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Let E2 be the set of ordered pairs of nonnegative real num-

bers and m be the two-dimensional Lebesgue measure. If

x = (x,,%x,) and y=(y1,y2) are in E then we write x <y if

172 2’

x,<yi(i=1,2). For x¢ E

. < we let L(x) = {y ¢ Ezzy:.< x}. A

2

bounded nonempty set F E2 is called fundamental if x e F
implies L(x)g F. Let F be fundamental and Cl(F) be the
closure of F. Then F* is the set of elements x ¢ Cl1(F) such
that y ¢ ClI({F) if x<y and x7Yy.

Let A be a measurable subset of EZ. We define the density

a of A by

2
m (A~F)

2
m (F)

a = glb

where F ranges over all fundamental sets with positive measure.

If A and B are subsets of EZ the sum set C =A + B 1is



defined to be the set of all a+b suchthat ae¢e A and be B.
In this thesis we prove that if A and B are open subsets of

E 0¢e A~ B, A satisfies a restriction R described in the

2’
thesis, F~C#d, and F* C CHF-C), then

2 2 2 C . .
m (CAF) >am (F)+m (BAF). This is a continuous analogue of an
extension to two dimensions of Mann's Second Theorem. Further-
more, a continuous analogue is obtained for Mann's aff Theorem
where, in this case, the extension to two dimensions is unknown. We
also obtain the Landau-Schnirelmann Inequality without the restriction
R on A.
Furthermore, we obtain a one-dimensional continuous analogue

of Mann's af Theorem for measurable sets A and B where

0e A~ B.
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CONTINUOUS ANALOGUES OF DENSITY THEOREMS
1. INTRODUCTION

In this chapter we will give a brief introduction to density
theory, giving some of the major results concerned with subsets of
nonnegative integers and extensions of these results to subsets of
n-dimensional lattice points whose coordinates are nonnegative inte-
gers. We will then define the analogous concepts for subsets of non-
negative real numbers and extend these to certain subsets of ordered
pairs of nonnegative real numbers. We will be mainly concerned with
sets that are measurable and our proofs are strongly dependent on
this assumption. The purpose of the thesis is to obtain results that
concern real numbers that analogue the results obtained for integers.
Thus, we obtain continuous results that analogue known discrete

results.

1.1. Some Density Theorems for Subsets of Nonnegative Integers

Let A be a set of nonnegative integers. For n >0 let
A(n) denote the number of positive integers in A that are less
than or equal to n. In 1930 Schnirelmann [16] introduced the concept
of density for A. He defined the density a of the set A to be

a=glb {—=: n>1}. Erdos [4] defined another density a, of A

A(n)
n 1



A(n)
n+l

to be a, = glb where k is the smallest positive integer

n>k
missing from A.
For any two sets of nonnegative integers A and B, the sum
set C=A+B isdefinedby C=A+B={a+biacA, be B}.
The density of B and C are denoted respectively by B and .

We will now give a list of some of the theorems that relate the density

y of the sum set C to the densities of A and B if 0 e A ~B:

(1.1) y>a+p-af (Landau [10], Schnirelmann [16]),
(1.2) Y>> 1—% provided a + B <1 (Schur [17]),
(1.3) y >min{1,a+f} (Mann [12)).

Another theorem of Mann's [13] is
(1.4) C(n) > al(n+1) +B(n) for n>0 and n¢ C.

1.2. Extensions to n-Dimensions of Density Theorems for Subsets
of Nonnegative Integers

Let In be the set of all vectors (x -,xn) such that Xj

B
is a nonnegative integer for j=1,...,n. A partial ordering <

is defined on In by x £y if and only if X, < A for i=1,...,n
where x=(x1,...,xn) and y=(y1,-..,yn). If x4y and

X, <Y for some k, then we may write x< y. For r e In

let L(r) ={x ¢ In: x £ r}.



A nonempty finite subset F of In that does not consist only
of the origin is called fundamental if whenever r ¢ F, then
L(r) C F. For A and T subsetsof I ~with T (finite, let
A(T) denote the number of non-zero vectors in A mn T. Then the
(Kvarda) density of A 1is

A(F)
I (F)
n

where F ranges over all fundamental sets of In. This is an exten-
sion of Schnirelmann density.

For n-dimensional space there is also a useful extension of the
one -dimensional Erdos density. If A is any proper subset of In

let

_ _A(F)
a, = glb I (F)+1

where F ranges over all fundamental sets such that A(F) < In(F).
Let A and B be subsets of In. Then the sum set
C=A+B isdefinedby C={a+b: aeA, be B} where addition
of vectors is done coordinatewise. Let B and vy be the respective
densities of B and C. Then the following two extensions to
n-dimensions have been made relating y to a and B if

0¢e A~ B.

(2.1) y>a+tp-af (Kvarda (7D



and

(2.2) Y >L i o+ B <1 (Freedman [5]).

—1-a

A large open question remaining in additive number theory is whether
Mann's aPf Theorem (inequality 3, Section 1.1) can be extended to
n-dimensions using Kvarda density.

Although Mann's aff Theorem has not been extended to
n-dimensions, Kvarda [8] has extended Mann's Second Theorem
(inequality 1.4) to n-dimensions. A theorem that satisfies the
hypothesis of Kvarda's extension and has the same conclusion is as

follows. If A and B are subsets of In, 0e A~ B, F is any

fundamental set such that C(F) < In(F), and the maximal points of
F are contained in the complement of C, then
(2.3) C(F) 2 a (L (F)+1) + B(F).

For n =1 it can be shown that this result implies 1.4.

1.3. Continuous One-Dimensional Analogues

In 1961 A.M. Macbeath [11] proved a continuous analogue to
Mann's aff Theorem. In the proof he assumed Dyson's [3] inequality
for subsets of positive integers. To this author's knowledge Macbeath
has been the only person to obtain a continuous aff theorem. His

paper led us to ask if we could obtain continuous analogues of density



theorems and, if possible, obtain them without assuming the results
true in the integer setting. We succeeded in doing so in many cases
and were able to extend our results with certain restrictions to two
dimensions. We will now define the required terms so we can list
in this section the main one-dimensional continuous analogues that we
obtain in Chapter 3.

Let E be the set of nonnegative real numbers and m be

1

the one-dimensional Lebesgue measure. Let m_ be the inner

measure.

Definition 1. 1. Let K be any subset of El. Then

K(t) = m*(Kr\ [0.t]).

We note Ki(t) also equals m*(Kr\[O,t)).

We notice that if K is measurable then Ki(t) = m(K~[0,t]).

Definition 1. 2. Let K be any subset of El- Then the

density of K, denoted by d(K), is defined by

d(K) = glb{gt-(t—):t > 0}.

We notice that K(t) >t(d(K)) for all t >0.

Definition 1.3. Let A and B be subsets of El' Then the

sum set C = A+ B is definedby C={a+b: aecA, be B}

In Chapter 3, A and B will always be subsets of E; with
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0¢ A~ B. Hence A u B (( C. We denote the densities of A, B,
and C by a, B, and y respectively.

In Chapter 3 we prove that if A and B are measurable subsets

of E and 0 ¢ A ~ B then

1
(3.1) y>a+p-ap,
{3.2) y>—& if a+p <1,
—1l-a
(3.3) Yy > min{l,a + B},
(3.4) if X € El\ C, C(x) >ax + B(x).

We note that if x e El\ C, then x¢ C and x >0 since

We see that (3.1), (3.2), (3.3), and (3.4) are analogous to (1.1),
(1.2), (1.3), and (1.4) of Section 1.1. We notice that for work with
subsets of the reals we have not introduced a separate density
analogous to the density of Erdos given in Section 1.1. Since the
measure of a point is zero it turns out that the analogue of Erdos
density that interests us is just Schnirelmann density in the continuous

setting.

1.4. Continuous Two-Dimensional Analogues

Let E2 be the set of ordered pairs of nonnegative real num-

2
bers. Let m be the two-dimensional Lebesgue measure.



Definition 1.4. For x and y in E2 we write x Ly if

and only if X, f_yi (i=1,2) where x = (XI’XZ) and vy = (yl,yz)-

If x for either k=1 or k=2, we write x<y.

<
k Yk

Definition 1. 5. For x ¢ E, let L(x) = {y ¢ Ez:yé x}. We

call L(x) the lower set of x.

Definition 1. 6. A nonempty bounded subset F of E2 is

called a fundamental set provided that x € F implies L(x) g F.

In Chapter 2 we show that any fundamental set is measurable.

In Chapter 4 and Chapter 5 we will let G‘J be the family of all
o~ T . ol

fundamental sets. We denote by {7 the sub-family of J that
consists of the fundamental sets with positive measure; that is,

+ 2
FeF implies F ¢ # and m (F) >0.

Definition 1. 7. Let K be a measurable subset of EZ- For
any bounded measurable set S we let K(S) = mZ(Km S).

Definition 1. 8. Let A be a measurable subset of EZ- Then

the density a of A is given by

a = glb{-'%(zl :F e?'jv +}.
m (F)

+
We note that if F é?'/ , then from Definition 1. 8 we have

2
A(F) >am (F) andif F ¢ S"J but mZ(F) = 0 we still have



2
A(F) >am?(F). Hence we have A(F)>am’(F) forall Fe¢&.

Definition 1.9. Let F be a member of 3)" . Then

F#={xe Cl(F) tx=y and x#y implies y ¢ CI(F)} where

Cl(F) is the closure of F.

Definition 1.10. If A and B are subsets of E then

2 ?

C=A+B={a+b: a€ A, be B} where addition is vector addition.

In Chapters 4 and 5 A and B will be subsets of E2 with
0 ¢ A~ B. Therefore A U B g C.

When O e A ~ B, A satisfies a certain restriction defined

in Chapter 4 and A and B are open, then we show

(4.1) vy>a+Pp-aP

(4.2) \(21—[?; if a+p<1

(4.3) y > min{l, a + B}

and

(4.4) if F~C#¢ and F* C CHF~C), then

C(F) > amZ(F) + B(F).

We see (4.1), (4.2), and (4.4) are continuous analogues of
results for lattice points, but (4.3) has no counterpart in the discrete

case.

Muller [14] has done some work in this area in a more general



setting. He considers any locally compact abelian group and uses

the Haar measure. However, the only inequalities he obtains that are
the same as the ones considered in this thesis are the Schur Inequality
and the Landau-Schnirelmann Inequality. However, when he obtains
these inequalities he is in the special case where his locally compact
abelian group is the set of n-tuples of integers and his Harr measure
is the counting measure. Thus, his results are different than the
results of this thesis.

Other than Macbeath and Mdiller the author does not know of any
other work that is closely related to the work in this thesis. In
Chapter 6 we will suggest a few other ideas one can consider in this
area.

In Chapter 2 we will state or prove some results that are
needed from topology or measure theory. In Chapter 3 we will obtain
our one-dimensional results and in Chapters 4 and 5 we will obtain

our two-dimensional extensions.

1.5. Comparison of Theorems

In Section 1.1 we listed four density theorems. The four
theorems are not all incomparable however. The af3 Theorem
implies both the Landau-Schnirelmann Inequality and the Schur
Inequality, but on the other hand Lim [19] showed that the af

Theorem and Mann's Second Theorem are incomparable. Since the



10
validity of the af Theorem is not known in n-dimensions, the above
comparisons can not be made at this time in n-dimensions.

In the continuous setting in both one dimension and two dimen-
sions we obtain the corresponding four inequalities. However, since
in the continuous setting the analogue of Erdos density we use is the
continuous Schnirelmann density, we are able to show that Mann's
Second Theorem implies the af Theorem. As in the one-dimensional
discrete case the apf Theorem implies both the Landau-Schnirelmann
and the Schur Inequality.

The style and organization of this thesis is motivated by not
only the results we establish, but also by the desire to emphasize the
extent to which the theory for the discrete case may be carried over

to analogous theory for the continuous case.
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2. TOPOLOGICAL AND MEASURE THEORETIC PROPERTIES

In this chapter we state several results from real analysis that
are topological or measure theoretic in nature and which are needed
as tools in our development. The proof is included whenever the
author has been unable to find the result in a standard textbook. Also
some well known results are not stated here, but are used later in the
thesis. These results either can be found in almost any standard text
on real analysis; for example, Royden [15] or Asplund and Bungart
[1], or if harder to locate will be referenced.

Some of the theorems will be stated or proved for n-dimensicnal
space. However in the thesis we use these theorems only when n =1
or n = 2. The proofs of these theorems are no more complicated
for arbitrary n and this lets us avoid stating or proving these

theorems separately for n=1 and n = 2.

2.1. Topological Properties

Theorem 2.1. Every open set of real numbers is the union of

a countable collection of disjoint open intervals.

Definition 2. 1. Let a = (al,az) and b = (bl’bz) be points

of E2 such that a, < bi (i=1,2). Then the open rectangle

- ) o . b
{x = (xl,xz).ai < X, < bi’ i=1,2} is denoted by l___]a'



12

Definition 2.2. Let a = (al,az) and b = (bl’bz) be points of
< 1 = i < < .
E2 such that a, _b,1 (i=1,2) and either a, b1 or a, b2
Then the set {x = (xl,xz): a, f_xi ibi, i=1,2} is a closed
rectangle of EZ-

We see that a closed line segment may be a closed rectangle of

In Definitions 2.1 and 2. 2 we say the points (al,az) and

(bl’bz) determine the defined rectangles.

Definition 2. 3. The vertices of the rectangle determined by

(al,az) and (bl’bz) are the points (al,az),(al,bz), (bl,az), and

(az,bz)-

Definition 2.4. If T is an open rectangle of E2 or if T

is a closed rectangle of E2 and K 1is any subset of EZ’ then

T ~ K will be called a rectangle of K.
We notice that T ~ K may not have vertices.

