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ON THE DISTRIBUTION FUNCTION OF THE INTERVAL
BETWEEN ZERO-CROSSINGS OF A STATIONARY
GAUSSIAN PROCESS

I. STATIONARY POINT PROCESSES

1. 1. Preliminary Remarks

Definition: A stationary point process is defined by the follow-
ing requirement:

The joint distribution of the number of events in a set of k
fixed intervals is invariant under translation for all k =1, 2,’. .

If we consider the case k=1, 1i.e,, a fixed, closed on the
right interval (t', t"], an immediate consequence of the definition
would be that the distribution.of the number of events in an interval
depends only on the length of the interval. It is easy to show, by con-
sidering two adjacent intervals, that the expected number of events in
an interval is proportional to the length of the interval.

A definition of stationarity weaker than the above requires only
that the first and second order properties of the process are invariant
under a time shift. This is particularly important when we base the
statistical analysis on the first and second order properties.

In what follows we shall assume that the probability of more -
than one event occurring in a small interval of length AT s o(AT)

as AT — 0. That is, we shall not allow rmultiple events.. Furthermore,
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we consider all the events to be indistinguishable with the information

at hand, except by where they happen in time or space.

1. 2. The Forward Recurrence Time

In the definition of stationarity mentioned in the section above
we considered the number of events in fixed time intervals following
an arbitrarily chosen time origin. Instead we may consider the se-
quence of random intervals {Ii} between successive events follow-
ing an arbitrarily chosen event. Thus the events subsequent to the
chosen event occur at times Il’ I1 + 12, ..., after that event. Then
the sequence {Ii} is a stationary sequence of random variables
since the series of events is stationary. That is, the joint distribu-
is invariant under a

tion of any k of the intervals I , 1

iy

translation along the timé axis for all k=1,2,..

To relate the two considerations, the number of events in fixed
time intervals following an arbitrarily chosen time origin and the se-
quence of random intervals between successive events subsequent to
an arbitrarily chosen event, we examine the distribution of the for-
ward recurrence time, that is the interval measured from the arbi-.
trary time origin to the next event. This in general, is different from

1
Suppose that starting from an arbitrarily chosen event we con-

sider the interval (O, Il+. .. +In), where n 1is large. We suppose

I, which is the time from an arbitrarily chosen event to the next event.




that the mean value of a typical interval I is E(I)=p, and that
the variance of I, Var(I) = 0-12, exists. Choose an arbitrary sample
point over this interval and let¢ W be the time from this sampling
point up to the next event., The sample point will fall in one of the
random intervals I ,I,...,I , say L . This L will, in gen-
1°7°2 n o o
eral, have a different distribution from any of the I, i = 1,2,...,n,
which can be seen from the following:

If ntdt is the number of the {Ii} with lengths in (t, t+dt],

the probability of L~ having length in (t, t+dt] is (see McFadden

(13])
tntdt } tntdt 1
n T n n
ZI -l—z I.
i n i
i=1 i=1

But since

we have

fL (t)dt =—T— . (1. 2. 1)

This procedure is known as length-biased sampling.
The bias in the sampling is illustrated by considering the mean

value




\S\OO
E(L ) = xf_ (x)dx.
° 0 Lo

By use of (1. 2. 1) we get

1

[>¢]
E(Lo) = _;I S‘ foI(x)dx = —l-p E(I?).

0

Since the variance of I is given by

2 2 2 2
op = E(Ip) = E(@I) -p
we have >
(8
2 2 ,
EL))=p +':]"1 ='p[1++1—2-] =p[1+CT(D)], (1. 2.2)
12

where C(I) is the coefficient of variance of the {Ii}’
Now consider Lo = to, a fixed value. The sampling point is
uniformly distributed over a time interval of length to, so-the con-

ditional distribution of W is given by

—1—, O<t<t ,
to — — 0
:fW(tILo:to) = (1. 2. 3)
0, t <t
(o]

Thus we have

0
fW(t) =50 _fw(tlLozto)fLo(to)dto

and substituting from (1. 2. 1) and (1. 2, 3) we have




© ) i) 1 (% 1
ty=\ L ol o -2 dt ==R_(t . 2.
£,(0) y e 4t u«y fy(t )ty = <R (6), (1. 2. 4)
t o t
where RI(t) = Prob(I>t) is the survivor function for ‘I. It is obvi-

ous that

RI(t) =1 - FI(t),

where FI(t) is the marginal distribution function of the random var-
iable I. Since FI(t) is a non-decreasing function of t it follows

from (1. 2. 4) that fW(t) is a non-increasing function of t with

1
£ (0 )=—. 1. 2.5
w(0) = (1. 2.5)
We consider next the times between events which follow the for-
ward recurrence time W. Denote by {Li} this sequence of events

starting with Lo' It is obvious that the joint distribution of any set

of the Li’ i=1,2,..., givén that: Lo = to, is the same as the

-joint distribution of the corresponding set of the ‘Ii’ given that

I =t . Thatis
o o

fLo(tolLo:to) = fIi(ti|Io=to), i=1,2,.... (1. 2. 6)

Consequently, using (1. 2. 1), we have the joint density function




i

f (to, ti)

L.L, fL_(ti |L0= t )My, (t)

1 (o]

toflo(to)
=t ) ————— . 2.
£ (€, |X =t) " (1. 2. 7)

1

t

-2

T plLI

The last relation generalizes (1. 2. 1) and shows that the bias which
appears in the randomly selected interval Lo persists in the follow-
ing intervals,

Using (1. 2, 7) we can get the expected value of Li as follows:

Fwy - [

0 0
y t.f (tt,)dt_dt.
0o Y

1L, L.
o’ i

=3 e

0 00
y y totifl ’ I_(to’ ti)dtodti (1. 2. 8)
0 0 o i

2
o

I 2 .
E(IoIi) =+ pi—}r‘ =p[l+C (I)pi], i=1,2,...,

y -

where P, = Corr(Io, Ii) is the serial correlation coefficient for-the

stationary sequence of random variables Io’ Il’ e

Finally, we have a useful extension of (1. 2. 4) connecting the

partial sums of the sequences W, Ll’ LZ"" and 11,12,... .

Let




Gl(t) = Prob[W<t] = FW(t),

Gi(t) =Prob[W+L1+...+Li 1it]’ i> 2,

and

Fi(t) = Prob[Il+. .. +I.1_<_t], {1=0,1,2,...)

where Fo(t) is the unit step function. Then the density function al-

ways exists and

Fi 1(t)-Fi(t)
gl(t) = - n ’ i=1,2, (1. 2.9)

(see McFadden [13]).

1. 3. Fundamental Relationship Between Counts of Events and Time
Intervals Between Events

Let Nt be the number of events in an interval of length t,
following the arbitrarily selected point where observation of the pro-
cess begins. The following relationship relate Nt and the sequence

of random variables W,L_,L._,... : N, = 0 if and only if W > ¢,

1 2 t
Nt<n if and only if W+L1+...+‘Ln1>t, n=23,..., SO
that
Prob[N,=0] = Prob[W>t) = R, ), (1.3.1)
and

>t], n>2.

Prob[Nt<n] = Prob[W+ L1+. oot Ln-l >



Thus, given the distribtuion of the counts, it is possible to get the
distribution of W and the —Li.

The times between events which are of practical and statistical
interest are the Ii rather than the »Li, which are the ones usually
observed. Since, according to (1. 2, 8), the sequence {Li} is not a
stationary sequence it is difficult to deal with.

As mentioned before, Nt’ the number of events in an interval

of length t, is associated with the random sequence W,L_,L_,... .

1" 2
t(f) the number of events in an interval (0,t], which
(f)
t

Denote by N
starts with but does not include an arbitrary event, That is, N

is associated with the random sequence {Ii}' Thus, we have

(f)
Prob[Nt <r] = Prob[Il+IZ+. .. +Ir>t], r=1,2,... . (1. 3. 3)

To obtain the relationship between the counting processes N

()

t

and Nt consider the generating function (see Khintchine [9, p. 34])
o0
oL 1) =Z ¢ Prob[N =]

k=0
o0 o0

2) (K - H_Z k

—Z 4 [Fk(t)-FkH(t)] =7 &g, (), (1. 3. 4)
k=0 k=1

where we have used (1. 2. 9) in the second and third step.




Thus

t [>¢]
S 9L, u)du =L*Z t¥a (t). (1. 3. 5)
2 k
0 k=1

Also, the generating function of Nt’

i

ot = ) 15 ProbIN=1 = ) 1[G, (-G, , ®]

k=0 k=0
(1. 3. 6)
[>¢]
1 k
=1+ (l—z) z ¢ Gk(t).
k=1
From (1. 3. 5) and (1. 3. 6) we see that
g1 (F
ot 0 =1 +52 (70 0 wa, (1.3.7)
p,v
0
which is the desired relationship.
Now let us consider the first moment of Nt(f);
o0
E(Nt(f)) = Mf(t) = Z k;Prob[Nt(f)zk]
k=1
(1. 3. 8)
[>¢] [>¢]

_ ()7 2

= Prob[Nt >k] = Fk(t),

k=1 k=1

where Fk(t) is the distribution function of I1 + I2 +... +1L. If
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the derivative of Mf(t) exists for all t

00
mf(t) =-§C-Mf(t) = z fk(t). (1.3.9)
k=1

If we assume that a strong law of large numbers (Parzen (14],

p. 371) holds for the sequence {Ii} then

Il+. . +Ik

- ~ E(I) (1..3..10)

holds for sufficiently large k. From this and (1. 3. 3) we have, for

large ¢,

-t »
M (t) B ° (1.3.11)

which agrees with the physical interpretation of E(I) asa long run

average, For the stationary counting process Nt we have

t

_E_J_(ﬁ_ (1.3.12)

M(t) =

for all t, since M(t):E(Nt) is proportional to t for all t.
Finally,

mt) = o M(t) = 2= = (13.13)

T E(I)

=
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1. 4. Moments of the Interval Between Events and of Counts of Events

For the sequence {Ii} we consider the mean value

[>.¢]

o0
E(I) :5 x-fI(x)dx = 5 RI(x)dx, (1.4.1)
0 0

+
1l

the variance
o0

2
xRI(x)dx -p s (1.4.2)

¢’ ‘S; xsz(x)ds - [E(I)]2 = 25;)

and the ratio

clay = —L > - —52- . (1. 4. 3)
[E(1)] "

This ‘C(I), which is called the coefficient of variation of I,
measures roughly departures from the exponential distribution, for
which C(I) = 1.

