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I N T R O D U C T I O N 

The purpose of this paper is to discuss some of the theory of 

. Boolean matrices and apply this theory to construct contact _networks by 

using algebraic methods. 

The first section of this paper (Chapter I to III) describes 

Boolean algebra and its properties, the theory or Boolean matrices, and 

the generalized associative and commutative laws. 

The second part of this paper (Chapter IV to VII} discusses the 

application of Boolean matrices to switching theory. 
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CHAPTER.I 

Boolean Algebra 

Definition 1.1: (Whitesett) A class of elements B together with two 

binary operations(+) and(.) is a Boolean Algebra if and only 

ff' the -following postulates hold for elements a, b, c EB: 

P 1 The operations(+) and(•) are commutative, 

ie. a+b:b+a • and a•b:b•.a. 

P2 'There exist in B distinct identity elements O and 1 
relative to the operations ( +) and ( •) i ·.respectively, ,, 

ie. there exist elements o, 1 EB such that 
a+O=a and a•l=a. 

Each operation is distributive over the other, 

(a+b)c=a•c+b•c and a+bc:(a+b )(a+c). 

For every a in B there exixts an element a' in B such. 
that 

a+a'=l and aa'=O. 

2 

The following properties of Boolean Algebra follow from . the above • . 

Definition 1 • 2: If a,b,c B then we have: 

(i) a+a:a and a•a=a 

(ii) _ a+l:1 and a•O=O 

(iii) a+a•b=a and a(a+b)~a 

(iv) a+(b+c)=(a+b)+c 

(v) (a')'=a 

and a(bc):(ab)c . 

(vi) (aeb)'=a'+b' 

(vii) a+a 1b:a+b 

and (a+b)'=a'b' 
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Definition 1.3: If a, b EB and there exists c such that a=bc then a is 

less than or · equal to b (ie. a~ b). 

Exam17le of Boolean Algebra: The set \.o, ,1 with operations (+) 

and(•) defined below is a Boolean Algebra. 

+ 0 

0 0 

1 . 

• ' 0 1 

0 0 0 

0 1 

X 

0 

1 

x• 

0 

3 
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CHAPTER II 

Definition 2,1: A Boolean algebra expression is a meaningful string of 

Boolean variables, values, operation signs, and parenth es es which 

has a value obtained by applying the operators with the precedence 

rules as modified by the parentheses. 

In a Boolean algebra we have the following precedence table . for 

operations: 

1st 
' 

2nd 
. . 

3rd 
+ 

Definition 2.2: Let x 1,x 2 , ••• ,xn be n variables where xi takes , the 

Talue 1 or o. Then the product of n variables is 

• .ox= tl n . 
. 0 

Definition .2.3: Let x 1 ,x 2 , • . •• ,_xn be n variables where xi takes the 

value 1 or o. Then the sum of n variables is 

if all Xi=O, 

if at least one x1:1. 

We shall let B be the Boolean algebra consisting of two elements, 
-· 0 

0 and 1. The operations of(+) and(•) for O and 1 from B are defined 
0 

by the tables on the preceding page. 

I! to the Boolean algebra B are adjoined the variables 
' 0 

.,x, and the Postulates r-iv and Definition 1.2 are extended n 

to the set then we shall have a new algebra B (x 1, ••• ,x ). The o n 



elements of B0 (x 1, ••• ;xn) are called the : functions on the algebra 

B • 
0 

A function is denoted by f(x 1, •• o, X ) o 
n 
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Definition 2.4: By a representation of a Boolean function f(x 1, ••• ,xn) 

we will mean any expression which -is the combining of a finite 
uck 

set of eiymbolsl_representing a constant or a variable by the 

op~ration of(+), · (•), or ('), so that the result is a Boolean 

expression. 

Example: (a) f(x,y,z):xy 1+xy+xz. 

(b) f(x,y~z):x+x 1y. 

Definition 2.5: • • • ,x) are n 

said to be equal if f has the same value as g -when x 1,x 2 , 

take each set of values from B. 
0 

Generalized Associative Law 

• • • 'X 

~,a be n distinct elements and let m be the 
n n 

number of distinct possible meanings for a product of a 1~a2 , ••• ,an 

n 

(t;iken in this order). M is a number of ways one can insert parentheses 
n 

in the pr .oduct formula for n factors. 

If n:3 

The possible products of a 1,a 2 ,a 3 are: 

(a 1a2 )a 3 , a 1(a 2a3 )o 

' The possible products of a 1,a 2 ,a 3 ,a 4 are: 



a 1 (a 2 (a 3aJ) , and a 1 ((a 2a 3 )a 4 ). 

_m4= 5 . · 

Now we will show that if our operation is associative, then all . .... . , ... 

the possible products of a 1 ,a 2 , 1 ••• ,an taken in this order are equal. 
n 

Let us define a particular product 'l'T' a~ by the formula 
. 1=1 

1 r+l r 
. TT. a1=a1 ' -~ ai =(\\ ai)ar+l. 
1=1 _ i=l i=l . 

n m n+m 
Lemma 2.6: (Jacobson) 1T ai \\ an+j= \I~• 

,:i,=1 j=l . k=l 

- Proof: It is true for m=l (by definition). Suppose it is true 

for m=r, then we are going to show that it is also true for m:r+lo 

n r+l n r 
· \\ a 1 1T a j=Tla 1 ((fl a j)a 1 ) 
.: i:::1 j:1 n+ i=l j=l n+ n+r+ 

n+r 
-::( 1f a )a 1 k=l .It n+r+ 

n+r+l 
= 1T -~ 

k=l 

By suing the above lemma, any product associated with 

(a 1 ,a 2 , • •• ,an) can be obtained. 

Set u is the product associated with (an' •• _.,am), 1<mzn, 

and via the product associated with (a 1 , ••• ,an)o m+ . 

n-m 
V: 'Tl'- a . II m+j . 

j=l . 



n 
uov=Tf ~ 

k:1 
(by above lemma) 

Therefore all products determined by (a 1, 

Since all the products determined by (a 1, 

• • 

. . 
.,a) are equalo 

n 

.,a ) are equal, 
n 

we will omit all _parentheses and denote this unique product as: 

!fail a 1= i th~~ -•we denote a 1•a 2 •. 

nm n+m ( n)m nm a a :a , a =a 

If(+) is used, then a 1+a 2+ •• 

The rules for multiples na: 

• +a =na if ·all a . =a. n l. 

( 1 ) 

1 

ma+na:(m+n)a:a(m+n), m(na):(mn)a ( 1 I ) 

Generalized Commutative Law 

Let al'a 2 , ••• ,an be n elements and a1aj:ajai for all i,j. 

we say that ai and aj commute. 

Let a 1 ,•a 2 ,• ••• •an, be a product where 1 1 ,2 1 ,3 1 , ••• ,n• is 

some permutation of the numbers 1,2,3, ••• ,n. 
th Suppose a occurs in the k position in this product, 

n 

We can write 

Since ai and aj commute, we can assume by induction 

Therefore, 

• • •a • n 

Then 
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If ar a 2:a 2a 1, then we can . TJri.te 

n n n n n 
(ala2) =a1•2=a2a1 • 

8 

(2) 
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CHAPTER III 

Definition 3.1: Let B be any Boolean algebra. A Boolean matrix is an 

array whose components are functions over B. 

For Boolean matrices the operation of addition and m~trix 

multiplication are defined as the~ . are defined for matrices over .a 

Field. 

We can write for Boolean matrices A and C the addition and 

multiplication as: 

A+C, AXC. 

For these matrices the associative law and commutative law (for 

q 

addition) and distributive law will also hold. The operation indicated 

by "X" is :hot a commutative operation. Thus Boolean matrix algebra can 

not be a Boolean algebra with "X" as the multip _lication operation ( see 

P1 of Definition 1.1). If two Boolean matrices are written in Qrder we 

shall -understand that the matrix indicated is the ·above ~atrix product 

of the two: 

Let S be the set of all nxn matrices where each element of -the 

matrix is a function over B, an arbitrary algebra. The set of such 

matrices with the above operations will be denoted by So 

The_following properties and definitions are obvious extensions of 

the situation for ordinary matrices and the above definition. 

(1) If A=(a1j) and B:(bij) for Boolean matrices with n rows and 

ri columns then A=B iff a1 j:bij for all 1 and j. 

(ii) The product AB is equal to C in which 
n 

c1 j=>aikbkj' for i,j=l,2, •• 
k=1 . 

• , n' 
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n 
the symbol ~ tk standing for the Boolean sum 

l';:1 

(iii) , The inequality A~ B means aij~ bij for all i and j, with 

inequality in the Boolean sense ~ 

(iv) • • •a where the summation nr 
n 

10 

.is taken over all permutations (r 1, • • • ,r) of (1, •• 
n • 'n) • 

(v) T 
Transpose A :(aij) if A=(a1 j), i;j=l, •• Jn. 

(vi) E:(aij) where aij=l if i:j .and aij=O for i,.fj. 

(vii) We shall call the matrix A ."normal" if its diagonal elements 

(viii) 

· are equal to 1, ie. A '?,E. 

th Then power of a Boolean matrix A is A•A• ••• •A, with n . 

factors in the indicated product • . We write for it, An is 

in the; ordinary matrix the?rY. 

One useful theorem due to A.G. Lunts is given below. 

Theorem 3.2: (Lunts) If A is a "normal" matrix of order n then there 

exists a positive integer m~n-1 such that 

: 2 3 m m+l 
E ~ A ~A ~ A • • • ~A :A • 

Properties 3.3: For A~S we have the following properties: 

(I) The determinant is not changed by interchanging rows and 

columns. '\ 

(II) The determinant is not changed by ·.interchanging two rows. 

(III) The determinant may be expanded with respect to the elements 

of an arbitrary row or column. 
n n 

\ A\=L aik\Aik\ = L akj \~j \ ' 
k:1 k:1 
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where \ Aik\- is a minor of the determinant A of a matrix of 

(n-1) rows and (n-1) columns obtained by deleting the i th 

row and the , j th column from .the , matrix A. 

(IV) I! ·all elements of a row have a common factor, then it may 

be taken outside the determinant sign. 

11 

(V) If each element of an arbitrary row is the sum of two terms, 

then th~ d~terminant is the sum of two determinants. 

(VI) The matrix whose element in the ith row and jth column is 

the minor of the element in the .th 
J : ro w and ith column of 

A is called the adjoint of A. 

J ' .. . 
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CHAPTER IV 

Let B be the Boolean algebra consisting of only two elements, 
0 

0 and 1. We shall say that a variable conductance of a contact with 

12. 

meaning from B, is equal to 1, when the contact is closed, and O when 
0 

the contact is open. 

If x 1,x 2 , • •• ,xn are conductances of closed contacts of relays 

)(,,)( 2 , • •• ,\i respectively, they are independent variable · quantities 

with values from the algebra B. Likewise for the conductances 
. 0 

x1,x 2, •• . ,x~ of open contacts. For brevity we shall speak of 

contacts xi and x1 rather than conductances of closed or open relay 

contacts. 

Consider a set of n points and a network of paths joining these 

n points. These n points are called the nodes of a network. If there 

. is a path that does not go through another node, starting at node Pi and 

ending at node Pj, we call its directly joining path P1 j. 

If we consider a network having two or more nodes and if we fix 

two nodes of a network as terminals, then this contact network is called 

a two terminal network. 

In the figure (a) given below, the networkconsists of four nodes 

--fi I 

Figure (a). 

"' 
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We shall call a path directly joinj _ng the nodes Pi to P j a link 

of a netwofk• The link has conductance 1 (ie . closed contact) if the 

Boolean variable xi associated with path Pi to Pj has the value land 

it has conductance O (ie. open contact) if the Bool~an variable _xi has 

13 

· the value Q. If the above node Pi is connected to Pj through _two paths 

one defined by pij and the other by qij in pa_rallel, then the Boolean 

Tariable rij defining the compound connection from Pi to Pj satifies 

r ij=Pi/qij • 

We shall call each uninterrupted path of the network connecting 

the terminals T1 and T2 an elementary cha~no An elementary chain will 

be ' closed when and only when all its links are closed. The conductance 

of an elementary chain ie equal to the product of the conductances of 

the links composing it. This product will be equal to 1 ·when -all 

factors are equal to 1. 

The conductance of a two terminal network is equal to the sum of 

the conductances of all its elementary chains. This sum is equal to 1 .. 
only when at least .one ·: elementary chain has conductance whose value is 1. 

The given figure (a) has four- elementary chains and the conductances 

corresponding to these chains are 

xz'+xyxy+yz 1 xy+yz'yz 1 :xz'+xy+xyz 1+yz 1 • 

Obtaining the conductances of a given network is called analysis 

of the network and construction of a network!~om the given conductances 

is . called the synthesis. 

A diode element in the network passes the current in one definite 

direction. The conductance of a diode is equal to 1 in the direction of 

current and the conductance is equal to O in the opposite direction. 
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Contact Multipoles 

Let us consider a given network N with an ordered sub set of its 

nodes P1,P 2 , ••• ,Pn• These nodes are also called its poles (ie. the 

words are interchangeable) and the network is called an n-pole network. 

Let a1 J. denote the conductances of the links joining the nodes P , and P. 
l. J. 

We set aij=O if th.ere is no link connecting P1 and P. and set a1 :::1 if 
. J J · 

i:j. We shall call aij the immediate conductance from the pole pi to Pj. 

V/e··can easily write the "immediate conductances" in the form of a 
.. 

normal matrix of n rows A. This matrix will be symmetric if there is 

no diode element in the network. For the general case, of an arbitrary, 

perhaps non-symmetric matrix, for some poles Pi and Pj, aij may be 

different from aji and the only way to realize such a multipole is to 

use diodes; 

Example: The immediate conductances matrix of Figure (b) is 

given below: 
./ 

X xy 

P: X yz 

xy yz 

2 
Figure (b). 

In order to represent a contact network in matrix form, it is 

necessary to consider it as a multipole. Therefore, we will consider all 

nodes as , poles. 
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Let Ci .(A) denote the ~um of the conductances of all elementary 
. J 

chains of the contact network N, leading ·from the pole Pi to P .• 
. J 

c1 /A)=0 if there is no such chain and c1 /A)=1 if i=j.. We shall call 

c1 j(A) the complete . conductance from the pole P1 to Pj of multipole A. 

