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ISOCONJUNCTIVITY OF HERMITIAN MATRICES

I. INTRODUCTION

Two nxn complex matrices T and S are said to

be conjunctive if there exists a nonsingular nxn complex

matrix C such that T = C*SC, where C* denotes the
conjugate transpose of C. It is well known [5, p. 184]
that if T and S are hermitian, then T and S are
conjunctive if and only if T and S have the same rank
and signature.

In this thesis we consider a property of pairs of
matrices which is a special kind of conjunctivity.

Accordingly we make the following definition.

Definition 1. Two nxn complex matrices T and S are

isoconjunctive if there exists a nonsingular nxn her-

mitian matrix H such that T = HSH.

It is easy to see from Definition 1 that if two
matrices are isoconjunctive, then they will also be
conjunctive. Example 4 below will show that isoconjunc-
tivity is not an equivalence relation (on the set of

nxn complex matrices) since it is not transitive,



whereas conjunctivity is an equivalence relation.
Obviously isoconjunctivity is reflexive and symmetric.

We will be interested in the isoconjunctivity of a pair
of matrices in the case where one of the matrices (and
hence the other) is hermitian. Before proceeding though,
let us state and prove some of the more obvious conse-
quences of Definition 1, some of which will be useful in

later discussion.

Theorem 1. Let T and S be nxn complex matrices.

Then the following are equivalent:
a) T and S are isoconjunctive
b) T(ST)p and S(TS)p are isoconjunctive for
every nonnegative integer p

lsc*—l

c) C*TC and C are isoconjunctive for
every nonsingular complex matrix C

d) there exist nonsingular complex matrices
C and D such that (CD)* = CD, T = C*SC,

and T = D*TD.

Proof: We prove a)==b)=sc)=>a) and a)s=>d).
a)==»b): Assume T = HSH with H = H* nonsingular.
Then b) is true for p = 0. Now let p > 1.
Then
7 (sT)P = HsH(sT)P LsHsH,

and



s(rs)? = s(usus)P
sH (susH) P 1sus

i

su(sT)P lsus.

it

Thus T(sT)® = HS(TS)PH for every nonnegative

integer p.

b)=>c): Assume b). Then in particular T = HSH
for some nonsingular H = H*. Let C be an arbi-
trary nxn complex matrix. Then

C*TC C*HSHC

c*H(cc"l)S(c*'l

-1

C*)HC

= (c*HC) (c™1sc* ™1 cxne.
Since. (C*HC)* = C*HC (and is nonsingular) and

C 1is arbitrary this proves c).

c)==23): Assume c¢). Take C = I (the nxn
identity matrix). Then <¢) says T and S are

isoconjunctive, which is what we wanted.

a)*>d): Assume a). Then T = HSH for some
nonsingular H = H*. In d) take C =H and

D =1I (the nxn identity matrix). Then

(CD)* = CD, T = C*SC, and T = D*TD. Now assume

d). Then

(CD) *S (CD) D*C*SCD

D*TD
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Hence T and S are isoconjunctive. This completes

the proof of the theorem.

It should be noted at this point that the equiva-
lence of a) and d) of Theorem 1 can be restated in
an alternate manner using the concept of conjunctive
automorphs (see[l6]). Utilizing this idea the statement
says that two conjunctive matrices T and S (i.e.

T = C*SC for some nonsingular matrix C) are isoconjunc-
tive if and only if there exists a conjunctive automorph
D of T (i.e. T = D*ID with D nonsingular) such
that CD is hermitian.

The next result addresses itself precisely to the
case which is of primary interest here; namely, when

T and 8§ are both hermitian.

Theorem 2. Let T and S be hermitian matrices which

are isoconjunctive. Then
a) TS 1is a square
b) TS = A2 where A 1is similar to a real matrix
c) TS 1is similar to the square of a real matrix
d) there exists a nonsingular hermitian matrix K

such that TS = K TSTK.

Proof: Let T = HSH for some nonsingular H = H*,.

Then TS = HSHS = (HS)2 where, by Theorem 2 of [3],



HS is similar to a real matrix. Thus a) and b) are
proved. Now c¢) follows from b), and d) may be

observed by. using Theorem 2 of [3].

Utilizing Theorem 2 of [3] once more let us note
that if X # X is a characteristic root of TS (T and
S are hermitian), then X 1is also a characteristic
root of TS with the same multiplicity. Furthermore
the Jordan form of TS has the same number of Jordan
blocks of each order at X as at A.

At this point it seems reasonable to show that there
are, in fact, pairs of matrices which are nontrivially
isoconjunctive, and also that isoconjunctivity does not
coincide with conjunctivity. To this end we consider

the following examples.

Example 1. Let T and S be nxn positive definite
(hermitian) matrices. Then T and S are isoconjunc-
tive. To see this we note that T = HSH for some
nonsingular H = H*¥ if and only if

Sl/ZTSl/Z _ (Sl/ZHSl/Z)(Sl/ZHSl/Z)

= KK
S1/2

denotes the
1/2...1/2

for some nonsingular K = K*. (Here
positive definite square root of S.) Since S TS
is positive definite we may take K = (Sl/ZTSl/Z)l/Z,

the positive definite (hermitian) square root of



1/2,..1/2

TS . Thus we may take H = S_l/2

-1/2

‘s XS

Example 2. Let

o
o
o
o
-
o

e
i
o
[
o
o
S
[oN
n
il
[
o
o

0 0 -1 0 0O 0
It is easy to see that T and S both have rank two

and signature zero (and hence they are conjunctive).

Moreover
0 0 0 o o 072
TS = 1 0 0 = 0 0 11 .,
0 0 O 1 0 O

so TS 1is the square of a real matrix (see b) of
Theorem 2). Nevertheless T and S are not isoconjunc-

tive. To see this we note that

0 0 0O 1 0 O
TST = 0 0 0}, and S8TS = 0 0o oY{.
0 0 0 0 0 O

Thus TST and STS cannot be isoconjunctive, and

hence by Theorem 1 T and S are not isoconjunctive.

Example 3. Let

1 -1 0 1
T = , and S =
-1 0 1 0
Again it is easy to see that T and S are conjunctive.

We ask if it is possible to find a nonsingular H = H*



such that T = HSH. If we let

h h
go |11 M12
hyp By,
(le denotes the conjugate of h12)’ then
ge o | M2t PraPiathaaPan |
hoohyithyphyy  hyyhypthyohy,

In order that T = HSH, we require (setting

h12 = a + bi, where a and b are real)
hll(2a) =1, h22(2a) = 0,
and
a2 + b2 + 2abi + h,.h = -1,

11722
The first two equations imply h22 = 0 and 2a # 0.

Thus the third equation implies b 0, so that

a2 = -1, which is impossible. Thus T and S are
not isoconjunctive. Notice that in this example TS

is not similar to the square of a real matrix (see ¢)

of Theorem 1).

Example 4. Let

1 -1 0 1 1l 1
T = , S = , and R =
-1 0 1 0 1l 0
Then
1 0 1 0 1/2 1 1/2 1
R = T and R = S



Thus T and S are both isoconjunctive with R. But
Example 3 shows that T and S are not isoconjunctive.
Thus isoconjunctivity cannot be an equivalence relation

on the set of nxn complex matrices.

It is our intention to utilize the equivalence of
a) and <c¢) 1in Theorem 1 to split our search for
necessary and sufficient conditions for isoconjunctivity
into "simpler" cases. Before we can prove a theorem
which will accomplish this, we will need some further

basic results.

Lemma 1. Let T and S be nxn hermitian matrices
and suppose that, for some nonsingular matrix C,

m
crpscxTl = @ M,
i=1

where Mi has no characteristic roots in common with

Mg when i # j. Then conformably, we must have
m -1 -1 m
C*TC = @® T., and CC ~SC* = @ S,.
. i . i
i=1 i=1
Proof: We prove the case where m = 2, the general

result following by induction using the case m = 2.
Thus suppose there exists a nonsingular matrix C such

that

C*TSC* — = (1.1)



where Ml and ME have no characteristic roots in
common. Notice that c*rsc*™ 1 = (c*Tc)(c"lsc*'l).
Thus let
T T S S
C*TC = 2l . and c lsexl - 72
* *
T2 T3 52 S3
where the blocks are conformable with those of (1.1).
Thus (1.1) gives us
= *
M, T,S; + T,S%, (1.2)
= Mm%
My = T35, + T3S3, (1.3
T,8, = -T,8,, (1.4)
and
* —_— - *
T3S, T;S%. (1.5)
Calculating, we find
= *
M1T2 (TlSl + T252)T2
= *
TlSlTZ + T252T2
—_ *
= -T;S,T; + T,S3T, (by 1.5)
— *
= T,5;T, T,SXT, (by 1.4)
= *
T2(S3T3 + ssz)
- *
T, M} (by 1.3)

Thus by Theorem 46.2 of [10, p.90] we conclude that

T 0 since

2

roots in. common.

M

*
1 and M2

Similarly

have no characteristic
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M3S% = (S3T, + S;T;)S3%
= S3T,S% + S,T;5%
= S3T,S% - S,T3S,
= SXT,S% + SXT.S;
= 83(T,8% + T;S,)
= SEM, .

By the same reasoning as above we conclude that also

SE = 0, which is what we wanted to show.

Lemma 2. Let T and S be nxn hermitian matrices.
Suppose that
m m
T = C)Ti and S = @ Si
i=1 i=1
so that Tisi has no characteristic root in common

with Tij for i # j. 1If there exists an nXn complex

matrix- C such that T C*¥SC = CSC*, then, conformably,

we must have

m
C = @?Ci.
i=1

Proof: As in Lemma 1 it suffices to prove the result
for the case m = 2. Thus let

€11 C12

€21 Coo
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be partitioned conformably with

T 0 S. 0
T = 1 and S = 1 ’
0 T2 0 S2
where T = C*SC = CSC* and TlSl has no characteristic
roots in common with TZSZ' With the matrices so

partitioned, the equality T = C*SC = CSC* implies

* * * *
C1151C11%C515,C01 CI1151C12%C5152C 55

C*sC =
* * * *
C1251C11%C525,C,1 C3251C12%C5255C,,
LI
- ’
o T,
and
* * * *
coow o | 11%1C11%C12%2%T2 1181921712522

* * * *
Cp181CT1%C225,CT, Cp151C51%7C555,C5;
T, 0

0 T2

From these equalities we garner the following identities:

= * * — * *
Ty = C31571C11%C5155C71 = C115:1C11%C125,5C12

= * * = * *
Ty = C7571C1,%C5,5,Cy = C51871C51%C525,C5,
* = (%

C1151%12 C3152C22
% = - *
C1151631 C125,C35-

Using these identities we find



T181C31 = (C1181C11%C515,C)1)5,C5,
= C1151C115:C31 *+ C5155C5151C5
= =C1181C125,C5, + C315,C,181C3;
= C3152C28,C5, *+ C515,C515:C3;
= C315,(Cy,8,C3, + €515:C5y)
= c§,5,T,.