The autocorrelation sequence is defined by

Cov(Ii, Ii+k)

pk=,—-——'—o.—-z-—~—-—-, k=0x1,+2,... . (1.4.4)

I

Wold [26, p. 66], showed that a sequence {pk} is the autocorrela-
tion sequence for a stationary random sequence {Ii} if and only if

P can be represented in the form
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™
pk:S\ cos kwdF(w), k=0,%+1,%2,...,
T (1. 4.5)
where F(uw) 1is the spectral distribution function. If F() is ab-
solutely continuous its derivative f(w) exists and is called the sepc-

tral density function. Then (1.4.5) can be written as

T
pkzy f(w) cos kpydw, k=0,1,2,..., (l1l.4.6)
the set of Fourier coefficients associated with f(w).

From (1. 4. 6) we see that the inverse relationship is

o0
= [142 Z P, COS ko], -m<ow<m, (1. 4.7)

since for real sequences {Ii}' It follows from (1. 4. 7)

Pr = Pk
that f(w) is an even function of .
To obtain higher moments of {Ii} we introduce the Laplace

and Laplace-Stieltjes transormations with respectto t and x as

appropriate for the following functions:

p(n, t) = Prob[N, =n], | (1. 4. 8)
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Fk(x) which, as defined before, is the distribution function of
I1 ... 4 Ik’ and gn(x), defined by (1. 2. 8). Transformation

pairs are defined by

sl ‘Sﬁw -8x
f %(s) = e an(x) (1. 4.9)
0

The functions fn*(s) and gr;k(s) are moment generating functions

for the random variables I +... +1 and W+ L_+ ... +L

1 n 1 n-1

respectively (see McFadden [13]). Transforming (1. 2. 8) and (1. 3. 1)

we obtain

l-fl*(s)
#(s) = ————
g*(s) it
%k -f%
(s} _'fn(s) fn+1(s) n>1
gn’-t-l T s o=
(1. 4.10)
g (s
* o rm
p*0, s) R
g *(s)-g* . (s)
p*n, s) = 2 ntl , n>1.

s —

Obvious rearrangements lead to
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; 1 ; 1
p'k(o: S) = 2 [fl'k(S)—l] + S ’
ps
px(l, s) = lz[fz*(s)-Zfl*(s)+l], (1. 4.11)
ps

’ 1
E ES = — b3 - ES b3 .
PHa, o) =5 (83, ()20 300 81 ()] n2 2

and the finite sum representations

n
fn*(s) =1 - psz gk*(s), n>1, (1. 4.12)
k=1
and n-1
gI;k(s) =1 - sZp*(k,s), n> 1. (1. 4. 13)
k=0

Substituting for gk*(s) in (1. 4. 12) leads to

n j-1
2
fn*(s) =1 - puns + pus Z p*(k, s)
j=1 k=0
(1.4.14)
n-1
« 2 ‘ :
=1 - pns + ps Z (n-k)p*(k.s), n> 1.
k=0

Now we can use the above relationships to express the higher moments
of the random variable I in terms of the moments of p(0,t). By

definition E(I) = p; ifwelet n =1 1in (1. 4.14), then differentiate
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twice with respect to s we arrive at
, ' 2
fl*”\(S) = 2up*(0, 8) + 4usp*' (0, s) + ps p*1(0, s). (1. 4. 15)

If p*(0,s) behaves well enough so that p*'(0,s) and p*1(0, s)

both tend to zero as s — 0,
> o0
E(I) = fl*ll(O) = Zp,S‘ p(0, t)dt. (1. 4.16)
0

For the nth moment of the random variable I we differentiate

(1.4.14) n-2 times with respectto s, arriving at

Hn-2)0 o) 4 ansp*(n-l)(o’ s) + pszp*(n)(o, s),

£ (e) = nn-1)up
n> 2, (1. 4.17)

Again if p%*(0, s) behaves well enough so the last two terms vanish

as s— 0, then
® n-2
E(In) = n(n-l)p\g t “p(0, t)dt, n> 2, (1. 4. 18)
0

which shows that the nth moment of I is related to the (n-2)th

moment of p(0, t).
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II. STATIONARY GAUSSIAN PROCESSES

2.1. Preliminary Remarks

In this chapter we shall consider some of the random variables
associated with a Gaussian process X(t). In particular, we shall
consider the real-valued stationary Gaussian process X(t). The
choice of the random variables is motivated by usefulness in applica-
tion. For example, some such random variables are the number of
times X(t) crosses the t-axis, or some arbitrary level a, or
takes on an extreme value above some other level p, or the time
intervals between such events. These and associated random vari-
ables have considerable importance in communication theory and in
other fields.

Without loss of generality we can assume X(t) to be a zero-
méan process, for if not we would consider the process X(t) - EX(t).

Since X(t) is stationary Gaussian it is also strictly stationary
(see Wozencraft and Jacobs [28, p. 184]). Denote by pX(T) and
Sx(m) the covariance function and the spectral function, respectively,

of the process X(t); the relationship is

[>¢] . .
pX(T) =So cos wTdSX(w) ’ (2.1.1)

(see Doob [4, p. 536]).

Finally, we shall denote by M the kth spectral moment,
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® x
N =S; w dSy o). (2. 1, 2)

2. 2,Crossings, Upcrossings and Downcrossings

In considering the crossings of our process X(t) of an arbi-
trary level a we have to distinguish between '"genuine'' crossings
and tangencies., Ylvisaker [30] showed that the number of tangencies
to the level a by X(t) in an interval T is equal to zero with
probability one,

In general, we shall consider cases where X(t) does nothave
a sample derivative for all t, though we shall always assume that
X(t) is continuous. A sufficient condition for continuity is that X(t)
be separable (Cramér and Leadbetter [3, p. 174] ). Thus the tangen-
cies to the levél a should be defined in terms of the continuity of
X(t) rather than in terms of differentiability,

Now we are in a position to introduce the following definitions
concerning crossings, upcrossings, downcrossings and tangencies of

a continuous function f(t) on the unit interval to the level a.

Definitions: (i) f(t) is said to have an upcrossing of the level
a at to if there exists a positive ¢ suchthat f£(t)<a in
(to-e, to), and f(t)>a in (to, to+e ). Denote the number of up-

crossings by f(t) in [0,1] by U,



18

(ii) f(t) is said to have a downcrossing of the level a at to
if there exists an ¢ > 0 such that f(t)_>_ a in (to-e, to) and
flt)<a in (to, to+e). Let Do. denote the number of downcrossings
by £(t) in [0,1] of the level a.

(iii) £f(t) is said to have a crossing of the level a at t if

(o]

in each neighborhood of to there exist points tl and t2 such

that

[£(t))- a]l£(t,)- o] < 0.

Let Co. denote the number of crossings by f(t) in [0,1].
(iv) The point to is called a tangency of f£(t) to the level a
if f(to) = a and there is a neighborhood of to on which f{(t) - a

does not change sign.

Some of the above definitions were used by Ylvisaker [30]. If

instead of the unit interval we use the interval [tl, t the above

N
definitions apply and, in this case, give Uo.[tl’ tz], Du[tl’ tz] and

Co.[tl’ t2] for the upcrossings, downcrossings and crossings respec-

tively.

2.3. Mean Number of Crossings in Time T and Mean Duration of

.an Excursion

The general formulas for determining the probability of a cross-

ing of the level a, within a time interval of length t, by the
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trajectory of our process X(t), and for the mean time that a real-
ization of X(t) stays above or below a given level, were first given
by Rice [17, 18).

The mean number of crossings of the level a by X(t) within

a time interval of length t, is given by

¢ /)\2 —0.2/2)\0
ECQ(O, t) =~; -)-\-(—)- € . (2. 3.1)

For a fixed time instant T, ECQ(O, t) has a maximum at a= 0 and
approaches zero for large values of a, in agreement with the un-
derlying physical picture.

The above formula goes back to Rice [17, 18], who obtained it
under the hypothesis that SX’ the spectral function, has finitely
many points of increase, The conditions under which (2. 3. 1) was de-
rived were weakened by It [6], Ylvisaker [30], and others.

The next theorem (see Crame/r and Leadbetter {3, p. 177]) gives

a necessary and sufficient condition under which )\2 < o0, and, con-

sequently, ECQ(O, t) < co.

