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ON THE MULTIPOLE EXPANSION IN THE COMPUTATION
OF GRAVITY ANOMALIES

INTRODUCTION

The use of gravity measurements as an aid in determining
geologic structures is well known. Subsurface density changes arising
from composition changes or geologic structure yield mass varia-
tions, which can be detected by measuring the gravity field. Since
the disturbing mass parameters are seldom known exactly, approxi-
mation methods are ofteg more useful than attempts at quite comp1:1-
cated exact calculations.

Various approximation methods have been used for the compu-
tation of gravity anomalies (e.g. Jakosky, 1940). This paper develops
techniques for approximating anomalous mass distributions by multi-
pole expansions and by vertical line elements. Grant and West (1965)
and Bodvérsson (1970) have discussed some aspects of multipole ex- |
pansions. This paper extends their results and evaluates the accuracy
of the method for test cases using vertical rectangular prisms and
vertical cylinders.

Gravity calculations from either surface integrals or volume
integrals are directly related to the moment of inertia of the dis~
turbing body. Both types of integrals can be expanded in a series__kof

powers of the distance from the gravity field point to a fixed point in,



the mass by using Liegendre polynomials. The techniques used is to
find the non-vanishing multipole moments or the moments of inertia
of the anomalous body. The mass distribution is then determined
directly from the corresponding gravity anomalies observed at the
surface of the earth. For the simplified test structures used the
second and fourth terms of a multipole expansion vanish and the gravi-
ty field is described by monopole and quadrupole terms. With in-
creasing distance of the gravity field point from the body, the mono-
pole term becomes dominant with a corresponding decrease in the
importance of the quadrupole term. Later sections of this paper
discuss the relationship in detail.

The second type of approximation, using vertical line elements,
is useful when the source body is at a considerable depth and the sur-
face of the body can be described by a series of small vertical prisms.
The effects of '"grid size'' and distance in calculating good approxi-

mations to the source body are discussed.



BASIC THEORY OF GRAVITY FIELD

The gravity field of the earth would be constant if the earth
were a uniform, non-rotating sphere. But the earth is an oblate
spheroid and rotates. The earth's gravity potentiai can be expressed

1 2, 2 2 . . .
as W=v +‘£ w (x +y ) where v is the acceleration potential,
is the angular velocity and x,y are the space coordinates of the
point outside of the rotating earth.

Isaac Newton showed that the force of attraction of two bodies

is proportional to the product of the mass and inversely proportional

to the square of the distance between them.

F=— (1)

where xnl,m are the masses of the attracting bodies, r 1is the dis-

2

tance between them, and G is a universal constant. The value of

the gravitational constant G ié_,,
-8 3 -2 -1
G=6.67Tx10 cm - sec - gm
For a non-rotating uniform earth, the force exerted on the mass m
is

F=—7 (2)

where M is the mass of the earth and R 1is the radius of the earth.



Using Newton's second law, the gravitational acceleration at the
earth's surface is

F GM
™, 2 )
0 R

g =

The value of g varies between 978 cm/secz at the poles and 983
cm/secz at the equator because of the earth's oblate shape.

The force of gravity is the resultant of the attraction of the
earth and centrifugal force. The first approximation to the figure of
the earth is a sphere and the second approximation is an cblate spher-
oid. According to the second approximation, gravity of the earth at

latitude ¢© is

5 2
g = ge[l +(~2-—A—f)sin e] (4)

. . 5 s .
where g, is gravity at the equator, EA-—f = gravitational flattening =
g -8 2
_pg_e ,» = '2"91_7 s =2 , and a is the equatorial radius.

e

An attracting body hé,s a potential field (Ramsey, 1940). Since
the potential is a scalar quantity, it is possible to calculate gravity
by using the potential. The gravity field g(r) at any pcint r in
space is defined as the force per unit mass for the continuous mass

distribution.

o) = y G('r'..r‘)p(rs) dv! (5)

Assuming that p(¥') has a continuous distribution of mass, the



gravity potential is

- ]

WP = - 5 Ge (P g (6)

v [T

Finally the gravity field g(r) is obtained from (5) or from differen-

tiating equation (6). Therefore
g(?) =V u(?) (7)

The physical concepts of the gravity field and the gravity poten-
tial have the same meaning as the electric field intensity and electro-
static potential in electrostatics. It is of importance to discuss

Poisson's equation for the gravity potential

viu(3) = -47Gp (T") (8)

Poisson's equation holds inside the body and gives density information
— 2, N
when the gravity potential is known. When p(r') =0, V u(r) =0,

which is called Laplace's equation. All gravity problems are solu-

tions of Poisson's equation or Laplace's equation.



STATEMENT OF THE PROBLEM

Multipole methods for the approximate calculations of gravity
using surface and volume integrals are derived in this paper and
compared with exact solutions to evaluate the accuracy of the com-
putations. There is also another approximation using vertical line
elements. The approximation by volume integrals is the most accu-
rate and convenient to use among these three approximations. In
general, however, the accuracy of computation of gravity by approxi-
mation methods depends upon the dimensions of the body and the
distance of the field point from the body.

An exact calculation of gravity for vertical rectangular prisms
is obtained from triple integrals, The gravity field of vertical cylin-
ders is obtained from the complete elliptical integrals of the first
and the second kind and Heuman's Lambda function., These computa-
tions are quite often complicated.

Finally it is also possible to discuss the Oth-order and the

2nd-order approximation obtained from the multipole expansions.



EXACT GRAVITY FIELD CALCULATION
FOR VERTICAL PRISMS AND CYLINDERS

Exact Expression of Gravity for a Right Rectangular Prism

This result has been derived by Nagy (1965) but without details.
In this paper, the mathematical procedure will be given in more

detail.

i

X

Y

o R, N T .

\

¢

Z

Figure 1. A right rectangular prism and the Cartesian coordinate
system.



