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EFFECTS OF SHEAR DEFORMATION IN THE CORE OF

A FLAT RECTANGULAR SANDWICH PANELL 2

1. BUCKLING UNDER COMPRESSIVE END LOAD

2. DEFLECTION UNDER UNIFORM TRANSVERSE LOAD
By
H. W. MARCH, Mathematician

Forest Products Laboratory,i Forest Service
U. S. Department of Agriculture

Introduction

Formulas for the buckling loads of flat sandwich panels under uniform
compression along two opposite edges and subject to various edge
conditions were presented in Forest Products Laboratory Report No.
1525. As stated in that report, the effect of shear deformation in the
core was neglected in the derivation of the formulas, since they were
an adaptation to sandwich panels of formulas applicable to panels of
plywood in which the effect is usually negligible. The present report

—l-This progress report is one of a series prepared and distributed by
the Forest Products Laboratory under U. S. Navy, Bureau of
Aeronautics No. NBA-PO-NAer 00619, Amendment No. 1, and
U. S. Air Force No. USAF-PO-(33-038)48-41E. Results here
reported are preliminary and may be revised as additional data

become available.
2
—Original report dated May 1948.

3Maintained at Madison, Wis., in cooperation with the University of
Wisconsin.
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is devoted to determining approximately the effect of the shear
deformation of the core in two groups of problems: (1) the reduction
in the compressive buckling load of rectangular panels subject to
each of the four edge conditions treated in Report No. 1525; (2) the
increase in the central deflection of rectangular panels under uniform
transverse loads and subject to the conditions that all edges are
simply supported or that they are all clamped.

The same underlying method of obtaining approximate results is used

in both groups of problems. It is believed that a more satisfactory
determination of the adequacy of the method can be obtained from the
deflection of panels under uniform transverse load than from compressive
buckling loads because the latter are usually not sharply defined, but

are obscured to a greater or less extent by the initial lack of flatness

of the panels.

The method employed in treating both groups of problems was used
in several British reports concerned with the behavior of sandwich
panels having isotropic cores and faces. e

The method is here extended to apply to sandwich constructions having
orthotropic facings and cores. Two of the orthotropic axes of the
core and facings in the rectangular panels are assumed to be parallel
to the edges of the panels. The third orthotropic axis is then
perpendicular to the facings of the panels. It is believed that the
method may be expected to yield better approximations if the Young's
moduli of the core in the two directions parallel to the edges of the
panel are equal or nearly equal than if they are widely different.
Hence, the method may be expected to apply reasonably well to panels
with honeycomb cores and with cores of end-grain balsa, hycar,
cellular cellulose acetate, and similar materials. Results for panels

4Williams, D., Leggett, D. M. A., and Hopkins, H.G. " Flat Sandwich
Panels Under Compressive End Loads,' Report No. A.D. 3174
Royal Aircraft Extablishment, June 1941.

Leggett, D. M. A., and Hopkins, H. G., '"Sandwich Panels and
Cylinders Under Compressive End Loads," Report No. S. M. E.
3203, Royal Aircraft Establishment, Aug. 1942.

Hopkins, H.G., and Pearson, S. "The Behavior of Flat Sandwich
Panels Under Uniform Transverse Loading," Report No. S. M. E.
3277, Royal Aircraft Establishment, March 1944.

Rept. No. 1583 -2-




with either isotropic facings or cores or with both facings and cores
isotropic can be obtained at once from those for orthotropic facings
and cores.

In order to obtain relatively simple approximate formulas, energy
methods are used. As in the British reports to which reference is
made in footnote 4, it is assumed that any line in the core that is
initially straight and normal to the middle surface of the core will
remain straight after the deformation of the panel, but that in

general it will not be normal to the deformed middle surface but

will deviate from this normal direction by an amount that is expressed
by a parameter k. The parameter k is determined with the aid of
energy methods.

In applying the formulas of Part I to the buckling panels whose iso-
tropic facings are stressed beyond the proportional limit, it is
recommended that Ef, the modulus of the facings, be replaced
throughout by a reduced modulus. This procedure was followed in
Forest Products Laboratory Reports Nos. 1525-A, B, C, and D, and
was found to improve materially the agreement between the predicted
and observed buckling loads of the panels with aluminum facings that
were stressed beyond the proportional limit. The complete theoretical
justification for the replacement of E¢ by a reduced modulus has not
been established. In the appendix to this report, however, it is shown
that this procedure is correct for a panel acting as a column under a
compressive load if the effect of shear deformation in the core is
taken into account by the method used throughout the body of the report.

1. BUCKLING UNDER COMPRESSIVE END LOAD

Expressions for the Components of Displacement and Strain

As the xy plane, choose the undeformed middle surface of the core.

The axes of x and y (fig. 1) are the intersections of this middle surface
with the planes of two adjacent edges of the panel. The axis of z (fig. 2)
is perpendicular to the undeformed middle surface. In the middle
surface of the core, let the components of the displacement be

u=0, v=0, w=1f(x,y) (1)
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where f(x, y) will be chosen to satisfy the boundary conditions in each
of the cases to be considered.