Theorem: (i) lim — = )\2 = ‘g w dSX(w)_<_°0,
T—0 T -00

and
11
(ii) the second derivative pX(T) exists and is finiteat T = 0

-1t "
if an only if A, < oo, If A, <@ then pX(O) ==\, and pX(T)
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exists for all T.
1
If \,<w itis equal to p'X(O). Also, from (2.1.1) and
(2.1. 2) we have

[>¢]

N, =§ dSy ) = p(0). (2. 3.2)

-e0

and in this case (2. 3. 1) may be written in the more familiar form

1 2
t [ p (0) -a“/20(0)
EC_(0,t) = - S10) ) (2. 3.3)

The mean time during which a realization of X(t) stays above

a given level a is given by Rice [17, 18]

.,
LN, s /Zp(o)[l—é(;%o—))], (2. 3. 4)

p (0)

where &(x) 1is Laplace's integral function.

2.4. The Variance of the Number of Zeros

The number of zero crossings, N = CO(O, T), by the process

X(t) in time duration T 1is a random variable. Variance is
2 2 2
Var N = E(N-EN) = EN - (EN) ;

since EN is given by (2. 3.1) it is sufficient to compute the second

2
moment EN . Let A be the covariance matrix of the random
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3 t 1 .
variables X(tl), X(tz), X (tl)’ X (tz).

[ 1 e(m) 0 0! (T) ]
p(T) 1 -p'(T) 0
A = ,
0 -p'(T) N, -p"™(T)
_p'(’r) 0 -p™(T) N, 3
T=t,-4

If Mij(T) is the cofactor of the 1ij element of A then Steinberg,

et al., [22], have obtained

2 2 1/2
5 > T [M3,(m)-M3 (M)
EN =EN+-—2—S‘ (T-T) 5373
 “0 [1-p7(T)]
(2.4.1)
M, (T) M, (T)
1+[M2 7341\/12 T Ztan—I[MZ T 3312 'r]l/2 -
3'3( )- 3'4( )] 3'3( )-2 3'4( )

The last expression is quite suitable for machine computation.
The following theorem, Cramer and Leadbetter [3, p. 209],

gives a sufficient condition for the finiteness of the second moment

ENZ.

Theorem: If, for some § > 0,

dT < , (2. 4. 2)

5 N ,+p"(T)
§

0
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where )\2 is the second spectral moment and p(T) is the covari-

2
ance function of the process X(t), then the second moment EN is

finite,

2.5. Shot Noise Signals Through Linear Systems

Throughout the last four sections of this chapter we have con-
sidered the zero crossings of a stationary Gaussian process and some
of the related random variables. Direct engineering applications of
these ideas occur in connection with electronics equipment which is
designed to measure frequency by averaging the number of zero cross-
ings in a short time interval. The study of the zero crossings statis-
tics provides additional information which, with the power spectrum
or the autocorrelation function, characterizes a particular random
noise. The firting of missiles from a rolling vessel and rocket guid-
ance systems aﬁxie two of the many areas of interest in these matters.

In this section we shall discuss a physical example that moti-
vates the study of a stationary Gaussian process. Suppose that the in-
put to a linear system consists of a large number n of impulses oc-
curring at random times and with random amplitudes. Physical ex-
amples are random gusts on airplane surfaces, or random disturb-
ances in a vacuum tube circuit, leading to output voltage fluctuations
known as the shot effect. Let h(t) be the weighting function of the

system; by definition, h(t) measures the response of the system to
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a unit impulse function t time-units after the impulse occurs. For
physical realizability h(t) = 0 for ’t < 0.

Let us assume that the various impulses occur at randomly oc-
curring points on the time axis, and these successive events are in-
dependent. When )\, the number of impulses per second, is small
each impulse stands out as separate entity. As \ increases the ef-
fects of individual impulses overlap. The former situation is called
impulse noise, the latter situation is called thermal noise or random
noise, and is the limiting form to which much noise approximates
when there is a superposition of large numbers of small effects.

For fixed i let A(ti) be the set of possible amplitudes oc-
curring at time ti' Assume that A(ti) form a set of mutually in-
dependent random variables with common mean and mean square val-
ues that are independent of the times ti' Then for arbitrary i
and ti’

EA(t,) =a, (2.5.1)

and
, 2
; ! a
EA(ti)A(tk) = (2.5.2)
The input random process is expressed by Y(t) and a realization is
given ‘by

n
Y(t) = ZA(ti)f)(t-ti), (2.5.3)

i=1
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where 6(t..ti) is an impulse function at t = ti' The output random
process in an interval (-T,T), after passing through a linear sys-

tem with weighting function h(t), is expressed by X(t) with

T 2\T
X(t) =5 Y(t)h(t-T )T = Z A(ti)h(t-ti), (2.5.4)
-T
i=1

since n = 2\T impulses will occur in (-T,T) if the average den-
sity of impulses is \.

The mean of the input is given by

2\T
i )
E) A(t)
E.YTY(t)dt o [ZXTEA(t;l) f‘
EY(t) = lim |[————| = lim |—o—]= lim ——-—---J:x'a',
st ol 2T | g LT 2T

(2.5.5)
where the average is taken before the limiting operationon T in
order to secure the existence of the limit. The same argument is
used in (2. 5. 6) and (2.5.7) below.

For (2.5.4) it follows that

SE AN .
EX(t) = lim [(2\Ta)—=—= h(t-T)dT] = \a h(t-T)dT. (2.5.6)
T ~—>o00 2T -T - 00

We note that EX(t) =0 forall t if a =0, as mightbe expected.
The power spectral density of the input is defined by Papoulis

(14, p. 343],
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[ AT .2
Ely Y(t)e at
-T

lim
T~00 L

Sy 27T

- (2.5.7)
2\T . .
N -jot,  -jwt

E Z At )A(t e 'e
i, k=1

k

lim

2nT

In agreement with much observed noise data we can assume that

a=0. With this hypothesis (2.5.7) may be written in the form

2 2
] 2\T a Xa
SY(m) = lim T T . (2.5. 8)

T —»o0

Thus SY(m) is a constant, which implies that the ihput random pro-
cess has the characteristics of a white noise source,

Corresponding to SY(w) the input autocorrelation function is

py(M =% a%s(T), (2.5.9)

where §(T) is the usual unit impulse function at T = 0. The cor-
responding output spectral density is given by Wozencraft and Jacobs

(28],

—t—

S

- IH(jm)Iz, (2.5.10)

Sx(w) =

where H(jw) 1is the frequency response function of the linear system,
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defined by

H (jw) =5 h(t)e I@tqs, (2.5.11)
0

For a stationary process the input-output autocorrelation functions

are related by

o0 o0
Py (T) = 5‘ 5‘ h(a)h(B)p (T +a-P)dadp (2.5.12)
0 0
(see Wozencraft and Jacobs [28, Eq. (3.108)]). Here h(t) =0 for
t< 0, for physical realizability. Substituting from (2. 5. 9) into
(2.5.12) we arrive at
"_2 o0
pX(T) =\a 51 h(a)h(a+T)da. (2.5.13)
0

Let us now consider the output of a low-pass filter with weight-

ing function of the form

ht) = (2. 5. 14)

where < and c, are positive constants, c, > cl. Liet the in-

put to the filter be a large number of impulses occurring at random

times with finite density N\ and with random independent amplitudes



of finite mean square pulse strength a2, From (2. 5. 13) and
(2. 5. 14) we obtain the covariance function of the output,
© -c,a -c,a -cl(a+’l') -cz(o.+’l')
[e * -e " ]e

-e ]da,
0

27

(2.5.15)

c.-cC —CIITI c.-C -CZITI
2¢_(c.+c.) € b ZCZ(CI+CZ) ¢
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III. ZERO-CROSSINGS OF A STATIONARY GAUSSIAN PROCESS

3.1. Preliminary Remarks

Throughout this chapter we shall consider and derive some
probabilities of interest in connection with real valued stationary

Gaussian processes, zero mean and covariance function
"I'2 a 3 4
p(’T):l-'—z—+z|T| +O(T). (3.1.1)

First we have the definition employed by Slepian [21].

Definition; The continuous covariance function r(T) is said

to be of class a if, as T approaches zero,

a
r(T) =1 - (—‘IJ-}LI) +o(|T|%, (3.1. 2)

and if r(T) is strictly monotone in some neighborhood, 0< T < ’To,

of the origin.

In Chapter II, p. 19, we proved that, for the Gaussian process

X(t),
Jim 21 zm] =, (3.1.3)
T—0 T

and that if )\2‘<. o then p"(0) exists and is equal to -)\,2. . The

covariance function (3. 1.1) satisfies the condition (3. 1. 2) for a = 2.
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Since

lim Zl-p@I
T—0 T
if p(T) is given by (3. 1.1) it follows from (3. 1. 3) that p"(0) = -1.
The covariance function given by (3. 1.1) has the first derivative
zero at the origin, and since p"(0) = -1 it is clear that p(T) is
strictly monotone in the neighborhood of the origin. So, p(T) given
by (3.1.1) is of class 2.

3.2, The Interval Between Successive Zero-Crossings of the
Process X(t)

One of the outstanding problems--still unsolved in its entirety--
in the mathematical theory of noise is the determination of the distri-
bution of the randomly varying intervals between axis crossings.

