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THE VARIABLE SPEED WAVE EQUATION AND PERFECTLY
MATCHED LAYERS

1. INTRODUCTION

1.1. Problem From Thermoacoustic Tomography

In thermoacoustic tomography, a short electro-magnetic pulse is emitted into a
body and irradiated tissue generates acoustic waves. Thermoacoustic tomography aims
to recover the degree and distribution of energy deposition from measurement of the
generated acoustic waves on the surface of the body.

The problem is mathematically modeled in the following way. We assume that ¢(z) > 0

is the acoustic sound speed at location x. Let u solve the problem

Opu — c2Au =0 in (0,T) x R",
uli=0 = f,
Opuli=o = 0,
where T > 0 is fixed.
Assume that f is supported in Q, where  C R™ is some smooth bounded domain. The

mathematical measurements on the boundary of ) are modeled by the operator

Af = uljo11x00-

The goal is to reconstruct the initial value f at t = 0, using the data of Af.
If T'= oo, then there are some well known results for many different cases of sound speed

¢, geometry, dimension n, and data (see [33] for example). One reconstruction method
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when T' < oo is fixed, greater than the length of the longest geodesic in €2, is introduced in
[33]. It is to get an approximate solution of the thermoacoustic problem by the following

time reversal method. Given h = Af, let v solve

,

(02 — A)v =01in (0,7T) x €,
vljo.r1x00 = b,

v|t=T - ¢7

8t7)|t:T =0,

where ¢ solves the elliptic boundary problem
—Ap =0, @lao = (T, ).

Then the following pseudo-inverse operator is defined from the range of A to H'(€):

Ah :=v(0,-) in Q.

Let (Q,c¢ 2g) be a non-trapping Riemannian manifold. i.e., T(Q2) < oo where T'(€2) is the

supremum of the length of all geodesics of the metric ¢~2¢ in €.

Theorem 1.1 [33] Let T > T(2). Then AN = Id— K, where K is compact in H'(Q2), and
K| 1) < 1. In particular, Id—K is invertible on H*(S2), and the inverse thermoacoustic
problem has an explicit solution of the form
o0
f=>Y_ KmAh, h:=Af.
m=0

This theorem motivates a line of research, which is to find a good numerical ap-

proximation of ||K| fg1(q). For the numerical implementation, there are three separate

procedures:

1. (Forward-Collect data) Implement acoustic wave equation with Cauchy initial data

which is compactly supported in €.
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2. (Elliptic Boundary Problem) Implement elliptic boundary problem with data at
(t,x) € T x 09.

3. (Backward-Reconstruct initial value) Implement acoustic wave equation reversely

imposing boundary value from the collected data.

The forward problem is set in the unbounded domain in R"™, which must be truncated
for numerical experiments. In the first step of the simulation it is required to have a
large enough computational domain to ensure that the data collected on the boundary
of € is not affected by reflected waves from the numerical boundary, but it is expensive
to implement such a large additional domain. There has been much attention devoted
to numerical simulation of wave equations in reasonably sized computational domains
avoiding reflecting waves from the boundaries. Two general methods are the development
of non-reflecting boundary conditions or by surrounding the computational domain by

absorbing layers.

1.2. Background of Perfectly Matched Layers

One of the most effective and straight forward ways to truncate an unbounded
domain numerically is to surround the computational domain with thin artificial absorbing
layers. This is called the Perfectly Matched Layers (PML) method. In 1994, the PML
method was first introduced by J. P. Berenger [21] who found absorbing boundary layers
for Maxwell’s equations. The key property of a PML method is that it is originally
designed so that waves incident upon the PML from a non-PML region do not reflect
at the interface. This property allows the PML to strongly attenuate by the absorption
and exponentially decay outgoing waves in the layers. Since its introduction, there have
been several modified reformulations of PML for both Maxwell’s equations [50] and for

other wave-type equations, such as elastodynamics [51], the linearized Euler equations
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[17, 20], and Helmholtz equations [16, 49]. Berenger’s original formulation is called a
split-field PML, or split PML because the electromagnetic field is split into two unphysical
fields. A later formulation called uniaxial PML or UPML [44] describes the PML without
any splitting as the ordinary wave equation with a combination of artificial anisotropic
absorbing materials. Thus it has become more popular because its simplicity and efficiency.
Although both Berenger’s formulation and UPML were originally derived by manually
computing the solutions for a wave incident on the PML at an arbitrary angle, and then
finding conditions under which incident plane waves do not reflect from the PML interface
in a homogeneous medium, both of these formulations were later rederived by a much
more flexible and general way using a method called a complex coordinate stretching [50].
The complex-coordinate approach is essentially based on analytic continuation of the wave
equations into complex spatial coordinates in the layer which changes outward propagating
waves to exponentially decaying waves. In this viewpoint, a PML is allowed to be derived
for many different media as well as for many different wave type equations. The next
section, following [47], explains how the solutions of wave equations exponentially decay

in the PML.

1.3. Complex Coordinate Stretching

The complex coordinate stretching can be viewed as the complex coordinate change
of variables (see chapter 2.1. for e.g.) in the frequency domain of a wave equation. For
more detail, a new complex coordinates Z is stretched from the real value x in the new
media z > a,

T if r <a,

z+1y(x) ifz>a,



where y is a real nonnegative C' function. Then the exponential

kx —ky

k¥ _ ezkx-‘,—zy — etk ,

(&

which has exponential decay for k > 0 as y increases. More specifically, y is defined as

ylx) = — /I o(s)ds, (1.3)

where a damping function o := () is a positive C” function vanishing when z < a and

w is the frequency. That gives a new complex coordinates,

Furthermore,
9 _ord 1 0
o 91 dr 14 ;2@ oz’

The reason for applying the frequency w is that the decay is then independent of the wave
number, so that it depends only on spatial position and the sound speed c as follows, by

the dispersion relation,

L . f(f o(s)ds . = . =
ezkx _ GZk(x—i_ZT) _ ezkz—f [T o(s)ds _ ezkz—%fa J(s)ds‘

1.4. Limitations of PML

The PML method has been widely adapted to different types of wave equations
in various media, but there are some limitations such as unavoidable reflection or even
exponential growth from the interface between the computational domain and the layer.
First, the method is designed to be reflection-less to the positive x-direction for the exact,
continuous wave equations. Omnce the equations equipped with a PML are discretized,
there is no guarantee of non-reflection of numerical solutions. But this weakness can be

dealt with by making the absorption coefficient ¢ increase gradually from zero over a PML
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simultaneously making a layer thicker or increasing the resolution to get acceptable reflec-
tions [2]. Next, the basic idea of PML is that the solutions of wave equations are analytic
functions in the normal direction to the boundary and can be analytically continued to the
complex plane, so that PML is not applicable in some inhomogeneous media (see [47] for
more detail). Another problem is when waves propagate tangentially to a PML because
it is assumed that waves moves in the direction perpendicular to the PML, but not all
waves hit the interface as it is designed. For example, as the radiation approaches glancing
incidence, the reflection is getting bigger. Setting a PML far from the domain of interest
mitigates this problem but it costs more from the bigger computation domain. Besides
the perfect matching of layers it is also desirable that the equations governing the PML
be well-posed in a mathematical view. We focus on the investigation of the well-posedness

and the stability of PML wave equations in the next section.

1.5. Well-posedness and Stability

Since the time the PML method was introduced, the well-posedness and stability
issue has been investigated in many different ways in different media, but there still remain
some questions. This is important when a PML derived for a constant coefficient linear
problem is to be applied to a non-linear problem or a problem with variable coefficients.
If the linearized problem is only weakly well-posed, the corresponding non-linear problem
or variable coefficient problem can be ill-posed. Most PML wave equations have the form
of lower-order perturbations of a first order hyperbolic system. Therefore, the general
stability theory for first order hyperbolic systems may ensure the well-posedness of the
Cauchy problem associated to the PML equations. Let us assume that a first order system

of partial differential equations for complex valued function on Rt is obtained from the



wave equation with a PML,

d
L(x,01,0)U := U + Y AQU + B(a)U =0, (1.5)
=1
with the principal part of £, denoted L1,
d
L1(0,0r) = O + 2«41@7 (1.6)

=1
having constant matrix coefficients A;. The Cauchy problem for £ is to find a solution U

defined on [0, 00) x R? satisfying (1.5) with prescribed initial data U(0,-). Following [26]

Definition 1.1 The Cauchy problem for L1 is weakly well posed if there exist ¢ > 0, K >

0 and o € R so that for any initial value in HI(RY), there is a unique solution U &

C9(]0, 00); L2(R%)) with
Vt > 0,[|U(t, )l p2ay < Ke®'|U(0, )| ra(ray-

The Cauchy problem for L1 is weakly stable if there is a unique solution U € C°([0,00); L2(R?))
with

Ve > 0, [|U( )| p2ray < KL+ 8T, )] praray-

When the conclusion holds with ¢ = 0, the Cauchy problem is called strongly well posed or

strongly stable, respectively.

Theorem 1.2 1. The Cauchy problem for L1 is weakly well posed if and only if for

each &€ € RY, the eigenvalues of L£1(0,€) are real.

2. The Cauchy problem for Ly is strongly well posed if and only if for each € € R?, the
eigenvalues of L£1(0,€) are real and L£1(0,€) is uniformly diagonalizable, there is an

invertible S(§) satisfying,

S(€)71L1(0,6)8(€) = diagonal, S,S7' e LOO(Rg).
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3. If B has constant coefficients, then the Cauchy problem for L is weakly well posed (
or weakly stable, respectively) if and only if there exists M > 0 (M=0, respectively)

such that for any &€ € R, det L(7,£) =0 — |Im 7| < M.

The analytical stability of PMLs have already been claimed by several authors in the
cases of Maxwell’s equations [14, 37, 27|, stability for wave equations [46, 14, 30], stability
for elastic wave [18], and shown unstable for anisotropic media [13]. Mostly, stability has
been shown by investigating eigenvalues of the first order hyperbolic equations obtained
from the constant speed wave equations with PMLs. Additionally a general interpretation
of a PML is that the restriction of the equations to the PML equation in the computational
domain coincides with the original problem [11]. In the view of a PML, damping terms are
required to vanish identically in the computational region, so that the condition of constant
damping terms generates discontinuity on the interface between the computational and
PML regions. There is a restricted stability result for a general first-order hyperbolic
system of the acoustic wave propagation in corners [15]. Alternatively energy techniques
can be used to answer the question of stability for a PML associated to wave equations
with variable sound speed and damping terms as well as in the case of a constant damping.
In studying the constant damping case by energy techniques, a property widely used by
several authors [14] is

(O + 0)0y = 04(0s + 7).

As the previous comments about the continuation of a PML, a constant damping creates
a jump on the interface, so that the equality is not quite true. There is also another
published claim [7] of stability for 3-d second order PML wave equation using an energy
method, but in our opinion the proof is not clear in choosing test functions. Therefore
we haven’t seen clear stability proof for the PML wave equation in several dimensions
(d > 2). In 1 dimension, stability is proved and even the decay rate for the constant

speed case is proved [46]. The decay rate in dimension one for variable sound speed and
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in higher dimensions for all sounds speeds remains an open question. This stability issue

motivates us to propose the following questions:

1. Give a clear answer of analytical stability for a PML wave equation with a constant
or variable sound speed in a higher dimension if it is, or provide a counter example

if it isn’t (in both the case of a constant and non constant damping).
2. Construct a PML wave equation which is stable and efficient in a higher dimension.

3. Figure out energy decay rate in a PML wave equation with variable sound speed in

1 dimension.

1.6. Organization of this Thesis

The organization of this dissertation is as follows:

Chapter 2 will introduce new regularized system of acoustic wave equation associated to
the Un-Split PML. Regularizing a term in the classical Un-Split PML we can show well-
posedness of the system by energy technique without losing the efficiency of PML.

In chapter 3 we introduce additional damping in a classical PML, which derives new for-
mulation. With this damping we introduce two type of system, Split and Un-Split PML,
and show well-posedness and numerical efficiency.

Chapter 4 we show the energy decay for the 1-d acoustic wave equation with variable
sound speed equipped a PML.

Chapter 5 will introduce a system of first order hyperbolic equation with low order damp-
ing. We show that the system is well-posed and that energy decays. Introducing local
discontinuous Galerkin (LDG) method, we show an a priori error estimate of LDG for
the system.

In chpater 6, as a continuation of the chapter 5, we present a fully discretized discon-

tinuous Galerkin method for the system and show an a priori L?-error estimate under



additional regularity assumptions.
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2. REGULARIZED SYSTEM OF UN-SPLIT PML ACOUSTIC
WAVE EQUATION

In this section, we start with a second order system of acoustic 2-d wave equations
with variable sound speed associated to an Un-Split PML as was introduced in [30]. The
well-posedness and also stability of the system have not been clearly established yet, since
the damping terms appear in the first order term. This was claimed in [30, 7], but the
arguments have errors or are incomplete.

We introduce a new regularized system and show the well-posedness using energy
techniques and the standard Galerkin method. The idea of regularization of a specific
term is suggested by [20], in which the same technique is first applied to the Split PML
formulation of the linearized Euler equations.

