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INVESTIGATIONS CONCERNING HEAT TRANSFER
INVOLVING WEDGE -SHAPED CONFIGURATIONS

I. INTRODUCTION

The heat conduction equation kAu = %tE for a homogeneous
solid in a wedge shaped region has been treated in a number of con-
tributions. The majority of these are based on subjecting the heat
equation to a Laplace transform and obtaining the final solution in the
form of a contour integral, which in turn, can often be expressed as
an infinite series by applying the residue theorem [2,3]. An approach
suggested here is based upon a connection between the Greefm's func-
tion of the heat equation and the Helmholtz equation. The region con-
sidered is that of a homogeneous solid bounded by two coaxial cylin-
drical surfaces p=a and p=Db, (a <b), andtwo planes ¢ = 0
and ¢ = a, under the assumption that the temperature field is inde-
pendent of the z coordinate (two dimensional problem). The bound-
ary condition requires that the temperature vanish at the boundaries,
i,e., u=0 for p=a,b and ¢ =0,a, (isothermic problem).

The procedure is as follows: First we determine Green's func-
tion G1 for the modified Helmholtz equation Au+t kZu =0 (time
harmonic case) putting k = -iy. Then the Green's function for the

heat conduction equation is given by taking the inverse Laplace trans-

form of G, with respect to NY. A further integration involving



the Green's function would lead to the solution of kAu = -g% in the
case where an arbitrary initial temperature distribution throughout
the solid is given.

In Chapter II we show the connection between the heat conduction
equation and the modified Helmholtz equation. We are also concerned
with expressing solutions of the heat conduction problems in terms of
the eigenvalue and the eigenfunctions of Helmholtz's equation.

Chapter III contains applications to wedge-shaped domains,
especially the problem of the heat conduction inside a wedge with a
constant initial temperature. This problem is treated in great detail
applying the methods explained in Chapter II. The results presented
here are equivalent with those given by N. N. Lebedev and I. P.
Skalskaya [7] which were obtained by Laplace and Kontorovich-

Lebedev transform methods.



II. CONNECTIONS BETWEEN THE HEAT CONDUCTION
EQUATION AND HELMHOLTZ'S EQUATION IN TWO
AND THREE DIMENSIONS

Helmbholtz's Equation

2
(1) Aut+tk u=0

. . . 1wt
governs time harmonic wave phenomena [time dependency e

k = (-;'-; w is the frequency, k is the wave number, and c is the
phase velocity]. If solutions of (1) are sought which depend only on the
distance between two given points P (point of observation) and Q
(location of the source) one has:

(2) u = l'1H(Z)

7iH, (x Q)

(two dimensional case independent of z representing the radiation
of a divergent cylindrical wave with the axis parallel to the z axis

and passing through the point Q in the xy plane)
(3) R
(three dimensional case, representing the radiation of a divergent

2
spherical wave due to a point source located at Q). In (2) HE) )(kp)

1
denotes the second Hankel function of order zero. The factors Zi



1
and - T in (2) and (3) are chosen such that the "yield" of the source

is unity. The expressions (2) and (2) are also referred tc as the free

space Green's functions of (1) in two or three dimensions. Their

property is that they satisfy (1)
2
Aut+tku=0

everywhere except if P is at Q.
Furthermore
1 —
u - 5— log PQ

2w

regular as P —Q in (2)

regular as P — Q in (3).

The differentiations in Au apply to the point of observation P
with fixed Q, while the term regular means the property is contin-
uous everywhere together with its first and second partial deriva-

tives.

The Heat Conduction Equation

Similar expressions with given singular behavior are sought for

solutions of the heat conduction equation



(4) AV = 1oy , (v is a constant)
Kk ot
Such solutions are [10, p. 59]
—
) (PQ)
5 - (P o1 4kt
(5) v = v( ’Q’t)_41rkt»e
in two dimensions (line source at Q)
——A
(PQ)
1 T 4kt
(6) v=v(P,Q,t) = 75 ©

(4mkt)°

in three dimensions (point source at Q) or, if Cartesian coordinates

are introduced, P(x,y,z); Q(x',y', z")

(x-x) 4 (y-y")°

1 ) 4t . )
(7) viP,Q,t) = it © (2 dimensions)
2
) (x—x')2+(y-y')2+(z-z')
(8) v(P,Q,t) = — 7 e dnt
(4w «t)

(3 dimensions).