For Gaussian noise Rice[17, 18] has given an approximate re-
sult and has discussed the difficulties which irripede a more accurate
solution. The first exact solution for a very special case of the prob-
lem was obtained by Wong [27]. In what follows we shall study the
proéess considered by Wong [27], discuss some of the results obtained
by him and obtain some new results concerning prob;bilities of inter-
est,

Let I bea random variable denoting the interval between suc-

cessive zero-crossings of X(t). Let FI(t) = Prob[If_t] be the
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dF ()
dat

distribution function of I, and let fI(t) = be the corre-
sponding density function,

Wong [ 27) considered the real-valued stationary Gaussian pro-
cess -X(t), mean zero and covariance function
.-2/|'r|,/~/3]

p(m) = EX(ermx = 2 o TN L (3.2.1)

which is a special case of (3.1.1), a =4/N3. By using recent re-
sults in the theory of Brownian motion Wong [27] was able to obtain

the following exact expressions for distribution and density functions

respectively:
2,..3/2 / 2
FI(t) =1 - -2-3- {[1-21‘ ;t)] 'n'l[_i-+-12—r2(t), r(t)]+_2.__};_2£._(_£)_ K[r(t)]}
T U320 %(t) 3_2r°(t)
(3.2.2)
and A
2,,11/2 2, J1/2
£ = 22 (=2 () — E[x()]+ L2 () [K[r(t)Z]-E[r(t)]
[1-r7(@®))[1+ 2r7(t)] 3. 2r °(t) ro(t)
2,.43/2 '
+ 8[12—2r2(t)] > (ﬂl[-%r%rz(t),r(t)]-K[r(t)b . (3.2.3)
[3-2r (t)] [1+2r " (t)]
where

r(t):,\/—%(l-e_t/'\m). (3. 2. 4)

The three complete elliptic functions are defined as
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w/2
E(k) =§ J 1.2 sin? pdo,

0
n/2
d
K(k):§ e
0 '\/l-k sin ¢
w/2
de 2
m_ (v, k) :5 — k <1
’ 2 2 2 ’
1 0 (l+v sin ¢) N/l-k sin ¢

the first, second and third forms respectively.

It should be noted that (3. 2. 2) and (3. 2. 3) were obtained under
the condition X(0) = 0 in the horizontal window sense of Kac and
Slepian [8].

Remarks are now in order about the physical situation that gives
rise to the random process considered by Wong {27]. We will now
show that the covariance function given by (3. 2. 1) stems from the ex-
ample discussed in Section 2.5. That is, pass a random process
Y(t) --consisting of a large number of impulses occurring at random
times with random amplitudes A(t), such that EA(t) = a =0 and

a2 is independent of time--through a lowpass filter with response

function
h{t) = (3. 2.5)

where c_, ¢ are positive constants with c¢_ > <y We proved
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that the output random process X(t) has the covariance function of

(2.5.15), which may be written out as

)\? cz_ cl e"clltl e'czltl
p(t) = - . (3. 2. 6)
X 2 c2+ c1 c1 c2
For ¢, = 1/N3, c, = N3  and )\az = 2N3  this takes the form
- ITI/IN3 -2 N3
px(’r)=%e | IN[I-%e ITI/«/“]’ (3.2.7)

which may be regarded as the covariance function associated with out-
put of a lowpass filter with weighting function of the form (2. 5. 14),

pure noise input.

3.3, First Moment of the Interval I Between Successive Zeros

The expected value of the random variable I as given by

[¢.] [¢.]
E(@1) = tf_(t)dt = [1-F_(t)]dt
o o,
(3.3.1)

[-=+ K(r(t)]) dt.
0 3-2r2(t) 1" a2 3-2r2(t)

o0 2, .43/2 / 2
:_2_31_75‘ [1-2r"(t)] 1.3 -1—r2(t),r(t)]+2 1-2r°(t)

As it stands it is a difficult integral to evaluate. A simple approach
is to calculate the mean value of the random variable I; in Chapter

II we showed that the mean number of zero-crossings in time t of
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the process X(t) 1is given by

M(t) = E[C (0, t)] =% - p;((:)) ) (3. 3. 2)

For an X(t) with the covariance function of (3. 2. 1) the mean num-

ber of zero crossings in time t is
M(t) = E[CO(O, t)] = t; (3. 3.3)
Substitution into (1. 3.11) leads to
E(I) = m, (3. 3.4)

which, as indicated previously, holds for t>> 1. This result agrees
with that of Rice [19].

Equation (3. 3. 1) suggests that

2 0 2, 13/2 : / 2
%’—5 U-ze O o p 2%, r @)+ 22 O k)Y a
0 3-2r (t) 3-2r (t)

(3. 3.5)
Rainal [16], established by numerical analysis that this is indeed the

case.

3.4. Zero-Crossings as a Stationary Point Process

In Chapter I we defined and studied the stationary point process.

We now apply the theory of stationary point processes to the zero-
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crossings of the Gaussian process X(t). To do that we have to show
that the zero-crossings of X(t) form a stationary point process in
the sense of the definition of Chapter I.

Since X(t) 1is a stationary Gaussian process it follows that
X(t) is also strictly stationary (Wozencraft and Jacobs [28, p. 184]).
That is, all joint density functions are invariant to any translation in
time origin. Hence, the instants at which X(t) crosses the time
axis form a stationary point process in the sense of the definition of
Chapter I

The interpretation of the zero-crossings in terms of the station-
ary point process is sometimes very convenient. In this section we
make the identification and obtain some useful results. In practice
the random sequence W, Ll’ LZ’ ... is the one observed, rather
than the random sequence Il’ 12, ... , which has been considered so
far. For that reason it is of statistical and practical importance to
obtain some probabilities of interest with respect to the former ran-
dom sequence,

We proved in Chapter I that the density function of the forward

recurrence time W is related to the distribution function of the

random variable I by the relation

RI(t) l-FI(t)

O =50 =D
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Using (3. 2. 2) and (3. 3. 4) we arrive at

2N1-2:%(t)

3.2r°(t)

3 [1-2r2(t)]3/2
2n 3-2: %)

wl[-%+—;-r2(t),r(t)] +

fw(t) = K[r ()]

(3.4.1)
The probability Q(t) that a random process does not cross
the zero axis in a given time interval of length t has important ap-
plications in communication theory. In a recent paper Strakhov and
Kurz [23] obtained a family of upper bounds on Q(t). However, they
found that only one member of the family provides useful results in

the case of a stationary Gaussian process X(t). In particular,

Q(t) < q,,
where

1
q2 = ‘S‘ 1z(t)dFZ(t)
and

t
1
z(t) == | sgn [X(T)}dT.
t‘go

Fz(t) is the cumulative distribution function associated with thé ran-
dom variable z(t).

In what follows we shall obtain an exact expression for the
probability that X() does not cross the zero-axis in a time inter-
val t.

The probability of no zeros in.time t following an arbitrary
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zero-crossing can be obtained in an exact form, using (3. 2. 2):

Prob[Nt(f):O] = Prob(I>t] =1 - FI(t)

(3.4.2)
2, .13/2 / 20y
ez O 3,12, ) 22 ) k)
T 3-2r(t) 3-2r"(t)

On the other hand, the probability that no zero-crossings will
occur in an interval of length t following an arbitrarily chosen

sample point is given by

Prob[Nt=0] Prob[W>t] =1 - F

t
l_yf (a)da,
o W

H

(t)

W
(3. 4. 3)

where fW(t) is given by (3.4, 1). The integral in the last equation
can not be obtained in a closed form for-all values of t, though it can
be obtained in an exact form--as we shall see in the next section--for
small values of -t.

Finally, we consider the probability P[T] that X{(t) be non-
negative for 0<t< T. This is of interest as a means of describing
the duration of the excursions of the process from its mean. From
its definition it is clear that P[T] is a nonincreasing function of T
which assumes the value one-half for T = 0.

Since Nt = 0 implies that either X({(t)> 0 or X(t)< 0 in

the interval of time duration T then
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P[ T] =% Prob[NT=O] = -;—[l-FW(T)] . (3. 4. 4)

3.5 Some Results for Small t

If welet p(t)dt be the probability that X(t) has at least one

zero in the interval (t, t+dt) then
1
t)y =—
p(t) = —
(see Slepian [20]). Thus, for small t,

t
Prob[Ntzl] = 5 p(a)da = t (3.5.1)

0 ™

This last result agrees with Korolyuk's theorem (see Leadbetter [10]).

Using (3.4.3) we have

Prob[Nt_>_1] = 1- Prob[Nt=O] =1- [l-FW(t)] = FW(t). (3. 5. g)
Comparing (3.5.1) and (3. 5. 2) we have, small t only,
F_(t) =—. (3.5.3)
w ™
Substituting into (3. 4. 4) we arrive at

PT] = 3(1-F, (1)] = 3[1-3], (3.5. 4)
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small t only.
Slepian [21] obtained several lower bounds for P[T]. In par-
ticular, he obtained for p(T), a nonnegative covariance function of

Class 2, the bound

1 T T

P[T]_>_ (3.5.5)
1,3 T T 3w
il3-3) 3 T< 5.

The value we obtained for P[T] in (3.5.4) agrees with (3.5.5)

for small t and gives the lower bound.
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IV. THE METHOD OF ENVELOPES

4.1. Preliminary Remarks

Suppose £(t) 1is a function of time which oscillates about an
arbitrary level; we may try to find a nonnegative function A(t)
which is easier to investigate, such that lg(t)l < A(t) for all t
and Ig(t)l = A{t) for some t. A function A(t) of that type may
be denoted as an envelope of §£(t). For example, if £(t) is of the
simple form

£(t) = C cos(wt+0)

it is clear that |§(t)| < C and thus we can define the envelope func-
tion as A(t) = C.