Denote the components of the displacement at a point of the core whose

ordinate is z by u, Vs and w. and assume that

u =-kz-6lv, v —-kzé-\g,w = W (2)

< 6x C oy <

where k is a parameter to be determined. It would probably be better
to use different parameters k) and kp in the expressions for u, and v,

but the resulting analysis would be considerably more complicated
than if the same parameter is used. Accordingly it seemed best to
use but one parameter and to determine by test the adequacy of the
resulting approximate formulas.

Denote by uj, vi, wj (i = 1, 2) the components of the displacement at

the upper and lower faces of the core. The subscript 1 will refer to
the upper face, z = ¢/2, and the subscript 2 to the lower face, z = -c/2,
where c is the thickness of the core. From (2) it follows that

- ( 1) i kc 6w ( 1)1 kC 5W _— (3)

"""——'l ! i

It will be assumed that the shear deformation in planes perpendicular
to the panel may be neglected in the facings because of their relatively
high shear moduli. Denote by f the thickness of the facings and by

ugis Vi W (i = 1, 2) the components of displacement in the middle

surfaces of the upper (i = 1) and the lower (i = 2) facings,
respectively, Then

uy +( 1)1f5w

G (ke + £) 5w
2 ox

Up. = =
fi 26x%
; i
Vfi = Vi + (-1)1 fow = (-1) (kC + f) 6—‘1,
26y 2 by (4)
far s Ml

Rept. No. 1583 -4-




Love's2 notation will be used for the components of strain. Primed
letters will denote components of strain in the core while unprimed
letters will denote the corresponding components in the facings.

Then from (2) it follows that:

2. 2
6w 5w
e! =-kz—, e = .k g —r7,
o sx2 VY By2
ow ‘ Sw
eyy = (1-k) E}T’ e, = (1-k) = (5)
6Zw

From (4) it follows that the membrane strains in the facings (strains
in their middle surfaces) are:

2

i 2 i
() 87w 1) gy 8w
xx = 3 (k°+f)5x,' ®yy T2 (k°+f)5yz’

(6)
- Lo + £ 5
R b~

Superposed on this state of strain in the facings are the flexural
strains arising from the bending of the facings about their middle
surfaces. These strains in either facing are expressed by the
equations;

2 2
w 6°w = g 80w @)

e ;- €
Yy sy2 Xy 6x6y

where z' is measured from the middle surface of the facing under
consideration.

iLove, A. E. H., "The Mathematical Theory of Elasticity." 1927.
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Strain Energy In the Core and Facings

The strain energy in the core is expressed in terms of the strains by
the following integral:é

. a b c/2 . 5
o sy | B O e T E Oy
o o -c/2
+ 2 By Elgxtlyy TN fyy e|2yz (8)
+ N W e'2 + N e dzdydx
Wzx ZX Xy Xy
where \' = 1-¢" xyo" yx? E'x and E'Y are Young's moduli, "l'xy’ wyz , and
' are moduli of rigidity, and “'xy and o' yx aTe Poisson's ratios.

After substituting the expressions for the strain components from
equations (5) and performing the integration with respect to z equation
(8) can be written in the form:

Uc =Ucp + Ucs ()
where
a b
3.2 2 2
ck 6w, 2 6°w . 2
U = — + Et (—— 10
b “3ay S f B () EY(GYZ) (10)
o o

2 2 2
+ 2B, o OTWRBTW L oan o (8w )Z dydx.

*OV® k2 gyl ¥ sxéy
2 2 b B, 2 &wy 2
U =c(1-k) 5 (W L Ny dydx. 11)
cs 2 “Yz(by Hax (6x (
o O

é.See for example U. S. Forest Products Laboratory Reports Nos.
1312 and 1503.
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Of these two parts of the strain energy of the core the first, U cbr Will
be called the strain energy of the core in bending and the second, i
the strain energy of the deformation of the core in shear.

The strain energy of the two facings is the sum of the strain energies
of the states of strain (6) and (7). Then

U f(kc+f)2a E( )+E (6 W)
([

£
ﬁx
52w 62w | 64w (2
X y
32 P 52w, 2 §%w. 2
S I B iy
128 & ' 5 X Sy
+ 2E iy 62w+ 4\ (6ZW )2 dyd
Oy o T n ydx
X OVX 5x2 6y2 - 6xby ’
On combining these two integrals it follows that
a b
[3(kc + £)2 + £2]£ 5 5 (azw)z
12\ ]’ % Sx
o o
(12)
| 2 2 2. >
vE (B0 op o SEStw, g, (S0
By x> GyZ 6x6y

The elastic constants that appear in (12) have the same significance
for the facings that those of (10) and (11) have for the core.

Case 1. Panels With All Edges Simply Supported

For panels with all edges simply supported the function w = f(x, y),
the deflection of the middle surface, is chosen to be

Rept. No. 1583 s



w = C sin ax sin By (13)

where
a = P p (l 4:)

In choosing the form (13) it has been assumed that the ratio g of the

sides of the panel is such that the panel will buckle into a single half-
wave. If there appears to be a possibility that the panel will buckle
into more than one half-wave, P in (13) must be replaced by nf = _‘_’B'[
throughout and that value of the integer n chosen which leads to the
smallest buckling load. This replacement can be made in the final
formula for the buckling load.