Since TlSl and SZTZ have no characteristic roots in
common - the preceding equality implies, by Theorem 46.2

of [10, p.90], = 0. Thus = 0. Similarly

*
€21 €21
using the above identities we find

* = * * *
TyS,CTo = (Cf,5:C1, + C3,5,C55)8,CF,

* * *
C12571C125,C T + C555,5C555,C7,

* * —_ * *
C1251C125,CT ~ €325,C515:C71

= (% * * *
C1251C125,C7, + C1251C115:¢71
= CO% * *
CI287(C1p8,CF, + C175,CF;)

= (%

C1251T1 -

Again since T,S, and S1Tq have no characteristic
roots in common, this equation implies CIZ = 0 so

C12>= 0. Thus the proof is complete.

By combining Lemma 1 with «c¢) of Theorem 1, it

is clear that in searching for necessary and sufficient

12



conditions that two hermitian matrices T and S be
isoconjunctive, we may assume without loss of generality
that

m m

T= @T, and S = @ S,

i=1 * i=1 *t
where TiSi has no characteristic roots in common with
Tij for i # j. It is with this idea in mind that we
give our next result.

m m

Theorem 3. Let T = @®T, and S = @ S. be nXn
: . i . i
i=1 i=1

hermitian matrices with the property that T;S; has

J

Then T and S are isoconjunctive if and only if T,

no characteristic roots in common with TjS. if 1 # 3J.

and S; are isoconjunctive for every i =1,...,m.

Proof: If m =1 the result is obvious. As in Lemma 1
and Lemma 2 we will prove the result for m = 2, the
result following for m > 2 by an easy induction using
the result for m = 2,

Suppose then that there exist nonsingular matrices

= * — *
Hl Hl .and H2 H2 such that
Tl = HlSlHl and T2 = HZSZHZ’
Let
H 0
H = 1
0 H

13
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Then H = H* and is nonsingular. Moreover

Hl 0 Sl 0 Hl 0 _ HlSlHl 0
0 H2 0 82 0 H2 i 0 HZSZHZ
) Tl 0
_O T2 .

Now suppose there exists a nonsingular K = K* such
that T = KSK. We partition K conformably with S

and T to write

« o 11 F12
K2 ¥a2) .
Since K = K* and TS has no chaxacteristic roots
in. common with T282 we may apply Lemma 2 to conclude
K12 = 0 and thus KiZ = 0. Since K 1is nonsingular
and hermitian, Kll and K22 are also nonsingular and

hermitian. Further the equality T = KSK now implies

T and T

r = K151k, 2 = Kyr55Ks,.

Thus the proof is complete.

In accordance with this result, Chapters II and III
will deal respectively with the investigation of necessary
and sufficient conditions for isoconjunctivity of two
hermitian matrices T and S when TS is nonsingular
and when TS 1is nilpotent. In Chapter IV we draw these

results together.
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II, THE NONSINGULAR CASE

Before actually getting into the discussion of the
nonsingular case we give a result which will be useful

later in this chapter and also in Chapter 1IV.

Proposition 1. Let T and S be nxn nonsingular

hermitian matrices. Then the following are equivalent:
a) there exists a nonsingular complex matrix
C such that T = C*SC = CSC*
b) there exists a nonsingular complex matrix

1 -1

C such that S ~ + iT = C*(T + is)c.

Proof: ©Under the hypothesis there exists a nonsingular

complex matrix C such that S_l + iT = C*(T_l + is)cC
if and only if T = C*SC and s = c*r7lc. But this
is equivalent to T = C*SC and T = CSC*.

To deal with the question of the isoconjunctivity
of two n*n hermitian matrices T and S whose product
TS 1is nonsingular (thus both T and S are nonsingular)
we will rely heavily on the following result which is a
reformulation in matrix terms of results in [11l, pp. 242-

248].

Theorem 4. Let K and H be nxn hermitian matrices

with K nonsingular. Then there exists a nonsingular
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complex matrix C such that

_ | 1
0 I
L B 3 1]
0 0
p | 1 q ‘
C*KC = & | ___ __ — — __ | oD €. 4
0, - | 0 - -
. 0
1 ! _
and
— -
| o .1 A4
R
1
I =, 0 - -
| A ' 1 aj
P i g 0 .
C¥HC = @ |7 I .= 7 “le® c. "’
i=1| o .1 Ai: j=1 3|1 . (2.2)
* o .
P 0
l » ] - J -
X, 0
L 1 | J

where ej = 1, j=1,...,9. The ), (and Xi), i=l,...,p,
and Y j=1,...,9, are respectively the non-real and

1

real characteristic roots of HK ~. The corresponding

direct summands in (2.1l) and (2.2) are of equal size,
being determined by the size of the Jordan blocks in the
Jordan canonical form of HK_l. For each real character-
istic root o and each integer r > 0, the number of
positive Gj premultiplying the rxr summands associated

with o 1is uniquely determined by H and K (and hence
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so is the number of such Ej which are negative).

The problem of such simultaneous reduction of a pair
of hermitian matrices by a conjunctivity has been the
topic of much research, e.g. [8]1,[9],[14], and [19]. For
some time it was thought by some Writers that a necessary
and sufficient condition that a pair of hermitian matrices

(Hl,Kl) be conjunctive with the pair (H2,K2), where

Kl and K2 are nonsingular, was that the elementary
divisors of I - HlKE_l coincide with those of
AL - HZKEl' [9]. This is necessary but not sufficient.

Turnbull [19] solved this problem by adding the "signature
test" as did Muth [14] in the analagous real symmetric
problem.

It will be useful later to know just how the Gj
(of (2.1) and (2.2)) premultiplying the rXr summands
associated with a single real characteristic root &
are determined. To this end let us assume HK_l has
only avsingle real characteristic root a«. Suppose
(oI - HK-l)r and (oI - HK_l)r+l have the same null
space. By the Jordan decomposition this null space is

HK_l-invariant and has a HK_l—invariant complement. Thus

the hermitian form

r-1

"Lt - ikh Tk (2.3)

xX*K

restricted to column vectors x in the null space of
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r
l) has a uniquely determined signature which

(aI - HK
depends only on H and K (and also has a uniquely
determined signature on the complement). Thus the
dimension of a maximal subspace (of the null space of
(al - HK_l)r) on which (2.3) is positive definite and
the dimension of a maximal subspace on which (2.3) is
negative definite are each uniquely determined by H
and K so that the number of positive Ej and the
number of negative Ej ((2.3) can be normalized) asso-
ciated with a particular size block is unigue. Notice

1 is similar to a single

in particular that if HK
Jordan block (rxr with real characteristic root a),
then (2.3) has rank one and hence is semidefinite, so
any column vector x which makes (2.3) non-zero will
determine if the associated Ej is positive or negative.
It should be noted that since the results of Theorem
4 are based on the Jordan canonical form of HK_l which
is unique only up to the ordering of the Jordan blocks,
we cannot expect that the ordering of the direct summands
in (2.1) and (2.2) is unique. Thus we will allow a
permutation of the summands in either (2.1) or (2.2) if
the corresponding summands of the two direct sums are

' permuted in exactly the same way. Let us see then how

Theorem 4 applies to our situation.
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Corollary l. Let T and S be nxn hermitian matrices

with S nonsingular. Then there exists a nonsingular

complex matrix C such that

| _
[- | 0 \l
0 | v
- - P . 0 q 1
clsc*1= ® ~~—“:—1———®eej 0.' (2.4)
i=1 0 .l| J=l l. 0
f 0
) 0 !
L.l i -J
and
[ : 0 .1 A
0 .
] .
11- 0
P AL q .1 oo
c*C¢ = @ [ - - - - ——_joe e 0 -+ 3 (2.5)
i=1 1 X, j=1 J|1-
0 . ll ¢ 0
. . 0‘_
1’ | 0 J
. 0
. f
L..l | -

where Gj =tl, j=1,..., 9. The A, (and Ti),
i=1,..., p, and aj, j=1,..., q, are respec;ively
the non-real and real characteristic roots of TS. The
corresponding direct summands in (2.4) and (2.5) are of
equal size, being determined by the size of the Jordan
blocks in the Jordan canonical form of TS. For each

real characteristic root o and each integer r > 0
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the number of positive Ej premultiplying the rxr
summands-asspciated with o 1is uniquely determined by
T and S (and hence so is the number of such Ej which

are negative).

-1

Proof: If in Theorem 4 we let T = H and S = K, we
have what we want except that in (2.4) we get C_lSC*—l
1 1

C. For this choice of ¢, (C*S_lC)_ =

1 lsc*'l, the result

replaced by C*S~

-1

C*S ~C. Since also (c*s'lc)' = C

follows.

Notice now that when T and S are nxn nonsingular
hermitian matrices, Corollary 1 not only accomplishes the
type of "splitting" indicated in Theorem 3 (which does not
require nonsingularity) but also allows us to assume that
T and S have very simple forms. Even so, in this situ-
ation we shall consider three cases:

Case I: TS has only non-real characteristic roots

Case II: TS has only positive-real characteristic

roots

Case III: TS has only negative-real characteristic

roots.