15 

2 
The square matri .x C(A) composed of the n quantities C1 /A) whose (i, j) 

element is Cij(A) is termed the characteristic of the multipole A. 

Remark 4.1: The complete conductance can be written as 

••• ,k ) run through all possible -co.11.e·ct ·1·ons • 
m 

of elements 1,2, ••• ,i-1,1+1, •• o,j-1,j+l, ••• ,n for 

m=0,1,2, ••• ,(n-2) elements. 

Example: Let us consider the network consisting of four poles: 
i 

~n 
0.. b u.. 

/ r ""c 
b✓~Q~"' 2/2 c'--~-~---..:>t 3 

Figure (c) 

c12(A)=ab+b'c+ac+ab'c'=ab+b 1 c+ac+ab'=a+b'c=c 21 (A). 

c13(A)=ac+b'a+abc'+abc=ac+a(b'+bc')=ac+ab 1+ac'=a=C 31 (A). 

c14(A)=b'+abc+ac+abc!:b 1+ab+ac:b 1 +a+ac:a+b 1:c 41 (A). 

c23 (A):c 1+abc+ac+ab'c=c'+ac+ac:c 1+ac:c 1 +a=C32 (A). 

c24 (A):c+c 1 a:a+c=c 42 (A)o 

c34 (A)_:a+ab' c+ab:=a+ac=a=C 43 (A)• 
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.. 

The characteristic matrix of the multipole is equal to: 

1 .. a+b 1.c a a+b' 

a+b'c a+c' a+c 
C(A): 

a a+c' 1 a 

a+b' a+c a 1 • 

Two n-poles A and Bare said to be eguivalent, written as A-""'B, 

if C(A):C(B), :he. A and B have identical characteristics4 

16 
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CHAPTER V 

Analysis of Contact Networks 

The fundamental problem of the analysis of contact networks is 

to obtain characteristic C(A) of the network from the given illll!lediate 

conductance matrix. In this chapter we present an algebraic method of 

analysis of contact networks. 

17 

The following theorem gives the method of analysis of a multipole. 

Theorem 5.1: (Lurits) · If A is an nxn immediate conductance matrix 

corresponding to some contact network, then the characteristic 

matrix C(A):\Aji\, where \Aji\ is the adjoint of A. 

Let us apply the above theorem to the contact network of figure 

(c) (pg.15) in Chapter IV. The immediate conductance of figure (c) is 

given by: 

ab ac b' 

ab 1 c' C 

A= 
ac c' a 

b' C a 

1A,11 = 1A22 \ = 1A33 \ = r 441 =1 • 

I A1 2\ = ab c' c 

ac a 

b' a t 

:ab(l+a)+c 1 (ac+ab 1 )+c(ac+b 1 ) 

:ab+ab 1 c'+ac+b'c=a(b 1 c 1+c)+b 1 c+ab 

:ab+ab 1 +ac+ b' c:a+ac+ b I C=a+ b' c=f A21 \ • 



C 

ac c' a :ab(c 1 +ac)+(ac+ab')+c(ac+b 1 c') 

.b 1 C :abc'+abc+ac+ab' 

ac c' :ab(ac'+c)+(ac+b 1 )+c 1 (ac+b 1 c') 

b' C a :ab+abc+ac+b'~b'c' 

:ab+ac+b'+b'c' 

ab b 1 

ac ·. e' a =(c 1+ac')+ab(ac+ab')+b'(ac+b'c') 

b' C :c 1 +ac'+abc+ab'c+b 1 c' 

=c'+ac 1+ac+b 1 c'=c'+a+b'c' 

\A24\= ab ac 

ac c' :(ac 1+c)+ab(ac+b 1 )+ac(ac+b'c') 

b 1 c a :a+c+abc+ac 

1 ab ac 

ab 1 c 1 :a+ab(ab+b'c')+ac(abc+b') 

b' c a :a+ab+abc+ab'c 

:a+ab+ab'c=a={A 43 \• 

Since matrix A is a symmetric matrix, therefore the transpose of 

T 
A =A, since aij=aji• 

Therefore, the adjoint of A is given by: 

18 
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IA11 \ \ Al 2\ \A13\ \ Al 4\ 

r21 \ ··\ A22\ \A23\ \A24\ 

fA31\ \ A32 \ \ A33 \ \A34\ 

f41 \ \A42 \ \ A43 \ \A4~ 

Thus the adjoint of A is: 
. ~11 

.-·: 

1 a+b'c a a+b' 
" 

a+b 1 c 1 a+c' a+c 

a a+c' 1 a 

· a+b' a+c a 1 

which is equivalent to C(A) given in Chapter IV. 

Definition 5.2: (Lunts) The characteristic function of the immediate 

conductance matrix A is the Boolean function inn variables 

• 'X ' n 
n 

fA(x 1, ••• ,x )= ,Z ai .xix• .• 
n i " -1 J J 

. ',J-

( 1) 

19 

The characteristic function or the immediate conductance matrix of 

Figure (c) (pg •. 15) in Chapter IV is given by: 

fA(x 1,x 2 ,x 3 ,x 4 ):ab(x 1x2+x2x1)+ac(x 1x3+x3x1)+b 1 (x 1x4+x4x1)+ 

c'(x 2x3+x3x2)+c(x 2x4+x4x2)+a(x 3x4+x4x3). 
Theorem 5.3: (Lunts) If A and Bare the immediate conductance matrices 

• ·er two networks, then the characteristic matrices 

C(A) ~C(B) 

iff !A(x 1, ••• ,xn)~fB(x 1, ••• ,xn). 

Lemma 5.4: (Lwits) The equation: 

always holds. 

(2) 

(3) 

(4) 
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Lemma 5.5: (Lunts) Every row of the charac _teristic matrix C(A) 

appears as a solution of the characteristic equation fA(x 1, ••• ,xn), 

In order to show A and Bare equivalent networks, we need only to 

show 

fA(x 1 , ••• ,xn)=fB(x 1 , ••• ,x~). 

Definition 5.6: The greatest lower bound of Boolean function f(x) is 

f(O)H(1 ). 

Definition 5.7: The process of replacing f(x) by f(O)•f(l) is called 

the exclusion of the variable x from f(x). We will write 

(Ex)f(x):f(O)•f(l). 

The reverse process of finding f(x) is called the introduction 

· of variable x. The exclusion process yields a unique result 

whereas the introduction process does not. 

Examp1.e: (i) If f(x):ax+bx'+c, (ii) If f(x):ax+bx 1+c+ab; 

Both above functions give 

(Ex)f(x):ab+c. 

Introduction of x to ab+c yields f(x):ax+bx 1+c. Thus the function 

- f{x) · is not unique. 

In his paper A.G. Lunts shows that if from the characteristic 

function fA(x 1 , ••• ,xn) we exclu~e the variable Xni then we get the 

characteristic function of (n-1) pole: 
n-1 n-1 n-1 

(ExJf Jx 1•···,xn)= ~ ailix;+ z=ainxi" zanfj 
. i, j:1 _ i:1 j:l 
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n-1 
= L-- (a.j +a. a j)xix~:! 8 (x 1, ••• ,x) (6) 

. j-l 1 ~n n J n 
1, -

where bi- .=a.j+ai a ., (i,j=l, ••• ,n-1). (7) 
J i • n nJ 

We shall say that the matrix Bis obtained by the exclusion of 

_pole P from the characteristic function of A. 
n 

Theorem 5.8: __ (Lunts) In 0 the exclusion of the pole P from the multipole 
n 

A, the elements of the characteristic corresponding to the re­

maining poles remain unchanged. 

ie. c1j(B):C 1 j(A), (i,j=l, ••• ,n-1). 

The immediate conductance matrix A for figure (c) (pg. · 15) in 

Chapter IV' is given below: 

1 ab ac b' 

ab c' C 

A:: 
ac c' a 

b' C a 

If we exclude variable x4 , then we get the characteristic function 

of 3-pole B: 

+(b'x +ex +ax )(b'x'+cx'+ax') 
1 2 3 1 2 3 

:(ab+b'c)(x 1~2~x1x2 )+(ac+b'a)(x 1x3+x1x3 ) 

+(ac+c')(x 2x3+x2x3 ). 

The immediate conductance matrix B of the 3-pole can be written 

as: . 1 ab+b'c ac+ab' 

B= ab+b'c a+c' 

ac+ab' a+c' 
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The characteristic matrix B can be obtained using the adjoint 

method: 

\ Bl 1\ =\B22l = IB33\ =1. 
'B12\ :ab+b 1 c+(a+c 1) (ac+ab 1) 

:ab+b 1c+ac+ab 1+ab 1c 

=·a+b 1c+ab 1c=a+b'c= \B21j. 

\B 13\ :(ab+b'c)(a+c 1)+ac+ab' -

=ab+abc1+ab1c+ac+ab1 

:a+ac=a= \ B31\ • 

\B23~:(a+c 1 )+(ab+b 1 c)(ac+ab') 

:a+c 1 +abc+ab 1 c:a+c•=1B 32 j. 

a+b'c a 

C(B)= a+b'c a+c' 

a a+c' • 

22 

The - elements of the characteristic matrix corresponding to the 

remaining poles are the same as the elements of the characteristic of A, 

for the above example when we exclude .variable x4 • 

is illustrated for the · above example. 

Thus the Theorems.a 

When we exclude the variable x3 from B. we get the characteristic 

function of the 2-pole D: 

(Ex3 )f A_{x1 , ••• , x4 )~(ab+b' c )(x 1 x2 +x1 x2 )+((ac+ab 1 ) x1 +(a+c 1 )x 2) 

•((ac+ab 1 )x~+(a+c')x 2) 
- :(ab+b' c )( x 1 x2+x 1 ~2 )+ (ac+ab 1) (x 1 x2+x1x2 ) 

:(ab+b 1 c+ac+ab 1)(x 1x2+x1x2) 
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Matrix Dis given by: 

a+b'c] ·-
:C(D) o 

. 1 

Corollary 5.9: If A is a nnormal" matrix of order n then there exists 

an integer m~n-1 such that 

Am=Am~t= • •• :C(A) • 

Algorithm for analysis of contact networks: 

Given any finite network with an ordered sub set of its nodes 

• 'p : n 

{ 1 ) Write an immediate conductances matrix A for the given 

network. 

(2) ' Set i=l • 

i (3) •. Compute AA :B. 

(4) i If B:A, go to step 6. 

(5) If B~A1, replace A1 by Band go to step 3. 

(6) Stop. Bis the characteristic matrix C(A). 

Let us apply the above algorithm to the network of Figure (c) 

(pg. 15) whose immediate conductances matrix A is: 

1 ab ac b' 

ab 1 c• C 

A: {Step 1) 
ac c' 1 a 

b' C a 1 

1:1. (Step . 2) 

- - ---- --·-· -·· 

23 
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1 ab+b'c a ac+b' 

2 ab+b'c a+c' a+c 
B=AA=A = (Step 3) 

a a+c' a 

ac+b' . . a+c a ' 1 

BiA 1 ~ replace Al by Band go to step 3. (Step 5) 

a+b' c a a+b' 

2 
a+b'c a+c' a+c 

B=AA = :C(A). 
;, a 'i.a+c' a 

a+b' a+c a 1 (Step 3) .• 

} 
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CHAPTER VI 

Synthesis of Contact Networks 

Introduction of a new variable into the characteristic function 

. can be done by transforming the characteristic function to the form: 
. . n . n n 

fA ( x 1 , ••• , x ) = ~ b . _ 1 xi o 2-_ b + 1 j x '· + L b . j x . x •. ( 8 ) 
n ~ i,n- j=l n , J i,j=l i i J 

where bij is the coefficient of tho ·(n+l )-pole B. 

By using the ~~ov~ formula we can obtain an (n+l)-pole B from the 

n-pole A, by introduction of a new pole P 1• If the original multipole n+ 

A is symmetric and we want the (n+l)-pole B to be symmetric, then it is 

necessary that the coefficients of the right side of (8) .satisfy ;. the 

symmetry condition: 

bij=bji, (i,j=l,2, ••• ,n+l). 

One· may introduce a new pole into the multipole in many ways since 

the chatacteristic function fA can be represented in many ways in the 

form of (8)~ 

The transformation of multipoles in a more general sense than that 

given above can be obtained by the method given below using characteristic 

functions. 

.,P ,P 1, ••• ,P ~are then-poles of A in 
m m+ n 

which P1, ••• ,Pm are the essential poles and · the remaining poles are 

the auxiliary poles. 

Essential poles are those poles in the network which coincide with 

the poles of the electric network considered; -the remaining poles which 

we have called auxiliary poles play a less important role. Then-poles 
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of A solve the given problem and so does every q-pole B (q)m) for 

which: 

c1 j(B):C 1 j(A) , (i,j:1,2, • • •, m) • (9) 

Let 
(1) (1) 

fB(x 1 , ••• ,x ,x 1, ••• ,x ) . m m+ q 
be the characteristic function 

· corresponding to the poles P 1,P 2 , ._ •• ,P ,P' 1, ••• ,P' of Band let 
m m+ q . 

fA(x 1 , ••• ,xn) be the characteristic function corresponding to the 

multipole A. 

26 

It is not difficult to show that, by the exclusion and ' introduction 

of new poles the multipole A.may be transformed into the multipole B 'by 

using equation (10). 

(Ex 1)• •• ~•(Ex )fA(x 1~•·•,x) m+ n n 
(1) (1) · · (1) (1) 

:(Ex 1) 0 ••• 0 (Ex )fB(x 1, ••• ,x ,x 1, ••• ,x ) 0 (10) 
m+ q m m+ . q 

By exclusion of auxiliary poles x 1 , ••• ,x the function fA(x 1, ••• ,x) · m+ n n 

is transformed into the left side of equation (10). Furthermore, the 

left side may be transformed into fB by introduction of the parameters 

(1) 
X 

111+1' 
( 1) 

• • • t X • . q 

Example: We shall construct two terminal networks with given 

conductances as stated. (Lunts) · constructed a two terminal 

network with the conductances: 

c12 (A):bd+ac+ad; 

c21 (A):bd+ac+bc. 

In this example we start with a non-symmetric core. Hence, 

there must be diodes in the original multipole and the 

transformed multipole will necessarily contain a diode 

since its characteristic ~atrix will be non-symmetric. 
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The two pole network corresponding to the . above conductance is 

shown in figure (A)o 

Figure (A) 

We transform the characteristic function of the two pole: 

f(x 1 ,x 2 ):(bd+ac+ad)x 1~2+(bd+ac+bc)x 2x1 
:(ax 1+cx 2 )(ax 1+tx 1+cx2+dx1)+b4(x 1x2+x2x1). 