Theorem 2.2. Any open set of E2 can be written as a count-

able union of open rectangles.

b . . .
Lemma 2.3. If Ia is an open rectangle contained in A

d . . .
and ] . isanopen rectangle contained in B, then

b d b+d
+ = : . . '
L__ia D c D atec is an open rectangle contained in C
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b d b+d . b . .
Proof: Clearly I la+ I.—_ICQDa+c since X e]:]a implies

a< x4{b and YGDS implies c £y 4 d. Hence

b+d

atc<Lxty<b+d Therefore x+ye]—_|a+c.

b+d

atc- Then

On the other hand, suppose f = (f ,f)) ¢ ]

at+tc<f<{b+d Hence al+cl<fl<bl+dl and

' < : .
a, + <, < f2 < b2 + d.z We see a, + S < fl bl + dl implies

f. = (al+c )]t

) ) + [(bl+dl)-(al+c

1 1

for some t such that 0 <t < 1. Let

xl = a, + (bl-al)t
and

Yl = cl + (dl-cl)t.
Then

xl + Yl = (al+cl) + [(bl+d1)-(al+cl)]t = fl
and
< <

al xl bl

and

< < .
c) <y <4

In the same way we can write f2 =%, + Y, where a, < x, < b2

< . = ’ = ’ ’
and ¢, <y, d2 Therefore f (fl fz) (xl xz) + (yl YZ) where

(x) %) ‘D: and  {y;-v,) éDi + Hence [T] : +Di ) D:i

. b+d
Since every element of l:] 4o can be expressed as the sum of
a
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b+d
C

an element from A and an element from B we have Da+c

Corollary 2.4. If A and B are open subsets of EZ, then

A+ B=C is open.

Proof: Corollary 2.4 follows immediately from Theorem 2.2

and Lemma 2. 3.

Lemma 2.5. If A and B are closed subsets of E then

1,

C=A+B is closed.

Proof: Let ¢ be alimit point of C. Then there is an
infinite sequance <Ci> such that < — ¢ and each c, € C.
Thus there must be two infinite sequences <ai> and <bi> with

ai €e A and bi ¢ B such that ai + bi = ci. Since <c,1> is a

bounded sequence and 0 < a,

: < c. we see <a,1> is a bounded

i

sequence. Therefore <ai> has a convergent subsequence <aj>.
Suppose aj — a. Then a € A since A is closed. Let <cj>
be the corresponding subsequence of <ci>. Then cj;—’ c. Thus
lim bj = lim(cj—aj) = ¢ -a. Since B is closed we have ¢ - a ¢ B.

Hence c¢ =a + (c-a) € C. Therefore any limit point of C 1isin C.

Thus C 1is closed.

2.2. Measure Theoretic Properties

Theorem 2.6. Let {AJ} be a countable collection of
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measurable sets. Then mn(SA,)= lim mn(ltI/A,), where m"
j=1 ] N— o j=1 J

is the n-dimensional LLebesgue measure.

Theorem 2.7. Let {Ai} be a countable collection of meas-

urable sets in El. If m(Al) <o and A'1+l C A.l, i=1,2,...,

).

then m( 2A.) = lim m(A
. 1
i=1 N—

N

Theorem 2.8. If K ( E is measurable, then for any ¢ >0

1

there is a closed set H ( K such that m(K~H) <e.

Theorem 2.9. Let H and K be disjoint sets of real

numbers. Then
m_(H) + m_(K) < m (HUK) < m(H) + m*(K)
where m* 1is the Lebesgue outer measure.

Theorem 2.10. Suppose the function f on E is Lebesgue

2
integrable and m2 =m, X m, where m, =m, =m. Then the
iterated integrals SA (f fdm _ )dm and S (S fdm,)dm, exist
1 2 2 1
El El El El

2
and are equal to 5‘ fdm

E;

Lemma 2.11. Let S g E2 be a measurable set such that

2
m7(Ss) <». Let T ={(c,,x,):x, >0} and T ={(x,,c,):x >0}
Cl 172 2 — c:2 1" 72 1 -
Let g(c,) =m(T ~S) and h(c,) =m(T_~S). Then
1 Cl 2 <,
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mZ(S) =§ g(x)dm = S h(x)dm.
E1 E1
Proof: Let XS be the characteristic function of S. Then
2
mZ(S) :\f XS(XI’XZ)dm
E1><E1
- jﬂ (f XS(XI’XZ)dmZ)dml
E1 E1

by Theorem 2.10. However ‘f )(S(xl,xz)dm2 = g(xl) since
E
1

2
f )(S(xl,xz)dm2 = m(Tx ~S). Hence m (S) = f g(xl)dm. An

E1 1 , E1
exactly similar argument shows m (S) =§ h(x)dm.
E
1
Theorem 2.12. (Royden [15]). Let f be a nonnegative
2
integrable function on (-%,®), and let m be two-dimensional

Lebesgue measure on the set of ordered pairs of real numbers. Then

mz{(x,y): 0 <y f_f(x)} = mz{(x,y): 0<y< f(x)} = S‘f(x)dm.

Lemma 2.13. If F € ?‘J , then F 1is measurable and

m%(F) = m2(CUF)).

Proof: For (x ’XZ) in F let f(xl) = sup{y:(xl,y) € 9F}

1

where OF 1is the boundary of F. Then f(x) is a nonincreasing
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function. To see this suppose gl < §2 and f(gz) >f(§l). Then
there exist open disks Dl and D, about centers (§l,f(§l))

and (gz,f(gz)) respectively such that (a ,az) e D. and

1 1

(b ,bz)eDZ implies a, <b and a_, < b,. Since (§2,f(§2)) is

1 1 1 2 2

a boundary point of F there exists a point f = (f ’fZ) € D2 ~ F.

1

Since (§l,f(§l)) is a boundary point of F there exists a point

g = (gl,'gz) € Dl\ F. But g e L(F) from the way we chose Dl

and DZ. Therefore L(f) q F. This contradicts that F is
fundamental. Hence f is nonincreasing.

Since f is nonincreasing it has at most a countable number of
discontinuities and therefore f is a nonnegative measurable func-
tion. Now CIl(F) = {(x,y): 0<y if(x)}. Since CIl(F) 1is bounded

we see f is a nonnegative integrable function. Therefore from

Theorem 2. 12 we have Sfdm = mZ(Cl(F)).

Let TX ={(xl,x2):x2_>_0} and let g(xl)=m(TXlr\F).

1
Suppose x is not a discontinuity of f(x). Then {(x ,y):(xl,y) € O9F}

1 1

is a singleton. To see this suppose (x ,yl) € OF and (xl,yz) € OF

1
and y, <y,- Then f(x,)>y and lim f(x) <y, <y,. Hence
1 Y2 1’ =2 LIy S Y,
X X]
lim f(x) ¥ f(xl) and f would not be continuous at x = x,. Hence
x-*x"i
if X is a point of continuity of f, we have g(xl) = f(xl). Thus

f = g almost everywhere. Therefore S‘fdm = Sgdm. We have
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However

{(x,y):0<y<gx} CFC {xy):0<y<glx}

Therefore fgdm = mZ(F). Thus mZ(Cl(F)) =m (F).

Theorem 2.14. Lebesgue measure is translation invariant.

Theorem 2.15. (Asplund [1]). Suppose ¢ is a linear trans-

formation of R, the set of n-tuples of real numbers, with
det ¢ # 0 and m”  is the n-dimensional Lebesgue measure. If f

is an integrable function on R", then fog is also integrable and

n _ 1 n
S‘fotpdm = Ide—ttp[ ‘S\fdm .

Definition 2.3. The set a + K = {a + k: k ¢ K}.

Theorem 2.16. If T Q Rn is measurable and mn(T) <

and g € R”, then m™(T) = mn({g-t:t e T}.

Proof: Let H = {g—t:t € T}. Then H =g+ (-T) where
-T ={-t:t € T}. From Theorem 2. 14 we see mn(H) =m (-T).
Therefore to finish the proof it suffices to show mn(T) =m (-T).

Let ¥ and ¥ T be the characteristic functions of T

T

and -T respectively. Let ¢ be the linear transformation



-1 0
defined by ¢f(t) = -t Then ¢ is given by (
0 -1
|det ¢| = 1 7 0.
h = ° 1
We see that XT X—T ¢ since
1 if xeT
(X _poollx) =
0 if xdT
and
1 if xeT
Xm = :
T 0 if x¢T
Thus

n - n _ . n
m (T) Sdem Sx T odm’ .

However by Theorem 2. 15 we have

n _ 1 n
SX-T pdm = |det | SX -Tdm

1 n

Taerg] ™D

=m (-T).

Hence mn(T) =m (-T).

)

and hence

19
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3. ONE-DIMENSIONAL CONTINUOUS ANALOGUES OF
DENSITY THEOREMS
In this chapter we will develop continuous one-dimensional
analogues of density theorems concerning sum sets of nonnegative

integers. The set E1 will be considered as the universal set.

3.1. The Landau-Schnirelmann Inequality

Before proving the Landau-Schnirelmann inequality in the case

where A and B are measurable subsets of E we will first

1,
prove a series of lemmas. We first obtain an inequality for open sub-

then one for closed subsets of E by

sets A and B of E 1

1,
taking intersections of certain open sets, and finally one for meas-

urable sets using the fact that every measurable set contains a closed

subset of nearly equal measure.

Lemma 3.1. If A and B are open subsets of El,

0O¢e A~ B, and x is a positive real number, then

C(x) > (1-B)A(x) + Bx.

Proof: Suppose x >0 is fixed. Since A is open,
A ~ [0,x] can be written as a disjoint union of open intervals in the
relative topology. Since m(An [0,x]) < 0, then for any € >0

there exists a finite number of disjoint open intervals contained in
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A ~ [0,x], say [O,al)=[ao,al),(az,a3),---,(azn,azn_l_l), such

that m(A~[0,x]) - € < m( @ (a..,a_. ,)) where j <k implies
- . 2j 2j+1
j=0
a. < a, .
J k E n
Let A = u (a
> j=0 >
Then A g A and A(x)>A (x) > A(x) -e. We see also that

£ £
s s = + .
2 azjﬂ)] v [A~(x,0)] andlet C =A +B

€
C CC Let h =a,-a, - h =a, -a, ,, and

€ €
hn+l_x-a2n+l' Then x-A(x)—x-m(Am[O,x])— Zhj-

nt+l

j=1

For each i, 0 <i<n, the numbers a2i+l + b, where

€ .
be B and arein C but not in

< + < + s
35041 S350 TP 25, Thiy

AE. That a2'1+1 +bd AE follows from the fact that

. . €
(aZi’aZi+l) and (a21+2,a2i+3) are two consecutive intervals of A .

That 2541 +b e C follows from the fact that B is open. Thus

b € B implies that there exists & suchthat 0 <6 < (a )

2i+1 224

and b'e B if b'e (b-6,b+6). Then

] 3 [NSCI:
a2i+l+b—(a2i+l-2)+(b+2)eA+B—¢.

].

The set of all such real numbers b is B ~ [O’hi+1

Therefore,
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)

n
€ €
Ci(x)>A(x)+ Zm(a2i+l+Br\[0,hi+l
i=0

> A% (x) + B Zhi
1=1
= A°(x) + B(x-A(x))
> A(x) + B(x-A(x)) - e.
However C(x) ZCE(X). Hence
C(x) > A(x) + B(x-A(x)) - ¢ .
Letting € tend to zero we obtain

C(x) > A(x) + B(x-Alx))

= (1-B)A(x) + Bx.

Now given any set A (; E1 we will construct an open set

from A.

Definition 3. 1. Let N be the set of positive integers. For a

given set A E1 and for given h and k in N let

h
= . - < - .
An/k {x € E1 | x-al ” for some a ¢ A}
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2. , + .
Lemma 3.2. If 0e¢e A~ B then Al/k Bl/kgCZ/k

. - ] ! ! ] .
Proof: Let x=a'+h where a GAl/k and b GBl/k

Then |a-a'] <+ for some a€¢A and |b-b'| < for some

k k
2
b € B. Hence |(a'+b') - (a+b)| < Ia'-al + |b'—b| < k- Therefore
! ! . + .
a'+b'eCyy - Hemce Ay, +B), C Cpy

Lemma 3.3. If a set K Q El is closed, then

K ~[0,x]= ~ {K ~[0,%x]):h € N is fixed}.

k eN h/k
Proof: We have K [O,X]C Kh/k for all k € N. There-

fore K ~ [0,x] g ~ (K ~[0,x]). Assume that

keN h/k
~ (K [0.x]) ¢ K ~ [0,%x]. Choose ye ~ (Kh/km[o,x])

Ken  B/K” k eN
such that y ¢ K ~ [0,x]. Then we have two possibilities
(1) there exists k € N such that {z: |z-y| < E}m (K~ [0,x))=d
or otherwise
(2) for all ke N we have {z:|z-y| < %} ~ (K~[0.x]) ¥ 4.
If (1) is true, then vy ¢ (Kr\[O,x])h/k C K M [0,x]), which
is a contradiction. If (2) is true, then y is a boundary point of
K ~ [0,%x], but since K ~ [0,x] is closed y e K ~ [0,x].
Hence we again have a contradiction. Therefore

~ | ~[0,x]) = K ~ [0.x].
k eN Kh/k

Lemma 3.4. If 0e¢€e A~ B, A and B are closed subsets of
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El’ and x 1is a positive real number, then C(x) > (1-B)A(x) + Bx.
Proof: Define Al/k and Bl/k as in Definition 3.1. Then
Al/k + Bl/k (; CZ/k' Therefore from Lemma 3.1 we have
Cont®) 2B *B) ) )
LBy 2y )+ By ™
= ALl Py A 5D
2A )+ Bx-A ), (x)
= (l-ﬁ)Al/k(X) + Px
where
B (y)
Pyp = 8P e
y>0
and hence [31 e 2 >B.
However A ~ [0.x]= ~ (A / ~[0,x]) and
K €N 1/k
(Al/k+lm[0,x]) C Al/k ~ [0,x]. Since m(Al/lm[O,x]) <0  we

have by Theorem 2.7

mAn[0.x]) =m( ~ (A ) ~A[0.x])
k eN
= lim m(A , ~[0.x]).
k— o0
Likewise m(C~[0,x]) = lim m(CZ/km[O,x]). Therefore, as
k— o0
k— o we have C(x) > (1-B)A(x) + Px.
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Lemma 3.5. If p and q arerealand p>1 and q <1

and B (; E1 is measurable, then there exists a closed set B'

contained in B such that for all t >0 we have B'(t) Z% Bt.