Case I. T and S are nxn nonsingular hermitian

matrices and TS has only non-real characteristic roots

(which occur in.conjugate pairs). By Theorem 1 and




Corollary 1 we may assume

where A.
i

from Corollary 1.

and

and T

li

1,.

il @'

1

21

.+«r p, have the obvious meaning

Note that the blocks in each of the

direct summands are square so that each direct summand is

of even order.

ture of each direct summand in both T

Thus since T

By Theorem 1 of [7] we see that the signa-

and S

that the signatures of

us to deduce,

and S

since

T

and S

is zero.

are direct sums we may conclude

T and S

and S

are conjunctive.

are 2zero.

This allows

are nonsingular, that T

The following result will have an immediate applica-

tion to dur current considerations.

Lemma 3. Let
[0 &
T =
L* 0
where
~
0.'{ A
L = ) 0
.A

, (2.6)
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are both nxn, and X # X. Then there exists a nonsingu-~
lar hermitian matrix H such that T = HSH. 1In fact, we

may take

where

is nxn, VA = VX', a; = 1, a; = %7

and

i-1
a; =-1/2 ) aa,,  (i=2,..., n-D).
k=1

Proof: Let n > 1 be arbitrary. Let S and H be

defined as above. Since
0 B| |0 K110 B 0 BKB
HSH =- =
B* K 0] |B* 0 B*KB* 0

and K* = K, it is sufficient to prove that L = BKB.

Define P = BKB. We denote the (i,j) entry of P by

) the (i,j) entry of K by kij’ and the (i,3)

ij’

entry of B by bij' By definition
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Pij & Z Pir Z kJ:sbsj

r=1 s=1

E: birkr,n—r+lbn—r+l,j
r=1

n

= E: ’birbn—r+l,j' (2.7)
r=1

We note that bij =0 if n+ 1 < i+ j < 2n. Using this

fact in (2.7) we find pij =0 if n+ 1 <i+ j < 2n.

Thus we know p.,. =4.. if n+ 1 <i+ j<2n
ij ij -

is the (i,j) entry of L). Sonow let 1 <i+ j <n+ 1.

ij

In this case (2.7) becomes
n+l-i

pij = A E: an+l—i—rar—j

r=7j

n+l-i-7j

Z B4 1oiojordr- (2.8)
r=0

il
>

Notice that by definition

. 0, i> 2
1 —
= /31 =
E: a8 g = AT, i=1 .
k=0 1, i=0

Using this in (2.8) we see
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0 y, D+ 1 -1-73>2
Pij = A(X)_l, n+l=-1i-3=1 .
L} , n+1l-1- 3 =20
Thus Pij = Lij for 1< i+ j<n+ 1, so that we con-
clude Pij = Lij for i, j=1,..., n, which is what we

wanted to show.

Theorem 5. Let T and S be nxn (nonsingular) hermitian

matrices. If TS has only non-real characteristic roots,

~then T and S are isoconjunctive.

Proof: By Theorem 1 and Corollary 1 we may assume S and
T are as in (2.6). Lemma 3 shows that the corresponding
direct summands in (2,6) are isoconjunctive. Thus by

Theorem 3 we conclude T and S are isoconjunctive.

Case II: T and S are nxn nonsingular hermitian

matrices and TS has only positive-real characteristic

roots. Again, as in Case I, by Theorem 1 and Corollary 1

we will assume -

- h —
o 1t 1 a,
q q U i
s = @€ . and T = ®€, o . , (2.9)
i=1 ., 0 i=1tj1
1 0’ 0
— - _.i
where Gi =], i=1,..., q, and oy i=1,..., g are

the characteristic roots of TS as in Corollary 1l. Since
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here all the a; are positive we may again appeal to
Theorem 1 of [7] to see that corresponding direct summands
of S and T in (2.9) have equal signatures (0, if the
summand has even order; 1, if the summand has odd order)
so-that T and S have equal signatures. Since T and
S are nonsingular we may conclude that T and S are

conjunctive. The next lemma is like Lemma 3.

Lemma 4. Let

1 1l a
0] . 0] .,
S = ¢ . , and T = ¢ °,
.0 L 0
1 _ &
be nxn matrices with o = o > 0 and € = *1. Then

there exists a nonsingular hermitian matrix H such that

T = HSH. In fact we may take

- -
a _1 ,,: a; a,
H=V0‘ * . ¢
a;
A 0
0 J
where a, = 1 a, = 1 and
0 ' 1 20!
i-1
a; = -1/2 2: aa; (i=2,..., n-1)
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Proof: Let n > 1 Dbe arbitrary and let S and H be

defined as above. Define P = HSH. We denote the (i,3j)

L 4

entry of P by Py 3

5 the (i,j) entry of H by hi

and the (i,j) entry of S by Sij' By definition

n
Pij = Z hix }: SkmPrm3

k=1 m=1

n

Z DikSk ,n-k+1Mn-k+1, 3

k=1
n
= ez hiho i g (2.10)
k=1
Since hij =0 if n+ 1< i+ j < 2n, (2.10) shows
Pij = 0 if n+ 1 <i+ j < 2n. Thus Pij = tij (the

(i,j) entry of T) for n+ 1 < i + j < 2n. Now let
1 <i+ j<n+1l. Then (2.10) becomes

n+l-i

pij a-GE: an+l—i—rar—j

r=7j

n+l-i-j

= o-€ E: an+1-i--rdre (2.11)
r=0

Notice that by definition

o , i>2

i
{7t =
}: apd;_p =(a i=1 .

k=0 1, i=o0
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Using this in (2.11) we see

0 y n+ 1 -1 -3>2
= Eaa_l n+1l-1-3j=1
pij— ' J = .
€a , n+1l-1-3=0
Thus p.,. =t,. for 1 <i+ j<n+ 1 and hence
1] 13 -
pij =~tij for i, j=1,..., n, which is what we wanted
to show.
Theorem 6. Let T and S be nxn (nonsingular) hermi-

tian matrices. If TS has only positive-real character-

istic roots, then T and S are isoconjunctive.

Proof: By Theorem 1 and Corollary 1 we may assume S
and T are-as in (2.9). By Lemma 4 we know the corres-
ponding direct summands of (2.9) are isoconjunctive. Thus

by Theorem 3 we conclude that T and S are isoconjunctive.

"Case III: T and S are nxn nonsingular hermitian

‘matrices and TS has only negative-real characteristic

roots. From Example 3 we see that we cannot expect
conjunctivity and isoconjunctivity to be equivalent in

this case. Thus our approach here will be different from
that of the previous two cases. We first list a collection

of necessary lemmas.

Lemma 5. Let T and S be nxXxn hermitian matrices.

Suppose TS 1is similar to a single Jordan block
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corresponding to a real characteristic root a ¥ 0. Then

s™t 4 ir s conjunctive with

r- —
i 1+ia
0 [ 4
€ . (2.12)
. 0
i .
1+ia
. -
where € = *1, and T_l + iS 1is conjunctive with
- o
i 1l+ia
0 L]
€ <sgna ’ (2.13)
‘ 0
i .
1+io
S J

o
where sgn a = lEL

Proof: Theorem 4 implies S—l + iT 1is conjunctive with
(2.12). Without loss of generality we will assume

S_l + 1T equals (2.12). Since TS and ST are similar,
ST is similar to a single Jordan block corresponding to
the characteristic root a. Thus by Theorem 4 there
exists a nonsingular complex matrix C such that

c*(T"1 + is)C is of the form of (2.13) with € -sgn o
replaced by ¢ = *1. By the definition of T and S

n-1
v

v*S (TS - aI) = € (2.14)
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if v* = [0,..., 0, 1]. But also

1 n-1

n=lq, rc* 1) (c*sc) - o11™ lu

u*C*sS (TS - al) u* (C*sc) [ (C~

§ sgn o

-1/2
4

if u* = [|af 0,..., 0] and C 1is as designated

n-1

above. Since S(TS - aI) has rank one and the signa-

ture of S(TS - oI)™ % equals the signature of

D*s (TS - oI) %

D for every nonsingular complex matrix D,
the discussion immediately following Theorem 4 allows us
to conclude that € = §:sgn a. Thus § = €.sgn o and

the result is proved.

Lemma 6. Let T and S be nxn hermitian matrices

such that TS has only a single real characteristic root

o # 0. If the Jordan form of TS has Jordan blocks of
sizes m>m > ... >2m > 0, then S_l + iT 1is conjunc-

tive with

k
® <. . (2.15)

L_l+ioc

and Tml + i8S 1is conjunctive with
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r'- o
i 1+ia
0 -
sgh o @ ¢ . (2.16)
. . 0

i °

1+ia

- -
where éj = *1, 3=1,..., k (equal in (2.15) and (2.16)),
and the jth/ direct summand in (2.15) and (2.16) is
mJ X mj, j=1,..., k.
Proof: Apply Lemma 5 to the Jordan blocks of TS.

Lemma 7. Let T
such that TS

istic root «a.

and S Dbe

nxn

hermitian matrices
has only a single negative-real character-

If there exists a nonsingular complex

matrix- C such that S_l + iT = C*(T_l + i8)C, then
Sﬁl + iT 1is conjunctive with
R. 0
p J
® (2.17)
J= 0 -R.
]
where, for j =1,..., p, Ej = =1, and Rj is the
m. X m. matrix
J J
B i 1+ia
0 L J
. 0
i [
|_1+ia _
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Proof: Note that (2.17) says that the blocks of each
order "pair off" (the number of blocks of a given order
which have € = 1 1is equal to the number of blocks of
the same order which have € = =-1). Suppose then that
this does not occur; that is, suppose S_l + iT is

conjunctive with
R., (2.18)

where for some size summand the number of positive 65
associated with that size summand does not equal the
number of negative 63 associated with that same size
direct summand. By Lemma 6 T“l + i8S 1is conjunctive
with

g

® (-c€l)R.. (2.19)

j=1 33
Since (2.18) and (2.19) are in canonical form, conjunc-

tivity of (2.18) with (2.19) (and thus of S™1 + iT with

T_l + iS8) reguires that (up to permutation of the summands)
(2.18) and (2.19) be equal. But under our assumption this

is impossible. This contradiction proves the lemma.