First, we show how a PML is applied in the acoustic wave equation.

2.1. Coordinate Transform

We consider the second order acoustic wave equation with variable sound speed in

a domain Qo CC [—a,a] x [-b,b] C R?, for some T > 0,
ug (T, 1) — o(Z)?Au(Z,t) = 0, V(&,t) € R* x (0,7, (2.1)

with the initial condition u(Z,0) = f,u:(Z,0) = 0 with supp(f) C Qo.

We assume that the sound speed ¢(Z) > 0 is bounded by
0< e <e(®) < <o0. (2.2)

After the even extension of the solution in the entire time domain, i.e., u(Z, —t) = u(Z, t)

for all t € R, we take Fourier transform of u in time,

1 [ ;
W(Z, w) / u(Z,t)e”tdt, for any w € R.

:% .
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Then 4 satisfies the Helmholtz equation,

w? 0 [ou, 0 (ou,,
_c—zu(a;,w) = (w(x,w)) + ay (&J(x,w)) . (2.3)

Let the domain Q = [-a — Ly,a + Ly] x [-b — L,,b + L,] consist of the computational
domain [—a,a] x [—b, b] surrounded by PML region, where a,b, Ly, L, > 0.
Next, we introduce the coordinate transform using the damping as introduced in

(1.3) (—w will be used instead of w for convenient notation).

#im o) = @(ohi) = (o4 [Couits v L [Toeas). @

Tw
where the damping terms o, @ = , ¥, are non-negative C° functions vanishing in [—a, a] x
[—b, b].

We apply the new coordinate system in the Helmholtz equation (2.3),

i) = 2 (Sww) + 2 (Fhiw). (25)

From (2.4), we have the partial differentiation with respect to z,7 related to partial

derivatives with respect to x,y,

0 10 0 10 e
or  my 0z’ 0§ ny oy’ Mo = w' S0

Then, by replacing the partial derivatives in (2.5) and multiplying 7,,7,, we rewrite it,
w? 18(16@) 18(16@)
_Tuzii — == ==,
c Ne Ox \nz 0z ) 1y Oy \my Oy

w? 0 (ny0u 0 (g 0u
=g (5s) oy (o) 20

Simple computations give that

or

@@_(1+ﬁ)@_(Uy—l—iw)@_(ay—ax—i-az—&-iw)@_@+(ay—ax)@
Ne Oz (14+2)dx (0, +iw)dx (05 + iw) or  Or ‘o, +iw Ox’
ni@_(l—kﬁ)@_(az—i—iw)@_(aw—ay+ay+iw)@_@+ am—ay)@
nyﬁy_(l—i—%) y  (oy+iw) oy (oy + iw) oy Oy oy +iw” 0y’
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and

(iw)* o o\ ((w)? 1, A
nxnycT’U, = (1 + ﬁ) (1 + E) 62 u = 0—2((211)) =+ Zw<ax + o'y) + Uxay)u-

Again we rewrite (2.6) to obtain

0% 0*u 0 ay—ox@ 0 ax—ay@
oy '

1, 5 )
072((“0) Fiwlor +oy) +oe0y)i = 0x? + oy? Oz \ oy +iwdx oy +iw Jy
(2.7)

We introduce the auxiliary variable a = (Gu, qy)"

o
ox’
o
oy

(02 +iw)gy = (0y — 03)

(oy +iw)qy = (05 — 0y)

Applying the inverse Fourier transform to @ and é in (2.7) we have the following system

of the PML wave equation: For all (Z,t) € Q x (0,71, (u,q) satisfies

C%utt(f, t) + a(@)u (2, t) + B(X)u(Z,t) — V- q(Z,t) — Au(Z,t) = 0,

(2.8)
(it(fa t) + A(f)(i(fvt) + B(f)vu(f’t) = 0,
with the initial conditions
U(fao) :u0:f7 ut(fao) = ul =0, Q(f,O) :(_1'0:67
and the zero Dirichlet boundary condition
’U,(.’f, )‘69 = 07
where
. Oy + 0 . 00 . or 0 . Oy — Oy 0
a(z) = = 5 Y. B(x) = $2y7 A7) = , B(@) =
c c
0 oy 0 Oy — Oz
and o, = o,(z) and o, := o,(y) are nonnegative C° functions which vanish in the

computational domain in the sense of the analytical continuation of the PML.
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2.2. Regularized System

We introduce the new formulation which consists in regularizing the term in (2.8)
V-q.

Let 6. : H1(Q) — H~Y(Q) N L*(Q) such that d.u is an approximation of u in the
sense that

o —u as € — 0

for all w € H~1(Q2). Then we replace (2.8) by the new equations

C%utt—l—aut—kﬁu—dev-q’—Au = 0,
(2.9)

g+ + Aq + BVu = 0,

where 0.V - q denotes the regularizing operator of the function V - q using the smooth
function p in the following way.
Let p € C*(R?) with supp(p) C B1(0) and [z p(x)dz = 1, which is called a

mollifier. For € > 0, p.(x) on R? is defined by

—), (2.10)

and satisfies [ps pe(x)dz =1 and supp(pc) € Be(0).

We recall the definition of the Sobolev space H!(f2):

Hl(Q) ={¢: ¢, 0p,0,0n,0 € LQ(Q)}.
and denote
H~Y(Q) = [Hy(Q)]

the dual space of H{(Q) for a Lipschitz domain Q.
First we define an approximation operator to the identity over H}(f2) in Lemma

2.1. To do that, we introduce the following definition.
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Definition 2.1 We say that Q) satisfies the segment condition if for each xo € 02 there

is a neighborhood U of xqg and a point yo € R™ such that
QNU +tyo CQ, for0<t<1. (2.11)

Lemma 2.1 We define a linear bounded operator §° : H} () — HE(Q) N H?(QY) for any
u € HE(Q) such that 6° — 1 in H}(Q) as e — 0 in the strong operator topology following

Theorem 2.6 in [5].

Proof. By a partition of unity each function u € H& (€) is a linear combination of functions
in H}(Q) with small bounded supports. Assume that u € HJ () has compact support
and supp u C QN U, where U in (2.11). Let w;(z) = u(x — ty) for some yo satisfying
(2.11) so that supp uy € Q for 0 < t < 1. Let ¢ > 0, then there is ¢g such that
0 <t < to implies [luy — ul 1) < €/2, since translation in H'(Q) is continuous. We
can choose € > 0 such that supp(pe * ur,) € C(Q) and ||per * ugy — o || g1y < /2,
since 9% (per * ugy) = pe * Ox%uy, — 0x%uy, in L2(R), as ¢ — 0, for 2 = x,y. Taking
0% (u) = per(e) * ut, we have ||6°(u) — ul[g1(q) < € for an arbitrarily given € > 0, in which

the proof is completed. O
Remark 2.1 Now we consider the operator 5. : H=1(2) — H~1(Q) N L?(Q) given by
6-(f) =Rod6°oRIf) forall fe H1(Q), (2.12)
where R := —A + I is the Riesz map from H}(Q) — H1(Q). Then
0. = 1 as e — oo in the strong operator topology,

and also satisfies ||0c(f)|lr2() < Cs || fllm-1(q) for some Cs, > 0, since, by the isometry
of R,
16(f) = fllaz—1(0)

IRSFRT(f) = fllu—1(0)
= [°R7f) =R Dl

= [[6fu — u||H3(Q) —0ase—0,
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for w € H}(Q) such that R(u) = f.
Note that 6. is a linear and bounded operator from H~1(2) to H=1(Q) N L3().

2.3. Well-posedness of the System

Now we show that the system (2.9) is well-posed, provided our function spaces are

defined properly and provided functions o, o, satisfy
03,0y € L(),
which implies that
lelloe = [low + oy [loo < o0, 1Blloe < lowoylloo < 00, (2.13)

14]l2 = max{||oz s, loyllo} < 00, [Bll2 < V2(lloz]loo + [loylloc) < oo, (2.14)

from the setting of ¢(x,y) = 1 in the PML region.

Now we look for a weak solution of (2.9) in the sense that
u e L*0,T; Hy(Q)), d € L*(0,T;L*(Q)), (2.15)
with
o' € L2(0,T; L*(Q)), u" € L*(0,T; H1(Q)), q € L*(0,T;L*(Q)), (2.16)

which satisfies

< L' w > +(au,w) + (Bu,w) — 0.V - @, w) + (Vu, Vw) = 0, o17)
d,¥) + (4§,v) + (BVu,¥v) = 0,

for each w € H}(Q),v € L*(Q) and a.e. time 0 < t < T, and the initial data in a weak

sense, i.e.,

(u(0),w) = (u°,w), < (0),w>= (u',w), and (§(0),V) = (G°,¥) (2.18)
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for each w € H}(Q),V € L*(Q). Here, < -,- > denotes the duality pairing between H1(Q)
and H}(2), (+,-) is the inner product in L*(Q), and also time derivatives are understood

in a distributional sense here.

Remark 2.2 We see thatu €C([0,T]; L*(Q2)), ' €C([0, T];H1(2)), and geC([0, T);L2(£2)).
For the details, see Theorem 2, Chapter 5.9.2 [25]. Consequently the equalities in (2.17),

(2.18) make sense.

We use the standard Galerkin method constructing a finite approximate solutions

and establish bounds on certain terms in order to extend to a solution in the given space.
2.3.1 Galerkin Approximations.

We employ the Galerkin method to construct a weak solution (2.15).
Let {wj|j € N} be an ¢ 2-weighted orthonormal basis in L*(Q2), i.e., (¢ 2wj, wg) = &y,
0, ifj#k
where Kronecker delta is given by 6, = of eigenfunctions of the eigen-
1, ifj=*k,
value problem

AAw = M in Q,
w = 0 on 0f).

and denote U}, the space generated by {w1,ws,--- ,w;} in L?(2). Then we have that Uy

is also c¢~2-weighted orthogonal basis of HE(Q) i.e.,
(CiQUJj, wy) + (ij, Vuwg) =0, if j # k.

Let also denote Qp the space generated by smooth functions {Vi, Vg, -, Vi}, such that
{Vk, k € N} is an orthonormal basis of L2((2).

We construct approximate solutions (ug, qg),k =1,2,3,---, in the form

k
uk(t) = g5 (twy, (2.19)
j=1
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k
du(t) = > k1), (2.20)
j=1

where the coefficients g;?(t), h?(t) for0<t<T,5=1,2,---,k satisfy

g7 (0) = (u°, wy), (2.21)
!/

g;? (0) = (u1>wj)7 (222)
qt(0) = (@, v), (2.23)

and
(C%u’k’,wj) + (au), + fug — 0.V - Gi, wy) + (Vug, Vw;) = 0, (2.24)

(di, Vi) + (Adk,Vj) + (BVw,Vy) =0,
for all w; € Uy, V; € Ok, 5 = 1,--- k. For each integer £k = 1,2,---, the standard
J J

theory of ordinary differential equations guarantees that the system (2.24) has a solution

(ug(t), qr(t)) for 0 <t <T.
2.3.2 Energy Estimates.

We have some estimates uniform in k, which allows to send k — oo.

Theorem 2.1 There exists a constant Ct, depending only on oy, 0y, 2, and T such that

1 5 5
Jnax (chk(t)ﬂy(m + [|Vur () 22(0) + ||QI~c(t)HL2(Q)> + il 20,01 () + 11k 20,7120

< HUOqul ot HulHiz o) T qu”i2 Q) ) (2.25)
0(82) ) (
forallk=1,2,---

Proof. 1. Let us define the approximate energy by

1 -
Ei(t) = |- ui(O)720) + IVur®) 1 Z2() + 18k O)IZ2(0)-
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k\/ k . . . ~
Then we apply (g7)'(t) and h7(t) in the first and second equation in (2.24), respec

tively, sum j = 1,--- , k and recall (2.19), (2.20) to obtain

(Hul,up) + (au), + Buy, — 6V - G, u},) + (Vug, Vuj,) = 0, (2.26)

(d),dk) + (Adk,qr) + (BVu,qp) = 0,

for ae. 0 <t < T. Note that (Huj,u}) = 4 <%H%“;~:Hi2(ﬂ)) Combining two

equations, we obtain

1d
S —EL+F+F? =
5 bk + i+ Fi =0,

where
Fkl = (O‘u;cvugc) + (ﬁukvu;c) - (5€v ’ (_ik?u;c)v

F = (Ad, dx) + (BVuk, Gr).
Since the operator ¢ — d.(p) is continuous from H~1(Q) — L?(Q),

(0:V - Grs ) < [0 IV - @rll 1) vkl 22 (o) (2.27)

where [6.] = Cs. is the norm of 6. in L(HY(Q); L?(Q2)) in Remark 2.1. With

Holder’s inequality and the assumption for o, 0, we estimate Fk1 as following,

1 =
|Fil < HOéHooHU%H%2(9)+5||5||oo(”uk”%2(Q)+HUZH%Z(Q))H@] IV Gkl -1 0 gl 22 -

From the property ||V - Gkl gz-1(q) < colldk||12(q) for some co > 0 by the embedding
and the Poincaré inequality HukH%Q(Q) < cpHVukH%Q(Q) for some constant ¢, > 0

when u; € H}(S), it follows that there is a constant ¢; > 0 such that
|FL| < c1Ey.