Introducing the variable x3 : 

f ( x 1 , x2 , x3 l= ·(ax 1 :cx 2 ) x3 + (a:i:_1 +bx1+cx 2 +dx2) x3 +b_d(x 1 x2 +x2x1 ) • 
By using mod 2 addition: 

xi xj' +x '.x1 =Xi 61x ... 
. J J 

f(x 1,x 2 ,x 3 ):~(x 1~x3 )+c(x 2~x3 )+dx 2x3+bx1x3+bd(x 1~x2). 

But bd(x 1 ~x2 ):bd(x 1 x2+x2x 1 )=(bxtdx 2 )(bx _1 +dx2). 
Therefore: 

f(x 1,x 2,x 3 ):a(x 1@x3 )+c(x 2$x3)~(bx 1+dx2+x3 )(bx 1+dx2). 
_Introducing x4 ~: 

f(x 1,x 2,x 3 ,x 4 ):a(x 1@x3 )+c(x 2$x3 )+(bx 1+dx2+x3 )x 4+(bx 1+dx2)x 4 • 

(bx _1 +dx2 )x4 + (bx 1 +dx2 )x 4 :b(x 1 @x4 )+,d{x 2ix 4 ). 

· !(x 1,x 2,x 3 ,x 4 ):a(x 1~x3)+c(x 2~x3 )+b(x 1ix 4 )+d(x 2ix 4)+x3x4• 

27 
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The four pole network is: 

f~ 
Figure (B). 

) 

_) 
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CH4\,PTER VII · 

A Matrix Method for the Design of Multipole Contact Networks 

Le·t us consider the circuit having n inputs x 1 , x2 , • • • , x and 
n 

. t outputs in which the state of the connection betw .een any two output 

terminals depends only upon the values of all or some of the input 

variables. 

This can be written as: 

fij=fij(x1,•·•,xn) 

since f .. =1 for i=j, 
l.l. 

2 
the t such switching functions fij(x 1, ••• ,xn) which can be used as 

components of a txt Boolean matrix is called the output matrix 

F=Lfijjo It is the same as the characteristic matrix of the immediate 

conductance matrix of the multipole. 

Example: The output matrix of figure (1) is: 
( 1) 

X z+xy' 

z+xy' y 1 z 1+xz 1 

2.9 

In a given circuit, we can associate a sufficient number or non­

·terminal nodes t+l, t+2, ·• •• , t+k such that between any two of the t+k 

nodes of the circuit there appears at most a single contact or a group 
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of single contacts in parallel. Let pij represent the direct connection 

(immediate conductance) between nodes i and j if iJj, and pij=O if there 

is no direct connection between nodes i and j, and p .. =1 if i=j• 
1J 

If there are k non-terminal nodes, then the matrix P=LPi~ is 

. called the .E£_imitive connection matrix of order t+k. 

We will use dots for non-terminal nodes and circles for terminal 

nodes in examples. · 

Example: The primitive connection matrix for Figure (2) is 
(2) 

given below: 

1 - x 0 {, x' 0 

X 1 0 0 z 

P: 0 0 1 y X 
:, -

x.' 0 y 1 0 

0 z X 0 

There is a third type of .Boolean matrix described by Se~mQn as 

connective matrix in which the components are switching functions 

describing the logical links co~necting pairs of nodes; terminal and 

non-terminal,- . but the .number of non-terminal nodes selected need not be 

large to lead a primitive connection matrix in the sense of Hohn and 

Schissler, connection matrix is the same as the immediate conductance 

matrix of the multipole. 

- . f 
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ExamEle: Connection matrix of Figure (3) is 
(3) 

1 X x•y X 

X 1 z y 
C= 

x'y z 1 Y' 

.x y i' 1 • 
'--

Evidently, the connection matrix is usually not unique. It is 

also worth noting that the matrices we use are all connection matrices, 

the output matrix , and primitive connection matrices simply being 

extreme . cases. t:.:. 

.·. 
A procedure for analysis of Eoolean :matrices is as follows: 

We start out with the matrix of a given circuit which has non- · 

terminal and terminal nodes. Let us consider a matrix C whose entry 

th th 
in the i row and j column is denoted by Cij• Suppose this matrix 

Chas k non-terminal nodes and t terminal nodes. Let r be any -non­

terminal node of the (t+k)x(t+k) connection matrix c. Then we say 

that there exists a path from node i to node . j containing only the 

node r if and only if Circrj=l• If in C we replace each entry Cij by 

the function Ci/Cikckj and cross out all the entries Cik and Ckj' we 

will get a connection matrix of order one less, ie. t+k-1. We will 

denote this matrix by c_k• We will repeat this process until only 

terminal nodes remaino The resulting txt matrix is called the reduced 

connection matrix C o• 
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Example: Let us consider the non-terminal removal prpcess 'f ,or ·. 
(4) 

the circuit in figure (2). 

·The connection matrix is: 

1 .. x ~o x• ,_·o 

X 1 0 0 z 

C = 0 0 1 y X 

x• 0 y 0 

. ' 
0 z X 0 1 

The steps of the procedure for eliminating node 4 and 5 is 

illustrated by the equations: 

X 0 x• 0 G z X o] 
X 1 0 0 z 

) c_5= + 
0 0 1 y X 

x• 0 y l 0 

1 X 0 x' 

X 1 xz 'o 
-

0 xz y 

x• 0 y 

t X 0 x• G~ 0 ···-·j] 
C =Cs 4= X . 1 xz + 0 

0 - ,-

0 xz y 

1 X x•y 

00 { x 1 xz 

x•y . xz 1 • 

_) The above C matrix is the reduced connection matrix. 
0 
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The relationship between connection and output matrices was first 

stated by Lunts and later generalized by Hohn and Schissler; it may be 

stated as the following theorem: 

Theorem 7.1: If C is aJJ.Y connection matrix of at-terminal circuit, 

C the corresponding reduced connection matrix, and if Fis the 
0 

output matrix of matrix c, then there exists an integer k,l~k<t, 

· t-k 
such that C :F. 

0 

Proof: The generalized form of the relationship as stated above 

can be justified by reference to the theorem 3o2• From this 

theorem (ie. Theorem 3.2) it follows that there exists an integer 

k, 1 ~ k < t such that ct-k=Ct-k+l=Ct-k+ 2= ••• ; it is therefore 
0 0 0 

only necessary t-1 to show that C :F. If the components of C are 
0 0 

2 
. denote~ by Cij' then the component of C0 in row i and column j is 

Ci1Cij+Ci2C2j+ • • o +CitCtjo 

Th~ function is equal to one for iij only if .the input variables 

are in condition such that there exists a path from node i to node j or 

else a path via one intermediate node. In a similar manner, the 

3 component of C in row i and column j is equal tot only when there is 
0 

either a direct path from node i to node j, or a path via one . intermediate 

node or t.,o intermediate nodes. Since no path requires more than t-2 

t-1 intermediate nodes, we see that ijrentry of C is a function which is 
0 

1 when and only when the circuit variables are such as to interconnect 

i and j. 
t-1 Tha ·t is, C ::F • 
0 

The ' output matrix-of example (2) is given by the theorem 7.1. 
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1 X x'y+[xz} 
3-1 2 

F:C :C ::::: X xz 
0 0 

x1y+{?czl xz • 

The above output matrix Fis the same .as the characteristic 

.matrix of the intermediate conductance matrix. 

A corollary to Theorem 7.1 is: 

-34 

Corollary 7.2: The reduced connection matrix of a two terminal circuit 
- I 

is the output matrix, and also the component of an output matrix , 

Fin row 1 and column j may be determined by considering a circuit 

as a two terminal circuit connecting node i and j with all other 

nodes removed. 

In the synthesis of a circuit it is often helpful to detect and 

remove or ' to insert redundant elements. These are terms or factors 

whose replacement by open circuits (in parallel case) or by short 

circuits (in the series case) will not alter the output of the circuits. 

To illustrate these notation, we first consider the matrix given 

balow in which redundant elements are bracketed: r 

x x'y+{_xz] 

F: X xz 

x 1y+(xz) xz • 

The terms [xz] in the matrix F are redundant, since there is a 

path from node 1 to 2 if X=l (ie. r12 :x:1) and also there is a path 

from 2 to 3 if XZ:1 (g. f23=XZ:l). Therefore, we have a combined 

path containing node 2 from 1 to 3 if xz:1. If we replace the terms 

lxz] by zero, we have the connection matrix given on the next page: 
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' 1 X x•y 

X xz 

x•y xz 1 . • 

We add a redundant term xx• in 1,3 entry;t~~n we have the matrix 

.given below: 

x x• (x+y) 

X xz 

x' (x+y) xz 1 • 

By insertion of a node the product x•y can be separated and it 

will provide the matrix given below : 

1 X 0 lx)+y 

r • . I X 1 xz X ; , <· ,. ' 

,, 0 xz 1 x' 

lxl +y X x' • 

Since there is a path from node 1 to 2 if X=l arid also there is 

a path from node 2 to 4 i:r:··. X=l. Therefore, we have a ;'combined ·path 

containing node 2 from 1 to 4 if x:1. Thus x in (1,4) entries of the 

above matrix is redundant and can be replaced · by zero. Thus we have 

the matrix given below: ::•:·..:: " 

X 0 y 

X xz X tl :. \ ,' . ,, -~ . ; ·, 

0 xz 1 x' , :.,: 

· y x x• 1 • 

The above matrix is not a primitive connection matrix, since the 

entry (2,3) (which is also the entry (3,2)) is a product of two 

contacts (ie. xz), not ,-j3atisfy.ing the condition of primitivity (:i:e. 
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single contact in series case and gtoup of contacts in parallel case). 

By insertj_on of another node the product xz can be separated and it will 

give the primitive connection ~at~ix. However, this operation is 

unnecessary since no contacts would 'be saved. This illustrates why we 

often are ' satisiied with the above kind of matrix in the synthesis 

process. We shall call this matrix a~ primitive connection matrix, 

because the insertion of one node-in a near .primitive connection matrix 

provides a primitive connection matrix. 

We had said earlier that in . the synthesis of a circuit we often 

remove or insert redundant elements in the matrix, ·it is illustrated 

in the previous example, and also the use of redundant elements in the 

node insertion process. It is important that this process should be 

carried out in individual successive steps since each operation may 

alter the conditions for redundancy of the other terms. 

In order to show that the node insertion process is not unique, 

we will insert a node in the near primitive connection matrix which 

will provide a primitive connection matrix: 

r1 X 0 y 0 

X 0 0 X 

P= 0 0 x' z 

y 0 x' 1 0 

0 X z 0 1 • 

The matrix P and C of example (3) are not the same in components, 

but when we carry out the node removal process, both matrices lead the 

same· output matrix. This shows that the node removal process is unique 

(ie. gives the same output matrix) but the node insertion process is not 

uniqueo 
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Insertion of a node can also be achieved in the presence of the 

proper terms in the matrix. F'or example: 

,, 
1 a+~i:, ~ b+o<)" a b o{ 

a+~\?> c+ ~)' ~ a C . ~ 
b+<;J(Y c+fi b C 'I .• i, ·;;, , 

o( ~ y 
·; 1 

we say that the above two matrices are equivalent (ie. symbolized by 

rJ) in the sense that both give the same output matrix. Thus one can 

insert a node directly in t~e given matrix either with the use of 

redundant elements or if in the given matrix has proper terms as 

indicated by the above example. 

The Truth Table Method of Synthesis 

If the output of an n terminal circuit is given in the form of a 

truth table, then the output matrix F may be obtained. One can obtain 

a primitive connection matrix from this output matrix by .the node 

insertion process. First it is necessary and sufficient to test the 

require _d condition for consistency. This can be done by checking that 

whenever fij=fjk=1, then fik=1~ 

Let us consider an example given in the Table 4. (This example 

is a problem from the book Boolean Algebra and Its Application by 

Flegg, H. Grahm; ref. _1.) 
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'l'able ·4. 

y z r,2 f13 ·. f 14 f23 f24 f34 

0 .o- 0 1 0 0 1 0 . 
0 1 1 1 0 1 0 0 

~ 

1 0 0 0 1 0 0 0 

1 1 0 0 0 1 1 1 
; 

First let us check the consistency for this table. 

In the second row, r 12:1::f 23 ; it is therefore necessary to check 

f 13:1 similarly one can check for other rows. It is found that the i 

rows of the table given are consistent. 

We have output functions as: 

Hence: 

f14=YZ' 

f23=Y'Z+YZ=Z 

!24=Y'z'+yz 

t 34 :yz 

1 

F: 
[t'z] 

Y' 

yz• 

[_y•z] 
1 

z 

y'z'+[yz] 

Y' yz' 

z y•z•wz] 

1 - YZ 

yz 1 

Since there is a path from node 1 to 3 if Y'=1 and 3 to 2 if Z=1, 

' therefore, we have a path from 1 to 2 if YZ=l. Therefore, the term 

y'z is redundant and may be replaced by zero. Similary, term [yz] 
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-1s redundant since there is a pa.th from node 2 to 3 if Z=1 and 3 to 4 

if yz:1, thus we have a path from 2 to 4 if yz :1. Since the yz term 

appears in entries r24 and r34 , but only one of the yz terms may be 

replaced by zero. Thus we hav~ a reduced connection matrix, 

1 0 Y' yz' 

0 1 z Y' z' --·· 
F: 

Y' z 1 yz 

yz' y'z' yz 1 

Let us consider the output matrix F of the above network figure 

(4) as a connection matrix and try to convert it into a primitive 

connective matrix. In order to separate the product yz' and y'z' we 

insert node 5 to yeild matrtx given below: 

1 0 Y' 0 y 

0 1 z 0 Y' 

Y' z l yz : 0 

0 0 yz z• 

y Y' 0 z' 

In order. to separate the product yz, we insert node 6 and we get 

the primitive connection matrix: 

39 
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0 Y' 0 y 0 

0 1 z 0 Y' 0 

Y' z 0 . 0 y 

0 0 0 z' z 

y y' 0 z• . 1 0 

0 0 y z 0 1 

The resultant network is shown in figure (5). 

· The insertion of node 6 replaces two z' contacts by one contact. 