The properties of (7) and (8) are respectively



o (xox)Hy-y")’

1 4t

=1

Tt ff e dxdy
-0

2 2
o (xex'ft(y-y") Hz-2)
1 - 4
— 7 ﬁf e “ dxdydz = 1
) ~Q0

(4wt

Furthermore in (7) and (8) for t =10

v(P,Q,0) =0 forall PQ #0

viP,Q,0) - as P—Q

This means that (7) and (8) have the character of a & function.
Again the solutions (7) and (8) are referred to as the free space

Green's functions of (6).

The physical meaning of, for instance (8), is the temperature
field at a point P atatime t whenat t=0, v(P,Q,0)=0 for
all P with PQ # 0. This represents the equalization of the tem-
perature due to an instantaneous point source or heat pole located at
Q. A similar explanation holds for the instantaneous infree space

line source as expressed by (7).

The Modified Helmholtz Equation

For the following it is necessary to replace temporarily the

wave number k in (1) by another parameter putting k= -iy, where



for the time being vy is regarded as real and positive. This means

not the Helmholtz's equation (1) but the "modified" Helmholtz equation

(9) AE—Y au=0

is considered and the emphasis will not center so much upon the
character of possible solutions u  of (9) but upon the parameter v,
especially solutions u  of (9) which are analytic functions of Y.
Physically this means the transition from a periodic problem as
expressed in (1) to an exponential decay problem characterized by (9).
The basic reason is that while solutions of (1) have an-oscillatory
behavior, the solutions of (9) are monotonic.

Having obtained solutions of (9), one returns to solutions of (1)
upon replacing vy by ik, provided that the solution a  of (9) [con-
sidered as a possible analytic function of y] includes the positive
imaginary y-axis. This method removes the often serious difficulties
regarding the convergence of certain intermediate operations. The
merits of this procedure have been demonstrated in (9]

Moreover, we wish in general, as in the case of this thesis, to
derive solutions of (1), where the boundaries of certain configurations
stretch into infinity, since the limiting case of finite boundaries for
solutions of (1) are not always suitable.

To illustrate this a simple example is used. Consider the 1st

2 .
Green's function of Au +k u = 0 for the interior of a sphere of



radius a under the boundary condition u =0 atthe surface r =
of the sphere. The point source Q is the center of the sphere.
The 1st Green's function is easily seen to be

1 sin[k(r-a)]
1~ 4nr sin(ka)

G

One should expect that in the limiting case a —~® G tends to the

1
' . 1 ~ikr
free space Green's function - Inz © . But Gl does not tend
r
to a limit as a — ©. The transition to an exponential decay prob-

lem k — -iy would lead to the 1st Green's function for

—_— Z_
Au -y u=0 and

G = 1 sinh[y(r-a)]
1 4mr sinh(ya)

Assuming vy >0 we obtain in the limit a — ®

(G.)

l'a—® 4y

[sinh(yr)—cosh(yr)]

1 -yr

returning to the wave problem with vy = ik the above expression

becomes

2 .
the free space Green's function for Au+k u=0 as givenin (3).



The free space Green's functions of (9) become now

— 1 - .
(10) us= - KO(yPQ) (line source)
-
- e ’
(11) us - T (point source)
PQ

with the properties (K0 denotes now the modified Hankel function of

- 2 -
order zero), Au-y u=0 everywhere exceptif P isat Q and

1 —
u-'z;logPQ

regular as P — Q (line source)

regular as P — Q (point source).
[Note that KO(yP_Q) ~ -log PQ for small PQ.]

Connections Between Heat Conduction-Equation and
Modified Helmholtz Equation Solutions

We are now in a position to use the inverse Laplace transforms

of certain known formulas [Appendix formulas C'' and C'"'].