Cleatly [F2| < || Al2l@ell2 0, + Bzl Vil 2oy | ell 2y < 2B, for some con-
stant co > 0 by (2.14).
Using the above estimates, Ej(t) satisfies

dE},
—~ < CLE
dt = kLk,
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for a suitable constant Cj = max{ci,ca} > 0.

Furthermore, Gronwall’s inequality yields the estimate
Ei(t) < Br(0)e%r < iy (Iu M3y + ') + 16122y - (228)

for all kK € N. Since 0 <t < T is arbitrary, we see from this estimate, the Poincaré

inequality, and (2.2), that

o?%’% (Huk(t)uiﬂ%(ﬂ) T H“Z(t)Hé(Q) + IIQk“LQ(Q))

< O (I 0 + 0 32y + 1812200
for some C' > 0.
- Fix any w € H}(Q), [[w]lgy @) < 1, and ¥ € LX(Q), |[¥|L2(q) < 1, and write w =
w' +w? and V = V' + V7, where

1 .
wl € Span{wj};?:h (?w27w3) =0 (j = 17 U 7k)7

and
o1 ok 22 oy -
Vi€ span{v;}i_y,  (V5,¥) =0 (j=1,--- k).
Note that leﬂHé(Q) <1land [v!|p2@) < 1.
From (2.19), (2.20), and (2.24) we have
1 2 _ _ 1
< 2w > = (Cﬁuknw) = (Cﬁukvw )
= — (o}, + Bug, w') — (6:V - Gr, w") + (Vaug, Vw'),
(ﬁ%,v) = ((_i;c,\_/d) = - (Aqkavl) - (Bvuka‘_;l)

Thus we have that

| < w > [+ (@ 9 < O (Iluellmyqey + Ikl 2oy + el ) -
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Consequently we obtain

T T
/0 (Il -1 () + 19 [[L20)) dt < C/O (”UkH?{é(Q) + w720y + H%Hi?(g)) dt

< Cr (1112 gy + 16 32y + 18022(c)

2.3.3 Existence and Uniqueness.

Now we pass to limits in the Galerkin approximations.

Theorem 2.2 (Existence of weak solution) Assume the initial data (u°,u',q’) are in

H}(Q) x L?(Q) x L%(Q). Then the system (2.17) has a unique weak solution, provided

Oz, 0y € L®(Q).
Proof. 1. From the energy estimates (2.1), we see that

{ur}72, is bounded in L*(0,T; Hg (%)),
{u},}22, is bounded in L?(0,T; L*(R2)),
{ui}2, is bounded in L*(0,T; H~(92)), (2.29)
{dx}32, is bounded in L%(0,T;1L2(Q)),

{d@,.}%2, is bounded in L?(0,T;L?(Q)).

As a consequence there exist subsequences {uy,, } C {ux}?2,, {dk.} € {dr}7,
and u € L*(0,T; H}(Q)), § € L?(0,T;L*(Q)) with «' € L*(0,T;L*(Q)), v’ €
L%0,T; H1(Q)), @ € L*(0,T;1L?(R)), such that

ug,, — u weakly in L2(0,T; H}(2)),
)

up —u" weakly in L*(0,T; H~1(Q)), (2.30)

)
wj, — v’ weakly in L*(0,T; L*()
1
dr,, — q weakly in L2(0,T;1L2(2)),

G, — § weakly in L2(0, T;L3(Q)),

since % is continuous.
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2. Next fix an integer N and choose functions w € C1(0,T; H} (Q)) and ¥ € C°(0, T; L3(2))

of the forms
N

N
wit) =3 g0, F(O) = (), (231)
j=1

j=1
where {¢7(t)}}L, € C'([0,T]) and {h/(t)}}L, C C°([0,T]). Take k > N, multiply
(2.24) by ¢/ (t), A/ (t), sum j = 1,--- , N, respectively, and then integrate with respect

to t, to obtain

fOT < c%u’k’, w > dt + f(;[(oaﬁg + Bug — 0:V - G, w)dt + fOT(Vuk, Vw)dt =0,
Jh@,vdt + [T (Ady, V)t + [ (BVuy, ¥)dt = 0.
(2.32)
Note that V- : L2(Q2) — H~(Q) is continuous and 6. : H~1(2) — L2(Q) is also
continuous a.e. t € [0,7] , thus we have 6.V - @ — 0.V - q in L?(0,T; L*(Q)). Set

k = ky, and use (2.30) to find in the limit that

fOT < Hu'w > dt + fOT(au’ + fu— 0.V - q,w)dt + fOT(Vu, Vw)dt =0,
@, vt + [lAd,vdt + [l (BVu,v)dt = 0.

(2.33)

This equalities hold for all functions w € L?(0,T; H}(Q)) and ¥ € L?(0,T;1L2(1)),

since functions of the form (2.31) are dense in these spaces respectively. Therefore

it follows that from (2.33)

1,n l =
< zu w > +(av + fu—96.V-q,w)+ (Vu,Vw) = 0,
2 ( B e q ) ( ) (2.34)

(d,v) + (Aq,v) + (BVu,V) = 0,

for all w € H}(Q) and w € L?(Q) and a.e. 0 <t < T.

Furthermore, u € C(0,T; L?(2)), v’ € C(0,T; H*(Q)), and g € C(0,T;L*(Q)).
3. We verify the initial conditions

u(0) = u’, «/(0)=w', and G(0) =g’ (2.35)
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Choose any function w € C?*([0,T]; H3(Q)) with w(T) = w/(T) = 0, and V €
C1([0,T);L3(£2)). Then integrating by parts twice with respect to ¢ in the first

equation and once in the second in (2.32), we have

T T T
/ < C—Qw”, u>dt + / (av' + Bu— 6.V - q,w)dt + / (Vu, Vw)dt
0 0 0

= —(u0), W (O)F < O w(0) > (230)
T T T
. / (¥, G)dt + / (AG, ¥)dt + / (BVu,9)dt = — (§(0),7(0)).  (2.37)
0 0 0

Similarly from (2.33) we deduce

T T T
/ < C—Qw”,uk >dt + / (qu), + Bug — 6V - qr, w)dt + / (Vuy, Vw)dt
0 0 0
1 1
= (). w0+ < St 0).0(0) >
T T T
- [@ava + [CGana + [ BVesa = - @0.50).
0 0 0
We set k = ky, and recall (2.21), (2.22), (2.23), and (2.30), to obtain

T T T
/ < sw",u>dt + / (au' + Bu— 6.V - g, w)dt + / (Vu, Vw)dt
0 ¢ 0 0

- —(ci?u(),w'(om < Clzul,wm) >, (2.38)
T T T
- / ., q)dt + / (AG, ¥)dt + / (BYVu, )it = — (@,%(0).  (2.39)
0 0 0

Comparing identities (2.38), (2.39), (2.36), (2.37), we conclude (2.35), since w(0), w’(0),

and v(0) are arbitrary. Hence (u,q) is a weak solution of (2.9).

Theorem 2.3 (Uniqueness of weak solution) A weak solution of (2.9) is unique.

Proof. The idea of the proof is from [25] with the second order hyperbolic problems, but

the auxiliary variable q in the system needs to be handled carefully.
1. It suffices to show that the only weak solution of (2.9) with u® = u' =0,q" = 0 is

0.

u=0,g
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To verify this, fix 0 < s < T and set

fts u(t)dr if0<t<s,
w(t) :=
0 fs<t<T.

Then w(t) € H}(Q) for each 0 < ¢ < T, and we have applying w(t) in the first

equation in (2.17)
S 1 S S
/ < C—Qu”,w > dt + / (au' + Bu — 6.V - q,w)dt + / (Vu, Vw)dt = 0.
0 0 0

Since u(0) = «/(0) = 0 and w(s) = 0, we obtain after integration by parts in the

first and second term in the above equation:

S 1 S S S
—/ < Cﬁu/,w’ >dt—/ (au,w’)dt+/ (ﬁu—&sv-q,w)dwr/ (Vu, Vw)dt = 0.
0 0 0 0

Now note w’ = —u for 0 <t < s, and so Vw' = —Vu, thus we have

S 1 S S S
/ < u',u > dt —|—/ (cu, u)dt + / (Bu — 0.V - q,w)dt — / (Vw', Vw)dt = 0.
0 ¢ 0 0 0
(2.40)
Applying V(t) = pq(t) with p > 0 in the second equation in (2.17) and w' = —u we
have
S S S
p [ (@@di+p [ (dai-p [ (BYC.@d 0.

0 0 0

Since G(0) = 0 and Vw(s) = 0, we also have, after integration by parts in the third

term in the above equation

S

p [(@itrp [ (Aqqdep [ (BVL.d)a=0. (2.41)
0 0 0
Again we apply —pBVw in the second equation in (2.17) and w’ = —u we obtain
—p/ (@, BVw)dt — p/ (Aq, BVw)dt—i—p/ (BVw', BVw)dt = 0. (2.42)
0 0 0

Summation of the equations (2.40), (2.41), (2.42) gives that

Sd (1,1 1 P 0L
/0 T (2”6““%2(9) - §|\Vw||%2(g) + §||va||%2(g) + 2||qu2(Q)> dt
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_ /0 (= (o, 1) — (Bu, w) + (5. - ,w) — p(Ad, @)dt + p(AG, BVw)) dt.

Hence we have that

1 P P~
5”;“(8)’\%2(9) + §||Vw(0)||%2(9) - §HBVU}(0)H%2(Q) + 5”¢1(£)Hi?(9)

- /0 (o, u) — (Bu,w) + (5. - G w) — p(Ad,d) + p(AG, BVw)) dr.

Since pHBVw(O)H%Q(Q) < pHBH%HVw(O)HQLQ(Q), we can take p > 0 with p~1 > 2| B3
in order to have that pHBVw(O)H%z(Q) < %HVM(O)H%Z(Q).
Using the bounds of o, 8, A, B from (2.13), (2.14) in energy estimates and Poincaré

inequality for w € H}(2) we have that, for some C' > 0,

[u(s)l 720 + IVw(0)l[72q) + ld(s) 72

(2.43)
< C Js (Il 0 + 19011320y + 12 0 ) dt.
. Now let us write
t
o(t) ::/ w(r)dr (0<t<T),
0
then it becomes, by (2.43)
()220 + [V0(8)]122(0) + 16() 2200y

<C [ (ullaa) + 1900 = Vo)l +ldlaey) dt. (244

But || Vu(t) va(s)H%Q(Q) < 2||Vv(t)||%2(ﬂ) +2||Vv(s)||%2(m, and thus (2.44) implies
lu(s)lI72() + (1 = 25C)[Vo(s)[72(q) + ()] F2(q)

<C [ (Iulsioy + 2100120y + s

Take T7 small enough in order to get

1-271C >

N =
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Then if 0 < s <717, we have

[u()172(0)HIVO($) 1720 F ) T2y < C/O (||U||i2(n) + Vol 7o) + ||51H]2L2(Q)> dt.

Finally the integral form of Gronwall’s inequality implies v = 0,§ = 0 on [0,T}].
Repeat the same argument on the intervals [kT1, (k + 1)T1],k = 1,2, until u =

0,g = 0 on [0, 7], which gives the proof of the uniqueness of a weak solution.

2.4. Numerical Results

In this section, we present some numerical results to illustrate the theory presented

above.
2.4.1 Numerical Scheme.

For numerical examples, we use a family of finite difference schemes using the half-
step staggered grids in space and time. All spatial derivatives are defined with the centered
finite differences over 2 or 3 cells, which guarantees a second order approximation in space
[40]. For the time discretization we also use the centered finite differences for the first and
second order time derivatives on a uniform mesh which is also second order accurate in
time. We denote the time step by At > 0 and the spatial mesh step sizes in the x and y
directions by Az > 0 and Ay > 0 respectively. Now we define the time level t" = n/At,
and spatial nodes zy = Az and y; = jAy for n, ¢, j € NU{0}.

We also define staggered nodes in the time direction and the x and y direction,
respectively, as ity —yn 4 %At, Tppl = T4 + %A:c, and Yjel = Yj + %Ay forn,f,7 € N
(Figure 2.1). The components of u are discretized at nodes (t", z¢,y;) as uz I’ whereas the

1

n+3
1 for a=x,y.