From this one may be satisfied with the primitive connection matrix 

in the synthesis process. 

It is possible to synthesize two terminal circuits for a given 

switching function f, starting with an output matrix, 

40 

and inserting nodes to convert it into a near primitive or a 'f.vi.m_r.t( "V€. 

matrix. 

For example, let us consider: 

Example: 
(5) 

f=y'(w+x')+xy(w 1 +z 1 ). 



(The previous example is also a. problem from ref. 1). 

The term y'(w+x') of F can be removed by inserting a third node 

giving the matrix: 

( xy(w'+z,' >) y' 

[xy(w'~z' )] (w+:x:1 ) 

Y' (w+x') • 

The term xy(w 1 +z 1 ) can be removed by inserting the fourth node 

giving the matrix: 
r 

1 ,O ;:'Y' :[xy] 
0 1 (w+x') (w'+z') 

y1 (w+x') 1 0 

[xy1 (w 1+z 1 ) 0 0 

41 

Finally a fifth node separates the xy term and gives the primitive 

connection matrix: 

1 0 y' 0 X 

0 ·t (w+x' L (w'+z') 0 

Y' ('w+x') 1 ' 0 0 

0 (w'+z') 0 y 

X 0 0 y 
'"· 

The resultant network ~s shown in figure (6). 

, I 'J( ~--, '5 
-¾ . 

3~~ ,/}4 
~~J 

2-
- Figure (6). 
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Instead of copying the matri~ at every step of node insertion, 

this work can be performed without recopying. Thus the matrix of 

example 5 can be written as: 

(!• (~+x' )]+fxy(w'+z' ~ : Y' [xy] X 

ft' (w+x' )]+fxy(w'+z'. il 1 (.w+x') (wJ+z') 0 

Y' (w+x') . 1 0 0 

[xy) (w'+z') ;,10 1 y 

X /. '-: ( 0 ·, 0 y 1 • 

The brackets are drawn around the redundant elements, which can 

be replaced by zero and gives the primitive connection matrix. 
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CONCLUSION 

In this paper we have described the basic properties of Boolean 

matrices and applied them to both . analysis and synthesis of relay 

circuits. 

We have given two different methods of analysis and synthesis of 

networks. Chapter V to VI describe the analysis and synthesis with the 

aid of the characteristic function. Chapter VII also describes the 

analysis and synthesis using redundant elements and non-tern1inals a 

node removal and a node insertion process respectively. It is interesting 

to note that both removal of nodes and insertion of nodes can -be reversed 

in synthesis. 

The methods of synthesis do not guarantee that the circuit 

obtained by the node insertion process represents the optimal circuit 

for a given function or group of functions. "Optimal Circuit" may be 

interpreted in a sense that one is interested in the circuit which 

has a minimal number of contacts. It also may be interpreted in the 

sense of minimal number of nodes . or in the sense of a minimum for some 

function of the number of nodes and contacts or in the minimum total 

length of wire in the connections, or in some other sense. 

~ set of circuits representing a given function or set ·of functions 

can be obtained by using different methods of synthesis (ie. with the 

aid of a characteristic or a node insertion process with the aid of 

redundant elements). From this set of circuits we can select the 

circuit which best realizes the given function or set of functions 

among the given set of solutions. But - still this way of obtaining the 
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circuits does not guarantee that we can always get the absolutely best 

circuit although it might in certain cases. 

44 

The fiI 'St attempt to synthesize multiterminal contact networks in 

genera.l was made by A. G. Lunts _who suggested a method based on the use 

of the characteristic function. Hohn and Schissler suggested -the method 

based on .the use of redundant elements and non:-terminal nodes. Lunts 

never discussed the redundant elements arising out of the method of 

synthesis. Although we can work with the method given by Lunts instead 

of that of Hohn and Schissler, but we will have a large set of matrices 

due to the presence of redundant elements. On the other hand, matrices 

obtained by node insertion process as discussed by Hohn and Schissler 

may have some redundant elements, but we remove these elements before 

inserting other nodes. Instead of copying the matrix every step of 

node insertion, using the Hohn and Schissler method this work can be 

performed without recopying the matrices. We can say that the synthesis 

method given by Hohn and Schissler is the easier of the two possible 

methods. 
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~ °"1:t the ~1;1cal · r:ial:tl ot Shi~ t K .. A. Qavrilgv u-6. 
- thOOa or application at the thlclr.r to tbe F&i:t1eal. probl• f:ll m.,.gineeri:aa . 

pt'E?,et1.ee. !o Osavrilov bel~ a. Nt-1•• of theo::-«tical m-3. pnurttc&l. reWl ; 
~elatfd to the theor,y Clt p,lN"lll. •t,l •peen.al nc·wm-ka (6). ~ present article 
containa & cumna.ry expc,o1t:1ca ·ot put ot the ru1ulte ot thtl author'• diaaer- · 
tGU«.1 ~«Jvott,J both to iav•~~ti<l\Ut by an al&cbndc Ntbod an4 also to ea.,, .. 
~1J.m pt ,oat~~ ~~u . ,t.. . '•P.$·~t\t• tor these- mthodt+ ii;_p~ atrict' ·· 
8-M f\mct1c:r. · of'~ a ioolean alt-•br.:i .. · ·· · • 

· Bot· r,' ting tb8 tb,arJ ot lhol-.. a.lpbrau vbiob the reader ae.y note if 
1.· ~a WO'l"~I · (f) (al~ · w· •ball !AUi:a~ a.,."/~ tat bl' a lSool.eu algebra 11 denotea· 
· ,. ~ Otlt ot ~~• A, (.l;. iOtuieh two \·,it.nu-;, Jter&tloH &N> 4etll\ed: "ad.d.1 t1 ·cc 11 \ · 

'multiplicatten• eub,Jeet to the .9'J,l'te la· t aa the &1\ft .. the<>:tet.rtcal. Sia aud ~"'lteJ· 
1Hotion Gt. aubM?t or an arbi tn.r>· ht .. 

... tt O \ , \ I: ••, ~' :,..1 " .. ,. 
~·~ M"e:, l!ly: 

j • • (a IP'b).+ ~ • a;-·< b+C).) ~ b)t:. •a•. he.). 
u:/a:+b: 1 b+a . ) · ab ·• bi,, 

·. -· · 1.tt .. (i. + b)<.,-:. a.c ._ b_~ . _ ! : • ~ !, ., , ·: 

~1:rl;.encf: of ~ltl&'dlt8 rtoft and. fll" Yi t';!. t.l:u.' ~•t·opel"t.\t; 

<I ; o == ti ~ ·a.: 1" ~a·.· · !., •• • • • • • · 

~ :r,,w.9t1& .wii... •.tt saan, })er. ~t, 16 ().J52), IK>5-t.'-"6 • 

' 
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n~ F'or ~f!fr"J el.anent a there exista a dual. elsent -1-"'1.th the l)l"opertieai, 

a ta' :. 1 j. aa.1 = o 
Here a, b, c, represent arbitrary el~ts ot the algebra A. One vrites 

aAb, if "ther0 ex16t• sane eleaaentc~ A 1u.ch that b~«+c. 

1be simplest Boclean algebrf& 'Which ve sho.U denote 1n the toll.owing 'b-i B 
consists of the two elements o am. l.. 'lbe add.it.ion and. multiplication te.blan 
1n tMe &l.gt!bra bave the toni, · 

O+O= o ,-..o: o-.., : t J t + t • t > 
0 • 0 • 0' I . 0 :. 0 • t ,:,0 _, I• t : f ~ , 

I· ' o ::. f t : o. ) 

It' to SOiie Boole&!} &l~ebra A ~ ad:Joinecl the eymbols x., "-a, X3 ,·· 'J '«.,_, ( an:1 
likffiae "f;he ~bole x, , %1 ,. •, , W:,..,) extending to them the rules I ... VI, 
t.hen w,a shall have "' nev Boolean algebra A{w., ,X.l.)•··,""") , in which the origi~l. 
algebra A.canes in as a. eubalgebra. The elements of the algebra. A(i.,>>1.l>''' it.,.) 
,a.re called functions oo the algebra A and designated byf(1t,,a 1.r,••} , 9{)(1 ~.,•tt-.·, 
E'nry :tun9tion ; ()I •,"1. ... .:,,. ) , :in accordance W1 th the defin1 tion, appe&-a · aa .1 

SQII~ ~'PTess!on compoded of elements ot the al.8ebra A and the S)"mbola x, .• -.'I,"'«~ ... 
Join.~ toiether oy th~ rules ot addition, multiplication., and ta.king dual.a. · 
F'ran this; one and the aame function may be represented by expressions ditferitg 
in t1:1ru. P'or e:xmnple, the function ..a~•~+Jl1K1. (in wbichS6 A ) may be ex­
pre••ed a;J,.eo a• )(1 (a+ x,_), since tran a.xiau I - vt me,y be developed the 
equatioo) 

ax,~: t- ~, •~::: x, (at ~1;.) .. 

It it !n:teesting to note, that if the values ot tvo :functions f{x,;;-J.,:1 .. JL11) 

aw 3{~,,~.., ... ;t(...,.,.) coincide cm the algebra B (1,e. when x,.-..1,• ··;<'fl\ take on 'tb.e 
eet of all values ot B) then 

f ( "'· ) ')( t. / I - • "') 1= , (-t I ) X t) ••• # jC.~) . 
Bence 1t tollowa that in order to prove the Vl111d1ty of an a:cbitrary :form-.:i.~ 

u., written by lllet\nrJ ot the lawill! of addition, multipl1catton, duality of ele,;uent: 
&1d. equo.U.ty, fr4 t'.xample,¥tbYt-«1+-b', in an arbitrary Boolean algebra, it is 
1n.1ff.icier1t to verity it only for tbe algebra. B, wb1ch, clear-.cy, does net pre!'ent 
d.U'ficu.lty. 

2, Contact Network& , 

Ctl?ltacte, vhioh we eha.ll consider, ~ a:cist in only one ot t'W'o states:. 
•"a:looa\ m- open. In the cloaed i,t.ate the c~tact closes a chain, in vhich lt 
~on!S~iqt.1.ieotly :ta coot.ained; 1n the open it intc:rrupta this cbain ... 

We Ghal.1 denote by B the Boolean a.lgebn:. cor1al1Jting of two elementa: o 
tnd ( , 

} 



) 

) 

,. • ~-.• .J1 l ....., .,1.1-~,r,,ll,ji._ <. · 1 ~ w,:.,,,.;._ 'L ~ .a, j -.;~ '1./.s, .!.~ ~ \,,.,~,., t, r.:.'i;..! ',: )",i k w,,1... i,., .,\.~ ~ •"1,~ l .f" i' 

q.··, ,l .. t ~ i.,ru3';i t;iJlt ~-;crntact 1 e r;l,,aft<l, f).tld •O, lit.iet:. i:Ji(!! co1r1 ~;ri~t i ~ aper.) 

~,;,:9 e.r.J.ll l ctt'.U. t.he jtmcticm of t\lo points t.hfl li1 .. k of e. cor tsc:t, ~ th.~ 
C01ductauoe of a lin.1'. th& cond·at.!tance ot a c.ont&.ct rev.mt in .• t. ' A c<:,c.t;t:.Ct 
Wi,~:,,\,Ol"k J;''~!U\lX'fl:,~ 1ta entire •et¢> potato in ~p,1,Ce; (t,he nod~s of th.e 111ehcr·k), 
lffll~ _pti..U'ttl ~t lihich are connected by one o:r rn.ore link2... J\mo•tg the cont.act, ot 
~ netvork are f.vU.n-1 rel~s which operate on the contacts ot t.he system. 

~ thie ~• f!".O.Ch eontlS.ct ot the network appee.re as ei tber a "clo1cdr,, OJ.' 
nopm:rl conta.ct of a definite J.·t,~. Haen ro~, indepew.eut of the 0th.er :rnJA;,s, 
mt.l' e1the-:r extt.eutc or not c.."<ecute; 1n the first i:;a.ee,. it closes all or it-a 
elo;se11 conte.cts. and open8 all of it8 open; in the IH!Coni case, an the othe1 
b.aru1, 1.t O\*-nG it.~ closed contacts Md closes 1to open 1.mee~ 

We eh&J.l agree to denote th!!! eontaeta by the aame symbols e.a th.e1.r ccv.­
d:u.ct11neea.. Iu f5.ct, tho lett.er a aball d-.,dsnate ee.ch closed contact ot th~ 
rt'!l.,~ A, e,ud. the r.,.-ymbol e.' each o.PN). ·cont.Mt of the l!l8ZOO rel.a3 (a& sme cm­
ductane~ at aloaed. or open ccctacte of ooe and tbe eem~ relay appeal' dual 
qua;1ti t1 H). 'ib'Wl 1 1t '1,, A1. , • , ., ~v-. ue relays Qi' the nei"vork ur.der con6it:,.~..., 
,!l.t1,o, then l:lte conductmlcea k, >a"·)··· ,a"'- or clc-aed coo.tacts of these ~Jays 
r-,se 1l.,.d~:p.tir.ident ·ve.rtal'>.J.e quant1 tie• w1 th valuea trcm t];..e algebra .B,, 'ltie t\t·• 

~~p--!:.e,l mea;n~ ."or ui, 0:£ th~ iudependence or the pa..~icule.r 'World~ o! n r1t~ 
.eJ..l ,~1! ua to f;:~eak ~- of the contact network arA. -the contacts t.ntering tnt~ 
f,.'t; (i ,e. 01.' the variable& ._, ,a.1 », .. a..,.,_ ) without u.¢h ret'erence to a 1·ela.y. 
The':fefore for the net-.torks consiclered in the preoent pl,pf'.r ve adopt tha ad,;t,c .. 
t.iv~ •>ccnui-.etu in plo.ee of ;relay-contact. 