+1
Proof: Let Jn denote the interval (pn,pn ) for all inte-

gers n. By Theorem 2.8 we can choose a closed set B' ( B with

0 € B' such that m(B'mJn)qu(BmJn) for all n. If t 1is such

r r+l .
that p <t<p for some integer r, Wwe have
r r r Er+1 Bt
B'(t) >B'(p ) >qB(p ) >qPp =af b > q ? . Hence for all t >0

we have B'(t) Zg‘ Bt.

Theorem 3.6. If A and B are measurable subsets of E1

and 0 € A~ B, then y>a+p-af.

Proof: Choose real p >1 and real q < 1. Then by Lemma
3.5 there exists a closed set B' Q B such tha% B'(t) > % Bt for
all t>0. Then B' 219)- B where p' 1is the density‘of B'. Let
x >0 be fixed and choose a closed set A’ Q A such that
m(A'~[0,x]) >qm(A~[0,x]). Thenlet C'=A'+ B'. Then C' is
closed. Now by Lemma 3.4 we have
C'(x) > (1-B)A(x) + B'(x) > (1-BlgA(x) + g px. However C(x)>C'(x).
Therefore as we let 1 - 1 (and hence q — 1) we obtain

C(x) > (1-B)A(x) + Bx. Hence
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€ > (1-p 224 p

X X

>(1-Plat+p

Therefore

3.2. The Schur Inequality

In this section we proceed as in Section 3.1 to prove a series of
lemmas that enable us to establish the Schur Inequality for measurable

sets.

Lemma 3.7. If A and B are open subsets of E1 and

0Oe¢ A~ B, then (1-a)C(y)>Bl(y) for ye EI\C.

Proof: Let vy ¢ E1 ~ C be fixed. Since 0 ¢ C we see

y > 0. Since A is openthan A N [0,y] can be written as a

countable union of disjoint open intervals. Since m(A~[0,y]) <
then given any ¢ >0 there exists a finite number of these disjoint
open intervals of A ~ [0,y], say [o, al), C (azn, a2n+1) such

n
< , 7 <
that m(A~ [0,y]) _m([O,al) ] jgl (aZj a2j+1)) + ¢ where j k

implies a, < a Similarly B ~[0,y] is a countable union of dis-

i Tk

joint open intervals and for ¢ >0 there exists a finite number of
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them, say [O,bl),-- (b Zt+l) such that
t
m(B~[0,y]) f_m([O,bl) v v by aby ) e
k=1
€ _ n
Let A = [O,a ) v [jk:/l (aZJ 2; +1)] (A~ (y,©)) and
€ € €
~[0,bl)u[kul(b Zk+l)]u (BA(y,®)). Let C =A +B .

Then CE Q C =A +B. We note that A(x) ZAE(X) > A(x) - ¢ and
B(x) > Be(x) > B(x) - ¢ for all x >0.
Let a_ be the density of A°. Then lim a_ = a. This is so
E—-’

since

Thus as ¢ = 0 we have a_~—~a.
. € € e
Since A and B are open sets we see C is open.
€
Furthermore C ~ [0,y] is the union of a finite number of open
. . . € .
intervals since an open interval of A  added to an open interval of

B° is an open interval of ct. Let C° ~ [0,y] where 0 = ST

equal [CO’CI) woleyieg) v v (c, scygyy) where i<

2s

implies ¢, < c,.
L=

If aeAE and 0 < a < c,, - C,.

€
- < - < . is i i
Coiyp 2 ¢B and ¢, <c, ,-a<c, . Thisis so, forif
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> > > >
C2'1+l -a€B then cZi+l = a+t (c2,1+l-a) e A+B =C contrary
>
. > i i - <
to C5it] ¢ C Also a >0 implies Crip1 T <%0 and
< ; . . < )
a < cyiuy TGy lmplies cy <y
Therefore
(c -c,.) - m(Bem(c ,C )) >m({c -a‘a € AEA[O,C c.)h)
2i+1 21 21 2i+1" — 2i+1 2i+1 2
(& ~ [0 ))
A AL G172
2 o(Cp341 7%

) > m(BA (c, .. ¢ )). Therefore

Hence (l—ae)(c 51" 2441

2i+1°°21

S S
€
(1-a) Z(C21+1'C21)3 Zm(B ~(eyir i)
i=0 i=0

However

and since BE C_ CE we also have Zm(B ~ (c

Hence (l-aE)CE(y) > Be(y). Therefore

(1-a)C(y) > (1-a)C"(y)
>B€(y)

> B(y) -«

Letting ¢ tend to zero we obtain (1-a)Cl(y) > B(y).
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Lemma 3.8. If A and B are closed subsets of E1 and

0¢ A~ B, then (l1-a)C(y)>B(y) for ye EI\ C.

Proof: By Lemma 2.5 we know that C s closed. Therefore
El\ C 1is open. Since El\ C is open and vy ¢ El\ C there
must exist 6 >0 such that (y-6,y+8) C E,~ C. Choose k € N

2
such that 0 < = < 6. Define Al/k and B as before. Having

k 1/k

2
chosen E<6 we see YgAl/k‘I-Bl/k' Since 0¢ A~ B we

have O € Al/k ~ B1 /K’ Therefore from Lemma 3.7 we have
- + >
(T-a) p A #By ) y) 2By (v)
> Bly)
where O 18 the density of Al/k' Since o ik >a and

then (1-a)C (y) > B(y). As before, letting

At Bin © Cope
k —~ o we have (l-a)C(y) > Bl(y).

2/k

Lemma 3.9. If A and B are measurable subsets of E1

and 0 ¢ A ~ B, then (l1-a)C(y) > Bl(y) for yeEl\ C.

Proof: Choose p >1 and q < 1. Then as before there
exists a closed set A' (C A with 0 e A' such that a' > % a.
Choose a closed set B' (C B such that 0e¢ B' and
m(B'~[0,y]) zqm(Bm[O,y]). Thenlet C'=A'+ B'. Now by Lemma

3. 8 we have
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(1-a")C'(y) > B'(y)-

Hence

(1- %a)c(y) >(1-a')C'(y) > B'(y) > gB(y)-

Thus letting %—’ 1 and hence letting q — 1 we obtain

(1-a)C(y) > Bly).

Lemma 3.10. If 0e¢e A~ B and C does not contain all the

C(x):x e E.~N C}.

positive reals, then Yy = glb{ < 1

Proof: Clearly vy < glb{gxi):x € El\ C}. On the other hand,

glb{c—('zz—):z >0}

glb{(-:‘gzz—)' :z >0 ther exists x where

0 <x <z and x ¢ C}.

let ze¢e C and x ¢ C be such that 0 < x < z. Let
s = sup{y:y ¢ El\ C and y < z}. Then C(z) = C(s) + (z-s). This

is so since C(z) = m*(Cr\[O,z]) and

m _(C~ [0, 5)) + m_(C~[s,z)) <m (Cn[0,z])

< m*(Cr\[O, s)) + m*(C~ [s,z]).

However m*(Cr\[s,z]) =m*(Cn~[s,z]) =2z - s. Therefore

C(z) = C(8) + (z-s).
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Now Clz) _ Cls)t(z-s) [ Cl8) pyiwever
pA st(z-s) — s

_Q_(;_S_lz glb{g-(;t): y € El\ C} since either s ¢ C or s 1is a limit

point of elements in E. .~ C. If s ¢ C the inequality is immediate .

1
If s 1is alimit point of El\ C, then there exists a sequence
' Clyy) C(s)
<y, > of elements in E \ C such that - . Hence
k 1 Yk S
giz'zl?_ glb{%ﬂ ry € B~ C}. Therefore vy> glb{%ﬁ:y ¢« E)~ C}.

Finally vy = glb{g}m y € E)~ c}.

Theorem 3.11. If A and B are measurable subsets of

0O¢ A~ B, and a+p <1, then YZTE(;'

El'

Proof: If C(x)=x forall x>0, then y=1 and we are
Assume C(x) < x for some x. Then there

done since 1 >

exists some y in E_— C. From Lemma 3.9 we have

1
(1-a)C(y) > B(y) for all vy e El\ C. Therefore
(1-a)C(y) >B(y) > By for vy e El\ C. Hence gi—rﬂ Zl—[i; . Hence

'Y: g]_b 9_(.L) >i'
yeE~C Y T l-a

3.3. Mann's Second Theorem

In this section we will obtain a continuous analogue of Mann's

Second Theorem for measurable sets.

Lemma 3.12. If A and B are open subsets of El,

0¢ A~ B, and x € El\ C, then C(x)>ax + B(x).
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Proof: Suppose erl\ C is fixed. Since A and B are

open, then given any ¢ >0 we can find a finite number of open

intervals of A ~ [0,x] and B M [O,X], say

[0.a)).(ay,a5), -0 (2, b2y 1)) and [O,bl),(bz,b3),--.,(bzr,bZrH)
respectively, such that
n
(1) }‘n([O,al) w | j:/l (azj,a2j+1))) >A(x) - ¢
and
r
(2) m([0,b)) v (v (by by ) > B(x) - €.
k=0
€ n
Let A [O,al) w (jkz/l (aZj’a2j+1)) v (AN (x,%)) and
€ r A €
B = [O,bl) v (v (bZk’bZkH)) v (BA(x,o)). Let C =A +B.

Then C° C C, C° is open, and C~ ~ [0,x] is the union of a
finite number of disjoint open intervals. Hence C(x) > Ce(x),
Be(x) > B(x) -¢, and if a_ is the density of AE. then
lirrz) a =a. These follow as in Section 3. 2.
£ —
If K is a setand I is an interval such that K C E1 and
I C El\ K, then we call I an interval gap of K. We can write
[0,x]~ BE and [0,x]— CE as the union of a finite number of dis-
joint closed intervals (a point is considered a closed interval here).
Let [CI’CZ] be the first interval gap of ct. o1t mgst be con-
tained in some interval gap [me—l’me] of B since B C ct.

Let c¢ be the largest element of E1 <~ C°  such that
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. < = : < < .
b, ,<c<b, If c<x, thenlet S, {t « E;:0 <t —me}

If ¢ >x, thenlet Sl={teEl:0 <t < x}. (Note: If [Cl’c?_]

is contained in an interval gap of B of the form [me ,0), then

¢ >x and Sl={t€E

Case I. Sl={t€E120<_t<_x}

Let (b‘2 ) be one of the finite number of open intervals

k’b2k+1

. . € . .
contained in B ~ Sl. Then (x—b2k+l,x—b2k) is an interval gap
of A A Sl. This is so since x >x - bZk and if there exists

<a<x-b.., then there would exist

€
ae€A such that x - b2k+l 2k

be (b ) such that x=a+b Hence x would be in CE

Zk’b2k+l

and hence in C, which would be a contradiction. If (b,.,b,. )
2j 2+l

and (bZk’b2k+l) are two of the finite open disjoint intervals whose
L €
union is B ~ Sl’ then (x—sz_l_l,x—sz) and (x—b2k+l,x-b2k) are
disjoint intervals of Sl.
€
Let Gl,6 = {d_me-l + 6:d € Sl\ C'} where
€
< < - . = H .
0<6<b, ,-by We note that b, =, sup{b:b ¢ B r\Sl}
We see that Gl 5 is a union of interval gaps of A" in ’Sl. This
is so since if d - b + 6 werein A°, then
2m-1

d=(d-b, . +8)+(b _6) e A+ B° = C°. This contradicts

2m-1 2m-1

E . . . .
d e Sl\ C . Also Gl,6 is disjoint from (x—b2k+l,x—b2k) where »
€
H < H
by Popyy) & B A Sy and by, £By 50 and
- _ < . . .A .

m(Gl, 6r'\(x me-l’x me-Z)) < §. This is so since the largest
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element of Gl, 5 is x - me-l + & and
- < - - = -
X me-l + 6 < x me-l + (me-l me-Z) X me-Z and all the
. ; x- _ < x - '
other intervals (x b2j+1 X sz) are such that x-b, =, <X b2j+1
We also have m(C‘z1 6) = m(Sl\ CE).
Thus,
. m-1
m(SI\ A) Zm( U (x-b2k+1,x—b2k)) + m(Gl’ 6)
k=0
-G e (Eeby X))
m-1
>m( v (x—b2k+1,x—b2k)) + m(Gl,é) -6

k=0

= m(Ber\SI) + m(S)~ ct) - s.

Letting 6~ 0 we obtain m(S,~ A') >m(B'AS)) + m(S~ c).
Hence m(S,) - m(A°~S)) >m(S)) - m(C°~S,) + m(BAS,) and thus
m(CemSI) Zm(AemSI) + m(BemSI). However S1 =[0,x] and so

we have

Letting ¢ — 0 we obtain

C(x) >ax + B(x).
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Therefore if Sl ={t:0 <t ix} we are done.

}

CaseIl. S, ={t:0<t<b
1 - = "2m

Recall that ¢ is the largest element in El\ c®  such that

b <c<b If we go through the same argument as we did in

2m-1 2m

Case I considering the intervals (c—b2k+l, c-bZk) instead of the

. € .
intervals (x-b2k+l,x—b2k) where (bZk'b2k+l) _C_ B A Sl we will

arrive at the inequality
(1) c*(S.) > am(S,) + B (S,)
) 2 egmiSy) 1

We now form a new 8set SZ. Let [el,ez] be the next interval

gap of c® after c; that is, e, = inf{z € EI\CE:Z >c}. As

before [el,ez] C [pr-l’pr] where [pr-l’bZP] is an interval

gap of B°. Let e be the largest element not in c® such that

< < . < W = : .
b2 1 e b2 If x e e let S2 {t € El b2 <t < x} If
W = : < . W W
X > e, e let SZ {tf El b2 t:<b2 } e now let
(- . .
2-—{t-b2 t € SZ}

We now consider the subcase where e >x. Then

= : < x}. i - X -
SZ {te E,:b m <t _x} The intervals (x b2j+l x-b,.) where

1" °2 2]
E . . . .
(ij’b2j+l) C B ~ SZ are disjoint and are interval gaps of
AE ~ S'. That they are disjoint and are interval gaps of AE follows
2 y J gap

. i ! i > .
as before. We see that they are in S‘2 by observing that ij > me

[t 8ides,s c*} where
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€ . .
0 < &< (pr-l—pr-Z)' Recall that (pr-Z’bZP 1) C B . By a simi-

lar argument to the one used above we have GZ 5 disjoint from

€
(x—b2j+l,x—b2j) for (b i 2J+1 Q B SZ such that
b2j+l inP-Z’ and m(GZ,{5 ~ (x—bzp_l,x—bzp_z)) < 6. Also as
before GZ 5 is the union of interval gaps of A in S"Z and
m(G 2, 6) = m(S ~ c.
Thus we have
€ p-1
' > _ _
m(S,;~A) > m( 'u (x b2j+1,x ij)) + m(GZ, 5
J=m
- m(GZ’ 5 (x-b _l,x—bzp_z))
€
>m(B mSZ) + m(GZ,G) -6

>m(B°AS,) + m(S,~ C) - &

Letting 6 — 0 we obtain m(S)~ A") > B%(S,) + m(S,~ ch).