On substituting (13) in (10) and (11), performing the integrations and
introducing certain abbreviations it is found that

2 2 3
UCb=Cabk c a.z'ﬁZH', (15)
96N
2 2
-C%ab c (1-k 2
Ues = g L3 p= K, (16)
where
2 2
_ b a
H —E‘x-—za +E‘YB—2-+ 2A!
o= T 17
A = E a"yx+2)\ M ey (17)
2
b
- \
! p’y'z +H‘zx 22

The substitution of (13) in (12) yields after some reduction:
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- ] B
L gbf_L(hH) 1% a2 p = (18)

U
t 48\
where
b az |
H'-Ex:z+Ey;z+2-A (19)
A= Exo-yx + ZM.ny | (20)

The work done by the compressive load P per inch of edge during
buckling is found from the integral,

a b sw,2
W=.I§. f f(ﬁ) dydx (21)
O O
to be
2 2

The condition for instability of the panel is expressed by

After substituting (15), (16), (18), and (22) in (23) and solving for P
it is found that

2.2 3 2 ;
p="k ¢ B, x?ek +. 71 [3(kc+f)z+fz]H (24)
12\ a,2 6)\32 '

In this expression k is to be chosen so that P is a minimum.

Rept. No. 1583 -9-



From OP = 0, it follows that
Tk

w2l [

1-7""7
k = o & (25)
wzczH' +1T2CfH
12022 K 23l K

1+

If this value of k is substituted in (24), an approximate formula will

be obtained for P_., the buckling load per inch of edge when the

effect of shear deformation of the core is taken into account. How-
ever, a further approximation is possible that leads to a much
simpler formula for P.rs
The second term in the denominator of (25) will normally be much
smaller than the third term. The ratio of the second to the third

term is found to be =— 2— ——-l. This ratio will be small for sandwiches

with weak cores and facings that are not too thin in comparison with the
thickness of the core. For example, for a square panel whose facings
and core are isotropic, H' = 4E' and H = 4E and \ may be taken equal

toN. He=0.5 £=0.01, Bf = 104, E=2x 106, the ratio in question

is equal to 3 x50 x _1_ =_1. If the sides of the panel are 10 inches
6 200 24

long, the third term of the denominator of (25) is equal to 0. 282. The
value of the second term is then 0.0117. The change made in the
denominator by neglecting this term is thus, in this case, about 1
percent. The term in question contains the factor H' and consequently
arose from the term Ucb in equation (23). It will now be assumed that

the term containing H' in equation (24) for P may also be neglected.
This is equivalent to neglecting the term U(:b in equation (23). When

this is done equations (24) and (25) take the following forms:

wzf

6ra’l

P=(1-k)%cK + [3(kc +£)% + ff_l H, (26)
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~ 1r2 f2 H
- . 2
k 2\ a¢ K (27)
w2 of H
2222 K

1+

When this value of k is substituted in (26) an approximate expression
is obtained for the critical load P per inch of edge, as corrected for
the effect of shear deformation in the core. This load has been
denoted previously by PCrs to distinguish it from Pcr’ the load

obtained by the formulas of Forest Products Laboratory Report
No. 1525 in which the effect of shear deformation is neglected.

Before this substitution is made, a change of notation will be adopted.
This is done in order to express the results in a form that will be
found for each of the other edge conditions, although the constants
entering the formulas for the other conditions will have different
meanings in each case.

In equations (26) and (27) let

e

2 3" 2
R=_"__H-= (B, 2+ E 2+ 24). (28)
2)\al 2)\a2 a’ b2

Then
K (29)

K

On substituting this value of k in (26) as modified by the introduction
of R, the following equation is obtained for the buckling load P,
corrected for shear:

rs

7 cfR
3f(c +£)2+£3 (1 + &) R
crs (30)
cfR
3(1 + —IET‘
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Formula (30) can be put in a more significant form if it is noted that
the numerator divided by 3 is approximately the buckling load per

inch of edge of the panel when no allowance is made for the effects of
shear deformation in the core. For if the effects of shear deformation
of the core are neglected, as well as the direct contribution of the
core through its bending stresses to the stiffness of the panel, the
buckling load per inch of edge is given by the formula?

2 3 3 2 2
pcr=1f_(h-____°_>(Exb_+E aZ424)
aZ 12% aZ YbZ

(b3 - 3R _ [3f(c +£)2 + f3]R

= (31)
6 3
f4 2
Then, if the term, E__.._.R_, is neglected in the numerator of
Kl
equation (30), this equation can be written in the form:
Per
. T (32)
where
n=CStR (33)
Kl

The term neglected will normally be small in comparison with the sum
of the remaining terms in the numerator of (30). For

ZFormulas (6) and (9) of Report No. 1525 with n = 1. In obtaining this
formula approximate expressions have been used for the constants
D;, D,, and K as defined on page 3 of Report No. 1525. The

approximations consist in neglecting the terms (Exlx)cc3, (EY/)\)CC3

and (A/)\)Cc3 from the respective numerators of the definitions of
Dl’ D,, and K of Report No. 1525. This amounts to neglecting

the contribution of the core to the stiffness of the panel in any other
way than by merely separating the faces. Obviously this approxi-
mation is justified only for cores whose elastic constants are small

in comparison with those of the faces.

