps is the minimal partition. We also know that since ®(0) = 0 and
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®(1) = 1, then @ is strictly increasing on Iy;—1 for 1 < ¢ < M and strictly
decreasing on Iy; for 1 < ¢ < M — 1. We will use the results from Corol-
lary 5 and Corollary 3 to find an asymptotic bound of the stable adiabatic time
with respect to the largest mixing time for a time-inhomogeneous, discrete-time
Markov chain governed by adiabatic evolution between two time-homogeneous,
discrete-time, n-state, irreducible and aperiodic Markov chains with probabil-
ity transition matrices Pg and Py by the Lipschitz function ® with Lipschitz

constant max{Li,- -+, Lopr—1}-

Theorem 12 Given a time-inhomogeneous, discrete-time Markov chain gov-
erned by adiabatic evolution between two time-homogeneous, discrete-time, n-
state, irreducible and aperiodic Markov chains with probability transition matri-
ces Po and Py by the Lipschitz function ® defined above with Lipschitz constant

max{Ly, -, Lopr—1}, for any e > 0,

tsad(P07P17 6) =0 (W> . (316)

3

Now to complete the process we must consider general Lipschitz continuous
functions ¢, however, this proved more difficult that I had hoped. We would
like to take the Lipschitz constant to large so that depends on 1/e and find the
subintervals of [0, 1] where |¢(z) — ¢(y)| < € and make a bound of the stable
adiabatic time or these intervals by suggesting that the adiabatic transition
doesn’t change our initial matrix that much in these intervals. The proof is
likely to come in the near future, but getting the precise details ironed out for

this manuscript was not possible.
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3.4 PROOFS

3.4.1 PROOF OF PROPOSITION 6

Let x,y € [a,b] so that < y and assume that ¢(x) = ¢(y). From the definition

of bi-Lipschitz we see that
1
Tlr—y[<lo@ -0
If ¢(z) = ¢(y) then we see that the previous equation implies
|a: — y’ =0.

But this can only happen if £ = y. This contradicts our declaration that =z < y.

This would imply that ¢(x) # ¢(y).

There exists a point z € [a, b] such that ¢(z) < ¢(z) for all = € [a, b] because ¢
is a continuous function over a compact set. Assume that z € (a,b). Because
¢ is continuous and ¢(z) is maximal, there exists some z; < z and zo > z such
that ¢(z1) = ¢(22) and we showed this cannot happen. Therefore the maximum
element must be ¢(a) or ¢(b). Through a similar argument, we see that the
minimum element must also be ¢(a) or ¢(b). We also know that the minimum
element and the maximal element cannot be the same, because that would im-

ply that the function is constant, and not bi-Lipschitz.

First consider the case where ¢(a) is minimal and ¢(b) is maximal. For z,y €
[a,b] such that z < y assume that ¢(z) > ¢(y). This would imply that y # b
because if ¢(x) > ¢(b), then this contradicts our assertion that ¢(b) is maximal.

Because ¢ is continuous on the interval [y, b] and ¢(z) € (¢(y), ¢(b)], we can use
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the intermediate value theorem to claim that there exists a constant ¢ € [y, b]
so that ¢(c) = ¢(x). But we now have two numbers ¢, z € [a,b] with z < ¢ and
¢(z) = ¢(c). This is a contradiction, so we now know that ¢(x) < ¢(y). We

have that ¢ is strictly increasing

Next consider the case where ¢(b) is minimal and ¢(a) is maximal. For z,y €
[a,b] such that z < y assume that ¢(z) < ¢(y). This would imply that x # a
because if ¢(a) < ¢(y), then this contradicts our assertion that ¢(a) is maximal.
Because ¢ is continuous on the interval [a,z] and ¢(y) € (¢(z), d(a)], we can
use the intermediate value theorem again to claim that there exists a constant
¢ € [a, z] so that ¢(c) = ¢(y). But we again have two numbers ¢,y € [a, b] with
¢ <y and ¢(c) = ¢(y). This is a contradiction, so we know that ¢(x) > ¢(y).

We have that ¢ is strictly decreasing.

3.4.2 PROOF OF THEOREM 10

We first pick a number s € (¢(a), ¢(b)]. Because ¢ is a strictly increasing, con-
tinuous function on [a,b] with ¢(a) the minimum value of ¢ on [a,b] and ¢(b)
the maximum value of ¢ on [a, b], we know from the intermediate value theorem
that there exists s* € (a, b] such that ¢(s*) = s. We know that there is only one
such s* € (a,b] because ¢ is strictly increasing. We would also see that ¢(t) < s

for t € [a,s*) and ¢(t) > s for t € (s*,D].

We next consider the following treatment of our probability transition matrices:

for all ¢ € [a, s*].
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Defining P®)(t) = P 4 (a+t(s*—a)), We see that

P(S)(t) _ <1 o Qs(a + t(S* — a)) — ¢(a)) P(s)(o)

s—o(a
Pla+t(s” —a)) — dla) 5
+ pa P™(1)

for all t € [0,1]. We also define 7(*)(t) = T (at4(s*—a))-

We see that {P() (t)}teo,1] is a class of probability transition matrices where
P®&)(0) = Py,) and P®)(1) = P, however, the transition function is no longer
the bi-Lipschitz continuous function ¢. The function of transition is now a

function depending on s, 95 : [0,1] — [0, 1] such that 14(0) = 0, 15(1) = 1 and

Bla+t(s" —a) = 6(a)

= T )

For z,y € [0, 1] notice that

s () — s ()| = ‘¢(a +a(s* —a)) —¢(a)  dlaty(s* —a)) —(a) |

s — ¢(a) s —¢(a)
N S%W|¢(a+x(s* —a)) — ¢la+y(s* —a)
< ool =y —a)
_ mp_w

Because ¢ is bi-Lipschitz continuous on [a, b] we see that (s* —a)/(s — ¢(a)) =

(s" —a)/(6(s") — ¢(a)) < L.

We see that for any s € (0, 1], 95 is a Lipschitz continuous function with Lips-

chitz constant L2.
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Since the time-homogeneous Markov chains determined by P(®)(0) and P(®)(1)
are irreducible and aperiodic, we can consider a time-inhomogeneous, discrete-
time Markov chain governed by adiabatic evolution between these two time-

homogeneous Markov chains by the Lipschitz continuous function ;.
Now let € > 0 and d € (¢(a), ¢(b)].

For s € [6,¢(b)] we have that T* = t,4(P®)(0),P®)(1),€) is the adiabatic time
of a time-inhomogeneous Markov chain governed by the adiabatic evolution be-

tween P®)(0) and P®)(1) by the Lipschitz function t),.

This tells us that

1 2
mVaLXHyP(S) (T> P (T) PO — 7O )y <e

Because 7(*)(0) is a specific distribution, we have that

1 2
e> |7 (0)P® (T*) Pt <T*> - PO1) =7 1)1y

= 7o Py (0 zm) Py (a2t - Py mmay =Ty (o ooy 7w
Clearly if T' = t,q(P®)(0), P®)(1),€)/(s* — a), then
176 P gt 2)Po(ar2)  Pots) = TorsollTv < e

Because 1 is a Lipschitz continuous function with Lipschitz constant L? we
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can reference Theorem 5 to see that for € > 0

mix

242
tad(P(S)(O),P(S)(l),E) < 4L7t (Ps,6/2)

€
It follows that for € > 0

ALP2 (/2
(aa(P(0), PO(1), ) < el 2]

€

This would imply that if T" is any integer such that

242
~  €(0* —a)

we have

1o P g0t 1) Poar2) " Pots) = Toesn)llrv < €

for all 6* < s* <.

In particular, if we consider the values of 1 < k < T such that
0 <a+k/T<Db

we see that

Io@Po(ard)  Po(ars) = To(arp)llrv <
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3.4.3 PROOF OF PROPOSITION 7

Because 7T¢(Q)Pd>(a+%) = T4+ (¢ (a+ %) — ¢(a)) mp(a)(P1—Po) for 1 < j <

k we notice that

9@ Po(ard) " Po(art) T To(orh)
=T Po(ar p0) " Polar k)~ To(ork)

+ <¢> <a + %) - ¢(a)> moto (P~ PP, Py s,

for 1 <j<k-—1and

To@Ps(ar£) ~ To(at k)

= (Tg(a) — 7r¢(a+%)) + (qb (a + ;) - ¢(a)) To(a)(P1 — Po).

Using the convention P¢( ) P = I when 5 > k, we would see

at GFD

¢(a+ £)
that

9@ Po(ard) " Po(ar ) T To(ors)
= (”qﬁ(a) - ﬂ-qﬁ(a-ﬁ—%))

+ji1 <¢ <a+ ;) - qb(a)) T(a)(P1— PO)P¢(a+@) . "P¢(a+%)~

Taking the total variation norm to either side of the inequality, using the triangle
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inequality and pulling out constants, we see that

176 P s(at ) Po(at k) ~ To(ar i) ITV
=1 (mew = Togers))
k .
j
2 <¢ ( " T> - M) mo(o) (Pr = Po)Py (o) Poar gy lrv
j=1
< mp(a) — 7T¢(a+%)||TV

k .
J
2 (6(a+ ) = 00)) Inoin (Pr = PP,y i+ Pyl
Notice that for 1 <j < k-1
7T¢(a)(P1 - PO)Ptb(aJ’-@) "'qu(a-l-%) = W¢(G)P1P¢(G+LT1)) “'qu(a-i-%)
— To@PoP o iy Pyrs)

is the difference between two probability distributions and

To(a)(P1 = Po) = Ty()P1 — Ty(a) Po

is also the difference between two probability distributions.

Because we are taking the total variation norm to the difference of two proba-

bility distributions we see that || - |7y = 3| - [|1 where || - 1 is the {;-norm.

We have that for probability distributions p and v, ||u — v|7v = ||p—v|i <

3(lull + vl < 1.

This tells us that ||7r¢(a)(P1—P0)P¢(a+%) ...P (at$) |y <1forl<j<k.

¢
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We see then that

1o Po(arg)  Poars) = To(arp) IV < [To(arg) =mollry
k .
Jrz <q§ (a+%) ¢(a)> .
j=1

Remember that ¢ is a bi-Lipschitz continuous function with Lipschitz constant

L, we see that

||7T¢(a)P¢(a+%) e P¢(a+%) - 7T¢(a+%) HTV
<y (ar k) — Tow@llrv

. (6 (a+2) - o)

J

k .
J
< ||7T¢(a+%) 77T¢(a)||Tv+ZlL|CL+T*a
G=

k

L .

=17y (ar ) = Totwlrv + 7 2 I
i

k(k+1)
=70t £) = To@llrv + L=

(k+1)?
STy (s i) = ot v + L

3.4.4 PROOF OF PROPOSITION &8

We begin with the creation of an orthonormal basis of eigenvectors associated
with (I — Pge) (I — P¢(t))T by a singular value decomposition similar to the
process we mentioned in Proposition 3, where ¢ € [a, b].

Here we let 01y > -+ > 0,11 = 04 be the positive singular values of (I—P ;)
with respect to the Euclidean inner product. This implies that there exists an

orthonormal basis {vy ¢, -+, Vn,s} such that vj,t(H—P¢(t))(H—P¢(t))T = O-JQ',th,t
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for 1 <j<n—1and vpt(I—Pyu)(I— Py =0.

Here vnt = 7T¢>(t)/||7T¢(t) 2.

To show continuity of my) on [a,b] let € > 0 and first notice that for any
8%, 8 € [a,b], (my(s) — To(s)) (L= Py(s)) = (9(s¥) — ¢(8)) my(s+) (P1 — Po).
Using the Euclidean norm, we see that if Pg # P and s* # s, then

[7g(s+)(P1—Po)ll2
1T(se) — Moo ll2

[(Tp(s%) = Tos)) L= Pyisy)ll2
1T(s) — Moo ll2

= (9(s") -

Throughout this proof we will use < -,- > as the Euclidean inner product.

For1 <j < nletcjs =< Tgy(s+) —Tg(s)s Vj,s > Then we see that mg(sx) —Tps) =

n . .
Zj:l Cj,sVj,s-



We have that

[(Tg(s) — o)) (L= Pys)) 113
To(s) — Tos) 13
_ < (To(sr) = M) (L= Pos)), (To(s) = To()) (L= Py(s)) >
S T(s*) = Top(s)s Top(s*) — Mo(s) >
< Mo(st) — To(s)> (Tost) = o)) (L= Pyy(s)) (I = Py()) " >
< Th(s*) =~ Top(s) T(s*) — Mep(s) =~
<Y Ve Yy 03,Cis Vs >
< CsViss =1 CsVis >
371 054
Z?:l C?,s
> o2 Z;L;ll 6?75

n—1,s n 2
Zj:l Cj,s

2 62 N

=02, 1— — 5%
S 2165

— 52 1_ (< To(s*) — To(s)> Vns >>2
e [Tp(s+) = Tos) ll2

If we let W(s*,s) = (Tg(s+) = To(s)) /| Te(s*) — To(s)|l2 then we see that

. Imo(s) (P1—Po) |13
1Tgs7) — Tos) |13

021 (1= (< W(s™ ), vns )7) < (0(57) = 6(5))
Because w(s*, s) and vy ¢ are unit vectors, we can use the fact that
Iw(s™,9)13 =2 < w(s™,5), Vas > +vaslls = [W(s", 5) = vasl3

to show that

1
1— < w(s*,s),vns >= §||W(S*,S) - vnys||g

and we can use the fact that

Iw(s™,$)I5 +2 < W(s",5), Vs > +|Vasl3 = [W(s",5) + vasll3

80
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to show that

1
1+ < w(s™,$),Vns >= 5||w(s*75) +vn,s|\§.

From this we see that 1— (< w(s*, ), Vas >)° = [W(s*, 5) — Vsl |[W(s*, s) +

3/4.

Vns

Plugging this into our previous equation, we can see that

" W 2

On—1,s * « N 9 ||7T¢ o (Pl PO)H
4 [w(s*,8)=vasl3[W(s*, 8)+vasl3 < (6(s*) — ¢(s)) (s) 22.
17g(s7) = o) 12

After performing some basic algebra we see that

2|¢(s*) = @(s)| - [Img(s+)(P1 — Po)|l2
On—1,s||W(s*,8) — Vnsll2 - [[W(s*,5) + Vns

2

[7o(se) = To(s)llz <

Notice that < w(s*,s),1 > /y/n =0 and < vas,1 > /v/n =1/ (V|7 l2)
for all s*, s € [a,b]. Because these are the scalar components of the projections

of w(s*, s) and vy, ¢ onto 1 respectively, we see that the minimum possible value

for ||[w(s*,s) — Vnsll2 and ||w(s*,s) + vns||2 is at least 1/ (\/ﬁ”ﬂ‘d)(s)HQ) )

Letting o = inf,c(q pj{on_1,s}, We now have that

2n[¢(s*) — ¢(s)| - 7o) 13 - 7(s+) P1 = Po)ll2

[Tg(s+) — Tg(syll2 < —
2n|p(s*) — ¢(s)| - [Img(s-)(P1 — Po)l2
- On—1,s
_ 2n|p(s*) — ¢(s)| - [Img(s-)(P1 — Po)l2
g

Again for x,y € R” such that x and y are probability measures, we see that

| Ja
slx=ylz < [x —ylrv < THX -l
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This will imply that

20920(5%) — 9(5)] - It (P — Pollry
g

1To(s*) — To(s)llTv <

Because Ty(s+)(P1 — Po) = Ty(s+)P1 — Ty (s+)Po is the difference of two prob-
ability distributions, we see that || - ||7v = 3| - [|1 where || - ||1 is the /;-norm.

This implies that

1
17Tg(5) (P1 = Po)[7v = FlImo(s)P1 — T+ Polls

IN

1
5 (Imo(s) Palls + lImo(s) Pollr)

IN

1.

This shows that

203/2)6(s°) — ()|

) — <
||7T¢(s ) 7T¢(s)||TV < o

Remember that ¢ is a bi-Lipschitz continuous function with Lipschitz constant

L, we see that

202 (s7) — ¢ (5) |

[Tg(s) = To(s)llTv < .
2n3/2L|s* ,3|
— U .
Clearly if € > 0, then
% - €0
|7 =8l 0= op

implies [|7(s+) — Tg(s)llTv <€

This shows that 74 is continuous on [a, b].
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3.4.5 PROOF OF THEOREM 11

We first provide a sketch of the proof followed by the technical details. Our
proof is based on the results of Theorem 10, Proposition 7, and Corollary 3.
Specifically, we divide our proof into three cases. In the first case, we will show
how to select T' and ¢ in order to satisfy the two conditions in Theorem 10,

namely:

242
T (0" —a)

and

0" <a+k/T <b.
Therefore, by Theorem 10, we have
IT6@Po(ar k) Po(ars) = To(ars)llrv <€

However, the selected T is not large enough to bound this for all 1 < k < kjpas

since this only holds for k such that
0 <a-+k/T<b.

