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A statistical description of the deep ocean internal wave field is presented using measurements from the
Midocean Acoustic Transmission Experiment, conducted near Cobb Seamount in the NE Pacific
(46°46'N, 130°47'W) during June-July 1977. The unique feature of this experiment is the variety of data
obtained simultaneously from the same location: time series of temperature and velocity, and vertical
and horizontal profiles of temperature. A generalized form of the Garrett-Munk (GM) internal wave
spectrum is developed and used to interpret the data. This spectral model is specified by three parame-
ters, £, t, and p (energy level, wave number bandwidth, and frequency spectral slope, respectively). The
variety of measurement types permit these three model parameters to be estimated from more than one
measurement. The overall best fit values to the MATE data were p =27 (GMuse p=3),t=3.1m!s
(equivalent to j, = 6, twice the GM value), and £ =8 x 107* J/kg (within 20% of the GM level).
Although significant differences were found in the values of the bandwidth (r) and spectral slope (p) from
those specified by Garrett-Munk, the deviations are consistent with the behavior expected in a random

internal wave field.

1. INTRODUCTION

Qur knowledge of internal gravity waves in the ocean has
increased dramatically in the past few decades. While internal
waves have been observed since the beginning of the century,
the pervasiveness of the phenomena has only been realized
with the advent of instruments capable of measuring time
series of velocity and temperature. However, internal waves
are sufficiently complicated that relating observations to theo-
retical ideas is difficult. In order to resolve the internal wave
field, in even a rudimentary way, simultaneous measurements
of the vertical, horizontal, and temporal variability of the
ocean are necessary. For more background, see recent reviews
by Munk [1981], Levine [1983], and Olbers [1983].

The extensive set of environmental and acoustic data gath-
ered during the Midocean Acoustic Transmission Experiment
(MATE), provides an opportunity to study simultaneous ob-
servations from several different types of measurements. The
experiment was conducted near Cobb Seamount in the NE
Pacific about 450 km from the coast of Washington (46°46'N,
130°47'W) during Juné-July 1977 [Ewart et al., 1977]. To
accommodate the requirements of the acoustic experiment, the
internal wave measurements were made between Cobb Sea-
mount and a second smaller seamount to the southwest in a
water depth of 2200 mi (Figure 1). Cobb Seamount is an im-
posing topographic feature rising to within 30 m of the sur-
face; the top of the smaller seamount (labeled “Corn” in
Figure 1) is nearly 1000 m below the surface. While the prox-
imity of these two features (about 9 km away) may affect the
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internal wave field, other studies suggest that the perturbation
of the internal wave field is limited to regions very near the
seamounts [ Wunsch, 1976; Wunsch and Webb, 1979; Eriksen,
1982]. The seamounts, however, could be a significant source
of internal tide [e.g., Baines, 1982].

The purpose of this paper is to present the variety of tem-
perature and velocity data gathered during MATE and to
describe statistically the internal wave field suggested by these
observations. The empirical model of Garrett and Munk [1972,
1975; hereafter referred to as GM] is used as a framework for
comparing the various statistical quantities that could be esti-
mated from the measurements. Guided by the observations,
the form of the GM internal wave spectrum is generalized to
accommodate an arbitrary frequency spectral slope; this for-
malism may also be useful in interpreting other observations
where the frequency spectral slope differs from the GM model.
The tnique feature of the MATE observations is that the
different types of measurements were made nearly simulta-
neously in the same part of the ocean. This invites a close
comparison with theory, since model parameterizations can be
checked for consistency. with the same parameters estimated
from more than one measurement.

This paper serves as an overview of the data gathered
during MATE; the association with internal waves is made by
using the GM model as the standardized “yardstick.” More
detailed analyses and modeling of specific aspects of the data
set, such as fine structure [Levine and Irish, 1981] and the
internal tide, are deferred to other studies.

The observed temperature and velocity measurements and
associated spectral quantities are presented in section 2. The
observations are compared with internal wave consistency
relations in section 3. A generalized form of the GM spectral
model is presented in section 3, and the parameters of the
model are determined in section 4. A comparison with histori-
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Fig. 2. Depths of the current meters (CM), temperature (T), con-
ductivity (C), and pressure (P) sensors located on arrays Al, A2, and
C1 and SPURV.

cal data is made in section 5, and a summary and conclusions
are given in section 6.

Throughout the paper units of radians per second (s~ *) and
radians per meter (m~') are used exclusively in equations.
Units of cycles per hour (cph) and cycles per meter (cpm) are
also used in discussions and in presentation of the data.

2. OBSERVATIONS

A schematic overview of the components of MATE is
shown in Figure 1. The vertical structure was sampled repeat-
edly using a conductivity, temperature, depth, sound velocity
measuring instrument (CTDSV). Temporal variability at fixed
points was monitored with three moored arrays. Two moored
temperature arrays (referred to as Al and A2) and one current
meter array (Cl) were deployed midway between the two sea-
mounts in 2.2 km of water. Horizontal temperature profiles
were obtained with the free-swimming self-propelled under-
water research vehicle (SPURYV) [Widditsch, 1973]. The
depths of the moored sensors and SPURV observations are
shown in Figure 2.