-1 -B/t
c

-1 1
(12) LY [Ko(z\/ﬁ)]zgt Rey>0
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e-st_y Tr_1/.2t.3/1e-f3/t

(13) L”l[

Y I=

, Rey>0

The index vy in (12) and (13) means that the inversion has to be per-
formed with respect to the wave parameter vy or, instead of (12)

and (13) using the explicit inversion formulas

c+ioo

1 vt 1 -1 -B/t
(14) Py . KO(Z'\]ﬁy)e dy =5t e
C-10
c+io
1 -2N -1/2 3/2 -
(15) P e NPy eYtdy=Tr 1/ t / e B/t
2mi ]
C-1%0

In both cases ¢ >0. Replace in both formulas t by 4kt,

=7, 2 . . : . Y
B = (PQ) and substitute the integration variable y by ik (Here
PQ is the distance between two axes or the distance between two

points P and Q.) The result is:

%
1 4kt N -1 — _
(16) y —-LY [-E-;KO(\/YPQ)], t — Kt
and — 2
PQ —
1 h (4Kt) _ L_l[ 1 e'\]\( PQ] —
(17) 3/2 € o UE T o ’
(4mwwt) PQ

In both cases t — Kkt means that after the inversion process, t
has to be replaced by «t. The 1.h.s. of (16) and (17) represent the

two or three dimensional free space Green's functions (5) and (6) of




11
the heat conduction equation (4) while on the r.h.s. the inverse

Laplace transforms of the free space Green's functions (10) and (11)

of the modified Helmholtz equation (9) appear with y replaced by

Ny.

Definition of both Green's functions of (4) and (9) for the interior

problem. Since only interior problems
are considered here, we examine the
interior D of a simple closed sur-
face o¢. P represents the point of

observation and Q characterizes

the location of an instantaneous line

or point source. Then, for the first

and second Green's functions gl(P,Q, t) and gZ(P,Q, t) of (4)
_1 og
1) Ag = Bt everywhere for t >0

2) For t=0, g=0 everywhere exceptif P isat Q and
at this point g have the character of a & function
(instantaneous source)

3a) g - 0 if P ison o (first Green's functions, isothermic
boundary condition)
282

3b) on =0 if P ison o (second Green's function, adiabatic

boundary condition). The A operationin g is performed
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with respect to the coordinates of P. In the case of a finite
number of discretely distributed instantaneous sources a sum-
mation over all sources Qv has to be performed, while in
the case of an initial temperature distribution £(Q) one
would have for the temperature field in P ata time t >0

(18) v(P,Q,t) = yg(P,Q,t) f(Q)dTQ

The integrationistakenoverall Q and dT is a volume element at

7 Q
Q. The definition of G(P,Q,y) of the modified Helmholtz equation

(9) for the interior of ¢ is

J— 2—
1) AG -y G=0 everywhere exceptif P isat Q

o log (PQ) regular everywhere inside ¢

Ql:

2)
3a)-(—}- =0 if P ison o

3b) — =0 if P ison o

As mentioned before the (so far purely real) parameter Yy will be
emphasized. It is now concluded from (16) and (17) that if the Green's
function E(P,Q, y) for the modified Helmholtz equation (9) is known,

the corresponding Green's functions for the heat equation is

N

(19) g,(P.Q,t) = -L;I[EI(P,Q,ﬂ, t — Kt
2 2
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Expression of Green's function for the heat equation by means

of the Eigenvalues and Eigenfunctions for Helmholtz's equation. The
well known expansion theorem for the Green's functions of the

Helmholtz equation (1) is (10, p.- 183)

u,(P)u,@Q)
(20) G = Z >
£ k -k,
. 2
Here the Ui are the normalized eigenfunctions of Au+k u =20
and ki are the eigenvalues for the boundary value problem under

consideration. The sum in (20) is a triple sum (three dimension) or

sk

a double sum (two dimensional problem). Here UI‘(Q) means the

conjugate complex value of the [£th eigenfunction Ui with respect

to the source point Q. Let Ui denote an eigenfunction, not

necessarily normalized, then from

the integral extended over the whole space interior to o¢. With this
and replacing k by -iy one obtains for the modified Green's

functions

U, (P)U, (@)
- 1
(22) G,y =- ) &5
I N Y +k£
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But replacing y by ~N7Y and taking the inverse Laplace transform

with respect to y one has, since

2
-k Kkt

2 )t=Kt B

The Green's functions for the heat equation becomes

2
) * _kl Kt
(23) g(P,Q,t) z 7 U, PIU, Qe
J

N

expressed in terms of the eigenvalues UI and the eigenfunctions of
Au + kuz = 0.