In the second case, we will use the results of Proposition 7 and Corollary 3 to

show that for the same selected T and 9,

1To@Py(ar 1) Po(ars) = To(ars)llTv <

even in the case when

a<a+k/T <5 <b

In the final case, we will do something to fix the remaining problem. Therefore,
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we conclude that the selected T is a sufficient condition to remain in our e-
corridor for 1 < k< T.

We now proceed with the details of the proof, starting with the first case. Let
€ > 0. Let L be the Lipschitz constant associated with the strictly increasing,

bi-Lipschitz function ¢. For this fixed €, we choose T' be an integer such that

mix mix

16L5t4 2 8L3t2 2 L
N (6/2) | 8Lus(e/2) | L

T >
€3 €2 €
2
(VIR L) | [T
N €\/€ €

This implies

4L2VILE2,, (€/2) L

Multiplying either side by y/¢/L) and subtracting 1 from either side we obtain

the following after switching the direction of the inequality

4L2t2 . (e/2) < el
€ - L

Now, letting

and dividing both sides by §* — a, we clearly have

242
(0" —a)



Next, let k£ be an integer such that

€
<& =ad ) — —
a a

N
el
IA
Q
+
N =
IA
o>~

Then by Theorem 10, we conclude that

||7T¢(G)P¢(a+%)"'P¢(a+%) —7T¢(a+%)||TV <e.
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Now in the second (complementary) case, i.e., when a + k/T < §* < b, we

will show that for the same selected 6* = /15 — %, and T, it is still true that:

176@Po(ar k) Po(ars) = To(ard)llrv <6

Let k£ be an integer such that

a<a+ﬁ<a+ i—l—é*
- T~ LT T

Then,

Using Proposition 7, we have

1T6@Po(ars) Po(ars) = To(ar£)llTv
S 7oy sy = Towllrv +

L(k+1)2

LT (k+1\°
:||7r¢(a+%)77r¢(‘1)”TV+ 2 T

LT
< ||7T¢(a+%) - 7T¢(a)||Tv + 2

€

= I7g(ar ) — me@llrv + 3
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Next, from Corollary 3, as long as € < 1/y/n and /75 — % < #%,
we have

o0 Poar ) Pofark) ~ To(ari v < ¢

< +/€< n € 1
CSAT SO T T T

It should be clear that as ¢ — 0,
[ e 1 < e(1 — y/ne)
LT T = 4Ln3/2t,.(€/2)

16L%t% . (e/2 L3t2 . (e/2 L
7y 002) | (/) | L

for

when

This tells us that as ¢ — 0 and

mix

16L5¢t2 . (e/2)  8L32..(¢/2) L
T= 3 + 2 +o

we have
1To@ P gt 2) " Po(ars) = To(arg)lrv <e

for 1 <k <Fkpnaz.

3.4.6 PROOF OF PROPOSITION 9

Let z,y € [a,c] with x < y.
First suppose that z,y € [a, b].

We see then that ‘gb(x) — qb(y)’ = ’¢1($) —¢1 (y)‘
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This would imply that

1

1
mkﬂfﬂ < L*1|l’*y’ < |¢(:17)7¢(y)’ < L1|$*y| < maX{L1,L2}‘»T*y|~

Now suppose that z,y € [b, c].

We see then that ‘(ﬁ(ﬂ:) — ¢(y)| = ’¢2($) - ¢2(?J)‘-
This would imply that

1 1
m|$—y| < E|$—y’ < ’¢($)_¢(y)| < Lzlw—y‘ < max{L17L2}‘x—y|.

Finally suppose that x € [a,b] and y € [b, ¢].
We see then that

|p(x) — o(y)| = |1 () — d2(v)|
= |p1(z) — ¢1(b) + p2(b) — Pa(y)|-

Notice that if both ¢; and ¢o are strictly increasing, then

|p1(z) — ¢1(b) + P2(b) — da2(y)| = ¢1(b) — ¢1(x) + P2(y) — P2(b)
= [¢1(2) = d1(B)] + |2(b) — d2(y).

Similarly, if both ¢1 and ¢ are strictly decreasing, then

|p1(x) — P1(b) + P2(b) — P2(y)| = P1(x) — P1(b) + Pa(b) — P2(y)
= [¢1(2) = d1(0)| + |62(b) — d2(v)]-
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In cither case we sce that [¢(z) — d(y)| = |d1(x) — ¢1(b)| + |P2(b) — d2(v)|-

We see then that both

1

1 1
Ly o=l =) < oo =¥+ b=l <[o(e) — ot0)

and
|p(z) — ¢(y)| < L1z — b + La|b — y| < max{Ly, Lo} (|z — b| + |[b—y]) .
Because z < b and b < y, we see that

lz—bl+[b—y|=b—a+y—0

This would imply that

1

1

We see that regardless of where z and y are in the interval [a,c|, ¢ has the
right inequality to be a bi-Lipschitz continuous function with Lipschitz constant
max{Li, Lo} and because depending on the maximum value, there are z,y €
[a, c] to where this inequality is tight, ¢ will be bi-Lipschitz continuous with

Lipschitz constant max{L, La}.
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3.4.7 PROOF OF THEOREM 12

For a partition Pj; and positive integer T' large enough, there exists positive

integers k1,7, -, kaps—1,7 so that kapr—1,7 =T and

ki <4< kir+1
T — - T

for 1 <¢<2M —2.

For this partition Py; and value of T', we see then that for 1 <1 < ky 7,

ToPo(h) Pach) ~ o) TTPa(h) Faa(h) T e (h)

and for 1 <¢<2M —2and k;r +1 <1 <kiyi 71,

moPa(3)  Pa(h) " Te(h)

T () o () T T (552)

7—1
+> (%( P (rrey Py — T, ())
l
II  Pac

ji=kj, ,T+1

S

T (53 Por (322) 7 Pova(d) ™ Mo (h)

+g<%("]ﬁ)_%(”?“)> I Fa)

Jji=kjr+1

Taking the total variation norm to either side and using the triangle inequal-
ity and the fact that ||(u—v)P||rv < ||u—v|7rv for any probability distributions

w1 and v and stochastic matrix P, we see that for 1 <[ <k r,

ImoPay) = Par) = Tap)llry = Im0Po, (3) Pou(4) = Tor () lrv



and for 1 <i<2M —2and k;r +1 <1 <kiy1 7,

+ Z ||7T¢j+1 <7kj’§+l)P¢j+1 (kj’T+2> B 'P¢j+1 (kj-g“lYT) T T

+ ||7r¢i+1<ki’§+1)P¢i+1(ki’T+2) o P¢H1(%) " Mo (4) lrv

T
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(’“a‘+T1,T> ||TV

1
+ J; ||7T¢(’%TT> - 7T¢j(aj)||TV + ||7T¢j+1(aj) - 7T¢ +1<%) HTV~

7 J

Because ¢, is strictly increasing on [0, k1,7/T] and ¢; is either strictly increasing

or strictly decreasing on [(k; 7+ 1)/T, ki+1,7/T] for 1 < i < 2M — 2 we can use

Corollary 5 to say that as e — 0, if

o 16L7(M — 23t . (c/(8M — 4)
> %
| SLP(AM — 2)2t§n2ix(e/(8M —4) L(4J\/i —2)

then we have for 1 <[ <k r,

IoPo,(3) Pou(h) = Tan(n) v < 3y =

and for 1 <i <2M — 2 and k‘i,T—f—l Slgki+17T,

Hﬂqbwl(ki’Tl)Pfi’H—l(ki'Tu) .“P@“(%) " T (F) lrv <

T

€
AM —2°
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This implies that regardless of the subinterval containing k/T', we have that

IToPa(1)  Pa(g) =~ Ta(s)llrv
2
<

HW@(’”TT) - 7T¢j(aj)||TV + ||7T¢>.7‘+1(aj) Y

G+1 (L'?H) ”TV

We finally use Corollary 3 to say that on the inteval I;, if

s el(8M —4) — i)

we have for all [s* — s| < 6%, [|74,(s) — Tg () l7v < €/(8BM — 4).

This would imply that as e — 0, if

16L5(4M — 2)34 . (¢/(8M — 4))
T> .
L BLA(UM - 2)215:7,;”(6/(8]\/[ —4) L(4]\Z —2)

then

I7oPa(4)Pas) = Ta(pllrv < e

This implies that

tsad(Po,P1,€6) =0 (



Chapter 4

THE STABLE ADIABATIC TIME
VERSUS THE SPECTRAL GAP
FOR DISCRETE MARKOV

CHAINS

Before we derived the results in Chapter 3 we had a different goal in mind.
Our goal was to bound the stable adiabatic time with a spectral gap measure-
ment, rather than a mixing time measurement. The beginning of this chapter
is dedicated to a detailed explanation of the motivation of this goal. Section 4.1
will discuss one form of the Quantum Adiabatic Theorem, which is related our
research. Our goal was to asymptotically bound the stable adiabatic time as
a function of € by an inverse power of the smallest spectral gap over a linear
adiabatic evolution multiplied by an inverse power of €. The latter sections

provide bounds for the stable adiabatic time in different scenarios, however, we

92
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see that these results will not be as general and concise as the results in Chap-
ter 3. In these sections we see some partial evidence that the stable adiabatic
time is asymptotically bounded by a constant multiple of an inverse cube of the

smallest spectral gap multiplied by the multiplicative inverse of e.

4.1 THE QUANTUM ADIABATIC THEOREM

Adiabatic transitions are probably best known in the context of quantum me-
chanics. There is a well-known Quantum Adiabatic Theorem documented in
many sources. In this section we will outline one version of the Quantum Adi-
abatic Theorem as it was given in [3]. The result of this theorem motivated us
to pursue an analogue for Markov processes.

For s € [0,1] let H(s) be a Hamiltonian, also called an energy function,
dependent on the parameter s. Although the authors of [3] do not require the
Hamiltonian to have a finite number of states, we will only focus on finite state
Hamiltonian operators. Hamiltonian operators over n states are [?(C™)-norm
preserving, i.e the energy functions are Hermitian. We call H(0) and H(1) the
initial and final Hamiltonians respectively. We will use the notation |H|| to
denote max,¢[o,1) [[H(s)|| where we will denote || - || as the usual operator norm.

The quantum adiabatic results often concern one eigenstate of the energy
function, the ground state, because the proofs follow from the results on one
eigenstate. Let ®(s) be the ground state of H(s) with eigenvalue 7(s). Hamil-
tonians are often used like the generators of continuous-time Markov processes
(we will see more about this in Chapters 5, 6 and 8), so for a given T' > 0
when we say that we apply the adiabatic evolution given by H and ® for time
T we mean that we initialize a system in the state ®(0) and then apply the
continuously varying Hamiltonian H(¢/T) for time ¢ € [0, T.

Given ¢ > 0 the Quantum Adiabatic Theorem informally says that if we
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assume that the change in the Hamiltonian happens slowly enough, by selecting
a large enough value of T, then when we apply the adiabatic evolution given
by H and @ for time T" we will be in an e-ball of ®(1). The time T is called
the quantum adiabatic time. The Quantum Adiabatic Theorem addresses how
large this quantum adiabatic time must be to guarantee the above result. We

cite the theorem from [3].

Theorem 13 For s € [0,1] let H(s) be a time dependent Hamiltonian, let ®(s)
be the ground state and let v(s) be the eigenvalue associated with the ground
state. Assume that for any s € [0,1] all other eigenvalues of H(s) are either
smaller than vy(s) — A or larger than v(s) + A (i.e. there is a spectral gap of
A around y(s)). Consider the adiabatic evolution given by H and ® for time
T. Then, the following condition is enough to guarantee that the final state is
at distance at most € from ®(1):

10° [P [
T 2 6721’113.}( { A4 s A3 . (41)

In our work we try make an analogue to the quantum process described
above, only now it is for time inhomogeneous Markov processes. The defini-
tion of the adiabatic time will be the appropriate analogue. Here the ground
state in quantum mechanics corresponds to the stationary state of a Markov
process. The Hamiltonian operator described above, in the context of quan-
tum mechanics, most accurately corresponds to the generator matrix of a time-
inhomogeneous, continuous-time Markov process.

Notice that the quantum adiabatic time is bounded by the inverse square of
€ multiplied by an inverse power of the smallest spectral gap over the adiabatic
evolution given by H and ® for time T', however, there are some operator norm
measurements that we are not necessarily able to write in terms of € or the

smallest spectral gap. The bound on the quantum adiabatic time led us to
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believe that we could find a similar bound on the stable adiabatic time for a
I* (R™)-norm preserving Markov processes. The following sections outline our

attempts to find this bound.

4.2 TwoO-STATE MARKOV CHAINS

This section establishes a relationship between the stable adiabatic time and
the smallest spectral gap over the entire transition for two-state, discrete-time
Markov chains under a linear adiabatic evolution, see Definition 12 in Sec-
tion 2.1.

To begin, I adopt a new notation for our probability transition matrices that
agrees with the notation for birth-death processes. We will return to birth-death
processes in Section 4.6. We define constants p§0),p§1),qéo),q§1) € [0,1]. The

general initial and final two-state probability transition matrices are written as

follows:
(0) (0) (1) (1)
1-p D 1-p D
Po= (0)1 1 ) and Py = <1>1 1 )
42 1- qds gz 1- 4>

We can succinctly write a linear adiabatic evolution between Py and Py if
we define pgt) =(1- t)pgo) + tpgl) and qét) =(1- t)qéo) + tqél). We see then
that

. pgt) pgt)

o’ 1-q

Py = (1—t)Pg + tP; =

I first want to explore the spectral structure of P;. The following Propo-
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sition finds the eigenvalues of Py and the proof of this proposition is given in

Section 4.3.

Proposition 10 The eigenvalues of Py are 1 and 1 — (pgt) + qét)).

If Py is irreducible and aperiodic, then !1 — (pgt) + qét)) ’ # 1. In the case
that Py is irreducible and aperiodic we use Definition 10 to see that the spectral
gapof Py is A =1 — |1 — (pgt) + qét)) | In this chapter, however, we reserve

the symbol A for the smallest spectral gap of a linear adiabatic evolution.

Definition 23 Let {Pyi}icp0,1] be a linear evolution between two stochastic ma-
trices Po and Py that are both irreducible and aperiodic. Letting A (t) = 1 be the
largest eigenvalue in modulus of Py and \o(t) be the second largest eigenvalue

in modulus of Py we define the smallest spectral gap of the adiabatic transition

to be

A= 02&{1 — | A2} (4.2)

Clearly, in this section A = info<;<1{1— |1 — (pgt) + qgt)) ‘} We also denote
Ay = pgt) + qét) to ease notation throughout this section.
The following two propositions describe the eigenvectors of Py. The proofs

of these propositions can be found in Section 4.3.

Proposition 11 Fort € [0,1] the stationary distribution of Py is

m:[qg’: i)} (4.3)
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Proposition 12 Fort € [0, 1]

[1 1}Pt:(1—At){1 1] (4.4)

Using Proposition 11 we calculate the difference between fractionally con-
secutive stationary distributions. The work behind this calculation is given in

Section 4.3.

Proposition 13 Given T € N we have that

| pgn (0) _ (04 o
T T TA; 1A -
T T

forjg=1,---,T.
Proposition 13 tells us that the difference of fractionally consecutive station-
ary distributions is an eigenvector of Py for all ¢ € [0,1]. This idea helped us

measure [|[moP 1 --- P KT |7y in the following lemma through some telescop-

ing algebra. The proof is given in Section 4.3.

Lemma 1 One can show that

(),O _ 0,0 )
P12 ‘ 1—Am
ImoPy Py —my v = !Z<H i T)>|.

A_] IAJ
(4.6)

With this measurement we can find a bound of the stable adiabatic time for
the two-state case in terms of the smallest spectral gap over the entire linear
adiabatic evolution. We find this bound in the following theorem. The proof

can be found in Section 4.3.
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Theorem 14 Given € > 0 we have for a linear adiabatic evolution between

two-state Markov chains Pgo and Pq,

1

tsad(Po,P1,¢€) < AE

(4.7)

In this case we have a nice bound of the stable adiabatic time, but this is
a severely limited result. In Sections 4.4 and 4.6, we attempt to find a similar

result for a general n-state Markov chain.