Rept. No. 1583 -12-




cf4R

K
> 3<,, ) ;
Mf(c+£)“ + 1 3(c + f)

£2

Now 7, which appears in the corrective factor 1/(1 + 1) in (32), may
be expected to be less than unity in cases of practical interest, For
such cases the error committed by neglecting the term in question is
obviously small,

In obtaining (26) and (27), and (30) which results from combining them,
the assumption was made that U_}, the strain energy of the core in

bending, could be neglected. A consideration of the magnitudes of the
quantities involved in usual sandwich constructions indicates that the
assumption is a plausible one. Numerical calculations of a number

of special cases have shown satisfactory agreement between the
results obtained by using (24) and (25) and those obtained by using (32),
which is a close approximation to (30).

The approximate formula for Pcrs is given by equation (32) with the
constant n defined in equation (33). The quantities R and K' appearing
in the definition of mn are defined in equations (28) and (17), re -
spectively.

Up to this point, it has been assumed thdt the panel will buckle in a
single longitudinal half-wave. If it appears likely that the panel will
buckle into n longitudinal half-waves, the letter b is to be replaced
by b/n in all formulas. The smallest value of Pcrs that is found for

the various values of n is the buckling load per inch of edge.

Case II. Panels having the loaded
edges simply supported and the
remaining edges clamped

For panels having the loaded edges simply supported and the remaining

edges clamped the procedure is exactly the same as for Case I, except

that for a panel buckling in a single longitudinal half-wave the deflection
of the middle surface is now chosen to be given by

w = C sin’ a x sin By (34)

instead of by (13).
Rept. No. 1583 ~13-



As in Case I, the strain energy of the core in bending U, is neglected.

The strain energy of the shear deformation of the core is found from
(11) and (34) to be

2 - AN G 2 2
ch=c ab3c2(l k) 3"L'yzB +4P"zxa]' (35)

The strain energy in the facings, Uf, is found from (12) and (34) to be

2 2 2
_C abf[3(kc»+f) +f] 4,3 4, A 22

The work done by the compressive load P per inch of edge during
buckling is found to be

w=%’_2.Pczﬁ2ab (37)

From the condition for instability of the panel
W= U.g t+ Ug

it follows that

3 9
where
D B, o Ay BE (39)
- P‘yz p’ zxaT’
2 2 2
R=8"_ g b°, 3 g 2", A (40)
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The load P will be a minimum with respect to k if

] - 2R
e Kf (41)
&
1+ S

This expression for k is the same in form as that in equation (29) but
the quantities K' and R are defined by (39) and (40) instead of by (17)
and (28). '

The substitution of this value of k in (38) yields, after some reduction,

P = [3f(c + f)Z + £3 (l + T])] R (42)
855 9(1 + )
where
n= cfR (43)
K

After neglecting the term f3n R, equation (42) can be written

P = s (44)

where P__ is the buckling load per inch of edge without correction for

shear deformation, for in accordance with equation (11) of Forest
Products Laboratory Report No. 1525,

_ 16w b2, 3 _ a? K
Pcr"—73a [D1—2+1-6-D2b2+z- (45)

_(h3 - c3)R _ [3f(c + 62+ B3R
18 9
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In arriving at this form, the contribution of the core was neglected
in calculatingz_ Dy, D,, and K. The justification for neglecting the

term of f3n R in the numerator of equation (42) is found in the dis-
cussion following equations (32) and (33).

The analysis just given assumes that the panel buckles into a single
longitudinal half-wave. If there appears to be a possibility that the
panel will buckle into more than one half-wave, B in (34) must be

™
b
which leads to the smallest buckling load. As in Case I, this re-
placement can be made in the final formulas.

replaced by n § = n — throughout and that value of the integer n chosen

Case III. Panels having the loaded
edges clamped and the remaining
edges simply supported

The analysis used in the remaining cases is identical in plan with
that used in the previous cases. In each instance, the buckling load
per inch of edge is given by the formula

P - PCI’ (46)

crs 1+Ti’

where P_, is the buckling load per inch of edge without correction

for shear, as obtained from the approximate formulas of Forest
Products Laboratory Report No. 1525, the core being neglected in
calculatingz Dl' DZ' and K and where

cfiR

=35 (47)

with proper definitions for R and K' in each instance.

From this point on, only the form assumed for the deflected middle
surface and the expressions for the quantities P.., R, and K' will be
given.
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For one longitudinal half-wave:

w = C sin a x sin® By,

2
K' = 4y, + 30 5y B (48)
ad
2 g 2 2
8w 3 b a A
R=— (77 E,—+E_ —+%5), (49)
T 16 xaz sz é
3_.3
P = (h c?)R (50)
Ccr 24

For two longitudinal half-waves:
w = C sin a x sin Py sin 2 Py. (51)

(This choice is suggested by the fact that w vanishes along the nodal
line, y =b/2, while the slope does not vanish along this line.)