Lemma 8. Let

where
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[~ 1 &- B f-
0, o 0 .
L = . . and K = *
L, 0 . 0
o 1
— s - o
are nxn with o < 0 and € = *1. Then there exists a

nonsingular hermitian matrix H such that T = HSH. 1In

fact, we may take

0 B
H =
B 0
where
an_l PN al ao
. ‘ s
B = V-OL . . L4 ’
ay , 0
k_ao —d
=1 = .!‘.._ d
8 T 4r 3 T g an
i-1
a; = -1/2 }Z aa; ., (i=2,..., n-1).
k=1

Proof: Let n > 1 be arbitrary and let H and S be

defined as above. Since
0 Bl |IK 0 0 B -BKB 0

B 0}|{0 -K||B 0 0 BKB

it is sufficient to prove L = -BKB. Define P = -BKB.
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We denote the (i,]j) entry of P by P; the (i,3)

jl
entry of. B by bij' and the (i,j) entry of K by

.. By definition

K.
ij
_ n
p..=—Zb.Zkb.
ij ir rs”sj

r=1 s=1
n

- E: birkr,n—r+lbn—r+l,j
r=1

n
- By rPr-r+1,5 -

r=1
Now a repeat of the last part of the proof of Lemma 3,
carefully noting the differences in definition, gives the
result. Thus we are equipped to prove the final result

of this chapter.

Theorem 7. Let T and S be nxn hermitian matrices.

Suppose TS has only negative-real characteristic roots.
Then T and S are isoconjunctive if and only if there
exists a nonsingular complex matrix C such that

T = C*SC = CSC*,

Proof: If T and S are isoconjunctive then by defini-
tion there exists a nonsingular matrix H = H* such that
T = HSH. Thus T = H*SH = HSH*,

Now suppose there exists a nonsingular complex matrix

C such that T = C*SC = CSC*., By Lemma 2 it suffices
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to consider the case where TS has only a single negative-
real characteristic root «o. Now Proposition 1 and Lemma 7
imply S-l + iT 1is conjunctive with a matrix of the form
of (2.17). Thus there exists a nonsingular complex matrix

D such that

1 | ]
0 . f
, | 0
. 0 |
|
-1 q 1 |
D*S" D= @ €, |—— — — - = (2.20)
i=1 1 I -1
oo
0 0
)
- | -
and
r w—
1al
. }
0 . |
S
1, 0 !
q o I
D¥D= ®€ |—————-=—-—|—-——— - ~ — (2.21)
i=1 | -1 -o
| 0 coe
| ri
0 | . ’
[
e 0
_ | =% _4

where the size of the blocks are as determined in Lemma 7,
and €; =+, i=1,..., g. By Lemma 8 the (respective)

direct summands in (2.20) and (2.21) are isoconjunctive.
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Thus by Theorem 3 D*S "D and D*TD are isoconjunctive.
But (D*s”ID)”! = D*s™!D.  Thus we have (D*s”lp)"l =
D_lSD*_l and D*TD are isoconjunctive, which by Theorem 1

implies T and S are isoconjunctive.

Looking at Theorem 5, Theorem 6, and Theorem 7, we
see that the only time there is any problem in deciding
whether or not two nxn nonsingular hermitian matrices
T and S are isoconjunctive is when TS has negative-
real characteristic roots. If we knew these characteristic
roots we could obtain the Jordan blocks of TS associated
with them and use the method outlined immediately follow-
ing Theorem 4 to determine whether or not we get the
"pairing" indicated in Lemma 6 at each negative-real
characteristic root. Obviously if there were an odd
number of Jordan blocks of a given size associated with
some negative-real characteristic root a negative answer
could be given immediately. On the other hand it should
not be concluded that T and S are necessarily isocon-
junctive even if the number of Jordan blocks of each size
associated with each negative-real characteristic root

is. even.
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I1I. THE NILPOTENT CASE

In this chapter we will have to employ a different
procedure than that of Chapter II. Here we consider the
problem of isoconjunctivity when TS 1is nilpotent. Since
we want T and S to be isoconjunctive we would be fool-
ish to assume one of the matrices was nonsingular while
the other was (necessarily) singular. Thus the decomposi-
tion afforded in Theorem 4 will not be applicable here.

We do, however, take a hint from Theorem 4 to come up
with a canonical form which looks somewhat like the one
given there and seems to be new.

To obtain the above~mentioned canonical form we will
view the hermitian matrix S as a map from a (n-dimen-
sional) vector space V (the space of nxl column
vectors) into V* (the *-dual) and the matrix T as a
map from V* into V. Thus TS (in left hand notation)
is a map from V into V. Thus no confusion should arise
if we write "S : V » V* is hermitian." Since this
viewpoint is seldom used, let us see in more detail how
we are going to operate in this setting.

If V* 1is to be called "dual" it should fulfill the
requirement, namely if we operate on a vector in V with
a vector in V* we should obtain a complex number. Thus

if we take V* also to be the space of nxl column
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vectors, we define a complex valued function <-.,:> which
indicates the action of a vector y € V*¥ on a vector
x € V by

<x,y> = x*y,
where x* 1is the conjugate transpose of x. If
S ¢ V~» V* 1is the linear map corresponding to the nxn
matrix S, then S* : V** » V*, where 8* is the con-
jugate transpose of S. Thus if we identify V** with
V. we have for x,y e V

<y,SX> = y*Sx = (S*y)*x = <x,S¥y>.

Thus our function <.,.> together with a hermitian map
S : V> V* gives rise naturally to the hermitian form

x*Sx (= <x,S5x>)
and the sesquilinear form

y*Sx (= <y,Sx>)

o

on V. Thus if we denote by vy the annihilator of

v, [5, p. 631 (VS

. * 1
1 1 1is a subspace of V* if Vl cV, and

Vi is a subspace of V** =V if v, € V*), questions
about subspaces and their annihilators will be discussed
using the above forms.

In connection with the above ideas let us observe
the matrix interpretation of some statements which will
be used often in the sequel. Let S : V » V*¥ be linear
with dim V = n. We denote by 7S the null space of S.

If we take V, to be the subspace of V spanned by the
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first k unit column vectors (the rth unit vector has

a 1 1in the rth position and zeros elsewhere), the

statement that 7S N Vl = 0 means that the first k

columns of S are linearly independent. Similarly the

o)
c
statement SVl < Vl

submatrix of S 1is zero. Further if we let V = Vl 57 V2

says that the leading kxk principal

where V is the subspace spanned by the remaining n-k

2

unit column vectors, the statement (SV2)O n Vl =0
indicates that the rows of the kx(n-k) matrix 512'
where

S11 S12

S S

21 22

are linearly independent. Finally the statement SV, < Vi

(where Vl and V2 are as before) means 512 = 0.
Before proceeding we list some facts which will be
used later. For these considerations we let V be an

n-dimensional vector space and let V* be its *-dual.

Fact. A, If K : V >V* and H : V¥ > V are linear and

U is a subspace of V such that 7K (HK)® N U = 0 and

(BK)P*1y = 0, then dim U = dim HKU = ... = dim (8K)PU =
dim KU = ... = dim K(HK)PU. Further the subspaces

(HK)iU (i =0, ..., p) are independent and the subspaces
K(HK)iU (i =0, ..., p) are independent.

Fact B. If H : V> V*¥ 1is hermitian and Ul' U2, and



39

U, are subspaces of V, then

(0]

o
c
1) U, € (HU,) "&=HU, © U

2

0=U° N HU. = 0

o
2) (HUl) n U2 1 2

3) @mup°nu

N 7NMH =0

2

0<=>UC1’0HU =0 and U
2 2

, (o) _ . > . _
4) (HUl) n U, = 0 and dim U, 2 dim Ul===>Ul N 7NH = 0
o} o) o
5) HUl c Ul N UZ’ HU2 c U2, and U3 c Ul + U2 =
o
HU, € U3.

Fact C. Let V and W be finite-dimensional vector
spaces and let K : V> W be linear. Let U and U
be respectively k-dimensional subspaces of V and W*.

Then (KU)° N § = 0 <= x*NH° N u = 0.

Now in preparation for the proof of our decomposition
theorem in the nilpotent case we present some preliminary

results, some of which are interesting in their own right.

Lemma 9. Let S : V > V¥ be hermitian. Let vy and v,

be (independent) k-dimensional subspaces of V such that

sv, Vi and (SVZ)O n vV, = 0. Then there exists a

k-dimensional subspace V3 such that Vi ® vy = vy 1) Vo
c v° °© =

SV3 < V3, and (SV3) n Vl 0.

Proof: Let: {xl, ceos xk} be a basis for v, Since

o .
(SV2) N Vl = 0, there exist Yyr ee+r Yy E Vl such
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that

yisx, = 8,0 (1,3 =1, ..., k), (3.1)

where 6ij denotes the Kronecker delta. It is easy to

see that {yl, ooy yk} is linearly independent and thus

is a basis for Vl' Let
k
z; = X, + E: a; Yo (i =1, ..., k), (3.2)
m=1
where for the moment the aij’ i, j=1, ..., k, are

undetermined complex numbers. By (3.1), (3.2), and the

fact that SV, C VO we find

1 -"1
k *
* =
ziSzj x5 + E: & wYm S x:j + }: ajnyn
m=1 n=1
= x*¥Sx. + a,. + a,.. (3.3)
13 “Ji 1]
By proper choice (for example: aji = —x{ij, i< j;
_ . .. —
aji 0, i > j; and a;; toag; xini) of the
ij i, =1, «.., k, (3.3) can be made zero for
i, 3=1, ..., k. Let V3 = span {zl, ey zk} with such
a proper choice. Then (3.3) is zero for i, j =1, ..., k,
o . .
SO SV3 c V3. Since vy 35 V, €V + Yy and dim Vi <
dim Vo the latter sum must be direct. By (3.2) and the
O : * —_ 1 1 =
fact that SVl E_Vl we find yiSzj = éij’ i, j l, ..., k.
Thus we conclude (SV3)O n v, = 0 and the proof is com-

plete.
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The matrix interpretation of Lemma 9 (in the case
V=Vv,9 V,) is that if there exists a basis for V such

that S : V > V* 1is represented by a matrix of the form

0 Sq
*
51 52
where each block is kxk and Sl is nonsingular, then

there exists a basis for V such that S is represented

by a matrix of the form

0 So
*
S5 0
where S is kxk and nonsingular.

0

Lemma 10. Let S : V > V¥ be hermitian. Let Vl’ V2,
and Vs be k-dimensional subspaces of V such that
(SVl)0 n vV, = 0 and V2 n V3 = 0. Then there exists a

k-dimensional subspace V such that v, @ Vy =V, oV

4 3

o
and SVl c V4.