CTDSV Profiles

A total of 38 CTDSYV profiles from the surface to 1500 m
were taken at three stations with a Bissett-Berman 9040-5
CTDSV. The primary station was midway between the sea-
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Fig. 3. The average buoyancy frequency profile N(z). The data are
fit with an exponential N(z) = N, exp [ —(z — 200)/1300] with N, =
40 x 1072 57! (solid line). The average oceanic profile used by Gar-
rett and Munk [1972] with Ny = 5.2 x 1073 s~ ! is shown for com-
parison (dashed line).

mounts near the moored arrays. The other two stations were
midway between this central site and each seamount. In addi-
tion, at the primary site a 25-hour series of CTDSV profiles
was recorded, consisting of a profile from 1000 to 1300 m
every 20 min. As the vertical sampling was nonuniform, the
profiles were filtered to 1-m intervals with a 2-m triangular
filter centered around each 1-m interval. The 38 deep profiles
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Fig. 4. Vertical wave number spectra of vertical displacement DS,
calculated from temperature profiles measured with the CTDSV over
depth ranges of 840-1095 and 1096-1351 m. The vertical displace-
ment is inferred from temperature by assuming a constant vertical
adiabatic temperature gradient of 1.9 x 1072 °C/m.

Displacemenf Spectrum, DS, (m2/cpm)
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were ensemble averaged to produce profiles representative of
the average conditions during the experiment. Since the pro-
files were taken at somewhat random times, it was assumed
that the variations due to tides, internal waves, and non-
persistent structure were nearly averaged out.

The average profiles of temperature, salinity, density, and
sound velocity are nearly linear over the depth range of the
moored sensors [Ewart et al., 1977]. The buoyancy frequency
was calculated [rom the average profile (Figure 3). Below 200
m the profile is fit to an exponential, as suggested by Garrett
and Munk [1972], producing a representative profile for deter-
mining the local buoyancy frequency, N(z). This profile is con-
sistent with earlier measurements at Cobb Seamount [Ewart,
1976].

Vertical wave number temperature spectra were calculated
from perturbation profiles formed by subtracting the average
temperature profile from each of the 32 profiles made con-
currently with the A2 measurements. Each profile was divided
into nine depth ranges and Fourier transformed; spectra were
estimated by a combination of ensemble and band averaging.
Corrections were also made for sensor response. If the temper-
ature fluctuations were caused primarily by the vertical advec-
tion of a linear temperature gradient, then the vertical dis-
placement spectra (dropped spectra, DS,), shown in Figure 4,
can be formed by dividing each temperature spectrum by the
square of the local mean adiabatic temperature gradient. This
assumption is better at lower wave numbers and more suspect
at higher wave numbers, which may be contaminated by the
effects of fine structure. A comprehensive analysis of the effects
of temperature fine structure in these measurements is given
by Levine and Irish [1981]. The most energetic spectrum is the
shallowest, with energy decreasing with increasing depth. The
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Fig. 5. Frequency spectra of vertical displacement MS, observed
from temperature sensors on A2 at 883 m (no offset) and 1273 m
(offset by a factor of 0.1). The vertical displacement is inferred from
temperature by assuming a constant vertical adiabatic temperature
gradient of 2.00 x 1073 °C/m at 883 m and 1.62 x 1072 °C/m at 1273
m. The data are compared with the MATE model (solid line) and the
GM model (dashed line). The 95% confidence limits are also indicat-
ed.
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Fig. 6. The vertical coherence of vertical displacement MVC, ob-
served by temperature sensors on A2. (@) MVC, as a lunction of
frequency for vertical separation of 1, 25, and 240 m. (b) The average
level of the MVC, in the internal wave band (0.2-0.7 cph) as a func-
tion of vertical separation. The data are compared (stars) with the
MATE model for the range of t =2.5t03.6 m !sfor N = 1.0 to 1.35
cph (between solid lines) and the GM model with t = 1.4 m~! s for
N = 1.0 to 1.35 cph (between dashed lines).

spectra drop at 72! from 6 x 10~ ¢pm to about 6 x 1072
cpm, then fall faster at about =26,

Moored Temperature Arrays

The two temperature arrays were designed as taut moorings
with all buoyancy at 400 m, below the influence of the wind
wave field. The top sensor on each array was an Aanderaa
current meter measuring horizontal velocity and temperature;
the other sensors, 18 temperature (Sea-Bird Electronics), two
conductivity (Sea-Bird Electronics), and two pressure (Vibro-
tron), were divided equally between the arrays (Figure 2).
Acoustic transponders on the arrays allowed shipboard track-
ing; Al was positioned 332 m southeast of A2.

The pressure records show the mean depth, tidal fluctu-
ations, and array motion. The amplitude of the pressure fluc-
tuations recorded on A2 agrees to within 1/4 m of the barotro-
pic tide predicted from previous measurements on Cobb Sea-
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mount [Larsen and Irish, 1975]. Therefore the vertical excur-
sion of the sensors is neglected. However, the vertical motion
of Al having 1/3 the buoyancy of A2 may not be negligible.
Hence most results will be based on data from A2.