= 5 yz ¥ Fax .Ez (52)

2 2 2
R=-"T"_(E 2-+41 E 2_+104), (53)

2\a’ al Y 2

_ (B3 - 3)R
Per =730 e

For three longitudinal half-waves:
w = C sin a x sin By sin 3Py, (55)
b2

K' =10p'yy + ', . (56)

a
: b2 6 al 7
R = ___7(E _7+13 Eyb_2+ZOA), (57)
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- (h3 - c3)R
cr 60

P

Case 1V. Panels having all edges
clamped. For one longitudinal
half-wave:

2

w = C sin? a x sin? By,

2
K =p' + p b_
yz zX 22

21r2

R = =5 (3E +3E_2_+ 2A),
3\a ( xaz Y:Z' )
3 3
P =.LC_)_1.1.
cr 6

For two longitudinal half-waves:

2

w = C 8in“ a x sin By sin 28y,

bZ
= ! ' —
K 15;.|.Yz+4|.1z a,z.

2 2 2
R=_""_(16E_ L2 +123 E 2 + 404)
2 X a2 Y p2

2\a
p _(h3 -c3)R
cr ~
90

For three longitudinal half -waves:

2

w = C 8in® a x sin By sin 3y,

Rept. No. 1583 -18-
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(62)

(63)

(64)

(65)

(66)

(67)




2

1 = 15 ' -|-1 ' b 68
K ——;}.‘.Yz EPZXaT [] ( )
2 2 %
R=_T (ZExP._ +51E 2_ 4+ 104), (69)
2\a? a2 Y p2

p =23 -c)R (70)

cTr 45

In all cases the constant R, which appears in (33) (alyso in (43) and
(47)), the definition of v, may be expressed in terms of P‘:r by solving

the appropriate equation connecting . and R.
2. DEFLECTION UNDER UNIFORM TRANSVERSE LOAD

I. Panels with simply supported edges

The increase in the central deflection associated with shear defor-
mation of the core will be determined approximately by assuming that
the displacements of points in the core are represented by equations
(2). The form of the deflected middle surface of the panel is taken to
be given by equation (13),

w = C sin ax sin Py.

The coefficient C, the deflection at the center of the panel, and the
parameter k of equations (2) will be determined to make a minimum
the total potential energy of the system composed of panel and load.

A more general procedure would be to follow that used in the paper by
Hopkins and Pearson? and take w to be given by

w:E b w s (71)
' m n mn

where
Wmn = Cmn sin a x sin By (72)

Rept. No. 1583 -19-



T nm
o E=m = e 73
m 5 Pn B (73)

The expressions (2) for the displacement would then be replaced by

ow dw
u =-2 T k__z—20 vy =% T k__z__ M0 (74)

c m n mn B d e m n mn 5y

The use of the energy method will lead to pairs of equations, each pair
containing only one of the coefficients C_  and the associated parameter

K+ For a panel that is square or nearly so, however, the assumption

of a single term as in (13) of the double Fourier's series for w leads
to quite accurate values of the central deflection for panels in which
the effect of shear deformation can be neglected. The following
analysis is based upon the use of equation (13).

It will be assumed that sides of the rectangular panels considered are
nearly equal. On the basis of the behavior of panels of isotropic
materials in which correction for shear deformation is not necessary,
it appears that satisfactory results may be obtained by the use of a
single term of (71) if the ratio8 of the longer to the shorter side is
less than 1.4. This statement applies only to the calculation of the
central deflection. More terms are necessary for the calculation of
bending moments and shearing forces.

By using equations (13) and (2) the expressions for U__, the strain
energy of the deformation of the core in shear, and U;, the strain

energy of the facings, are given by (16) and (18), respectively. As

§I‘or orthotropic panels, the ratio in question is b P_l_ 1/4 where E1
a E>
associated with the direction x parallel to the side a is defineg by the
. Ex (b3 - ¢3) E_(h’ - c”)
equation E, ==~ “andinlikemanner E_=_Y ____ E
1 h3 _ 2 h3 PTx

and EY being the moduli of the facings. In case the ratio as determined
in this way turns out to be less than unity, interchange b and a, and E1
and E) to determine the approximate range within which restriction
to a single term of the double Fourier's series may be considered to
be adequate.

Rept. No. 1583 -20-




in the case of buckling, the strain energy of the core in bending will be
neglected. The work W_ done by the uniform load p per unit area is

1
a b . _ 4pabC 75
WZ = pS ‘r w dydx = SR = ( )
o o ™

The total potential energy of the system is then

W=U_+U-W (76)

1

In the expression (18) for Uf introduce the quantity R, which will be
defined in terms of H by the equation

2
R = Hal X (77)

Then (76) becomes

Czabf[3(kc + £)% + 2] B%R _ 4pabC

24 "2

_ c? abe

5 (78)

w

(l-lQZﬁZK'+
In this equation K' is defined by (17) and H, which occurs in the definition
of R, is defined by (19).