It t.vc-, t'~ tK,'1es of the netvo;rk e.re aoe~ted a.a t~nal.a, th"i'm the ·::~~ 
tar.rt tletvcu·k 11 called a 't;wo-termin.ol one. Aa conducte.nce ot a twc:,-tentinc.l 
n'!'t':4'ork it: drmai;ed the m't'iable quantity vi:th vn.lUtt trm the alg~bra B: t'!i:J,\w.l. t,, 
1~ tt ;for tM" g;l.ven 13ta'te or the cante.cts ot the 1..1etv-ork is hF.!.d e. clo:n.-4 (in 
tht: el~tri1~sl !lensP.) chain eOOli.ecting the teminalsMJ. nndM2, and. equal to C 
U' thl& c)w.ta t!J ~lot. The ccn4uctanca of & two-terminal n.et.work appee,rs iau 
c~t1l.ctt1l~ der..cr1bt:..>d by o. def!n.tt. tunct1crn ot the variables 
L,1.11. ll~ !i<:iol~ 'v~l.¥-e :ot the aJ.aebt'a f9 (a,,a.11ar it i 

'ilc r:1ht-.J.: all f.lll elttr>eute.ry chain each Wli.u~_pt~ pe,th o! tltl': netirvr~ 
t.mnne.,t~ rig i.:.rm "G'!!muial M:t end ~. An elementary cb.ain appears a.e the auG ... 
·net. 'J'i 'ti& ··.mior-4 (Jf i.ti linlt.i, since it Will be clolled 'tiklen and ~ ·,1hen ~u H~ 
J.:lnlu s.t u clt-,:s-td.. 1 

· ,;~.1t:~('t>f,DJ~t.cy, the candu.ctan.o ot m,. aelamentary che.in is eq\181 to the !·~v• 
6.ur: t ,,J:f' trt" c~wJt.r.mce11 nl the l.inka Cl:fflpoGillg it ( the product i:n the a..lgr•t--n 
n 111 •!!t1t,f.tl tC> l '¾'hen !tri.1 r:~ly vhcn all 1.tD fe.ctora e.re eq,U&l. tc, l) .. 

•fuf.· t:t:i1Y11.u.:bS1::.cei ot a t~-term11ml net1.rol'lt 11 equal to th.a awn of t.t~e i'oi.J .. 
{.).1.C~\!!.1JJ:e1~ of t-J. t :Its fJlf'm.entary cbs.fo.s, ~ic.ci! '~e nctllork cl.cue :t te teminal.ti' 
l,:J.l~.'i .eni: (111,ly then \.i"n(lll 1c it, it'! olcsoo tb.G-\.tgb tut one elementary cnuin (ti,~ 
aui11 1·n '\:kv; e.~.gi!:'t.t-c. D !.. rs eQ_ua..l t ... ') 1 t'hfm wid nnl:! then 'When it ruui u,n o.dd.cn..:i 
~qtit!l.l tc .. \. F JJ:' <•:Jr.o:nple., tM a.et~.rk <..~t F".i.13. 1A bat.I thrc~ elP.tn.4':!ntru-y e-h,·:,\r .. ~ 
rncl Hfi e1~\t\Ul!bt.n~:~ ia e1ue.l to 

a. b + ac.'+- be:' ) 
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Fig .. lb 

(~t e.1 h, e, $N! dnuotc closed contact• o1' t.bNe re.lqt) .. ~~ n"t\-.-rurk 1n 
Fig •. 'lb· has fO'Jr 9lesent&?y chain.a &ad then al.lo the ccod~tance 

ab t"ac'a +-b.a +be.' b. ,.. a f>-t.-ac' +·be' .. · 

ObtrJ.ning the ecmdu.ct..t'!J\c& ot a given (u, tor e«ml116;, by a sra:.Pt~) cm.it.a-·t 
At'ftt'l'>,:;:t)l:. j ~ c&.U.¢11 the a.l.8-lynis ot the network, ~ the cot\Btl."'Uction ct u ~~t:trn~k 
wtth gi'll~1 corid1Jctaaoa; filtlie~~..!.• 

ln the pi·a.ctie&J. coostruct10l'l Qt eantaet nimrorka a grr:a.t. ~-OC.Olr.O" vf •.· t .. 1, 

l..r;.etr. iu qbtai~.t"d 'r,y ·t:tw use -0t diode elementf:I. ~ a diode elettCl'llt ii, ·!iN,l, ;. 

the 511iat!tati(li) lr.lJ.ch as e~i.eque;JCc ,,t the closing or the <~hain, 1)$B~t-s cu:.:'..t~,:1.,. 
ou.ly i11 on~ de!ini-te direction, In t.he nature ct diode elencmtr!I may b~ -~~., 
u...;;es, tcr exe.m:r.1lt~, of ;rectif.yiOfJ ~taleJ electron tubes; ~. '!''he , '"If 

•1,'l..tcta~;,.:t! qt ~ d.ioie elst-.nt dependa on the dire~t.i.cn ur.d~ c•:i.ne1deTst:1 ct: ~.i. ~ M~ 
{:ht1Ln, :!~ whJ.ch1 co:uuq_ut:ntly,· one c1oite8 it .. ln c,ne dir•er.th"'O ~-bi!! ctmr 11 ;:''~ ... jJ..';li 

1.11 -e11;t.:J. ~~ J. (the ccr.d~ct.ing dir~ct.tonL :L:t1 the other diract:ic,n .... O (tl"t• 
bJ.cca:td ru.,.-«iion),,. lnus ,tu.Cit a., 1.::onta.ct& s dicde el~S;J~+. of c r.e-{: .. -crk .t 11 
}tJ1,•,•~ i.ti, qood\l.Ctan.~e (1.6. 0. or 1,) t:md @ arr'C'W' to den\;•te the d.i:.-ed;i':1-'1'.'. j 1~. 1., i· !,, .. _,., 

th1~ -:o.tie.uct.ance has il.&ce. · :Besi1liea tbia ve shall !!l.J..0,.1 t.h,trit in a. ccut,ac1; ,·.,. ,.,,. 
\tOl Ii:: J · •. ~d.di t1on t.--j relny cont.act>J. end dic4c elemento may be ~r.cmmt.~,:"'-1 
l'::..:t.ra:,va <::\oeetl"1 a:i.d 0al~~·o op.lDtl ~ont&cta as the value• ot vbidt will tr· 1 1,.\l1 
(, r.-p,~:~:t~rre,Ly. 

·""·--·8. ··-""' 

-~-·-JS,,~~ •••Wli\6¥•, I _....~,$ 

1·i9. ~ 
\"tit ,Hie af d..tcA.e· .ru.~.crt in ·twj tfll1!1inal ,oootuct newl'Jl~ .o er ... f{;1J"T·:,,'; ,.•~1k if. 

,W'. ,, ~.tl\lctl.i~a~ of the- netw-o.;et.; t'l:CR .~o t+.::m,i.iw. to th~ othtil'r a.nit 1~i. 
, , rf,... .. f i i,1; 6J :.\"1'${:tlon. 

:L.-,1t ;, bit r.ll). a-rbi tro.cy l\oole&.u ~bre.. Wt ahe.U. r:c,rhii.der l!llltTtc"";tll v- ·•. • .~ .. 
( . , t:, t,ft,h e'l.~ttrt,1 r::cn A). As tor ~ &.rdine,cy ~·ti·:i.X (over a. ti, J.d. f •'·.,._,. • 

; r,,1'tr~ o't"'t' A the o~rat1om, ot tJttd.itton Md (Mn+...rix) cn1l:cirJ,.lca:ti0.l'i. 11 :1 n1 

h. tr~1 1ced, w.lob v-o nha.lJ. 1-1rlt<r tJ.a 

I 
I 
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, •. ,.JV-..L '4.1.•t<i •• '"'"'".i.v~, ... """ ~\.A.OU} ~..i. U.1.,,,i,.,.").L,..1,~.1.i~ a~lll 
1· ill eil.at; htlJii,. Bedide~ tbic, •~ Uti...l'Oduce the op&rat1on of ..,_II' 
7oduat: ~ or matriceo A B, obt&.i~ t.lue els nts ar thA, matrix c 
f'ran the cl. ents at th9 matr1oe1 A an,.t B by the f olJ.O'il"ill8 means: 

C«f\ :: a,«, ~ p } oc) P = l 1 i .> • • • "Y\.. ~ 

11be tot&Uty ~ot quat4ni.t1'c trice, ~ A .. rove r a Dool.an al.gebra 
relative.to the operation.JS of !ldd1tion and. :Bool.e:an mult1pl1eet1cn appeera a 
n Boolean algebra. Aa s,wo of tb.11 ebra appcz.r1 tb.e matrix o, aJ.1 elcmenta 
of 'Which e.r~ zero, am. a■ \mi t the tX"ix I ..U element• of vhich are eql.l&l to 
unity. 1.be iDaqualit:, A$ B ~ tM el.pin-a Q.""moons tmt Q.i,1.t, b.~ tor «ii 'J: 

I., '2.) , •• > -n .. Ulunriee, ali the dual of A appears the mn.tr:lx J(,;, elane.ntai ot 
'Mbiell a.re dua.l with l'GDpeet to the correnpolld.tng elizmen.t· o:l A, 1.e~ 

l A'~ ,, ~ a.~~ • 
1:tA(t {, 1 and C 1• U. a.rbitn.ry •tru at lin;· the AAC ~ & >' C 

flv4 CIA ·c ~ B • In ta.ct, tran Ai e, fol.1®11, that A + ! • B; turthm•m1:n·a 

· Axe-+-axe =(A+-l) ~ c = axe> 
'Whenc rol\\lt , t-hat 

We hAll call the matnx A ·11a0fflll" 1t 41aaom,.l. el,cmeo.ta tu-e f.®al. to 
l, that t ~ E. l"ra» the above ~tiez tbe inequal.1.,.tteo tor nOl'Dl!U 
aatricos tcllo'if·, • 

r£ ~ A ~ A -a.~ A;j :So ,; ·, ·• (2) 

Wtlt:te /\ 'l:: A AJAJ:A'\it, aat .c tart.~ • 
. 

e sbel.l prov11 t tar: M11i1&l. t1•ii.:.o• 'tbQ eqvati."JQ alweys hold 

An.-1 -=.A"" (2) 

~1erc, there at,g n rom, o: the mc.t 
l-:,, fi;, f, , e l!SMJ.J'~ he.'7'e _. 

I I T tlH ;: I 1 I '; .- 1 • 
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:FralJ1 th1 inoqua.Ut;y 51:ld tbfl SA~t1es (l) tollaw tbo eQ,'Q~~l.cp. 
t? ha prmttd (2)~ 

'!ru: uut tural mr&ber r• tor vb1ch A-r-.A-r+t ve hall aell the 0 1:ot " 
O'.t the tomal =atrix A. rraa (2) tollov that &l~•, (t6k1n8 \i\ ~ t), i"' n . 

h,m A~ ~ At"+l .. toll..w• · J..k s J.,: . for cv~ry l: 2, ~-~ 

1. Cao.ta.ct Multipol.ea 

CO'l)Bi.der l given coutt.ct uetvor r~ 'tt an ol"dert!d set M 1.) M:a .) • • •, h-,\'l'' 
the nod s of th:i network "! ii gi.ven, then th.ti cont&.ct network F is call.es: t:..'J. 
n ... pcu.', c'Wd. tM given M4aa 1 i'tia pol.ea. We denote by a ~t:\ the sum of tl1.e 
coniuc~cc·• of 1:ho totelity ot elttNnt.ary cbe.1.nlll ot the network F, l ,&4~-"li! 
f·rou, 1:,ho pole Mttto tha pole M,a, avoidtng th reainins ,PO.Les {li.nvine ir. ?i 
th~ oood.turti,ncets of olM.\.'\n.a in the -direction tra,. f>\ to M ~ .. ) We eha.l.l IH,.t 

~'3 ~o. H' t?-i.ue !.1 uo 1Juch chain 1!l the netvt»"k 6Jl4 tl"'ll~ • it M" ~ J t~ 
c :>incide. w~, sWl call the variable aot ~ the 1t1,r:a~dia.te 11 conduetoncc, 1'rc.m 
t'1if po.tr, M(i to t.lli:: ~ole M.,_ • . ~ate conducta.nct:t hetveen polee we EN~: 
v.-:i te :l n tM t"ont oJ: a n-~ q~ ti o me.tl'iX Vi th n i:Wi.'I A It 1n U1t> ,o,~ , 
t1et r~•. t\<l'Ork l" ~ t,x:.~ . elements &l.•e lacld..ng, then thG i&trtx A vill oe ey~ -a, ... "'1-:: .. 
T,;it, inatrix A. di'l .. .o Ki•Jt uniquely d.eline a m&.ny-tem!D-nl. network. For ~~u. ~ , 
t,~ th® threl"D;;ole nettrn:Jw· ot Jl'1g. 3 '1i·.i..l.1. wtk.-"Ve1" t·me and th SMl<e WJ!l tl1x .. 
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~ i,. .. ~~ cQatc.et i,.~ 1 tr1e ·t• canlh.LO'tance1t ot ~ch 'tON tbe 
•• ,.,hntt A; mil K~t ca.ll '. ~an.~t Q•itpol.8) A.. !the. (1f • DNJ.t1.pole Wlll' be 
u.~ t~ ~~~A! ~ vi Uan cf.c~tr.ot nfm-.,:rru, Fer th1 , 111.noe tc 
,_.&:~~t; ~ i:,cat~t nett.i-or i.11 rmtrlX 'f'1ff4 it s. , OOC4! .u.ty to ccm.s1der 1.t a.• 
& ~tipql<'; vo ~l tab a.t, pol • all l'l06, e C1f the given network.. It t~ 
pol t~ ttt.klt. w-,t till tm no.\ , t.t.s · GhBJ.J. o'trt.ain &r.1 &ppt"OXiwat(t deM,:1.pttoo 
ct? t}ui ~-lctur.e of the ~ 

,• 

~ ~ t~•,=t. '1:j ~ {!1) thP. (?! the cca4uc~eo of all le .. 
! .:-:, c;hr:inSJ o:f t4~ n~wC'l.f.'t F, ) eadiJl8 frct1 the pnle 1'1,4 to the pole MfJ • Ve 
~ · iJ it 'f. J.'1. .s ~? S.t the'te if. no ,Ut.lb cMin of the fte'twork.i aul Xotrt(A:)1a , 

1rr H, o·.ttrtic.critlA~" .• 1e. We allall c:LU the VD.Ti blr-, °X,o< (A) th 11c~let 0 ' 
0~ ~(AO;C.e fi"<',H' th'1 pole M" to ttt• ;pol Mt; er! tbo ~+iix-.J.e A (thi Q\Hmtity 
do-srs not dC'Yt~)i\. .fl!l th JYJ td.bili ty of tb.., r0f.l.l.1.zat1cm of the mul. ti.r,ol.e in ·th• 
tot.· Cit tt~ · u~M.~c • ),, A _l.l!dr tic ma.tt-b. X (~) caup,ned c4 n '\. quantitieG 
'X~.1,11 {A) ~"" n~l cc.lt t'!. "(:hol1~,rter.f.at1c1,; of the ~1:ei.polti A., 't~1. ~ \ .. 
Mf.l.#'~ the c-~.- '\ter.ltti.c r,t tllti tm·~--polc J. l"Ulllzatioo at vbich u:rc tht.­
t·ept t. Pll~ti!X!-i, ;.d' 11g.. 31 is etqUal to 

X(A);;t!«b d+"b 

heta'kit be, . , 

1'' ? o~•PC:l • A «?14 D ha: · 'ldt:1~1¢6.l. chvectertatic e X ( , ) ::: ~ [B) 
~; 1 l. b-ei ~&.ll.,, Ucq•d rw t.," ~1tt ,, ""-a . ~e tr1Jc )((A) 1n .Cf.rrte.in 

~J.l.' , , ,t1,.'r'·4~ .m~eti th.-.: ~mtioa. o'i' the ffiUJ.t!pola A. ~t for e>:.em;ple -_ u,t at 
w.io ~l.-,\l• J-1.•:: 1\1:!t,tca:k 1"01.atiTcl.y to the po1ntl') ot coota.ct or tha.t :1.t>t ;1,,'itJ1 -th 

<1,"1 ~';.n'.l$ _.~"tij of the n~0rk uhi'·dt tho ccn.t.t,.,.;;t V!Ult1po.1.e A~ '.tbe'n, ~10t; 
,~t~i.1 ~ 1,1· .tM ~-:r. o the n .tvor. at all, hatitu.t.Q th~ multi:pol.1~ fl. tcu.· 

-..·, 1-, i;, ~~., .otbft:1" ~val.Mt: milt1.1~l . 