- seretized at (4,2, 11
components of § = (¢, gy) are discretized at (¢ ,xﬁ+%,yj+%) as qa€+%,j+§

Let us now introduce new notations
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e-1, 3> «. i)
1
(e- j-1) (€-Vo
e ool e, joVe)
-1, 3) “, j)
lI] . .
(e-1. 3-1) €, 1-1)

Figure 2.1: Notations for time and spatial grids discretization

At At
o+ _ =v yE _
and
At
ry: _ _ _ . _
Ay —1:l:?(axg+ayj), Oap, = Oalt), aak+%—aa(alﬁ_%),k—&j,a—x,y.
n+3 n+3
tep 1. Compute 2
Step 1. Comp (q e+ 1+ Dyerd 4l
n ntl 1 -
AY 2 =AY — Nit(o —0,. u” 2.4
3ot g4t = +1q:cz+2,y+2 (Opery = Oy )utley s it (2.45)
1
y+ nt3 — 7Y At a ,n
- 0,..1—0 i ) 2.46
i dyerl vl J+§qy€+2,J+* (4544 = Tars )11 it (2.46)
where the cell averages of the derivatives of function u” il g1 are defined as
27 2
n n n
5um _ Urrgen — Yoy U — U
1 ,.,1 —
Tt 20z ’
n n n n
5un _ U ey T — Yy
1 .,1 — .
T A 20y

This allows to compute the regularized term in (2.12)
(568:17(]1)?7]” (5583,/%/)23”

n 1(5 nt3 5 N3 n 1 (5 nt3 5 n—3%
for 8qu£7j =3 8xqmj + 8xq$£,j and 8yqym =3 8yqy£7j + ayqym , where the cell
. . . ntl ntl
averages of the derivatives of function (g, j2 sy j2) are defined as

n:l:1 1 n:i:% n:l:1 +q n:i:1 n:l:1
2t = 207 \dwerl el ™ oo 2J+1 Uper1j-1 q:clf—ﬂj—f '

Qe
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5 n:l:%_ 1 n:i:% n:l:% + n:l:% n:l:%
vayei = opy \Tperdard T Der -3 T -1t T et -1 )

n+1

Step 2. Compute up i,

zy+, n+1 __ n ry— n—1 2 Ty n 2 n n 2 n
AU = 2uf; — A 4+ A (o + (0000007 + (0:0,,)7 ) + ¢ L )
(2.47)
where
Ty _ _
0—[73‘ = Oz(0vyj, C@,j - c(xf7yj)7

n n n n n n
no o Urpag T 2Ug Uy U — 2upy Hup g
Anug; = 2 - 2 .

k Az Ay

2.4.2 Layer Parameters.

We now describe the damping and regularization used in the system (2.9) following
[20]. In the absorbing layer, the choice of the damping functions can be constant, linear,
or quadratic, etc. In our implementations, we use damping functions of the form,;

0 for |ack] <ag, k=12,

Op, (Tf) = . 2mlzg —ag|
k( ) <|Ik—ak| B sin(——F—%")

(2.48)
0 . for ap < |og| < ap + Li, k= 1,2,

00 In o

where Ly, k = 1,2, are thickness of PML layers. The smooth function p¢(z,y) chosen in
the following examples is constant on a rectangle centered at zero,
i 1f€ € [7%5 %c]a

Pe(T,y) = per(w)pea(y) with pe, (§) =
0 elsewhere.

Given a 2-D finite difference grid with space steps Az and Ay, a possible choice is €; =
ng,Ax and e = nyAy with n,,n, € N. For instance, with n, = n, = 1 and usual
integration formulas, we discretize the regularized term 6. (v)e,; := (pe*v)e,; a discretization

of the convolution product of p. by a function v given by

1
(p6 * ’U)g’j :1—6 (41}37]- + 2’05_;,_17]' + 2’0g_17j + 21)(7]‘_’_1 + 27)&]‘_1

V41 41 T V141 F V11 F U—1-1) - (2.49)
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Remark 2.3 We impose the zero Dirichlet boundary condition on u™. The choice of the

function pe in (2.49) can be considered as a way of discretizing the identity operator.

Now we introduce some stability results of the scheme:

2.4.3 Stability Analysis for the Scheme

In this section, we use standard von Neumann stability analysis technique to show
the stability of the scheme (2.45), (2.46), (2.47) under additional assumptions. We assume
that o, and o, are constants and o, = o, = 0, > 0 in this section.

First we have the stability of the scheme in the computational domain.

Remark 2.4 The CFL condition of the scheme (2.45)-(2.47) in the computation area

(i..,0, = 0y =0) is
At < 1
C—F =
h ~— /2

for Ax = Ay = h from the standard von Neumann stability analysis technique.
Next we have the stability result of the scheme with the assumption.

Theorem 2.4 Let assume that o, = oy and ¢ are constants. The discrete scheme (2.45)-

(2.47) is stable if it satisfies the CFL condition

h 1
N R — (2.50)
V(L G

We define a simple von Neumann polynomial and introduce Theorem 2.6 to show

the CFL condition.

Definition 2.2 A polynomial is a simple von Neumann polynomial if all its roots, r, lie

on the unit disk (|B(0,7)| < 1) and its roots on the unit circle are simple roots.
There is a sufficient stability condition.

Theorem 2.5 [8] A sufficient stability condition is that ¢ be a simple von Neumann

polynomial, where ¢ be the characteristic polynomial. (see [8] for the proof)
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Theorem 2.6 Let ¢ be a polynomial of degree p written as
¢(z) =co+crz+ - +cp2?,

where cg,c1, - ,¢p € C and c, # 0. The polynomial ¢ is a simple von Neumann polyno-
mial if and only if ¢° is a simple von Neumann polynomial and |¢(0)| < |$(0)|, where ¢°

is defined as

and the conjugate polynomial ¢ is defined as

¢(z) =Cp+Cp12+ -+ co2?,

where € is the complex conjugate of c. The main ingredient in the proof of the theorem is

Rouché’s theorem, the proof is in [23].

Proof of Theorem 2.4.
Assume that 0, = 0y = 0, in the scheme (2.45)-(2.47) and we rewrite the scheme as the

second order central difference scheme of the variable u and q.

n+1 n n—1 n+1 n—1
R R NP A R N (2.50)
At? DY att]
ur s =2u .+ ut s ul = 2ul . ul,
_ 2 41,5 4,5 —1,5 4,j+1 4,5 4,j—1 n n
- (T + A e 0u ) + e
_n+i _n—1 _n+i _n—%
ST TR VI (I Uyt i1
o~ + 04 5 = 0. (2.52)

We assume a spatial dependence of the following form in the field quantities

un+1 — An—l-l(kx’ ky)GZk$IZ+lkyyj,

eg — U
n __ an ikpxp+ikyy;
up ;=1 (ky, ky)eereTtvls

_n+l sntl ikow, 1 +ikyy. 1
= ky, ky)e 2 o
Grtiry = Gerfyap i) ’
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with k,, k,, the component of the wave vector E, ie k= (kz, ky)", and the wave number is
1 T

1 17 R
k = \/kZ + k2. Then we have the system antl an, qZ*z , QZ+2] =G [12”,11"1,(:12 2,(:12 2
where the amplification matrix G of the scheme (2.51), (2.52) is given by

S _< . .
Cq Cq

c2 c2

1 0 0 0
O 0 n 0

0O 0 0 o7

1 1
. ~ ~ AT — AN—35 AN—35 .
where Cy, and Cy, satisfy cot"™ + 10" + cott" ' = Cg, @z ? + Cg,ay > with ¢ =

At
— 3 Ya

1 (ke Az)—1 92 cos(kyAy)—1
At .
1+70a

Oa _ 2 2 COos 2 _ 1 Oa _
A2 At €1 = A —2c Ax2 Ay? +0a7 C2 = Rz +Ea and n=

Then the characteristic function of G is given by

$(G) = (G2 + %G + §§><G — )2

Note that |n| < 1 by the assumption. From the Theorem 2.6 we have that ¢(G) is a simple

von Neumann polynomial if and only if |c1| < |cg + cof, i.e.,

2 cos(kgzh) + cos(kyh) — 2 2
2¢2 Y —0l <=5, forh=Az=A
2 + 2¢ 02 oyl < 2 or h T Y
It is satisfied provided (2.50). O

2.4.4 Efficiency of the System

Here we compare the regularized system (2.9) with the original system (2.8) in
the two dimensional space with variable sound speed c¢(x,y) and the initial condition
u(0) = f,ut(0) = 0. The sound speed is taken randomly between c(z,y) € [0.5,1.5] and

smoothed by convolution, and the initial function is given by

Ce~Col(e=20)+(w=w0)* if (z,4) € [—a,a] x [—a, al,
fl@,y) =

0 otherwise.
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Here € is the square domain with a = 0.5, surrounded by a PML with L = 0.1 with

Az = Ay = 0.01. We use L?-error in the computation area ), given by

Np

E(t,) = Ni > (up —ap)?, (2.53)
P =1

for N, is the number of grid points. We compute a reference solution using the second

Variable Sound Speed

0.5 il
1.3
oA = i
03| @ = c@ © = 4 P2
SRS
0.2~ = > IS &) 7
o1 @5 = G NGRS 1
ol = = Sl @ 1 .,
==
_Z';: @ \ =y Q ’\’@E QQO : 09
_0:3 - % 2 2 - Bos
> '
0.4 N
0.7
0.5 ol
0‘5 0‘4 0‘3 0‘2 0‘1 6 011 0‘2 0‘3 0‘4 UI5

Figure 2.2: Variable Sound speed

order wave equation (2.1) in a much larger domain which doesn’t give reflected waves in
the chosen time interval. In Figure 2.4, the regularized system leads to slightly larger
L?-error than the one in the classical PML (2.8) when damping is bigger, and there is
no large difference in error between the two systems when damping is relatively small.
There is one suggestion which express the regularized term (2.12) for better accuracy of
the scheme using another smooth function. (see for details; [20]) The maximum error in
the computation area between two system is presented in Figure 2.5 with the different

damping.
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Fegularized PML at tim

Figure 2.3: Acoustic wave with variable sound speed using regularized PML at time steps

60, 80, 100, 120, 140, 160 (see Appendix for larger figures)

x 10
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2+
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|
1+
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— ]
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Time Steps

Figure 2.4: L%-error in Computational Domain using 5o = 40, 59 = 60 in (2.48)
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Figure 2.5: Maximum error in Computational Domain

using ao = 40, 69 = 60 in (2.48)
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3. MULTI DIRECTIONAL PML

In the PML method, the damping (1.3) is introduced depending on only one variable.
That there is no effective absorption for waves with low-grazing incidence angle (high
incidence angle) to the interface is one of limitations mentioned in Chapter 1.4.

We introduce additional damping terms, o and oy, which are positive functions of
x and y. This is the idea to impose the absorption of incident wave in the parallel to the
interface when the wave propagate in a PML. In the coordinate transformation (1.4) we
can consider the damping terms which depend on both variables x, y in the PML region.
Consider the domain Q = [—a — Ly, a+ L] x [-b— Ly, b+ L,] as in the previous chapter.

Introduce the coordinate transform of variables in the frequency domain by the

following,

Hwy) =z + i </ o (5)ds + /Oy ag(s)ds) =zt %0’”, (3.1)

iz, y) =y + % (/by o, (s)ds + /Ow a;;(s)ds> =y + %ay, (3.2)

where o (z,y) and o (x,y) are non-negative functions in a PML and vanish in the com-

putation area [—a, a] x [—b,b]. We assume that
a¥(x,y), 0y (x,y) € WH(Q). (3-3)

Differentiate 2,y with respect to x,y to obtain Jacobian matrix,

o 0% 1 T 1 T w+0,0" Oyo”
J = dor Oy o 1+ w 0o w 3yO' o w w
- - - )
95 90y 19 ¥ 145 y Dpo¥ iw+0y oY
or Oy w Oma L+ w Oya iw w

which also gives the inverse of J that is,

S iw | Oyo¥  —0yo”
D —0 oY w + 0z0*
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where D = (iw)? + (0,0% + 9y0¥)iw + 9,0"dy0Y — 0,0Y0,0". Then we have the partial

derivatives of new coordinate systems,

9 _ iw(@w+0yo?) 9 iwdyo® 9

or — D ox D oy’

(3.4)
0 _ __iwdzo¥ 9 + iw(iw+0;0%) §
oy D Oz D Yy’

We apply this new coordinate systems in the system of first order acoustic wave
equation in section 3.1. and in the second order wave equation in section 3.2. to obtain

different PML wave equations.

3.1. Multi Directional Un-Split PML

Consider the system of first order acoustic wave equation with variable sound speed,

Lp+V-q=0, inR?x(0,7],
(3.5)

4, + Vp =0, inR?x(0,7],
with the initial condition p(x,0) = po, q(z,0) = gp and bounds of sound speed 0 < ¢, <
¢ < ¢ < 00. Then we apply the new coordinates system (3.4) in the frequency domain

of the system (3.5), after the even extension of solutions over R and similar procedure in

section 2.1., to obtain,

C%ﬁ + (iw + 8yoy)6£f — 0yo” 88%” — axgy% + (iw + 8360;5)8;1; =0,
) iw + Oyo¥  —0y0” gﬁ

DG + — 0.
—0z0Y w4 0y0” %

Similarly, auxiliary variables p* and é* are introduced by p* = iwp and é* = iw&. Then

the inverse Fourier Transform with respect to w with the direct computations gives the
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following formulation,

¢

P+ Zap+ Bp* +V -G+ M,G* = 0,

qg: + aq + Bq* + Vp + C,Vp* = 0,
(3.6)

pi = D,

i = q,

with the initial condition (p,p*) = (po,p§), (d,qd*) = (do, d;) and the boundary condition
(p,p*)|an = (0,0), where the coefficients are defined as o = 0,0" +9y0¥, = 0,0 0y0Y —
0y 0Y0y0”,

y _ X
Oyo Oyo

= y@ _ -77@ l’@ _ yi =
M, 0yo¥ 5= — Oyo By Op0 By Opo?5- | Co N
—0y0Y  Oy0

We next introduce the regularized formulation of the system (3.6).