The quantities C and k are to be found from the equations

6—W-=0and§-y-=0

6C ok

2 2] Z
SW _ C abe a - k)Z ﬁZK' + C abf I;3(kc + £)° + f JAB"R _ 4pab _ 0 (79)
6C 4 12 2

8W_ -C%abc (1 - k) %K' | C2 abef (ke + 1) B°R
5 k 4 4

= 0 (80)

From (80) it follows that
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ik 3 (81)
ciR
R

On substituting this value of k in (79) it is found that (79) reduces to the
following equation:

¢4g2
R+
cp? Lo + 92 4 13] K .4 (82)
12 cfR ™
1+
Let
and note that
3 3

3f(c + £)% + £3 = h__z_c (84)

It follows from (82) that
e (1 + ) (85)

C =
w2p2R (b3 - 3 + 2f3q)

In accordance with the discussion following equations (32) and (33) the
term 2f3'q in the denominator will be neglected in comparison with

(h3 - c3). Then (85) becomes

96p (1 + n)
72B2R (13 - &) -

C =

For a panel in which no correction is to be made for shear deformation
in the core, the parameter k of equations (2) is to be replaced by unity.
At the same time replace C in (13) by C, so that C_ is the central

deflection of a panel for which no correction for shear deformation is
necessary. The expression for the total potential energy then becomes:
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_Co2ab(hd - c3) 2R 4pab G,

w (87)
48 wl
if use is made of (84).
It follows immediately from the equation
W
6C,
that
CO - 96p (88)
wZBZR(h3' ¥ c3)

The presence of the factor (h3 - c¢3) in equation (88) is to be attributed
to the fact that the contribution of the core to the bending stiffness of
the panel has been neglected.

Equation (86) may then be written

C =C, 1+ ) (89)

This equation states that the central deflection of a panel as corrected
for the effect of shear deformation in the core is to be found by
multiplying by the factor (1 + n), the central deflection as calculated
for the panel without allowance for the effect of shear deformation.
The quantity n is defined by equation (83). Written out in full

5 b2 42
_TOci(Ey JZ + Ey [Z + 24) (90)

2 1y ¢ b2y
2\a (uyz +”zx;z)

where the primed letters for the elastic constants refer to the core and
the unprimed letters for such constants refer to the facings.
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II. Edges clamped

The form of the deflected surface will be chosen to be
w=C sin2 ax sinZ By (91)
where

a=

» B =

I E

o

This choice of the form of the deflected surface leads to satisfactory re-
sults for the central deflection of isotropic panels in which shear defor-
mation can be neglected if the ratio of the larger to the smaller side of
the panel is less than 1.4. For the corresponding ratio in the case of
orthotropic panels see footnote . .By using equations (11) and (12), the

strain energy Ucs of the shearing deformation of the core and Uy, the

strain energy of the facings, are found to be, respectively:

2
cCS 32
2 [ 2 2:] 2
32
where
- b2
B = M'yz ML = (94)
a
2w? b2 a2
R = (3E:x =+ 3E, =+ 2A) (95)
32’ a b2

The work WZ done by the load is readily found.

a b
wdydx =p C [ f sin? ax siné By dydx = pC;ab (96)
o ©

=
o~
]
e
o= p
o~—o

Rept. No. 1583 -24-




The total potential energy W of the system is therefore

W=1U
c

+U - W
8 f 1

3CZ2abc 2 2 C2abf [3(1«: +£)2 + f'ﬂ] B2R  pCab
W:T(l-k) BK' + = = B

(97)

The values of k and C that render W a minimum are to be obtained from
the equations

BW _3Cabe ) _ 12 g2k 4 Cabf[a(kc + £)2 + fZ] B2R _pab_ o (gg)

5C 16 16 4
and
8W o _3C%abe(; _y) 2gs 4 3C2abef (ke + ) B2R _ (99)
6k 16 16
From (99)
] 2R
k= K (100)
1+ ciR
Kl

By substituting this value of k in (98) the following equation is obtained:

4p2
3f(c + £)2 + 3| R + SLRT
cp?

K P (l 01)
-= =0
16 14 cfR 4
Kﬂ
Let
cfR
== (102)

and make use of equation (84), It follows from (101) that:
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C = 8p(l + ) (103)
ﬁZR(h3 -3+ 311)

If 2f37is neglected in comparison with h3 - ¢3, equation 103 becomes:
| g

C = 8p(l + n) (104)

If Co denotes the central deflection of a panel when no allowance is made

for shear deformation, it is easily found from (97) by setting k =1 and
C = Co, that

c 8p

o= (105)
ﬁZR(h?’ _ C3)

It is readily checked that, for a panel of isotropic facings and core in
which the contribution of the core to the bending stiffness is neglected,
equation (105) gives the central deflection with an error of less than 4
percent if the ratio of the longer side to the shorter side of the panel
is 1.4 or less.

In accordance with equations (104) and (105) the correction of the
central deflection for shear deformation in the core is to be obtained
from the equation

C=C_(1+m) (106)

where 7 is defined by equation (102). Written out in full

b2 al
Fi : —
2w cf(3EX 2 + S*}Ey ¥ + 2A)
n= (107)
2 b2
1 1
3.)\a (pyz te zZX aZ)

The argument for neglecting the term of 2f3'q in the denominator of
equation (103) is identical with that following equations (32) and (33).
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a, b

G

f

h=c+ 2f

€yx exy

e !
XX e Xy

s ¥ Wy

u, v, w

o
{
T

o'la
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Notation

dimensions of the panel with the sides b parallel
to the line of action of the compressive load.

thickness of the core.

thickness of each facing.

thickness of the panel.

components of strain in facings.

components of strain in core.

components of displacement in core.

components of displacement at center of core.

components of displacement at upper and lower
faces of core, respectively.

components of displacement in middle of upper
and lower facings, respectively.