When the waveform is a realization of a stochastic process it is
not obvious how the envelope should be defined. Rice [17, 18], Buni-
movitch [1], Dugundji [5] and others have given precise mathematical
definitions for the envelope in such cases. In what follows wé shall
present these definitions and in‘ve.stigate the questibn of equivalence.

Rice's Definition. First we write the real waveform X(t) as

X(t) = ch cos(wnt+ Gn), (4.1.1)

n

then select a frequency q called the "midband frequency”. Using
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this selected frequency (4. 1. 1) can be written in the form

i

ch co s[(mn—q)t +O_+ qt]

n

X(t)

Ac cos qt - AS sin qt,

where

Al =ch cos[(mn_q)t+ en], A= zcn sm[(wn-q)t+ en].
n

n

The envelope A(t) is now defined to be

2.1/2

. (4. 1. 2)

A(t) = [Ac2+ A

Dugundji's Definition. If X(t) is a real waveform let %(t)

be its Hilbert transform. That is,

oo
%(t) =% 5 f_(;) da,
- 00

where the principal value of the integral is always used. Define the

"pre-envelope" function to be the complex valued function
A
X#(t) = X(t) + 1 X(t).

The envelope function A(t) is then defined by

A(t) = | X*(t)]. (4. 1. 3)
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Using the definition (4. 1. 3) Dugundji [5] proved that A(t) as defined

by (4. 1. 2) is ihdependent of the choice of the midband frequency and

that his definition of the envelope agrees with that of Rice [17, 18]
whenever the latter is applicable.

Zakai [31] has pointed out that Dugundji's results remain true
when the time averages are replaced by ensemble averages, regard-
less of ergodicity. The only requirement is that the process be wide
sense stationary.

Throughout this chapter we shall consider stationary Gaussian

processes of the form
X(t) = A(t) cos &(t), (4. 1. 4)

where the envelope A(t) and the phase angle &(t) are independent
random-variables. We can regard X(t) as the projecfion of Aft)
on f;hg: x-axis. The projection of A(t) on the y-axis at the same in-
stant of time, |-

Y(t) = A{t) sin 3(t) (4.1.5)

is the Hilbert transform of X(t), as given by the definite integral.
Dugundji [5] has established that X(t) and Y(t) have the same
distribution, the same correlation function p(T), the same spectral

density function S{w), and they are uncorrelated. That is,

px(T) = Py (T) = p(T), (4. 1. 6)
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and

r(0)= (0) = 0. (4. 1. 7)

Pxy

Without loss of generality we can consider X(t) to have zero mean

2
d i =1.
and variance O'X 1

4. 2. Distribution Densities of the Envelope and the Phase

The probability that A(t) lies between a and a +da is

given by

Prob(a< A<a+da) = S"S‘f(x, y)dxdy, (4. 2. 1)

2 .2
a<x +y <a+da

where f(x,y) isthe joint distribution function of X(t) and Y(t).

That is

f(X,Y)='ZlT;e , -0<x<ow, -0<y<oco (4. 2. 2)

Actually f£(x,y) should be written fx Y(x, y), but for simplicity
of notation we dropped the subscripts and we shall continue doing so

throughout this chapter. A .change to polar coordinates leads to the

Rayleigh distribution,

a2/2
fa)=a e , 0<a<oo. (4. 2. 3)
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The phase angle &(t) is uniformly distributed over the interval
[0, 2w]; that is,

£(0) =31-E’ 0< ¢< 2m. (4. 2. 4)

4.3. Second Order Densities of the Envelope and the Phase

The system of random variables

»
I

Xt), X X(t+T),

2
(4.3.1)

=
i

Y (t), Y

u

2 Y(t+T),

is by assumption a system of Gaussian variables with zero mean,
hence the four dimensional density function f(xl, X5 ¥y yz) is

uniquely determined by the covariance matrix

1 p(T) 0 r(m
\ p(T) -1 -r(T) 0
M = v , (4. 3. 2.)
0 -r(T) 1 p(T)
r(T) 0 p(T) 1
where we have used the fact that p(-T) = - p(T). The four dimen-

sional density function corresponding to the above covariance matrix

is given by

1 1

T
c),
(2m)*|M]|

1 -
f(xl,xz, ¥y yz) = 1/zexp (_ECM
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where IMI is the determinant of M,

and CT is the transpose of C. Hence

x2+x2+y2+y2

_ 1 1 2 1 2 _& r
£(x)%5,¥):,)= —55 expl- 2 o ey Vo 5 (xpyexay) )]

47 a 2a a a
(4. 3. 3)

where
2 2 2 2

o.:l-pZ(T)-r(T)=1-p-r. (4. 3. 4)

To obtain the four dimensional density function of the system of ran-

dom variables

A1 = Aft), A2 = A(t+T),
@1 = &(t), | @2 = (t+T)
we make the substitution
X, = a1 cos ¢, %, =a,cos 2%
Y, =2y sin e Yo ;= a, sin Ps

into (4. 3. 3), arriving at




45

2 2
a +a_ a a a a
_ 12 1 2, 12 - 12 .
f(al,az,sol,soz)— > ZGXP[— >t pCOS(so,Z-rle > rsln(sez-sol)],
4T a 2a a a
(4. 3.5)
O_<_ al,az,
or, using the notation,
Y = arctan; s
the density function takes on the form
a_a az+'a2 aa_ |
12 1 2 12 2
f(al,az,gol,goz) == exp[- s+t l-a cos(cpz-gol-y)],
4™ a 2a a
(4. 3. 6)
0< al, a,,

Integration with respect to 2, and ¢, over the 2m-square leads to

2
a+a
a,a,exp(- 2 ) on 2m a3, >
f(a_,a,) = § § exp [ N1-a"cos(pr¢-y)lde de
1’2 2 2 '] 1 "2
2 2 0 0 a
4T a
a_a a2+a2 a_a
1 2 1 2 1 2 2
= —5— exp (- 5 )Io[ 5 N1-a7], (4. 3.7)
a 2a a

where

is the Bessel function of the first kind of order zero. Expression



Integration of (4. 3. 6) with respect to 2, and 'az leads to

|

|

|

|

|

(4. 3. 7) was first obtained by Rice [17, 18].
‘ 0 0

| = d d

| 0 v

|

2
2a

00 00 a2+a2
1 ‘S‘ 5 a.a_ exp [ 1 2
2 2 2 -
4t a 0 0 1

2122

+
a

With the help of the transformation

0/2 -0/2
alzo,ze , az:o. zZ €

?

(4. 3. 8) may be written as

s

2 00 z\/l-o.zco-sr(cp -, -Y) [, po
. a 2 "1 1
f(<01,<02)="—2§ z e | —f

47 70

and since

00
KO(Z) =S‘ o~ Z cosh G.de’ z> 0,
0

is the modified Bessel function of the second kind (see Watson [ 24,

p. 182} ) we can write

N l—o.zcos (goz_gol-y)

0.2 00 z
o), ;) =;35; z e K (z)dz.

2
——N1-a cos (goz_gol-y)]daldaz. (4. 3.

46

8)
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This in turn can be evaluated (see Watson [24, p. 410]) to yield the

desired end result

™ .
QZ 1 —i+arcs1nﬁ :
fle., ¢,) == +B 4. 3.9)
el 2 1-62 (1-62)3/2

where

2
B =N l-a cos (cpz-qol-y), (4. 3.10)

a relation obtained by MacDonald [12].

4.4. The Density Functions of the Time Derivatives of the Phase
Angle and of the Envelope

We shall assume that the envelope function and the phase angle
are differentiable or, equivalently, that the original random process
X(t) 1is differentiable. The time derivative of the phase &(t) is,

by definition,

B(t+T)-B(t)

B(t) = lim T

T—0
To determine the density function of &(t) we pass from the density
(4. 3. 9) of the system of random variables @1 = ®(t) and §2= B(t+T)
to the density function of the system or random variables
QZ-QI
and & , then integrate the expression obtained with respect

T 1

to all possible values of @1 and, finally, pass to the limit as T —0.
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Carrying out the procedure described we arrive at

2 I 4 arcsin 6]

a T 1 2
2)3/2 ’

£(p) = lim S— | —— + B (4.4.1)

2
T—0 7 1-B (1-p

a result obtained by Bunimovitch [1]. As T— 0, a —~ 0, ¢, ¢

and y— 0, so B, as defined by (4.3.10) tends to unity and the
expression on the right side of (4. 4. 1) becomes indeterminant. To
resolve this difficulty we expand 0.2, B, arcsin p and (1-(32) in

powers of T, then allow T— 0. Taking into account that

p(0)=1, r(0)=0, p(0)=0

‘and that p(0) exists, a fact which is implied by the assumption that

X(t) is differentiable, we get

ol = . [';S(O)+i'2(0)]’l'2, (4. 4. 2)
8% = 1 —[p-1(0)]°T% - [p(0)+ +2(0)IT°, (4. 4. 3)
1 - pz = [¢.£~(0)]2'r2 - [';;(0)+£~2(0)]'rz. (4. 4. 4)

Substituting the last three ekpressions into (4. 4. 2) and taking the limit
we get

_p(0)-7%(0)

> > (4. 4. 5)
2{[¢-1(0))"+[-p(0)-77(0)]}

£(p) =

3/2

By assumption p(0) exists, so by the theorem of Chapter II,
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B(0) = -,

where )\2 is the second spectral moment. Also, since

©
r(T) :‘Sﬂ Sx(w) sin wTdw
-0

we have

[+e]
r(0) =§ w Sy lw)de =\

-00

X

Thus the quantities p(0) and 1(0), determining the form of the
density f(¢), are uniquely determined by the spectral density Sx(m)
of the original random process X(t). Eqguation (4. 4. 5) may now be

written in the form

2
MM
(p) = (4. 4. 6)
] 2 2..3/2
20(g-x )+ 0,1 ]
The difference
2 2
A :)\2-)\1 (4.4.7)
occurring in (4. 4. 6) may be represented as
2 ° 2
)\2 ~ 7\1 :S (m—)\l) SX(w)dw, (4. 4. 8)

-c0

so may be considered as the "mean width of the spectrum?™".