In (23), the two dimensional eigenfunctions (double sum) has to
be taken for the case where the excitation is due to a line source or
the case where the temperature field inside a closed surface is due to
a heat pole. A separate case (heat pole inside a closed cylindrical
surface whose cross section forms a curve C) can be treated as
follows. Take the identities (5, p. 94, Form. 46] with p = --;— and

v =0 to get

/_' 2 2
1 "Y P +z 1 1 ~ Q0
(24) -3 s == 5= Ko(p\/yzﬂ\z) cos (A\z)d\ .
™ p2+ZZ ™ ™ O

The expression on the 1.h.s. of (24) represents the free space Green's

function (11) of a point source at the origin, while the expression
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1 /

- _ZFKO(p y2+)\2) represents the free space Green's function (10) of
[2 .2

a line source along the z-axis with y rejlaced by Yy tA . From
this relation it can be concluded that the point source solution inside
an infinite cylinder (pt. source located in the xy-plane) can be ob-

. . . ] 2 2
tained from the line source solution by replacing Yy by Yy A,
multiplying by cos (Az), and integrating over X\ from 0 to .

Hence, from (22), with

j" cos (xy) o . T -X g
2 2 2¢c
0 c +x
one obtains
/ 2 2
— T -|Z| Y +k£
G = e
2 2
ZN/Y +k£

Further, by C''""' (Appendix)

2
2Ny, LoE 2,
L-1 c = (wKt) 2e 4Kte £
Y /Y+k£2
and hence for this case
2
t
1 _(z-z) —kZKt

(25) g(x,y,z,t) = 5 (mwkt) Ze At Z—IZUI(P)U;F(Q)e .
N
]

™=
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if the point source is at z'. The series is the same as in (23). The

case of the line source can be regained from(25) by integrating overall

1

2 from -0 to +o. But

and with this one regains the line source field.
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III. APPLICATIONS

A. The first Green's function for the domain 0 < ¢ i a,

a

I A

p <b, -0 <z <, andforthetwodimensionalcase (U independent

of z) [P = point of observation, = a

Q = location of line source].
2
U=Ulp,o); Aau+k u=0

A solution of. Au + kzu =0

by the method of the separation of

variables U=f1(p)f2(go) with

Jv(kp)

*ive

£,(p)=(Y, (kp) ;o fle) = e
g (2)
v

(kp)

The J , Y , H(l)’ (2) are the Bessel functions of the first order and
v v v

the two Hankel functions respectively. So far, V¥ 1is an arbitrary

2
separation parameter. Hence, a simple solution of Au+k u =0,

regular in a < p

A

b; O

A

@ a is

A

(26) U = [Jv(kp)+CYv(kp)][A cos (ve)+B sin (ve)]

The boundary conditions are
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U=0 at ¢=0, p=a, for a<p<b
U=0 at p=a, p=b, for 0<L¢<a
The first equation leads to A =0, and v= n%, n=1,2,3,.

The second equation yields

J (ka) + CY (ka) =0
v v

J (kb) + CY (kb) = 0
v v

or

T (ka) 7 (kb)

(27) C = - = . s v=n
Yv(ka) Yv(kb)

NE]

This leads to the determination of the eigenvalues

(28) J (ka)Y (kb) - Y (ka)J (kb) = 0
v v A% v
™
v=n—
QQ

It is known that [5, p. 62 ] the function

(29) Fv(z) = J'v(z)Yv()\z) - J'v()\z)Yv(z)

has for v,\ >0, real and simple zeros for z only. Further-
more, while Jv(z) and Yv(z) are many valued, the cross product
(29) represents an even, regular function of z. This can be seen

using the relations [5, p. 80 ]



Jv(ze ) = JV(Z)
Y ::nnn) - =FiInTrVY (z) Slnn(mWV)Coﬂ {(mwv) {z)
) v sin(vw) v
Hence, for m =1
4
F (ze 1Tr) =F (z)
v v

This means that the solution of (28) has real values :I:kn

’

k denotes the mth positive root of (29). Equation (29) for

F (2z) can also be represented in a different way using the relation

v
(2), . _
Hv (z) = J (2) - 1Yv(z)
2 2
(30) F (z) = i[H( )(xz));r (z) - J ()\z)H( )()\z)]
v v v v v
LT
-1
And with =z replaced by ze remembering that
iZ LIy ‘ i I iy
-1 -1 -1= -
2 21 2
J (ze 2)=e 1 (z), H_()(ze 2)=—1—e K. (z)
v v v TI'

(The Iv and Kv are the "modified" Bessel function of the first

and second kind respectively.)