Frequency spectra were calculated from all the moored tem-
perature records. A linear trend was removed from each series
and a cosine taper applied to the first and last 10% of the
series to correct for end-effects, as suggested by Bingham et al.
[1967]. The temperature spectra were converted to vertical
displacement spectra by dividing by the square of the local
average adiabatic temperature gradient. Examples of moored
vertical displacement spectra (MS,) corrected for sensor re-
sponse are shown in Figure 5.

The energy below the inertial frequency (f= 1.06 x 10~4
s~ 1) is attributed to the advection of temperature structure by
low-frequency currents as well as the internal wave field itsell
[Levine and Irish, 1981]. The dominant energy is tidal; signifi-
cant peaks are present at both the diurnal and semidiurnal
frequencies. As typically observed in internal wave spectra,
there is a sharp rise at f followed by a smooth spectral roll-off.
Near N there is a sharp break in slope with an @~ 2° depen-
dence above N.

Estimates of the coherence in frequency space between ver-
tically separated sensors (moored vertical coherence, MVC)
are shown in Figure 6. Each temperature record was divided
into 50% overlapping blocks as suggested by Carter et al.
[1973]. A linear trend was removed and a cosine taper applied
to the first and last 10% of each block. Cross-spectral esti-
mates were formed by ensemble averaging the blocks, and
coherences were estimated by normalizing by the appropriate
autospectra. For the three vertical separations shown in
Figure 6a, the coherence in the internal wave band decreases
with increasing separation. There are peaks at the tidal and
buoyancy frequencies for separations of 25 and 240 m. Above
the local buoyancy frequency, the coherence drops to a bias
level that is statistically indistinguishable from zero. Since
there is significant variation of coherence with frequency, the
average coherence in the band between 0.2 to 0.7 cph was

Moored Horizontal
Coherence Squared
3

10 107" 10° 10'
Frequency (cph)

Fig. 7. The horizontal coherence of vertical displacement MHC,
between three pairs of temperature sensors on Al and A2 separateé
horizontally by 332 m at nearly the same depth. Values in the internal
wave frequency band (stars) are compared with the MATE model
(solid lines) and the GM model (dashed line).
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Fig. 8. Frequency spectra of the clockwise MS_ and the counter-
clockwise MS, (offset by a factor of 0.1) components of horizontal
velocity observed from C1 at 1079 m. The data are compared with the
MATE model (solid line) and the GM model (dashed line). The 95%
confidence limits are also indicated.

calculated and plotted as a function of vertical separation in
Figure 6b.

The coherence in frequency space between sensors horizon-
tally separated on Al and A2 (moored horizontal coherence,
MHC,) was calculated in a manner similar to the MVC,. The
coherence was estimated between pairs of sensors moored at
nearly the same depth at the horizontal separation of 332 m
(Figure 7). There is significant coherence above f to nearly 1
cph, where the coherence falls to the bias level.

Moored Current Meter Array

The current meter array consisted of four Aanderaa current
meters. The array was less buoyant than either of the temper-
ature arrays, and hence larger array motion was expected.
Because there was no pressure sensor on this array, the mag-
nitude of the vertical motion is unknown. The location of the
array, which had no tracking transponder, was estimated to be
about 500 m west of A2.

Spectra were calculated using the rotary representation of
the velocity vector. Representative rotary spectra from 1079 m
(MS, and MS _ for the counterclockwise and clockwise com-
ponents, respectively) are shown in Figure 8. There is a sharp
peak at the inertial frequency as well as at the diurnal and
semidurnal tidal frequencies. The inertial peak is the largest
and is almost entirely in the clockwise component as expected.
An additional peak is seen at 0.14 cph, at about twice the
inertial frequency. This peak is not an exact harmonic of
either the inertial peak (which is observed at a slightly higher
frequency than f) or the semidiurnal tidal frequency, and its
origin is unknown. Above f, the spectra fall off smoothly
toward N, where there is a slight but significant break in
slope. Approaching N, the MS, and MS_ are nearly the

same. Above the fall-off at N, the velocity spectra become
whiter due to the effects of spectral aliasing, current fine struc-
ture, and/or array motion.

SPURV

Horizontal temperature profiles were measured by running
SPURV along an isobaric trajectory (1184 dbars). In the
region midway between the two seamounts, two 11-km legs
were made at right angles (west-to-east followed by north-to-
south) to test horizontal isotropy. The horizontal wave
number spectra (towed spectra, TS;) for the two legs are
shown in Figure 9 using an equivalent vertical displacement
scale based on the mean vertical adiabatic temperature gradi-
ent. The spectra were truncated at a wave number where
sensor response and digitizing effects become dominant. At
low wave number the spectra exhibit an o~ 2 dependence. At
0.03 cpm there is a break in slope followed by an «~*-¢ depen-
dence at higher wave number. The lack of any significant
difference between the spectra is consistent with a horizontally
isotropic wave field.

Two temperature sensors attached to SPURYV and separat-
ed vertically by 0.94 m measured the coherence in horizontal
wave number space (towed vertical coherence, TVC,). The
TVC, was calculated for the two legs, using the same method
described for the MVC,, and plotted in Figure 10. The results
from the north-south and east-west legs are statistically identi-
cal. The TVC; is near 1 at low wave numbers and drops to
near zero above 0.01 cpm.