3.1.1 The regularized Formulation

We regularize several terms in order to get regularity of weak solutions in (3.6), which
derives a new formulation. Recall the linear bounded operator &, : H~1(Q) — L?(2) in
(2.12) and the dual operator & : L*(Q2) — H} ().

We introduce a new formulation with the regularized term using d. and 4.,

P+ sop+ 56p* + 6.V -G+ 0. MG = 0,

d: + aq + Bq* + Vilp + C, Vélp* = 0,
(3.7)

pi = D,

da = q,

\
with the initial conditions (p(0),p*(0)) = (po,p§) and (4(0),q*(0)) = (do, qg). Note that
the zero Dirichlet boundary condition d.p|gn = 0 is imposed in the system (3.7).

We define a weak solution of the system (3.7).
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Definition 3.1 We define

{p.p*} € L*(0,T; L*()), {d,q"} € L*(0,T;L*(Q)), (3.8)
with
{pe,pi} € L*(0,T5 L*(Q)), {dr.G;} € L*(0, T;L*(Q)), (3.9)

is a weak solution of the initial-value boundary problem (3.7) provided

(C%ptyr) + (C%O‘pv 7’) + (C%Bp*a 7’) + (56v : Q7r) + ((55ng*, 7") = 07

(G, V) + (aq,v) + (BG*, V) + (Violp, V) + (C,Vilp*,v) =0,
(3.10)

(p;‘,kar*) - (p,?“*) =0,

Sk Sk

(qtav) - (Q)V*) :O)

\
for all r,7* € L*(0,T; L?(R)), ¥,v* € L?(0,T;1L%(Q)) which satisfies the Cauchy initial

data in a weak sense.
We prove the existence and uniqueness of the weak solution of (3.7).

Theorem 3.1 We assume that the initial data (po, p, do, ds) € [L2(Q)]? x [L2(Q)]?. The
reqularized system (3.7) admits a unique weak solution satisfying (3.8), (3.9), provided

(3.3) holds true.

Proof. We define the energy norm by

1 . ) .
E= HEPH%%Q) + " [720) + HqHI%P(Q) +1ld anﬁ(ﬂ)-

First we show estimates of the energy. We apply the scalar product of all equations in

(3.7) with p,p* in L?(Q) and q,q* in L2(£2) respectively, to obtain the identity,

dE
E+F1+F2+F3+F4:O’ (3.11)

where

1 1, .
Fy = (gap,p) + (Cﬁﬁp ,p) — (p,0"),
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FQ == (OA—L (_i) + (B(_i*7(i) - ((_iv q*)a
F3 = (65v : 67p) + (vgz-/:pv (_i)a

Fy= (5€ng*,p) + (CUvd/sp*’ (_i)

We have that |Fy| + |F2| < C12F a.e. in t for some Cia > 0 since o, f € L*(Q)) and the
bounds of ¢ in (3.5). It is allowed to have that F3 = 0 by the duality of d. and integration

by parts,

= —Va.p(d) + VLp(d)

=0,
since (V-)" = —V. The operators
{d",p"} — {55ng*, CUV(;ép*}

are continuous from [L2(Q)]? x L?(Q2) — [L2(Q)]? x L?() since ol (z,y) and o (z,y) are

in W1°(Q), which implies that
|F4| < C4FE ae. intel0,T],

for some Cy > 0.
It follows that from (3.11)

dE
—r <CrEae t€[0.7] (3.12)

for a suitable constant Cp > 0.

This is a standard a priori estimates, using this estimates we can obtain the existence
part of Theorem 3.1 by the standard Galerkin method argument, and also uniqueness can
be established by the estimates. We omit details here, since the similar argument was

presented in chapter 2. O
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Remark 3.1 We don’t present any stability analysis or numerical experiments in this
section. Further investigation of the original system and the regularized one remains for
further work. But we introduce another simpler formulation with the same technique as
in (3.1) and (3.2) to show that the multi-directional damping PML can be more effective

than the classical one.

3.2. Multi Directional Split PML in the parallel to y-axis

We apply the multi-directional damping (3.1) to the system of first order acoustic
wave equation with Split PML techniques parallel to y-axis.

Let the domain Q = [-a — Ly, a+ L] x [=b, b] consist of the computational domain
[—a,a] x [—b, b] with the PML only parallel to y-axis. The damping ¢*(z,y) in (3.1) with

0¥ =0 in (3.2) is applied as follows:
(o (@) =+ oo™ (wg) =o+ o ([ antsas+ o) (3.13)
r\x,y\xr =X Z_wO' T,Yy) =2 o aO'Q;S S 00'$8 s, .
) =y (3.14)

Note that the damping o (z) depends on both z and y in the PML. The coordinate change

with the damping gives Jacobian matrix

and
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where D = iw + o, + 2 [V o¥(s)ds.
Now we have

9 iwd ofd

% =Dos Doy (3.15)
o 0
5 oy (3.16)

Following [38], we introduce the split system for the acoustic wave equation in order to
apply the coordinate systems (3.15), (3.16). Assume the solution p split into the two fields

p® and pY satisfying p = p® + p¥ and
0 0
2 2
pf—FC%qz:O, pg—i—cafyqy:()

Then we have the split system of acoustic wave equation,

P+ ga =0,
Y 2 0
pr +¢ 5.4 =0,
T ol (3.17)
Gzt + (%(px +pY) =0,
Gyt + 20" +p¥) =0,
We apply (3.15), (3.16) in the frequency space of (3.17) to obtain
Dc%ﬁx + a@xqgc - Ug%%q}c =0,
oL pY 05 —
wpY + q =0
¢ oY ’ (3.18)
Dia+ 25" + %) — b 257 + ) =0,
iwgy, + (" +pY) =0
We introduce an auxiliary variable ¢} = —%a%dm to obtain a new formulation after taking
the inverse Fourier transform:
Lf + 50 + Laqp + olg =0,
cizp? + a%qz,/ =0,
Gut + Oole + 2 (p% +p¥) + olg, =0, (3.19)

Gy, + " +pY) =0,

q;ﬁt + a%/qyc =0,
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where 7, = 0, + 5 f

3.2.1 Numerical Results

In this section, we show the system (3.19) is efficient and compare it with the classical
Split PML [38]. We use centered differences and the staggered nodes in time and space
the same as in section 2.4.1. With the same notation, the components p%, ¢i,a = z,y, are

: . . . 1
discretized at nodes (t",z;,x;) as p*}';, Q;Zjv and q,, are discretized at (t""2, xi+%,azj+%)
1

as qa::r fj+ 1. This centered time stepping ensures a second order approximation in time.
27 2
Denote by
At
A =1+5,—.
2
1
Step 1. Compute qa i1 +1,a =,
2
n+% n— %
Qy 1Ty, 1
+ TL+2 _— - ni% o x YN\ _ x ZJr .7+ 7’+27]+2
A} Go;,i 41 = A, Goip 1 i1 A0z (u” +u ))i+%,j+% Atoy, 5
ntg _ n—3 — AL, (D® + pY))"
Wirijrt = Wirljrd @y (P" +P))ik 1 i1
Y — n
where (Oe(p® +p ))z+2,J+2 = (Owp” )+2J+1 + (Owp )i+§,j+§’

(O™ 0" P P — PT)
oP)ip il T 20x 7

n n n n
(O,p¥)" P — P Y — PY)
P it} i+ 20z ’

and (9 (p® +p¥))""

1 is similarly defined.

i+1.5+%
*n+1
Step 2. Compute Qij >
q*n-‘rl = ¢" - At q nt3 —q nt3 +q nt3 —q nt3
i Tl T oAy \itgaty  Citga—y | Cichits  Ciegieg )
Step 3. Compute u™};, a = ,y,

1 n
1 1 @ 4 g
—SAfpT = Shop'l At(aqu)?j2 Ato?l (W 5 x”>7
2 ,

1py"+1 = ipy@_ At q n+y —q n+y tgq n+t3 P nt3
2" 27 b opy \Mitgaty Vitgg-g | Viegity Viegi-g
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We impose smooth variable sound speed c¢(z,y) € [—0.5,0.5] (see FIGURE 3.1), and set

| ‘ 1.5

0.5+ B

= 14

il - f%:p@ y
05k = = 4 Bis

0.2

il ~— &=o | .2

s e 2

gl — st Y
D — i

o2k = @ il
03+ @ [ — ] — 0.9

=" Ry .
0.8

0l —— |
I ! ! ! 1 ! 1 I ! ! ! 0.7

0% 0z 015 01 005 0 05 01 015 02 02

Figure 3.1: Variable sound speed in the computational domain= [—0.3,0.3] x [—0.6,0.6]

the damping o as
Ptan) = o) [ ouls)ds,

where 0, and o, are defined as in (2.48) with various maximum damping coefficients
ao. We consider the computational domain [—0.3,0.3] x [—0.6,0.6] with the PML region
[—0.4,—0.3] U [0.3,0.4] parallel to y-axis. We compare the numerical solution obtained
with a reference solution, computed with the same numerical scheme on a very large do-
main [—0.6,0.6] x [~0.6,0.6]. In Figure 3.2, it is shown the discrete L2-error in (2.53) of
the classical Split PML and Multi-Directional Split PML on the computational domain
and the difference of the errors with two different damping. Similarly, Figure 3.3 shows
the maximum error of two PMLs in the computational domain. In this case, the multi-
directional Split PML leads to a smaller error than that for the classical Split PML for

both L2-error and mazimum error.
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Figure 3.2: L2-error of classical Split PML and Multi-Directional Split PML in the com-

putational domain
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Figure 3.3: Maximum error of classical Split PML and Multi-Directional Split PML in

the computational domain
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4. PML IN 1-D : ENERGY DECAY FOR THE ACOUSTIC WAVE
WITH VARIABLE SOUND SPEED

In this section we investigate the efficiency of the PML method in the acoustic 1-d
wave equation with variable sound speed. The energy decay rate is investigated in [46] for

a constant speed 1-d continuous and semi-continuous wave equation with one sided PML.

4.1. Energy Decay 1-d PML Wave Equation : Spectrum
First we consider an initial value problem for the acoustic wave equation with vari-

able sound speed c(x) € C1(R) in the unbounded domain R,

with the initial condition

u(z,0) = f, and gu(m,O) = 0.

ot
We introduce the new variables P = —%u, Q= %%u to obtain the system
2P + Z2(cQ) =0, t>0,
(4.2)
20 +c¢ZP =0, t>0
ot oz - ’

with the initial conditions P(z,0) = —a% f, Q(x,0) = 0. Next, we truncate the unbounded
domain to the interval I := [-a—L, a+ L] with the PML interval I, := [-L—a, a]U[a, a+L]
imposing the zero Dirichlet boundary condition on 91 for P.

We assume c(z) € C1(Q) is bounded below by ¢, and above by ¢, i.e.,

0<ci<c(zx)<c" <ooinQ, (4.3)
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and also ¢(z) = 1in I,. Let 0 € L'(I) be a non-trivial and non-negative function vanishing

identically in the computational interval [—a, a] and monotone in I, i.e.,
() <ox(r) if 0<s<T7,0or7<s5<0.

Then we have the new following system

,

with the initial conditions P(z,0) = —%f, Q(z,0) = 0.

Let P=U -V and Q =U + V, then
BU=V)+0,(U=V)+ Z(c(U+V)) =0, t>0,
LW+V)+0,(U+V)+ cZU-V) =0, t>0.

From 2 (c(U +V)) = U+ V) +c2 (U + V) we obtain
U+, U+ c2U+3/(U+V) =0, t>0,
2V to,V— cZV-Li/U+V) =0, t>0.

Let M = A+ B, where

U U o 1 U
A = Og + (Cai + 50/) y
1% 1% z -V
1 1 U
B = 5 C/
1% -1 0 1%

We define the total energy of the solutions given by

B(t) = B0V = 5 [ (UG0F +1V(@.0F) da.

%P(w,t) + oy(x)P(x,t) + %(c(x)@(x,t)) =0, t>0,
%Q(m,t) + 0.(2)Q(x,t) + c(x)a%P(:L‘,t) =0, t>0,
P(x,t) =0, x€0dl,

(4.4)

(4.5)

(4.6)

(4.10)
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Then we have that

4wy = -1 /a(x) (U = V]2 + U+ V[?) dz <0,
dt 2/,

which shows the well-posedness of the system (4.5) in the space (P, Q) € C([0, 00); [L*(I)]?).

Then we have the following property:
Lemma 4.1 The operator M has a compact inverse if o is non-trivial.

Proof. We construct the inverse of the operator M satisfying

u g
M = with the boundary condition U =V on 01. (4.11)

%U + o, U = g,
In the PML interval I, ¢ = 1 which implies B = 0 yielding

~2V 0,V = h.