19

only, if



20
Hence the zeros of Gv(z) for N\, v>0, are all purely imaginary.

Also by [5, p. 80]

G (ze¥'™) = G (2)
vV v

Furthermore, Gv(z) is an even regular function of z. Inserting

(27) into (26), the non-normalized eigenfunctions become

(32) U = sin (%’i OU_ (kp)

?

with

(33) U__(k__p) =T (k p)Y (k_

b)-J (k
n,m n, , ,m 2

b)Y (k P)
m 14 n,m

? ?

b
by )

- Fv(kn mP’

3

by (29) or also

34 -
(34) Un,m(kn,mp) Jv(kn,mp)YV(knma) Yv(knmp)JV(kn,ma)

3 3

3]
y
’%.‘
=]

oo

-1 -1 . .
A factor [Yv(kn, mb)] and [Yv(kn, ma)] respectively in (33)

and (34) is suppressed here since these factors do not concern the
normalized eigenfunctions. Here v = -Il;l and the eigenvalues k

?

are the solution of

(35) F (ka,h) = J (ka)Y (kb) - J (kb)Y (ka) =0
v a v v v v
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Normalization of the eigenfunctions, One forms

2 @ b 2 2 nm
(36) N = S‘ S‘ [U (k p)] p sin (—)pdpde
n,m n,.m a
=0 “p=a
b
1 2
=3 ay_ [ n’mkn’mp)] pdp
p—a

By (33)

or, i t t. 9 d i = k
introducting w, and putting n m

b

b
Jf(wx)xdx ; Jf(wb)y Yf(wx)xdx
a

b, 2
(37) y U lepledp = Yv(wb)f
a

a

b
- ZJV(wb)YV(wb)f JV((.OX)YV((.QX)XdX
a

In order to evaluate (37) the following formulas are used (5, p- 90 ]



(38)

2
S‘JS(WX)de = %Xz{Jf(wXFJV 1(<.oX)Jv+1(<.ox)] yYV (wx)xdx

2 2
= [YV (wx)-YV__ ] (mx)YV+

™~

X

XZ[ZJV (wx)YV (wx) - Jv+l(wx)YV_ 1 (wx) —JV_ 1(wx)Y

N

Hence
(39)

b
2
5‘ [JV (wp)YV (wb)—JV (wb)YV (wp)] pdp
a

= %bZYf(wb)[JS(wb) _J'V— l(wb)JV'+1 (wb)]

1.2
+_
2b

Jf(wb)[Yf(wb)-Yvﬂ(wb)YV_l(wb)]

- ';- bZJV (wb)YV (wb)[ZJV (wb)YV (wb)—JV+1(wb)YV_1(wb)
- Jv_l(wb)YvH(mb)]

- %aZYf(wb)[JVZ(wa)—JV_l(wa)J‘V+1(wa)]

_ L aZJf(wb)[Yf(wa)_Y l(wa)YV+1(wa)]

2 V-
+32%7 (b)Y, (@b)[2], (wa)Y, (wa)-T, , (@)Y | (wa)
- Jv_l(wa)YVH(wa)]

1(mx)] SJ’V (wx) YV (wx)xdx

v+

22

1(wX)]
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This somewhat lengthy expression can be considerably simplified by
making use of the eigenvalue condition (28) and of certain identities
involving cross prodicts of Besseland Neumann functions [5, o 80].
These intermediate operations are omitted here. One arrives

finally at the results;

b
2
(40) S [Jv(wp)Yv(wb)—Jv(wb)va(wp)] pdp
a
Jz(wb)
-2 - 2—]
2 2 2
T W Jv(wa)
w=k 7 v= ==
n, m a
Hence, by (36)
J 2 b
2 a (wa)—Jv(w )]
(41) N =77 2
T W Jv(wa)

Hence, the normalized eigenfunctions Ul of the domain under con-

sideration are
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with N given by (41). Now, with the preceding results it is possible
to represent Green's function (23) for the heat conduction equation

using (41) and (33) as

0 00
(43) £1 (P.Q. 1) = z z L2 n rn(kn mp)Un m(kn mp')
N ? 2 ’

n=1m-=1

It is of interest to investigate the first Green's function 61

for the modified Helmholtz equation as given by (22). This, again
leads to a double sum

(44)

G (P Q,y) = - —z sin (n¢) sin(ne')

n=1

o0
U (k p)U (k p')
x z n,m n, m n,m n,m

b
2 2 2
m=1 [y +k ] S’ U k mp)pdp
a

n,m n.m n,

The value of the integral in the denominator of (44) is given by (40).