Formula (4. 4. 6) shows that the £(¢) is symmetric about the
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value ¢ =\ and not about the origin. Accordingly the probability

1
of increase of the phase, Prob(¢>0), is not equal to the probability

of its decrease, Prob(¢<0), where

00 ) N N
1 2 1
Prob(p>0) = = dé
2‘8; [(¢-x1)2+(x2-x12)]3/2
N
1 1
='Z(1+'\7)T2- ),
and . . 2 (4. 4. 9)
. 1 2771 ]
Prob(e< 0) = —-S 2.3/2 d¢
-0 [(@-N )+ 0 -1 )]
1, _}l_l_ (4. 4. 10)
T2 '-:,\/)\‘2

To calculate the density function of the time derivative of the

envelope function we consider the mean value theorem in the form
az(t+'T) = al(t) + Tél(t).' (4. 4.11)

Equation (4. 3. 7) can be written in the form

f(al,az)
a_(a +Ta_ ) 2a2+2aé’r+éz’r2 a_(a +Ta ) —
171 L exp | 1 171 1 ) [ 1771 1 Jl 2]
= ‘ xp (- 2 > o > -a ].
@ @ @ (4. 4.12)

To obtain the joint dens.ity function f(al, él) of the envelope and of
its time derivative we have to multiply f(al, az) by T and then let

T~ 0, as in the derivations of (4. 3. 13). That is,
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f
(al’al)
Ta_ (a +Ta ) 2a2+2 é’r+522 a . (a +Ta) 2
. 1917 %) 174 % Ty 1#177 2 12,
= lim > exp (- 5 )Io[ >
T—0 a 2a a

(4. 4.13)
2 2
As T— 0, a tends to zeroas T so the argument of the Bessel
function increases without limit. For large values of x the asymp-
totic representation of Io(x) is in the form

X
€

Nemx '’

I (x) = (4. 4. 14)

where the error decreases as x increases (see Whittaker and Wat-
son (25, p. 373]).

Equation (4. 4. 13) can now be written in the form

. 2 . .2 2
f(a, ) = lim Ta(a+Ta) exp (- 2a +2aaT+a 'T.) exp (a(a+;ra)\/1~a2)
a

T—0 o.2 20.2
= S , (4. 4. 15)
'\/Z'n-(l-a )a(a+Ta)
where the subscript is omitted from a, and 'al. Since p(0) = -)\2
and r(0) = N the limiting procedure yields
2 : .2 2
f(a,a) = ae™ re _1 e /24 (4. 4. 16)

,\/z'n' A ’

where A is defined by (4. 4. 8). Since the density function of the
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amplitude is given by

2
fla) =ae ™ /2, a> o, (4. 4.17)

expression (4. 4. 16) may be written in the form

f(a, a) = f(2){(@) ,

where

L2, 2
£(3) =~ €2 /28 o< a< w (4. 4. 18)
NZT A r ’

is the density function of the time derivative of the amplitude A(t).

4. 5. Density Distribution of the Interval Between Successive Zero-

Crossings of a Narrow Band Stationary Gaussian Process

The random functions occurring in applications are never nar-
row baﬁd since it is impossible to point out a range of frequencies
outside of which SX(w) = 0. However, if the spectral density has a
sharp maximum the spectrum can be considered as approximately
narrow band.

The density function fI(t) of the random interval 1 between
successive zero-crossings can only be determined for a special case,
as we saw in Chapter III. However, it is easy to obtain an approxi-
mate result in the case of narrow band noise.

1

If X(t) is a narrow band stationary Gaussian process and \

is the average frequency of the energy spectrum of the process, then
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X(t) can be written in the form (see Bunimovitch [2])
X(t) = A(t) cos &(t) = A(t) cos [xltm(t)], (4.5.1)

where A(t) and &(t) are functions which vary slowly relative to
cos xlt. The random function §(t) varies slowly over one period
of time and, consequently, beginning with an arbitrary instant of

time in (4.5.1), we have for the determination of the time T during

which the phase changes by 2w,

A\ T + QT = 2m. (4.5.2)

That is,

2m
o
)\1 Q

T =

For the interval of time I during which X(t) is above (below) the

zero level we can write the approximation

I= (4. 5. 3)

Ir._= _
2‘x1+§z’

O E]

Thus the density function of the random variable I is given by

£1(t) =;‘i2f(¢) N

17 t

Substituting for f£(¢) from (4. 4. 6) we have

2
TA

ﬂ(%-xl)2+A

f(t) =

I 2]3/

2
where A is given by (4. 4. 7).
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V. THE INTERVAL BETWEEN ZERO-CROSSINGS OF A
STATIONARY GAUSSIAN PROCESS

5.1. Preliminary Remarks

In the present chapter we shall consider stationary Gaussian
processes, first considering an arbitrary random process.

The determination of the distribution function, FI(t), of the
random interval, I, between successive zero-crossings of X(t)
is difficult to obtain in a closed form, as we mentioned in Section
3.2.

Approximate expressions, as well as upper and lower bounds
for FI(t), have been obtained by Rice [17, 18], McFadden [13a,13b],
Slepian [21, Zla], Longuet-Higgins [11a, 11b] and Strakhov and Kurtz
[23], among others.

We shall discuss here some of the difficulties that impede the
obtaining of a closed expression for FI(t). Also, we shall obtain a
series expansion for FI(t) in terms of multiple integrals. The
multiple integrals involved in obtaining the first, second and third
order information were discussed by Kac [7a], Cramé€Tr [2a], Kamat
[8a] and Nabeya [13c]. Finally, we shall discuss in some detail the
fourth order information and show that the four-variate integral in-
volved can be reduced to a double integral, much easier for numerical

computations.
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5.2. The Probability of No Zero-Crossings in a Given Time Interval

Let Q(T) be the probability that a random process X(t) does
not cross the zero axis in a given time interval (to, to+T ). Con-

sider a A -partition of the (to, to+T) segment by the points.

and let

Let us introduce the random variables e defined as follows:

o
"

; 1 if at least one zero of X(t) occurs in (ti L ti]’

o
1]

0 if no zeros of X(t) occur in (ti l’ti]'

Thus

=qn(ti ,ti R )Ai A, ... A, (5.2.1)

is the probability that X(t) has at least one zero in each of the in-
tervals (t. ,t, +A, ),...,(t, ,t. +A, ). Since the events e, =1
i’ i i’ i i
1 1 k 'k k
and e = 0, (i=1,2,...,n) are mutually exclusive the total reliable

event expressed, such that the value of e is not indicated, is given

by
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Prob [elz 0,...,e, =0,e=1le = 1, ,e = 1]
+ Prob [ei= 0,...,e ;=0,e=0.€ = 1, ,e = 1]
= Prob [e1= 0,...,e ;=0e =1, L€ = 1] (5.2.2)
Thus
Prob [elz 0, . e = 0, €= 0, € 1" 1,. ..,en:1]
= Prob [e1= 0,...,e, ;=0,e =1...,e-= 1]
- Prob [elz 0,...,e, =0e-=1le, = 1, ,€ = 1]
(5. 2. 3)

To obtain an expression for Prob [e1: 0,...,e = 0], in which only
probabilities of the form of (5. 2. 1) will appear we use the formula
(5.2.3) n times on  Prob [elz 0,..., e = 0]. This expression is
the sum of Zn terms in which each e (i=1,2,...,n) either does

not appear or is equal to one. Each Prob [e. =1,e. =1,e, =1,...,
. i i, i

e, =1] (0<i,<i,< ... <1i <n) is encountered only once and its
1k 1 2 k —

sign is determined by k. That is

Prob[e =0,...,e =0] =1 - ZProb (e. = 1)+ZProb(e, =l,e, =1)
1 n i i i
i i<i 1 2
1 1 2
+ ( l)nProb (e.=1 e =1)
- e e - 1*’ LI | n—
(5. 2. 4)

By definition
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Q(T) = lim Prob [e1: 0,...,e = 0] (5.2.5)
max(Al,..., An)'—’O

We now show that

i Cf T T
Q(T) = Z—’ET—- S S qk(tl,...,t )dtl...dtk (5.2.6)
k=0 0 0

by following a method used by Hilbert [5d, p. 8] to prove a formula
similar to (5. 2. 6) given by Fredholm.