4.3 PROOFS

4.3.1 PROOF OF PROPOSITION 10

We can see that the characteristic equation of Py will be
(1=pi” =N (1—a” =N —p{" - g =0.
We can write this as
M= (2—-ADA+ (1 —Ay) =0.

This factors to
A=1)-(A=(1-A4y))=0.

Indeed the roots are 1 and 1 — A;.

4.3.2 PROOF OF PROPOSITION 11

First notice that A; > 0 and both pgt) >0 and qét) > 0. This implies that the

entries of our suggested m; are nonnegative.



Next notice that

q(t) p(t)
e = 5
t t
P4 g
Ay
_ S
=1.

This suggests that m; is a probability distribution. Finally we show that

. (t) (t)
(®) (t) 1—-p P
’/TtPt = q27 ya .
A¢ Ay (t) 1 (t)
- qs )
[ t t t t t t t t t t
I Gl N 7 Y ! SN LRt V]
Ay Ay A, A, Ay Ay
= | 0 p
Ay Ay

4.3.3 PROOF OF PROPOSITION 12

1-p" p
1 -1 [Pe=|1 -1
(t)

o) 1-4qy
= [ 1—p =i i —14 ¢ ]

—a-a)[1 1]
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4.3.4 PROOF OF PROPOSITION 13

Remember from Proposition 11 that

(t)
e = |: A,
This will imply that
Tji—1 — T4
T T
_ LT g pUT) P
Ay A A
T T T T
1 i=1 j
_ (47) (+)
TALA, | R T T A
T T
_ 1 (474 (B) _ () (7)
T AN | ® R
T

T
Jj=1 J i=1
:q;T)() q(T)pgT) ) ,
Baly R

] 0 1 0 — 0 1 0
Za¥ (1 — p) + 2 p (g5 — )

as?
Ay

i=1 FA g i=1
T —pi g }

(4

)
_ +7p )
- AiA, [1 _1}

0 1 1 0 1 0 —
B 0 — Ol — ) — i

AiiA,
T N e
Aj— IAT

_ _ Ve " 1 _1
TA;-1A; ]
T T
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4.3.5 PROOF OF LEMMA 1

Notice that

mP 1P —ms = (Tr-1 —W%)P%
T
+(7Tk—2_7T@)Pk—1P£
T T T
+(7Tk—3—7Tk—2)Pk—2PgP5
T T T T
+.
+(7T0—7T1)P%P%~~~P%.
Indeed
k
7TOP%"'P% —71'% :Z(W_[fl —W%)P% P%
j=1
k k
:Z(ﬂ';;lf’fr%) HP%
Jj=1 m=j
We can see from Proposition 13 that this becomes
WoP%H-P%*W%
(1) (0) (0) (1) k k
P14 —P1 49 1
= f— Pm.
e Vvl RER IR
Jj=1 T T m=j

From Proposition 12, we can use that the fact that [ 1 -1

I

is an eigenvector for all Py to show

7T0Pl~-~P£—7Tﬁ
T T T

1) (0 0) (1) k k
A (s 0890\ [
T i1 A '

101
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Now taking the the norm, we find

TPy Pux —mxllry
|p1 (0)—p1 1)| : (1 A%)
’Z A_] IAJ |.

4.3.6 PROOF OF THEOREM 14

From Lemma 1 we have that

g 0 TR (1 - Ay)
- 1 492 }Z J/. T |
1

We see then that

(1) (0) (0) 1) k _
|p —p) | H |1
ImoP g - Py —myllry < T 2 ‘ AJ;A% '

Jj=

Because A <1 — |1 — At| < A for all t € [0,1] we see that

k k
‘p1 (O —p1 QQ1)|
Py Py —mpllry < 2= =2 | 11 e dl1 -
It is clear then that
|p(1) (0) ng) | k k—j+1
[moPa -+ P —m[lrv < TAZ Z(Ozliglﬂl—At!})

1

<.
Il

1 0 0 1
|p() 0 p0gM|
= TAZ

> (sl -8)

M=

<.
I
=)

Noticing the geometric series we can write this as

7P 1 - Pa—ms v < iV as” = pi” gy | (1= (upocici {1 — AP
T T T TA? 1 —supg<s<1{|1 — A¢f}
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Because infoci<1{1 — |1 — A¢|} =1 — supg,<i {|1 — A¢|} it is easy to see that

Because this is true for 1 < k < T, then

maX{HT{'QP%-“P% —W%HTV 1<k<T}HL TAS

Now for € > 0 setting

TAS = ¢
and solving for T we see that
1
T> —.
AL

This implies that

tsaa(Po, P1,€) < AE

4.4 REVERSIBLE MARKOV CHAINS

This section attempts to improve upon the results from Section 4.2. We consider
n-state, discrete-time Markov chains that are called reversible. Recall that
Definition 11 in Section 1.3 defines a reversible Markov chain. We again attempt
to bound the stable adiabatic time by the smallest spectral gap of a linear
adiabatic evolution, but now it is between two reversible Markov chains. We
will derive a result that is similar to the results from Section 3.1. To achieve
our result we have to explore what it means to be reversible and to develop this

requires the introduction of the following inner products.



104

Definition 24 For vectors x,y,m € R"™ we define the inner product
<x,y Sm= Yox(i) - y(0) - mli). (4.8)

=1

Definition 25 For vectors x,y,m € R™ we define the inner product

<Xy >1= Zx(z) ~y(4) - wtl(i)' (4.9)

Before we talk about reversibility we relate the norm created by the inner
product in Definition 25 and the total variation norm. This is a small detour,
but this relationship will be important in the development of our result. This
proposition has been shown in [6], but we include its proof in Section 4.5 since

it is so short.

Proposition 14 For any probability distribution v and any time t € [0, 1],
1
[V =mellry < Sllv —mll L. (4.10)

The inner products from Definitions 24 and 25 are commonly used in the
context of stochastic processes and we want to use Definition 24 to redefine
reversible Markov chains in a second way. We highlight the following proposition

from [6] and we include its proof in Section 4.5.

Proposition 15 Py is self-adjoint with with respect to < -,- >, if and only if

Py is reversible with with respect to ;.

The results in this section will apply to transitions, Py, that are self-adjoint
with respect to < -,- >, for all ¢ € [0,1].

The inner products defined above are important because we can find bases
of R™ consisting of left eigenvectors and right eigenvectors of P; that are or-

thonormal with respect to < -,- >,, and < -,- > 1 respectively. To find these
Tt

t
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bases we must first define a matrix and perform the spectral theorem of linear
algebra on this matrix. We assume that 7, (¢) # 0 for all ¢ € [0, 1]. The following

proposition can be found in [6] and we include its proof in Section 4.5.

Proposition 16 Defining Py = Dt%PtDt_% where Dy =
diag{ms(1),--- ,m(n)} is a nxn diagonal matriz, we see that P¥ is a symmetric

matriz.

Because Py is symmetric, we see that it is self-adjoint with respect to the
usual Euclidean inner product. A nice property of self-adjoint matrices with real
entries is that all the eigenvalues of the matrix are real. For a given ¢ € [0, 1] let
A1(t), -+, An(t) be the not-necessarily-distinct, real eigenvalues for P; ordered
such that |[A;(¢)] > -+ > |\, (t)]. Because Py is self-adjoint with respect to the
Euclidean inner product, we know that there exists an orthonormal basis with
respect to the Euclidean inner product for R™ consisting of left eigenvectors of
P;. Let wyi4,--- , Wy be this orthonormal basis with respect to the Euclidean
inner product such that w;; corresponds to the eigenvalue A;(t). Because Py is
symmetric, we see that wy s, -+, W, ; is also an orthonormal basis with respect
to the Euclidean inner product whose transposes consist of right eigenvectors.
Here w, corresponds to X;(t).

For 1 < i < n define u; + such that w; ; = ui,tDt_% and define v; ; such that
Wi = vi’tDt%. The following two propositions tell us that we have found a
collection of left eigenvectors of Py and a collection of right eigenvectors of Py.
These were also shown in [6] and we will show the proofs of these propositions

in Section 4.5.

Proposition 17 For 1 <i <n, \(t) is an eigenvalue for Py and w;, is a left

eigenvector of Py that corresponds to \;(t).
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Proposition 18 For 1 < i < n, V;":t is a right eigenvector of Py that corre-

sponds to X\;(t).

Now we relate these above collections of eigenvectors to the two inner prod-
ucts that we defined at the beginning of this section. We will see that the
collection of left eigenvectors of Py are orthonormal with respect to < -,- >%
and using the dimension of R™ we conclude that this collection of eigenvectors
forms a basis of R™. Similarly we see that the collection of right eigenvectors
forms an orthonomral basis of R™ with respect to < -,- >,,. These bases were
expressed in [6]. We summarize this information in the following propositions,

and we prove that these eigenvectors form an orthonormal basis in Section 4.5.

Proposition 19 u;¢,--- ,u,+ is an orthonormal basis for R"™ with respect to
<>

Tt
Proposition 20 vy, -, v, is an orthonormal basis for R™ with respect to
<oy >

Proposition 19 is used in the proof of the following Proposition. The in-
equality in the Proposition was coined the Perron-Frobenius inequality in [6].
We originally tried to use this inequality along with some telescoping algebra
to find a bound of the stable adiabatic time, but the norm created by < -, - >ﬁ
is called a ‘local’ norm and we were unable to find a reasonable bound for a
general reversible matrix. The proof of the following proposition was included

in Section 4.5.

Proposition 21 For self-adjoint matrices with respect to < -,- >,,, we have

that for any distribution v,

WPe —mill 2 < Do)l —mll. (4.11)
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We can also use Proposition 19 in the development of a process called eigen-
value perturbation. This process can be referenced in [25]. We use eigenvalue
perturbation to find an upper bound of the | - || L -norm of the difference of
fractionally consecutive stationary distributions in our linear adiabatic evolu-
tion with respect to the smallest spectral gap over the entire evolution. We
summarize this in the following proposition. The proof of this proposition can

be found in Section 4.5.

Proposition 22 Given 1 <i <T we see that

(4.12)

We can now apply the mathematics discussed in Propositions 21 and 22 to
find an upper bound for [|mP 1 P —mp |lrv with respect to the smallest
spectral gap of the linear adiabatic evolution between Py and P, and some other
terms. The following lemma describes this bound and we include the proof of

this lemma in Section 4.5.

Lemma 2 Define Vi = 7T0P% -~-P% for 1 <k <T and vy = mg. Also let A
be the smallest spectral gap over the linear adiabatic evolution between Py and

P;.

Letting

() = i, {é’%i?‘n {”(m)}}
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we see that under the assumption that m,(m) > 0 for allt € [0,1] and1 < m < mn,

lve —mxllrv

1
<— (P —
SOTA 0<18h 1 {””T (P1 PO)”#% }

k

1
(1—AY 14—

<
I
o
Q
—~
e oy

(4.13)

At this point our goal was to find the nature of the stable adiabatic time
strictly of a function of A but there were some complications getting this bound.
As we have mentioned earlier, || - || L is a ‘local’ norm, so we cannot determine

Tt

the nature of

oA {lﬂ; (P1 — Po)llﬁi1 }

T

in terms of A as A — 0. Due to this, we wrote the most descriptive result in
this setting. The following theorem describes a bound of the stable adiabatic

time and we include the proof of this theorem in Section 4.5

Theorem 15 Let ¢ > 0 and let A be the smallest spectral gap over the lin-
ear adiabatic evolution between Py and Py where both matrices are reversible

Markov chains with respect to wy and m respectively. Letting

e = min { min {ratnn)}

te[0,1] (1<m<n

we see under the assumption that my(m) > 0 fort €[0,1] and 1 <m <n,

1
2+
< _E€ 5 .
tsad(P07P] s 6) \/07* n}%}( { <1I28.}§ 1 {””* (Pl PO)” 1‘1 - }} (4 14)

Ak
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Because we were unable to find a general result for reversible Markov chains,
we decided to look at a subclass of these Markov chains called Birth-Death
Markov chains. Instead of applying what we know about Birth-Death Markov
chains to the previous theorem, we instead introduce an entirely new devel-
opment of the bound. This is done to highlight the many attempts we made
toward our final result and to give the reader some food for thought. We return

to Birth-Death Markov chains in Section 4.6.

4.5 PROOFS

4.5.1 PROOF OF PROPOSITION 14

We start by looking at the right hand side of the equation squared.

Using the Cauchy-Schwarz inequality, we see that

(i) — 1|/ (2 :

v
Tt

(Z 2 - 1|\/m<z'>> SM(

i=1

Because m (i) < 1 for 1 <14 <n, we see that

n . 2
(Z k- 1\/7rt(i)> mi) <

i=1
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However

2l = mellrv)*

I
S/\
I M:

N
=
N—
|

3
—~

-~
=

N———
[\)

We therefore see that

1
lv = ml|ry < §||V— mH%.

4.5.2 PROOF OF PROPOSITION 15

Letting pu,v € R™ be column vectors we have that if Py is self-adjoint with

respect to < -, - >,,, then < p, Pyv >,, =< Py, v >4,

Letting i = e; and v = e; be standard basis vectors, we see that < u, Py >, =

7 ()P (i,7) and < Pep, v >, = 7 (5)Pe(4,1).

It is clear that m ()P (4,5) = 7 (§)Pe(4,4) for 1 < i,j < n, therefore Py is

reversible with respect to ;.

If Py is reversible with respect to 7, then < e;, Pye; >, =< Pye;,e; >, for

1<4,j<n.

For column vectors u, v € R™ there exist constants ¢1,--- ,¢, and dy,--- ,d, € R
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such that o= 37" | c;e; and v = 377 dje; we have that

n n
< M,Ptl/ >, =< Zciei,Pt Zdjej >,

i—1 j=1
n n
= Z Zcidj < ei,Ptej >,
i=1j—1
n n
= chidj < Ptei,ej >,
i=1 =1
n n
=< Py Z ci€;, Z djej >,
i=1 =1
=<Pep,v >, .

It is clear that if Py is reversible with respect to 7, then Py is self-adjoint with
respect to < -,- >,

e

4.5.3 PROOF OF PROPOSITION 16

We see that

(P76, 1)) = ( () Ptu,j))
m(J) nxn

Notice that for reversible Markov chains,

::((;))Pt(i,j) - T Pd)

1 -

_ mm(])ﬂ(m)
Wt(J)Pt(]J)

This tell us that Pg (4, j) = Pg(4,1).
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Therefore P§ is symmetric.

4.5.4 PROOF OF PROPOSITION 17

For 1 <i < n, we see that

u; [Py =u; (Dt_%P:Dt%>

Nl

~ (w,D#) PiD,
= Wi,tP:Dt%
= )\z (t)Wi’tDt%

= )\z(t> (uth*%) Dt%
1

= )\i(t)uth*%Dﬂ

= )\i (t)ui’t.

4.5.5 PROOF OF PROPOSITION 18

For 1 <i < n, we see that
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4.5.6 PROOF OF PROPOSITION 19

Notice that because wy , -, Wy ; is orthonormal with respect to the Euclidean

inner product, denoted < -, - >5, we see that

—1,.T
<,y > = u; Dy u;,
t

1 i\T
-1 -1 T
= U—i,tDt 2 (Dt 2) u;,

1 1 T
= (Uz‘,thi) : (uj,tDtii)

T
= Wit Wiy
=< Wi ¢, Wjt >9
=0

0,

4.5.7 PROOF OF PROPOSITION 20

Notice again that

T
< Vi, Vit >x, = Vit Devyy
1 N\T o,
= Vi}tDt 2 (Dy2 Vit
1 T
vi D2 ) - (v D2

T
= Wit Wiy

=< W; ¢, Wjt >2

=9

0,
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4.5.8 PROOF OF PROPOSITION 21

Notice that ||vPy — me|| o = |[(v — 7)) Py o
e "

Because u; ¢4, -+ ,u,¢ is an orthonormal basis, as shown in proposition 19, we

can say that
n

V— Ty = E <I/—7Tt,uj'7t >% Uj¢.
t
Jj=1

Remember that u; ; = m.