The sum over m in (44) can be given without explicit knowledge of

n,m n,

b 2
5; [ _p)] pdp

The result is
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b
2 2 2
=1 )
m=1 [y +kn,m] S; U~ _(k_ _p)pdp

n..m n.m
= [Iv(Ya)Kv(Yb)-Iv(Yb)Kv(Ya)]_1[IV(YP)KV(Ya)-IV(Ya)KV(YP)]

X [Iv(yp')(K L¥P)-I (Yb)K V(YP')]

y = 28 a<p<p'<hb, i.e., p<op

and the same formula with p and p' interchanged if p >p'.

Thus the Green's function El given by (44) is reduced to a single
series involving the summation over only n, and the zeros kn, m
no longer appear. If (45) is inserted in (44), it is necessary, in

order to obtain the first Green's function g, for the heat conduc-

tion equation by (19), toevaluate
-1, —
(46) L, {G(P,Q: NV} £kt

i.e., the inverse Laplace transform of the right side of (45) with vy
replaced by ~7¥. This inversion can be performed by using the well
known inversion formula of Laplace's transform by means of a com-
plex integral. But this method leads to an infinite series, using the
residue theorem and the fact that the expression

\[Iv(wa)Kv(W b) - Iv(\/Tb)Kv('\/T b)] has an infinite number of sim-

2 .
ple zeros at vy = -kn m’ Thus this approach would again lead to the
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double series (43) for the first heat conduction Green's function.

The summation of the series (45) can be obtained in the

same manner as a similar formula obtained by Buchholz [1]. Since
the use of the sum formula (45) does not simplify the heat conduction
solution of the problem considered here, its derivation is not in-

cluded.

B. The case of the domain of ¢ =a

awedge 0 <¢<a, 0<p<o,

-0 < z < ®© is the limiting case Qlp's¢')
[ 4
treated in A for a— 0 and P(p, ¢)
®
b — o. The two Green's functions @ =0

6 and G become

1 2
(47) El = El(p,p',cp,cp';y)
2
o0
1 nw nmw
= -5 en{COS[—a— (p-¢')] F cos [T (p+e") ]}
0

p < p', and the same formula with p and p' interchanged if

1

p >p'. In order to obtain the solution of the equalizing of the tem-
perature inside a homogeneous solid wedge when the initial tempera-

ture inside the wedge is a constant equal to unity, it is necessary to
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integrate (47) over all line sources inside the wedge. This means it is

necessary to obtain
O’ —
S‘ 5‘ Gl(p,p',cp,cp';y)p”dp'dcp'

The expression (47) is not suited for this operation since the p

integration would involve integrals of the form

' nmw

p 0
5‘ I (yp"p'dp' and j‘ K (yp'p'dp'
p'=0 P Ef

These integrals would lead to Lommel's functions [5, p. 90]. It is
clear that this complication is due to the fact that the formula (47) is
not symmetricin p and p' and that therefore the p' integra-
tion from O to o has to be split up in two parts. In order to
replace (47) by an expression which is symmetric in p and p'

the formula [6, p. 176] )

is used. This formula is valid for arbitrary v with Re v >0
and for the left side, b >a. But the right side is symmetric in a

and b. Hence



Then, interchanging the order of summation and integration

e I (\(p)KnTr (yp') cos (9;11 0)

n=0 a a

o0

-2
= 2w .Sq x sinh(wx)K, (YP)KiX(YP')

0 1X

«© £ (ﬂ 9)
E nCOS a _a cosh[x(a-(0)]
, 2 nw 2 x sinh(ax)
— x o+
n= a

Therefore

28
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0
~ -2 sinh({mwx) 1
= 2w a‘g; Sinh(ax) KiX(YP)KiX(YP ) cosh[x(a-6)]dx

0= |oFo'|
Hence, one obtains instead of (47)

0

- -2 sinh(mwx) .
(49) Gy =-m fo sinh(ax) Six! YPIK; (vP')

X {cosh[x(a-]cp—cp'l] ¥ COSh[X(G-<P-<P')]}dX
0< |o*o'| <20

Formula (49) is symmetricin p and p' (see also[9]).
The convergence of the integral (49) for 0 < |<p F <p'| < 2a fol-

lows from the following considerations. From [5, p. 88]