Young's moduli of facings.

Young's moduli of core.

a constant in the formula n = cfR/K'. A different
definition in each case.

transverse load per unit area.

compressive buckling load per inch of edge
corrected for the effect of shear deformation.

compressive buckling load per inch of edge when
effect of shear deformation is neglected.

a constant in the formula n = cfR/K'. A different
definition in each case.

strain energy of deformation of the core,
associated with buckling.

flexural strain energy of the core.

strain energy of shear deformation of the core.
strain energy of deformation of the facings.

work done by the load P per inch of edge of
sandwich. It is associated with the shortening
of the panel in bending to the form w = cf(x, y).
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A=1 - “xy 0'Yx for the faces.

Ml -g, for the core.

L]
y 7 yx
shear modulus of facings in plane xy corresponding
to the orthotropic axes x and y.
shear moduli of core.

ny

Byze Waxe Wiy

T .. 0 Poisson's ratios of facings.
xy' Tyx

o, o Poisson's ratios of core.
Xy yx
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APPENDIX?

Use of the Reduced Modulus in the Buckling Formulas

for Isotropic Facings When the Facings Are Stressed

Beyond the Proportional Limit

In Forest Products Laboratory Reports Nos. 1525-A, B, C, and D the
buckling stress for the sandwich panels with aluminum facings was
usually above the proportional limit. In such cases the formula for
calculating the buckling stress was modified by replacing the modulus
of the facings by a reduced modulus. A theoretical justification of
this procedure is not known, but it leads to results that are considered
to be in satisfactory agreement with the results of tests.

Some support can be found for this procedure by applying the method of
Williams, Leggett, and Hopkinsﬁ that was applied in the present report
to the buckling of sandwich panels, to the buckling of a sandwich column
whose isotropic facings are stressed beyond the proportional limit. It
wiil be found that the formula for buckling below the propertional limit
st#ess will apply if the Young's modulus of the facings is replaced by a
re@uced modulus, Er'

In figure 3, A, is shown a section of the column made by a plane perpen-
dicular to the facings and parallel to the direction of loading and in
figure 3, B, is shown a part of this section drawn to a larger scale. It
is assumed that, at the instant when buckling begins, the modulus of
the facing that is beginning to be convex outward becomes, because of
the diminishing stress in that facing, the usual modulus of the material
of the facings below the proportional limit. In the facing that is
concave outward the modulus will be the tangent modulus of the
material at the stress at which buckling begins. As a consequence,

the neutral axis will be displaced by an amount that is to be determined
in the course of the analysis.

2This appendix was prepared from the notes of C. B. Smith, formerly
mathematician at the Forest Products Laboratory.
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Let the x-axis be chosen to coincide with the neutral axis at the instant
at which buckling begins. In figure 3, B, the facing that is to be convex
outward (the left-hand facing) is taken to be at a distance t from the
x-axis, while the other face is at a distance c-t. The modulus in the
left-hand facing, z > t, will be Eg the modulus of the facings at a

stress below the proportional limit, while that in the right-hand
facing will be E;, the tangent modulus of the material of the facings at

the stress in question.

Denote the core, the left-hand and the right-hand facings by the sub-
scripts ¢, 1, and 2, respectively. Denote components of the dis-
placement parallel to the x and z axes by u and w, respectively, and
assume that w is independent of z.

In the core let

bw
u, = -k z 7= (108)

Then at the inner boundary z =t of the left-hand facing

u = -ktdw (109)
1 ox
And at the inner boundary z = -(c - t) of the right-hand facing
ow
u_ =k(c - t) — 110
, k(e -1 (110)

The effect of shear deformation in the facings will be neglected. Hence,

f
at the center, z =t +E, of the left-hand facing,

i f ow _ fy 6w .
ug = U -z._;—-(kt+.2_)_6_;, (111)

and at the center, z = -(c - t) - £ of the right-hand facing.

2
- féw _ fl|ow 5
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The expressions for the strains in core and facings follow:

In the core the shearing strain is
c , bw dw
2 e e = (1 - k) — 113
) —F = =1 - K 5= (113)

The energy of the core that is associated with the direct strains (exx)

c
that are developed in bending will be neglected. Consequently, an
expression for this component of strain will not be written down.

The membrane strains e, in the facings are:
e, =~(kt +—£-) -{)-2,‘—”-, in the left-hand facing; (114)
e, = | klc - t) +£] 62w , in the right-hand facing. (115)
2
2
ox

The flexural strains of the facings associated with bending about the
middle planes of the facings will be expressed as usual:

2
5 =_z'6w

XX 6x

where z' is a coordinate perpendicular to each of the respective middle
planes of the facings.

Let

W, = (116)

be the modulus of rigidity of the core in a plane perpendicular to the
facings and parallel to the direction of loading.
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As usual, assume that the lateral deflection of the column as buckling
begins is given by

w = A sin a x (117)

where

. (118)

i

and L is the length of the column.