This means that

n
) . N 1
<V =My > = z;(y(z) - ﬂt(l))ﬂ't(l)ﬂ_t(i)
=
n
= v(i) = m(i)
i=1
n n
= 3w - Ym0
i=1 =1
=1-1
0.
Therefore
n
V=T = Z <V —T¢ U5 >1 Uy
j=2 '
We see, because the u; ; are orthogonal, that
n
2 2
v — ﬂ'tH%t = || JZ:; SV =T Wy > uj,t||%

H <V =T, >0 uj,t”i-
Tt T

<
[
N

-
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We also see that
n
(l/ — Wt)Pt = Z)\Z(t) <V -— T, Wyt > ;¢
72 "t
‘7_

This, along with the fact that the u;; are orthogonal, implies that

n
(v = m) PP = 11D X(t) < v =g > w2
e = t Tt
n
=D ) <v =gy >0 wP
= t Tt
n
=Y NOPI <v=mwge > uglh
= t T
n
<Y @l < v -y, >yl
e

=2

n
=M@Y < v = g > il
Jj=2 )

= Pa(®)P [l =%
We conclude that [Py — || L < [A2(8)|||lv — el o
Tt Tt

4.5.9 PROOF OF PROPOSITION 22

Suppose that I want to perturb P by a small amount . By this I mean that

Piis =Py +6(P1 — Py).

Under this definition we expect the corresponding eigenvalues and eigenvectors

for the equations involving Pys to resemble

Ai(t+9) = Ni(t) + \i[d)
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W40 = Wi + w;[d]

where A;[0] and u;[d] are the right quantities to make the equations work.

We now want to solve the equation

W, i+6Ptys = Ni(t 4+ 0)ws 45

by expanding all the terms.

We see that

(wir +wi[0]) (Pe + 0 (P1 — Po)) = (Xi(t) + Ai[0]) (¢ + ws[d]) -

This will expand to

ui,tPt + (Sl,li’t (Pl — Po) + u; [(S]Pt + 61,11' [(ﬂ (Pl — P())

= )\i(t)lli,t + )\z(t)uz[é] =+ )\i[cﬂui,t + N\ [5]11&6}

We can first cancel the terms from the equation u; Py = X\;(t)u; ¢, then we can

collect the terms in the equation to separate higher order terms of § objects.

(0u;t (P1 —Po) + u;[0]Py) + du;[d] (P1 — Po)

= ()\Z(t)lll[é] + )\i[(S]uiﬂg) + )\1[5]111[5]
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Letting h;[t, 6] = 0w;[6] (P1 — Po) — A;[0]u;[d] we can write

5ui,t (Pl - PO) +u; [6]Pt + hi[t, 6] = )\i(t)ui [5] + )\i[§]ui7t.

It was mentioned earlier that the left eigenvalues of Pt are orthonormal with

respect to || - || . and therefore they create a basis for R™.
Tt

This means that we can write our vectors

n
0] = aiuj,
j=1

where the a;; € R.

Plugging this sum into our previous equation, we have that

du;; (P1 — Po) JrZamu]fPtJrh [t, 6] = Ai( Za”ujﬁx S ;.
Jj=1

Now we would multiply both sides of the equation on the right by Dy lug)t

where k # i, we see that
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Su;i g (P1—Po) Dyt uf, + Y aijh; (), Dy Muf, + hyft, 6D, tuf

Jj=1

= )\Z(t) Z aijijtDt_luzvt + )\z [5]ui7tDt_1u£t.

Jj=1

Using the orthonormality of the inner product this simplifies to

5ui7t (P1 —Py) Dt_lllgt + ajp i (t) + hylt, 5]Dt_1u£t = XNi(t)a.

Solving for the a;; terms, we see that

_ du;y (P1—Po)Dyuf,  hift,d|Dy Ml

)

Qi = () — Ae(t) Ailt) = Ae(t)

Also remember that a;; = (W, 145 — Wi ) D;luft by definition.

This would imply that

" Sui; (Py —Po) Dy tul
1.7 ,t 1 0 t it
W; ¢4 — Wi g = (ui,t—i-é - ui,t) Dt u; Ui ¢ + jigﬂ )\i(t) — )\j (t) : Ujt

" hft,0]D; tu?,
MDY vwor w0

j=Lg#i "

Ut
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In our case, we are particularly interested in u; 445 — wy s = m45 — m. This is

. -1..7 _
ideal because (145 —u1,) Dy u;, =0.

Using the notation that u; ; = m and noting that A (¢t) = 1 for ¢ € [0, 1], the

previous equation becomes

n Tt (P]_ — Po) D;lujTt n h1 [t, 5]D;1u?t
7Tt+(§—7Tt:5 ’ U‘7t+ —711'7t.
D e V(B (D D v v

=2

Naturally we can combine these two sums, express hy[t, §] = (745 — 7) (P1 — Po)

and evaluate this at t = % and § = —% to find that

n mia1 (P —Pgo)D ul,
Ti—1 — i = —l WTI( ! 0). T uj7?ll,v i
T T Tj:2 1—)\J(%) b

Taking the squared norm of either side we see that orthogonality gives us

1 n WFTI (P]_ —Po) D;]'U.Tl

Imi —me |’ =ll— 5> S Bl S
" T Tj:2 1= (7) T
2
n io1 (P — Po) D u?
(A TR e,
T = 1—Xj(%) I n
2
n mi1 (P17 — Py Dllur
<= | 1T$T|jgﬁ
=2 1= Xi(7) ;
1 - -1..T
< a2 (me (P —Po) DMl ) w120
Jj=2 i
1 n
ae | D mis (P = Po) Dy tuj sz 2
= T
1
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Now taking the square root of either side, we find that

i1 =T i-1(Py —P
Irics —mglls < mclimins (Py —Po)| o
T T
4.5.10 PROOF OF LEMMA 2
Weseethat Ve — Tk il/k—ng — Mk .
T T T T T
This implies that Hl/k —7Tk|| A= ||Vk 1P —7Tk||
" ”é‘i
Using Proposition 21, we see that
Iy =7l
k
T
k
< Pa(p)lllveg —mpll o
T
7|)\2(E)|||Vk 1 — Tk —|—Tl'k—1—71'k|| 1
T T i
T
k
’)\2 “|Vk1—71'k 1|| +’)\2T|||7Tk1—ﬂ'k||l
T T
k " 1 meoa(m)
= >\ — _ — _ 2 T
| 2(T)| m:1(VkT1 (m) Tk l(m)) W%(m) W%(m)

k
Py —mll o
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Repeating this process for every ||l/% -

1 with 1 <7 < k—1 and collecting

S

terms we see that

T
k—1 k ;
< TT Pelo)| | Iramsms — sl 1
=0 |i=k—j s
ko1 7 (m)— \/Ml (m)
1+ max d
ih—j 1sm<n 71'1‘4;1 (m)
We note that
2
\/ i (m) — \/’/Ti,-’;l (m)
max
1<m<n Tit1 (m)
T
2
T (m) — mit1(m) 1
— ina‘}<( T T
EE T e Jap )+ Jrp )
2
71 (m) — miga (m) 1
< | max L L X
1<m<n 7 i1 (m) 1<m<n \/M (m) + w%(m)
2 2
1<m<n \/ﬂ.% (m) 4 W% (m) 1<m<n ﬂ-# (m)
2 2

VAN
=
5
"

= 1<m<n \/771 (m) + i (m) [ 1=m=n i1 (m)

A
1N

)

]

IA
;
=
3
\/\§
3
———— —/—
—_
[
~
IANgb
3
-
I
3
<
(V)
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Noticing that

2
n | 7w (m) — wirs (m)
L L :”ﬂ-%_ﬂ—i%—l”"(v]
m=1 7Ti;:1 (m) i

we can conclude by taking the square root of either side

Vs m) =y fr (m)

max
1<m<n Wﬂ(m)
T
1
< max { ———— g |lms —miza |1 .
1<m<n i (m T T~ mit1

T

Plugging this into our previous equation, we have that

Hl/k —7'('&”# (4.15)
T T
T
k=1 & ;
<0 | TT Pl | Imcger = magall o
7=0 |i=k—j T
k—1 1
H 14+ max { ——— p ||mi — masa || (4.16)
SN o)
Because |)\2(%)| <(1—-A)for 0<j<k—1wesee that
s — 7l s
T Tk
T
k—1 )
<D A=A rimyr — 7 ||
T T Tk—j
§=0 T
k—1 1
1+ max ¢ ———— p ||ms — mima ||
g\ g [T R

Now using the result from Proposition 22 we see that
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vy —mell o

T Tk
T
=
— — A c—j—1 — 1
STAZ“ AY T iy (P P0)||@
Jj=0
I (14 L r, Py~ Po)l
— mhaX T i 1 — Ko 1
ik TA 1<m<n 71'% (m) T "iﬂ]:l

Letting

we compare |7 (P1 —Po)||_1_ to
T "#

max {||7T%'(P1—P0)|| 1 }
=

0<i<k—1

for each 0 <7 < k — 1 to see that

Jj+1

k—1

i 1 1

_ AV - . _

(1=4) TN o<%§{1{”T(P1 PO)”ML}
C(T) T

Using the fact that [|vx — 7x[l7y < 3llve — 7x||_r we come to our result.
T T T T Tk
T
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4.5.11 PROOF OF THEOREM 15

From Equation 4.13 in Lemma 2 we see that

1
= OTA o hax {W;(Pl —Po)||_u - }
j+1
S A e Ll ke L, (P — Po)l|
TA kN 0<i<k—1 i1
7=0 C(T) T
where

k . .
() = gmin { i {r, (m}}.

Let

T =

M
——— max max |7 (P1—Po)|| = }}
2 . e . —
A2\/cF T*>2 {1<z<T 1 { T 1

where M > 1 is a positive constant.

Because v/c¢* < 2 and because of the geometric nature of the series, we see that

A - . A Jj+1
Hl/k —7Tk||TV 5 Z( A>]+1 (1+M)

=0
k—1 j
< (- (e )
j=0
- (1- (YA + o)
MoIN 4 LA
_ 1
T M MZIA 4 LA?
<
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Given € > 0 if we let M = % + 1, then we see that
vy —mellry <e.

Now we see that if

I+1
T=-¢ max max |7 (P1—Po)|| =
A2+/c* T*>2 | 0<i<T*—1 T* it

T

then forall 1 < k<T

lve —7mxllrv <e
T T

This would imply that

1
14
tsad(Po,P1,€) < - —— max { max {HW;* (P1—Po)|| }}

4.6 BIRTH-DEATH MARKOV CHAINS

In this section we seek to improve upon our two-state results and reversible
Markov chain results from the Sections 4.2 and 4.4. We consider n-state,
discrete-time Markov chains that are called birth-death. This is one of the
simplest types of n-state Markov chains because it restricts communication be-
tween states that are not adjacent. Birth-death Markov chains are a specific
kind of reversible Markov chain, described in Section 4.4, and the two-state
Markov chains, described in Section 4.2, are a two-state birth-death chain. We
again attempted to compare the stable adiabatic time of these types of Markov
chains to the smallest spectral gap of the linear adiabatic evolution of their

probability transition matrices. We used a variety of techniques that gave us
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results that were similar to the results in Chapter 3, but they did highlight
some of the problems that arose when comparing the stable adiabatic time to
the smallest spectral gap.

Birth-death process have many applications in a variety of areas such as
queueing theory. We devote Chapter 7 for an application of a very specific birth-
death process outlined in [27]. One can reference [14] for a full description of a
birth-death chain, but in this section we will outline some important properties
of these chains.

We now want to define the probability transition matrices for two n-state
birth-death processes. We will again call them Py and P;.

Let Po(1,5) = P1(1,j) =0 for j > 2. For 2 < i <n—11let Po(4,j) =
P1(i,j) =0for j <i—1landj > i+1. Let Po(n,j) = P1(n,j) =0for j < n—1.
For a € {0,1} let p{® - p{® (oo () gd oo g8 e [0, 1] such that for
2<i<n-—1, qga) —|—7‘§a) —l—pl(»a) =1, ria) —I—pga) =1and ¢ + 7" = 1. Now
define for 2 <i < n—1, Pa(i,i—1) = ¢, Pa(i,i) = ', Pa(i,i+1) = p{*,
P.(1,1) = rga), P.(1,2) = pga), and P,(n,n —1) = ¢, Pa(n,n) = ri®.

For these matrices to be irreducible and aperiodic, we must have for a €
{0,1} thatpz(-a) #Oforlgign—landqga) #0 for 2 <i < n.

The linear adiabatic evolution between Pg and P; will define a class of
discrete-time, birth-death processes with the following probability transition

matrix for a given ¢ € [0, 1]:
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[ P00 s 0 0 0 |
g P o 0 00
0 ¢ P 0 00
P, —
0 0 0 oW 0, o
0 0 0o - qgll 7"7(;11 pg)—1
0 0 0 -0 e 0 qﬁf) Tg)

where qgt) = (1—t)q§0) —|—tq§1) for2 <i<mn, rgt) = (1—t)r£t) —I—trgt) forl1<i<mn
and pl(.t) =(1- t)pgo) + tpgl) for1<i<n-—1.

In this section we are further assuming that there exists a § > 0 such that
forae{O,l},pga)26f0r1§i§n—1amdq§a> > § for 2 <i<n.

We first want to understand the nature of the stationary distribution. The
following proposition gives the stationary distribution the proof of this proposi-

tion, which can be found in [14], is transcribed in Section 4.7 to emphasize how

one finds the stationary distribution.

Proposition 23 For the class of irreducible, aperiodic, discrete-time, birth-
death processes based on a linear adiabatic evolution between Pqo and P1, we

have that the stationary distribution of Py is

_ (H?:i+l qg(‘t)) (H;‘;ll pg't))
i (e d”) (058

71 (1) (4.17)

for1<i<n.

Now that we have considered the probability transition matrix and station-

ary distribution of these birth-death chains, we return our attention to compar-
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ing the stable adiabatic time to the smallest spectral gap of the linear adiabatic
evolution between Py and P;. To do this, we first study the second largest
eigenvalue of P; as a function of ¢, but not necessarily second largest in modu-
lus. The following proposition gives a new representation of this eigenvalue that
is commonly called the Rayleigh quotient, but the formula applies to reversible
Markov chains. This proposition was cited from [6], however, we include its

proof in Section 4.7.

Proposition 24 Givent € [0,1], if we let Aa(t) be the second largest eigenvalue

of Py where Py is a reversible matrixz with respect to my, then

<(I—=Py)x,x >r,
<X, X >q, —(< 1>,

)\Q(t)zl—inf{ )2|x7$0 and < z,1 >m:0}.

(4.18)

We would like to use the Rayleigh quotient to find a bound for the stable
adiabatic time, but to do this we must first simplify the quotient by using an
expression called the Dirichlet form. The following proposition describes the

Dirichlet form and its proof, which can be found in [6], is given in Section 4.7.

Proposition 25 For a reversible matrix Py with respect to m;, we have that
n—1 n
<A-Por =Y S MR () -2’ (419)
i=1 j=i+1
Combining Propositions 24 and 25, we find an alternative expression for the

second largest eigenvalue of Py, which we summarize in the following corollary.

Corollary 6 Given t € [0,1], if we let Xo(t) be the second largest eigenvalue of
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P; where Py is a reversible matriz with respect to mw, then

Aat) = 1—

. S Y m(D)P (i, §) (2(j) — (1))
> iy me(i)x(i)?

|m7$0 and <z,1 >m:0}.

(4.20)

We are also concerned with bounds of the second largest eigenvalue. One
such bound is the lower conductance bound on the second largest eigenvalue.
We sum up this result from [6] in the following proposition, but we first define
some quantities necessary for the statement of the proposition.

Recall that the state space F = {1,--- ,n} and let B C F with B # 0. We

define the following quantities:

m(B) = Y mi) (421)

i€B
F(B)= Y m(i)Ps(i,]) (4.22)
i€eB,jeE\B
_ Fy(B)
Vy(B,Py) = ~(B) (4.23)
o(Pe) = jnf {¢(B, Py)|m(B) < 1/2}. (4.24)

For a proof of the proposition, I refer you to [6].

Proposition 26 Assume that Py is a reversible matriz with respect to m; and
let Ao(t) be the second largest real eigenvalue of Py. We then have the following
inequality:

1—2-¢:(Pg) < Ao(t). (4.25)

Recalling the proof of Lemma 2, we see that before using the inequality from
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Proposition 22, we derived Equation 4.15:

k=1 & ;
by —mell o < SSITII o) | lImazys — il
T =0 |i=k—j et
[ k-1 1
H 14+ max { ———— p ||ms — mixa ||
Li=k—j tsmsn i m) i T

where v £ = moP 1o P 5 and As(t) is the second largest eigenvalue in modulus.