The gravity field of the volume element, Av, is given by

AF = Gp —A% (9)

r
where G 1is the gravitational constant, p 1is the density contrast,

2,2, 2 . . .
and r = '\/ x"+y tz". The total vertical component of the field is

F_=Gp§ %cos9=Gp(:zﬁdz
z vV r > 3
r
X - VA
2 y
F = Gp dxlg‘ 2 dy 2 zdz
2 2, 2, 23/2
X1 V1 z) (x "ty +z )
."Av _3
Let L, = S\ szzz 5377 ° 5z(x2+Y2+z2) /zdz
(x "ty +z7)
and - ' ﬁ=x2+y2+z2
. 1 -3/2 -1/2 1
Then L :S‘—duu = -u = -
1
1 2 (x2+yz+zz) /2

1
Let L= 5 L.dy = -5‘ dy
2 1 r\/ x +y- +z

From the formula




Let L= YLZdX:-yln(y+r\/x2+y +z ") dx

3

Now let w = fn (y+ NES +y +z ) and differentiate with respect to x

dw 1 %

y + N x ty tz «/ x2+y +z

dx

From the formuia, yudv zuv - yvdu

5£n(y+r\)x 4z dx = xin(y + Nx"HyT+29)

- ' x

(y+r\& ty "tz )(x2+'y2+z2)
, de
L, =- xln(y+r\/x2+y2+z ) =5 X

3 ,
(y+f\/ x2+y2+z 2) A/X2+y2+z

2

2
Let Txy x dx

(y+\/x2+y2+z 2) \[;2+y2+z2

Let R=y++ X2+y ='l~z‘Z

2 2 2 2
x = (R-y) -~y =z
= RZ- 2Ry - zZ
(R-—y)zz X2+y2+zz

(R-y)dR

'\/TR=y) 2—y2=~22

2(R-y)dR = 2xdx , dx =
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2

_ x (R-y)
T= S R(R-y) dR

- 5 NfRZ-ZRy«z2 4R
R

From the formulas

NX b g dx S dx
~ = + 2| = + '
LS‘ X dx VX 2 J NX a;.‘ xNX
3 2
where X =a +bx tcx
dx 1 b
—_—— = - + + — >0
yﬁ Cln(r\[fi— xAc " c
S‘ dx 1 -1 bx + 2a
: = —= gin ( ———) a>0
J xNX -a xx/b2=4ac
Let X = -ZZ +(-2y)R + R2

2 2 N .
- 2Ry- dR dR
5‘«/R RZRY 2" 4R = JRZ 2Ry-2°2 - Vy ”ZZS 3 3
NR%- 2Ry-z *' NR®- 2Ry-z

_ 5‘ dR 2 ( dR
Y)Y =z - 32 T °” [ —
N/R - 2Ry-z * RNR - 2Ry-z

where j\ J_;i__f In (NR™- 2R‘y-=:z) + R +(-v))
R~ 2Ry-2z

i

In{x +R - vy)
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and S ‘ZdR — = iSin_l( quR.I_Z(-ZZ) )
. =
RAR“ 2Ry-z z RJay Z+4z°
1 ,_l( =--R-zz )
= ~— sin
[ 2, 2
RNy +z
Therefore

2
-1 _yR-
T = x-ydn(x+R-y) - zsin (*LRL— )

2
-1 . -
L, = -[x4n(y+Nx“+y“42°) - x +yln(x+R-y) + z sin (‘-—-ZB—'—Z——)]

3 R "y2+z2
=[x An(ytnx "y 42 - xtydn(x+x Ty T+2 )

2z sin” 2ty eyl Sy S
Z s1n - __2__ )
y+ N/X +y2+z—2=) '\)y +z

-1 z2+y2 tyr ]

]

L, =-[x4n(y+r)-x+ydn(x+r)-z sin

3 [ 2 2

(ytr) Ny +z
where r = »\/x2+y2+zz
Finally
20172 ]%2 2, 2

F =Gp x!n(y+r‘)-Py!n(x+r)-zsinml z ty tyr

VA < v Z ' oo, )\f_ﬁ

1 1 1 (y+r)Ny "tz

2 2 2 sin-lw 2+" 2+ r
‘ xfn(y+tr)+tyin(x+r) - z — 2Ny S 4
SRS R (y+1)ny2tz2
172 ”

2 len('y+'\/x§+y +z7) +y£n(x2+f\lxg+y +tz7)




- Z sin

§

+

-1 z2+'y'2+y '\/XZ'I'YZ'I'ZZ

(y+ \/Xi + -yz + zz)

2, Z Z
_'xl In (y+ f\/xl +ty +z )

1 zz+‘y2+'y N X, ty +z
(-y+r\/xl tyT+z"7)

yLn (x +f\/xl ty~“+z7) +z sin

1

Z

2
p 2 2
x In(y tNx"+y“+z%) +v £ +AfxT+ + z
L2 v, 2Ty, tE )Y, n(delzyz )
2 2 2 2 2
tyl4y N xl4yi4
-1 E YTV XY, [2,. 2,2
Z sin -x In(y_+N=x,ty_+z")
(‘y +N/X2+‘y2+223 1 2 ! 2
2 2 2
5 > 1 z+y§+y2 x/x12+'y§+z2
y ,4n (x, +«/x1 +'y2+z2) +z sin’

('y2+'\/Xl +‘y2+z )

2

) =2 2
)—ylﬂn(x2‘=!-«/x2+yl +z7)

. 2 2
xzﬂn(yl + f\/xz +-yl + 2z

1 z2 +‘y12 +'y:l «/xi +‘y12 +z2
sin +xl£n ('yl + A X +yl +z7)

2 P 2
(‘yl +Jx2+‘yl + z

2 2 / 2 ‘2 2
_lz +Yl +yl xl +yl +z

2 2 2
('yl + «/xl ty tz")

‘ylln(xl+xfx12+y12+z2) - 2 sin

7
’ %2492 122) 4y 2 + -
x, dnly, Xty 2, )ty dnlx, J;z y,tz,)

2

2 ;
K +y2+y «/x2+'y2+zz
N N MY Y R RS ) , [2,. 2.2
z, sin —xlln(y2+ Xy +y2+z2
(y +'\]x ty_+z7)
2 2 2

2

)