We solve the above equations to obtain

U(a + L) = eff;-‘rL ozdr (U(CL) 4+ j:'i‘L gef: Udsde) ’
(4.12)
V(a + L) = ef;+L opdx (V(a) _ f;'f‘L he™ f; Udsdl‘) 7

and
U(—a) = e J-a-roed (U(—a -L)y+ [0, gelZa-t Udea:) ,
(4.13)
V(—a) = el owde <V(fa —L)— [0 he” Fas Udsd:v) :
In the computation interval [—a, a], from o, = 0, we have
AU + 3U+V) =g
oz 2 )
—c2V - (U+V) = h
We add and subtract each other to get

cZU+V)+dU+V) = g—h,

cAU-V) =g+h
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Solving the above equations with the property c(z) € C1(I) and ¢ = 1 at x = + a we

obtain
(U+V)(@) = (U+V)(=a) + [*,(
(4.14)
(U_V)( ) (U V) +fa g+hdx
a)=U(—a)+ L [" (g—h)dx + 1L [* Fhqy
Ula) =U(=a) + 3 JZ,(9 = )dx + 5 |2, 2 da, (4.15)

Via) = a)+ 5 f (g—h) x—ifa g+hdm
We combine (4.12), (4.13), and (4.15) taking that U(x) = V(x), at © = £(a + L) to have

1 e Jllioade Ula+ L) Vi(g, h)
L pda - ’
1 —el-a-r% U(-a—L) Va(g, h)

where Vj(g,h),j = 1,2, are expressions involving g and h and are independent of U or V/

in H(I).
Note that
— f:_L oxdx
1 —€ L _ a+L opdz _fa opdr
det = —el-a-L +e J-a-tL
1 —e a:LL ordx

7€—f o Lamdx( 2fa+ ozdr 1)
#0
if o, is non-trivial. Therefore the equation (4.11) is uniquely solvable in (U, V) € H(I)
such that U — V € H}(I) if and only if o, is non-trivial.
Furthermore, the inverse of M,

MU LA - [HY(D)

is bounded also compact by the compact embedding H'(I) cc L?(I) if o, is non-trivial.
O

This Lemma 4.1 implies the spectrum of M is discrete.

Next we investigate the operator A in (4.8).
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Definition 4.1 A collection of functions {uy} in a Hilbert space H is called a Riesz basis

for H if span{ug} = H and there exist constants 0 < Cy < Cp < oo such that

C (; ak\Q) < Ek:akuk 2 <Cp (Ekj |akz|2>

for all sequences of {ax} € (*(Z).

Lemma 4.2 Let 0, € L'(I) be a non-trivial and non-negative function which vanishes

identically in the computational region, [—a,a]. Then we have that

1. The spectrum of the operator A in (4.8) is identically same as the set of eigenvalues

1 1 1
AN = — 1, + —kmi, where I, = /Ux(s)ds, cr, = / ——ds, ke€Z, (4.16)
crL CL I 1 <(s)

and the eigenfunction corresponding to A\ is
Uy o~ JZazr ¢ (oe—2r)dx

Vk) ef,za,L %(Jz_/\k)dx

2. The eigenfunctions {(Ug, Vi)} form a Riesz basis of [L*(I)]>.

U U
Proof. Let A =A , for A € C |, that is,
Vv Vv

(cla) o + 2 (a) o, — A

U U U
-V |4 |4

Then we have a%U—i— ﬁ(%c’(m) +0,—AN)U =0 and B%V — C(lx)(—%c’(:v) +o,— NV =0,

which gives

U(w) = U(—a — L)e~ It the+oa—2is

)

(4.17)

V(z) = V(—a— L)el a1 c(-3¢+oe-Nds,

With the boundary condition U(z) = V(x) at x = +(a + L) we have e Ji(oa—cNds

eJr(oz—cNds by c=1on I,. Thus [;(04(z) — 2Ag)ds+kmi =0 for all k € Z , and we have
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the eigenvalues Ay of A as (4.16). Therefore, the eigenfunction corresponding to Ay is

1 e ffa,L %(Ua:—/\k)ds
c(x)

Vk‘ a %effa,[, %(Jx—kk)dS

Uy

Define the function 6 by

0(z) = / ZL C(ls) (Ux(s) - clLI"> ds.

This function expresses the difference between the damping term o, and the average
damping i]a over [0,cr]. Next we show that the family of (U, Vi) forms a Riesz basis
in [L?(I))? following the proof (with a constant speed) in [46]. Equivalently that is to
show that any pair of functions (g, h) € [L?(I)]? can be written in an unique way in the

following sense:

(9,7) = ax(Ux, Vi), (4.18)

with
> arl® ~ [I(g, b)|*.

We write it, using (4.17), taking the initial U(—a — L) =1 = V(—a — L) as the following,

L kmiy(x
g(x)e?@ = S apUp(z)e?® = Zake%k u( ), —a—L<z<a+lL,
(4.19)

1 .
h(z)e= @) =3 Vi (z)e @) = Zake_qkmy(m), —a—L<zx<a+ L,

where

sa) =ow)= [ —ds

—a—L C(S)

Then, the coefficient {ay} of the decomposition (4.18) of (g, h) in the basis {(Ug, Vx)} can

be identified as the Fourier coefficients of the function W defined in (—cr, cr) by

9(67 ()@ W), 0<y<ecr
W(y) = (4.20)

W@~ (y + cp))e 00 vter)), —cr <y <0.



51
Then (4.18) is satisfied if and only if

W(y) = ; aj, exp <61sz:7ry> Yy € (—ecp,er). (4.21)

It holds that W € L?(—cy, cr) since (g, h) € [L*(I)]?. This mapping gives an isomorphism
T :[L*(I)]? — L*(—cy,cr) which sends the eigenvectors (Uy, Vi) to the classical Fourier
basis of L?(—cy,cr):

I(g,h) =W, (4.22)

where W is the function given in (4.20). This implies that any function Qe [L2(I))? can

be expanded as ), Q. , where the coefficients {ax} satisfy that

2GR ey 0y = 262 laxl?
The proof is completed. O

We define exponential decay rate of solutions of (4.7) as a function of o, defined by
w(o) = sup {w : 3C,Y(Up, Vo) € [L*(1)]*, V¢, E(t) < CE(Uy, Vo) exp(~wt) |
For each w < w(o), we define C'(w) as the best constant such that
Y(Uo, Vo) € [L*(I))?,¥t, E(t) < C(w)E(Uy, Vo) exp(—wt).

Definition 4.2 Let 0(A) is the spectrum of the operator A. Then

S(0) :=sup{Re(N)|X € 0(A)}
is called the spectral abscissa of the operator A.

There is a decay rate of the energy of the operator A in (4.7).

U U
Theorem 4.1 The energy of the PML system 2 + A =0 in (4.7) is

ot
1% Vv
exponentially decaying. In the detail,

3C > 0 such that Vt > 0, E(t) < Cexp(—w(o)t),
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for all solutions. Furthermore, it holds that

S(o) = CILJ(, - %w(a), (4.23)

and the best constant C(w(co)) satisfies
C(w(o)) < exp(4[|0|oo)-

Proof. The proof uses the explicit isomorphism Z in (4.22) following by the proof in [46].
Given (Up, Vo) € [L?(I)]?, we expand it in the basis (Uy, Vi) : (Uo, Vo) = 3 ag(Ug, Vi).

Then we have that
25y = | U0, Vo)l Paqaye = I 20T W0, Vo) ey oy > 2e0T172 S Jan .
It easily to check (U(t),V (t)) can be expressed by
(U1, V(1) = arexp(—Axt) (Us, Vi),
and also obtain that
[T,V 22y ) = 201 exD(=26741) Y Jas 2.

But
2B(t) = [(U®), Ve < IZHPIZW @), VI IT2(—ep er)-

We combine the equalities to get
() < |ZJ2ZY 2 exp(~2¢; "¢, Fo. (4.24)

From (4.24) we have C(w(0)) < x(Z)?, where x(Z) is the conditioning number k(Z) =

IZ|[IIZ71||. Applying Parseval’s identity to (4.21) we have

9.1 ey 0y = 26 3 = [ lota) P exp20(a))da + [ 1o exp(26(0))do.

As a consequence, we have that

exp(=2[650)l1(g: 1) e = exp(~2]6]1oc) /I (lg(@)[2 + [h(2)P) da
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< |IZ((g, h))”%2(—0L79L)

< exp(2[|6]o0)[1(g, W) 1fy21y2-

Therefore,
IZI? < exp(2]0]lc),  IZ7H* < exp(2]0]s0),
and
C(w(0)) < exp(4[|0]|oo)-
The equalities (4.23) are shown in the proof. O

Remark 4.1 Applying the perturbation B to the operator M, i.e., M = A+ B the question

for the energy decay is unsolved. This remains for further research.

Next we investigate the energy decay on a computational interval of the 1-d wave
equation in unbounded domain following [24]. The result of the following Chapter is

presented in [24], and we show detail proof.

4.2. Energy Decay of 1-D Acoustic Wave Equation

We consider the acoustic wave equation with variable sound speed in 1 dimension,
U = gy, 00 < T < 00. (4.25)

Let [—a, a] be a computational interval and ¢(x) = 1 in R\ [—a+dp, a — dp] for small 5y > 0.
We define the energy of the solution over [—a, a] given by
1 [*/1, 9
Ei_a.q) (t) = B C—Qut (x,t) +uz(x,t) | de.
—a
The next Lemma explains that the energy over [—a, a] is exponentially decaying in

time.
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Lemma 4.3 The energy E|_, q)(t) of the solution of the equation (4.25) is exponentially

decreasing.

Proof. The constant sound speed ¢(x) = 1 provides the non-reflecting boundary condition

at x = + a, by d’Alembert’s solution,
ut(—a,t) = uz(—a,t), w(a,t)=—uz(a,t). (4.26)

From the definition of E(t)|_, 4], We obtain

d @ 1
%E[fa,a] (t) = / (u:cua:t + CQUtutt> dx

—a
a

:/ (Ugugt + Uptiyy) dx

—a

= / " (), da

—a
= —’U,?(a7 t) - uf(—a, t)

<0

—_ )

by the boundary condition (4.26). Thus Ej_, 4(0) = E[_, 4 (to)+fgo (ui(—a,t) +ui(a,t))dt
for some tg > 0.
Next, we observe that it is sufficient to show E_, 4 (t0) < Co [0 (ud(—a,t) +ui(a,t)) dt

for some constant Cy > 0 and some time tg > 0 to obtain

1
E to) <(1+=—)"'E
[7a,a]( 0) > ( + CO) Fa,a](o)?

for all solutions of (4.25). It provides E|_, q(kto) < (1 + %)_kE[_a@] (0) for any k € N, so
that the energy decays exponentially. To show the above bounds, let a, 8 : [—a,a] = R

be curves such that

a(zr) = Cl*(x+a), and f(x) =ty — Cl*(x—l—a) Vz € [—a,al,

for some ty > 4a/c, where ¢, is given in (4.3).
We define F'(x) given by

1 B(z) 9 1 9
F(‘T) = 2/( ) UJ;(JI,ZL/) + gut (l’,t) dt.
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Then we have

(B0 + pitn)| s (@ gideo)

t=p(x) t=a(z)

Blx) 1/1Y\ 1
+/ (u,t(x,t)um(x,t) + 3 (02 ui(x,t) + czut(x,t)um(x,t)> dt.
a(z)

But ugug, + % Uplgy = C%uxutt + c%utum = C%(uxut)t, thus we obtain

d 1 2 1 1 1 2 1
e (z) < 5 <ux(x,t) — ut(:p,t)) . (C> —3 <ux(93,t) + Cut(x,t)> . <c>
t=pB(x) t=a(z)
1 8@ 71\’ )
[ (5)
<5 — | ui(x,t)dt
2 a(x) 2 !
S CFF(.T),

for some Cr > 0. By Gronwall’s inequality we get
F(z) < F(—a)efr@+a),

Then we have

/8 1 a
/ / <ux z,t)? + 2uf(a;t)> dtdx = / F(x)dz
a a "E c —a

< F(—a)efr@ta) gy

N

§F(—a)/ eCr (@) gy

to
gd/zﬁwﬁ@
0

using F(—a) = 3 go (u2(—a,t) + Hui(—a,t)) dt = to u?(—a,t)dt, where C' = [* eCr(@+a)gy.

For some § > 0 such that 6E_, 4 (to) < § [* fa(x (uz(z,t)? + SHuf(z,t)) dtdz, we obtain

the bounds,
to
E[_aﬂ] (to) < C'O/ (uf(—a,t) + uf(a,t)) dt for Cy = C'/4,
0

which completes the proof. O
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We apply Lemma 4.3 to the 1-d PML wave equation to get the energy decay result.
A similar argument is claimed in [24], we provide a detailed proof of the claim in the 1-d

PML wave equation with variable sound speed.

4.3. Energy Decay 1-d PML Wave Equation

We present similar arguments to obtain the energy decay. First consider the 1-d

PML wave equation (4.5) with variable sound speed in I := [—a — L,a + L],

%P(m,t) +o(x)P(x,t) + %(c(m)@(w,t)) =0, t>0, (027)

FQ(z, ) + o(@)Q(xz,t) + c(x)&Px,t) = 0, t>0,
with the boundary condition P(z,t) =0 at z € 01.