Our goal is to find a bound for Hl/% — Tk |lrv. Under the assumption that
P is a birth-death probability transition matrix and A (¢) is the second largest
eigenvalue and the second largest eigenvalue in modulus for ¢ € [0, 1], we are

able to utilize Corollary 6 and Proposition 26 to find a bound of H7r%1 —Ti

1

T
for 1 < i < mn. We summarize this in the following proposition and include the

proof of this proposition in Section 4.7.

Proposition 27 Consider a linear adiabatic evolution between two birth-death
matrices Py and Py with \y(t) the second largest eigenvalue for all t € [0,1]. If
we assume there exists a 6 > 0 such that for a € {0,1}, pga) >0 forl<i<n-—1

and qga) >0 for2 <i<n, then

V8 n?
A2T | /§3(n—1) ’

IN

[
T T

(4.26)

™

N

We now apply this apply this to Equation 4.15 along with some algebra to

derive the following corollary. The proof of this corollary is given in Section 4.7.

Corollary 7 Consider a linear adiabatic evolution between two birth-death ma-
trices Po and Py with A2(t) the second largest eigenvalue for allt € [0,1] and A
1s the smallest spectral gap over the entire evolution. If we assume there exists

aé > 0 such that for a € {0,1}, pia) >dforl1<i<n-1 andqz(a) > 6 for
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2 <i<mn, then

\/‘ k—1 \/g n5/2 J
lve =7 llrv < Z 1- — ] . (427
A2T ,/53(n 1) T AT 52(n—1)

Jj=

We use this corollary to find a bound for the stable adiabatic time for a
linear adiabatic evolution between birth-death matrices Py and Py when A2 (t)
is the second largest eigenvalue for all ¢ € [0, 1] and for a € {0, 1}, pga) > 6 for
1<i<n-—1and nga) > § for 2 < ¢ < n. The proof of this theorem is in

Section 4.7.

Theorem 16 Consider a linear adiabatic evolution between two birth-death ma-
trices Po and Py with A2(t) the second largest eigenvalue for allt € [0,1] and A
1s the smallest spectral gap over the entire evolution. If we assume there exists
a é > 0 such that for a € {0,1}, pl >(5f07“1 <i<n-1 andq > 6 for

2 <1 <mn, then

*

tsa PuPu Si
i(Po,P1,¢) A3

(4.28)
where M* is a constant that depends on n and §.

It is important to note that M™ is not a general constant, so this result
doesn’t tell us much in general. It appears that for the right conditions on
these types of Markov chains, the asymptotic bound of the stable adiabatic
time would be the multiplicative inverse of ¢ multiplied by the inverse cube
of smallest spectral gap. You can see that the results in Chapter 3 are much
clearer and concise. However, the results in this section combined with the
results in Theorems 2 and 3, may lead one to believe that the asymptotic bound

in Chapter 3 can be improved to the inverse cube of the largest mixing time.
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4.7 PROOFS

4.7.1 PROOF OF PROPOSITION 23

Remember that m; = mPy for t € [0, 1].

For this specific case, this implies that m;(1) = T‘Y)ﬂ't(l) + qét)ﬂt(2).

It also implies that for 2 < ¢ < n — 1 that m (i) = py(;t_)lm(i - 1)+ rgt)m(i) +

Qz(j-)lﬂt(i +1).

Finally it implies that m(n) = pgﬁlm (n—1)+ ry(f)wt(n).

We see now that
p”

7Tt(].) = Wﬂ—t(l)
ds

(1-r")

m(2) = qgt)

Because this process is reversible with respect to < -,- >,,, we see that

pg?lﬂt(i -1)= qi(t)wt(i) for2<i<n-1

(i) = pimy (i) for 2 < i < n—1.

We therefore have qz‘(—tl-)lﬂ—t (i+1) = (1—¢

®
If we write this as m(i + 1) = Lo (i) for 2 <4 <n — 1, then you can use the
941
recursion to see that ) ®
II;_1p;

m(i+ 1) = =22 (1)

1 _(t

JJ q](- :

for2<i<n-—1.

Because m; is a probability distribution, we see that

n k=1 _(t)
I L RNBE

Tt
ko (t)
k=1 Hj:Q 4;



which in turn implies that

‘We now see that
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After some algebra to simplify the numerator and denominator, i.e. using the

convention for the product notation that if 7 > n, then for a sequence of number

{ar}i_y, HZ:J- ar = 1, we see that

Wt(i)

for1<i<n.

t i—1 t
j=it1 qy(‘ )) (szl p; ))

oy (I

t) E—1 (t)
j=k+1 q.g )(szl p§ )

4.7.2 PROOF OF PROPOSITION 24

Assuming that the column vector x # 0 and < x,1 >,,= 0, we see that for

te€[0,1]

< (I-=Py)x,x >n,

< (I=Pe)x,x >,

<X, X >, —(<x,1>,,)2

< X,X >,

<X, X >q, — < Pex,x >4,

<X, X >g,
< Pix,x >,
<X, X >gq,

=1
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We see then that

. <(I-Pyx,x>
1 —inf ( %, U
<X, X >q, —(<x,1 >,
< Pix,x >,
=supy —M
<X, X >p,

)2|x7é0and <x,1 >m0}

[x#0and <x,1 >m=0}.

We know there exists scalars co,---,¢, such that x = covoy + -+ + vy
where v ¢, -+, vy are defined as a subset of the orthonormal basis introduced
in Proposition 18. We see that this set is orthonormal with respect to < -,- >,

t

as shown in Proposition 20 and for reversible matrices all eigenvalues are real.

This implies that

<Pex, X >, = Ma(t)c2 + - A (8) 2
< Xo(t)es 4 - Aa(t)c2

< A2(t) < x,%x >, .

This implies that

1 —inf < (I=Py)x,x >,
<X, X >g, —(<x,1 >,

B |x #0and <x,1>,= 0} < Aa(t).

Noticing that when x = va,

< Pex,x >,

<X, X >p,

= Xa(?)

we have that the supremum is reached.
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We can conclude then that

< (I—=Py)x,x >n,
<X, X >g, —(<x,1 >,

)\Q(t)linf{ )2|x7é0and <X,1>7r,,0}-

4.7.3 PROOF OF PROPOSITION 25

To begin we look expand < (I — P¢)x,x >,, where x is a column vector.

= | DoPelii)x(@) = Y Puli, )x() | x(i)mi(i)
i=1 \j=1 Jj=1

— Z Z T (1) Py (3, 5)x () (x(i) — x(j))

=22 mi)Pu(i,j) (x(0)* = x(i)x(}))

By changing the index of the above equation, replacing 7 with j, we have that

<(T=Pe)x,x >p= Y m(§)Pe(j,4) (x()* = x(8)x(j)) -

i=1 j=1

Because this chain is reversible with respect to m; for all ¢ € [0, 1], we have that

71 (1)P(i,5) = m(§)Pe(4,4). Using this in the above equation, we have that

<A=Pe)x,x >p=> Y m(i)Pe(i,j) (x(j)* — x(i)x(j)) -

i=1 j=1

If we now add the right hand side of the above equation to
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Doy 2=y ()P (3, ) (x(i)* — x(i)x(j)), we have that

2 < (I-Py)x,x >r= > Y m(i)Pe(i,j) (x(j)* — 2x(i)x(j) + x(i)?) .
i=1 j=1
Noticing that when i = j, the entry of the double-sum is 0, and reversibility
guarantees that the (4, j)-entry of the double-sum is equivalent to the (7, 7)-entry

of the double-sum, if we divide both sides of the equation by 2 we have that

CA-Poxx>n=3 3 m()P(i.) (x() — x(1))°

i=1 j=i+1

4.7.4 PROOF OF PROPOSITION 27

We see from Corollary 6 that for any 4,7 € N with ¢ < T,

A<i— A2<%> — inf
{ S S T P 1 (k) (x(k) = x(5))°

Selecting
res () = 7y ()
x(j) = —
™ (J)
and using the fact that for a birth-death chain
n—1 n n—1
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we have that

. . . N2
o (4 [Tiza (G+1)—m 4 (54+1) mi—1 (3)—7 i (4)
A Zj:l W%(J)pjT ( - w%(j+1§ i ﬂ%(j)T
< 2
n (ﬂ'i;l (j)*ﬂ'%(jo
ijl W%‘(j)

Noticing that the denominator of this equation is ||mi-1 — 7r%||21 , we can
T T

perform some algebra to show that '

Lt (G 0 ) =y G D ()
Irigs gl < 2 -
VA& (rsG+D) 7 06)

(®)

Because birth-death chains are reversible, we see that m;(j)p; &)

=m(j+ 1)q]+1

Using this to replace some of the terms in the above equation, we derive

||7TQ _7TLH 1
T T

™

Ea

IN

Bl-
<
NSk
7 N )
hﬁﬁ
S
S
~—
[}
3

2 i—1 i—1
, G (F)  (8) ()
n-l (WH(J)) (p 40— 4G )
N () (L
P (d37)
. (L 1 (L 1
ﬂ;l(]H)) (pj qj(ﬁ p§ )q]+1 )

i—1

ST (7o (G + el )

IN

Bl-
_—

j=1 T

IN

B~

i—1 7 i—1
By using the formulae p( ) = pgj) (pgl) p§0)> and qj(-fl q](f_l)

(qj(}ir)1 — qj( _31) performing some basic algebra and using the reversibility ar-
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gument we can expand terms in the previous inequality to get the following:

||'/T11—1 77Ti'|| 1
T T

™

2
0) (1 1) (0
‘ )q§+)1 —p§ )qJ(‘Jr)l)

(
T
3

[ Cao) Case )
-~ VAT = (W%(])pi%))

If we now return our attention to our conductance bound in Proposition 26.

We divide the set E into two distinct sets. Define B; = {1,---,j} and BJC =

{i+1,--,n}

Using the notation introduced in Section 4.6, we see that for a birth-death chain

(J) §-t)

2{21 (1) '

We similarly see for a birth-death chain that

’l/)t(BjaPt) =

Ft(BjC) =m(j + 1)Q§21 = 7"'t(j)p;t)
o ()
Wt(])p-
Ui(Bf , Py) = e
t\Dy Zl:j+1 (1)

Because either m(B;) < 1/2 or m(Bf) < 1/2, or both simultaneously, we can
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see that
N (t
i (5)pY)
min {ﬂ't(Bj),ﬂ't(BjC)}

¢:(Py) <

for all t € [0,1] and 1 < j < n.

Using the conductance bound from Proposition 26 we that for all ¢ € [0,1] and

1<j<n
min {7 (B;), m(BS)} A

J (t)
2

< Wt(j)pj .

We now bound 1/ (W%p§%)) in our bound of \\w% — il . We see that

T

1|l (m—l (j))2 (MI (j+1) ’ (Pg-o)q](-lﬁl —p§-”@é°ﬁl)2

)2 N2/ 0 1 (0) \?
QHOD(M%O+U)@yéL*éMQJ

= (min {W%(Bj)’”%’(BJC)DS

. . 0) (1 1) (0
We know that W%(]) <1lforl<j<nand |p§ )q§£1 —p§ )qﬁjl\ < 1 for

1<j<n—-1,s0

T

(ri2 @) (rn G+ 1) (5742 —5%) <1

forall1<j<n-—1.

This now shows that

n—1

8
lricy —mall o < S5
* j=1 (min {w i (Bj), 7

Sl
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Notice that m; (j) < : (BY), which implies that

T J

7r ™
min {w% (G),ma(j+ 1)} < min {W%(Bj)ﬂn (BJC)} This implies that

N 1
i ; (min {W%‘(j)777%(j + 1)})3.

Because (Hl":k,H ql(t)) ( i pl(t)) <1lfor1<Fk<mn,tel0,1], we see that

£ () i)

k=1 \l=k+1

This tells us that

forall 1 <j <n.

We now argue that
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4.7.5 PROOF OF COROLLARY 7

If we consider Equation 4.15 from Lemma 2 and apply Proposition 14 we derive

the following inequality:

= [ & ;
||1/% —W%HTV < 5 : H |)\2(T)| ||7T# —W%Hwﬂ_
7=0 _i:kfj T
[ k-1 1
H 1+ max ( ———— p ||ms — maxa ||
Li=k—J tsmsn Tr% m) ’ B ﬂ%

where Vi = WoP% ---P% for a linear adiabatic evolution between Py and Py
and Aq(t) is the second largest eigenvalue in modulus, however, we assumed that
the second largest eigenvalue is the second largest eigenvalue in modulus

We also showed in Proposition 27

V8 n?
A2T | /53(n—1) ’

L <

™

Ti—1 — T
T T

s

Because [A2(t)| < 1— A and 1/y/m(m) < \/n/6"1 for all ¢ € [0,1] and

1 < m < n, we see that

1
by =mpllrv <52 =& O7 Jen \ 1T ae7 2D

k—1 J
V2 NS ay <1+ Vs ) .

k—1 i NG n2 <1+ NCER L >J

A2T 52(77,71)

4.7.6 PROOF OF THEOREM 16

We showed in Corollary 7 that

; V8  nb/? ’
_ o A
=7y < NANGTER (1-4) <1+ A2T §2(n—1) | -
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We now let

B \/gnS/QM
T A382(n—1)
where M > 1 is constant.
We can see that
AVsm—1) k=1 AN
||V% —W%HTV S W; |:(1 — A) <1 + M>:|
A1) k21 _ 277
AV MDA AT
2v/nM = M M
Noticing that this is a geometric series, we have that
1 (1_ a=na _ a2\F
I ey < AV §(n=1) T T T ™
Ve —Tkr|Tv <
T T 2 M (M-1)A _ A2
ovn 1- (1 M ﬁ)
< A,/(s(n—l) ( 1 >
= M—DA | A2
2/nM ( M) 4

< §(n—1)
= (M -1+ 4)°

We can see that for any € > 0 we can select an integer N not depending on €
such that M = N/e > 1 such that

5n71
(M -1+ &) =€

Because this is true for all 1 < k < T, we see that

V8nS/2N
tsad (PO, Py, 6) < W



143
Letting M* = (\/§n5/2N) /52("’1), we see that

*

M
tsaa (Po,P1,€) < A



Chapter 5

BACKGROUND ON
CONTINUOUS MARKOV

PROCESSES

We now turn our attention to continuous-time Markov chains. Our research
group has written papers on two applications of the adiabatic time to continuous-
time Markov chains. We will return to these applications in Chapters 7 and 8.
Before we discuss these applications, we first must develop the necessary tools
to discuss continuous-time Markov chains. Section 5.1 will introduce all the
proper definitions of continuous-time Markov chains and will describe the suf-
ficient conditions to have a unique stationary distribution for these Markov
chains. Section 5.3 will define the mixing time for continuous-time Markov

chains.

144
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5.1 CoNTINUOUS MARKOV CHAINS

This section considers the creation and development of continuous-time Markov
chains. We will adopt notation from earlier chapters using discrete-time. For
example, recall that discrete-time Markov chains have associated with them a
sequence of stochastic matrices. In Section 2.5 we adopted the notation P,
to describe the space of n X n stochastic matrices. We now want to define

continuous-time Markov chains over a finite state space E = {1,--- ,n}.

Definition 26 A continuous-time Markov chain is a random process in the

space of functions X = {X : RT — E}, where each function has a probabil-
ity associated with it uniquely determined (up to initial distribution). This
probability is governed by a multivariate function of stochastic matrices P :
{(a,b) e R* x R¥|a < b} — Py which give the conditional probability for times
s,t € R with s < t: P(X(¢t) = j|X(s) = 1) = p(s,t);; where the p(s,t);; is the

ij entry of P(s,t).

The matrices P (s, t) are called the probability transition matrices from time
s to time t. As we did in discrete-time, we can classify Markov chains as time-
homogeneous or time-inhomogeneous. We will first focus on time-homogeneous
Markov chains so that we can define the stationary distribution of a continuous-
time Markov chain, similar to the process outlined for discrete-time Markov

chains.

Definition 27 A continuous-time Markov chain is said to be time-homogeneous

if p(s,t)ij = p(0,t — 5)i; for alli,j € E and (s,t) € {(a,b) € RT x RT|a < b}.

We would simply write p(s,t);; = p(t — s);; and P(s,t) =P(t — s).

A continuous-time Markov chain is said to be time-inhomogeneous if there exists

(s;t) € {(a,b) e RT x Rt|a < b} such that p(s,t);; # p(0,t — s);; for some
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1,] € E.