Therefore we have

m(S}) - m(A ASy) > m(B°AS,) + m(S,) - m(C ~S,).

However m(S"Z) = m(SZ). Hence we have
£ € £
m(C mSZ) Zm(A mSé) + m(B mSZ)
3
1
> aem(SZ) + m(B mSZ)

_ €
= aem(SZ) + B (SZ).
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Therefore since S1 ] SZ = [0,%x] and m(SlnSZ) =0 we

have
c(x) = C'(5,US,)
= c(s)) + €5y
> a_m(s,) + B(S)) + c'(s,)
> a m(S)) + B(S)) +am(S,) + B'(S,)
= a_(m(S)+m(S,) + B (S,) + B'(S,)
= am(S,uUS,) + B (S,US,)
= ax+ B (x).
Hence

Letting ¢ — 0 we obtain
C(x) > ax + B(x).

Thus if S, ={te E_ b <t < x} we are done.
2 1 2m — -

If e < x then we are in the other subcase and

SZ ={t e Elib <t ibzp}. Recall that e is the largest element

2m

€
i -~ < < . i
in E1 C such that pr-l e < pr Then going through

exactly the same arguments as we did above, considering the intervals
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(e—sz_l_l,e-sz) in place of the intervals (x-sz_l_l,x-sz) where
b,..b,..,) C B ~ S.. we arrive at the following inequality,
2j "2jtl = 2
€ €
(2) m(C mSZ) > aem(SZ) + m(B mSZ).

We use the same process aBs before to construct a new set S3
and arrive at the corresponding inequalities. If we continue in this
manner, we obtain after a finite number r of steps a finite set of
intervals {Sjtl <j <_r} where [0,x] = J{JI Sj and m(Sijk) =0
for j #k. That only a finite number of steps are required follows
from the fact that there are a finite number of interval gaps of B

contained in [0, x).

Since for each j we have

m(C'~5.) = C(S))
j j
> a m(S,) + m(Ber\S.)
= ) j
it then follows that
£ £
C(x) = m(C ~[0,x])
€ r
=m(C ~ v S,
j=1
=m( u (C°~S,))
j=1
r

g
3
Om
D
wn
\%
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Ir
> Z (a m(S,) + m(B°~S,))
—— € J J
j=1

r
= aem( v S) +m( v (Bef\s.))
j=1 j=1 :

However

\
o)
b
+
oy
L
i
™

Letting € — 0 we obtain

C(x) >ax + B(x).

Lemma 3.13. If A and B are closed subsets of El’

0 ¢ A~ B, and if there exists a positive number x notin C,

then C(x) >ax + B(x).

Proof: By Lemma 2.5 we know C is a closed set. There-

fore EI\C is open. Since erl\C and EI\C is open,

there must exist & >0 such that (x-6,x+8) C El\ C. Choose

2
< =< 9. fi .
k € N suchthat O ” 5. Define Al/k and Bl/k as before

k
+ . i
we see that x ¢ Al/k Bl/k Since A (C Al/k we have

2
i - < . i +
Having chosen 8§ we see x ¢ CZ/k Since Al/k Bl/k~( C2 /k

> > > 0. > . -
Al/k(t) >A(t) >at for t2> 0. Hence 4 e 2 a. Therefore from



Lemma 3.12 we have

Copl®) 2 (A #B) ) )
2oy px By )
>ax + Bl/k(x).
But as in Lemma 3.4 we have
m(A~[0,x]) = lim m(Al/km[O,x])
k— o
and
m(C~[0,x]) = lim m(cz/km[o,x])-

k—

Therefore as we let k — © we obtain

C(x) >ax + B(x).

Theorem 3.14. If A and B are measurable subsets of

E 0 €e A~ B, and if there exists x ¢ E.~ C, then

1’ 1

C(x) > ax + B(x).

Proof: Choose two positive constants p >1 and q < 1.
Then as before there exists a closed set A' C; A such that
a'> %a and 0 € A'. Choose a closed set B' C_:_ B such that
m(B'~[0,x]) >qm(B~[0,x]) and 0e¢B'. Then C'( C and

hence x ¢ C'. Now we apply Lemma 3. 13 to obtain

40
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C'(x) > a'x + B'(x) > g‘ax + qB(x). However C(x) >C'(x). Hence

as we let % — 1 we have C(x) >ax + B(x).

3.4. The aff Theorem

In this section we will obtain a continuous analogue of Mann's
af Theorem. The aPf Theorem follows from Theorem 3.14. Since
in the discrete case the proof of Mann's Second Theorem is simpler
than the proof of the aP Theorem, our method of proving the ap
Theorem is inherently easier than the methods needed to prove the
af Theorem in the discrete case. It also does not assume anything as

powerful as Dyson's Inequality which Macbeath used.

Theorem 3.15. If A and B are measurable subsets of

El and 0 ¢ A ~ B, then Y2>min{l,a+B}.

Proof: If C=El, then vy = 1. Suppose C'T’El- Let

X € El\ C. From Theorem 3.14 we have C(x) >ax + B(x). We

have B(x) >px. Hence C(x) >ax + Px = (a+B)x. Therefore,
C(x)

Cx) >a+ p. Thus y=glb{72er

X —

l\C}_>_c1+[3.

3.5. Other Continuous Analogues

In this section we get continuous analogues of other interesting

results known in the discrete case.
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Corollary 3.16. If a+pf>1, then y-=1.

Proof: This corollary is an immediate consequence of

Theorem 3.15.

For subsets of non-negative integers it has been shown that
a+ P >1 implies that C is the set of all nonnegative integers.
We have shown a + B >1 implies vy =1, butby example we will

show a+ P =1 does notimply C = El.

Example 3.1. Let A =[0,7)uw (1,0) and B=[O,%)u (1,00).

™ N

Then a=[3:% and hence a+ B =1. However C =[0,1) U (1,%)

and hence 1¢ C.

Theorem 3.17. If A and B are measurable subsets of

E 0O¢e A~B, and a+ B>1, then C=E. .

1’ 1

Proof: Assume there exists x € El\ C. Let H=A ~ [0,x]
and G={x-b:b€Bm[0,x]}. Then H ~ G = 4. To see this
suppose x -b e H ~ G. Then x = (x-b)+b e C. Hence

m(H) + m(G) = m(HUG) < x. However m(H) = A(x) and

+
m(G) = B(x). Therefore A(x)+ B(x) <x and a+ B < A(x)+B(x) <1
> > X =
This contradicts a + p >1. Hence C = El.
Definition 3.2. Let n>1 and A.,...,A be subsets of E

1 n 1
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n
such that 0 € ~ A.. Then A + ...+A = {a +...+a :a,GA,,j:l,...,n}-
j=1 ] 1 n 1 n j j

Lemma 3.18. Let 0 ¢ rrl\A, and let d(A1+...+An) be the

j=1
density of Al+. . .+An and let a, be the density of Ai,
i=1,...,n. If Al,...,An are open subsets of El or if
Al, ce ,An are closed subsets of El, then

1 -dA +...+A ) < (l-a.)...(l-a ).
1 n - 1 n

Proof: If n=1, then 1 - d(Al) =1 - a, <1- a, - Since

the sum of any two open sets is open and the sum of any two closed
sets is closed we have that any finite sum of open sets is open and any
finite sum of closed sets is closed.

Assume that for some integer k >1 we have

Y ..o (l-a ).

- < -
1 - d(Ap+ . FA) < (l-a) .

Then

- +...+ + = - .
1 d(Al Ak Ak+l) 1 d([Al+ +Ak]+Ak+l)

However by Theorem 3.6

... > ce . - e s
d(fA,+ +Ak]+Ak+l) Zd(A A ) ta ) - d(AH L FA )

or

- + < - -
1 - d(fa+ +Ak] A Sl -dAF. A o FAAF L HA e

= (l-d(A1+. .. +Ak))(l-ak+l)

_<_(l-c11) .. .(l—ak)(l-ak+l).
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Hence the lemma is true by induction.

Definition 3.3. Let k be a positive integer. We call A a

basic set of E of order k if A _+ ... + Ak = E where each

1 1 1’
A =A, j=1,...,k, and k is minimal. We write

A +...+Ak as kA.

Theorem 3.19. If 0Oe A, A is openor A is closed, and

d(A) >0, then A 1is a basic set of El.

Proof: If d(A) >0, then there exists a positive integer n

such that (l-d(A))n < ';' Then by Lemma 3.18 we have
1
(1-d(nA)) < (1-0.)n < % . Hence d(nA) > 3 Thus d(nA) + d(nA) > 1

and from Theorem 3.17 we have nA + nA = 2nA = El- Thus the

order of A 1is less than or equal to 2n.

The results of Lemma 3. 18 and Theorem 3. 19 follow exactly
as the corresponding results for subsets of nonnegative integers. In
the integer case there are subsets which have density zero, but are
nevertheless basic. For instance, if A = {kZ:k is an integer} then
d(A) = 0, but A is basic of order 4.

We will now show by example that there are sets in E1 with

density zero, but basic of order k for any k >2.

1 -
Example 3.2. Let A=[O,E]u{l,2,.--,n,---} where k is




45
an integer greater than or equal to 1. Then d(A) = 0, clearly

(kt1)A = E and also h < k+1 implies hA ¥ E1 since there

exists 6 >0 suchthat 2 -6 ¢ hA. Any & where 5 < (1- h—;}-)

1’

will suffice.

The final result we will show in this chapter is that the af

Theorem is in a sense best possible.

Theorem 3.20. Given a >0 and >0 such that

a+ P <1, thenthere exist sets A and B such that d(A) =a,

d(B) =B, and d(A+B) =a + B.

Proof: Let A = [0,a] wll,0) and B = [O,IS]U [1,0). Then
A+ B-= [0,a+ﬁ] w [1,0) and we see that d(A) = a, d(B) = B, and

d(A+B) = a + B
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4. TWO-DIMENSIONAL CONTINUOUS ANALOGUES
OF THEOREMS OF MANN
In this chapter we prove two major theorems of the thesis. We
first obtain a continuous analogue of the two-dimensional extension of
Mann's Second Theorem using a method of Kvarda [9]. We then
obtain an af theorem for two dimensions. In this chapter A and
B will always be open sets with 0 =(0,0) e A~ B and E will

2

be the universal set.

4.1. Preliminary Notation and Lemmas

Definition 4.1. Let S=F'~F" where F', F"ce ? and

S7d. Let "min"S ={s:s ¢ CI(S), 0 Lt s implies t ¢ CL(S)}.

We let "min"S = {6j:j ¢ 2} where £ is the index set.

Definition 4. 2. For each j e 2 let Sj = {s:s € CI(S), 6j$ s}.

Lemma 4.1. v S. = CIS).
jes2 J

Proof: We see that U Sj C C1(S) since by definition each
j €2
Sj C CI(S). On the other hand, for each s ¢ Cl(S) we have either

s € "min"S or s ¢ "min"S. If s e "min"S, then s = 6j for

some je€ R and hence s € S.. Therefore se€ v Sj. If

’SZ) ¢ "min"S, let s, = min{x:(x, SZ) € C1(S)}. Then since

s = (s 1

1
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C1(S) is closed, (s ,SZ) = s(l) € CI(S) and s(1)< s. Since F"

1
is fundamental there does not exist t = (tl, tz) € C1(S) such that
- (1) (1)

< < . 1 : n , -
tz_s2 and tl 8, If s € "min"S then s 6j for

some je 2, and 6J. = s(1)< s. Hence s ¢ Sj C qu.

If s(l) ¢ "min"S let 5, = min{x:(-s—l,x) e C1(S)}. Then

S(Z) = (El,'s'z) e CI(S) and s(2)< s(1)< s. Furthermore

(2)

s € "min"S since if t = (t ,tz) is in CI(S) and t<s(2) then

1
with strict inequality holding in at least one

(1) (2)

case, and we would contradict the way s and s were con-

(2)

structed. Thus s =6J, for some j € £ and thus

6J, = s(2)< s(l)/\ s. Hence s e SjC; qu. Therefore

CI1(S) g v S..
jes2 J

t. <s and t, <s

1 1 2 2

Definition 4. 3. SJf ={s - 6j: s € SJ}

4.2. Fundamental Theorems for the Set S'

Lemma 4. 2. SJ! € ?

Proof: First we observe SJf is bounded since SJ,' C curFE"
and also that S' is nonempty by definition. Next suppose X ¢ Sj'
and 0 £Lr £x. Since x ¢ Sj' we have x =8 - 6j for some
s € Sj. Thus 6j Lr + 6j <x* 6j = s. Hence r + 6j € Sj. There-

fore r = (r+6j) - 6j € SJf, and we see that L(x) C SJ,'. Thus Serdd{'.
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Definition 4. 4. S' = U S!.

Lemma 4.3. Let D (C E2 be a bounded set. Let J be a

family of fundamental sets such that G ¢ J implies G C D.

o~
Then v G ed .
G Y

Proof: We see that uaG is bounded since it is a subset of
Ge

D. Suppose X € uij. Then there exists H ¢ 3 such that
Ge
x € H. Since H is fundamental we have L(x) ( H. Hence
~ o
L(x) _ w G. Therefore v G ed .
T Ge U G ¥

o)
Lemma 4.4. S' eJd" .

Proof: The lemma follows immediately from Definition 4.4 and

Lemmas 4.2 and 4. 3.

Lemma 4.5. mZ(S') SmZ(S).

Proof: Let w, be the unit vector whose ith component is 1.