Displacement Spectrum, TS, (m%/cpm)

(1o MR T T CHNNTs LN To 10

Horizontal Wavenumber (cpm)

Fig. 9. Horizontal wave number spectra of vertical displacement
TS, observed by SPURV during horizontal runs oriented north to
south (solid line) and west to east (dotted line) at 1184 dbar. The
vertical displacement is inferred from temperature by assuming a con-
stant vertical adiabatic temperature gradient of 1.64 x 10~ °C/m.
The best fit to «~2 over the wave number band 4.7 x 104 to 9.0
x 1072 ¢pm is shown by a straight solid line. The 95% confidence
limits are also shown.



9714

1.0

Towed Vertical
Coherence Squared
o
13

0.0

1073 1072 107" 10°
Horizontal Wavenumber (cpm)

Fig. 10. The horizontal wave number coherence of vertical dis-
placement TVC, between a pair of temperature sensors separated
vertically by 0.94 m on SPURYV. The data are compared with the
MATE model (section 5) with p = 2.7 (solid line) and the GM model
with p = 3.0 (dashed line).

3. CoNSISTENCY RELATIONS

Internal wave consistency relationships express constraints
between the horizontal velocity and vertical displacement
fields at a single point. Although there are only a few general
relations, they are worth examining because they are indepen-
dent of the specific spectral composition of the wave field. Two
independent consistency relationships are applied to the
MATE data set. These expressions are valid for a sum of any
number of waves of different wave numbers; the wave field is
not restricted to be horizontally or vertically isotropic. The
derivations hinge on the assumptions that the wave field is
linear and each wave component is independent.

The first, originally presented by Fofonoff [1969], relates the
potential energy to horizontal kinetic energy:

N2MS w) N? @?—f2

MS,(@) + MS(w) N?— ? o® +f2 )

As w—f, the vertical displacement goes to zero, and as
w— N, the horizontal velocity becomes negligible. To com-
pare with measurements made at various values of N(z), the
equation is rewritten

N2MS ()
MS, (@) + MS (o)

N2 —@? @?—f2

N? = W + /2
The left-hand side can then be estimated from data and com-
pared with the right-hand side.

The other expression relates the ratio of the counterclock-
wise to clockwise components of the rotary spectrum

MS, (0o—f)
MS_  (w+/fP

@

&)

This relation is a variation of the “rotary coefficient” orig-
inally derived by Gonella [1972].

These relationships are compared with data from the four
current meters on C1 and the one on top of A2. The observed
ratio of potential to kinetic energy is plotted with the theoreti-
cal relation (2) in Figure 11a. The amount of scatter of the
data is reasonable when compared with the confidence limits.
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The observed ratio of the rotary spectra MS, /MS_ is plot-
ted with the theoretical result in Figure 115. At high frequency
the agreement is good; however, this is not a very sensitive
test for internal waves, since the ratio for random noise is also
1. Below about 0.16 cph there are significant deviations from
the theory. One explanation is that the many waves of differ-
ent horizontal wavelengths (modes) at tidal frequency are not
statistically independent. If the nearby seamounts are a source
of internal tide, then it is reasonable to expect the various
wave numbers of the internal tide to be correlated, thereby
violating one of the assumptions used in deriving (3).

4. SPECTRAL MODEL

We introduce a modified form of the Garrett-Munk internal
wave model as a framework for comparing the variety of spa-
tial and temporal measurements made during MATE. The
primary alteration of the GM model is a generalization of the
frequency dependence of the spectrum by adding a parameter
p, which specifies the frequency spectral slope. This modifi-
cation permits a closer comparison of the observations with
the model. Some of the GM parameters are redefined to iden-
tify explicitly the total energy, frequency dependence, and
depth scaling in the analytical expressions of the spectral
quantities.

The moored spectra of both vertical displacement MS; and
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Fig. 11. (a) The ratio of potential to horizontal kinetic energy and

(b) the ratio of counterclockwise to clockwise components of horizon-
tal velocity are compared with the theoretical relationships (solid
line). The data are from the four current meters on C1 and the one on
top of A2. The 95% confidence limits (dashed lines) are also shown.



LEVINE ET AL.: INTERNAL WAVE FIELD DURING MATE

horizontal velocity MS, are written in the following form:

E N Qz 1 QZ -1 _UZQ—P
MS,(0) = MS,(0) = > (_1572_)) (( + 1X = ) ) @

o 1 (@ =1
MS () = E( NG ﬁ)( 7 ) )

where Q = w/f. These expressions can easily be derived from
the GM formulation [e.g., Munk, 1981]. The first bracketted
factor on the right-hand side of (4) and (5) represents the depth
scaling referenced to frequency N (modified WKB approxi-
mation used by GM). The quantity E is the total internal
wave energy per unit mass scaled to the reference frequency
N; quantities marked by tildes are referenced to a depth where
N(z) = N. We choose N to be 1.74 x 1072 s~ (1 cph), a
reasonable scale in the deep ocean. The choice of N is not
critical, as it just serves as a common reference to compare
measurements made at different buoyancy frequencies. The
second bracketted term contains the frequency dependence as
given by GM with the addition of the parameter p (in the GM
model p = 3). At frequencies much greater than f, both MS,
and MS, have @™ ?*! frequency dependence. The nondimen-
sional normalization factor J is defined so that the total inter-
nal wave energy per unit mass (J/kg) over all frequencies at a
local buoyancy frequency of N(z) is given by

L 1Y
E[NGzYN] = 3 J [MS, + MS, + N’MS,] dw ©6)
i
explicitly,

NS
J= J‘ Q27O — 1) Y2 dQ Y]
1

Note that the contribution to the kinetic energy from the
vertical velocity has been neglected in accordance with the
approximation (N2 — w?) ~ N2 assumed by GM (for a dis-
cussion of the model for w ~ N(z), see Desaubies [1975]).

