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Appendix.

A1. Variance of P̂b1(R). The variance of P̂b1(R) is
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II = Eb
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Now, a host of subgraphs can be formed by the intersection of two copies
of R. The number of intersected vertices can range from 0 to p − 1. Let us
consider, that for number of vertices in intersection as k (k = 1, . . . , (p−1)),
the number of graph structures that can be formed is gk and we represent
that graph structure by Wjk, where, j = 1, . . . , gk. Thus,
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A2. Proof of Theorem 3.1.

Proof. (i) Now, let us try to try to find the expectation of P̂b1(R)
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under the sampling distribution conditional on the given data G.
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So, we have,

Eb[P̄B1(R)|G] = Eb[P̂b1(R)|G] = P̂ (R)

(ii) Given G,
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So,
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where, W = S ∪ S′, pW = |V (W )| and eW = |E(W )|.

(iii) Here, we use properties of the underlying model. Let us condition on
ξ = {ξ1, . . . , ξn} and the whole graph G separately. Now, conditioning
on ξ, we get the main term of P̂ (R) to be,
(0.1)

E(ρ−eP̂ (R)|ξ) =
1(n
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|Iso(R)|
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We shall use the same decomposition as used in [1] of (ρ−en P̄B1(R) −
P̃ (R)) into

(ρ−en P̄B1(R)− P̃ (R)) = ρ−en
Ä
P̄B1 − Eb[P̂b1(R)|G]

ä
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Now, it is easy to see that

Var(ρ−eP̄B1(R)) = E(Var(ρ−eP̄B1(R)|G)) + Var(E(ρ−eP̄B1(R)|G))

= E(Var(ρ−eP̄B1(R)− P̂ (R)|G) + Var(P̂ (R))

= E(Var(U1|G)) + E(Var(P̂ (R)|ξ)) + Var(E(P̂ (R)|ξ))

= E(Var(U1|G)) + E(Var(U2|ξ)) + Var(U3)

We shall try to see the behavior of Var(U1|G) = Varb[ρ
−eP̄B1(R)|G].

From (ii) we get that, Varb
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ó
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)
. Similarly,

Covb[ρ
−e
n P̂b1(R), ρ−en P̂b′1(R)] = O( 1

m) for acyclic and k-cycle R follow-
ing similar steps as variance in Appendix A1. If we consider the uni-
form probability for bootstrap to be γ, then, B = O(γnp). Note that,
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if E(Hb) ∩ E(Hb′) = φ, then, Covb(P̂b1(R), P̂b′1(R)) = 0. The number
of pairs such that E(Hb) ∩ E(Hb′) 6= φ is O(m2γ2n2m−2). Also, the
number of edges for the leading term in the covariance is equal to or
more than 2e. So,

E(Varb[ρ
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The second equality follows since we have m/n → 0 as n → ∞. So,
since, B(mpρen ∧m) > O(n), we have, E(Var(U1|G)) = o(n−1).
Now, by proof of Theorem 1 in [1], we have,

Var(U2) = o(n−1)

Var(U3) = o(n−1)

So, we get, Var(ρ−eP̄B1(R)) = o(n−1). Since, we already know
√
n-

consistency of
Ä
ρ−en P̂ (R)− P̃ (R))

ä
, this proves the

√
n-consistency of

ρ−en P̄B1(R) to ρ−en P̂ (R).

A3. Proof of Theorem 3.2. For variance calculation, we also need the
joint inclusion probability of two items, S, S′ ∈ Sp, which are subgraphs of
G induced by the set of vertices {w1, . . . , wp} and {w′1, . . . , w′p} respectively,
where, we take that wi+1 � wi and w′i+1 � w′i, i = 1, . . . , p− 1. So,

πSS′ ≡ Inclusion Probability of S and S′ = P[(w1, . . . , wp) is selected

and (w′1, . . . , w
′
p) is selected]

=
p∏
d=1

(qd)
z1d

p∏
d=1

Ä
q2
d

äz2d
where,

z1d =

®
1(wd = w′d), for d = 1
1((wd, wd−1) = (w′d, w

′
d−1)), for d = 2, . . . , p

z2d =

®
1(wd 6= w′d), for d = 1
1((wd, wd−1) 6= (w′d, w

′
d−1)), for d = 2, . . . , p
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(i) We know that P̂b2(R) is a Horvitz-Thompson estimator with inclusion
probability of each population unit to be π =

∏p
d=1 qd. So, according

to the sampling theory [2], P̂b2(R) is an unbiased estimator of P̂ (R)
given the network G, if P(P̂b2(R) = 0|P̂ (R)) → 0 as n → ∞. Now,
P(P̂b2(R) = 0|P̂ (R)) ≤ (1 − qd)

λn for all d = 1, . . . , p. For all d =
1, . . . , p, (1− qd)λn → 0 if λnqd →∞. So, under the condition, λnqd∞
and qd → 0 as n→∞, we have, P̂b2(R) is an asymptotically unbiased
estimator of P̂ (R).