Proof: Let Vi and Vs have respective bases

{xl, ceey xk} and {zl, ceey zk}. Since (SVl)O nv, =0,

there exist Yyr cver Y €V such that

2

yisxs; = 8,5 (i, 3 =1, .., K. (3.4)

As in Lemma 9, {yl, ceny yk} is linearly independent

and thus is a basis for V Let

2-
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w, = oz, + }: a:m (1 =1, ..., k), (3.5)
m=1
where for the moment the a,., 1, =1, ..., k, are
ij ]
arbitrary. By (3.4)
k *
w¥Sx. = |z, + E: a. vy Sx
i7" i im*m
m=1
= z*Sx, + a, .. (3.6)
i3 13
If we choose Eij = —Z{ij,-i, j=1, ..., k, (3.6) can
be made zero for i, j =1, ..., k. Thus if we let
= * =
Vg span {wl, ey wk}, the fact that winj 0 for
. . o) .
i, j=1, ..., k tells us SV, & Vy- Since V2 © V3 c
Vy, + Vy and dim Vg £ dim Vs, the latter sum must be
direct so that V2 & V3 =V, @ Vy- Thus the result is

proved.

The matrix interpretation of Lemma 10

vV =
V. such that § : V > V¥
the form
-
Sy
*
S1
*
S6
L

where each block is kxk

there exists a basis for

(in the case

Vl.Q V2 (4] V3) is that if there exists a basis for

is represented by a matrix of

S4 Seq

S2 S5

Sg S%J

and Sy is nonsingular, then
V such that S 1is represented
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by a matrix of the form

B A 7
5, S, 0
/\* A A
S1 Sy S

/\* A
0 S5 S3
- o

where again each block is kxk and §4 is nonsingular.

Lemma 11. Let S : V> V¥ and T : V¥ - V be hermitian.

Let Wy and ﬁl be k-dimensional subspaces of V and

V* respectively such that

a) ((Ts)P'lwl)o Nf, =0

b) T(Sfl“)P'lv?ql = 0.

Then there exists a subspace W of V having the pro-

perties of W above and also S(TS)lW c w° (1 =0, ...,

1
p-2).

Proof: Let Wy and Wl be as in the hypothesis. We

assume p > 2. Notice first that by condition a) (and

a standard dimensionality argument) dim ((TS)p_lWl)O < n-k.

Thus dim (TS)p_lW > k. Since dim W, = k this shows

1 1

o)
wW. N '/I(TS)p_l = 0. Also since '72(ST)p—l = ((TS)p_lV) c

1

o
((TS)p_lWl) we conclude by condition a) that

Wl n 'II(ST)p—l = 0. We apply Lemma 9 with v, = Tﬁl,

V, = W and the hermitian map S(TS)p—z. To see that

2 1’
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the hypotheses of Lemma 9 are satisfied we note first

that dim TW1 = dim Wl = dim W, since Wl n ’/z(ST)p_l = 0.

If y ¢ TWl n Wl’ then y = Tx where Xx ¢ Wl. Thus
(TS)p_ly = T(ST)p-lx. Since x ¢ Wl, condition b)
implies 0 = T(ST)p_lx = (TS)p—ly. Since vy ¢ W, and

W, n nrs)P™L = 0, this implies y = 0. Thus Twl nw, =

0. Therefore Tﬁl and W, are independent k-dimensional

subspaces. By condition b) we know T(ST)pnlWl‘g Wi.

Thus using Fact B.l we find S(TS)p_ZTWl [ (Tﬁl)o.

o

Finally since by hypothesis {TS(TS)p—ZWl) n Wl =0, we
-2 o A

use Fact B.2 to conclude (S(TS)p Wl) n W, = 0. Thus

the hypotheses of Lemma 9 are satisfied so there exists

a subspace W of V such that

TWl o Wl = TWl @D W2,

s(Ts)p'zw2 < Wy, (3.7)

and

_2 o A~
s(Ts)P w2) nTh, =0

. ) _ o p—l/\ —
Since TWl o W2 = TWl o Wl and T(ST) Wl 0, we

conclude (TS)p_lW2 = (TS)p_lWl. Thus by condition a)
-1 o A

we conclude (Ts)P W2) n W, = 0. Thus W, has the

desired properties of W, and also (3.7) holds. 1If

p=2, W is the desired subspace. If p > 2 we apply

r 2
Lemma 9 again but this time with Vl = TSTWl, V2 = W2,
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and the hermitian map S(TS)p—3. The fact that the hypoth-

eses are satisified is confirmed as above. Thus we obtain

a subspace W with the property that S(TS)P‘;}W3 E.Wg
and also the properties of W (in the hypothesis). But

1

also since W E»TSTW e w Fact B.5 implies

1 27
S(TS)p-zw3 E_Wg. Thus this crucial property of W, is

also possessed by W Thus after p-1 repetitions of

3*

this argument we obtain a subspace Wp such that
S(TS)le g_w; (i =0, ..., p-2),

and also having the properties of Wq stated in the

hypothesis. Obviously Wp is the desired subspace.

ILemma 12. Let S : V-»>V* and T : V¥ > V be hermitian.

Let Wl and Wl

V* respectively such that

be k-dimensional subspaces of V and

a) ((TS)P'lwl)ofW ﬁl =0

b) T(ST)P"lWl = 0

c) s(Ts)P'lwl = 0.

Then there exist subspaces W and W of V and V*
respectively having the properties of Wy and Wl above,
and also

a) s(1s)w ¢ w° (h =0, ..., p=2)

o

b) T(ST)'W < W (i =0, ..., p-2)
~0O

c) (TS)jW c (3 =1, ..., p=2).
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17 and Wl be as in the hypothesis.

Let n = dim V = dim V*, By Fact C we see that condition

Proof: Tet T, S, W

, o
a) implies \(ST)p—lWl) N W, = 0. Hence in our hypotheses

the hypothesis of Lemma 11 is satisfied (for Vv, V¥, Wl' Wl,

S, and T, and also for V*, v, W T, and 8).

1 Wy
Thus we apply Lemma 11 twice (once to replace Wy and
once to replace Wl) and thereby may assume Wy and Wl
have also the respective properties of W and W of
conclusion a) and conclusion b). Thus all we need to
establish is that conclusion c¢) holds after suitable
replacement is made for Wl.

To do this we appeal to Lemma 10. We begin by

applying Lemma 10 with V, = SW,, V, = STWl, vy o= Wl,

and the hermitian map T(sT)P™3  (this part of Lemma 12
has no content if p < 2). To see that Lemma 10 is
applicable we note first that by Fact A, Wl and STV?\Tl
are‘independent subspaces (of the same dimension). Since,
as in the proof of Lemma 11, condition a) implies

9’Z(TS)p_l N W, =0, we conclude dim SW, = dim W, =
1 1

1

I
o

O A
dim W,. Using Fact B.2 we see ((TS)p_lWl) nw

1 1

o
implies (T(ST)p 3(SWl)) n STWl = 0. Thus the hypotheses
of Lemma 10 are satisfied so there exists a subspace ﬁz
such that

(3.8)
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and

p-3 _ p-2 AO

T(ST) (SW,) = (TS) W, © W, (3.9)
1 1 =2
From (3.8) it is obvious that T(ST)p-lW2 = 0. By hypoth-
. in 5O , .

esis T(ST) W, < Wl (i =0, ..., p-2). Since also
T(ST)p_lWl =0, we conclude T(ST)l(STﬁl) E_Wi and

T(ST) (sTW,) < (sTW)® for i =0, ..., p-2. Thus since

ﬁz c STWl + Wl, by Fact B.5 we conclude T(ST)lV?\T2 - WS
A _l o
(i=0, ..., p-2). Since (TS)le =0, STW, ¢ ((TS)p wl) .
Thus
~ p—l o A A
ST, = ((TS) Wl) N oI(sTW, @ ]

p-1. \° NP
((TS) wl) n [STwlewz]

STV?\Tl o [ ((TS)P’lwl>o n vszi]

by hypothesis a), two applications of the modular law,

- o N
and (3.8). Therefore we conclude ((TS)p lWl) N W2 = 0

A ‘ AN
so W has the same necessary properties as Wl and

2

also (3.9) is true.

1f p=3, W, and W,

Otherwise we apply Lemma 10 again, but this time with

are the desired subspaces.

2A A Cy e
vV, = SWl, vV, = (sT) Wos V3 = Wy, and the hermitian map
7(sT)P"%.  Thus we obtain a subspace W3 such that
(sT) %, ® 1, = (sT)%R, ®© W (3.10)
2 2 2 3 *

and
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m(sT)P 45w, = (rs) P~ 3w, < @wO. (3.11)
1 1 ="3

Since W, c (S“)ZW @ W (TS)p_ZV c Wo anc.

3 = - 2 27 L= T2 h

o
pP-2.. < ( 24 p-2 c O
(1$)P7 %W, S ((ST)R,) , we have (T8)P7%w, € @Y n
2 A o A 2A o A0
((ST) W2) = <W2 @ (ST) W2> c W3. The verifications
that T(ST)p'lv?v3 =0, T(ST)lv?I3 gv?lg’ (i =0, ..., p=2),
-1.\° .

and _((TS)p Wl) N W3 = 0 are similar to those of the

previous step. Thus W3 has the desired properties of
ﬁz, but also (3.11) is true. Therefore applying Lemma 10
p-2 times we finally obtain ﬁp_ with the desired
properties. Obviously Wy and

= P

p-1 are the desired

subspaces.

Definition 2. If R : V>V and W is a subspace of V

we define
g = ZRW,

i.e. QRW is the smallest R-invariant subspace of V

containing W.