,r t 

1 

!"' , .\,;. r ""i ( 't\, ~. ,. i ~, / )ruw, ~··~ ~e totol.1.1;1 ct l po a:tbl . c.c?.l.:ttet~~ 
,f ·., . . ·tr ·-t ', J, ,'-~tJ~HJ,:••)t~••l.aJ'l♦ 1 ..... , . .J"Y'4. f.,-i: ~-.~o, 1.1 21 ,. ••. ) 

. ;. ,t, ·• ''•t.,t:!~ c;. ~it' f th-, tt(IQ.ll.ecti!Xl of O iJ. ,ta ... its tbe ~. coo·.r«:~t. 
t• ·4 r,, ti r(,:,.. 

l'i@ .'.f .r~\- t)i~ ~JLG ot "c~t~i t1c" 
I), ,, ·~tr ;ry Bc,{l]O:~ .. ·\ EiJ.e-;()b.m. A.6 :rn tM! fru..l.CM.1.r.11!, -.~J \. 
.• , , , •~t~ -...:ti' Bool~ t , ~j ncV'flrlhslee I hav1cs 1r. ~e:,.· 
"'. , ,, r ,1-:,:'.\i \ , c- )t'tf~t n t,to' ·, 1 1Jh.bl.l> S.n tht 11r.-:tert ot t~ · :'.o:..,J.t1 
,.', ,,. -.... • ,v 1lX 1-,, t~t'li tnolo,1)1 c," r~. /;¥.'W.ld..t ae to th.t net'.fo.rk. ln p.~'r~· 

•r ., ,--i •,r. ~ ~tr;.• tl ¢\ ". Awl!i ~, -;;.tr.<P.r. c J. m9.f1Y~poleo. In e.:r,'Jll:Lc~t~.a1 
r r ~·1r>t·(•i. t ,t,. 1':, • (~~.,v~ c.J. -i.t,:i., ~. 1 ,,II,). \.no.d the &l. _f.'l"& Fi(:·., ~ :. 

• fl,.t (', 1 ,;. •'\n, • ts.w, {f'll'l! f' 1i ttH \ ,.~.....,ect to th co:ldi.tcte..nc ii ' 1 
J' 'q(f: ~ ,,. ....,,t .... , 

' .~-,•~ t.f.' . .)'\' ~.o~Jl:'J.t, c:.~-:.'\ttu: ,•·, ••, ... 
.-,:',·} ,.. ' t'... ~ 
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IIJl.tipol.e 

·J+. k u,arbitNry n ..... ..,.,..,,.., ~ nx over tM" algebra A. A 
~de~~~ t Af ct tho mtnx~ve ahall · t\mct1on ~ i ta eleMmt,, 
Q~ e4 1n the tall 1ina 1"Q":'·, ,. ' , 

~ '. lAl :< f ~~,_., <4~t. • ·: a;s.. (5) 

'Ir w. ·which 8 tuu mall thdJ pcmutattODa. ot n n hen, l, 2, •H , 11, of th 
lll'~etriqi srou» G,. , and "st."' •~ tor that c be- 1.llto vbich the per ... 
nuta~icx,.; s· t.rarud'onaa t.he nmbe1" k. · 111.e t0111Ula (5) 1• distiugw.ahed t:t"all'+ 
'tb1t dttfiai tioo ot the ~ 4eterm.net ~ Yi th respect to the Jtro.l .. ker 
lby:i,bol; i;heNtor 1 t ,. oat,-unl to · -s,eot · tat tba· tboory ct t.heN detftr, 
aimmto µl ru.pact 1 a:(Ymi \.'er'~ ·t!i8orf llll81:~ to \,h~ tbeory of oi,a .. 
~h'J::i de~ts. We W.U m.~ ...... ~ -.- ot ~ :-clat1Cln8.bipa at·~ ffl · 
i •~ta • · · · 

' 
x .. ,b &st.traiDaalt t !· n.ot··QGl:~11-~t,y in~l:ianSfns rov11 and col~ •: 

:{I. •filC: detenlainent, 1~ noti. CWJiUBIQ. t,' in~ ot two rc.-'¥1 (col• ). 

:CU'. Ta.ii detemtnant • be -.S~le4 Vith N t to the e>lement■ o:! al\ 

tab1.trat-;r 1.VII Cl!' colwm ""{,. . 

1 Al~ i.,« .... :A..rt· ~ afll\ .All. a (6) 
J "' "" ' ,.. ' ,.... ) 

11\ tddcl\ Ari,~D tit m:irwr ot th . ~t~ "' ~- ., te~t .,1· 
(n--l} l"lYlfS ol:ltaincd nua tho cte· 1.JMUit A bt mmnre~stng the ~ mi, 

~ ooJ.u::a. · ~ c.:uo hold.• th. aor. pn.ua.1. mcp&Daion (ct the theo or 
,t,e,; !,O( • ) ' 

v •. It tbtJ ~t• o.f.u arbitn.ry· r-w be the ~ ~ t\fo t~, ~tm i~ 

da~t aP,PCMU"• e sum~ tw~ ~tend.nanta • . . 
!I, , ~ ,caz,poaed of the mi.n4'>rl of the Jm,trlX A ,re lmllll -ca.U tht: 

·&4Jo1nt c,. the trix. • ~ i'. ollwicg them gj. WI 
t tir!!t eth<X\ r4 .~ ~1a · ~~• ii !tUti~~-

~ . 

,. 
,\ 

' I,.. j I I 
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: IA.t us no.v ae&JUIH tbat A. le a.ocntlll. mtrtx. Among the permutatia:-.s S 

blTill« .1. :raid eyc!e lpt4.p3, .. ~~, tlMre occur~ ~ on~-cycle- permutaticu 

.:i . : . . , .. s'_ ◄ (~°'-~:a•~.~~). _,. . . .. 
. ' .. ;·, J ~- ~..: ·of the . .,_ cor~ t(j: this ~-ti~ •• the tCll'lll 

··· ·. ~--.· .·... · ·_·. a~·A.· a~···~· ••.. · ·1: a._ 11·· . 
. •. , . . . . \ill r-i -« •.:.-, rr•• I"" l 

. .. :r 

. ·.· ,.dnce :i.D ·tbi~ caae,«,rM l (t)Q ~~t fit the'~ty of the aatrµ A). All 
. -~• cdtte~ ~ the pe~t4i:(.'I& 81 havtig tb.e tued. eycle &1- at.d. 

diffeMXII h'm si , -..., l>t au.tted·frda the 11D (9) since 
' 1 

:. .. · .afllfJ:{ ~• .~,~f, s a,,3 •• ,a,,,.,,.. & 

:en thl.• riaffl.ti.w , . ·. · · 'ic -

. . · : . A. -· :t :5- --~~a& ....... a,"A - <10> 
. . . . /3« ~=<A ~~ r .> 
·t~ s~: ( ~ '°' ~4 • • w I!~ ) . . rubl t.brOUSb ~- q-clic permutation•• 
t.a.1til\g _tl,18 e1,s~l JI lnto ca(" 'D:ut .r.~ 1"14e ot equati~ (10)· coinci~a "1.th . 

• 1:.bt ria,bt a:We or equation {Jt.); vhe'c«t f'o.l.low9 tlM proof ot. equation ( 7)" . . 

/irt'JiA the. t~. (7) ad {W) •tallow, 'ttut inequality 

.. ; .. ' 
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In. tact, for each term ot the 11.&bt 810.o ot (~•n). w have 

, ,, . . • a.;,isa.,;p.· · .ap.,.~ 6 4-.c";/ ~a:r, 
,. · if'"Wlf. ~ •• CCCNquctty tr,r all.,.. til. (10)'.ve o>..t~u · 

' -X.-alp{A)~ A~.'~~ ,• ,, ' 
· · ~-~ ~ tit ~all ot li_t;al-,.-,~e•· 

~ . -~ \' . ~ 

. . . 

. . ·. aki«1.···a"~-,-~-:s~w,•i-'40r, .. k,~,jK,,~ .. ·. ~ .. -,'<~,. 
~-It GOO'lS ~ ·~1n101 1.mUce• (,,, "i,~·~J<~~"'~+t,• .. r._, are ~ _ones,. in tuhi«i. 

similar tf the 1)1'.ececlina ~ aapin au.~ ea1te to.ct.or• abd •o tortb until there . 
&'N no ~ties, and·ve aiTive •~ t?io-~-. · · 

. , · · a.le K • • ,q .. __ . .:.., ., ·a~ j a_,. t · • • •dl fa(,~ 
, .a ...___... ,.'flt · · _ • I · • . 1 . · .·""' ) 

Vl1ere ~· the ·1D41o.,• K• .f 1 •• ~ '-'"NII.)::· I(""-· . there .an no two. 9qwu~ · 
Eut then . _> . > . 

. · . · :a~,.2,a.1,.ea ••,-a,~~~ :~ 1t·· M · (A) J 
. , ' ...... 

· : a&f. cu~seqwm~ tar the/. sua (lb.) ,,. law tbfl tneqwa:U.ty; . . 

-: : : .~_a,;:~,..·, l:·~.,~ (A) > . 
tx-ue rar all' valu.ea· at ind.ice&, ki and kn (-.cmc tbie nua~ al.so _tor kt "' ~ ) 1.,,,. inoqwtltty (13). -· 

In J}llrticulat', tor tvo--ttSnd.nal·netirorb, 
.~X{A)'::.-A .· ;· (~ts·t) c1,, 

. ' .. .. . . 
• • .. \ ..,. • ) 'f 't I Ai • ~ ,. • 

l 
l 
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~ ·-tho p-,t·ovt.d. oq,\~ti.on (Ul) l••~wo -tbe ·connectim, With. aectim 3) 
. ' ' 1. . 

A ~ X {J\). =<X (-A )'X-A ·!J. 'X(~ .:: ~ ( X (A)) ::r ~ { A ) , Cl6 > 
I• ; I 

It A1:b, it\. vHich i ~-• ~ ~ -~~~i, thin~•~ 9J, ~~t:i,y 

· B'ormcu :trlc11q Vhoe ~ t• ,~ to unity, e.ppee.z-, their ch&Nc-
_ tffiatic•; o:nd cJt>ly euoh one• ~- ; . 

· In ~ tt tb !!1,'\'l'm.\ ~ .\ 'bt, cbaracterist1c,. it 1a neeeauq &lJd. 
,: . . N111eient ~·- t it• el . it■. •t1s(y to. 1ntqtM] Sty · 

• i,:• 

. ,;_' .: · · - .. -.· ~ .. , ··, . . ~ ll a .. : ~ ·, a~~ ,. _ 
·: ·· · ;:;,:- ,: :t~ au .+o41cu C( > p, I( • k ;act~·_fl'aa (17) 1'ollova 

(J.'I) 

·, ·. . - : . ·n 2 

· · aa(~ ~ ~~ .a°'Ka.,.,,_ -::.. a._,_., 
. l ~ 

; I 

,... 

) 

) -. 

I • 

\ I(!:. . 

,. A :,;· ; i,. .) . . . ~ " . 

vb Ai:Aond 1"a., ~ Cmv••~~Y. jt' A 11 • cbareoter18t1c, -1.:.btm As , 
'\ol't\e.Delt 

~bi tn.ry lt • .... 
,. ' 

7. CbfnO~,ic ,,!\mc$1 

I 1'o "'fi'Y ,n«_~u ue:iiu.te tbe· f'unct1m at 11 variahlca 

. I .a ~ 1 .. ;> ~-,, J 

' 
1 1 ' I J ; :-, ,. .. ''<II f ; l , ' • ~ t " ] >"' ,, .._ ' ... 4. w --~.. ..,-. • • .- ~., --- ' . 
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ppl.yi.ng the su.cceeeive~ proved equalities, we obtain 

:+A:: fA~::. ti'i~ ·:: ... :-. fxcA) 
and the l~ is proved. 

IGzmA 2, Bve:1: raw ot the f'!i,&racteriatic •a.trix )(~)appears as a solutiot of 
~e ncharacierist1c" ~ti,~ Q.-,,,.,.,,. .. !nl•O ,1 i:..!• · ' -

f.q(X,,O~)) ... X)'·tt.~A)) :-.. 0 (20) 

!£r arb1 tra·rx. T-, 1 :, ":t ., • • • , 'J'\ . 