To better understand continuous-time, time-homogeneous Markov chains,
we reference the following proposition, which is cited from [12]. Because the

proof of this proposition is straightforward, I will include it in Section 5.2.

Proposition 28 Consider the probability transition matriz function P : Rt —
FE for a continuous-time, time-homogeneous Markov chain over a finite state

space. Let {P(t)|t > 0} be the codomain of this function. Then

(1) PO)=TI
(2) P(t) is stochastic for allt >0 and for s,t >0

(3) P(s+1t)=P(s)P(t).

The codomain, {P(¢)[t > 0}, having the properties mentioned above is called

a stochastic semigroup. The following definition outlines one property that we

insist on the stochastic semigroups having throughout our study of continuous-

time, time-homogeneous Markov chains.

Definition 28 The semigroup {P(t)|[t > 0} is called standard if P(t) — I as

t— 0.

We also demand that our continuous-time, time-homogeneous Markov chains

have the following property.

Definition 29 The semigroup {P(t) : t > 0} for a continuous-time, time-
homogeneous Markov chain is called irreducible if for all (i,j) € E X E we have

p(s)i; > 0 for some s > 0.

The goal in requiring continuous-time, time-homogeneous Markov chains to

have standard, irreducible semigroups is to guarantee the existence of a unique
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stationary distribution, however, the definition of stationary distribution must

also change in the continuous setting.

Definition 30 For a continuous-time, time-homogeneous Markov chain with
stochastic semigroup {P(t) : t > 0}, any left-handed eigenvector associated with

the eigenvalue 1 is called a stationary distribution, denoted m, only if m; is a

real number and m; > 0 for 1 < j < n. In particular, 7P(t) =7 for all t > 0.

The following theorem explains the conditions necessary to make existence
of a stationary distribution imply uniqueness of the stationary distribution. A

sketch of the proof was given in [12].

Theorem 17 For a continuous-time, time-homogeneous Markov chain with

standard, irreducible semigroup {P(t) : t > 0},

(a)  if there exists a stationary distribution w then it is unique and
p(t)ij = mj ast — 0 foralli,j € E
(b)  if there is no stationary distribution, then p(t);; — 0 ast — 0

foralli,j e E.

We know that the semigroup {P(¢) : ¢ > 0} being standard implies that
p(t)i; is continuous for all ¢ > 0 and ¢,j € E. If we suppose that the Markov
chain is in state 7 at time ¢, then for a small amount of time h, we either have
that the Markov chain remains in state ¢ with probability p(h);; +o (k) or moves
to state j # ¢ with probability p(h);;+o (h). For h small we can assume that the
Markov chain doesn’t travel to multiple states within the time interval (¢, ¢+ h).
It has been shown that p(h);; is approximately linear in h when h is small. This
would imply that P(¢) is differentiable for all ¢ > 0 and P’(0) is a constant

matrix. The following definition gives a name to this matrix.
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Definition 31 The generator matriz, Q of a continuous-time, time homoge-

neous Markov chain with probability transition matriz P(t) for t > 0 is a con-

stant matrixz that satisfies the Kolmogorov Backward equations
P'(t) = QP(%).

Because F is a finite, we see that solving this matrix differential equation
gives us that P(t) = 372 3—7, J, and because P(t) is stochastic for all ¢ > 0 we
see that Q1 = 0.

For a continuous time Markov chain {X(#)},5, on a finite state space F
with a bounded generator matrix Q = (qij)i,jeE and A\ = max;cp Zj# qij, the

upper bound on the departure rates of all states, a process called uniformization

[12] gives transition probabilities to be
Aty
P(t) = E e_)‘ti( ) P/ = Q' (5.1)

where the matrix P = I+ $Q. The matrix P(¢) denotes the transition proba-
bilities at time t.

Notice that P =T + %Q is a stochastic matrix. If 7 is a stationary distri-
bution of P as a discrete probability transition matrix, then 7 is the stationary
distribution of P(¢) as a continuous probability transition matrix. Theorem 17
would guarantee that this stationary distribution is unique. The existence of a
unique stationary distribution will lead to and analogue concept of the mixing

time introduced in Section 1.3. We will outline the mixing time in Section 5.3.
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5.2 PROOFS

5.2.1 PROOF OF PROPOSITION 28

First I show that P(0) = I. This is straightforward.

Note that p(0);; = P (X (0) = j|X(0) =4). If i # j, then this probability is by

definition 0, and if ¢ = j this probability is by definition 1.

This implies that P(0) = L.

Next I show that P(¢) is stochastic.

This implies that P(t)1 = 1.

Finally I show that P(s+t) = P(s)P(t).
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p(s +1)i; =P (X(s +1) = j|X(0) = i)

fZIP’ (s+1) = j|X(s) = k, X(0) = 9) P (X(s) = k| X(0) = 7)

Using the Markov property of Markov chains and the time homogeneity of the

chain, we see that

p(s+1) ZIP (s+1) = j|X(s) = k)P (X(s) = k| X(0) = i)
=ZP(X(t)=J'IX(0)=k)P(X(8)=k|X(0)=i)
k=1

Zp(t)kjp(s) k
-1

We see now that P(s+t) = P(s)P(¢).

5.3 MIxXiING TIME FOR CONTINUOUS MARKOV CHAINS

If you recall Definition 9 from Section 1.3, the mixing time was defined to answer
how the structure of the irreducible and aperiodic matrix affects how quickly
the Markov chain converges to its stationary distribution. In Section 5.1 we dis-
cussed analogue sufficient conditions for a continuous-time, time-homogeneous
Markov chain to converge to its unique stationary distribution. In this section we
are going to define the mixing time to describe how quickly the continuous-time
Markov chains described in Section 5.1 converges to their stationary distribu-

tions in the total variation norm.
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Definition 32 Let {P(t)[t > 0} be a standard, irreducible semigroup for a
continuous-time, time-homogeneous Markov chain with stationary distribution
. Given an € > 0, the time t,,;.(P,€) is called the mizing time if it is the
infimum over t > 0 of

max |[vP(t) — 7||lry <€ (5.2)
1%
where the maximum is take over all probability distributions v.

In Chapter 6 we will define an analogue of the adiabatic time for continuous-
time Markov chains and we will asymptotically bound the adiabatic time as
€ — 0 by an inverse power of ¢ multiplied by a power of the mixing time. We
could analogously try to bound the adiabatic time by the inverse spectral gap
as in Theorems 2 and 3, however, as we have discussed in Chapter 4, adiabatic

times and mixing times make a more natural comparison.



Chapter 6

THE ADIABATIC TIME
VERSUS THE MIXING TIME
For CONTINUOUS MARKOV

CHAINS

We now turn our attention to defining the adiabatic time for continuous-time
Markov chains and we will seek to asymptotically bound the adiabatic time as
€ — 0 as an inverse power of ¢ multiplied by a power of the mixing time. Sec-
tion 6.1 will do this for a linear evolution between two bounded generators and
Section 6.3 will do this for a general evolution between two bounded genera-
tors. We will provide examples in both sections to claim that these asymptotic

bounds are optimal.
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6.1 LINEAR EVOLUTION

We start by defining a linear evolution between the generator matrices of two
continuous-time, time-homogeneous Markov chains. This will help us define the
continuous-time, time-inhomogeneous Markov chains necessary for the study of

the adiabatic time. We introduced the following definition in [16].

Definition 33 Let Q[0] and Q[1] be two bounded generators for continuous-
time, time-homogeneous Markov chains with standard, irreducible semigroups
{P[0](s)|s > 0} and {P[1](s)|s > 0} associated with Q[0] and Q[1] respectively.
We call Q[0] the initial generator matriz and Q[1] the final generator matriz.

We define a class of generator matrices based on a linear evolution between Q|0]

and Q[1] to be {Qt]}icio,1) so that

Qlt] = (1 -1)Q[0] +tQ[1] (6.1)

for each t € [0,1].

For t € [0,1], if we let {P[t](s)|s > 0} be the standard, irreducible semi-
group associated with the generator Q[t], then we define m; to be the stationary
distribution P[t](s) for s > 0.

We use this linear evolution between Q[0] and Q[1] to define a special class
of time-inhomogeneous Markov chains. Given T > 0 and t1,t2 > 0 such that
0 <ty <ty <T,let Pp(t1,ts) denote a matrix of transition probabilities of a
continuous-time, time-inhomogeneous Markov chain generated by Q[%] over the
time interval [tq, t2]. If we select ¢; = 0 and to = T, we would have the following
differential equation on the interval [0,7] describing our time-inhomogeneous

Markov chain
dP1(0,1)
dt

t

-Q [T] Pr(0,t). (6.2)
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With this time-dependent generator we define the adiabatic time to be the
first time that the continuous-time Markov chain generated by Q[%] reaches a a
resulting distribution that is ‘close enough’ to the stationary distribution of the

continuous-time, time-homogeneous Markov chain governed by the generator

Q1.

Definition 34 Given a linear adiabatic evolution between the bounded genera-
tors Q[0] and Q[1], we let P (0,T) denote a matriz of transition probabilities
of a continuous-time, time-inhomogeneous Markov chain generated by a linear
adiabatic evolution Q[+] over the time interval [0,T]. Given € > 0, a time
taa (P[O],P[1],€) is called the adiabatic time if it is the infimum of T > 0 such
that

max||l/PT(07T) _7T1HTV S € (63)
where the maximum is taken over all probability distributions v.

We now find a bound of the adiabatic time with respect to the mixing time
of the time-homogeneous Markov chain governed by Q[1]. We will see that this
result agrees with the asymptotic bound found in Corollary 1 as € — 0. We now
state the following result from [16]. We will include a proof of this theorem in

Section 6.2.

Theorem 18 Take \ such that

and
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Then the adiabatic time

A2, (P[1],¢/2)

taa (P[0], P[1],¢) < Zmiz +0 (6.4)

where 0 =t (P[1],€/2) + €/(4N).

The following example provides generators Q[0] and Q[1] that show the

result from Theorem 18 are optimal.

Example 3 (The lower bound.)

0 0 O 0
1 -1 0 0
Q=] 1 0 -1
0
1 0 0 -1
and
-1 1 0 0 0
0O -1 1 0 0
0o 0 -1 1
Q1] =

0
0 0 o --- -1 1
0 0 o --- 0 0

In Section 6.3 we will expand the types of time-inhomogeneous Markov
chains we consider by defining a more general type of adiabatic evolution and

we will find a similar result.
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6.2 PROOFS

6.2.1 PROOF OF THEOREM 18

Observe that A > max;cg Zj:j;éi Q [%] (i,j) for 0 <t <T.

Take
1\ !
T=K (1 - QK) tmie (P[1],€/2) and
1\ !
and let P[1] = ¢'QMU denote the probability transtion matrix associated with

the generator Q1].

Now, we let Py = [+ $Q[0] and Py = I+ 1Q[1]. Note that Py and Py are
the probability transition matrices for time-homogeneous, discrete-time Markov
chains and

= (MT — N))’
vPr(0,T) = rnPr (N, T) = vn [ 3 (A(j'))e—A(T—ij

=0

)

where vy = VP (0, N) and

J! / / {( sl) 81
ILi=——F /[ - 1—— Po—s——Pl}
! (TﬁN)j N<s1<82< <8, <T T T

[( —S?J) Po—l—%Pl] dsy - --ds;

i.e. the order statistics of j arrivals within the [V, T] time interval. We used
the fact that, when condition on the number of arrivals, the arrival times of a

Poisson process are distributed as an order statistic of uniform random variables.



Hence

I/PT (0, T)

o0

e AMT=N) T T
=N ZO()\(T_N)))J(TN)J'Tjj!le/ / 51---85dsy -

N N

Jj=

. L
_)\(1_ﬁ)iltmim(P[l]ve/Q)VN Z )\]tzn’m:(P[l]’ 6/2) P{ + g

1
j=0 I

Atpig (P[1],¢/2)

=e" 2K~1 UNP[1] (timiz (P[1],€/2)) + €
where £ is the rest of the terms. Thus, the total variation distance,
_ AMtmigp (P[1],6/2)
max ||[vPr (0,T) — w17y < e BK-1 - €/24 Sn.
v

Taking K > w + 1/2, we bound the error term

Sy = ||E = millrv

_ X NG
S 1 — e_)‘(l_ﬁ) 1t7niz(P[1]75/2) E )\]tm’LI(P"[]‘]? 6/2)
i=0 I
Atmig (P[1],6/2)
=1—e" 2K —1

<e€/2

as € < —2log (1 — %) Therefore

At miz(P[1], ¢/2)

teqa (P[0}, P[1],¢) < ( p

de
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N 1/2) (tmia(P[1],€/2) + ¢/ (20)).
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6.3 GENERAL EVOLUTION

We now extend our results to more general adiabatic evolutions between the
generator matrices of two continuous-time, time-homogeneous Markov chains.

We introduced the following definition in [4].

Definition 35 Let Q[0] and Q1] be two bounded generators for continuous-
time, time-homogeneous Markov chains with standard, irreducible semigroups
{P[0](s)|s > 0} and {P[1](s)|s > 0} associated with Q[0] and Q[1] respectively.
We call Q[0] the initial generator matriz and Q[1] the final generator matriz.

We define a class of generator matrices based on a general evolution between

Q0] and Q1] to be {Qlt]}icpo,1] so that

Q[t](i, 7) = (1 = ¢i (1)) QI0J(7, ) + 15 (D) Q[LI(E 5) (6.5)

where ¢;; 1 [0,1] — [0,1] are continuous functions such that ¢; ;(0) = 0 and

$ij(1) =1 for all1 < i,j <n and >, ¢;;(t) (Q[1](7, j) — Q[0](¢,5)) = 0 for all

t €10,1] and each 1 < i <mn.

We use the general evolution between Q[0] and Q1] to define a special
class of time-inhomogeneous Markov chains. Given T' > 0, let P1(0,7T) denote
a matrix of transition probabilities of a continuous-time, time-inhomogeneous
Markov chain generated by Q[%] over the time interval [0,7]. We again have
the following differential equation on the interval [0,7] describing our time-
inhomogeneous Markov chain

dP7(0,1)
dt

t
= — | P7(0,1).
Q |:T:| T( ) )
We now make the analogous definition of the adiabatic time of the time-

inhomogeneous, continuous time Markov chain.
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Definition 36 Given a general adiabatic evolution between the bounded gener-
ators Q0] and QI1], we let Pr(0,T) denote a matriz of transition probabilities
of a continuous-time, time-inhomogeneous Markov chain generated by a general
adiabatic evolution Q%] over the time interval [0,T]. Given € > 0, a time
tad (P[O],P[1],€) is called the adiabatic time if it is the infimum of T > 0 such
that

Hl;%X ||I/PT(O, T) — M HTV S €
where the maximum is taken over all probability distributions v.

As we did before, we find a bound of the adiabatic time with respect to the
mixing time of the time-homogeneous Markov chain governed by Q[1]. We will
see that this result agrees with the asymptotic bound found in Theorem 7 as
e — 0. We state the following result from [4]. We will include a proof of this

theorem in Section 6.4.

Theorem 19 Suppose Q[0] and Q[1] are bounded generators for continuous-
time, time-homogeneous Markov chains with standard, irreducible semigroups
{PI[0](s)|s > 0} and {P[1](s)|s > 0} associated with Q[0] and Q[1] respectively.
Consider a general adiabatic evolution between Q[0] and Q[1]. Let ¢ > 0. Let ¢
be the piecewise minimum function of the ¢; ; functions, if m is the first positive
integer such that ¢(™ (1) # 0. If we take \ such that

A > max Z QI0](4,4) and A > max Z Q[1](4, 4)

JriFi jijFi

then

taa (P[0], P[1],) = O (H T e e/2>> (5:6)

To show that this bound is optimal, you can reference the generators in-

troduced in Example 3. We can also check that the result in Theorem 19 is
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scale invariant as we did in [4]. For a positive value M, we scale the initial and
final generators to 7;Q[0] and 7;Q[1] respectively. Then the adiabatic evolu-
tion is slowed down M times, and the new adiabatic time should be of order
M [2] % t:ﬁ (P[1],€/2) with the mixing time and A taken before the scaling.
On the other hand, the new mixing time will be Mt,,;, (P[1],€/2) and the new

Ads % as the rates are M times lower. Plugging the new parameters into the

theorem, we obtain

m+1

] ottt e 2] e

Me

confirming that the theorem is invariant under time scaling.

6.4 PROOFS

6.4.1 PROOF OF THEOREM 19

Define Q to be a Markov generator with off-diagonal entries

Qi) = 2 Qi) +

ij(t) — ¢(t)

Q).