Lemma 13. Let T : V¥ >V and S : V » V* be hermitian
with (TS)pV = 0. Let dimV =n, and let W be a

subspace of V satisfying

v = 7ns(rs)P"! @ w.
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Then

a) Vo= oW @ (Jop8M° b)) V*= g SWe (g W) °

(0]

o) S(JgpSWC S (g™ A TGN S (ggpS°

e) SG. WS F..SW £) T SW S

TS ST - gTSW'

Proof: We will prove only a), c), and e) since b) follows
immediately from a) and the proofs of d) and f) are anal-
ogous to those of c¢) and e). To see that the sum in a)

o

is direct, suppose vy € (?TSW) n (;STSW) . By the defini-

tion of ;TSW and the fact that (TS)Pv = 0, there exist

p-1
= j 1
Xy ""xp—l € W such that vy }: (TS) xj. Since
3=0
y € (9STSW)O we also have
p-1
0 = y*(sT)sw = }E:xg(ST)l+sz (1 =0, 1, ...)
j=0
For i = p-1 this gives
0 = xg(ST)p_lSW = xSS(TS)p—l[nS(TS)p—l ® Wl

XSS(TS)p—lV.

Thus x(’)‘S(TS)p—l =0 so Xy ¢ ﬁS(TS)p—l. But also

Xy € W. Therefore by the hypothesis on W, Xy = 0.
Similarly one proves Xy = o.. = Xp—l = 0, Thus y =0
SO (9TSW) n (QSTSW)O = 0. To see that the sum in a) is

all of V we notice that, by Fact A, dinlgTSW =
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dim gSTSW = pk, where k = dim W. Thus dim (}STSW)O =
n-pk. Thus the sum of the dimensions of the summands is

n. Therefore the result follows.

To see that c) holds, let vy € (QSTSW)O. Then by
definition
0 = y*S(TS)*w = (Sy) *(Ts)'w (i =0, 1, ...).

© which is what we wanted to show.

Thus Sy € (;TSW)
The truth of e) is observed by definition. (Notice also
that from c), d), e), and f) we can conclude that the

decompositions a) and b) are respectively TS-invariant

and ST-invariant.)

The matrix interpretation of this lemma will be
useful later. It says that there exists a nonsingular
matrix C (with the first pk columns of C a basis
for 9TSW and the remaining n-pk columns a basis for

1 1

* - = * =
TC Tl © T2 and C*SC

S, ® S, where the matrices T, and S; (both pk x pk)

(;STSW)O) such that C~

are matrices of the restriction maps of T and S to

;STSW and ;Tsw respectively. Similarly T, and 82

are matrices of the restriction maps of T and S,

O O

respectively, to (9TSW) and (;STSW) .

Theogrem 8. Let S and T be nxn hermitian matrices

such that (TS)P = 0. Then there exists a nonsingular

complex matrix C such that



51

k L m
c~lrcx~1 g @Se F eg E eg G (3.12)
P B 3.
g=1|h=1 P99 5o T 3o 2a-1
and
k L m
C*sC g e? € @F @F (3.13)
= E p. F F, _ .
g=1|h=1 P49 i3 9 3 2971
where Eq, Fq, and Gq are the gxg matrices
1] , 10 0]
0 - ) . » 0 . 1
E = . F = . . i G= . ’ ’
q < |1 0 @ ‘
. 0 L4 . . 0
-—l - — - LO 1 -
and for each h, i, g we have Gh = 1 and . t1
q 19
arranged so that
f1g = €2¢ = " 2 & g
q
and
plq > p2q > ee. > pﬁqq'

The numbers k , £ , and m
q q 9

S and T. In fact if we let
vy = nullity (rs) 9,
by = nullity s(Ts)9,
and
uy = nullity T(sT)9,

then

are uniquely determined by
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Mg = Hg-1 7 ¥g-1 T Vg T Vg-1

kq = 2\)q T Mge1 T p('l, (3.14)
and

Qq = 2v_ - “é—l - uq,

k
g
€ = €
q hg
h=1
and
L
g
pq = piq’
i=1
then the numbers ¢ and p (and hence the € and
q q hq

piq) are uniquely determined by T and S. 1In fact if

we let
o, = sig s(Ts)" (the signature of s(Ts)Y),
and
oé = sig T(sT) T (the signature of T(sT)¥),
then
Ep—l = Op—l-l B Ol—1'
and (3.15)
o =o' _. -0 __:y

p-i p-i-1 p-i

for 0 < i < p.

Proof: We consider T : V¥ > Vv and S : V > V¥, Let

W be a subspace of V satisfying

1
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_ p-1
V = 7S (TS) (] Wl'

We let k = dim W,. By Lemma 13

_ o
V= JogW, © (FgpSW,) (3.16)
and
o
* -
V* = 9STSWl @ (yTswl) . (3.17)
Thus there exists a nonsingular matrix C0 (with first
kp columns a basis for gTSWl and remaining n-pk
columns a basis for (QSTSWl)O) such that
C*sc. = S, ® S, and C.iTcx Ll =T @ T
0770 0 1 0 0 0 1

where S, and T, are pk X pk. Since S, 1is the

matrix of the restriction of S to 9TSW1 (in a suitable

basis), and dim S (& = dim gSTSW = kp, by Fact A

") 1
and the initial assumption on Wy, we conclude S is

nonsingular. Since SO(TOSO)p_l is the matrix of the

restriction of S(TS)p_l to and, by our assump-

7057

tion about W dim s(TS)P'ly = dim s(7s)P 7w, = k,

s

1’ 1l
we conclude rank SO(TOSO)p—l = k. Thus since (TOSO)p =0,
rank (TOSO)p-l =k, and T,S, is pk x pk, the Jordan

Decomposition Theorem implies TOSO has Jordan form

consisting of k pxp blocks (with characteristic root

zero). Thus by Corollary 1l there exists a nonsingular
complex matrix Cy such that
k
* =
clSOC ® ¢ E

Lop=1BP
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and (3.16)

where €h =+1, h=1, ..., k, El > e > Gk, and Ep

and Fp are defined as in the hypothesis.

Now consider the (n - pk) x (n - pk) matrices Sq

and Tl' Since rank SO(TOSO)p—l = k = rank S(TS)p_l,

p-1 _ P _
we have rank Sl(TlSl) = 0 and hence (SlTl) 0.

Thus by the same reasoning as above there exists a non-

singular complex matrix C, (combining the steps above)

such that
2
C*s.C, = @& p.F_@® S
27172 j=1 t'p 2
and- (3.17)
-1 +~ 1 _
c, T,C5 " = iq:l T ® T,

(2 = rank Tl(SlTl)p_l), where TZ(SZTZ)p—l = 0, More-

_ _ p-1 _ . p-1 _
over SZ(TZSZ) = 0 since Sl(TlSl) 0. So now
consider the (n - pk - p&) x (n - pk - pf) matrices

be

T2 and SZ' 1 1

the space of n, x 1l complex matrices and Vf be its

Let n n -pk - pl. If we let V

and S, : V, - V*. Moreover

*-dual, then T, : V¥ > V 1 I

2 1 1’ 2

P=li. _ p-1 =
TZ(SZTZ) \Y4 0 and S (TZSZ) v 0. Now let W

1 2 1 2
and WZ be subspaces of vy and Vf respectively such

that
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v, = n(T,5,)P7 @ w,
and (3.18)
vE = 72(52".02)9‘l o W,.
Since T, and S, are hermitian this implies dim W, =
dim WZ. Suppose y ¢ ((TZSZ)p_lWZ)O n WZ' Then 0 =

p-1 _ p-1 p-1)\ _ p-1
y*(T,8,)PTHW, = yx(T,5,)P7 (W, @ M(T,5,)P7 ) = yr(T,5,)F .

Thus ‘(SZTZ)p_ly =0 so y ¢ W(SZTZ)p—l. Since also

o
y e W this implies y = 0. Thus <(T252)p lwz) nw, =

2'

0. Hence the hypotheses of Lemma 12 are satisfied, so we

may assume further (by Lemma 12) that

s, (1,5, S w)  (h=0, ..., p-2),
1A A0 .
TZ(SZTZ) W, < W, (i=0, ..., p=2), (3.19)
and
(T,5,) W, € & (3=1, ..., p-2).

A

Thus if we let m = dim W, = dim W,, using (3.19) we can
select a basis {xl, ceos xm} for W, and a basis

{yl, cees ym} for WZ such that

. -1 . .
y]'!_‘(TZSZ)p Xj = éij (i, 3 =1, ..., m),
* r _ i, 3=1, ..., m
XFS, (Ty8,) 7%y = 0 ( r=20, ..., p—2>,
* r _ i, =1, ..., m
YiTy(8,Ty) yy = 0 ( r=1, ..., p-2>,

and
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* r ——— il J=l, ...,m

yI(Tp8,) x4y = 0 ( r=1, ..., p—2>.
NMotice n~w that the subspaces WZ’ Tzszwz, e ey

(Tzsz)p_zwz, Tzﬁz, ceds T2(SZT2)p—2W2 are independent and

each has dimension m. That each has dimension m follows

. p-1 _ p-1 o~
since ﬂ(TZSZ) n W2 = 0 and ﬂ(Ssz) N W, = 0. To

see that the subspaces are independent, let XO' ooy

xp_l_e W2, and Yor caey yp_2 € W2. Then
p-1 ‘p~2
i J -
}: (T,S,) %, + ) (,8,) T,y = 0
i=0 14=0
implies
p-1 p-2
_ * i ha * J ha
0 }; X3 (5,T,) " (s,T,) W, + }:;ijz(ssz) (5,T,) ",
i=0 j=0
—1a
= * = -
xp_l_h(ssz)R fi, (h =0, ooy, p - 1)
/ p-1a o
Thus xp—l—h € WZOK(S2T2) W2) =0 for h=20, ...,

- 1. Hence x, =0! for i =0, ..., - 1., Similarl
P i 1 p y

yj =0 for j=0, .;., p - 2. Thus the subspaces are

independent. By the éame type of reasoning the subspaces

A A P-la p-2
W, 52T2W2, ceey (SzTZ) Wor SoWoy oo S, (T,5,) W,

are independent and each has dimension m. Thus with our

bases for W2 and Wi chosen as above,

m p-2 m

p-1
i i
U {(Tzsz) xj} U U {Tz(ssz) yj} (3.20)

i=0 =1 i=0 j=1




and

p-1 _
kv) {}Ssz)lyj }
i=0

respectively, form bases for the

subspaces g
TZSZ

m

j=1

(W) ® T,W,) and gg o (W

U {ratmsrts, )
S . (T.s.)tx.
kv) EZ% P2t 2R &y

272 2

From (3.19) it follows that

~ (o}
<9T s (Wy & TW,)

272

and-

(95 7, (Wy @ S,1))

272
Thus

V., = ¢
1 TZSZ

and

vE = g
1 S,7,

By definition T, mags

¢ g (W, & T, W

)
272 2

into &
S,T,

establishing c) of Leﬁma 13 we also find S,

<252T2

T, maps <9T g (W,

272

For each vector x.