The energy E is related to the parameters of the GM model
by equating total energy per unit mass [Munk, 1981],

[E/NIN(z) = [Eb>N,IN(z) ®)
E = EB*N,N ©

where the GM parameter E is the dimensionless energy level,
b is the depth scale of N(z), and N, is the buoyancy frequency
scale. (Note that in the notation of Desaubies [1976], r =
Eb?N,; hence r = E/N.) Using the GM values of E = 6.3
x 107% b= 1300m, and Ny = 5.23 x 1073 s~ ! (3 cph) yields
avalue of E = 9.7 x 10™* J/kg.

To describe the partition of energy in wave number space,
we choose the analytically convenient functional form of the
GM model given by Desaubies [1976]. The GM parameter j,,
specifying the equivalent number of vertical modes, always
appears in conjunction with other parameters. This combi-
nation of parameters has been defined by Desaubies [1976]

t=mj,/Nob m™'s (10)
For the GM value of j, = 3, the quantity s = 1.39 m™'s.

The vertical and horizontal wave number spectra of dis-

placement can then be written as

N

doMS{w)[(2/mB.B,* + )7 (1)

DS(p) = I

H
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N A= d
TSy(o) = J‘f deS;(w)[(4a*/n ) J; (a*z + ’12)(:2 — az)l/z:l
(12)

where a, and f, are the horizontal and vertical wave number
scales given by t(w? —f?%)"? and {(N? — w?)!'/?, respectively
[Desaubies, 1976]. The factors [ ] are the distribution of the
energy density in wave number space at frequency w and
are normalized such that the integrals [[ ]df =1 and
JI Jda=1. In the TS, the factor [ ] is the sum of the
energy contribution to the one-dimensional wave number o
from all wave numbers greater than « in a horizontally iso-
tropic wave field. At high wave number, g >» 8, and « » a,,
both spectra are proportional to ¢ for any value of p:

DS/(f) = Btf -2 (13)
TS{x) = Cta™? (14)
where

2 N

== I (N2 — wz)”zMS;(w) do 15)
T Jr
C = (4/m?) J‘N (w? —fz)”zMSC(w) dw (16)
r

Analytical expressions for the GM frequency dependence of
p=3are

B = (E/mN)Y1 — v)? a”n
C = BE/mNw[E(?* — 1) —1n v] (18)

where v =f/N. For arbitrary p, values of C were evaluated
analytically, while the integrals needed to calculate B required
numerical integration.

The moored vertical and horizontal coherences (MVC, and
MHC,) are independent of E and p. These quantities depend
only on the parameter ¢ and can be written [Desaubies, 1976]

MVC(w) = exp [—(N? — w?)/*tAz]
MHC{w) = I4(H) — Lo(H)

(19)
(20)

where H = 1f (Q? — 1)Y/2Ax, Ax (Az) is the horizontal (vertical)
separation, I, is the modified Bessel function, and L, is the
Struve function.

The towed vertical coherence (TVC,) is not a function of E
or t but in this parameterization depends only upon the verti-
cal separation Az and the parameter p. Modifying the ex-
pression given by Desaubies [1976] to include the parameter p,
the TVC, can be written

1 N
TVCx; Az) = TS, J do MS/ w)
¢ Jf

® cos (6n) dn
- |:(4(1*/71'2) L (a*z + "2)(”2 _ a2)1/2] (21)

-2 _ 2\1/2
0= AZ VZ—
Q-1
To evaluation for arbitrary p, numerical integration of the
double integral was required.

A summary of the dependences of the statistical quantities
on the parameters E, t, and p is presented in Table 1.

where
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TABLE 1. Dependences of Statistical Quantities on Model
Parameters
Model Parameter

E r Et p
MS, X X
MS, X X
TS, X X
DS, X X
MVC, X
MHC, X
TVC, X

An X indicates that the quantity is a function of that model param-
eter.

5. COMPARISON OF DATA WITH SPECTRAL MODEL

In this section the data presented in section 2 are compared
with the theoretical formulation presented in section 4. There
are three independent parameters, E, ¢, and p, that must be
chosen to completely specify the spectral behavior of the
model. These parameters are selected to fit in an optimum
way the many statistical quantities measured simultaneously
during MATE. Because of the variety of measurements, sev-
eral independent determinations of each parameter are possi-
ble. Both MS, and MS, provide estimates of E, the moored
vertical and horizontal coherences (MVC; and MHC,) allow
estimation of ¢, and the DS, and TS, yield values of the prod-
uct Et (Table 1). These quantities are all dependent upon p.
The value of p can be determined directly [rom the slope of
the frequency spectra of velocity and displacement; the TVC,
is also a [unction of p independent of E and t. Consistency
among estimates of E, r, and p is then used to verify the
behavior of the model.