12
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2. 2 T2 2
+- + x. + +xz
2TV NP TY,

2

(y2 + A/ X, +'y2 +z2)

-1
- 'y'zlln (x, +~ X, +'y2+zz) +zzsin

1

" r - Z E
- len (y‘l + A x2+yl +z2) -y, 4n (x2+r\/x2+yl +z2)

2 2, Z 2 2
1 z2+yl +yl N/Xz-l-yl +z

.- 2 [ 2, 2,72
+zzs1n . 2+‘ 2+ > +xl£n(yl+ X, +yl +z2)
¥ XZ Y] ZZ)

2, 2, [ 2 2 72

zz+yl +yl X +yl -l~z2
[,2,..,2. 2

(yl-l- X, +yl +z2)

-1
+ ‘ylﬂn (Xl 'l'f\/xl2 +-ylf+z§ ) - zzsin

_x 4 %2ty 429 - v 4 + %2 +¢2+22
xdnly, tx ty tz)) -y In(x, x by, ta))

2, 2, [ 2 2 2
-l z, +y2+y'2 X2+yz+zl
+ 2z, sin +x fn(y_tN=x ty +z])
1 ( + {2+ Z+ 2 1 2 1 2 1
<+ z
Y2 2" Y2

1

j 2, 2, 2
lz2+y2+y f\/x +y_tz
‘ f.2. 2.2 =11 72 "2 1 72 71
+yZ£n(xl + X, +'yz+zl ) - z; sin N[__Z_T_z_
(‘y2+ Xl +y2+zl)

1 1

2,2 \/TZ_Z—

_1 %) +yl +‘ylv [ x +‘y'l "I-zl
2 . f<2+yZ+52

—xllln(yl-l- Xty tz))

+ vt xl4yiHzl) . i %2 +yZ 42
len(yl x2+yl z )+yl£n(x2 x2+y1 +z.)

- z_ sin

l
(Yl + N x2+yl +z.)

1

2, 2 2 2 2
JxZ19Z1,2 1z tyytyy “/X1+Y1 tz)
+ xl+'yl+z

l) +zls'1n—
(yl + A/ % +Yl +zl)

- ylln (xl



Let

F / Gp
z

~x In

—x!n

- sin

- sin

/2  +/2 2_}_2,’
+y +z YZ x2+y2 Z

1

L f 2, 2, 2

l

[ 2, 2 2
x +y -l-z2 -y2+ xl+-y2+z

1

,‘ Z 2, 2 2 2, 2
X +y +z y2+N/xl+y2+z

1 2

[2, 2, 2
y XptNx ty,tz)

2
X +y2+z

+N x +y2+z x_+N x2+‘y2+z

2 2

+ x 'l'y +z x_+ N x2+y1+z

2 1

X+'\/X +yl+z x_ +N x +yl+z

1 2 2 2

/ 2. 2, 2
z +y2+y2 x ‘+y2+z

2 2

+JX +y2+z ’\/ y2+z§

2. 2 J—m
A g wlay
z +y'2+y2 = -]-yz Z

1 2

2, 2 [ 2 2 2
+y .+ +y. +
z2 y‘ yl X yl Z

2

y2+N/x +y2+z '\/yz z,

2

y +'\/ 2+y +z «Fyl+z

14
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2 2 77

tvity N xSt
+ain” ) iPARA! le/Xl Y17%2
sin Z. 2 2. 2

A
+ +yot +
(v, Jxl y FE) Ny e,

2 2
N
ZYTYRTY Y XY

-1 1

-z sin -

1 Z 2 2 V)
v+ xSyt +

(y ¥V =, %y, 2, ) Jyz Z

2 2
tvliy o oy ltnl
Z)TYRTYN X YT

-1 1

Z. 2 2 Z 2
+ Tyl +
(y, Jxl Y2 zl)Jyz 2

2,2, fZ 722
-1 T T R T

-s8in

2

~8in
2 2 pa A A
+ +y o+ +
(Yl '\/Xz yl zl)Njyl z,
21024 +yo +
22 ,2 2, 2
+oain” AR TS AT
sin

PA pA PA 2 pA
+ +yo+ +
(y, Jxl Y1 zl)Jyl Z

Hence the total vertical component of the field is

F =Gpd (10)
/)

The coordinate system is taken as the rectangular Cartesian coordi-

nate system for computation of the vertical gravity.

Exact Expression of Gravity for a Right Circular Cylinder

Exact expression of gravity of the right circular cylinder has

been derived by Kolbenheyer (1962) and Nabighian (1962).
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Figure 2. A right circular cylinder and its parameters.

The vertical component of gravity at p which the depth of ai is

l-x2

Agi = 2Gp]| K(ki) + '\/ (1+x) +a E(k.) ‘l'lzr a)\o(cpi,ki)—nta]

(1+x)“+a '
(11)
where G 1is the gravitational constant

p is the density

K and E are the complete elliptical integrals of the

first and the second kind with parameter ki

4x
2 2
(1+x) +a
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)\O(cp, > ki) is Heuman's Lambda function
i

(l1-x) +a

The vertical gravity is obtained from subtraction of two depths.

Ag = Agl - Agz (12)
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MULTIPOLE APPROXIMATIONS

Finite Structures (Volume Integrals)

This method has been discussed by Grant et al. (1965). The

gravity potential at any point outside a body is

u(?) = - g —ﬂ}f;—')— dv! (13)
), o

where G is the gravitational constant and p(#') is the density
throughout a volume v. It is worthwhile to find a simplified expres-

sion for equation (13)

Figure 3. The gravitational potential between the point of observa-
tion, P, and a body, V.

To do this we express the distance between a body point and the field

point as



[o o]
1 1 1 '
= == &) P (cos®) r<r (14)
[T-2"| f2y 2 \ r r. A
Nr“+r'"-2rr'cos 6 10

where P£ is the Legendre polynomial of order.{,

The gravity potential becomes

18

u(r) = or —E— P (cos8) dv! (15)

£

vV

o]
g)[\/

£
Grant et al. (1965) have discussed this problem in detail.