1 L
= -=X
2w 2 2 2
K. (a) ~ (—Tr-) e sin [x log (—E)]
ix x a
for large x > a. Also for large x
sinh(wx) _ eX(Tr—o.)
sinh(ax)
cosh [x—(a-lel)]"ex(a_le'), |e| <a

..ex(lelpa), IGI >a
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Hence, 0 < |<p=F<p'| < 2a.
The expression (49) for the two Green's functions is now used to

form
a o0
(50) S‘ S‘ Glp,p', o, 95 Y)p'dp'de’
!

It can be easily verified that the order of integration can be inter-
changed. The case of the first Green's function shall be considered
only, corresponding to the heat conduction problem with zero tempera-
'

ture at the boundaries ¢ =0 and ¢ = a of the wedge. The p

integration follows from the formula [5, p. 51]

o0
M-l o pPZgepp 1 1 1
S(‘) t Kv(ﬁt)dt—Z B 1"(2p.+2v)1"(2,p,-2v)

Re (pxv) >0, Re P >0

with p =2, v=ix, B =y

o0
5‘ p'K. (ypdp' = — "X"
0 2y sinh(gx)

The integration of the integrand in (49) with respect to ¢' (note that
in the term cosh[x(a-|¢-¢'|)] the integration has to be taken over
] !

the interval 0 to ¢' and over the interval ¢' to a). The

result is
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a
y {cosh[x(a-|¢-¢'])] - COSh[X(a-cp—cp')]}(ol
0

= ;Zz{sinh(xa) - sinh(x¢) - sinh[x(a-¢)]}

Therefore (50) can now be written as

o0
C Gl(p,p',cpscp':v)p'dp’dcp'
¢'=0 “p'=0

o sinh(mx)K. (yp)
= — X .{sinh(ax)-sinh(cpx)-sinh[x(a-cp)]} dx

Ty 0 sinh(%x) sinh(ax)

It can be shown, as béfore, that this integral is convergent for

0

A

@ < a. In order to be in accordance with the investigation in
[7], the transformation ¢ = &+ B, a = 2p will be made. This leads

to a configuration as indicated by the

®=p
figure below. The interior of the
wedge is now given by 0 < p < o,
- , Plp: @)
-p<®<P. It follows then from
(51) and (19) that the temperature oy 3 =10
distribution T(p, & t), at the
time t >0, inside the wedge is the
inverse Laplace transform with re-
= -p

spect to y of
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o0
— S cosh(—= X)K p'\/—f)[l %E%g—;]d X; t — Kkt

provided that the initial temperature inside the wedge is equal to

unity. Since, [6, p. 175]

w
5 cosh( X)K (pﬁ)dx:%v
0

(independent of p and y) one has for the temperature field

11 5 o cosh( 2x)cosh(‘ﬁx)
2 , P; = — = ‘ . N ,
(52) T(p t) {y Ty 0 cosh(Bx) le(p y)dx}
t ™ kt:
and since
-1.1
L (—=)=1U() =0, t <0
Y
=1, t>0
(unit step function), one can also write (52) as
2 1(1 00 cosh(lzr-x)cosh(@x)
(53) T(p,®t) =1 -— LY {;5;) Kix(pﬁ) cosh(Bx) dXK ,
t ™ «kt:

The integral in (53) can be processed further by means of an integral

expression for the modified Hankel function [5, p. 82]
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o0

(54) Kix( eNY) cosh(lnx) = S\ cos(pNY sinht) cos(xt)dt.
0

Inserting (54) into (53), it follows, interchanging the order of integration.

0 cosh( 2x)cosh(@x)
S K. (pNY)

(55) 0 cosh(Px) dx
% ®  cosh(x) cos(xt)
B ) cosh(®x) cos(x
= S;:O[cos(p'\ly sinht)] S;FO cosh(Px) dx dt

The inner integral is known [6, Vol. 1, p. 31]

w
S,oo cosh(x®) COSh(?E t)

cos (xt)dx = = cos(
0 cosh(xp) 2[3 cos(%@) cosh(

ﬁ )

Then from (55)

o0 cosh( 2x)cosh(@x)
(56) S;) Kix(pW) cosh(Bx) dx
cosh($x t) cos(pNy sinht)
= B cos( @) y dt

cos( @) + COSh( t)

B

Now, by (53) and (56)
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(57)
1 0 cos(pNysinht)cosh(5z 2‘3
T{p, &;t) =1 - L ("——cos @)j - }
A cosh ) + cos(gfi)
t ™ Kt.