Let 6.=(6 ,6. ) where & € "min"S. Suppose 1 <r <2.
J 1, ] - -
We now define

r
S. N X\ ={s-6 w:seS I )}
Ji=1 !t Ip T i=1 '
and
0
S. T N\, =85..
i=1 !

We define



r r
S I )\i: w (S, I )\,1)
i=1 jea Ji=1
and
0 0
s n )\i: w (S, I )\i)
i=1 jeq Ji=1
2
Since S'=S, I A, we have
J b= !
2 2
S'= w S'= (S, O Xx)=S 10T X\
jead jea Ji=1 7 i=1
Let T be the ray normal to the axis
(cl,cz)
through the point (Cl’CZ)' Thus if r =1, then
r
= N . > i :2 H
T(c o) {(xl c,) xl_O} and if r then
1" 72
r
= , : > . i
T(C]_’CZ) {(c:l x,) XZ—O} We now consider E,
Xl = El and X2 = El. Let the function g:Xj — E
be defined by
- r
) = S IO A\,
g(XJ) m ( (Xl’xz)m n )

r

(x ~ S Il

hix.) = m(T
] 1°%2) =l

Then we have

X
r

= X
X1 XZ

1

49

= 0 passing

where

where

j?(r
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r

)= T(x X)mSHX.)
J ) i=1 '

r

X)m( v (S, T Xi)))
1" %2 jen =1

r
=m( v (fo wy O S TN
je vt V=1

= supm(Tf %) O S. T X))
jeQ *10 %2 Vi=1 ?

Therefore g(xj) <_h(Xj) for j=1 and j=2.

By applying Lemma 2. 11 we have

r
S‘ g(xj)dm =m (S I )\.1)

X. i=1
J

2

and
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5 h(x.)dm :mZ(S n )
x. i=1

Since g(xj) f_h(xj), j=1,2, it follows that

2 r r-1
mi(S M XN)<m (ST X\.,).
) S . 1
i=1 i=1
Thus we finally obtain
2 1 0
2 2 2
m(S')=m2(Sl'[)\.)<m(S NX.)<m (ST X\,)
1 1 i
i=1 i=1 i=1
However
0 0
Sl'[)\i=u(S,l'[)\)=uS=Cl(S)
i=1 jef J i=1 jef2 J
2 2
and by Theorem 2.13 we have m (S) = m (Cl1(S)). Hence

m2(s") < m2(s).

Definition 4.5. If T is a set, then L(T) = {L(t):t e T}.

Lemma 4.6. If S=F'~F" where F/', F"ef:f"),

Pl = {(Xl,xz)ix1 = al} is such that P1 ~ S {d,

S1 = {(xl,xz):x1 ial} ~ S and SZ = {(xl,xz):x1 Zal} ~ S, then

S=5, v S‘2 and both S1 and S‘2 are differences of two funda-

mental sets.
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Proof: The equation S = S1 v SZ is immediate so we pro-

ceed to establish the second conclusion. We have
— . 1 "
Sl = {(xl,xz)-xl f_al} A~ (F'S\F")
— . t "
= ({(x) x,) %, <a A F)~F
and
- . ' "
S‘2 {(xl,xz).xl_>_al} ~ (F'S<F")

F'~ (F'~ {(x ,xZ)le < al}) v M.

1

Therefore it suffices to show F' {(xl,xz):xl < al} is in
# and (F' A~ {(xl,xz):xl < al}) v F'" e dj . If

! * = =
x e F' {(xl,xz).x1 < al} and y (YI’YZ)<X (Xl,xz), then

y, % Say Since F' 1is fundamental we see y € F'. Thus

t . 1 . .
yeF' {(xl,x?_).x1 _<_al}. Hence F' M {(XI’XZ)'XI ial} is

fundamental. If F' ~ {(x ,xz):xl < al} is not empty, then the

1

same argument shows that F' A~ {(xl,xz):x1 < al} € o&‘/ Since the
union of two fundamental sets is fundamental we have in both cases

that (F' ~ {(x ,xZ):x < al}) o F" is a fundamental set. There-

1 1

fore the lemma is proved.

4.3. The Partition of a Fundamental Set

In this section we show how to partition a fundamental set F

if BA~NTF and C ~ F are finite unions of open rectangles such
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that these rectangles have a maximal vertex with respect to the
partial ordering "<". So we suppose F is a fundamental set
satisfying the above conditions.

Since B~ F and C ~ F are finite unions of open rectan-

gles they determine a finite number of vertices. For each vertex

(VI’VZ) determined in this manner construct the two lines x1 = vy
and X, TV, Since there are only a finite number of vertices, we
have constructed only a finite number of lines. KEach line X T vy

intersects the boundary of F at one point, say (vl,wz). Construct

the line x, = w,. Each line x \% intersects the boundary of F

2 2 2 2

Construct the line x, = w.,. Again we have con-

at a point (wl,v 1 1

2)'
structed a finite number of lines. This network of lines determines a
finite union of disjoint open rectangles. We will denote by ® the
collection of these open rectangles intersected with F and the net-
work of lines intersected with F. The network intersected with F

consists of a finite union of vertical and horizontal line segments.

We see & isa partition of F.

Lemma 4.7. (1) If T 1is an open rectangle in @ , then

either T g B or T Q EZ\ B, andeither T C C or
T C E,~ C.
(2) If U and V are any disjoint open rectangles in 6) and

if u and v are the minimal vertices with respectto " 4" of
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U and V respectively, then u < v if and only if L(Uu) C L(V).
(3) If T is an open rectangle in this partition @ such that

T C EZ\ C, then the vertices of T Dbelong to EZ\ C.

Proof: The process we used in constructing @ certainly
gives us condition (1).
Let U be an open rectangle in ® with minimal vertex

u = (ul,uz) and V be another open rectangle in ®®  with minimal

vertex v = (v,,v,). If u<v, them u, <v, and u, <v, with

1 1 1 2 2
either v, < vy or u, < vy Suppose u, < vy Let (ul,uz) be
the other vertex of U with first coordinate u1 and let (vl,;:Z)

be the other vertex of V with first coordinate vy Then since

a, v, we have u, v, Let x = (XI’XZ) be any point of U.

Then X, < \8) and X, < u, f_vz. Hence x € L(vl,vz). There -

fore since (vl,cz) is a vertexof V and U C_ L(vl,;z) we have
L(U) C L(V). An exactly similar argument applies if u, < v,

Conversely, if L(U) Q L(V), then u, <vwv and u

1 2 SV

1 2’

For suppose u, >V,. Then if (VI’VZ) is the other vertex of V

we have v, <u Since every

with second coordinate equal to X 1

1’

element of L(V) has first coordinate less than or equal to v1 and

every element of U has first coordinate greater than or equal to

ul, 18] g L(V). Hence a, > v is impossible. A similar argument

1

shows u, <V, Therefore u< v. However since U #V we have
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u £ v. Thus condition (2) is proved.

To show condition (3) is true we notice that if (tl, tZ) is a
vertex of T Q EZ\ C, then (tl,tz) is a limit point of T . and
hence of EZ\ C. Since EZ\ C is closed we have (tl,tz) € EZ\ C.

Whenever a fundamental set F has the property that B ~ F
and C A~ F are finite unions of open rectangles with maximal

vertices with respect to "< " we will assume that F has been

partitioned as above.

4.4. Sets of Type 2 and Theorem 4.8

Let F be a fundamental set and suppose that B ~ F and

C ~ F are finite unions of open rectangles that have a maximal
vertex with respect to "<". Let ® be the partition of F as

above.

Definition 4. 6. A set S is of type 2 with respectto B, C,

and F provided
(1) S=F NF' where Fled .
(2) B~ S7d and S ~C#Hd.
(3) If T is a rectangle in S, then T has a minimal
vertex with respect to "<& ".
(4) If beB~S and ge S~C, then b ¢ L(D) where

D is the rectangle of S~ C of which g is an element.
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Theorem 4.8. If S 1is a set of type 2 with respect to B, C,

and F, then C(S) > anlz(S) + B(S).

Before we prove Theorem 4.8 we will give an informal discus-
sion of the method of proof we shall use. We shall write S as the
union of three sets in the manner described below and indicated by the
following figure. Let g, be the minimum value taken on by any
first coordinate of a vertex of a rectangle of ® in S~NC. Let
D denote a rectangle of S~ C such that its minimal vertex has as
first coordinate g,- Let h1 be the first coordinate of the other

vertex of D that is on the horizontal line that passes through the

minimal vertex of D.

Figure 1.

We now let S1 = {(XI:X2)3X1 5_81} ~ S,

S2 = {(x

1,x2)=x12h1} ~ S, and S3 = {(xl,x?_)tg1 < x) ihl} ~ S.

Since S is of type 2 B M SZ = ¢ for otherwise there would be a

beB ~S suchthat b ¢ L(D). We see that B ~ S, may be empty or
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B S3 may be nonempty. Our method of proof will be to show that if
2
B S3 = ¢, then C(S)>am (

C(Sj) > amZ(Sj) + B(Sj) for j=1,2,3. We will then again conclude

S)+ B(S) and if B S3 7 é, then

that C(S) > amZ(S) + B(S).

4.5. Proof of Theorem 4.8 When B m S3 Is Empty

Since B ~ S, =d we see thatforall b= (bysby) in BAS
we have b1 < g Let D be a rectangle of S~ C with its mini-
mal vertex with respect to "<& " having g, as its first coordi-
nate. Let -g— be the vertex of D with first coordinate g, and
second coordinate maximal. Then since S 1is a type 2 with respect
to B, C, and F if beB S, then b .<-g— If this were not
true, then b would not be in L(D). Hence S would not be of
type 2 with respect to B, C, and F.

Let G = {E -x:x€ B~ S}. We proceed to show that

(5.1) G C E,;

(5.2) G A A=d;

(5-3) G C sh

(5. 4) m?(G) = m*(BAS).

To see that condition (5. 1) is true we recall that we are suppos-

ing that x € B ~ S implies x.<-g— Hence E—erZ.
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To see that condition (5. 2) is true we suppose G ~ A7 d.
Pick E—xeGr\ A. Then E: (E-x)+xeA+B=C. But this
contradicts -g- € EZ\ C. Hence condition (5. 2) is true.

To see that (5. 3) is true, pick E -xe€G. Since xe€e B~ S
we have x € S, and so X € Sj for some j € 2. Again since
x € B~ S, we have 6J,ﬁx<g. Hence Ee Sj since Ee S.
Thus E - 6J, € SJf. We also have 0< E - X ﬁg - 6J,. Since SJf is
fundamental by Lemma 4. 2, E - X € SJ! C S'. Therefore G ( S'.

To see that condition (5.4) is true we note that B ~ S is
measurable and mZ(Br\ S) < . Hence by Theorem 2. 16 we have
mZ(G) = mZ(Br\ S).

Let wbl be the minimum of the set of all first coordinates of
vertices of rectangles in B ~ S. Let wa be the minimum of the

set of all second coordinates of vertices of rectangles in B n S

with b* as first coordinate. Let b=( b
w w

1 wa)' (The notation

1’
suggests that wb is a "lower west" vertex of a rectangle of B n S.)
Since wb is a minimal vertex of a rectangle in B ~ S, we can

choose an € >0 as small as we please such that

b =( b,+e, b_+e) is in the rectangle of B ~ S of which b is
€ w1l w2 w
the minimal vertex.

Let H_= {y - b :ye SN\C, b8£ y}. We will show that

(5.5) H C E

€

2;
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(5.6) H ~ A =d;
(5.7) H C S
and for a positive constant K
2 2
(5-8) m (H) >m (S~ C) - Ke;
2
(5-9) m (GAH) < Ke.

To see that condition (5.5) is true we observe that for vy - be

to be in H_ that we must have b 4 y. Hence H_ C E,.
To see that condition (5.6) is true, suppose H_~ A # 4. Pick
y -b_¢ He ~ A. Then g-*= (g-be) +b€ isin A+ B =C. This con-
tradicts g e S~ C.
To see that condition (5.7) is true pick y - bE € HE. Then
be € S and hence b_ce Sj for some j € £2. Thus 6j ébeg y-
Hence vy € Sj since y € S. Therefore vy - 6j € S_%- Also however,
0Ly - be Ly- 6j. Since Sj' is fundamental we have
y -b_ce SJ! C s
To see that condition (5. 8) is true we observe that
H+b CS~C and (5~C)~ (H_+b ) CFr\{(xl,xz):wbzixziwbzﬂ}
since S is a set of type 2 with respect to B, C, and F and Wb
is a minimal vertex of a rectangle of B ~ S. Hence

2
m((S~C) ~ (H€+b€)) < Ke where K 1is the least upper bound of the

lengths of all line segments contained in F. Therefore
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2 2(

m (H) =m He+be) 2m2((S NC)) - Ke.

To see that condition (5. 9) is true, suppose

= , . < - _ N
y (yl YZ) e G HE Then v, 28, wbl since y € G on the
one hand, and Y, Zgl - (Wbl+£) on the other hand, since y ¢ H .

Thus —g-l - Wbl - € iyl i-g_l - Wbl' Therefore we have

' , Ty - - < - .
GAH O {xpx)g - by -c<x g - blTF

Hence mZ(GmHE) < Ke where K is as defined in the proof of con-
dition (5. 8).
Since the sets G and HE satisfy conditions (5.2) through
(5.4) and conditions (5.6) through (5. 9) we have
2
(

mZ(S'\ A) sz(G) + m He) - mZ(Gr\HE)

ZmZ(G) + mZ(HE) - Ke

>m’(G) + mZ(S ~C) - Ke - Ke

2
(

2
=m (BAS)+m (S\C) - 2Ke.

Noting that this inequality holds for all sufficiently small € > 0, we

let € =~ 0 to obtain

mZ(S'\ A) _>_m2(Br\S) + mZ(S\ C).

Hence we have
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Thus
2 2(S) - m>(8") + m*(BAS)

mZ(Cr\S) >m (AnS') + m

> amZ(S") + (m%(S)-m*(5") + m*(BAS).

Since mZ(S) - mZ(S') >0 by Lemma 4.5, we have

2 2(

m (CAS) >am 2(

S'Y + a(mZ(S)—m SY) + mZ(Br\S)

- amZ(S) + m (BAS).