Equation (15) can be rewritten as

0 m= £ m
¢
u(r) = - 4mG ( Y x)£ m*(e )dvlu
2+l ), Yy P e
£=0m=/¢
o0 :[
= m Yy (6, %)
= . b (16)
Z A
£=0 m=/¢
where bm:41TG

' £ m*
1 i . i

The b;n constitute multipole moments expressed in imaginary
form. The multipole moments can be reduced to simple algebraic
forms with a proper choice of the origin and axis of the coordinate
system. In the coordinate system (x, y, z) used here, the origin lies
at the center of mass and the spatial axes coincide with the body

axes @, P, and vy .
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P(0, 0, h)

/1111177777777

a,p, vy Body axes
X, Y, Z Spatial axes

Figure 4a. Generalized coordinate for a vertical finite structure.
A special case where the body axes and spatial axes
coincide has been used in numerical calculations.
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It is convenient to change Equation (16) into a real form since

all the multipole moments are real

w© g m_m
NN,
u(r): - > Z _——_£+1 (17)
L
£=0m=0 r
m_m m* m¥* m m
= I + \
where B£ Y! b! Y, bﬁ Y,
Y;n (6,¢) =cosm ¢ P;m ‘(cos 8)
m G(£-m)! C Nyt |m | :
B£ = (2—6£,m> (1+m) | ) pl(r')z!) cosmtpPI (coseo)dv
1 f =m
where 6£ m =
? 0 £ 4£m

Since Equation (17) is an infinite number of multipole moments,

they can hardly all be determined. Grant ;e:_f;_t_L. (1965) show that (17)

is convergent. The first three terms of Equation (17) are usually

sufficient to approximate most gravimetric measurement.

(18)

The vertical component of gravity Ag(p) is obtained by differ-
The coefficients of £ =1 and the coefficient

entiating Equation (18).

B% vanish by symmetry,
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Hence
0
-u(r) =— + 5t 3 (19)
r r
where Yo =1 Yo =—3-= (cosZG j—)
1 2 2 2 3 s
and Yg = 3 cos 2¢ sinZG
Rewriting (19)
0
Bg B2(3cosze-l) 3B§COSZ¢ sinZG
- = + 0
u(r) " + 3 3 (20)
2r r
Y
A
' Ple, B, y)
'
|
)
L8 _r‘ !
)
)
1
o . — >
' L’
| /
4 \ ,
[
i

Figure 4b. Spherical polar coordinates

The spherical polar coordinates (r,6,¢ ) can be transformed

into the rectangular coordinates (Figure 4b)



23

a = rsinfcose
B = rsinBcosy
Y = rcos®
where 0<¢< 2r and 0<0< 7

Therefore equation (20) becomes

0 0 2 2 2
By B3y -r) A3B2(Y -g)
~u(r) = " + 3 + z (21)
2r r

a
where r = »\/ozz +52 +v

Finally the vertical component of gravity Agv(P) is obtained

by differentiating (21)

0 0 2

By B , 15B

0 2 2 n 2 3 2 2
sg (P) = —5 -—% (9va® +9yB - 6v7) - —L (vaPoyp)

r 2r r

Hence the vertical gravity at the depth of h as measured from the

center of mass is

th Bzh 2,2 2 lSBzh 2 .2
P = - —Eo (e fp9-6n"]- —5 (@B (22

r 2r r

Using equation (22), the dimension and shape of the disturbing
body may be estimated by the moments determined from the field
measurements if the density is known for the homogeneous body. It
is also important to locate the center of gravity of the disturbing

body before performing the potential analysis. The coordinate of the
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center of gravity, (x, y), is expressed as follows:

X1

st shas = (soste 1
V5 vS '

<1

g‘ Ag(x,y) ds = g‘yAg(x, y)ds
a S - a S

by Gauss' theorem

YAg(x,‘y) ds = 2nGM

where M is the disturbing mass.

Therefore
—_— 1
X = O U(,\SxAg(x,y) ds (23?
v o= = f A )d
y SnGM .SY g(x,y)ds

Semi- infinite Structures (surface integrals)

In potential theory (e.g., Kellogg, 1953), the volume integrals
are usually used in the mathematical derivations. However, for prac-
tical cases, it is often convenient to transform volume. integrals over
homogeneous bodies into surface integrals. This transformation has
been discussed by Bodvarsson (1970). In this paper, the mathemati-
cal procedure will be given in more detail.

The acceleration of gravity due to a finite body B at a field

point P is
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(24)

where G 1is the gravitational constant, rPQ is the distance from
P to the source point Q, and p(Q) is the density of body B at
Q. If the density p is constant inside body B, the density gradient

can be expressed by the delta function
vp(Q) = pb(Q- D)H

where D 1is a point on the surface S of the body B and n. is the

inward normal vector to the surface S . Therefore

¥ - (s hﬁ(D)da-
5(Q-
rg(P) = Gp S 2(Q-DIRAD) 4. . g, S s ( 25)
. BI rPQ Q . S rPS

where B' is the bounded volume by the surface which completely
encloses the body B and rPS is the distance from the observation
point to a point on the surface of the body.

The acceleration in the direction of the unit vector K is

K:n(D) das ( 26)

CR.
Ag(P) = Gp (
£ “S Tps
Equation (26) shows that the volume integral can be transformed into
a surface integral on the condition that the. density p 1is constant.
Equation ( 26) can be used to calculate the vertical gravity AgV(P)
in case of structures bounded by vertical lateral faces such as the

vertical rectangular prism and the vertical circular cylinder. It is
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often possible to approximate complicated bodies in nature as simple
bodies for geophysical work, From equation (26), K - & =0 on the
vertical lateral faces. Hence it is necessary only to compute of
gravity of the top and the bottom for finite bodies. As the gravity
difference between the top and the bottom is found easily, this tech-
nique is suitable for model calculations. If the stfucture is semi-
infinite, is it only necessary to compute gravity of the top. Thus
the éurface integral appfoximation method is useful for semi-infinite
bodies in contrast to the volume integral approximation method.
Equation (26) can be expanded in a series of multipoles, which

is a useful method in potential theory.