Then writing

Qt](i,5) = (1 = i3 (1)) Q[O](4, ) + (¢4,5(t) — &(£))Q[1](2, J) + ¢(£) QL (4, j)

would imply that
Qlt] = (1 - 6(1))Q + ¢(H)Q[L]-
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Observe that

. ¢

N . N ],

A > max g'Q(w) and A > max gQ [T} (i, 5)
JJF JJFT

as

A>max Y 0 Q[O](i,5) and A > max » © Q[U](i, ).
JijFi Jij#i

Let P[1](t) = '@ denote the continuous-time, probability transition matrix

associated with the generator Q[1] and let Py =1+ %Q and Py =1+ 1QI1].

The probability transition matrices Py and Py are for time-homogeneous, discrete-
time, Markov chains. Conditioning on the number of arrivals within the [N, T

time interval

(AT — N))J
VPr(0,T) = vnPr(N,T) = v | S (A(jl))ewmlj
j=0 ’

where vy = vP7(0, N) and

S1

L= (T—]'N)J / . ”/N<s <-<s;<T [(1 - ¢(T ))Po + QS(%)PJ

[ = 0P + ()P | dsy - ds,

i.e. the order statistics of j arrivals within the [N, T] time interval.



Therefore, combining the terms with P[1], we obtain

I/PT(O, T)

)\JP s S,
=uN Z —\T—- N)/ / (b 1 j)dsl--~

7=0

J
()

j= 0

where £ is the rest of the terms.

Take K > 0 and define

and

de

Recall the approximation of the minimum function ¢ around x = 1

¢(£U) =14+ w + 0 (|1‘— 1|m+1>

m!

and therefore

+&
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where y(K) = (-1)™ ?;:I%? + O (K~'). Thus we can write

I/PT(O, T)

_ NI, i/\j(Tj_!N)jP[l]j {1—&-7([() (T;N>mr +E.

=0

We see, using a standard uniformization argument, that

vPr(0,7)

7)\(1+71§{? )71t‘"1-’il'(P[1]’6/2)]/N i )\jtmim (P[1]7 6/2)j P[l]j + &

4!

=€

=0

~ —1
= e M wm ) e PRS2 e b (Qin (P[], €/2)} + €.
Now, since (—1)™¢(™ (1) < 0, we have that, for any probability distribution v,

[vP7(0,T) — il 7v

~ (K) -
= ANt ) tmie PRI |y o (Q[1] s (P[1], €/2)} — 1 [l7v + S
where, by the triangle inequality

0< Sy <1 — e M wtitm) i) [ 32 Aj(tmiw(ffl[l]v ¢/2))
J:

=0

and, by definition of ;. (P[1],€/2),
v (K) -
e Mty ) tmisPAL/D ) oxp (Q[1] e (P[1], €/2)} — w1 [l 7v < €/2.

_ 1L _ )
Taking K = c(\/e)n .. (P[1],€/2) with constant ¢ >> (—1) ?m+%?’ we ob-
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tain

—(K)

€>—log(l—¢/2) > A (KWL‘FV(K)

) i (P[1], €/2)

and therefore
0< Sy < 1 — Mamtm Jimia PRL/D o o

Thus

1+ ’YI((K) € mix

foa (P[O], P[1], ¢) = Ltmix(P1),€/2) <H Sy (P[l],e/2)> .



Chapter 7

APPLICATIONS TO QUEUEING

In this chapter, we summarize the results from [27]. In Section 7.1 we develop
some interesting facts about continuous-time Markov chains. You can think
of this as a combination of the work on continuous-time Markov chains out-
lined in Chapters 5 and 6 with the work on reversible and birth-death processes
from Chapter 4; however, this chapter does not consider an adiabatic evolu-
tion through a continuous function, rather, this chapter considers an adiabatic
evolution through a step-function. This being the case we modify some of our
definitions and objectives. In Section 7.2 we find an application of this kind of

adiabatic evolution to a queue and a special queueing policy.

7.1 BACKGROUND

We begin this section with a review of some facts about the || - || 1-norm in-
troduced in Chapter 4. For a reversible, irreducible (K 4+ 1) x (K 4 1) matrix
P, we will now use the notation uj,--- ,ux4; as the orthonormal basis with
respect to < -, - >1, where u; was associated with the real eigenvalue A;(P) of

P and we ordered them such that 1 = [A(P)| > [A2(P)| > -+ > [Ax+1(P)].

165
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The following result is used to bound the distance of the continuous chain in

terms of a discrete one. It was given in [27].

Proposition 29 For a continuous time Markov chain on a finite state space
E with generator matrizv Q = q(P — 1) with reversible, irreducible P, q the
largest entry in modulus of Q and stationary distribution w, for any probability

distribution v on F,
e — |2 < [l — | e PBIDE, (7.1)

where |[A2(P)] is the second largest eigenvalue modulus of P.

We will return to this proposition later in the section. Now we will look at
the new type of time-inhomogeneous Markov chains that we are going to apply
in this chapter. First, suppose that time is divided into slots of size At and
the generator matrix changes at these intervals. Furthermore, suppose that the
bounded generator matrix Q; determines the transition probabilities in the time
interval (iAt, (i +1)At]. The method of uniformization gives the corresponding
transition probability matrix P(iAt, (i + 1)At) as it was described for time-
homogeneous Markov chains in Section 5.1. The upper bound on departure

rates over all states will be denoted ¢; for each Q;. Therefore,
P(ilt, (i + 1)At) = e8! = eti(PimDAL (7.2)

where the matrix P; = I + iQi is irreducible and reversible with stationary
distribution ;.

Note that this evolution is not time-homogeneous for all ¢ > 0. This is
not time-inhomogeneous in the way we described in Chapter 6. Rather than
having a continuous function determine our adiabatic evolution, we have a right-

continuous, step function function determine out adiabatic evolution. This will
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result in time-inhomogeneity in the system resulting in a changing Q; which is
updated at fixed intervals of time. In practice, the time-inhomogeneity can be
due to the nature of the underlying process, as we had in Chapter 6 or due to
uncertainties in measurements of parameters.

Let v, be the distribution of the chain at time nA¢t. When introducing an
adiabatic time in the Section 7.2, we will be interested in the distance between
v, and the stationary distribution m,, corresponding to matrix P,, at time nAt.

The following Theorem gives an upper bound on the distance at time nAt
in terms of the distance at ngAt for integer ng < n. The proof of this theorem

is given [27].

Theorem 20 For the time-inhomogeneous Markov chain generated by the ma-

trices {Qi}i—g = {q(P; — )} from time O to time nAt,

1 k
< 2y = ol s He 1= PaPIr [y T

9 o keE iy (k) (7.3)
+ = T — T e~ t(I=2PlAt ooy 7%( ,
ZE;O | +1 H T 111 keE m;y1(k)

where v, 1s the distribution at time nAt, vy, is the distribution at time noAt for
ng < n and {P;}; are irreducible and reversible with respect to the stationary

distribution ;.

Now that we have this result, we apply our knowledge of continuous-time

Markov chains to a queueing process in the next section.
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7.2 (QUEUEING PROCESSES

A queue is typically defined by its arrival rate, service or departure rate, number
of servers and buffer size. In a finite buffer size queue, we are often interested in
maintaining a distribution which is more biased towards smaller queue lengths,
since otherwise we will have what is called high blocking probabilities. Such a
stable queue is achieved by keeping the departure rate strictly above the arrival
rate. However, it is physically impossible to have the departure rate arbitrarily
higher than the arrival rate due to physical limitations such as the speed of the
underlying router circuitry or the amount of power consumption. Furthermore,
there might be other constraints on the departure rate due to considerations of
the network as a whole. For example, it might not be best to always have a large
departure rate that results in traffic bursts, and potentially causes congestion
somewhere else in the network. Or in the case of using multiple queues of
different kinds of traffic, each of which has to satisfy some pre-specified quality
of service (QoS), sending packets from one queue will affect the other queues. As
a result, controlling the packet sending rates depending on the types of traffic
is desirable to allow for different flows to meet their QoS’s requirements. In
wireless networks, it is often preferable to maintain a certain departure rate and
nothing more, due to power restrictions. Last but not least, in a network of
multiple wireless nodes, the number of collisions is an increasing function of the
traffic density. If every node sends its packets as fast as it can, then collisions
will happen all the time. Hence it becomes necessary to monitor the departure
rate and keep it at such a level to maintain a stable queue, and at the same
time achieve the desired network objectives.

That said, we consider a queue in which packets arrive at a fixed but un-
known rate and we use an estimate of this arrival rate to decide a queueing

policy designed to ensure stable queues. In particular, we let the departure rate
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be always higher than the estimated arrival rate by some fixed multiplicative
constant, anticipating that the estimate will be correct in the long-run. Since
the estimated arrival rate is changed and is more accurate with time, the depar-
ture rate is also changed. As a result, the packets in the queue evolve according
to a time inhomogeneous Markov chain dictated by this adaptive departure
policy. We study the time required for the queue to reach this stationary distri-
bution using the above outlined adiabatic approach, under suitable estimation
and departure policies for the unknown arrival rate.

We begin with a basic definition of a M/M/1/K queue for readers that are

unaware.

Definition 37 A M/M/1/K queue is a stochastic process on the set

{0,1,--- , K} where each element of this set corresponds to the number of mem-

bers of the queue with the following properties:

o Arrivals occur at rate A according to a Poisson process, moving the process

from state i to state i + 1

e Departures occur at rate p, according to a Poisson process moving the

process from state i to state i — 1

o The buffer is of size K, so when in state 0 or state K you cannot move

to a state that is outside of the set {0,1,--- | K}.

The M/M/1/K model can be described as a finite-state, continuous-time

Markov chain.
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The generator matrix of a continuous-time M/M/1/K queue is:

—-A A 0 0
pooo—(p+A) A 0
Q=
0 oo —(p+A) A
0 0 Iz —H

In this section we apply the adiabatic evolution model defined in Section 7.1
to a queueing process. In particular, we consider time inhomogeneity due to
uncertainty in a parameter. Consider an M/M/1/K queue with unknown packet
arrival rate A per unit time. We estimate A at time iAt denoted by \; and decide

packet departure rate, p; = f (5\,) based on this estimate.

Definition 38 A queueing policy is defined as the sequence {5\“ i = f(j\z)}zzl
where f: RT — RT and p; is applied for time from (iAt, (i + 1)At].

The queueing policy decides the following generator matrix from (iAt, (i +

1)At]:
A A 0 0
pi  —(pi+A) A 0
Qi =
0 pi =i +A) A
0 0 i — i

In this scenario, the upper bound on the departure rates over all states is

A+ ;. Therefore the corresponding probability transition matrix

P (iAt, (i + 1)At) = eQiAt = Q) (Pi=D)At (7.4)
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where the matrix, P; is

1-08; B 0 0
1-8 0 Bi 0

Pi = )
0 1-p5 0 Bi
0 0 1—-8 B
where 3; = ﬁ The P, are reversible and irreducible with stationary distri-

bution given as in Proposition 23:

1 2 K
Tri:[(ir[lvpiapiv"' ) Pi ]a (75)
D r—o P

Bi A
1-83; i

where p; =
The following proposition was proved in [8] and it gives us a strict measure-

ment of [Ay(P;)| for the queueing policy.

Proposition 30 Letting p; = % and now considering ™ to be the irrational

number,

_, n
[A2(P;)| = 2(1 " cos (K n 1) (7.6)

Now we look at a specific queueing policy determined by the time average
of number of packets arrived. Let X} ~ Poisson(AAt) be the number of packets

in the k" slot of duration At and let § > 0 be constant. Suppose

. 1 &
== > X .
A=A ] ko (7.7)

i = f(A) = (1+ )\ (7.8)
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This particular queueing policy ensures that the departure rate is always
higher than the estimated arrival rate and since the estimated arrival rate itself
must approach the actual one, we are ensured a stable queue.

With this specific queueing policy, we have the adiabatic evolution by the

matrices Q;. The corresponding p; = % = (1+/>5)5\~' With full knowledge
of the arrival rate, the above ratio becomes p = ﬁlé and we will say that

the corresponding matrix P has stationary distribution 7. We now make an

analogue of the adiabatic time in this setting.

Definition 39 Given the above transitions generating a continuous-time Markov

chain P(0,nAt), € > 0 and v < 1, the expanded adiabatic time, toq(P,€,7) is

defined as
Atinf{n|P (||vP(0,nAt) — 7||lry <€) >1—~} (7.9)

where the infimum is taken over all probability distributions v

The following theorem gives a sufficient condition on the time we must wait
before the distribution of the queue length converges to the desired stationary
distribution 7. Note that 7 is decided by d and can be designed to give a stable
stationary distribution.

To understand the proof of the theorem, we first state the following lemma
from [26]. This lemma will bound the terms in Theorem 20. The proof of the

lemma can be found in [26].

Lemma 3 For 0 <ey <1 and 0 < v, <1, there exists

2log (%)

"0 = NA (2 —€})

such that
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e Fori > ng, with probability at least 1 — 1,
|5\z — )\| S )\60,

e~ Otr)(1=ra(Pi)DAE A,

60(1 + 5)

ST ()

where A = e‘AAt( (1+5)(1—60)—1)2’

o fore = 7710 (ﬁ + €0> and 0 < vo < 1 and fori > ng, with probability

at least 1 —y=1—vy1 — 72

|5\i+1 - 5\z| < ey,

max i (k) < B,
kE{O,l,-“,K} 7T1+1(k)

[ — mipall o < C,
Ti4+1

where

B_ [(1+5)(1—€()+61)]K+1—1
a [(1+0)(1 —eg)] Kt —1

and
(1 + 5)(1 — 60)61
|(1 — 60)2(1 —|—5) — (1 — €9+ 61)|'

C:

o With probability at least 1 — 1,

[(L+0)(1 +e)] 7+

”Vno_ﬂno”ﬁ < 5

Now that we have this important lemma, we use it in the proof of the

following theorem.
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Theorem 21 Given 0 < €1, 0 < v < 1 and A, the unknown arrival rate, the

queueing policy described above with 6 > 0 for a M/M/1/K queue has

tad(P 677)
_ 2o (2 ) log (2[(1+ e0)(1+ 8)]5+1) — log (e0)
- )\ e —e 146) (1—eo)] K+1 -1 2
@) ok log (el 2t ) 4 A (VA F 00— ) 1)
(7.10)
where €y satisfies
A4t (/o) a—e)-1)" [[A+0)(1 —eo +e))]* ! —1
(& < 13
[(1+0)(1 —eg)] Kt —1
\/(14’5)(1760)61
[(1—€0)?(1+0)—(1—eo+e1)| < £
- ef)\At<\/(1+5)(1760)71)2\/[(1+5)(1—50+61)]K+1—1 -2’
[(1+8)(1—e0)] K+ -1
. €d
R Ty

- )\At(eg—eg) 1 -
and €, = 2105 (2 ) ( pViNE +eo), 0<m<v72=7-n

Hence, for given small € and -y, the theorem gives the sufficient amount of
time to converge to a stable distribution within ¢ with high probability of 1 —+.
The choice of €y to be the largest which satisfies all three conditions will give the
lowest lower bound in the theorem. At large enough time, the estimated arrival
rate must approach the actual arrival rate and the difference can be bounded by
€o with a high probability. Furthermore, two consecutive estimates, can differ

only by a maximum of €.



Chapter 8

APPLICATIONS TO AN ISING
MODEL WITH GLAUBER

DYNAMICS

The second application of the asymptotic bound of the adiabatic time for
continuous-time Markov chains is to a statistical mechanical model called the
Ising model. We will define the Ising model and Glauber dynamics in Sec-
tion 8.1 and then we will apply Theorem 19 to an Ising Model with Glauber
dynamics on three different graph structures. In Section 8.2 we will consider a
one-dimensional torus, in Section 8.3 we will consider a two-dimensional torus,

and in Section 8.4 we will look at a general d-dimensional torus.

8.1 THE IsING MODEL WITH GLAUBER DYNAMICS

In this section we will introduce the concept of a nearest-neighbor Ising model.

Before we do this we first consider a graph G,, = (V,,, F},) with a finite number

175



176

of vertices, V;, = {1,--- ,n}, and a collection of edges that connect pairs of
vertices, E,,. We will create a matrix to describe how the edges connect the

vertices of the graph.

Definition 40 A nearest-neighbor communication matriz of the graph G, is a

symmetric matriz M so that

1 if there is an edge connecting vertex i to vertex j
Mij =

0 if there is not an edge connecting vertex i to vertex j.