Thus if B S3 = ¢, then Theorem 4.8 follows. We now consider

the other case.

4.6. Proof of Theorem 4.8 When B S3 4 d. Partl

Since B S3 4 d there exists b = (bl’bz) e B~ S such

that b, >g, and since Br\SZ=d we have g1<b1<h1- By

Lemma 4.6 we have that S S

1’ Sy and S3 are all differences of

two fundamental sets. Furthermore S = S1 w S2 o S3 and

m"fZ(S.lr\ Sj) =0, i ¥j. In this section we will show

c(s,) 3am2(sl) + B(S))-

We notice that S, ~ C { 4. This is so since g is in s~ C

where g is as defined in Section 4.5. Since S is of type 2 with



respect to B, C, and F we have for all b e B m Sl that
— 2
b<{ g We also notice that m (Sl\ C) = 0 since

Sl\ C C {(xl,xz):xl = gl} ~ S, and so

2 2 2 2
C(Sl) = m (Cr\Sl):m (Sl) -m (Cr\Sl) = m (Sl).
If B~ Sl = ¢, then

2
C(s)) =m"(S)) + B(S))
2
> am“(S,) + B(S.)
= 1 1
and we are through.
If B~ S #d werecallthat beB S implies b < g-

Let G={g-x:x¢Bn Sl}. In exactly the same way as before we

can show that

(6.1) G C E;

(6.2) G A=4d;

(6.3) G C Si

(6.4) mZ(G) = mZ(Br\Sl).
Therefore,

mZ(S'l N A) > mZ(G N A)

= m2(G) - m2(GAA)

- m?(G) = mZ(Br\Sl).
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Hence mZ(S'l)—mZ(Ar\S'l)_ZmZ(Br\Sl). Adding mZ(Sl) to both

sides and transposing terms we obtain

: mZ(Sl) 2m2(Ar\S'1) + mZ(Sl) - mZ(S'l) + mZ(Br\Sl)

>am2(S'1) + a(mZ(Sl)—mZ(S'l)) + mZ(Br\Sl)

2 2
= am (Sl) + m (Br‘\Sl).

However C(Sl) = mZ(S ), and hence

1

c(s)) > amZ(Sl) + B(S)).

4.7. Proof of Theorem 4.8 When B S3 4 4. Part 2

2
In this section we show that C(SZ) > am (SZ) + B(SZ).

2 _ 2 2
If m (SZ\ C) = 0, then C(SZ) = m (SZ) >m (SZ) + B(SZ)

2
since mZ(Br\SZ) = 0. Hence C(SZ) > am (SZ) + B(SZ). Hence we

suppose mZ(S >~ C) 70.

Since B n S, 7 4 there is a rectangle of B n S, with a
vertex of the form (hl’hz) for some hZ' Let eb2 be the mini-
mum of the set of all second coordinates of vertices of rectangles of
B S3 with h1 as first coordinate. Let eb = (h,, b ). The
notation suggests eb is a "lower east" vertex of a rectangle of
B A S3. Since eb is a vertex of a rectangle of B m S3, for any

sufficiently small € >0 we see (hl-e,eb2+€) is an element of the
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rectangle of B S3 for which hl is the maximal first coordi-

nate of one of its vertices and b2 is the minimal second coordinate
e

of one of its vertices.

Let b =(h,-e, b
e

] ] +e) and SZ(E) = {(XI,XZ)ZXl zhl -et~ S,

2

Let HE ={y - by € (SZ(E)\ C),beﬁ y}. In the same manner as

before we have

{7.5) H C E,;
(7.6) H ~ A= é;
(7.7) H_ C S5 (e);

and for the positive constant K defined in the proof of condition

{5. 8) we have

(7.8) m (H)>m (S ()N C) - Ke.

We will also show that for the same constant K we have

(7.9) mz(Cr\SZ) ZmZ(Cr\SZ(E)) - Ke.

That condition (7-9) is true follows from

C SZ(E) C (Cr\SZ) w ({(xl,xz):hl - € S_xl ihl}r\ S).

Thus

mZ(Cr\SZ(e)) _<_m2(Cr\SZ) + Ke.



Therefore from (7.6), (7-7), and (7.8) we have

mZ(S'(e)\A) _>_m2(H€)
2
>m (Sz(e)\C) - Ke
Hence
m2(55(c)) - m(AASy6) 2 m (S,E) - mA(CAS, ) - Ke,

which implies

mZ(Cr\S (e)) >m2(Ar\S'(e)) + mZ(S (e)) - mZ(S'(e)) - Ke
2 =2 2 2 2
>am’(Sy(e)) + atm’(S,(e) - m () - Ke
= amZ(SZ(e)) - Kle

Hence from inequality (7.9) and the fact that

we have

for all sufficiently small ¢ >0. If we let ¢ — 0 we obtain

c(s,) = m*(CAS,)

since B ~ S2 =d.
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4.8. Proof of Theorem 4.8 When B ~S, # 4. Part 3

In this section we show C(S3) > amZ(S3\+ B(S3) and finally
conclude that if B ~ S3 #d4 we have C(S) > amZ(S) + B(S), thus
proving Theorem 4. 8.

Recall that any rectangle of S3\ C has at least one vertex
with first coordinate hl- Let h2 be the minimum of the set of all
second coordinates of vertices of rectangles of S3 ~ C such that the
first coordinate is hl- Let h= (hl,hz). Then since S 1is of
type 2 with respect to B, C, and F we have for all b e B S3

that b<h = (hl’hz)'

Let G={h-x:x¢€B ~ S3}. As before we have

(8.1) G Ey;
(8.2) G A A= d;
(8.3) G C S'3;
2 2
(8.4) m (G) =m (Br\S3)-
Let wa be the minimum of the set of all second coordinates

of vertices of rectangles of B M S3- Let wb = (gl,wbz). Then
b is a minimal vertex with respect to " < " of a rectangle of
B S3. Therefore we can choose ¢ >0 such that b€ = (g1+€,b2+€)

is an element of the rectangle of which wb is the minimal vertex.
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Let He = {y -beiye S3\ C,begy}- As before we have

(8.5) H C E,;
(8.6) H ~ A=d;
(8.7) H C S3;

and for the constant K defined in the proof of condition 5.8 of Sec-

tion 4. 5 we have

(8.8) mZ(HE)sz(S3\ C) - Ke.

For the same constant K we also have
2
(8.9) m (GmHE) < Ke.

To see that (8.9) is true, suppose y = (YI’YZ) €e G N HE.
Then Y5 ihz - wa since y € G on the one hand, and

v, >h2 - (Wb2+e) on the other hand, since vy € He' Thus

h2 - sz -e < v, ihz -sz- Therefore we have

G N HEC {(xl,xz): h, - sz -e <%, <h, - sz} ~ F. Hence
2

m (Gf\HE) < Ke.

Since the sets G and HE satisfy the above conditions we

have
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m?(s5~4) >m%(G) + m*(H,) - m’(GAH)

>m2(G) + mZ(S3\ C) - Ke - Ke

= mZ(Br\ S3) + mZ(S3\ C) - 2Ke.

Since this inequality is true for all sufficiently small ¢ >0 we

obtain
2
m (S!~ A) >m2(Bf\S ) + mZ(S ~ C).
3 - 3 3
Hence
2. 2 ' 2 2 2
m (53) -m (Ar\S3)Zm (Br\S3) +m (53) -m (Cr\S3).
Finally,
C(s,) > 2(A S')y + (S 2(S' + 2(B S
3 m ) 3) m 3) -m 3) m ) 3)
2. 2 2 2
>am (83) + a(m (S;)-m (S3)) + m (BAS,)
= am®(s,) + B(S,)
= am (S, 3)

Therefore in Sections 4.6, 4.7, and 4.8 we have shown

C(s.) > amZ(S,) + B(S,) for j=1,2, and 3. Thus,

i J j
C(S) = C(SluSZUS3)

= C(Sl) + C(SZ) + C(S3)

)+ B(S.) + am>(S.) + B(S

2
) + am (S > 3 3)

2
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This completes Theorem 4. 8.

4.9. Sets of Type 1 and Theorems 4.9 and 4.10

Definition 4.7. A set F ¢ ?' is of type 1 with respect to B

and C provided
(1) BAF and C ~ F are finite unions of open rectangles
that have a maximal vertex with respect to " L".
(2) F~C#d.
(3) f beB~F and ge F~ C, then b e L(D) where
D is the rectangle of the partition @ of Section 4.3 of

which g is an element.

Theorem 4.9. If F is a set of type 1 with respectto B and

C, then C(F) _zamZ(F) + B(F).

Proof: Let S =F ~{(0,0)}. Then S=F~F' where
F'={(O,O)}€3"J, B~S%d since 0e¢eB and B 1is open and
hence O is not an isolated point, S ~C #d since F ~C 7 d,
and finally if be B~ S and geS~C, then b e L(D) where
D is the rectangle of F ~ C, and hence of S~ C, of which g
is an element. Therefore since B~ F and C ~ F are finite
unions of open rectangles with maximal vertices we see S is of
type 2 with respect to B, C, and F. Therefore by Theorem 4.8

we have
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C(S) > am’(S) + BI(S).

2
However C(S) = C(F) and amZ(S) + B(S) = an (F) + B(F). There-
fore,

C(F) > amz(F) + B(F).

Theorem 4.10. If F e%"J , A~F and B A~ F are finite

unions of open rectangles, F~ C#d, and F* _ CHF~C), then

C(F) > amZ(F) + B(F).

Proof: We first observe that since A AN F and B~ F are
finite unions of open rectangles that C ~ F is a finite union of open
rectangles since the sum set of two open rectangles is again an open
rectangle. Since F* ( CH{(F~C) the open rectangles of B ~ F
and C ~ F have a maximal vertex.

This lemma is proved by using induction on the number of
rectangles in F ~C. If F~ C consists only of one rectangle D,
possibly a line segment, then since F* C CI{F~C) we have
F = L(D). To see this is true we note that L(D) C F. Suppose
F C‘: L(D). Then there exists ce¢ C ~n F suchthat ¢ ¢ L(D).
Either c e F* or c ¢ F*x. If c e F* we contradict that
F* ( ClHF~C). If cdF* and c ¢ L(D), thenforall ye¢F
such that ¢ <y we have y e C. However if this is so then there

is an element of F* that is not a limit point of F N\ C, which
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contradicts F* ( CL{F~C).

Therefore if be B~ F, then b e L(D). Hence F is of
type 1 with respect to B and C. Therefore by Theorem 4.9 we
have C(F) > amZ(F) + B(F). Thus we suppose that F -~ C consists
of n >2 rectangles and the conclusion of the lemma holds for any
fundamental set F' satisfying the hypotheses of the lemma with

F'—~ C consisting of less than n rectangles.

Let VI{Dl,.--,Dn} where each Dj (j=1,2,...,n)

is a rectangle of ¥~ C. Since F=* g_ Cl(F~C) we have as before

[N
1
-

Suppose B ~ F 'gl L(Dj). Then F is of type 1 with
J:

respect to B and C. Hence the conclusion follows by Lemma 4.9.
Therefore the case remains where there exists an element

beB ~ F anda rectangle D _c¢ V such that b ¢ L(Dk)- Thus

B~ (FNL(D)) # 4. But since F = 3 L(DJ,) we have
=1

B N (F~ & L(D.)) = 4. From the preceding two conditions we see
j=1

that there must exist a subset P of V such that

(1) B~ (F~ o L(D){d;

DeP
(2) B (F —~ v L(D) =d if KeV~ P;
D e PU{K}
and
(3) {Dk} CprP(CV
4

We now partition F into two parts W and F~ W. Let
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W= o L(D). Then W satisfies the following properties:
DeP

4) W e ;

(5) Wx (C CH{WN C);

(6) W ~C#d;

(7)) Both A~ W and B ~ W are finite unions of open
rectangles;

(8) The set W ~ C consists of fewer than n rectangles

of the partition @

That property (4) holds follows from Lemma 4. 3.

That property (5) holds follows from the fact that
W C DiPD C E,~C.

That property (6) holds follows from condition (3) above.

That property (7) holds follows from the relation W C F and
the hypothesis that A ~ F and B ~ F are finite unions of open
rectangles.

That property (8) holds follows from (3) above. The number of
rectangles of W ~ C is equal tol the cardinality of P which is in
turn less than the cardinality n of V.

We have therefore demonstrated that W is a fundamental set

satisfying the hypothesis of the lemma and that W ~ C consists of

less than n rectangles. Hence the inequality
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holds.

We now show that F ~ W is a set of type 2 with respect to
B, C, and F. First B~ F and C ~ F are finite unions of
open rectangles that have a maximal vertex with respect to g
which we showed above. Next F e f‘/‘)' by hypothesis and W e ‘3{
from (4) above. Also B ~ (F~W) ¥ 4 and W~ C7d from con-
ditions (1) and (6). Furthermore if T 1is a rectangle of F ~ W,
then T has a minimal vertex since W is the union of lower sets
of rectangles of F by the definition of W. Finally suppose
beB~ (F~W) and ge (F~W)~ C. Let K be the rectangle
in V~ P to which g belongs. Then

BA (F~(WULK)) =B (F ~ v L(D)) = &
D ePU{K}

from the definition of W and property (2). Therfore b ¢ L(K).
Thus F ~ W is a set of type 2 with respect to B, C, and F.
We now have from Lemma 4. 8 that

(10) C(F~W) > amZ(F\ W) + B(F~W).

Hence by (9) and (10) we have

C(F) = C(W) + C(F~W)

> amZ(W) + B(W) + amz(

FNW) + B(F~ W)

- am?(F) + B(F).
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4.10. Conditions P and Q

Definition 4. 8. An open set A is said to satisfy condition P

if there exists §l >0 and gz > 0 such that both

A A~ {(x,,x

17 %2 ): 0 _<_x2<_§2} are the

): 0 f_xl <_§l} and A N {(xl,xz

union of a finite number of open rectangles.