/1))

X, VR4

'/ ////////

Figure 5. The Cartesian coordinate system for a vertical semi-
infinite structure.
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It is convenient to assume that the origin of the coordinate
system is located at the center of gravity of the surface of body T
and that the spatial axes coincide with the principal axes of the body,

T.

»\/r2+(r')z- 2rr'cos B

ps

1 1

'PS  ral +a° 20u

H
where oz=£r- and p = cos® , The expansion of equation (27) has
been discussed by Kellogg (1953) .
Since |2ap - a 2] < 1, equation (27) can be expanded by the

binomial theorem, then

1 1 2
- :;(Po(p)-l'Pl(p)oz +P2(p)oz +o0e)
PS
[o0]
1 " n
=5 ) e"P (28)
r n
n=0
where P_ =1, P (p) =p P () =—3'(pz-‘l‘) .
o Tl ’ 2 2 37
1 q" 2 \n
Pn = n n (H -=l)
‘ 2 n! dup
Pn(p) is a Legendre polynomial of nth order.
pda

sgg (P) = Gp ﬁ; K,f(s) da = | s
' Ps s Tps
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G 5 r_& OlnPn(IJ.)da

s 'ps s
- (= (paa +-2 Po(wda +— | p(r)2P (u)da + )
B r Poag 2 D N 3, P A
r r
= + + + .-
G(s) +5,+5, ) (29)

From Equation (29), the first term §; is

m
r

W

S1 = Spdas'-’

where m is the sheet mass of body T.

The second term S‘2 is

xx' +yy' +zz'

rr'

1
= — 1 - =
S Zj\pr Pl(p.)da.s where P, (p) cos6
r

1
== [ y(pxx' +pyy' +pzz') das]
r

1 — - —
=3 (xxm + yym + zzm)

r .
where X, ¥, and Z are coordinates of the center of gravity of the

surface.

The third term S3 is

1
s, = = fp(r')zpz(p) da_

1

3 fp [3(xx' +yy' +22)°%- (rr)?] da_
2r
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1

G [ S\3p(xx')2da + \Y3P(Y‘Y')2da + y3p(zz')2da
- . s S s

+ g 2¢ 3p(xx"yy')das + S 2-3plyy'zz") das + 5\2- 3p(xx'zz')das

- fpxz(‘(x')2+(y')2+(z')2)

¥ fp 2%(x") 2 + (y")

1
= — [3(x"M, +y°M _+2°M ) +6(xyM__+yzM
or 2 3 Xy

Yz

2 2 , 2 2 2 2 2
+ - (x° , ‘
szXz) (x ™M *x M2+xZM3+y Mty M2+y M3+z M, +z M,

+z 2M3) ]

The products of inertia are zero when the axes coincide with

the principal axes of the moments of inertia. Ml’ I\/[2 and M3 are

the moments of inertia of the x-axis, y-axis, and z-axis of the sur-

face of the body T.
After rearrangement

4 - 2 2
S, % [(x™-y)(M -M
2r

2 2
)y M- M)+ 2 (M- M)

If the origin of the coordinates is located at the center of gravi-
ty on the surface and the coordinate axes coincide with the principal
axes of the moments of inertia, the gravity acceleration at the

depth of z. is
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1
sg(P) = G[ 2 +—5 ((xByAHM-M) +Hy %z M M)
1 21"_1
2 2
+ (x -zi)(Ml—M3))] (30)
where r. = N/X2+YZ+;.L2_

This asymptotic expression holds well when the distance r is
large compared to the dimensions of the body. This approximate
method is more convenient for infinite structures. For mathemati-
cal models, the right rectangular prism and the right circular cylin-
der with flat top and bettom are given, Assuming that the surface of

the top and bottom of the body is flat, the mass of the shéet per unit

area c = pK«K =p, and M, =0. Hence, the vertical gravity is

3

ag(P) = og) - og, , (31)

Convergence and Truncation of Series Expressions

There are different ways to prove the convergence of Equations
(14) and (27). It is convenient to prove the convergence with com-
plex functions.

From equation (27)

2 2
= W (e % 2rr' cos®
b Nor (r') - 2rr'cos
1
1 1 r' 2. 72 r'
= — (1. 22— 0 + = —
r r( zrcos N ) N r

PS
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1
2 2 2 "2
= 1. 6 +
Tos r( 2n cos n)
i0 ~-i6
= ril-me) (1o me™)
1 1
1 1 62 "2
Hence " = —r-( l—nel) 2(1 -ie) 2 (32)
PS - ne
The expansion in powers of m 1is absolutely convergent if
.e _.e .e _-e .
"r]e1 |< 1 and [ne ! | < 1. Since lel | = |e ! | =1 for all

real value of 0, both conditions of equation (32) are satisfied when
nl< 1.

The expansions are absolutely and uniformly convergent if
[n] < 4 < 1. Hence the series expressions in equations (14) and
{27) for the potential can be integrated term by term. But it is too
difficult to carry out the infinite integration. The simple and trun-
cated expression gives a good and finite form for many practical
purposes, In this paper, the ‘second and the fourth term vanish if
the origin is located at the center of gravity or the center of mass
and the body axes coincide with the spatial axes in the symmetrical
bodies, The fifth term is small as compared to the whole expres-
sions. Hence the first and the third term are mainly discussed

in this work.
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VERTICAL LINE ELEMENT APPROXIMATION

Various investigators (Vacquier, 1967; Danes, 1960) have used
small rectangular prisms to model three-dimensional geologic struc-
tures. The source body is divided into a number of small vertical
prisms with heights chosen to correspond to the body outlines. The
gravity field of the body is determined by summing the gravity effect
of the individual prisms at a field point. An extension of this tech-
nique is to replace the small prisms with one-dimensional vertical

bars located at the center of each element.
X

Ao T P

YA . = L R
S
NEITYA
]
'|

JL N

L B )