From (5. 2. 4) and (5. 2. 6)

Prob [e1= 0,...,e = 0]

1- qu(t.1 )A.11 + 2 qz(t.1 ,t.1 )Ai Ai -

: 1 <
1 151

1

—
[§Y)
—
[§Y)

n
+ (-1) qn(tl, .. .,tn)Al.. . A

n
:l'dl,n+d2,n' .+(-1)dn, (5.2.7)
where
n
d = Z q(t , ,t. )A. A
k,n = ki Kk 1 'k
1SS g
n
- L Z g, (t, ,t t. JA, A A
- 1 ) 93 c e L, . PR
k. ‘ _lkll 12 1k 11 12 1k
11,12,. ,1, =

k (5.2.8)
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Denote

L T T
5k:ﬁ§0...5; R L L (5.2.9)

Since qk(tl, R # as defined by (5. 2. 1) is a density function and

k)

thus is Riemann integrable,

1,2,...) (5.2.10)

lim d, =6 (k
n

lim (l-d +:|:dn n),:‘1-;61+62-..~.

?

The infinite series

1-61+62—63+...

is convergent, since the integral of qk(tl, e, tk) over the k-
dimensional cube is always less than or equal to unity for all positive
integers k.

Thus given a positive ¢ there exists a positive integer N

such that for n> N

€

5.2.11
3 ( )

[(1-61+. coEb ) - (1264 ..:t‘é.hﬁ)l <

and

€
lo(T) - (l_dl’N+...:l:dN’N)| <3
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is Cauchy, thus there exists

F k th @ 7
or every e sequence K, n}nzl

a positive integer M such that for m > M

1 1

€

- R - - ... E -
[(L-dy ol ) - (Qedy gyt 2 ) <5
(5.2.12)
Also because of (5. 2.10) there exists a positive integer M2 such
that for m > M2
3
- c e - - P < =
“1 dl,N+m+ idN,N+m) (1 61+ ()N)| 6
From the last two inequalities we have
€
1-d - - (1- . < =
l( 1,N+ dN,N) ( 61+ E)N)| 3

The inequalities (5. 2. 11), (5.2.12) and (5. 2. 13) complete the proof.
By generalizing an expression given by Rice [17, 18] for the

probability that X(t) has a downcrossing (tl, t1+dt1) and an up-

crossing in (tz, t2+dt2) (see also McFadden [13b]) qn(tl, tZ,..., tn)

can be written in the form

0 )
= L, Orx L ! .dx !
qn(tl,...,tn) S'w...yoo |x1...xn|f(0,. s O’Xl’ ;X )dx1 x
- - (5.2.14)

where f(xl, Cea X xl', e, xn’) is the joint probability density func-

tion of the 2n random variable

X, =X(t), X!'-= dX(t) i=1

i i i dt 't:ti’

PR Y
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The distribution function FI(t) of the interval between suc-

cessive zero-crossings is related to Q{Q(t) by

FI(t) = Prob(I<t)=1 - Prob(I>t) =1 - Q(t). (5.2.15)

Thus the density function fI(t) - of the random variable I 1is given

by

Q(t) . (5.2.16)

Rice's formula ([17, 18] 3-4.11) can be obtained from (5. 2. 6) by dif-
ferentiating with respect to T. He also took as an approximation

for fI(T)

£(T) = q,(T)

when T = t2 - t1 is "small. "

Expression (5. 2.8) for Q(T) was obtained for an arbitrary

t )

random process. Q(T) can be obtained if we compute qn(tl’tz""’ N

for all positive integers n. As we shall see in the next section,
qn(tl, Ce, tn) can only be expressed in terms of elementary func-
tions for n< 3 when X(t) is a stationary Gaussian process.
Also, if we require that X(0) = 0 in the horizontal window sense

(see Kac and Slepian [8]) this would complicate some probabilities of

)., X(t )

interest. In this case the random variables X(tl), X(t2 n
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are no longer jointly Gaussian and their joint density is given by

00
Z'rrS. dx"x'lf(x', 0, e STERRE xn),

-00

where f(x!', X Xpoees xn) is a Gaussian joint density of the uncon-

ditioned random variables X'(0), X(0), X(tl), ey X(tn).

5.3. The Density Function qn(tl,...,tn) for a Stationary Gaussian
Process

Throughout the rest of this chapter we shall consider X(t) to

be a stationary Gaussian process with covariance function
EX(t)X(t+T) = p(T) = Py (5.3.1)

The covariance matrix of the 2n random variables Xi and X;

(i=12,...,n) is given by

~ ' -
P11 P1n P11 Pln
1 1
R = Pa1 "*" Pan Pn1 " Pon (5.3.2)
1 T _aM "
P11 PinP11 Pln
1 al  _at _p"
| “Phl “* “Pon pnl pnn

where

Py T p(ti-tj).
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The covariance matrix R can be written in the partioned

o« s o

form
R R
11 12
R = ,
R
RZI 22
where
[ |
P11 Pln P11
R = . . =
11 . . ! RIZ .
P cre P P!
_nl « nn B nl
’__ u
P11
R21 = -RIZ’ and R22 =
n
“Ph1
For a Gaussian process it is known that
f(X X x! x! ) = 1 /2
1’7" "n” 7Y T n 1
(2m) lRl
T .
where vy is the transpose of
3 T
]
X
y = n
= , ,
*1
o
n
R_:l is the inverse of R and IRI

(5. 3. 3)

t
pln

nn

f

_pln

"
nn

1 T,-1
exp [- 5y R y]

(5. 3. 4)

is the determinant of R.
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Substituting from (5. 3. 4) into (5. 2. 9) we get

T -1
q {t,....,t )= S‘ S. x' |exp[ R__Z'ldx!...dx'
n'1 n 1/2 22 1 n
(2m" |R|
(5.3.5)
where
Z'Tz(x',. , x')
1
Let us denote the inverse matrixof R by S= R™1.  The
matrix S, partitiohed in the same manner as R, can be written
in the form
S11 SlZ
S = , (5.3.6)
SZl SZZ
Denote Sé; =M = [pij]. By using a result on compound matrices
(see [5a, p. 21]) we have
2n 1 2 ... n
s n+tl n+2 ... 2n\ _ (-1) R(l 2 ... n)
ntl n+2 ... 2n/ R 1 2 ... Zn) ’
1 2 ... 2n
or equivalently,
R
s g2 Bl
22" 7 IRI

That is,
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H
X!),

The matrix M = [pij] is the covariance matrix of (X'l,X'Z,...,

giventhat X =X_ =... =Xn= 0. For, if f(x'l,x

H
1 > ...,xn|x1,...,xn)

'3
2

denotes the conditional probability density of (Xi, RN Xt'l) for

given values of (Xl, e Xn)’ we have
1 1
e e . )_f(xl,...,xn,xl,.,.,xn)
| RO L f(xl,...,xn) ?
where
1 1 _T_-1
f(xl,...,xn)— v 7z exp [-ZZ RIIZ]’
(2m) "“|R. |
11
and
T
Z = (x,, » X )

Thus when ,X,1 =0 (i=1,2,...,n) we have, by using (5. 3. 4)

and (5.3.7),

1

 2m™? M|

exp |- %Z'TM‘IZ'],
(5. 3. 8)

f(xy .. .,x1[0,0,...,0)

1 172

By substituting from (5. 3. 4) y = Z' which is a generalization of the
two dimensional case given by Cramér ([2a, p. 15]).

The expression on the right hand side of the last equation is
recognized as the Gaussian density function, G(Z',M) of the ran-

dom wvariables X!

TERRY Xt with covariance matrix M = [p.ij].

Using (5. 3. 8) Equation (5. 3.5) can be written in the form
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' %) %)
1
q (t,...t )= S'S‘ |x!...x! |G(Z', M)dx!... dx' .
n'l n n/2 1/2 1 n 1 n
Ry e (5.3.9)
Let
P.. x!
_ ij -1
Yij ~ ( 172 and &, = IRE
Hii%5 Hij

so that N = [Vij] is the covariance matrix of the new random vari-
ables §.1, (i=1,2,...,n)

Equation (5. 3. 9) is now written in the form

by Moo
o) < 1,2 S flg & |G(E N)E .. dE_

(5.3.10)

Thus the problem is reduced to evaluating integrals of the form

=S S lgl,..gnla(g,N)dgl...dgn, (5.3.11)

where G(£,N) is the joint Gaussian density function of §1,§2,...,§n

with covariance matrix N = [v ij].

5.4. First, Second and Third Order Information

For n=1,

2
w -£7/2
e 2
=§_w|g|7;)172- at = [2. (5.4.1)



Equation (5. 3.10) gives for n =1

-p('; 1/2 1 pg 1/2
a9, =(21rpo ) T = TE(' I

This result was first obtained by Kac [7a].

For n=2

1,2, .2
% exp -3 (6+8,-2v,,6,5,)
Jff S"'glgzI 2 1/2

dg dt, -
)

-00 2'n'(1-v12

The double integral on the first quadrant is

® exp —%(gf+§§_2v12§1g2)
5‘ yglgz

, dg d§
1/2
0 2n(1-v2 )Y 172
1 1/2 -1
= 2Tr[(l-vlz) +v,, cos (_vlz)]
-1
If we replace Vi, by Vi P by w-¢ (where ¢ = cos

we obtain corresponding expressions for, say

5mj.og , exp -%(gf+g§+zvlzglgz)
0 %o 172 Z'rr(l-vfz)ll2

at, ¢,

66

(5.4.2)

vlz)’

which is the double integral on the third quadrant of the (gl, 5;2)

plane. On adding these expressions we have, finally,
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4
J, = cosec2¢[1+(£- p)cot @]
2 p(l V2 }/2 2
“V12
4 2 T 1 Y12
. —— 14 (X - —_—
rn(l. 2 9/2( vig)| 1+ (Z+cos "12)(1 z
“v12 V12
: 2 i, - -1
:-— 1- I i . 4.
[( v v12(2+cos vlz)] (5. 4. 3)

Substituting in (5, 3. 10) for n =2 we have

(TR )12
BRasLry 2 1P 1 1
qlt).t)) = 222 9/2[(1'“12) tvyplzteos v,
T o P12 (5. 4. 4)

This expression for qz(tl, t agrees with that of Rice ([17, 18]

2)
Equation 3. 4-10), See also Cramer and Leadbetter [3, p. 212].