Lemma 4.11. Let A satisfy condition P and F be a given

fundamental set. For € >0 let Al,AZ, C ,Ak be a finite number

of open rectangles of A ~ F, including all those rectangles within

2
§J. units of the Xj -axis (j = 1,2), such that m ((ANF) ~ 5 Aj) < E.

j=1
Let
c k
A =(uUA)u (ENF)nA)
. ] 2
j=1
Let
AS(G) +
a =glb{=5":GeF }
m (G)
Then lim a =a.
e~ 0
Proof: For all G e F * such that
G C {(xl,xz):O S_xl < gl} W, {(xl,xz):O SXZ <_§2}
3
we have AE(G) = A(G). Therefore AZ(G) = AZ(G) >a for all of
m (G) m (G)
these G.

If G 1is not in this union, then mZ(G) > §1§2. Hence
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A(G) - AY(G) <A(F) - A*(F) <¢
and so
A(Q) A(G)-¢ _ A(G). € 3

v
I
]
v
o)
]

Therefore,

and as € >0 we have a —™a.
>

Definition 4.9. Set A is said to satisfy condition Q if A

is open and for any fundamental set F the following condition is
satisfied. Given any ¢ >0 there exists a finite number of open
rectangles, say Al, e ,Ak, of A ~ F such that

mir . ((A~NF)~ &(/ A)) <e and m(r,((A~NF)~ &(/ A))) <e where
1 j:l J 2 j:l J

for any S E, we define nl(S) and nZ(S) by

. (S) = {(x,,0): (x

: : 1%,) € S} and w_(S) = {(O’Xz)‘("

5 ’XZ) e S}.

1

Lemma 4.12. Let A satisfy condition Q and let F be

any given fundamental set. For ¢ >0 let Al’AZ’ e ,Ak be open

rectangles of A ~ F such that m(nl((AmF)\ 5 Aj)) <e and
j=1
AJ) <e. Let INEXRY A) © ((E,~F)nA). Then
j=1

m(r _((A~NF)~ 5

(

2 j=1

lim aE = a.

e—0

Proof: Since a < q then lim ae < a. Since 0 € A and
e—~0

A is open we can assume that there exists a square, say Al, with

side £ and minimal vertex at the origin contained in A and in
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A* provided we choose A A appropriately. For any funda-

1 A
+
mental set G e F which is contained in this square A1 we have
€
A(G) = A(G) or —‘%@ >a
m (G)

Let K be the least upper bound of the lengths of all line

segments contained in F. Suppose the square A1 is contained in

+
the fundamental set G where G € ‘::7‘/ , then

2
m ((AemG) ZmZ(AmG) - 2Ke. This is so since

k

m (ANG)~ (A"~ G)) < (mlr (ANF)~ © A)K
j=1
k
+ (m(nZ(AmF)s v A))K
. _ J
J-—l
< eK + eK
= 2Ke.
Hence
AS(G) , AG)-2Ke = 2Ke
= 2 :

mZ(G) - mZ(G) £

+
The only remaining possibility for a fundamental set G e &

is A1 q G and Gi Al' Then the boundaries of A1 and G

intersect in two points (£ 1 £€) and (§,£2) as in Figure 2 below or

in one point (4 X g£) or ( §,£2) as in Figure 3 below.



™\ (5,3) N\ (3,1

4’,\\

RN

Figure 2. Figure 3.

If (11,5) and (g,fz) are intersection points of the bound-

aries A1 and G, then assume 11 212.
Then
AE(G) >A(G)'(11+12)e
- 2
m?(G) m*(G)
- (£ 1+12)e
_ ‘elg
J
(1+-—2)e
> a 1
- g
S 2€
a - =
= g

If £, <4 then a symmetric argument shows that again we have

1 =72’
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If the boundaries of A and G intersect in only one point,

1
say (£ 1’ £), (it could be a point of the form (g,fz) ) we have
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AE(G) A(G)-4 1
2 27 2
m (G) m (QG)
N i 1
a - ——
ilg
€
- a - .
3
If the point of intersection had been (g,lz), then a symmetric

argument shows that again we have

A (QG) €
2 =% TE
m (G)
Thus
AE(G) +
lim a_ = lim glb{=5 Ge% }> a.
e— 0 e~ 0 m (G)
Finally lim a = a.

e—0

4.11. Mann's Second Theorem

In this section we finally obtain a two-dimensional continuous

analogue for Mann's Second Theorem. This is the main theorem of

the thesis.

Theorem 4.13. If 0e A~ B, A and B are open, A
.

satisfies either condition P or condition Q, F € J ., F~ C7d,

and F* C CHFNC), then C(F)> amZ(F) + B(F).
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Proof: Since B is open and mZ(BmF) < o we can find
a finite number of open rectangles of B mn F, say Bl’ . ,Bn, such
2 n £ n
that m ((BAF)~ O B,) <e. Let B = ( o B.) v ((EZ\ F)~ B).
j:l J J:l J
Then

BY(F) > B(F) - ¢.

If A satisfies condition P, let A® be defined as in
Lemma 4.11. If A satisfies condition Q, let A°  be defined as
in Lemma 4.12. In either case A ~ F is a finite union of open

€ 3 € €
rectangles. Let C = A +B . Then C C C and so both

F~C 44 and F* C CHF ~ CE). Thus by Theorem 4.10 we have

c(F) > uEmZ(F) + BY(F)

> uemZ(F) + B(F) - e.

However C(F)_>_CE(F). Therefore
2
C(F) > am(F) + B(F) - ¢

By Lemma 4.11 and 4.12 we have lim a = a. Hence letting €¢—=0
e~ 0

in the above inequality we obtain

C(F) > am’(F) + B(F).



80

4.12. A Continuous Two-Dimensional af Theorem

In this section we obtain a continuous aff Theorem in two
dimensions. A two-dimensional af Theorem is not known in the

discrete case.

Lemma 4.14. If C is measurable and EZ\ C #d, then

- C(F)
vy =glb—
m (F)

+
where F ¢ % and F* ( CHF~C).

Proof: Let Y' denote this glb. Clearly y<y' Let G
. aex t 2
be any fundamental setin J* . I C(G) #m (G), then G~ CZ7d.
In this case let F = & c L(g). Then F is fundamental by
geLa=
G + . .
Lemma 4.3. We also know F ¢ since G~ C must contain a
2

point g = (g,,g,) suchthat gg, 70 when C(G) <m (G).
Furthermore F#* (C CH{FN C) sinceif x e F* then xe¢ F~C
or X is a limit point of points of F~ C.

According to the construction of F we also have

C(G~F) = mZ(G\F). Therefore



Cc(Q) _ C(F)+C(G\F)
m2(G) m*(G)

C(F)+m2(G\F)

2

mZ(F)+m G~ F)

Hence Y >Y'- Therefore vy =y

Theorem 4.15. If 0e¢ A~ B, A and B are open;, and

satisfies either condition P or condition Q, then

Y Zmin(l,a+[3).

Proof: If mZ(EZ\ C)=0, then vy=1. Assume

2 +
m (EZ\ C)>0. Let F be any setin ‘3‘/ where F~C % d
F* ( CHF~C). Then by Theorem 4.13 we have
2
(

C(F) >am (F) + B(F)

> amZ(F) + [3m2(F)

and so
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and



Hence by Lemma 4. 14 we have

v = glb{ CZ(F) Fe %, F*x C ClE~C)} >a+B.
m (F)

Thus in both cases we have y >min(l,a+f).

82
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5. TWO-DIMENSIONAL CONTINUOUS ANALOGUES OF THE
LANDAU -SCHNIRELMANN INEQUALITY AND THE
SCHUR INEQUALITY

In this chapter we obtain continuous analogues of the Landau-

Schnirelmann and the Schur Inequalities in two dimensions.

5.1. The Landau-Schnirelmann Inequality

In this section we will use a method of Kvarda [8] to obtain the

Landau-Schnirelmann Inequality.

Theorem 5.1. If A and B are open subsets of E2 and

0O¢e A~ B, then y>a+t+f-af.

Proof: It suffices to show that

1) SEL > a4 -ap
m (F)

+ +
forall F e§F . If C(F)=m2(F) for all F €% ', then (1) holds

since (l1-a)(1-B) >0 implies 1 >a + B - af. Therefore we assume
C(F) < mZ(F). This implies A(F) < mZ(F) and hence F~ A ¥ d.
Since A A~ F is the union of at most a countable number of

open rectangles and mZ(AmF) < 0, then given € >0 there exists

a finite number of these rectangles, say Al’ ce e Ak, such that
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mz((AmF) ~ 5 Aj) <e. We choose A such that 0 = (0,0) is
=1

the minimal vertex of Al. Let A = 5 Aj W (Am(EZ\ F)). Then

(2) AS(F) >A(F) -¢.

Let C°=A°+B. Then C C C.

Through each vertex (al,az) of a rectangle of A ~ F con-
struct the lines X T ay and X, = a,- These finite number of
lines "partition" F into a finite number of rectangles. Let us call

this partition @ 5 The interior of each of these rectangles lies
either entirely in A"~ F or entirely in F — A°. The rectangles
of F~ A° are closed rectangles where a closed line segment in the
universe F is considered a rectangle. The rectangles in F — A°
are measure disjoint.

Let H=F ~ A°. Note that H # . Let us denote the rectan-
gles that are contained in H after the partition & 1 by

H.,,...,H . For each HL, ( H we proceed to determine a unique

1
element a(J) e F.

For H, (C H let (hfk ,hfk ) be the minimal vertex of H,
] h 1z )
with respect to " £ ", the partial ordering defined in Definition

1.4. Let Uj be the set of vertices (a ,;2) of rectangles of

1

A° ~ F for the partition (¥ 1 where Zk <h¥ for k=1,2.
Un ;
,xz) > (x

Let the elements of F be ordered so that (x 1

' .
1 ’XZ) if
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1 : = 1 > 1 . . . . .
X >xl or if X T %) and X, > %, This is a linear ordering

instead of a partial ordering. Since Uj is a finite set it contains a

largest vertex in this lexicographic ordering. Let a ay,a; )
. (1) (s) .
be this vector. Let a ',...,a be all the distinct vectors deter -
mined in this manner. Let L, 6= w H where a(l) is the vertex
1 k GAI k
associated with Hk if and only if k e Ai.
We now show that
(1) L, CH for i=1,...,s;

(2) the sets Li' = {x - a(l):x € Li} are fundamental for

That (1) and (4) are true follows from the definition of the Li.
To see that (3) is true, notice that for i ¥ j we have that Lir\LJ,

consists of a line segment or is empty.

Lastly we must show L{ = {x - a(l):x € Li} is a fundamental

set. To prove this consider a vector = (y.,y,) such that
P y = y;0y,

)

(i) . s
> = = s .
xj > Yj > aj (j =1,2) where x (xl XZ) is in Li Suppose
y € L. . Since x, >y, >a(.i) (j =1,2), then x, >a(.k) and so
Kk TR Bl JT )
a(l) > a(k). Since Yj > agl) (j =1,2), then a(k) > a(l). Therefore
(k) _ (i) _ . i
= a and so k = i. The only other possibility is for y to be

(i)

in A . However a(l) ¢ A° and the rectangle with a as



86
minimal vertex with respect to " £ " is a rectangle of H. There-
fore y ¢ A" for if y € A°  then the minimal vertex a* of the

rectangle of A" A F of the partition (& 1 to which y belonged
(i)

would be such that a* > a and the minimal vertex h%* of the

rectangle of H to which x belongs would be such that a* =< h*.

However then x ¢ Li, a contradiction. Hence vy ¢ Li. Thus

y - a(l) € L{. Therefore x - a(l) € Li' and 04y - a(l)g X - a(l)

(1)

imply y -a ' €L!. Therefore L is fundamental since it is a
i i

bounded nonempty subset of EZ'

Let beBn L. Then D ibec A L,. This is so since
a(l) is a vertex of a rectangle of A° ~ F and hence for any £ >0

there is a point a = (a ,az) ¢ A° such that the distance from a(l)

1

to a is less than §&. Since B is open there exists a real num-
ber & >0 suchthat b+ &€ B whenever the distance from b to
b+ 6 islessthan £. Let a+ 6= a(i) where the distance from
the originto & 1islessthan § and ac¢ A®. Then

2D i p s 0B ) 4 (bts) e A+ B =C. Also al) +b e L. since

b e L{. Hence a(i) +beC A Li.

Therefore, we have



= AS(F) + pm (H)

- AY(F) + B l(F) - AN(F))

- (1-B)AY(F) + Bm (F).
From (2) and the above inequality we obtain
CE(F) > (1-B)(A(F) ) + B’ (F).
However C(F)ECE(F)- Hence

C(F) > (1-B)(A(F)-¢) + Pm(F).

87
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Since ¢ is an arbitrary positive real number, we have

C(F) > (1-B)A(F) + pm° (F)
> (1-Bjam’(F) + Bm’(F),

and hence

5.2. The Schur Inequality

In this section we use a method of Freedman [5] to obtain the
Schur Inequality. We recall that in Section 4.10 we defined conditions

P and Q. In this section we employ these conditions again.

Theorem 5.2. Let A and B be open subsets of E2 such

that A satisfies either condition P or condition Q, and sup-

pose 0e¢ A~ B. If Fea.d{,F\Cid, and F* ( CHF~ C),

then C(F) > aC(F) + B(F).

2
Proof: Since B is openand m (BAF) < o, then given any
e >0 we can find a finite number of open rectangles of B ~ F, say

2
!"-yB ’ SuCh that m ((BmF)NE B) < €. Let
1 m . 3
j=1
BE = 8 Bj) w (Bm(EZ\ F)). Then
=17

(1) BY(F) > B(F) - ¢.
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If A satisfies condition P let A" be defined as in Lemma
4.11. If A satisfies condition Q let A" be defined as in
Lemma 4.12. In either case N ~ F is a finite union of open
rectangles. Let c® = A* + B*. Then since c _C__ C we have
F* C Cl(F~C). Since A° A~ F and B' ~ F consist of a finite
number of open rectangles and since the sum of two open rectangles
is an open rectangle we have that c® ~ F consists of a finite
number of open rectangles. Since F* C cur \CE) then every
rectangle of c ~ F has a maximal vertex with respect to the
partial ordering " X ".

Through every vertex (c ’CZ) of a rectangle in c ~ F con-

1

struct the lines X, 7 ¢y and X, = Cye Since there are only a
finite number of such vertices then there are only a finite number of
such lines constructed. These lines partition F~T into a finite
number of disjoint open rectangles relative to F where T s the
finite union of the line we constructed. We call this partition & 5
Each of these open rectangles of Oy 2 is entirely in c® or entirely
. €
in F~C.