0
z

. 2
Figure 6. The vertical line element AB for the prism £ °C

The gravity field for regular distribution of a vertical line

elements (Figure 6) is given by



33

2

- Gp/{ 2
T P bg SR (33)

r r

where r=m/£ +h, G

is the gravitational constant, p is the
density contrast, £ is the separation of two adjacent vertical line

elements, h is the depth to the center of element and c is the

height of the element.
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MODEL CALCULATIONS AND COMPARISON OF METHODS

Comparison of Vertical Line Elements and Volume Multipoles

Grant and West (1965) have discussed the accuracy of numerical
calculations obtained from multipole moments for the case of the

rectangular vertical prism. From Equation (22) and Figure 6

2 2
Go 4 2

ag (P) =—f’———3Ch . Gepf ch 7°h [(cz-zz) (32°%- 2h )] (34)
r 8r :

where r A £ 24 h2 and £ 1is the length of the surface dimension and
is also a distance of axis of two adjacent vertical rectangular prisms.
It is of interest to compare this result with the vertical line

element technique. From Equation (34) and taking the limit as (>0,

&y * 8

Thus the approximation obtained by using vertical line elements is
3

larger than that from volume multipoles by ~ -8§ @—12(70—1’1)
For a test model, a rectangular body with horizontal dimen-
sions of 2km, a.thickness of 2 km and with the upper surface at a
depth of 3 km was constructed. The exact gravity field was calcu-
lated from Equation (10). To evaluate and compare the accuracy of

the approximate solutions, the source body was successively divided

into 1, 16, 100, 625, and 2500 equal prisms. The gravity field using
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Figure 7a, Subdivisions of the source body,

gravity stations
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Figure 7b. The vertical gravity of an equal prism at the

axis of an adjacent prism.
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Table 1, Comparison of Results of Volume Integrals and Vertical Line Elements
No. of Exact Volume Vertical ‘Relative Relative Dimension
Blocks Values Integrals Line Error Error c.g.s.
(nZ) Elements of Volume of Line Unit
(mgal) (mgal) (mgal) (%) (%)
1 3,421 3,415 3.870 .18 13,12 200, 000~
16 0.392 0. 389 0. 449 .08 14,54 50, 000
100 0.066 0.065 0.075 .02 13,64 20, 000
625 0.011 0,011 0.012 0 9,10 8,000
2500 0.003 0.003 0.003 0 0 4, 000
h = 3 kmm depth to the center of mass.

9¢
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volgme multipoles and vertical line elements was calculated for each
case and compared with the exact value (Table I).

From Table I, one can see that the approximation from volume
integrals using 625 rectangular prisms reproduce the exact field,
while the approximation using vertical line elements requires 2500
rectangular prisms for the same accuracy. Therefore the approxi-
mation from vertical line elements should not be used unless the body
is subdivided into a number of small rectangular prisms because the

method is performed from a one-dimensional vertical bar.

Monopole and Quadrupole Approximations

It is interesting to discuss the Oth-order (the monopole term)
and the 2nd-order (the quadrupole term) approximation from the
multipole expansion.

From Equation (22)

2 2
gV(P) - Gp£3cz ) Gpf cz [(CZ_£2)(3yz_ZZZ)] (35)

r 8r
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Figure 8. Monopole approximation for a small cube.

Equation (35) is derived from the rectangular prism with the
equal length of the surface dimension (a = b = £). There is only the
monopole term when ¢ ={ or y :,' z = N2 v:"- nN[3. Therefore the
monopole approximation for the computation of gravity can be a good
approximation if the body is divided into a number of cubes with small
surface dimensions relative to the distance tb the field point,

The numerical computations of the gravity field due to the arbi-
trary rectangular block are performed from equation (35). The
values of Tables 2, 3, 4 and 5 show how the Oth-order and the 2nd
order approximation hold with decreasing the dimension of the sub-
division. According to values from these tables, the closer the field

point is to the body, the smaller the dimension of the subdivision



39
should be in order to use the monopole approximation. It is not neces-
sary to divide the body into many small regular cubes when the field
point is located at great distance. As shown in Table 4, it is possible

3
4 .
to use the monopole approximation as g, =9-9-3—h- in case the rec-

tangular block is divided into two regular cubers and r > 3d where r
is the distance of the field point and d is the length of the dimension
of the regular cubes. Hence it gives the same formula as a sphere
whose total mass is concentrated at the center of mass. It is also
obvious that the 2nd-order approximation is more accurate than the
Oth-order approximation when the field points get close to the body
which is shown on Table 3. If the rectangular block is divided into
16 regular cubes, the gravity values are slightly different from the
othe’r table values because there are so many computational proce-
dures, which makes errors. Therefore, it is good to divide the
rectangular block into the small cubes where the 2nd-order approxi-
mation holds well in order to use the monopole approximation as
shown on Table 4,

It is also interesting to discuss the monopole and the quadrupole
term. As shown on Figure ll and 12, the monopole terms are more
than 95% of the total gravity. If the field point is located just above,
or very close to the body, the monopole terms are over estimated,

which means that the approximation from the multipole expansion

decreases accuracy. As the field point is moved farther, the



Table 2. Exact Calculation (mgal)

z{km)
1 2 3
y(km)
0 20, 247 3.991 1,609
1 3.975 2. 564 1,338
2 1,017 1.148 0.865
3 0.383 0. 545 0,518

Table 3. Monopole and Quadrupole Approximations for Model I
(= 1 block) (mgal)

40

z(km) 1 2 v 3

y(km) *a *b a b a b
0 13,340 23, 345 3.338 3.960 1,482 1,606
1 4,716 4,274 2.386 2. 565 1,266 1,338
2 1,193 1,014 1,179 1,151 0.854 0.865
3 0.422 0.382 0. 569 0.545 0,524 0,518

a:= the Oth-order approx. b = the 2nd-order approx.