Px'oot.. QbrJervi03 that 'X( A) X A :». 'X( A), we shall obtain 
. . 'rt. I 

f (Xr~.1, .•. Xrn1A>): ~ -a.,-X7"~) X tts(A) = 
•' n f 'l I ~j!.>• J '\'\. / 

~ ~ 'X!A)X A~' x,-A(A) = ~ Xv (A) Xy12<A) -=-0 .. 
/J-:d t\/3 r- p,q 6 ~ f"' 

The same writing (18) •lt the charactall"ietic :function ot the multipol~ A 
appears at the same time as s. \:lay or vr1t-iug the multipcle A, We shall etow 
that tr ,e characteristic funct,ion characterizes the operation of the multip ole 
A, In t~ct the ·statement hO:.da: Fo1· two m&t.'t"ices A and. l3 to be equivalent it 
is ne~es,:u,y and suff1cient t~,at their characteristic-function& be equal. -"". 
.1l)1$ sl-,a.tement a.rises irnedia.•:giy !ran the :follov1ng theorem: 
~~~- 1'he 1neg,uality of th_~ ·eharacterie!!_~ 

(21) 

or tvc, multi~les A and B is 5.u.valmt to the same iriequali!';Y: of the che.r.~c-terisrrc 'fuiie ions: . - .. ---

·f A ( x •)·~i > •• x.,, )-~ fa(~~> x~) · n, """) c22> 
Proof, Let (2lj hold; then fK(A) ~fxta) aild inequal.1ty (2.2) arises on the 
strength of lenma l. Let (22) hold. We 111.ibstitute into this inequality 

~ K ~ X r K l l\) ( K ::. l J ~ J " • ·) n) > 
them we obtain, in virtue of lenca 2~ 

s-A ( X ;r,(B)) 'Xi.:(G)). ' . X )"-,, ( i)) ~ 0 J 

i a"'(J '°X;,« ( B\ « (0) ·- o--
oj~=, 

or "fl. 

[ X ( o) i< I\})'/ 1¥ t3 (B) 0 ~ 
::: 

• 
1-3-:.1 
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In this mamer, for arbitrary indices! and~ we have 

} l. la)~ A~ ,. 19 ~ -X ~ (-3 < s) > 

or A ( B) ~ A ~ X ( f3) 

aim. etnca 

then At :X(B) and ttnally 

~(A)~. ,t(B). 

and the theorem 1 s prnred. 

1he theorem just 1r.oved gives an algebraic method tor transforming a 
multipole into an eqUiv,lent multipole. It A and B are equivalent mult1poles, 
then as proof, .the two ~haracteriatic tunctions are equal; and that betokens 
that tha . function f i\ l X, >, • , X..,) (haVing the representation . t. a,-<~ >f«. x~ ) 
by means of the totality of transformations (i.e. by ·1.tse ot the a.xians of 
Boolea.u Algebra) ~ be 'l'.'ansfo:rmed into the tuncti~. ~~{xi> X 2 ,- • • Xn.) 
(hartng the represente.tiol' ~ b~t' ~fl( X<1 ·) w • _ . • • • • 

8. E:(clusiou i,t Variables tran a Characteristic Function 

In order to write the ,tructur e ot a two-temine.l (or many-terminal) net­
work with eu.tficit::.it full.net;, one is led to consider that network as a mu.ti" 
pole taking as poles ot the 1ul.t1pole all or almost all of, the nodes of the 
nt1tvork. In such a multipolt not all the poles play the same role. Essential 
a.re or.ly those poles which co:,1cide' Wi tb the poles of the electrical netV(lrk 
considered; the remaining pole, }J!I,)' a less tmport.nt role •. :For thi.B reai•on, 
tc>r tra.nsformation of auch a Jll\ltiP'-,J e, the requirement ot ita entire lack ot 
difi"eren~e frcm its cbara.cterit,<:.:lo · av~~l"S stron~ superfluous. It is stu'­
:ttc1ent to restrict ·the req\11.r•ment of u~·,a.riance only of those el-.enta of 
the c~cterh,tic which coi'Ti"Spond to pair .. of e:af:ientiai polEio. It concerns 
the neceasaxy poles, altbougt, not · the alµCilitu.; ones, ·wt the ti.t·m.ber of them 
l~ unchanged. 'We Shall l1atl introduce two ~~ations Oil character1stir 
tunetiom, ·~"ht~h pe1"td t the tltrl'orman~e ot a transfo:t.~t:1.on o! ouch a 1eind for 

·. m\lltipole& by mear.s ot t:-antfor:u.tion of.. their chnract~st1c :tunc:tions. 

The cra.n.sition iTClll a tunction f {t:.) to its greatest l0"~ ·i:-bound f C•til•) 
_ lH1 shall, call the "exclus1.ol't of the variable x f'ran the tunotic.,., f {ir.) and · 

write · 

'!be converse operation .. - .:·estoration of .function ot JC tran it.a greatef!t 
l<Mer bo\L'ld ve eball cPJ.l ·,he int1·oductiori of the variable ~ • The converFe 
o1ie1.·ation, in contrast, to ihe direct on~ it! not un1que. In the follcnnns the 
m1e or th~ i"olloving simple tormule. often oi::cura, 

(!£11) (a•+ bx'-t·C) 0::. ab+- C ~ 
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We shall MY that the .multtpole B 1a cbtained by exclusion ot tb.e pole 
f1"' tran the multipole A. · . · 

!ft~s: In the excluaicn t't the 
01'-th'.e cbaractertst1C Cot-rel~; r .• : f L tllilli 

· e A the elementa 
remain unc ~, 

·-v (, ") ....., lA) (,,,J (.l - I i . ,. .. 'Y.)-1) 
l\.cl.(3. b -: i\c(~ . .) V\J 'i - J > . ·~25) 

!!~e B is the i'eeu.i.t ot the e,~uaion ot the P5?le Mn tran A. 
, . 

}:!~t:. ~cludirig the varid.ble ~ :i.Tan the !'Unction f x (lo') (;,c 1 , X,. , .. 'X',,) , 
vti 1\,1. ve , ) ; 

(€' X"°') t,A.>{)1 >"1~,. f"") ~ f C (.x' > •• • jl('t'4) ) 

Col, (3 = Ao1,(3 l A }t-/\("' {A) X..., /A) io<i3 = 112;· -]'-') 

or tu1nij into e.ccO'Ullt. inequality (17), thei,, oolda for the elements of tht9 
cba."t"ac·berti,tlc · 

(~/3::: 'Xo(ta(A) J ( o(> r.1d, ~, •• , 'l'l.- I) . . (26) 

Tha matrix C appear• as a charaeteristic, since it& ~lemente satisfy the 
1.D~u.sJ,it!.' (17). rraa, _f ,.·:: f,c(A) and the uniq:aenese 01 +.he operation of · 
e.xclu.siol) we have, . . 

( E:( .. ,.) f·A =. (F X'r'i) f X{A) ) 

' M • f', , ' 
' I J 
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ll'l"cm the theoNm proved· uieea a. third. -method ot' en&cy1is of multir,olee. 
l.1' frcm t~e characteriet1c twlct1on f A ( •• .,. • • · .-«., \ we exclude euccesatvely 
t.he variable\ )(""'' ac .... t,• •-1'~ , then we aheJ.l. have tho cbaracte:ristic f'.mction 
of a tvo-t~nal. network the aonductancea ot Vhich "7e denote .t(u(A) and 'Xu (AJ:· 

( · £. · · "v4'))( kt 1•~t ,._., t/ · E . .1<3) (~,.;i) •·• .' (•Jt.,..)1~(JC,_f1.> ... ~J(n)=llu. .'· ,. . ~l ·i ;31:1; I 

By settiDJ in the preceding equation X r= l and Xi~~, w~ shall b.e.ve 

·x •ri .tA")-{~ X~ )•••(E"":~)tA(l;O>¥..:, ••~-~l-i) (28) 

or • • 

X,i:(A)-=lt f,. (_,)o)JC3)•··x.,.,). 
· . ~i,•'f l•l.-\~o 

Ill tpe calculation of the right a1de of (28) ve may begin by setti.rl.6 X11:: f 
and )("l.:.O and then excluding the variables; the result of such an intercha.nge ' · 
or acts dpe• not ditter. For the other elements of the char~c,:terlstic !orm..w'\s · 
tv11tlo~auo to tonnula (28) a.rt: ueeci.. Tbeee fomulaa gtve th@ third met~o'l ot : 
a.rm.lyd o ~ · 

9. Introduction of Au.~liary Poles. 

The operation of exclusion o.t a variable :fran the ch.aracteriotic t\ll.lcttoo 
1• un1.qu.e and may be e.ccanplished, fo-r example by formul.'l {24). For the 
introouction of a new va.---iable into the cbaracteristic function, that formula 
m.ey· also be used.. i .. or th:1.s \fe transform the charo.ct~ristic function to ~:.!le 
to.mi: "fl. ...,, / 

_c /~l)'/..2. ··•"nJ:;; 'Z· bol)l1 ♦ \Xo{"' Zj _b°)\1'tp'3X,c, .. : 
TA\.; ) o(~I ra-1. ,-

/ 
+lJ b~f3 X~Xt3 l 

o(,(l:a I 

(29) 

vhere bL. ( ;>; :::,,2. .. , . I )..,, •• ) in a correepondio.g manner are the 
ma.tch!..ng coe!ticients. ien one nll\Y tre.na:f'ona the right aide or ·:;he pl"eCEfliug_ 
eq:uaticn tu~ tbe result. of. ... e..'<clusion or ~<1Xle va.rlab.l~ .K-n ♦ J fran the 
c.il.e.ra.ctet·iottc tunction 1'"'t3 ()(I)' .. ye~, T' 

f'' ~ ,... , '.V ) ·"t•• ( '9j,; , - . ·""' ._ * • l'\ ~ . 
J A \ 't. • ) , ... , x~ )-:. E. x"" .. _.) Ya ' ) "'t • , . 

Ar.;cm:-ding to the theorem of the preceding eec.tion the element& of the 
c11sx·L~cterietic11 of tlte ciut1.poles A wid B conta1n1.ng the original n poles Will 
be the 81.lme: 

Xo< (-l ( f\) ::o /(o< C3 ( B ) > ( °", (3 ~ I) 2) ... ; n-). 
'4e etuul say that the (n+l)-pole B 1 s ob't.ai.nE-d t-ran the n-pole A by 

10.trodu<~ti~ of a nm, po.le Mn+l: If \;he ortginel mult1.pOle A is a;ymmetrtc . a.nd 
"We n:it .n& .:i·es-ult cf the introdttctlQn of a new- pole, to obte..1,n ago.in a. S:Jmne-tric 
r.c,:ulti-pole E'~ t.hP.n it is necea8~ry to require the,t the ,::oef.t"1cients of th. right 
side ot' (29) sa.ti orv the ccn<U t,ion of s.,'ll'lmetry: · 

b L J ~ ~ j t· ( /, ) =-1 > ?. > .• ~ , J ·n -r 1) (.ltJ) 

I 

tt 



. 
' .. 

. 
. Ole~l.1', one ~ repr~aent the chaJ.iaoteriatic tunct1011 f (A). in mal\Y way-a• 
in the tona (~) J ard. tor this re&l()ll one Jllq iiltr04"c• a .-v plle into the 
lliUltlpol.e 1 1n 111DY ...,... · , · . . 

10 •. a...al, ~Oftl!IIUCG . '1f Mlltip6le1 · 
' I, • , . 

Ve ue the ~1Cll ~Uc:a Oil cbaraoterl•t.c tunctlcma to obtu.D 
·· an ...,.. to tM tueatioo· ot tbe t'autonii.tlon ot . aiait.ti,o.1. .. in a llot:'9 ...,.:L. 

uue, ~ tbat &1'ND _,n,.,. ~Abe 1lhe a-pole unil.- cCID81.Aent1G01 Vf.UI 
J01ea r1 • , • • • /1.,,.i • • i""", MG. let u tu att_p4ation• ~ i.ll• probl•, tbe 
Jk,les Ml • MA ;· -. be. tu ••~ts.al• au. tlDG, ~• t"'eleSi,1111, tb.e •auxw.-.,. 0 

. ~,· .,. '1"' ·. 
· It tbuow 1il · tld.~ ~- that ·t11a a•JQl.e A ,Olfta the liven probl.• an4 

also t!'I~ p-poJ.e B ( r,j1') tor wbioll . · . . 

·) .·· ... · .~;-A (!a)...:y.·_~(A) .J(«,As•;2~-· 11 •j""'-), (31.f .. 
. ·. . ' \'"' · ~~l- .. I ,- I I . 

We denota the po.lea ~ B 'tiy ?µMa.,•• •.1 M._._,1"'"'••;·•~,aDll. tb.e cbarac- ;· ,) · • 
teristic function cit the multi •• A a4 B_ b:, ,.,.,c.-,, •.• •~ fs<-'r.,-,..,~J,:~). 
!lbe variables "'-lt\""h' .. ,«"., J&_.t, ,--•·•~~ . aorre~ing,;o the 1 
au:dl.iary poles ot the multipolea A an4 JI aball Qall J11,1"111leter1. · ~• 
to the ~oua·-'•:po•1t1cm, the a111U11pbi011_ ot (31) 1~ eqw.ftlect . to tbe equat1~ 
re1Ultill8: tt-aa the excluaiOA ot the Jl,l'lll8ters tran the charactc-iatic tunctico.l 

,_ ~ y.\...l £. . . . . 
j~ " ~ ~- T 6 : . . · · - . . · , . · . · . 

· ( E •~~,) • • -~ ~~ )f AJ",) ••·-.; ):{Ef xtl1)•· (E 11~1)f i• l • ... :t!r--:!)32! 