Estimates of E from moored spectra are found by mini-
mizing the squared difference ¢? between the logarithm of the
observed spectrum and the logarithm of the model spectrum.
Specifically,

_ L X M IOg Sobs Zys W ) — IOg Smodel(zk’ wm)
“wK.5 L, ( fog [L{@,)] )

22)

where S,..(z;, w,) and S, 4.(2 ©,) are the observed and
model spectra, respectively, at depth z, over a frequency band
centered at w,,. The function S, for vertical displacement is
MS, (5) and for total horizontal velocity is MS, + MS, (4).
The quantity &? is the average squared error over M frequency
bands and K depths. The function L(w,,) is the length of the
95% confidence band of S,; its purpose is to give more
weight to spectral estimates of higher statistical confidence
[Levine et al., 1983].

The best fit values of E as a function of p are shown in
Figure 12a. These results are based on data {rom seven depths
for displacement and five depths for velocity (883-1273 m).
The fit is made over the internal wave frequency band from
0.2 to 0.7 cph; this is the center of the continuum away from
the buoyancy frequency and the internal tide. The minimum
squared error &> occurs at p = 2.5-2.7 for displacement and
p = 2.65-2.85 for velocity, although the precise locations of
the minima are somewhat vague (Figure 12a4). As a com-
promise, the value of p = 2.7 is chosen for overall best fit, and
the spectral models of both displacement and velocity for this

3
3
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Fig. 12a
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Fig. 12. Estimates of the model parameters E, Et, and t from the
MATE data. The overall best fit values are shown as solid circles; for
comparison, the GM values are also indicated (open circles). (@) The
best fit values of £ as a function of p. Direct estimates from spectra of
vertical displacement MS, and horizontal velocity MS, are shown as
solid lines. Indirect estlmates of E using direct estimates of Et from
DS, and TS, and t from MVC and MHC are shown as dashed lines.
The squared error ¢2 (22) of the fit 1s shown in the inset. (b) The best
fit values of ¢ as a function of p. Direct estimates from vertical and
horizontal coherences, MVC and MHC, are shown as a solid line.
Indirect estimates of ¢ using direct estimates of Et from DS, and TS;,
and E from vertical displacement and horizontal velocity spectra MS,
and MS,, are shown as dashed lines. (c) The best fit values of Et as a
funcllon of p. Direct estimates f[rom vertical and horizontal wave
number spectra, DS, and TS, are shown as solid lines. Indirect esti-
mates of Et using dll‘CCl estlmates of £ from MS, and MS,, and ¢ from
MVC and MHC are shown as dashed lines.

value are plotted with the observed spectra in Figures 5 and 8.
It is clear from the figures that the spectral slope of p = 2.7 is
a better fit than the p = 3 of the GM model. The TVC; also
provides an estimate of p independent of E and ¢. The coher-
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ence data compare more favorably with the value of p = 2.7
than the GM model value (Figure 10).

The MVC, and MHC, are used to determine tlle best value
of ¢, since they are both independent of p and E. The model
MVC, is also independent of frequency. Even though the ob-
served MVC, show significant fluctuations in [requency
(Figure 6a), average values for the band 0.2-0.7 cph were cal-
culated to compare with the model for all possible vertical
separations (Figure 6b). At large vertical separations the co-
herence squared approaches the bias level; estimates near 0.1
are not significantly different from zero. The model results (19)
are also plotted in Figure 6b for a range of values of t =
25-36 m™! s and N = 1.74-235 x 1073 s~ ! (1.0-1.35 cph);
the GM value of t = 1.39 m~' s (j, = 3) is also shown. While
there is large scatter in the data, it is clear that t = 2.5-3.6
m™? s fits better than the GM values. The model MHC, (20) is
compared with the observations at the only horizontal separa-
tion of 332 m in Figure 7. The data are less coherent at a
given frequency than predicted by the GM model. The ob-
served horizontal coherences are remarkably consistent with
the same range of ¢ of 2.5-3.6 m™' s that fits the vertical
coherences. Although it is difficult to estimate a precise value
of t from these coherences, the average value of 3.1 m™! s is
plotted in Figure 12b along with the GM result.

The product Et is estimated independently from the level of

the TS,, from horizontal profiles made by SPURYV, and the
DS,, from vertical profiles made with the CTDSV. To fit the
TS,, the model spectral shape a~2 (14) was fit to the observa-
tions, minimizing a squared error defined in an analogous
manner to (20) over the wave numbers 4.7 x 107% to 9.0
x 1073 cpm (Figure 9). The fit was not extended beyond
1072 cpm because the wave number dependence of the spec-
trum changes, and these wavelengths are probably too small
to be modeled reasonably by a linear model. The estimates of
Er are plotted as a function of p in Figure 12¢. A similar
approach could be used to obtained Et from the DS;; how-
ever, instead we use the results from the detailed analysis of
Levine and Irish [1981]. They used the same data set and
included the effects of temperature fine structure in the pres-
ence of the internal wave field. It was found that approxi:
mately 1/2 of the DS from wave numbers 0.004 to 0.05 cpm at
1013-m depth was caused by internal waves, while the remain-
der was temperature fine structure. Estimates of Et were ob-
tained using their value for the level of the uncontaminated
DS, and are also plotted in Figure 12c¢. N