This represents the temperature distribution inside a wedge of arbi-
trary angle 28 for the boundary condition T = 0 for ®=4xp.

It does not seem possible to perform the Laplace inversion in (57).
For the special case a = (£ =1,2,3,...) the result given by

(57),can be expressed in terms of error functions. For this purpose

an expansion in partial fractions [7] is used.

(58)
c (1r—§— h---
™ oS ZB) cos 2B
P cosht cosh(—-t) + cos(lT-@)
g g
- (_l)rn Zcos (@)Z
sinh t+ cos &
m
+ E(_l)s-l{ zln(ZsBZ-B-é) + Zsm(Zs[:—B—f-i) }
s=1 sinh t+sin (2sB8-P-2) sinh t+sin (2sP-P+®)
™
for 2P il m-=20,1,2,

.. . . m . .
A similar expression exists for the case 2P = S Upon inserting

(58) into (57) there occur expressions of the form:
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(_l)rn 2cos @ S' cos(p Y x )dx:('l)m e_p\/’y'cosé,

X +cos ®

cos (p Y x)dx

x +sm (25[3 pF2)

(-1)%° ! % sin(2sp- px@)j

(-1)" ~ e—pW sin(2sP-pF ®)
if the substitution sinh t =x and [6, Vol.1, p. 8]

5 de T -ay
2a

x+a

is used. The Laplace inversions with respect to y of the formula

above are known [6, Vol.1, p. 245] to be respectively

<)
_1{(_1)rn e—p'\/Vcos@?} :(_l)mErfc(ﬂ%_)
Y Yy Tkt N 4kt
-1 '
L'l{(‘l)s e—PWSin(ZSB-B*Q)} = (_l)s-lErfC[psm(Zsﬁ*ﬁ’Fﬁ)]
Y YKt NETT

With these results the temperature distribution becomes finally

(59)
T(P» ®; t) = (—l)m Erf(ﬂsg)
N 4kt
m
+ Z (—l)s_l{Erf[p sin(zsﬁ‘-f’-@)]dl_Erf[gs1n(ZsB-B+<§)]}
- N4kt N drt

s=1



if one uses Erfc(z) =1 - Erf(z) and 2P = -Elq , m=0,1,2,...
m

A similar analysis holds for 2B = EFZ for this case see [7].
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APPENDIX

MacDonald's formulas [5, p. 53] represent the product of two
modified Hankel functions of different arguments in the form of a

Laplace transform

o0 -
(A) S‘ e“Yte t K 2a€=)t—1dt = ZKA'V(Za'\/V)K (2BNY), Re y >0,

A

The inversion of the above Laplace integral with respect to vy

is:
a2+ﬁZ
1 -1 _.l i t -1 E
(AY) LY [Kv(ZaW)Kv(ZﬁW)] =3e t K (2a)
© a2+ﬁ2
-yt Tt B. -1
(B) j\ e e IV(Za—t=)t dt = 21 (Za'\/V)Kv(Zﬁ'\/'\_(),

Rey>0, 0<ac<@p

and the same formula with o and p interchanged if P < a. The

inverse of the above Laplace integral with respect to y is

al+p2
t -1

e t Iv(Za'?’), a<B.

™|

-1
(B") L, (1, (2evy)K, (2BVT)] =

Similarly for only one modified Bessel function involved [5, p. 82]



© oyt "% 1 %V
- -V~ _
(C) f e Ve “t dt:Z(%) KV(ZV'BTIL Re (y,p) > 0.
0
Its inversion
1, 1, s
. 1 1,2 -v-1 -+
(C") Loy K (@NBYl=5B"t et
Special Cases of C'
v=y0
B
. -1 _1 -1t
(c") L, (K (2NBY)] =5t e
1 T ~Z
v=Es [Note that K 1(2)_«/—2_263 ]
:l:—
113 8
-1; -2NPBy 2 2" -
(c'' Ll 2VPY] = 252 2t
Y
1 11 B
-1, T2 -2NBy 272 7
(c''' L l[y e Y]=7r t e t ) Re y > 0.
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