°

(W, ® T,W,)) & <952T

and ' S

& T

n

9(w2 ® s,nw,) @ <9T g

2

W, ® szwz))O into (;

(W2 ® szwz) = 0

.
S,T,

n ;TZSZ(W2 ® TW,) =

2

e
(W, & T.W ))
25, 2 2 2

;SZTZ(WZ @ SZWZ) into

maps 9TZSZ(W2 ® T,W

(0]

7.5, Wy ® Tzwz))

2))0 into (;SZTZ

in our basis for W2

m]i,
o

(2p-1)m~-dimensional

® SZWZ)'

A (@]
(W, @ SZW2)>

2)
(ﬁz ® SZWZM. By an argument like the one

maps

and

(w2 ® Szwz)) .

let
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{3.21)

e}



X, = span {x,}. Similarly we let Y. = span {yi} for

each vector Yy in our basis for WZ. For each j
(3 =1, ..., m) we order the basis for 9T g Xj 3]

272
T Yj as follows:

p-1
3 (TZSZ) xj.

For each corresponding j (j =1, ..., m) we order the

p-2
Xgr To¥gs TpSo%ss oo, (T,8,)P  Toy

basis for QS o Y. © 7 S Xj as follows:

2%2 J 272

_l i
s.T.)P ., (S.T
(5,7 P Ty s

p-2

5 Szx., Yoo

Thus there exists a nonsingular complex matrix Cs such

that
m
C38,C3 = @ Gyy1 @ 83
‘ i=1
and (3.22)
-1 -1 _ A
ciiTey = @y, @T,
j=1
Hence we have obtained
k % m
D*SD = hfl €Fp igl 0iF, jfl Gyp-1 @ S
and
p~ipp*~1 - g e F é 0.E g F ®T
h=1 B P i1 1P 4=y 2Pl 03
for some nonsingular complex matrix D.
Now observe that | rank (sz_lep_l)p-l =1 and
- p-1 .
therefore rank jfl(sz_lep_l) =m=dim W, =

rank (TZSZ)p-l. Thus by (3.18) and (3.22) we conclude

58
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(T3S3)p_l = 0. Hence if we consider the (h-pk-pﬁ-(Zp-l)no
X (n-pk-pz-(Zp—l)m) matrices T3 and S3 we have
returned to the situation of the first part of the proof
with p replaced by ?p - 1. Consequently after a finite
number of repetitions;of the above process the required

lTC*_l are obtained.

forms for C*SC and iC_
Now it remains t& show that (3.14) and (3.15) hold.
Since the rank and signature of a matrix are preserved by
conjunctivity, and the rank of a matrix is preserved by
similarity, it will bé sufficient to prove (3.14) and
(3.15) are true assuming T and S are respectively
equal to (3.12) and (3.13). To do this let us observe
the following (where 'v(E) will denote the nullity of

the matrix E):

For 0 <r <gq,

\)(FqEq)r =r, \)(Equ)r = r,

v(GZq_leq_l)r = 2r, v(Eq[FqEq]r) =r,

v(Fq[EqFé]r) =r + 1, v(FZq_l[GZq_leq_l]r) = 2r + 1,
and v(Gzé_l[qu_leq_l]r) = 2r + 1.

(For r > q the precéding nullities equal the respective

orders.) Thus for 0/< j <p

v, = ik 4+ 2+ 27 + k_ + gf_. + (2g-1
3 2:_<3 g * 30g * 2img) EZ_(q g * g+ (2a-limg)
a>3 a<i
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21k 4490 +(25-1 >+ E: k +q% +(2g-1
) (6-v oIyt (237N (akqratgr2a-Limy )
qzj-1 g<j-1

=
I

1 = . L s _
“j—l E: (3kq+(j l)2q+(23 1)mq)+ EZ (qkq+q2q+(2q 1)mq>,
g>j-1 g<ij-1

where we agree kq = Rq = mq =0 1if g > p. Using these

equations we find that

V., = Vv, = §:In + k + 4 4+ m
] j-1 q q
=m+k+Zm+k)+2.+Z(m+£),
J 49 4a
q”]
Vi, = U. = k. + + k
s LS E:_(mq q’
a>]
and’
.= ul = 9. + E: m_ o+ ).
V3T HI-1 T Y Mg * 2
a>J
From these equations the expressions for kq' zq and

mq can easily be obtained.

To confirm (3.15) we use Theorem 1 of [7] to see that

. ro_ . r _
sig qu_l(qu_leq_l) = sig G2q—l(F2q—lG2q—l) =0
for r, q=0, ..., p. Similarly we find

r 1 r=q-2L-12>0
sig E (F E ) =
9 949 0 otherwise ’
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and
v fl r=q-2i-220
sig F (7.7 )" = {(
9 94 LO otherwise ’
where i =0, 1, ... ., Using these facts and the fact

that the signature of

sum of the signatures

a direct sum of matrices is the

of the direct summands, we obtain

Op-Zr-l = ep + ep_2 + ... + ep—2r + pp_l + ...t pp—2r+l’
Oé—Zr—l = Py + P2 |t =+ * Poop + Ep—l + ...t ep_2r+l,
Op—zr = Ep_l+ep_3+...+€p_2r+l+pp+pp_2+...+pp_2r+2,
and
Oé—Zr = pp_l+pp_3+...+pp_2r+l+€p+€p_2+...+€p_2r+2.

From these expressions

obtained. Thus the pz

; the explicit formulas of (3.15) are

roof is complete.

Theorem 9, Let T and S be nxn hermitian matrices
with (TS)P = 0. Then T and S are isoconjunctive if
and only if S(TS)i and T(ST)i are conjunctive for
i=0;, ¢e., P.

Proof: If T and S| are isoconjunctive, Theorem 1
shows S(TS)i and T ST)i are isoconjunctive (and hence
conjunctive) for i =0, ..., p.

T

To prove the conyverse, by Theorem 1 we may assume

and S

Since

are of the form (3.12) and (3.13) respectively.

s (rs)P~1

and

T(ST)p—l are conjunctive we conclude
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in Theorem 8) that = y' and thus k_ = g .

( eorem 8) Hp-1 7 Fp-1 p P
Similarly we conclude kq = Qq’ q=1, ..., p - 1. Thus
also Eq = p for all| g. Therefore (because of the
ordering) qu = piq for every 1 and g. Further since
EFE =G and E E E_ = E we may assume (after suit-
94d94d9d q g 49q/dg q

able reordering of the

tion conjunctivities)

o | o ¢
T = €
g=1 | h=1 hg
and
s- @& | o
= €
g=1| h=1 Bd
Since (G_. @ E ) and
q q
G @E._=E E &F
( q q 2q( q q
F2q—l are isoconjunct

conclude by Theorem 4

(E

blocks using simultaneous permuta-

m
G ® E ) GS G
"q q j=1 2g-1
-
m T
@ F_ ) @qF
q C O e
(Eq (4}] Fq) are isoconjunctive
)E2q)’ and since G2q-l and
ive (G2q-l = E2q—1F2q—lE2q-l) we

that T and S are isoconjunctive.
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IV. SUMMARY

Now that we have found necessary and sufficienc

conditions. that two n

n hermitian matrices be isocon-

junctive in both the case where their product is nonsing-

ular and in the case where their product is nilpotent,

it seems reasonable to
obtain a single criter

nately this condition

condition derived in the case where the product TS

only negative-real cha

certain special cases \y

Theorem 10. Let T a

matrices.

are negative~real. Th

Proof: Suppose T an

matrices such that TS

the Jordan Decompositi

ular matrix C such t

ct
where Mi has only a
root or M, has only

characteristic roots g

Suppose non

try to put the pieces together to

ion in the general case. Unfortu-

~an be no better than the irrational
has

racteristic roots. However in

ve can do better than this.

nd S8 be nxn nonsingular hermitian

=Y
=
e

of the characteristic roots of TS

en T and S are isoconjunctive.

d S are nonsingular hermitian

has no negative-real roots. By

on Theorem, there exists a nonsing-

hat

TSC M.

1

1%
1=

1
single positive-real characteristic
a single pair of conjugate nonreal

nd Mi has no characteristic roots
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in common with Mg i i # j. By Theorem 1 and Lemma 1

we may assume

and S = S.

1

p
1=

1

where the set of matrices Tisi(i =1,..., p) has the
properties given abo for the set of matrices

Mi(i = l,+.., P). By Theorem 3 T and S are isocon-
junctive if and only |if Ti and Si are isoconjunctive
for i =1,..., p. But the isoconjunctivity of Ti with
Si'

Theorem 6. Thus the

i=1,..., p, has been established by Theorem 5 and

theorem is proved.

Theorem 11, ILet T |and S be nxn hermitian matrices.

Suppose none of the characteristic roots of TS are

negative-real (the roots may be zero). Then T and S
are isoconjunctive if and only if for every nonnegative
integer i there exists a nonsingular complex matrix C;
such that

L i
T(ST) CiS(TS) Ci

(i.e. for every integer i > 0, T(sT)* and S(TS)?

have the same rank and signature).