The consistency among the independent estimates of E, ¢,
and the product Et can be checked, since any two quantities
can be used to calculate the third. Direct estimates of Et from
TS; and DS, (Figure 12¢) and ¢ = 3.1 m~! s from the MVC,
and MHC, (Figure 12b) yield indirect estimates of E, plotted
as a dashed line in Figure 12a. Similarly, the indirect estimates
of £t, from direct estimates of E and ¢, are displayed in Figure
12c, and indirect estimates of ¢, from direct estimates of Et and
E, are shown in Figure 12b. The agreement is remarkably
good among all the measurements for p = 2.7—better than a
factor of 2.

6. DiscussioN

To put the observations made during MATE into per-
spective, we briefly survey the historical set of internal wave
observations. The major features of the wave field as observed
in most internal wave studies can be reasonably described by
the GM spectrum. The GM model serves as a benchmark that
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can easily be related to other observations. Systematic dis-
cussions of the historical data are presented by Wunsch
[1976], Wunsch and Webb [1979], Roth et al. [1981], and
Levine et al. [1985].

In terms of total energy per unit volume, the internal wave
field during MATE agrees with the GM level and falls in the
middle among historical values [Levine et al., 1985]. Near
steep topographic features such as Muir Seamounts, Hydro-
grapher Canyon [Wunsch, 1976}, and Hudson Canyon
[Hotchkiss and Wunsch, 1982] the energy in the wave fields is
significantly higher by a factor of 2-50 than the GM level. At
MATE the effect of the nearby seamounts (9 km away) on the
background energy is apparently not significant.

The frequency spectral slope w™?*! in the internal wave
band at w > f was found to be consistent with p = 2.7. This is
slightly less steep than the canonical GM value of p=3.
However, other studies have noted that a dependence less
steep than w2 generally fits moored spectral data better [e.g.,
Wunsch, 1976; Levine et al., 1983]. The modified GM model
allows the variation of the parameter p to be tested by all
relevant statistical quantities, not just the slope of the fre-
quency spectrum itself; there is significant improvement be-
tween data and theory at MATE with p = 2.7.

The parameter ¢, which is directly related to the equivalent
number of modes j,, sets the wave number bandwidth in the
GM model. At MATE the best fit value of t=3.1 m™! s
(j* = 6) is a factor of 2 higher than the canonical GM value.
There are not many accurate determinations of ¢, so the
number of good comparisons are limited. The best compari-
son is with the results from the extensive measurements made
during the Internal Wave Experiment (IWEX) [Briscoe, 1975;
Miiller et al., 1978]. The IWEX model allows ¢ to be a func-
tion of frequency. To examine results from models with slight-
ly different parameterizations, it is most useful to use “equiva-
lent bandwidth” when comparing results [see Miiller et al.,
1978, p. 492]. The IWEX results, when converted to units of ¢,
show a decrease from t = 3.3 m™ ' s (j, = 6.4) at low frequency
to t=17 m™"' s (j, =3.2) near N. In the frequency band
where the MATE data were fit, above the tide and below N,
the IWEX value of t =24 m™* s (j, = 4.7) falls between the
MATE and GM value. If a value of ¢ had been estimated at
high-frequency near N for MATE, a lower value of ¢+ would
result due to the high coherence near N (Figure 6). This fea-
ture is consistent with the decrease in ¢ at high frequency in
the IWEX model.

The modfied GM model presented here is still admittedly
crude—only three parameters to define the statistics of the
internal wave field. However, it does permit a more accurate
representation of the internal wave field at MATE than the
GM model. The formalism can also be applied to other obser-
vations where the frequency spectral slope differs from w™2.

The spectral description of the internal waves at MATE
may provide useful information to theoreticians secking the
best kinematic formulation of the wave field to test theories of
internal wave dynamics. During the last 10 years there has
been considerable effort in trying to understand the dynamics
of a random sea of internal gravity waves. A variety of theo-
retical techniques have been used to study nonlinear interac-
tions among internal waves (see West [1981] and Miiller et al.
[1986] for reviews of the topic). To relate their results to the
ocean, some form of the GM model is usually used as the base
state of the oceanic internal wave field. Transfers among wave
components in frequency/wave number space by nonlinear in-
teraction are then estimated. If a different base state of the
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internal wave field were chosen, such as that found during
MATE, then some of the theoretical results may be modified.
However, due to the complexity of these theories, further in-
vestigation is necessary to determine il the modifications
would be significant.