Table 4. Monopole Approximation for Model
II (¢ 2 cubic blocks) (mgal)

z( km)‘

y(km) 1 2 3
0 29, 644 4,032 1,612
1 4,094 2.562 - 1,338
2 1,021 1,148 0.865
3 0. 384 0, 545 0,518

Table 5. Monopole Approximation for Model
III(= 16 cubic blocks) (mgal)

z(km) ,

y(km) 1 2 3
0 37.657 4,235 1,642
1 3.833 2.590 1,353
2 0.995 1,140 0.866

3 0.378 0.541 0,517

4]
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monopole term is dominant. Therefore as great distance, the Oth-
order approximation can be a good approximation, Similarly if the
body is divided into small cubes, it is also possible to use the 0O-th
order approximation,

According to Figure 11 and 12, the ratio of the monopole term
to the total gravity values is increasing from 4 km with increasing dis-
tance, while the ratio of the quadrupole term to the total gravity values
is decreasing gradually. These graphs show that the other higher-
order terms are negligible as compared to these two main terms by
knowing A/E and B/E, where E is the exact value and A, B are
the monopole and the quadrupole term, respectively.

Volume and Surface Integral Appr'oximationrs for >Vert>'1‘ck:a1
Rectangular Prisms and Cylinders

The approximations from volume and surface integrals are com-
puted by Equations (22) and (3l). It is assumed that the rectangular
prism has a =1 km, b =c = 2 km, the depth to the center of the
mass, h = 3 km, while the cylinder has R = l km, and h = 3 km with
unit density, p = 1gm/cm3. For simplified calculations, the field
point is moved from the origin (x =y = 0) to Y-axis with x = 0 with
constant depth. The values of Tables 6 and 7 show the computational
results comparing with the exact calculations. As shown on Figures

9 and 10, these approximations converge to the exact values with

increasing the distance of the field point,
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Table 6, . Numerical Calculations for-a Right Rectangular Prism

Exact Surface (1) Volume (2) Relative (1) Relative (2)
d/h Value Inte, Inte, Exror Error
(mgal) (mgal) (mgal) (%) (%)
0 3,066 3,031 3,088 1,14 0.72
1/6 2,947 2.930 2,960 0. 58 0, 44
1/3 2.629 2,635 2,626 0.23 0. 11
1 1.073 1,074 1,070 0.09 0.28
4/3 0. 650 0.650 0.650 0 0
5/3 0. 408 0. 408 0. 408 0 0
2 0. 267 0,‘ 267 0. 267 0 0
7/3 0,182 0. 182 ; 0,182 0 0
8/3 0.129 0. 129 0,129 0 0
3 0.094 0,094 0.094 0 0

10/3 0.071 0,071 0.071 o 0
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Vertical gravity vs d/h for a right rectangular prism,
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Table 7, Numerical Calculations for a Right Circular Cylinder

Exact Surface Volume Solid Relative (1) “Relative (2) Relative(3)
d/h Value Inte, Inte, Angle Error Error Error
(mgal) (mgal) (mgal) (mgal) (%) (%) (%)
0 14, 932 11,787 14, 487 14,077. 21,06 2,98 - 5,73
1/3 13,602 12,998 13,518 12,894 4, 44 0.62 521
2/3 - 10,293 10, 622 10, 348 9,968 3.20 0.53 . 3.16
1 6. 758 6, 861 6.768 6.748 1,52 0. 15 0, 15
4/3 4,217 4,228 4,216 4,292 0. 26 0,02 1.78
2 1.740 1,737 1,740 1.780 0.17 0 2,30
8/3 0. 833 0. 831 0. 833 0. 847 0.02 0 1,68
3 0. 605 0.605 0. 605 0.614 0 0 1,49
10/3 0. 452 0, 452 0, 452 0. 458 0 0 1.33
4 0. 270 0,270 0.270 0.273 0 0 1,11
5 0. 142 0.142 0,142 0. 143 0 0 0,70
6 0.083 0.083 0. 083 0,084 0 0 1,20
20/3 0.061 0.061 0.061 0,061 0 0 0

Nettleton (1942 ) has discussed the solid angle method by using g (p) = x G x pxt where Y]
is a solid angle, G is the gravitational constant, p is the density contrast, and t is the thick~
ness of the cylinder, The solid angle values are obtained from Musket et al, (1956).
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DISCUSSION

Approximations using multipole expansions hold well when the
distance to the field point is large compared to the dimensions of the
body. The values of Tables 1, 2, 3, 4, and 5 show how these approxi-
mation methods hold according to the distance of the field point.
Tables 6 and 7 also show that the approximations from surface integrals
have larger errors than the volume integral approximations for the
same body.

The errors of the approximation from the multipole expansion
depend upon the relationship between the body dimension and the dis-
tance of the field point. In order to use these approximation, the dis-
tance of the field point should be at least three times the length of the
body dimension, i.e., r> 3d.

It is of importance to make many gravity stations at appropriate
distances from each other, which is shown on Figures 7a and 7b.

When the field point is very close to the cylindrical body, it may be
more convenient to use the solid angle approximation method unless
the thickness of the cylinder is great.

It is also worthwhile to discuss the vertical line element approxi-
mation and the approximation from volume integrals., The values of
Table | show how many subdivisions are needed to converge to the

accuracy for these approximation methods. The vertical line element
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approximation is mainly a function of the length of the surface dimen-
sion and the distance of the field point. It is obvious that the approxi-
mation from volume integrals is more accurate than the vertical line
element approximation. For the vertical line element approximation,
the horizontal dimension of the subdivided rectangular blocks should
be so small that they may be approximated by the vertical line bar.
In order to obtain successive approximations fast, it is convenient
to make a constant and small distance of axis of two adjacent vertical
rectangular blocks,

Finally it is interesting to discuss the monopole term and the
quadrupole term from surface and volume. integrals; . According to
Figures 11 and 12 it is possible to use the Oth-order approximation
(the monopole terrh) at great distance, Similarly it is also possible
to use the monopole approximation when the body is divided into a
number of regular cubes with small dimensions compared to the dis-

tance to the field point, e.g., Tables 3, 4, and 5,
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CONCLUSIONS

Gravity interpretation by the approximate methods is very use-
ful for geophysical prospecting, because the exact caiculation is very
often complicated, time-consuming, and laborious. Moreover, the
approximate methods from potential theory are inverse problems to
find out the shape and size of the anomalous body. The anomalous
body could be determined directly from the corresponding gravity
anomalies observed along the surface.