Recall that the energy E(t) := E(P(t),Q(t)) defined in (4.10) over I provides that

d

GE0 == [ o@)(Pa.t) + Qe t)de <0,

Thus, for some ty > 0
to
E;1(0) = Er(to) / / ) (P*(z,t) + Q*(w,t)) dadt. (4.28)
Lemma 4.4 The energy Er(t) of the solution in (4.27) over I decays exponentially.
Proof. In a similar way to the proof of Lemma 4.3, it is sufficient to show that
to
1(to) <C/ / ) (P?(z,t) + Q*(z,t)) dadt
for some C' > 0. To show this, let us define

B(x)
F(x) = ;/oc(:v) (P*(z,t) + Q*(x, 1)) dt,

where a, 8 : I — R are curves satisfying that

1 1
a(r) = —(z+a+ L), and 5($)=t0—;(x+a+L) Ve el,

*
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for some to > (a + L) where c, is given in (4.3).
Then we have

d

B
e ot

o

——F(x) =

w07l () sl (52 [ rereana

since PP, +QQ, = P- =999 | @ . ==eP=dQ _ _1(p), - (20 PQ + ¢Q?). By the

l\DM—l L\DM—A

Cauchy-Schwarz inequality that 2PQ < P? + Q?,

d 1
ZFlr) < =
() <=

- (0+ 1)) Fa),

thus Gronwall’s inequality over [£, x| gives that
F(z) <CF(§) forallz, ¢<zx<a+L, (4.29)

e(g lc]
where C = efE (°+ c )ds.
Let us divide I into [—a — L, uo] U [0, a + L] for some pg € (—a — L,a + L) such
that o(uo) = 0,. Note that o(z) > o, for < pp by the monotonicity of the damping

(4.4). From (4.29) we obtain

a+L
/ F(x)dx < C'F(€) for all §, —a— L <& < py,
3

4
c

for C' = fa+L I ( ) *dx. We take & = pg to obtain

a+L Ho o
/MO F(z)dz /aL o(&)dé < C'F(uo) /aL o(&)de

gd/m F (o) (€)de

—a—L

B(po) 9
<c / P2(u0,1) + Q(po, ) dtde
—a—L Oé(MO)

/to/ (P?(x,t) + Q*(x,t)) dudt,

by Fubini’s Theorem. Thus f;j F(x)dz < Cf [ro(@) (P(,t) + Q*(x,t)) dudt for

C= .
20 _po(e)de
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Therefore,
1o a+L
/F(x)dx = / F(x)dx + / F(x)dx
I —a—L 1o
1 o a+L
< — o(x)F(x)dz + / F(z)dz
—a—L Ko
to
< 00/ / ) (P?(z,t) + Q*(z,t)) dadt,
where Cp = o+ C'. For § > 0 satisfying 0E;(ty) < 1 [, fﬁ (P?(z,t) + Q*(,t)) dtdz,

we obtain the bounds from (4.28)

1, ._
Er(to) < (1+ 5) 'E1(0),
for C'= Cy/d, which guarantees the exponential decay of the energy. O

Remark 4.2 We show the exponential decay of the energy of 1-d PML wave equation with
variable sound speed, but the actual decay rate remains a question. question for further

1nvestigation.
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5. WAVE EQUATION SYSTEM WITH DAMPING

In this section, we introduce a first order system of acoustic wave equation with zero
order damping. We consider the system of the acoustic wave equation in R? x I, where

I = (0,T] for some T > 0,

ﬁpt(x,t)—i-v-(i(x,t) = 0 inR?x1I, 5.1)
ai(z,t) + Vp(z,t) = 0 inR?x1I,
with p(-,0) = f, q(-,0) = 0.
Let supp(f) C Qo C R? be a bounded Lipschitz domain, expand the domain to
1= Qo UQ,, where (), is the set of layers surrounding €. We introduce damping terms

op and o4 in the variables p and ¢, respectively, in the system (5.1), which drives a new

damped wave equation in €2,

ﬁpt(w,t) + c(x%ap(x)p(x,t) +V-d(z,t) = 0 inQxI, 52)

qi(z,t) + og(z)d(z,t) + Vp(z,t) = 0 inQxI,
with the initial condition (p, G)(z,0) = (po,do) at t = 0, and the zero Dirichlet boundary

condition p(z,-) = 0 on 0N, where the damping terms o,, 0, € L>(Q) satisfy

0=0y <op(x),0q(x) < 0" ifxeQ, (5.3)

op() =0, o4(x)=0 if z e Q.

Here, the initial conditions are given by py = f € H}(Q), do = 0.

5.1. Well-posedness of the System

In this section we present the well-posedness of the system (5.2). First we assume

c(z) € C1(Q) is bounded below by ¢, and above by c*, i.e.,

0<ci<c(x)<c" <ooinQ, (5.4)
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c(z) =1in Q,.

We can write the two equations in (5.2) in matrix form,
C% 0" Dt C%Jp V- D 0
+ —
0 I qt \Y% O'qI q 0
To show well-posedness of the system we introduce following definitions. Let V;, be a

Hilbert space with scalar-product (,-),, and denote the corresponding Riesz map from

Vm onto the dual V), by M. That is,
Mu(v) = (u,v)pm, u,v € Vi
Let D be a subspace of V,, and let L : D — V! a linear map.

Definition 5.1 The linear operator L : D — V! is monotone(or non-negative) if
Re Lu(u) >0, Yué€D.
We use the following theorem to show the existence of a solution (p, q).

Theorem 5.1 [39] Assume that L is monotone and M + L : D — V! is surjective.
Then, for every g € C1([0,00); Vih) and ug € D, there is a unique u € C*([0,0); Vi) such

that u(0) = ug and

M (t) + Lu(t) = g(t), t > 0.
We apply Theorem 5.1 to obtain well-posedness of the system (5.2). Let L2, () =

(V€ L2(Q): V-V e L2(Q)} and L2(Q) = [L2(Q)]%.

Theorem 5.2 For every (po,do) € H}(Q) x L2, () there exists a unique solution (p,q)
of (5.2) such that (p,q) € C*(I; L*(Q) x L*(Q)) N C(I; HY(Y) x L2, () satisfying the

initial condition (p(0),q(0)) = (po,do)-
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Proof. Let Vi, := Hp, () x L2(Q) where H,,(Q) = C%L2(Q) with ¢~2-weighted L?-inner
product, i.e.,

(9P = (po7) o2 = / L (@) (x)dz,

qQc?
and let D := H}(Q) x L2, (Q).
Then we know that c%LQ(Q) =~ [2(Q), and let M : V,,, — V. and defined by, for

(p,@)" € Vi, and (r,¥)" € V,,
M(pv Q)T ((Tv ‘_;)T) = (p7 T)C*Z + (EL ‘7)7

where (-,-) is the L?inner product. Let L : D — V!, is defined by, for any (p,q)"” € D

and (r,v)" € Vp,

L(p,@)" ((r,¥)") = (0pp; 7)e-2 + (0464, ¥) + (Vp, ¥) + (V- G, 7).

From the definition of L,
L( —\T \T\ __ @ 2 =2 dr >
p.d) ((p,4)") = L\ p(z)* +04G°(2) ) dz > 0,

since q - fi(yp) = 0 where v : H'(Q) — H%(ﬁﬁ) is the trace map and fi is the unit
outward norm on 052, so L is monotone.

To show the surjection, that is, Rg(M + L)|p = V!, define operators

1
_ +20p g2

A (Q) — L9,

c
B=V:H}Q) — L*Q),
and
C=(1+0)1:L%Q) — L*Q) :

it must be shown that for all (f,g)" € V.,

A B
= P eD: P = ! ,

q B ¢ q g
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where B’ = —V- : L2(Q) — H~1(Q) is the dual of B.
We know that it is equivalent to show that there exist p € H}(Q2) and G € L%, () such
that

Ap — B'q = fin L*(Q),
and

Bp + Cq = g inL*Q)".
Equivalently there exists p € HZ(Q) such that
Ap + BC'(Bp — g = f in L*(Q), (5.5)

since C is bounded below by 1 and = C~!(g — Bp). By the definitions of all operators

(5.5) is satisfied if we show that there exists p € HE(Q) such that
Ap + BC'Bp = BCc'g + fin HY(Q),
or equivalently,
Ap(r) + (C'Bp,Br) = (C7'g Br) + f(r) Vrc H}(Q).

The existence of p is guaranteed by coercivity with the constant C;' = max{c*?,1 + ¢*}

from the following elliptic form. It can be checked that

/Q <1 Jcrf”p(f)Q + Vp($)2> di + /Q : _:Uqu(f)2d£ > Ciz /Q p(Z)%dz + : +10* /Q Vp(Z)2dz
> CollplZ -
It also follows that G = C~(g — Bp) € L?(Q) from p € H}(). O
Remark 5.1 1. The solution (p,q) in (5.2) satisfies
(C%pt,r) + (C%Jpp,'r) +(V-gr) = 0 VreH\Q), Vtinl,

(@, V) + (0,8, %) + (Vp,¥) = 0 Vvel2 (Q), Vtinl.
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2. The system (5.2) with the time-dependent damping terms op(x,t) and o4(x,t) can
be considered, and the well-posedness with the initial condition (py,do) in D(L) is

obtained from Theorem /.10, page 245 in [42].

5.2. Discontinous Galerkin discretization

In this section, we present the Discontinuous Galerkin(DG) method for the system
(5.2) of the damped wave equation. The spatial discretization is based on the DG method
presented in [4] while the time discretization is based on #-method with 6 = % which is
presented in the next section.

The DG methods are locally conservative, stable, and high-order accurate meth-
ods which can be easily handled with complex geometric domains, irregular meshes with

hanging nodes, and approximations that have polynomials of different degrees in different

elements [10].
5.2.1 Spatial Discretization.

We assume that shape-regular meshes 7, that partition the domain €2 into disjoint
elements {K} such that Q = Uger, K. Thus if K € T, then K is a simplex, i.e.,
K is a segment if d = 1, a triangle or a parallelogram if d = 2, and a tetrahedron
or a parallelepiped if d = 3. The measure of K (length if d = 1, area if d = 2, and
volume if d = 3) is denoted by meas(K). It will always be assumed that meas(K) # 0.
The diameters of K and that the largest ball included in K are denoted by hy and pg,
respectively. The ratio of these two quantities is denoted by ¢ . Hence,

hi
YK = —
Pr

, hx =diam(K), px=sup{r:B,={z:|x—a|<r}CK, a€ K},
Note that px > 1. For a family of {7} },~0, the parameter h refers to

h = max hg.
KeTy,
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We also give the definition for the asymptotic behavior of the family of meshes

{Th}n>o-

Definition 5.2 (Shape-regularity) A family of meshes {Tp}n>0 is said to be shape —

regular if there exists @y such that

h

K

For example, in two dimensions, the triangles in a shape-regular family of triangu-
lations cannot become too flat as h — 0. Generally, it is allowed for irregular meshes
with hanging nodes. Here the concept of hanging nodes is that a vertex of an element
K™ belongs to the interior of an edge of another element K~ in the sense that it is a
nontrivial convex combination of the end points of K*. But we don’t discuss hanging
nodes in detail and avoid the complicated mesh.

However, we assume that the local mesh sizes are of bounded variation; that is,
there is a positive constant x, depending only on the shape-regularity of the mesh, such
that

khi < by < K Vhg (5.6)

for all neighboring elements K and K’. From each adjacent element K™ and K~ in Ty,
we denote the set of all faces by &, which consists of both 8,{ the set of all interior faces
of OKTNOK~ € E(KT)UE(K™) and EP the set of all boundary faces of K NI, i.e.,
En = ELUED, where £(K) is denoted by the set of all edges of the element K.

For a piecewise smooth scalar-valued function p, define the trace operators on all
faces. Let e € 8,{ be an interior face shared by elements Kt and K ~; let i* by the unit
outward normal vectors on the boundaries 0K* respectively. Denote by p* the trace of

p taken from within K*, we define the jump and average of p at = € e by

) =50 +p), Dl =paT L pi 57)
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Let {p} := p and [p] := pi where 1 is the unit outward normal vector on 0f2 in all
boundary faces e € 5,?.
If q is a vector-valued function, we set

1 L

{a} = §(q++<i‘), l[dl:==q"- 6" +q§ -d .

In a similar way we set {q}} := q and [§] := - i in all boundary faces e € EP.

Notice that the jump [p] of the scalar function p is a vector parallel to n and
that [q] is the jump of the normal component of the vector function g which is a scalar
quantity. Note that there is a trace identity for a vector-valued function q and a scalar-
valued function p with continuous normal components across a face e € E}{ , by applying

the definitions directly one has,

n°-q")+p (1 -4) = [p]- fa} + {p}lal- (5.8)
For a given partition 7} such as triangulation of 2 and an approximation order k > 1, we
seek an approximate (continuous or possibly discontinuous) solution (p”*, q") which is in
the finite element space

PhQ) x QM) = | PH(E) x Q" (K),

KeTy,

where

P! (K) x Q"(K)
= {0 d") € LK) x LX(K) : (5", G")| € P*(K) x (P(K))?} VK € T,

and P*(K) is the space of polynomials of total degree at most k on K if K is a simplex.
This approximation is said to be non-conformal since P"(Q) ¢ H(); it is said to be

conformal otherwise, e.g. continuous Galerkin methods.