Proof: If T and are isoconjunctive, then by defini-

tion there exists a nonsingular hermitian matrix H such

that T = HSH. Now the proof of Theorem 1 shows we may



65
Suppose now that for every nonnegative integer i
there exists a nonsingular complex matrix Cs such that
T(ST)" = Cis(TS)’C;.
Again by the Jordan Decomposition Theorem, Theorem 1, and
Lemma 1 we may assume

T=T, @&@T and S =S, & S

1 2 1 2
where T,S, is nonsingular with no negative-real charac-
teristic roots and T252 is nilpotent (say of degree p).
Since by hypothesis T(sT)P? and s(rs)P are conjunctive,
the hermitian matrices Tl(slTl)p and Sl(TlSl)p are
conjunctive <(52T2)p = (TZSZ)p = 0). Since T, and S1
are nonsingular, this implies Tl(SlTl)i and Sl(TlSl)i
are conjunctive for i =0, 1,... . But this, together
with the hypothesis and the fact that T and S are
hermitian, implies TZ(SZTZ)i and SZ(TZSZ)i are conjunc-
tive for i =20, 1,... . Now applying Theorem 9 and
Theorem 10 we deduce that T2 and S, are isoconjunctive
and also Tl and Sl are isoconjunctive. Thus by
Theorem 3 T and S are isoconjunctive.

Notice that in both Theorem 10 and Theorem 1l we
need to know something about the set of characteristic
roots. of TS before the theorems can be used. It should
also be noted that in applying Theorem 1l we need only
calculate the rank and signature of T(ST)i (and S(TS)i)

for i =20,..., k (hopefully k 1is small) since the
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sequence
foy crs cnr)? < ... c )™ < ...

is eventually stationary. In fact we may take k to be

the smallest integer p such that 7%(TS)P = ﬁ(TS)p+l.

Note also that our discussion in no way claims a "workable"”

method to construct the hermitian matrix H which imple-

ments the isoconjunctivity of two hermitian matrices.

However given all the characteristic roots of TS we can

calculate the canonical form for (T,S) under contragra-

dient conjunctivity (see Theorem 4 and Theorem 8), the

matrix implementing this contragradient conjunctivity,

and thus the hermitian matrix H displaying the isocon-

junctivity, as was done in the proofs.

To get our next result we need to observe two simple

facts.

Lemma 14. Let T and S be nxn complex matrices. If
there exists a complex matrix C such that T = C*SC =

CSC*, then T(ST)' = c*s(rs)*c, i =0, 1,... .

Proof: By hypothesis
T(ST)" = c*sc(sc*sc)?

c*s (csc*s)ic

Il

c*s (Ts) 1c.

Lemma 15. Let T and S be nxn complex matrices such



67
that for some nonsingular complex matrix C, T = C*SC =
CsSC*., Then for every nxn nonsingular complex matrix D

there exists a nonsingular complex matrix B such that

D*TD = B*(D_lSD*-l)B = B(D-lSD*_l)B*.

Proof: Let T = C*SC = CSC* where C 1is nonsingular.
Let. D by any nxn nonsingular matrix. Then

D*TD = D*C*SCD = D*CSC*D

1 1

sp*~1) (p*cD) (D*CD) (D~ SD*—l)(D*C*D)

o)

(D*C*D) (D~

1 1

1

(D*CD) * (D" ~SD*  ~) (D*CD) (D*CD) (D ~SD* ) (D*CD) *.

Thus take B = D*CD (which is nonsingular) and the proof

is complete.

Theorem 12. Let T and S be nxn hermitian matrices.

Then T and S are isoconjunctive if and only if there
exists a nonsingular complex matrix C such that

T = C*SC = CSC¥*, (4.1)

Proof: Suppose T and S are isoconjunctive. Then
by definition there exists a nonsingular hermitian matrix

H.

H such that T = HSH. Thus in (4.1) take C
Suppose now that there exists a nonsingular matrix C
satisfying (4.1). By the Jordan Decomposition Theorem TS
is similar to a matrix of the form M ® N where M has
no negative-real characteristic roots and N has only
negative~real characteristic roots. Thus by Theorem 1,

Lemma 2, and Lemma 16 we may assume further that
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T=T, @&T and S = S5, © S

1 2 1 2

where TlSl has no negative-real characteristic roots
and T,S, has only negative-real characteristic roots.

By Lemma 2 we must have, conformably,

c=cC ® c, (Cl and C, nonsingular).
= * = * —_ * = *
Thus Tl ClSlCl ClSlCl and T2 C282C2 C252C2.

By Lemma 14 and Theorem 11, Tl and Sl are isoconjunc-

tive. By Theorem 7 T, and S, are isoconjunctive.

Thus by Theorem 3, T and S are isoconjunctive.

It is well to point out the analogy between Theorem 12

and Theorem 2 of [3]. There Carlson shows that a complex

matrix A is similar to A* (A* = c"lac for some non-

singular matrix C) if and only if A 1is hermitian-similar

to A* (A* = K_lAK for some nonsingular K = K¥). Since

condition (4.1) can be written

o | ¢t o 1o rl]{c™t o

(4.2)

It
-~

S 0 0 C*{|S 0({0 Cc*
our Theorem 12 (like Carlson's) says that (4.2) holds if
and only if there exists a matrix H = H* such that

* -1 -1 A7t

Notice however that our similarities are very special,

namely block diagonal.
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Finally, as a conseguence of our results and Corol-

lary 8 of [3] we can find necessary and sufficient conditions
on a pair of nxn hermitian matrices T and S such that
there exist a positive definite (hermitian) matrix H such
that T = HSH. Noting that C*HC 1is positive definite for
every nonsingular matrix C if and only if H is positive
definite, we can use Theorem 1, Lemma 1, and Theorem 3 to
split- the problem into the nonsingular and nilpotent parts.

Accordingly we give the next two lemmas.

Lemma 16. Let T and S Dbe nxn nonsingular hermitian
matrices. Then there exists a positive definite matrix H
such that T = HSH if and only if TS 1is similar to a
diagonal matrix with all positive-real characteristic

roots.

Proof: Let T = HSH with H positive definite. Then
T = HSHS. By Corollary 8 of [3], HS 1is similar to a
diagonal matrix with all non-zero real characteristic
roots. Thus TS = (HS)2 is similar to a diagonal matrix
with all positive~real characteristic roots.

Now let TS be similar to a diagonal matrix with
all positive-real characteristic roots. By Corollary 1
and our observations previous to this lemma we may assume

T = diag(elBl, ...,“Ean)

and
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S = diag(€y, «.., €)
where Gi =.+] (i =1, ..., n) and Bl, e ey Bn are the

characteristic roots of TS. Thus if we take
H = diag{(vVB,, ..., VBn) (which is positive definite) the

result follows.

Lemma 17, Let- T and S be nxn hermitian matrices
such that TS is nilpotent. Then T = HSH for some

positive definite matrix H if and only if T =S = 0.

Proof: If T =S =0 take H = I (the nxn identity
matrix). Now let T = HSH with H positive definite.
By Corollary 8 of [3], TS = HSHS 1is similar to a diagonal
matrix. Thus since all the characteristic roots of TS

are zero, TS = 0. Since T = H(SHS) and H is nonsing-

ular this implies SHS = 0. Thus in particular s*Hs = 0
for every column s of S. Since H is positive definite
this implies every column of S is zero. Thus S = 0.

But T = HSH so T = 0. Hence the proof is complete.

Theorem 13. Let T and S be nxn hermitian matrices.

Then the following are equivalent
a) T = HSH for some positive definite H

ch*—l

b) C = C*SC for some nonsingular complex
matrix C
c) TS 1is similar to a diagonal matrix with all

nonnegative-real characteristic roots and
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rank T = rank S = rank TS.

Proof: We prove al4=rb) and a)&==>cC).
a)ée>b): Since H 1is positive definite if and only

if H = CC* for some nonsingular matrix C,

T = HSH&E=T = CC*SCC*<===>C_1TC"‘—l = C*SC. Thus
a)&=Db).
a)=>c): Let T = HSH with H positive definite.

By Corollary 8 of [3] TS = HSHS is similar to a
diagonal matrix with nonnegative real characteristic
roots. Since H 1is nonsingular, rank TS = rank HSHS
= rank SHS. Obviously rank SHS < rank S. But also
SHSx = 0= x*SHSx = 0==-(Sx)*H(Sx) = 0. Since H
is positive definite this implies Sx = 0. Thus
nullity SHS > nullity S, so rank S > rank SHS.
Therefore rank TS = rank SHS = rank S. Since

T = HSH, rank T = rank S. Thus a)==c). Now let

TS be similar to a diagonal matrix with all nonnega-

tive-real characteristic roots. Assume also rank T =

rank S = rank TS. Thus there exists a nonsingular

complex matrix C such that ¢ lrsc =

diag(Bl, ooy Bm, 0, ..., 0), where

Bi #0 (i=1, ..., m). By Lemma 1 we must have

cloe*™l = 1. @ T, and c*sc =S, ® S, where T
1 2 1 2 1

and 8, are mxm. Since TS, = diag(Bl ces Bm)
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we conclude rank Tl = rank Sl = rank Tlsl = m.

Since rank C TSC = rank T;S; = m and by hypothesis

rank T = rank S = rank TS, we conclude rank T2 =

rank S, = rank T,S, = 0. Thus T, =8, = 0 so
T, = IS,I (where I is the (n-m)x(n-m) identity
matrix, which is positive definite). Since T,S,

is diagonal with all positive-real characteristic

roots, Lemma 16 implies there exists a positive defi-

nite matrix Kl such that Tl = KlSlKl' Let
K = K, ® I. Then K 1is positive definite and
Tl 3] T2 = K(Sl © SZ)K' Thus

T =

C(Tl @b TZ)C*

CK(Sl @ SZ)KC

1 1

CKC*C*~ CKC*

(sl @ sz)c

(CKC*)S (CKC*) .

Since CKC* 1is positive definite this proves

c)=—>a) so the proof is complete.

As a final comment we note that this isoconjunctivity
by positive definite matrices (like isoconjunctivity) is
not an equivalence relation on the set of nxn hermitian
matrices since it is not transitive (although it is obvi-
ously symmetric and reflexive) as the following example

indicates.
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Example 5. Let

, 1 0 0 0 4 2
T = r S = , and R = .
0 0 0 1 2 1
Then T and S are not isoconjunctive by a positive

definite matrix since rank T = rank S = 1 while

rank TS = 0. However
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