(ii) The variance of P̂b2(R) coming from the bootstrap sampling only is
given by
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From the formula of Varb[P̂b2(R)|G], we see that, the covariance terms
vanishes when πSS′ = π2. Now, if q1 = 1, then, πSS′ = π2 if E(S) ∩
E(S′) = φ. The number of pairs such that E(S) ∩ E(S′) 6= φ is
O(p2n2p−2).
Now, the condition of q1 = 1 is a bit restrictive. In stead, if we have
q1 → 1 as n → ∞, then, the highest order term of covariance term
comes from the case when E(S) ∩ E(S′) 6= φ but the root nodes are
same that is w1 = w′1. So, for some constant C > 0,
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Now, for the variance term to vanish we need the conditions q1 = 1 or
q1 → 1 and qd → 0 and λnqd → ∞ for d = 2, . . . , p as n → ∞. Since,
we know that O(1) ≤ λnO(n), we get nqd → ∞ for d = 2, . . . , p as
n→∞. So, we have
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(iii) We shall use the same decomposition as used in [1] of (ρ−en P̄B2(R) −
P̃ (R)) into

(ρ−en P̄B2(R)− P̃ (R)) = ρ−en
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Let us define,
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Now, it is easy to see that

Var(ρ−eP̄B2(R)) = E(Var(ρ−eP̄B2(R)|G)) + Var(E(ρ−eP̄B2(R)|G))

= E(Var(ρ−eP̄B2(R)− P̂ (R)|G) + Var(P̂ (R))

= E(Var(U1|G)) + E(Var(P̂ (R)|ξ)) + Var(E(P̂ (R)|ξ))

= E(Var(U1|G)) + E(Var(U2|ξ)) + Var(U3)

We shall try to see the behavior of Varb[ρ
−e
n P̂b2(R)|G].
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Now, since the bootstrap samples for subgraph sampling are selected
independently, we have that,
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Now, under the condition 1
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and B
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Now, by proof of Theorem 1 in [1], we have,
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So, we get, Var(ρ−eP̄B2(R)) = o(n−1). Since, we already know
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, this proves the
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B1. Proof of Proposition 6.
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σ(R1, R2; ρ) = Cov
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B2. Proof of Lemma 7. Let us define
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.
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E

 ∑
W⊆Kn

1(W ⊆ G)

− xP̃ (R)2

1− x

− 1

(1− x)
Ä
ρen
(n
p

)
|Iso(R)|

ä2E ∑
W⊆Kn:W=S∪T,
S,T∼=R,1<|S∩T |<p

1(W ⊆ G)

−xρ
−2e
n Var

Ä
P̂ (R)

ä
(1− x)

=
Var
Ä
ρ−en P̂ (R)

ä
(1− x)

−
xρ−2e

n Var
Ä
P̂ (R)

ä
(1− x)

− o
Ä
Var
Ä
ρ−en P̂ (R)

ää
= Var

Ä
ρ−en P̂ (R)

ä
− o
Ä
Var
Ä
ρ−en P̂ (R)

ää
Similarly, we get,

E [σ̃(R1, R2)] = Cov
Ä
ρ−e1n P̂ (R1), ρ−e2n P̂ (R2)

ä
− o
Ä
Cov

Ä
ρ−e1n P̂ (R1), ρ−e2n P̂ (R2)

ää
Now, from the Theorem 1(a) in [1], we know that as λn →∞, if ρ̂n = D̄

n−1
as defined in (2.6),

ρ̂n
ρn

P→ 1

So, using the estimate ρ̂n, we get that,

σ̂2(R)

σ2(R; ρ)
P→ 1,

σ̂(R1, R2)

σ(R1, R2; ρ)
P→ 1
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B3. Proof of Lemma 8. Given G,

E
î
σ̂2
Bi(R)|G

ó
=

∑
W=S∪T,S,T∼=R,
|S∩T |=1,p

Ä
ρ̂eWn

( n
pW

)
|Iso(R)|

ä
(1− x)

Ä
ρ̂en
(n
p

)
|Iso(R)|

ä2E [P̄Bi(W )|G
]
−xE

[
ρ̂−2e
n P̄Bi(R)2|G

]
(1− x)

=
∑

W=S∪T,S,T∼=R,
|S∩T |=1,p

Ä
ρ̂eWn

( n
pW

)
|Iso(R)|

ä
(1− x)

Ä
ρ̂en
(n
p

)
|Iso(R)|

ä2 P̂ (W )−xρ̂
−2e
n P̂ (R)2

(1− x)
−
xVar

Ä
T̂Bi(R)

ä
1− x

= σ̂2(R)−
xVar

Ä
T̂Bi(R)

ä
1− x

= σ̂2(R)− o
Ä
σ̂2(R)

ä
where the last inequality follows since x = O

Ä
1
n

ä
and Theorem 3.1 and

Theorem 3.2 for i = 1, 2.
Similarly, we get,

E [σ̂Bi(R1, R2)|G] = σ̂(R1, R2)− o
Ä
σ̂2(R)

ä
So using Lemma 7, we have that,

σ̂2
Bi(R)

σ2(R; ρ)
P→ 1,

σ̂Bi(R1, R2)

σ(R1, R2; ρ)
P→ 1 for i = 1, 2
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