Let V be the set of all g* suchthat g* 1is a vertex of a

€

rectangle of ® 2 in C A~ F. Since this set is finite it contains
finitely many elements with respect to the partial ordering " L.

Let g"{, ...,g% be the maximal elements of V with respect to

" L". Then
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and letting

we have

and F' 1is a fundamental set. If g:l“-< is a maximal element of V,
€
then gik is also a vertex of a rectangle F <~ C . Hence g{* is a

lirnit point of EZ\ c®. Since EZ\ c® is closed we must have

g¥ ¢ E,~ c®, and hence g} ¢ c".

2

From the construction of F' we see that every rectangle of

€
@2 of F'~ C must have a maximal vertex. There are only a
finite number of rectangles (possibly a line segment on boundary of

F') in F'~ c®. Let us denote them by D Dr- Let H be

1

the set of vertices of the rectangles Dj, 1 <j<r. Let

J=Hwu {gik, Ces gg}. Then J is finite.

Let us write J = {4 L ,IS} where the indexing is determined
as follows. Let ll be any one of the minimal vertices in J with
respect to the partial ordering " £". Let £2 be in the set of
minimal elements of J ~ {{ 1} with respect to " 4", let £3 be
in the set of minimal elements of J ~ {£ l,lz}, and so on. Since J

is finite the set of l.l obtained by this process exhausts J. We
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now show that the resulting indexing satisfies the condition that

1,1<1J, implies i < j. Let !.1<1J, Since li?(!j we have

either i<j or j<i. If j<i, then £ isin J\{ll,...,lj_l

}.

1.
However £. is in the set of minimal elements of J {2 1,...,£j_1

Thus 1,1< ,ﬂj is impossible. Hence we have i < j.

Define

and

for 1 < i< s. Then

(2) the sets Hi’ 1 <i<s, are pairwise disjoint;

(3) ks/ H. =F"
) i
i=1

(4) if ik is a maximal vertex of a rectangle DJ., l1<j<r,

of F'~C" then Hk = D, almost everywhere.

Now property (2) follows from the definition of the sets H.1
and property (3) follows since '1;1 H.1 = iéjl L .1) = F'. To prove
property (4) notice that ik is the maximal vertex of DJ,, then Dj
equals almost everywhere L(£ )~ uL(lg) where 1g< £, . How-
ever £g< ik implies g < k. Suppose j <k but lj { lk. Then
we still know lk{ ,ﬂj. Hence L(!k)\ uL(!g) where £g< ik

equals L(f£ )~ o L(L,)) =H .
K y<k ) k
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For each i, 1 <1i <, let

tH,1 = {1,1 - X:X € Hi}.
Then
(5) tHi is a fundamental set,

and

(6) mz(tHi) = mZ(Hi).

To show property (5) is true, let z be an arbitrary element
in tHi and let y € L(z). We must show vy ¢ tHi. We have
Oﬁli—zgli-ys li. Thus li-ye L(li). Since zetHi we

have z=1,1—h for some heHi and so li-z=heH,1. We

i-1
must have £, -y ¢ H, for if . -ydH,, then (£ -ye v H.
i b i i i =1 )
1-.
However then Ii -z € . Hj since 0 ﬁfi -z éli -y, and hence
. J=
i-1
{. -zdL{{,)~w H,=H, acontradiction. Thus
i i =1 i
y = li - (li-y) € tHi. Therefore tH.1 is a fundamental set since it

is a nonempty bounded subset of EZ.

Equation (6) follows from Theorem 2.16.

Now for each a ¢ A A tH,1 we have a = 1.1 - x where
xeH,. Furthermore x ¢ B for otherwise £ =a+xe Af+B =C°

which contradicts the fact that li ¢ CE. Therefore

AE e tHi C_:_ {1,1 -X!X € Hi\ BE}. Hence

2 2
m (AE r\tHi) <m ({1i - XX € Hi\ BE})_



93
However by Theorem 2.16 we have

2

mz({f.l - xix e H ~ B}) = m (H~ BY).

2 2
Thus m (Aer\.tHi) <m (Hi\ BE). Hence we have
2
mz(Hi\ B°) >m (A"~ tH,)
2

> am (tH.)
2 % i

>am (H.)
=~ e i

from (5) and (6). Therefore
2 2 2
m (H,) -m (BEAH.) >am (H.)
i i’ — e i
which implies

(7) (l-ae)mZ(Hi) sz(BemHi).

Let W be the set of all Ik such that ik is the maximal

vertex of one of the rectangles DJ., 1 <j<r. Thenif Ik e W we

k

Hence BE(Hk) = 0 since BE C CE. Therefore from (2) and (7) we

have H =DJ. a.e. for some j suchthat 1< j<s by(4).

have

(1-a) Z m’H) > z m(B°~H.).
£ 1 - 1

lieJ\W £, eJ\W
1



Since {. ¢ W implies B(H ) =0 we have

Hence

However,

:
C
T
BN
5
/
C
e

Therefore

0
@)
g
"
@)
=

by (4). But we have mZ(F'\ W, Dj)

94
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However CE C C. Hence

(1-a)C(F) > B'(F)

and by (1) we have

(1-a )C(F) > B(F) - ¢.

Since A satisfies either condition P or condition Q, then when

we let € tend to zero we obtain

(1-a)C(F) > B(F),

or equivalently,

C(F) > aC(F) + B(F).

Theorem 5.3. If A and B are open subsets of E2 such

that A satisfies condition P or condition Q, 0 € A ~ B, and

at+pP <1, then Y-?-TE;'

Proof: Since P <1 -a, then T?; < 1. Hence if y=1

we are done. If y 71, then EZ\C?(d. Now for a set Fe°j+

such that F~C7d and F* (C CI{F-C) we have from Theorem

5.2 that
C(F) > aC(F) + B(F).
Hence
C(F) C(F) B(F)
2> 297, t3
m (F) m (F) m (F)

Zuy+[3.
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By Lemma 4.14 we have y>ay+f. Hence Y2

l—a>[320.

5.3. Other Continuous Analogues

In this section we will define some terms and prove some
results that correspond to the material in Section 3.5 up to Theorem
3.19.

Let E+ = E ({(o ): > 0} {( 0):x. >0}). Th E+

et By 7Ry WExp i, 2O Ry Ty S e 2

is all of E2 except the xl—axis and the xz-axis.

Theorem 5.4. If A and B are measurable subsets of EZ,

+
0O¢e A~ B, and a+pf>1, then EZCC.

+
Proof: Assume there exists r = (rl,rz) € EZ\ C. Let

il

+
L(r). Then F e ® ' since r,r, >0. Let H=A~ F and

F 12

it

G={r -b:beB  ~ F}. Then H ~ G =d. This is so since suppose

r-beGA~H. Then r=(r-b)+be A+ B =C, a contradiction.

2 2 2 2
Hence m (H) +m (G) = m (HUG) <m (F). However

2

m (H) = mZ(AmF) and mz(

QG) = mZ(Br\ F) by Theorem 2. 16.

Therefore
2 2 2
m (ANF) +m (BAF) <m (F).

This implies
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' +
But this contradicts a + p >1. Hence if r € EZ’ then r € C and

+
it follows that E2 C cC.

We can not prove that a + f >1 implies EZ = C as can be

seen by the following example.

Example 5.1. Let A=B={0,0}u E Then a+p=2>1.

+
2
We see that any element on either axis with one positive coordinate is

notin A + B.

Definition 5. 1. Let n>1 and A_,.. -,An be subsets of E

1 2
such that 0 = (0,0) e % Aj. Then
j=1
+...+ = +... + : y 1= 1, .., .
Al An {al an aj € Aj j 1 n}
Lemma 5.5. If Al,...,An are open subsets of EZ such
that 0e¢ 2 A, if d(A +...+A ) is the density of A +...+A ,
j=1 1 n 1 n
and if a, is the density of A,1 (i=1,...,n), then
1 -d(A +...4A ) < (l-a.) ...(l-a ).
1 n - 1 n

Proof: The proof follows in the same way as that of Lemma

Definition. 5. 2. Let k be a positive integer. We call A a

+ +
basic set of E2 of order k if E2 Q Al+...+Ak where each

A =A,j=1,...,k, and k is minimal.



A

Theorem 5.6. If 0 ¢ A, A is open, and d(A) >0, then

is a basic set of E

Proof:

.19.

>

The proof follows in the same way as that of Theorem

98
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6. FURTHER QUESTIONS

In this chapter we present further questions of interest that are
closely related to the topics in this thesis. We also discuss possible
improvements of the results we have obtained for two dimensions.
Finally we will indicate problems we encountered when attempting to

extend our results to n-dimensions.

6.1. One-Dimensional Problems

In this thesis we have used a method of Kvarda [7] to obtain a
continuous analogue of Mann's Second Theorem. In the continuous
setting we have used this theorem to obtain a continuous analogue of
Mann's af Theorem. However there are three other methods for
obtaining Mann's Second Theorem, namely one due to Mann [13], one
due to Besicovitch [2], and another by Kvarda [7] which is found in the
same reference as her first listed method. We have not attempted to
see whether or not these methods can be used to obtain the continuous
analogue of Mann's Second Theorem.

There are three known methods to obtain Mann's aff Theorem.
These are due to Mann [12], Dyson [3], and Kvarda [6] One could
attempt to use these methods to obtain a continuous ap Theorem
directly rather than as a corollary to Mann's Second Theorem in the

continuous setting. The author attempted to use Dyson's method to
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do this, but failed.

The reason the author used Kvarda's first method for proving
the continuous analogue of Mann's Second Theorem is that it is the
only known method to have been extended to n-dimensions. In Chap-
ter 4 the author used Kvarda's extension to n-dimensions and
Stalley's [18] refinement of it to obtain a continuous analogue of
Mann's Second Theorem in two dimensions.

Another one -dimensional problem that has not been settled is as
follows. If A and B are measurable sets of El, 0e A~ B,
and C = A+ B, then does it follow that C is measurable? If we
could answer this question in the affirmative we could extend Theorem
3,19 to measurable sets. Proving Theorem 3.19 for measurable sets

without knowing the sum of two measurable sets is measurable is

yet another problem.

6.2. Two-Dimensional Problems

In Lemma 4.11 and Lemma 4. 12 we showed that if A is an
open set that satisfies an additional restriction, then given any funda-
mental set F andany ¢ >0 we can construct a set A C A such

that the following three conditions hold:

2
() m ((ANF)~ (AEr\F)) <Ke for a positive constant K;

€
(2) A A~ F is a finite union of open rectangles;
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(3) lim a€=a.
e—0

The reason for the additional restriction on A is to ensure that
condition (3) holds. There do exist open sets A for which condi-
tions (1) and (2) hold, but condition (3) fails. Below we give such

an example.

Example 6.1. Let A =E,~( O V.U H{ U H,) where
j=0

1
Vo = {(x,y):0 <y <1,x=1} Vj ={(x,y):1 <y <2, x 23"} where

j=1,2,..., H, = {(x,y):0 <x<l,y=j,j= 1,2}. Thus A consists of the
J
open unit square with minimal vertex at the origin and a countable
number of open rectangles contained in the unit square with minimal
vertex of (0,1); each rectangle in this square being of the form
1 1 . - .
{(x,y) = F < x < 3, 1 <y < 2} where j 1is a positive integer, and

everything in E2 that is in the exterior of the closed rectangle with

vertices (0,0), (1,0), (0,2) and (1,2). Then mZ(Ar\F) :mZ(F)

for all F € & since EZ\ A has measure zero. Hence a = 1.
Let F be the fundamental set which is a square with sides of
length 2. Then A ~ F is a countable union of disjoint open rec-

tangles. For any ¢ >0 we can choose a finite number of these

2
rectangles, say Al,AZ, .. ,Ak, such m ((A~F)~ \15 A) <e.
€
Let A =(U A U((ES~NF)=(U A v (A~NE,~F))). Then
ji=1 2 =1 ] 2

. 2 . ..
since A  contains only a finite number of these rectangles, there

must exist & >0 such that AE e {(x,y):O <x<§,1<y< 2} is
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empty. Let G be the fundamental set {(x,y):0 <x <6,0 <y <2}

1 1
Then = = -1- Hence a < —. Thus, since a < =— for
2 26 2 e — 2 e — 2
m (G) 1
all € >0, then lim a < 5 Therefore lim a #a.
e—~0 e—~0 1
A closer study of the above example shows that a =5 when -

ever 0<e < 1.

Further research might give conditions that are weaker than
either condition P or condition Q that still ensure that
lim a = a. Such conditions would improve the results of Chap-
e—0
ter 4.

Another interesting problem in two dimensions is the extension
of the Landau-Schnirelmann Inequality to closed sets or even measure-

able sets. A related problem in two dimensions is the extension of

Theorem 5. 6 to closed or even to measurable sets.

6.3. n-Dimensional Problems

The author is not able to extend the results of Chapter 4 to
n >3 dimensions. The main difficulty is that we are unable to con-
struct a partition of rectangles as fine as we did in Chapter 4 for
two dimensions. This problem arises as follows. In two dimensions

if (u.,u.) 1is a vertex of a certain rectangle contained in a funda-

1" 72
mental set F we construct the line x1 = ul. If (ul,wz) is the
point where the line X, T uy intersects the boundary of F we con-
struct the line x_ = w_. The analogous construction can not be

2 2
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carried out in three dimensions. Suppose (ul, uz,u3) is a vertex of
a corresponding three-dimensional "fundamental" set F. Proceeding
in an analogous manner to that for two dimensions we would construct
the plane X) Tug However in three dimensions the plane X) Ty
will usually intersect the boundary of F in an arc. There is
nothing we can now construct that will correspond to the line X, =W,
that we constructed in the two-dimensional case.

Another problem that the author can not solve is the extension
of Condition Q to three dimensions.

A further problem is that of showing that a fundamental set in
n dimensions is a measurable set for n-dimensional L.ebesgue
measure. If we solve this problem it appea.rs that we can extend the
Landau-Schnirelmann Inequality to n-dimensions for open sets and,

if set A satisfies condition P, the Schur Inequality to n

dimensions for open sets.
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