All models in this paper are mathematical models, which can
be good natural shapes, too, because it is convenient to approximate
a certain body as a simple body such as a prism or a cylinder in
nature,

The approximation by surface integrals is good for the semi-
infinite body, while the approximation by volume integrals is good for
the finite body. According to the numerical calculations, the latter
is more accurate than the former.

The approximation obtained from vertical line elements depends
upon the surface unit area and the depth. In order to use this approxi-
mation, it is important to make a constant and small distance of
axis of two adjacent vertical rectangular blocks.

Since a very fine gravimeter can measure within an accuracy of
X 2-3 microgals, all the numerical calculation in this paper gives

three digits beyond the decimal point by round- off,
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APPENDIX A
THE EXACT EXPRESSION OF THE GRAVITY
OF THE RIGHT VERTICAL CIRCULAR CYLINDER

This method has been discussed by Kolbenheyer (1962),
Nabighian (1962), and Parasnis (1961). Kolbenheyer and Nabighian
expressed the gravity of the right circular cylinder in closed form by
means of complete elliptical normal integrals of the first, the second,
and the third type with parameters K and N which depend upon the
dimension of the cylinder and upon the position of the top point. On
the other hand, Parasnis (196l) gives the infinite series form. In
this paper, Kolbenheyer's (1962) and Nabighian's (1962) methods are
chosen because Parasnis' (1961) method is hardly accurate for small

value of a (the ratio of depth to radius).
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The vertical gravity at P is derived by Kolbenheyer (1962)

and Nabighian (1962),

.
_ , l.x 2, 2
Ag(P) = 2Gp [J—Z_T(1+X) = K(k) + N (14+x)“+a” E(k)

™
+ = , k) -
> a)\o (¢, k) - ma]

where G is the gravitational constant,
p is the density contrast
X = XO/R , a*® aO/R

K and E are the complete elliptical integrals of the

first and the second kind with parameters k

4
kz = —== and N\ (¢, k) is Heuman's Lambda

(1+x)2 + a2 0

function with ¢.

(l-x)"+ a

K, E, and )\O(cp, k) could be obtained from the tables by Byrd
and Friedman (1954) or Heuman (1941). But as far as the accuracy
is concerned, it is more accurate to compute directly by computer
by using Chebishev Approximation developed by Hastings (1955),

This paper tells how to use Chebishev Approximation,



w/2
K(k) = ‘y where
0 N1 - k' sin o

4

Of_k<1

. 4 1
K(k) = (a tan +°--+a4n )+(b0+b1n+---+b4n )xln11

where n = 1 - kz

a, =1.3862, 9436, 112 by = -5

a; = .0966, 6344, 259 by = .1249, 8593,
a,= .0359, 0092, 383 b, =.0688, 0248,
a, = .0374, 2563, 713 b, =.0332 8355,
a, = .0l45, 1196, 212 b, =.0044, 1787,

/2
E(k) = 5 N 1--kzsin v de where 0 <
0

E(k) ‘—f"‘(l+aln+~- . +a51’]4) +bym+--ctbyn)x Zn;
where n =1 - kz

a) = .4432, 5141, 463 by =. 2499, 8368,
a2=.0626, 0601, 220 b2=.0920, 0180,
a, = . 0475, 7383, 546 b3 =,0406, 9697,
a, = .0173, 6506, 451 b4 =,0052, 6449,

K(k) and E(k) can be computed with error of less than

597
576
346

012

310
037
526

639

1,6 x 10~
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8

Heuman's Lambda function is combined by complete elliptical

integrals



59

[ KE(g, k') + EF(¢, k') ]

=I|N

where K and E are the complete elliptical integrals of the first and
the second kind and F(g¢, k') and E(g, k') are the incomplete elliptical

integral of the first and the second kind,

4 do
F(o, k') = 5
0 \/1 - k'zsir17<p

' @
E(p, k') = (. '\/1 - k'zsin7<p )
010

After the binomial expansion of the incomplete integrals, they

can be integrated term by term.

» 4
Let qz = Svsinzqo de “and q4 = (‘Sin ¢ do
therefore
q = - sing _8ing cos¢ + Cdgﬂ ¢ - s1nga cos<p)
2 2
)
- sin @cose é
<P4 4 4 q2
_ l . Zm"l + -l
qu T 2m sin ¢ cose 2m qu"*Z

where m =1, 2y oo X and qo = ¢



Hence Heuman's Lambda function is

.2 1 2L '4
Nolos k) == {qu - S(2K-E) g_k'“ - 5—(4K-3E)q k
1.1.3 6 1'.1...(21,1_3)
" 24 (6K - SElggk - ~ Side--om
'2n
[2nK - (2n-1)E] quk - oo}

The numerical calculation in this paper is truncated at 20th term,
which is good enough for the actual gravity measurement.
It is very important to know the characteristic of Lambda

function:

and X\ (¢, k) =

NF
o

1l +a

0<x<1— 0< qo<‘1‘2T and N (o, k)

1
—

x:l—’fpz‘;‘ and X\ (¢, k) =

x>’1"’lzr<qo<7r and N (7m-@,k) =2- X (¢,k)
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APPENDIX B
PARASNIS' METHOD
Parasnis' (1961) estimated the gravity anomaly of a right ver-

tical circular cylinder assuming that the anomaly is proportional to

the plane area.

() ag = 2nGp {z,- 2z - 'K/zi‘l-a? + Ef%—az} x =0

(ii) aAg = ——B— {N/m_ N[z +(X"!*a)2 + \/z12+(x+a)2
- \[:12 t(x-a)® )} x>a

(iii) Ag = 2nGp [z2 _"zl - —1?: {F(x+a) + F(x-a)}

—E{F(xua)=F(x+a)}] x < 3,

NN

where a 1is radius, zl and z_ are the depth of the top and bottom,

x is the distance from the axis to the observaticn point, and

2 2
F(t) = +t - +
(t) Z‘2 zl t