The strain energy Wc of the core per unit width associated with this

lateral deflection is, since the energy of the core in bending is
neglected,

s A
T2

t
, 2
W { (e, c dzdx (119)

Cc

ON—y

LZ[I (lk)( )ddx

_p(1-K)?% A% o2 1c
4

The strain energy Wy of the facings per unit width is made up of two

parts for each facing, one part being associated with the membrane
stresses, the other with the flexural stresses. It is to be noted that
in one facing E = Ef, while in the other E = E,. Since w is positive in

the direction of z positive, the left-hand facing of the column in
figures 3, A, and 3, B, will be considered to be convex outward.
Consequently, Ef is to be associated with the left-hand facing and Et

with the right-hand facing. Accordingly with subscripts 1 and 2
referring to the left- and right-hand facings, respectively,
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L
52w\2 £ 52w 2
EyTy Ef(.g—z) dx + —— f E; (—) dx (120)
o (o]

After entering the value of w from (117) it is found after some re-
duction that

- =A2c14fL

f 2 £12
2.9 2 A2E (kt +9)° + 12E | k(c-t) + L 121
£ . §oE Bt +) ki At (121)

2
+ (Ef+ Et) f

The work WZ done by the compressive load P per unit width in buckling

to the form (117) is given by

L
P Sw,2
Wz'?j (&-{-) dx (122)
[+
Then
W :PAZBZL (123)
L 4
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From the condition for instability

WZ = Wc + Wf (124)
it is readily found that
2 fa? V-
P=yu(l -k e E_ (kt+ — 12
Wi -2 e+ I Qe ke + ) (125)
2
+ 12E, [:k(c - t) +%] + (B + E) 2
The parameters k and t are to be chosen to make P'a minimum.
From -6—12 = 0, it follows that
5k
2 : f »
fa™ (E t(kt + ;) t+ Ei(c-t)| k(c-t) + = 1= Ap' (1-k)e =0 (126)
From -2-%)- = 0 it follows that
- f 3
E{k(kt +_é) - Bk k(c-t) + = = 0. (127)

If equations (126) and (127) are solved for k and these values of k are
equated, an equation is obtained that can be solved for t. It is found
that

At [ZEtc - (Ef - Et)f] - cf2 az Ef B,
t o=

(128)
2 [w' (E; + E) - {2 a® E, Et]
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On substituting this value of t in the equation expressing k in terms of
t that is obtained from (127) it is found that

AR (Ef + Et) - fz 0.2 Ef Et
k = :

After substituting (128) and (129) in (125) and making rather extensive
reductions it is found that

2 3 cf a2 E
5 6E f(c+)“ + 2 (BEf + Ey) ‘1 | R —

= 2xu!
P,g=2 Aj (130)
cf az E
12a |1+ — T
FANTY
where
2E; E
B Bt (131)
T E;+E,

In equation (130) it will be convenient to introduce the abbreviation

cf a? E, m2cfE
= 5 (132)

2N 2a L2 !

If, further, the term ZEf f3 is added and subtracted in the numerator of

equation (130) and the relation,
h3 - 3 = 6f(c+f)? + 2£3,

is used, this equation can be written:

p
crs

) wl E, (h3 _ C3) : - 3 [(Ef + Et) (1 +1) - ZE;I (133)

122 L2 (1 + 1) E_ 6f (c +£)%+ 23

T
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By reference to equation (32) of the body of the report it is easy to
identify the coefficient of the expression in brackets with the buckling
load per unit width of a very wide (a - «) isotropic sandwich panel of
height L. whose faces have the modulus E.. This expression also

includes the correction for shear deformation in the factor 1 + nin
the denominator, for it follows from (31) with b = LL and a = », and
with E_ = Ey = A = E; for isotropic facings that

23 3
_T (h” - ¢ )Ef (134)

e 12\ L2

and from (33), (28) and (17) under the same circumstances that

2
e cf E
n= : (135)

2) L% K

It may be noted that in the expression (132) for n the modulus E; is
replaced by the modulus E .

For cases of practical interest the second term in the brackets in equation
(133) can be neglected in comparison with unity. Then equation (133)
becomes

213 _ .3 203 .3
- =1r(h>-c)Er_. w4(h® - c’) E (136)

Ccrs

- z
122 L2 (1 +m) 12nL® (1 + 7 cf By
2\ L2

Now from (134) and (135) when the buckling stress is below the pro-
portional limit

2.3 3
P _me(h7 - cT)Ep ﬂz(h3 - c3) E; (137)
crs K g
122 L2 (1+n) 12202 (1 +7_ S
2\ L2 !

It is evident that (136) is obtained from (137) by replacing E; throughout

by Er' This fact is ‘adduced to give some support to the procedure of

Rept. No. 1583 -36-




replacing E, throughout by E, in the formulas for the buckling loads of
panels with various edge conditions if the isotropic faces are stressed

beyond the proportional limit. | -

Except for very high stresses for which the tangent modulus E; is a
small fraction of the modulus Es, the reduced modulus Er' as defined

by equation (131), agrees closely with usual reduced modulus defined
by the equation

4Ef Et

T (IE,

"E
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Figure 1.--Flat sandwich panel in compression.

Z

Figure 2.--Cross section of sandwich panel.
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Figure 3.--Cross sections of sandwich column. A,
entire column; B, portion of column showing
position of neutral axis.
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