Wi.th the ~4 ot th11·E!Q.U&tie11 it.ia not.clitticult to•~ that the tot&U.ty ~­
tnnator1D11-tiona, excluaiOD ot p,.rametere and introduction ot nev the cbarao­
ter1atic ~tlon ot the·mul.tipole A J1Jlq be trand'armed into the charactertat1~· 
function pt each multipol.e B., aat1atying equatien (3J.h 1n tact, by exclutcai' · . 
ot the paj-maetera ~•,.,•~#If\ tbe tuncticn J~(•,~ • • • x,,.) is transformed :tnto 
the lett ~ide of equation (32). · By the totality (;ff transtormat1ons the lett · : 
aide may 1>e tranato:med into the right. And ~e .r.igbt aide ot equation (32) by . 
introductf,.on ot tba J)9,nlllletera ,c: ... ,;,,., ;JC#p · ia transformecl into the .. ' 
characterlatic function ot the nmltipol.e B. In ~cular if 1n A all :pole•·. · 
ue esflfmtial (m :. n.}~ tmn ·um vgct theoretical -..ure, 'the neceasity 
of the ~ucn·ot' exelutcn·ot'·~era 1■ _l.acld,ug. ,. !e>.e tall\1111~.ca•• of 

. the c~tica of tM multipol.e B "1th give ·e1ement1·.ot the chancteriatlc. · . 
. 'X--c{(J (B) ( 0( @• '-> t~,.• ., ~ ) aa a natural generalizatic=.;.~ the . 

problem, called b.,r °;;J 1n I ~, the ayntheaia ·ot a multipole. S;vnthesia, ot tvo­
pol.ee in thia gen\U'&l.1:ed senee correal)CD4a to the problera ot construction ot 
two-terminal. netwrka. 

Bx:amplet·i Ve 1ball conatruo, ~ tvo-~llal network v,ith the conductances· 

~,-z.(A),-:. b d ~,<£!+-aJ.·· -~·l:1i(A)-: bd 4-q,e 4- be.. 

We tranaton1 .the c!are.cteristtc :twict1on· of· the two .. pole: 

.· . f (JC1 .,lli )::c(bcHac+a.£) X,~i +-~f ~a~~ be )/'1. ~: 
t' :: tct ~ •. 'foot x,.) l Q ~-, + \:) X '1- C -~ +cl-M, )+· 

· . 'b cl· ~ M. t x.~ ~.Jt"' Kt j ~ ··1 

., 



·-~. :·', -!,;f~/1 :<,~:· ,• ,-:,· ~~-
' ~",'.:~·--·. ', 

} ' .. 
·1•. 

I 

I r 
• 

... 

I< 

1 
,· .. 

:Ji. I •·• t,9' )" ~,/' ... "; .. -~, ,. J ~ ( ' 

•: . . \::_,~,) ~~:,~i1h( -1-., re_,. l}') +-(a )t: 1-b_w: +c ~ +~) _X ;i T 
'··: .: ). '-~ ~~:. ::!>~~} / ... :;~-,~:w-{~,r~.::•f)--:r,a{t,0-~1)+C {JC1. •·-a) . 

. · '· · ; ·~·:-,_:_ ··~-,-d"~*-a··._.,b~:r·J-t-~-l(x,~ ~"1.•~)• •. · 
. ·. ' ' .;, ;;i (X,\llf~) +c.{~1. 0 ~) 11 ~ l41'> <I>'\ H,a) ( b-..', 1-d1<J), 

wh,a~ 1a ~enotoi*: .·•·tl~ X~ ·+-~~..K~ ~ :;t.:J. •Xp-• 
W. atreduce the paraiaeter Xf' 
t;·,", ~~°'-')~,_l'q)::. ~ c-... ·•~} ~c..{Xi.•·--~) +lb,*-+d l(i,+}(3) ~ 
. . . · _ ' ·-+{ \, :A.t·"!,·d t~:) 1tC·44t .~ . 

· · -_~a,(~.,~::)~,c(x,.o•3) ~ b(•-,•~}~cf(~•• 1 ) 

. . "a ~'i •. . 
The · :tour-pole A ta drawn in tigure 4 M · · 

' . ~ 

a.~c M,<b_~>Ml, 
Figure 4 

We: nota one· etmpl.e metllod. of· 1ntrc.duc1ng a nev parameter into the charac­
te:rlst.tc !'unction of e. ~ttric multipole~ We •ball &ssmne, that frcm the 
e'b.a:.r..(;:t~r.1.ati.c tunct1co. f At Xa) • • • •"'} a term of th~ :form a.b (~• J~) 
p-::,-1 al bl,1 ~t-~.ndZ out 1 1. • e • · . 

· .-·ab (xc c x-~-}·4, f A (x, x.~ . t - ... ·>x')\ ·) > 
, . ) ) 

, ' 
1 

: (-w:,1Bre ia. a.td 'b are quautitie:1 · traa A); '.ftien the term e. b ( >'.ot.. ox~) xney-serve 
s.s the mui,. 

: a (.x~-~ ~~-.,) i-: b {x~••· ox.p} ~ 

Introo:,J<:!1.ng ~ lli!'J parameter x~ H\fe obtain: . 

(a Xo. ~bx~) '~+,~t·(ax~+ bJ<~ )};,-,tt ::::.. 

a(x~ eac,.,T,)+ b(~,., ... ,o~~). 

* '1.'tn oporation Jl•Vin the algeb:-a B is no m01·e than the usual addition, 
'· · modulo 2, · ~-

( ) 
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.i'l11.:! L'dflai.niug S,en1rn of the ·cha.ra.cteriatic f'un(~t.:i.on ~ )1 1 'f. i • , • > .iJ;: 'r"'I ) 
.in th;ia ~ntrod.'Uctic,n ot t~e ~ete~ Jln+\ tei.tw1in unc ed. ;,If one 1s· confin ed 
to only this e:f.tn1lle method ¢,t 1ntro4uctJ.on or .a parameter, tl'ien in the· rcau.lt 
i9 obtaiqed the so called 't -network; a.n.d. an ,arbitra.ry,r -network with given 
conductance Jlll!\.Y be ebtained by this method, W1e shall conaider this in an 
ex.ample, 'in wh1cb we 8ball alter the method 1n such form that it e:-:actly Ci..1i"t1~ 

ci d.ee ,n~ the metbot o.t Sheatakov (4) of consieruction of e. 1r -network .. 

\ 
Eicample 2. We shall coneb."I.ICt a two-terminal 1.:ontact netvork Yithout diode 

;, 

elements With the conductunte . 
"'X~~ ~b+acd+-bec+d~ 11 

We shall transform~ into i;he f,'1111 ot an arbitrary I' -~pression, tor example 

~X ~ ( a-.ec )( b ""°ed)-. d c. 

J.nto the cbaracteristtc function of the tvo ... pole ;t ("" ) 

~ (x, ox~,.) ~@+ec.)(b+ed)~ ,0 "1.) t d c (x, 0}(2 ) 

we shall introduce the parameter,~ .J< 3 a.,., . X41 : 

(8-1-e<;..) (>C, o,<3) +lb+ed )(?:~ 0 »-1.) -t-d (XI O "--) 't- C ( x~ 0 )( ~) ~ 
'"a (,C 1 • i 3) ,t. b(:'<3 " x,.) + d (. • 1 • ",) +c.. ( ;(, • Xa) +-ec ( K1 u~J )~ e J {~~-

Ue intro4uc:e parameters )(5"and Xt.: 
-a {x IO-~ ) t'" r{\1• ~) +-d <~,•Jl·) + C. ( "tc•JC1) +-e (~ j 0~:1 )-¼,, (! (~s' )(3), 
e {)11'.~oX")·:t-d (~0~1.) • 

' . 

~he fl" -scheme obtai•e drawn in figure 5. I! one is not confined to t hie 
simple m~thocl of introduction ot pa.ram11!ters then one may obtain a networ k 
containing only 5 contacts (8). 

1n i;he coostruction of a two-terminal network A with given conductance 
'"J(, ~ (A) one may introduce eane aimp.tification in the calculation, if st "the 
very beginning one eete i-., "' ' -1 "- • -"'1 • c- i . t: ... , trans:f'orms to the :funct -ton . f~ ( 1;o>'it3, •• ,/'!(i'\) of th e part \lAeters -x3 , .. , .,x~. Formula (28) showa 
,.,h ~ tot&l.ity of tranetorm .:,.tionsof tbe tunction f,. {, 0 ,".a • • ~ , ·.) 'Xtl}• as 
::wt .. lt.vnou or' ~i ... --m::ietera u,"ld int1 •00.uct i cn of.' new parefueteri does not a.lte:r t h ·: 
t:ondt.u:tance 'X1 ~ (4) . C01.1Yeraely, by th~ aid ot th~ e-.1.umerated operntionn t ,he 
1'1rul.t1pola A ma;y be tro.nsrc ,rm.ed into . an t-:rbitrary mult1pole B to r whic h 

7{ i l. ( 8 \-;:; 't ~ a ( ,6() · 

._.., ... 



1. 

"'4. 

f~r~ · 

I J· 

(! x~) • •,to..,,) f,., ( 1, o, x1 ,.: · ;"-")=lf-"f) .. (Ex;) )f 11 ( 1,0/j' .. xi\ 
whence also tollovs tbi~t \Jy aid of the enumerated operations the t'unct~on t\\\ 
fA{ t 10, .<~ -,• •.t, ~"')n.~ be tranafon1ed into the function .,G(I_.O.>~)'"Jitf 
We note tpat int~ exp:..eas1on ot.. the function fA( 1.,0, x1 , ... > ~ 'h) th<~ · 
cooductanpes-:a.M t • a1.--~=," -~~,:.~l\}~o not occur, since these coet--r . 
ticieb..ta t11 the e:q,~nalJn tor the cha.ra.ct'eristic timction ~It·(• 1 , >'-;.,. •·., :, ~,.,) 
me.y be taken arbitrarily, If it 1s originail.y t!!Jten that A 1a aymDletric (i.e. 
the network is conutruc·td w1 tllout diode elments) then theae coetfioients 
my b-9 tkaen by means at i\}'llliletry 

ad., ~ ~ -\OC. ; a.~ ::, clpa • 
In oonclWlion we shall look at eane exe.mplea of contruction of networks 

With and ·v,1.thout diode eleme.,ts. 

!ltample 3~ We sb&U construe\ a two--tei,n1.nal network A w1 th conducte.nce 

?(.11 (A) ·==-ac t- be.+ bo + b43 + <3 e . 

We have t9r the two-pole . 

- . . fl') o )-.._ ~ ( c. + d + 4j) + ~~ c + '3 e .. 

We .introduce the para'llieter iCi:. 

f (1,0)~)~ b>t1'+'7~,~3),;3 t--.ac·1o ~~ 
. :: Q< 3 .e) '3 + by~ +<~ +d) X ~ '\-' a.<:. • 

· We i~t~e tht9 parameter X, ! . . . . . ,-c I ,0) ~3,ll1) "-~ 3 ~ ).xt ~ 1 )(41 ~ ~ ::31" ~ ~)~3 za~,. 
:r la,+ 'l?,) C. -',,. S Ji-1 -r X 3 )ii. ; i'-€ X't + o )43 rd J. 

. \: I 



t~}t, , '·tl_, ..,:.,•··::;,-:t t';).(.·t <1. ·;:,··~·;"{;·.,,·f~;?)~::rtrl,:t..'i-~i(J."i-1 !())~}r J\ -\,,rJ.:~_}1i)ll~: t.~i.odc- f.~}ftt;~"':- {/·::, 

.;hor,e cOtiJ.m!tarn-;~ is 

'X. t .,_ (pr,.) ~ 9 h ,;. <3 ec +a be+ ad h + qd be+- a be h 
-+adee.. 

1iJe tre.nsf~ this expression: 

( 9 +ac! +abe)( h +ec.. ~db c.) +-a be. • 

We introduce the parameter XJ: . 
{ 5 +.acl-1-abe )ic~ ~ (h ~ec +d be.) x3 + a be "' 

· L ( ~ • be).x 3 ~a]• U,d+ be)--. 3 ... be..) t 1 )(.~ +{>l t-ec) --~-

we introdu(,e the panmeter lt : 
[t:..d + l;,e) x 3 "ta..] t~ t f{-d+ be) .i:) • t><:, +'ixj +-~tee) X;, · 

::(a i--be ».3o~)+a ~~ +bc..1-,.+ CJ ~J "i_h +ec) X3 ~ 
i= (b ~1 +e \(3) (bi~ +-e,t~ 1-c) ➔.:'.d(x3•Xli) +-cl~+' Jt; 1- hx3 

We intrcduct! the parameter )(S': 
(b ..;,. + e ,c3) x;. t- ( b w. ''I 1-ex1 +c.) .)(5 -t-d ( .x ~ • x-4) +<l x~ t •pJ1-ht.a 

:::-b ((yo ".s) +e ( x3•)s) -t c. )(.s + d ( x3• x, )+ a,c4 +-S .xJ +-~ X3 

·· 4,, FrO!ll this p-eceding representation ve vr1 te the characteristic t\mction c;,f the 
) synnetric t:~ve-pole A. · : 

.f ~; ~ b ( x1 •Xs )+-e ( x3 ox$)+ c ( ~s ox, )-\--d ( 1-3 o x,J) 
.,..a {)(.,o>ect)t-g (Ka OX3) ~ h (~30X1.). . 

'!he :fi ve-!)1>le A 1.a drawn 1n Fig. 7. 
""- ___ __,M~ 
. i""-; c,.,· . h 7 

M'i . (1 ~M 

Figure 7 

ElcaiiwJ.e 5. We sba: . .l construct a two-terminal network A vt.thout diode elements 
Vi.th the cmduetance 

~ (I )-=ab +c. ct +a9f + c hf ¼--'?t<j h d+c h' ~-.. ef' 
/\ 11.. Pt + e~" +-e hd :: . 

· ~a+-eC3+c~~)( b+ 'f +Shd)~cd+ c.hf+ef+e~J., 
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Intr.oducing 1-.nto 'the following pe.ta:meters )( 3 I( 't ) X.S', we shall have 

(a+· e~ +ch5) 1'3 + (_b ~t \t-jhd)x 3 1--Jd\.-c.hf ~e, ;.--e hd : 

::: ( ~l x ~ +-e ~ C.. \,) ( ':P'l t-f; hd) + a. a 3 + b x 3 7 c d ::. . 
::(:l ¥ 1 ..,..~+-th'} i4 i""(i ~:;t-f ... --.cil)-x._ + a,<3 : b ~3-. cd ::: 
;: ~ ( ~:\o x'f) 1i_e ...ch)~'¥ +(f + \ic\) ~ '+ + a~ 3 +-b 1._. +. c. d ~ 

:: (h l,(~ +~) ( 1, "4.., 4) +5 (x~-,;) + e,: 1 +t· -,.1 +a.x~ • b><a ~ 
-;l h )L'i' ~ c.) ~\- 1·~ ( ~ x4 +ci) )( s -t 'J ( x ') • x1) 1-e .K~ t- f ~t;,.a x ~ + b 1'i-::. 

= h. ( :,;.£f ~is-)+ c ~~ +-d Xs-t-1 ( l{loX"") +e ~',,, +-f ;icq-,. a I(~ f-b..x-3 

Frat•. the previout: r~presentE..tion one may immediately construct the five-pole A 
{Fig, 8) 
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