Little has been mentioned about the effect of noninternal
wave fine structure on the results of this analysis. From the
detailed study of temperature fine structure by Levine and
Irish [1981], we conclude that the moored vertical displace-
ment spectrum MS, is essentially uncontaminated by fine
structure. The internal wave signal was found to be a factor of
10 higher than the fine structure contamination in the internal
wave frequency band; this agrees quantitatively with the re-
sults from IWEX [Miiller et al., 1978]. The moored vertical
coherences MVC; also were found to be unaffected by fine
structure at vertical separations greater than 10 m. However,
the effects of fine structure are significant at high wave num-
bers in estimates of dropped spectra DS, inferred from temper-
ature measurements, and this effect has been taken into ac-
count. No estimate of the importance of current fine structure
in the velocity observations has been made. However, if we
apply the results from IWEX to the MATE data, then the
contamination in the moored velocity spectrum MS, is a
factor of 2-3 below the internal wave signal over most of the
internal wave frequency band. Near N, however, the fine
structure effects may actually dominate. If one uses this esti-
mate of current fine structure and removes it from our spectral
estimates, the effect on the overall fit would be relatively small
and would not significantly affect our conclusions.

7. SUMMARY AND CONCLUSION

The unique feature of the MATE internal wave study was
the acquisition of towed and dropped measurements simulta-
neously with moored observations. This permits careful exam-
ination of internal wave statistics in frequency and vertical
and horizontal wave number. A generalized formulation of the
Garrett-Munk spectral model was used as a framework for
comparing these diverse observations. In this modified version
of the GM model, three parameters, p, E, and t, are needed to
specify the entire spectral behavior. The parameter p sets the
frequency dependence; the spectral behavior for both horizon-
tal velocity and vertical displacement is ™ ?*! at w > f. The
quantity E is the total energy of the internal wave field per
unit mass at the reference buoyancy frequency N; it appears
as a factor in the expression for all spectral quantities ((4), (5),
(11), (12)). We choose the value of N =174 x 107% s~ ' (1
cph) as a reasonable scale. The parameter ¢t sets the wave
number bandwidth of the wave field, thereby controlling the
spatial coherence scales and the vertical and horizontal wave
number spectra. Expressed in terms of the GM parameters E,
b,and j,

E/N = Eb*N,
t =mj,/Nob

This model would be useful to apply to other observations
where the value of p differs from the GM value.

Independent observations made during MATE were used to
determine E, ¢, and the product Et, directly. The best fit of the
data to the spectral model is summarized in Figure 12 as a
function of p. The directly determined value of E, from
moored spectra of displacement and velocity, had the least
error &2 for a value of p = 2.7, significantly less than the GM
value of p=3 (Figure 12a4). However, the value of E=38
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x 107* J/kg at p = 2.7 is in good agreement with the GM
model (about 10% lower). Indirectly inferred values of E from
estimates of ¢ and Et from coherences and wave number spec-
tra are consistent with the directly measured E (Figure 124).

The directly determined value of ¢ from the moored coher-
ences is independent of p and estimated to be 3.1 m~ ' s
(Figure 12b). This is about a factor of 2 larger than the GM
value (equivalent to a j, = 6 in the GM model). Indirectly
inferred values of t from directly determined Et and E are
consistent and distinctly higher than the GM level.

Direct measurements of Ef from both vertical and horizon-
tal wave number spectra are nearly equal at p = 2.7 (Figure
12¢). Indirect estimates are consistent and about twice the GM
value.

An independent verification of the parameterization of the
internal wave field is provided by the acoustic experiment.
MATE was a unique experiment, designed to test our ability
to relate observed internal wave fluctuations to simuitaneous-
ly measured acoustic variability. The acoustic experiment con-
sisted of observations of pulses at 2, 4, 8, and 13 kHz, trans-
mitted over a fixed 18.1-km path between towers anchored on
the two seamounts. The data were reduced to time series of
pulse amplitude and travel time. The temporal fluctuations of
the acoustic signals were due primarily to the oscillations of
the sound speed field caused by tides, internal waves, and fine
structure. The statistical description of the internal wave field
presented here is used as input to acoustic theories, which can
then be verified using the observed amplitude and travel time
statistics. The observed travel time fluctuations agree well with
the predictions using the description of the internal waves
provided by the MATE model [Ewart and Reynolds, 1984].
There is significant improvement usirig the spectral slope
p =2.7 and bandwidth t = 3.t m™~! s (j, = 6) compared with
the cannonical GM values. This independent sampling of the
wave field increases confidence in the validity of the MATE
model.

There are perhaps two perspectives with which to view
these results. The internal wave specialist would stress the
deviations from the GM model: (1) frequency spectral slope
™7 (p = 2.7) at high frequency rather than w2 (p = 3) and
(2) value of ¢ about twice the GM value (j, = 6). Certainly
deviations from the GM model, of this magnitude and larger,
have been reported previously [e.g., Wunsch and Webb, 1979].
But often only one or two types of measurements are avail-
able, and usually it cannot be determined if the deviations are
consistent with internal waves or due to some other processes.
Because of the variety of towed, dropped, and moored obser-
vations at MATE, the parameters were evaluated from inde-
pendent measurements and found to be consistent with the
kinematics of internal waves.

The generalist would note that the observations are still
remarkably similar to the GM “universal” spectrum that was
originally derived from fits to data taken at vastly different
times and places. From this viewpoint the experiment can be
seen as contributing another piece of evidence to better define
the internal wave climatology. It is perhaps surprising that the
deviations are so small given that MATE was a single experi-
ment lasting less than 1 month in a unique topographic set-
ting.
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