For n =3 the q3(t1 t t3) can be obtained by using some

2’
integrals calculated by Nabeya [13c] and Kamat [8a], which give

«Sﬁ X § £6,£,G(£, N)dg dg dE,

~C0 .00 _00

2.3/2 172 -1 =1
_("n_) [|N| + ( 23 )sm v23.1+( +v23v21)s1n Vil.2

) sin" v ] (5. 4. 5)

+(v12+v 12.31

31Y32

where vij- K are the partial correlation coefficients defined as

V..~-V., .V, .
vi'- k = lJ M kJ ’ i: j’ k
) [(1- (- v )]

1

1,2, 3. (5. 4. 6)

Substituting from (5. 4. 5) into (5, 3. 10) for n = 3 we have
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() b, o1
_ 232 'F11" 23733 1/2 Z 1
q3(t)atpt3) = () 72| 1/2|]N| (o3 9sin 23-1J

T (21)

( )1/2
Byt atss

3
|

11

and the significance of the Z is outlined in (5. 4. 5).

5.5. The Four-Variate Case

} 1/2 . =1
|1/2 I]Nl + Z(v23+v12v13)sm v23_;l

(5.4.7)

For the four-variate Gaussian distribution the contribution

from the positive orthant is given by

JA(LO) 22 ‘S‘S‘S‘ £182858 exP("l—[ 2 %585 98,96,98548 )
Lj=1

(2w )|N|

where vii =1, 1i=1,2,3,4.

The transformation

X. —_— 35

carries (5.5.1) into

7/2
J(O) - 4|N| p
4 “2 4

where

(5.5.1)

(5.5.2)
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0 4
P4 = S:S‘S.S.xlxzx?)x‘]t exp (- 2 vijxixj dxldxzdx3dx4) | (5.5.3)
0 i,j=1
Thus
0 4
1
J4 = S:S:SK X XX X, €xp (— —I——l‘z N Z vijxixj dxldxzdx3dx4>
~00 i,j:l
5
7/2
_8IN| (1)
- > 2 p4 , (5.5.4)
v i=1
where P‘](tl), i=1,2,...,5, are obtained from (5.5. 3) with the

E}l) taken in accordance with the

signs of (:l:vij), i#j, ineach P

following sign pattern:

YoViz i3 Ve Vs Vaa Vs

1+ + + + + +

2 * - * - - (5.5.5)
3+ - + - + -

4 - + + - - +

5 - - - + + +

The quadruple integral P as given by (5. 5. 3), can be ob-

4’
tained by differentiation with respect to vij from the following

four-variate integral

4

0
F4 = S:S:S'S‘ exp(- 2 vijxixj dxldxzdx3dx4). (5.5.6)
0

i,j=1
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For instance,

2
o F
Pil):ia 34 (5.5.7)
Y12%734
The four-variate integrals Pil), i=1,2,...,5, are obtained

essentially by the same differentiation, the difference being merely
in the insertion of the appropriate signs of (& vij)’ i) in

accordance with (5. 5. 5).

5.6. A Reduction Formula for F4

The four-variate integral F4 is a well-known integral in
probability theory. Gupta [56, par. 6] gave an excellent survey of

the attempts that had been made to evaluate F4 and pointed out

that it cannot be obtained in closed form.

In this section we shall show that the four-variate integral F4

can be reduced to a double integral. The transformation

T
xl-rcos 91 cos ezcos 93, 039152,

=r cos O, cos O_ sin O 0< 0O <_1_r
%2 7 89y €O8 D, 1R Vs =¥

= r cos O, sin 6 0< 6 <_1_r
X3— [0} 1 1 2’ - 3_2’
x4=rsin91, 0<r <o,

carries (5.5. 6) inco
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/2,72 A0/2 0
y S‘ 5 exp[-r2(1+2v czczc s_+ 2v czc c.s
0 0 0 121 233 13712 3 2

F, =
4 §
0

+ 2 s c +2 2 s_s_+2 s +2 ]
V1461516,83F 2,301 €,8,851 2V, 8 €, 85+ 2v; ¢18,8,)

32
X r clczdrd91d92d93.

Integration with respect to r vyields

w/2

1 2 2 2 L2
F4 =3 S‘S‘ [1+2v12c1c2c3s3+ Zvl3C1C2C3SZ+ZVI4C1SIC2C3+ZVZ3C1CZSZS3
0

c.8.c,s_+2v

T 2v,,€181%285F 2V,

2 2
s c.c d91d92d93. (5.6.1)

1521 €,

The substitution t = tan 61 in (5.6.1) leads to

1 O /2 /2 5
F4 =—2-‘S; dtS; dGZ‘S; d93c2[(1+t )+ 2v12c2c3s3+2v13c2c3sz

-2
+ Zv1 4tc2c3+ ZVZ3CZSZS3+ 2v24tczs 3t 2v34ts 2] (5. 6.2)

The integration with respect to t is easily eavluated, giving

(o}
2 .
d
‘go <, t[1+2v12c2c3s3+2v13czszc3+2v23czszs3.

2.-2
+ 2t(v14c2c3+v24czs3+v34s2)+t ]

148 1 -1 148

= + tan -
(I+2a-B)1+a+P) 2U+2a~ﬁ2fy2 (1+2a-ﬁ2)”2
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B ! ion B
- = H
(1+420-p>)1+20) 2(1+2a-8%)? (1+2a- %) /2
(5. 6. 3)
where
=a(6,,0.)) = czc + c c_ + c s
= 8 3l = V500383 TV 3955,03 TV3C,5,8
(5. 6. 4)
= ﬁ<92"'93) T V14%2%3 TV24%,5%3 T V345,
Substituting (5. 6. 3) into (5. 6. 2) we finally have
w/2 w/2
Fe= .Y dezy d93<1:5ﬁ+ - Z.1/2 tan” ——P 2.1/2
0 0 2(142a-p) (14+2a-B")
p 1 -1 B
- - tan .
1
1420 14208512 (1+2a-p2) /2
(5. 6. 5)
Finally, from (5. 3.10) and (5. 6. 5),
1/2
(WP p M3t gy) m/2 /2 1
Aty tprtsnty) = 2 1z de, 6, ~ 2
(2w) |R11| 0 0 14+2a+p
1+p 1 -1 1+
X( + tan
1
l1+a+p 2<1+2a_ﬁ2)1/2 (1+2a-ﬁ2) /2
B | B )
- - tan
1+2a 21/2 2.1/2
2(14+2a-B) (1+2a-B) (5. 6. 6)

5. 7. Some Special Cases

If all

V..
1)

(i,j=1,...,4)

are all small Plackett {15a] gave the
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approximation
L1, 1 -1 -1 -1 -1
F,2-g+— [cos (-vlz)cos (-v34)+cos (_v13)COS (-v24)
4T
+cos'1(-v yeos™(-v_ )] (5.7.1)
14 2377’
and by (5. 5.7)
(i) . 1
P4 .-162[(1 > y 3 )]1/2 (5.7.2)
TR -V V3,
In this case
(1) . , 1 , :
P4 _16 2[(1 2)(1 2)‘]1/2, i=1],2,...,5.
TLE=v 2t "Vay
Substituting in (5. 5. 4)
7/2
J, = ’SINJ : s (5.7.3)
a2
" “V12/M7V3g
where
1 vVia 0 0
v 1 v 0
12 23 2 2
IN| = . 1 = (1-v34)(1-v12) -V (5.7.4)
Y23 V34
0 0 v34 1

For the covariance matrix N to be positive definite

2 2 2
(1-v34)(1-v12) > Vo3

o o o
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From (5.7.3) and (5. 7. 4) we finally have

5[(1-v; )1-v5 )] 72
- 12 23
J, = ry 7 (5.7.5)
2w [(l—v SN1-v )]
and correspondingly
172 2 ,7/2
" R by 1B oot 33t yy) [(1 " 21 " 4)v23!
1’ 3?47 T 6 1/2 2 1/2
8w |R“| [(1-v (1- 3’4)]
If, in addition, Vg = 0 we have the simple approximation
5.3 ra-v? i pr
.ttt )= SPLPY LI 34
Wttty ty = 6 1/2
8n lRHI

A second special case is the diagonal matrix, which means that

the random variables §1, gz, §3 and §4 are uncorrelated and

I, = — yw L
4" z'ox -T2

(2m) 41
and ( )1/2
Byl okl
q.(t t,t,t )= 11722733744
471’ "2’ "3’ 4

4 1/2
61r"R11'

The final special case is obtained when vij =1, 1,j=1,2,3,4.

In this case gl, gz, §3, and §4 all reduce to the same Gaussian
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variate, giving

2
AN e gl Ly
4 2T IR
0
and
( )1/2
ot t.) = H11t22M33ta4
WPt P2 "3 5 T T R 1/2
4n l

IR
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