The nearest-neighbor Ising model is a probability distribution defined on
{-1,1}V» = {~1,1}". We will use the following definition to introduce the

nomenclature for the vector elements of this set and the entries of the vectors.

Definition 41 For x € {~1,1}V» and 1 < i < n we call x(i) a spin. We call

X a configuration of spins on V.

Neighboring spins ‘interact’ multiplicatively and for each location j, one can
measure the energy contribution of these interactions for all the spins neighbor-
ing j. This energy depends on a parameter 8, which is an interaction strength
coefficient having a physical interpretation as the inverse temperature. I sum-

marize this in the following definition.

Definition 42 For a given configuration of spins x, a real-valued energy func-

tion, called a local Hamiltonian, sends a location j € V,, to

H(x(f) = =B My x(0)x(j). (8.1)

i
From this we define a real-valued energy function on {—1,1}"». This func-

tion will prescribe to each configuration of spins a total energy.
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Definition 43 A real-valued energy function, called a Hamiltonian, sends a

configuration of spins X to

Hx) = 5 D H (), (8.2)

This Hamiltonian measurement will be crucial in the creation of a probability
distribution on the configuration of spins. We now define the nearest-neighbor

Ising model on G,,

Definition 44 Letting

ZB)= Y, "™

xe{—1,1}"Vn

we define the nearest-neighbor Ising model as a probability distribution p on

{—~1,1}V» dependent on the parameter 3 given by

1u(x; B) = Z(B) e, (8.3)

We now define Glauber dynamics for this probability distribution u as a
continuous-time, time-homogeneous Markov chain X (t) on {—1,1}"». We num-
ber the configurations x1,- -+, Xgjv, and define the entries of P(t) as p(t)r =
P (X(t) = x| X(0) = xy).

One can describe how Glauber dynamics work in the case where each vertex
of a connected graph is of the same degree. In this case, for each location j, we
have an independent exponential clock with parameter one associated with it.
Suppose we initially have configuration of spins x on the graph. When the clock
at location j rings, the spin x(j) is reselected with the following probability:

e~ (k1 (7))

Px() =1 = Zmmo T e H T (xr ()

(8.4)
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where x4 (1) = x_(i) = x(¢) for ¢ # j and x4 (j) = 1 and x_(j) = —1. Notice
that H'¢ (x_(j)) = —H'° (x4(4)). This would imply that

P(x(j) =1) = 5 (1 - tanh (H° (x4.(5))))

P (x(j) = —1) = = (1 + tanh (K" (x+(j))))

N~ N

In the case of G, being a connected graph with each vertex having the same
degree, this process describes a continuous-time, time-homogeneous Markov
chain on the space of spin configurations. The stationary distribution of this
Markov chain is p.

Now consider a linear adiabatic evolution of Hamiltonians. Let Hg be the
initial Hamiltonian with thermodynamic parameter 5y and let H; be the final

Hamiltonian with thermodynamic parameter 8;. We have for ¢ € [0, 1]

H[t] = (1 — t)Ho + tH,1. (8.5)

We can also define the linear adiabatic evolution of local Hamiltonians ac-
cordingly
H[t]"¢ = (1 — t)HLee + tHlee. (8.6)

We can use local Hamiltonians to define linear adiabatic Glauber dynamics.
This process is similar to regular Glauber dynamics when G, is a connected
graph with each vertex having the same degree: for each location j, we have an
independent exponential clock with parameter one associated with it. Suppose
we initially have configuration of spins x on the graph. When the clock at

location j rings, say for example at time ¢t € [0, 1], the spin x(j) is reselected
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with the following probability:

Py (x(j) = 1) = 5 (1 — tanh (H[t]"° (x4.(4))))

(1 + tanh (H[t]"° (x4(5)))) -

NN R

P (x(j) = —1) =

Recall that neighboring configurations x and y have the same spins at all
locations except for one location, for example location j. Here y(j) = —x(j).
The transition rates of our continuous-time, time-inhomogeneous Markov chain
evolve according to linear adiabatic Glauber dynamics rules and the transition

rates can be represented as

Gxy[t] = (1= by (1) 653 + Iy (£)ay (8.7)

where the functions ¢xy (t) for neighbors x and y depend entirely on the spins
around the discrepancy site j.

In the following sections of this chapter, we will find these functions on differ-
ent dimensional tori and apply Theorem 19 to the linear adiabatic Glauber dy-
namics to find an appropriate bound on the adiabatic time for these continuous-

time, time-inhomogeneous Markov chains.

8.2 ONE DIMENSIONAL TORUS

We first consider adiabatic Glauber dynamics of an Ising model on Z/nZ. In
this scenario every location j will have two neighbors. Suppose we begin with
a configuration of spins x. Given that we remove the spin x(j) at location j
and replace it with a positive spin, we will have three possible scenarios for our
local Hamiltonians at location j.

We first consider the scenario when the two neighbors of location j have



180

opposite spins. If we calculate both the initial and final local Hamiltonians of the
configuration x at location 7, we find that H{*¢(z 1 (j)) = H(z4(5)) = 0. This
will imply that the linear adiabatic evolution of local Hamiltonians H[t]"*¢ = 0
for ¢ € [0,1]. This will imply that P, (x(j) = 1) = 3 and P, (x(j) = —1) = 1 for
all ¢ € [0,1]. We now have a nonlinear adiabatic evolution of continuous-time,
Markov chains. For neighboring configurations x and y, recall that we seek

function ¢, such that

ey lt] = (1= 9y (1)) 65 + dxy (1)aly -

In this scenario for any time ¢ € [0, 1]

Oxy [t] =P (x(j) =

|

_
~—

|

a9 =Py (x(j) = 1)

J—y
~
|

[ ) S

Gy = P1 (x(j) =

so we see that any function ¢, satisfies the above equation.

Next we consider the scenario when the two neighbors of location j have
positive spins. If we again calculate both the initial and final local Hamiltonians
of the configuration x at location j, we now find that H{¢(z,(j)) = —28, and
Hio¢(24 (j)) = —2B1. This will imply that the linear adiabatic evolution of local
Hamiltonians H[t]'*¢ = (1 — t)(—28o) + t(—23;) for t € [0,1]. This will imply

that

(1 - tanh (~285(1 — ) — 2611)

(1+ tanh (=280 (1 — t) — 2B:1))

DN = N =

for t €]0,1].
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We again have a nonlinear adiabatic evolution of continuous-time, Markov
chains. For neighboring configurations x and y, recall that we seek function

¢xy such that

qu[t] = (1 - ¢xy( )) qu + ¢xy( )q)(cly)

In this scenario for any time ¢ € [0, 1]

axy[t] = Py (x(j) = 1) = % (1 —tanh (=280(1 —t) — 2/11))
o) =Py (x(j) = 1) = 5 (1 — tanh (~25y))
1
=3

qa(gy)*ﬂpl( (J) =

Il
—_
~

(1 — tanh (—24,)).

It takes a bit of algebra, but one can solve this problem for ¢y, . We see that

cosh(—2p1) sinh(t(28p — 261))

Pxy(t) = sinh(28y — 2/31) cosh(—208y + (260 — 261))

Finally we consider the scenario when the two neighbors of location j have
negative spins. If we again calculate both the initial and final local Hamiltonians
of the configuration x at location j, we now find that HY¢(z4(j)) = 28y and
Hio¢(24(j)) = 2B1. This will imply that the linear adiabatic evolution of local

Hamiltonians H[t]!°¢ = (1 — #)(280) + t(281) for t € [0, 1]. This will imply that

(1 — tanh (28o(1 — t) + 2534t))

w\»—*w\»—t

(14 tanh (28o(1 — t) + 25:t))

for t € [0,1].
We again have a nonlinear adiabatic evolution of continuous-time, Markov

chains. For neighboring configurations x and y, recall that we seek function
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¢xy such that

Oxy [t] = (1 - d’xy(t)) Q;(gz) + ¢xy(t)q3(c1y)-

In this scenario for any time ¢ € [0, 1]

ey = Pu (x(4) = 1) = 3 (1 — tanh (260(1 — 1) + 261)
) =B (x(j) = 1) = 5 (1 — tanh (265))
o) =Py (x(j) = 1) = 5 (1 — tanh (26,)

Performing some algebra again, we solve this problem for ¢,. We see that

COSh(261) Sll’lh(t(QBl — 250))
sinh(?ﬂl — 250) COSh(2ﬁ1 + t(?ﬂl — 250)) ’

¢xy(t) =

Because hyperbolic cosines are even functions and hyperbolic sines are odd
functions, we have then that the functions ¢, are the same if the neighboring

spins are both positive or both negative. We have that

Gy [t] = (1 = by (1)) 43) + by ()2
has solution

cosh(—201) sinh(t(28p — 261))

) = (28 — 281) cosh(—2f0 + 5250 — 21))

regardless of the configuration of spins. We would therefore have that

Q[t] = (1 - ¢(1))Qo + o(t)Qu-

We see that ¢'(1) # 0 when S8y # (1, so we can apply Theorem 19 to get an

asymptotic bound for the adiabatic time with respect to the mixing time and
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we can apply Theorem 15.1 from [18] to find a bound for the mixing time for
Glauber dynamics of an Ising Model on a one dimensional torus. We have the

following asymptotic for our adiabatic time
tad (P(0),P(1),€)

2 2
_o <Z(2ﬂo —261) [coth(2fo — 261) — tanh(~251)] {m} ) '

(8.9)

8.3 TwoO DIMENSIONAL TORUS

We now consider adiabatic Glauber dynamics of an Ising model on (Z/nZ)*. In
this scenario every location (4, j) will have four neighbors. Again suppose that
we begin with a configuration of spins x. Given that we remove spin x(%, )
at location (,7) and replace it with a positive spin, we will have five possible
scenarios for our local Hamiltonians at location (4, j).

We first consider the scenario when two neighbors of location (7,j) have
positive spins and two neighbors of location (i, j) have negative spins. One can

visualize this with the following example diagram:

If we calculate both the initial and final local Hamiltonians of the configu-
ration x at location (i,7), we find that Hl¢(zy (i,7)) = HP (x4 (i,5)) = 0. If
we recall the scenario from the one dimensional torus where both local Hamil-

tonians are 0, we see that any function ¢, satisfies the equation
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Oxy [t] = (1 - d’xy(t)) Q;(gz) + ¢xy(t)q3(c1y)-

Next we consider the scenario when three neighbors of location (4, j) have
positive spins and one neighbor of location (4,5) has a negative spin. One can

visualize this with the following example diagram:

If we again calculate both the initial and final local Hamiltonians of the
configuration x at location (i, ), we now find that HY¢(z4 (i,;)) = —2By and
Hio¢ (24 (i, 7)) = —2B1. If we recall the scenario from the one dimensional torus

where we had these local Hamiltonians, we see that

cosh(—24 ) sinh(t(280 — 261))

Pxy (1) = sinh(28p — 21) cosh(—289 + (260 — 2/31))

satisfies the equation

Gy [t] = (1= Gy (1)) €5 + dxy (1)aly -

Finall we consider the scenario when all neighbors of location (i,j) have
positive spins. If we calculate both the initial and final local Hamiltonians of
the configuration x at location (4,7), we now find that H{*(z1(i,7)) = —48o
and H°¢(x4 (i,7)) = —43;. This will imply that the linear adiabatic evolution
of local Hamiltonians H[t]'*¢ = (1 — t)(—48,) + t(—431) for t € [0,1]. This will
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imply that

Py (x(i,j) = 1) = 5 (1 — tanh (~48y(1 — t) — 46,1))

Py (x(i,5) = —=1) =

N~ N

(1 + tanh (—4Bo(1 — t) — 46:1))

for t €10,1].
We again have a nonlinear adiabatic evolution of continuous-time, Markov

chains. For neighboring configurations x and y, recall that we seek function

¢xy such that

Axy [t] = (1 - ¢xy(t)) %(g,) + ¢xy(t)%(c1y)-

In this scenario for any time ¢ € [0, 1]

Gyt = Py (x(0,7) = 1) = - (1 — tanh (~4Bp(1 — 1) — 4411))

qQ) =Po (x(i,4) = 1) = - (1 — tanh (—4f))

¢y =P1 (x(i,§) = 1) = = (1 — tanh (—4p1)) .

N = N = N

After some algebra, one can solve this problem for ¢«,. We see that

COSh(—4B1) smh(t(4ﬁ0 — 461))
sinh(450 — 4ﬁ1) COSh(—4ﬁ0 + t(4ﬁ(] — 4ﬂ1)) '

¢Xy(t) =

Due to the symmetry of the local Hamiltonians and the functions ¢y, the

other two scenarios will result in similar solutions to the equation

Oxy [t] = (1 - d’xy(t)) Q;(gz) + ¢xy(t)q3(c1y)-

If all neighbors of location (i, j) have negative spins, the function would be

cosh(—40 ) sinh(t(430 — 451))

Pxy(t) = sinh(48y — 4/31) cosh(—4 + (48 — 431))
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and if three of the neighbors of location (7, j) have negative spins while one of

the neighbors of location (4, j) has a positive spin, we see that

cosh(—205;) sinh(¢(280 — 261))
sinh(QBO - 251) COSh(—QﬁO + t(260 - 2/81)) ’

¢Xy(t) =

Depending on which neighbors we have locally at (4, j), we have one of two

functions as a possibility to to the solution of

Oxy (t] = (1 - ¢xy(t)) %(g,) + Qﬁxy(t)q)(cly)-
These two functions are

cosh(—201) sinh(¢(260 — 251))

~ sinh(28y — 261) cosh(—=2830 + (280 — 2/31))

= cosh(—4p; ) sinh(¢(480 — 451))
sinh(489 — 41) cosh(—48 + t(480 — 451))

Assuming that tanh(23;) < 1, we see that ¢1(t) < ¢o(t) for all t € [0,1]. We
see that ¢} (1) # 0 when Sy # (1, so we can again apply Theorem 19 to find an
asymptotic bound for the adiabatic time with respect to the mixing time and
we can agian apply Theorem 15.1 from [18] to find a bound for the mixing time
for Glauber dynamics of an Ising Model on a two dimensional torus. We have

the following asymptotic for our adiabatic time
taa (P(0),P(1),¢)

1 —tanh(25)

€

2 og(n og (2 2
—0 (”(zﬁo — 28,) [coth(28y — 261) — tanh(—25;)] [1 g(n) +1 g(e)} ) .

(8.10)
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8.4 GENERAL DIMENSIONAL TORUS

The adiabatic Glauber dynamics of an Ising model on a d-dimensional torus
(Z/nZ)? solves similarly. In this setting the minimum function ¢(¢) that we use

in Theorem 19 is the same as that of the two dimensional torus

COSh(—251) Slnh(t(2ﬁo — 2[31))
sinh(28y — 2/1) cosh(—28p + t(2680 — 261))

o(t) =

Here if we assume that tanh(25;) < é we can similarly asymptotically bound

the adiabatic time by

taa(P(0),P(1),€)

log(n) + log(z)r> .

nd
-0 (6(230 — 2f31) [coth(26 — 2/31) — tanh(—24;)] { 1 — tanh(25)

(8.11)



Chapter 9

FINAL REMARKS

This summarizes my graduate body of work related to adiabatic and stable
adiabatic times. Throughout this manuscript, we have considered many different
types of adiabatic evolutions and we have derived many adiabatic theorems. You
may argue that some of the results are redundant, but progress in this area of
research was made incrementally and I value the mathematical process involved
with each case. We have seen the usefulness in applying an adiabatic evolution
to problems in networking and statistical mechanics. Our ultimate goal is to
find a stable adiabatic result for a general adiabatic transition, however, we
would be content with finding this result for Lipschitz continuous matrix-valued
functions.

We were able to show that the bounds on the adiabatic time were the best
in each setting (linear, nonlinear, general), but we were not able to show that
the bounds on the stable adiabatic time were the best in each setting(linear,
piecewise bi-Lipschitz nonlinear). Our second goal is finding the lowest bound
of the stable adiabatic time. My final goal is to find a strict bound, rather than

an asymptotic bound of the stable adiabatic time with respect to the largest

188
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mixing time.

We emphasize throughout this paper that the use of the mixing time, rather
than the spectral gap, in this research was crucial. The results from Chapter 4
can be used beyond the content of this dissertation.

With the generalizations that we made to matrix-valued functions, I am
positive that many more applications await. I look forward to exploring the

possibilities of adiabatic transition in the future.
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