5.2.2 The DG methods

In this section, we define DG methods for the system (5.2) following [4]. We consider

only the discretization of this equation in space in this section.
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First we assume that p" : I — P"(Q) is absolutely continuous. A DG numerical method
is obtained as follows. We discretize the domain €2, then seek a discontinuous approximate
solution (p", ") on the element K taken in the space P"(K) x Q"(K) and determined by

requiring that

/ —2ptr d:c+/ J—gphrh daz—/ (i’h-Vhrhdx+/ (q" - f)rids =0 (5.9)
K € K oK

/ gl - hd:c+/ aqq’h-vhdx—/phvh-vhda:+/ P R)ds =0 (5.10)

K K K oK

for all (r",¥") € PM(K) x Q"(K), where V}, and V},- are the functions whose restriction
to each element K € Tj, are equal to V and V-, respectively. To complete the definition of
the DG method, it remains to define the two numerical traces, p* and g". We first begin
by finding a stability result for the solution in the original system (5.2). To do that, we

multiply the first equation of the system (5.2) by p and integrate over Q x I, I = (0,7

—=p*(-, T)dx + —p2da:dt—|— pv qdxdt = p*(-,0)dz.
02 q 2

Then, we multiply the second equation in (5.2) by q and integrate over €2 x I to obtain

/| T)| d:c+/ /oq|q| dxdt+/ /vp qdxdt = /Q|61(-,0)|2dx.

Adding these two equations, we have

1/ 1172( T) + |4(- T)|2 d:n—I—/T/ (@pQ—i—a ]ﬁ|2> dxdt
2 Q 62 ’ 0 0 62 q

=5 [ G0+ ¢ 0PR) d.

to get

A stability result is immediately followed by this equation. Next, we imitate this procedure
for the DG method under consideration.
We begin by taking " = p” in the equation (5.9) defining the DG method and

adding over the elements K to get

1
— T)d ddt
2/902( m+/ /Qc2
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T
1
+ ) / / qh-ﬁ+qh-ﬁ)phdsdt+/ /phV-c_ihdJ;dt:2/(ph)2(-,0)d:1:.
0 Q Q

KeTy

Next, we take ¥" = " in the equation (5.10) and add on the elements to obtain

1
/|*h 2d1:—|—/ /0q|q 2dadt — / / hy. *hdxdt+2/ / i) dsdt
dK

=5 [ @0

Summing the two equations above, we have that

;/Sz<c12(ph)2("T)+‘ >dg;+/ / )2 +0,/d |>dmdt+/oTG)hdt

=5 [ (060 +@2.0) d
where

=3 [ (s iis "= o) as

KeTy,

Now we can define consistent numerical traces p* and " that provide the quantity Oy, (t)
non-negative.
Dropping the argument ¢, we obtain

@h=2/[[pq + (" — p")d"]ds

ecly,

= Z/ [[Ph]] a" +p"[d"] - Ip qh]])cis+/Q (phqh i+ (" — pn)d" )ds

e€&in

=% [ (a0 - g y) 1 (- ) s [ (@) s

ec&;p

To get non-negative Oy, it is enough to take, on 5,{ , 1.e., inside the domain (2,
P =Lp"} + C2[@"] - Ciz- [p"], &" = {@"} + culp"] + Ci2[d"],
for some positive quantities,

Ci1 > 0, Coo > 0, Ch > O, C%Q > 0,612 = [C%Q C%Q]T, (5.11)
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and on E}?, i.e., its boundary,

ﬁh = 07 élh = (_ih + Cllphﬁa

to finally get
O = Z / (Cn[[Phﬂ2 + C22ﬂqh]]2) dx + Z /C1l(ph)2d8 > 0.
S gB v¢

As we can see the vector parameter Ci does not have any stabilizing effect; it’s not
necessary for stability but could be used to enhance the accuracy of the method [6]. In
the next section, we will discuss about the above non-negative quantities (5.11) which are
necessary quantities to make the system stable. Note that the zero Dirichlet boundary
condition is imposed weakly through the definition of the numerical trace.

Applying the numerical flux $* and §" we have the DG system

L ohoh /Uphh /—»h h
= d Lplrhde — : d
> [t are S [ Byt Y [ Gt

KeTn KeTn KeTn
+ 30 [ (€@ 1"+ cals") - 71+ Culan] - [T) ds+ [ oG- sids =,
ec&l ¢ o0
and

Z/}(qg‘vhd$+ Z/Kaq(i'h~\7'hdx— Z/Kphv-\_/'hdw

K€Tn KeTh KET,
+ Z / ({{ph}}[[vh]] + Coo[§"T[V"] — Crz - [P"T[V"] ) ds =0,
eES{L ¢

for all (r", ¥") € PR(Q) x Q"(Q). This completes the definition of DG method.

5.2.3 Some Properties

We show that the DG method is in fact a mixed formulation. To see this, let us
begin by noting that the DG approximate solution (ph, (]'h) can be characterized as the

solution of

1 _
(?P?arh) +oap(p" ") = 0@t = o, (5.12)

(61'?7‘7}1) + bh(phvvh) + Ch(qhvvh) = 07 (513)
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for all (r",¥") € P*(Q) x Q"(Q), where

=% [ Tt are 3 [ouls) I1as (5.14)

KeTy, 681 e

b ) == 3 [ V=Y [ (G - ) s (615)
KeTy T

—»h h —h h —h —h h

-y / Vrtde— 3 / Cald'] + 4d"}) - [ds (5.16)
KeTy, ec&l

cn(q, v Z / o, q" - Vdz + Z/ng[[qh]][[vh]]ds (5.17)
KeTy, ecef

Remark 5.2 It holds the equality by the trace identity (5.8).
on(p",d") = b (@"p")  for allp" € P"(Q), §" € Q"(Q).

Note that the second terms in (5.14)-(5.17) correspond to jump and average terms
on element boundaries; they vanish when p,r € Hj(Q) and @, v € L2, (). Therefore the
above semi-discrete DG formulation (5.12), (5.13) is consistent with the original continuous

problem (5.2).

5.3. A Priori Error Estimate of DG Method

5.3.1 Preliminaries.

In order to establish an error estimate we introduce the following properties. There
is an important inequality in the finite element spaces P"(2) and Q" () which allow that
H'-norm can be bounded above by the L?-norm. Such an inequality is called an inverse
inequality.

Let us introduce the broken Sobolev space of 7}, of the domain €2,

H(Ty) == {p € L*(Q) : p|x € H*(K),VK € T3},
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with the broken Sobolev norm and seminorm, respectively,

VY]
N]]

Iplesry = D Mplms) |+ Ly = | D Ipla)
KeTy, KeTy,

The following local inverse inequality can be proved (Appendix A ): Let {7,}r>0 be a

shape-regular family of meshes in R?. Then there exists a constant C, independent of h

and K, such that, for all p* € P*(K),

15 < Chic 1p"lo - (5.18)

Ip"

To obtain a global inverse inequality, that is an inequality not only valid in K but also in

the whole domain 2, the concept of quasi-uniform family of meshes is needed.

Definition 5.3 (Quasi-uniformity) A family of meshes {Tp }n~0 is said to be quasi-uniform

if it is shape-regular and there exists T > 0 such that
Vh > 0,VK € Tp,hx > Th.

Then the following result can be proved (Appendix A ): let {7,}1>0 be a quasi-
uniform family of affine meshes in R, there exists a constant C' such that for all A >

0, K € Tp, and p”* € P*(K)

Z thHHl(Th) <Cht Z ”thB(Th)- (5.19)
KeTy, KeTy,

where the constant C' which depends only on the shape regularity of the mesh, the ap-

proximation order k, and the dimension d.

Lemma 5.1 (Trace Theorem) Let p € P"(Q) with shape regularity mesh. Then there

exists a constant Cip > 0 such that

- 1
ol z2(0x) < CimoIlpll L2 (r0) (P 1Pl 2 00) + VD] £2(16))) 2 (5.20)

Proof. See Lemma A.3 in [43] for the proof and further details. O
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The above bounds will be used in the error estimation later. Now we introduce the

function h in L>°(&y) related to the local mesh size as

| min{hy, hy} ifeeé’,{,e:@KﬂaK’,
h|, =

hi ifeGE{f,ez@Kﬂ@Q.

Then on each e € &,, we define the discontinuity stabilization parameters a1 > 0, a0 >

0, a2 > 0 in terms of h by

C11 = a11h®, Cag = agh®, Cip = (@12 ai2], (5.21)

with the parameters o;j;,7 < j, (i, j = 1, 2) independent of local mesh sizes. The accuracy
of the method relies on the choice of @ and we assume o = 0. But the specific choice of
the stabilization parameter, & = —1, i.e., C11,Co2 = O(h™ 1), makes our DG method an
Interior Penalty method (IP;[29]), which provides that the lifting operators (5.26), (5.27)
are bounded (see the proof of Remark 5.4).

We now consider the following semi-discrete DG approximation for the spatial dis-
cretization of (5.2): Find (p",q") : I x I — P"(Q) x Q"(Q) such that

1
(C—Qp?,rh) + ap(p™, ™) = b, (", ") = 0, Wt e PMQ), tel, (5.22)

(G, V") + bn (", ¥") + en(@*, V") = 0, Ve QMQ), tel, (5.23)
with
ph('ao) = th07 (_ih(70) = Hh(_i0> ph(l‘; ) = O, Yz € 9.
Here II;, and II;, denotes the L?-projections of p and § in L?(Q) and L2(Q) onto P"*(Q)
and Q"(Q) respectively, that is, for any p € L?*(Q),q € L2(Q)

(tharh) = (parh) and (Hh(_ia ‘_;h) = (q'a ‘_;h) vrh € ,Ph(Q)?‘_;h € Qh(Q)7 (524)

and the discrete forms ap, by, and ¢, are given by (5.14)-(5.17).

In order to have operator notations in [39], let 4R, + A, : PH(Q) — [PH(Q)] ,
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By s P(Q) = [QM()]' , and Ry +Cy : Q(92) — [Q(2)]' given by

1 1 b S o
C?Rpph(’rh) = (gphaTh)v quh(vh) = (qh’vh)’

App" (") = an (0", "), Brp"(¥") = ba(0", ¥"), Cp@"(¥") = en(@", ¥").
Note that the dual operator of By, B : Q") — [P"(Q2)]’ satisfies

B,q" (") = Byr™(g")

= =% [ edae = S [ (G 1T ) s

KeTy, I
= Y [ vt Y [ (Culd+ (d"y) - s
KeT, 7K ecel ¢

= b (g, "),
which follows from the trace identity (5.8).

Lemma 5.2 There is a unique semi-discrete solution (p",q") of (5.22), (5.23) satisfying
(",d") € ¢ ([0.T): P () x Q")) .

Proof. Theorem 5.1 is used for the proof. We use operator notations of (5.22), (5.23) to

get
p" p"
M, + Ly, =0 in [P"Q) x QM)
q" q"
where _
1 /
=R 0 A, —B
My=1| <" , Lp = "
0 R By Ch

Then we show that Lj is monotone from the definition of Ly,

Awp" — B),q" '
T DR O I I I
Bhp + Chq q
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o “h . - .
:/Q(p(ph)2+aqqh'qh+vph,qh+phv,qh) dx + Z /(cn[[ph]]ucm[[qh]]z) ds

2
C
e€Ein €

=30 [(Culd') - d"y) 1 - (Culd'+ 1d'}) - b'lds

e€En €

:/g}(ap( ) +G(*h))dx+ 2/ Cu[p"]? + Caa [ )ds>0

2
C
eéglh

by the trace identity (5.8).
To obtain Rg(Mj,+ Ly) = [P*(Q) x Q"(Q)], it is sufficient to show that Ker(My+Ly,) =
{(0,0)}. Since

c2

>c/ )m

for some C' = min{c%z, 1}, we can get the surjection, which provides the conclusion. [

My (p",q")" ((ph,ﬁh)T) = / ( L2+ (cih)2> du

To estimate of the difference of the semi-discrete DG solution (p”,q") in (5.22)-
(5.23) with analytical solutions (p,q) in (5.2) we want to extend to a larger space which

contains both solutions. In the next section we show the error estimates.
5.3.2 Extension of DG form

We define the space
P(h) = Hy(Q) + P"(Q), and Q(h) = L, () + Q"(Q).
with the DG energy norm on P(h) x Q(h),

. @I = Iplpe + ldlgm-

where

Pl = Y Il

KeT, ec&y

lallgm = > ldlts, )+ D llcz2lall.

KeTy, ecy
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and L2, (K) = {q € L*(K)|V - § € L*(K)} with the norm Hq’”ig_ (K) = Hq’HI@(K) + ||V -
Al 72 ()

For the convenience of notation, let us denote

Illogn = > I+ lloe,

eep

k=Ml or || l2rys M- llo := I+ l2 @) or ||+ Iz (o)

Furthermore, for 1 < p < oo we use the Bochner space LP(I;P(h) x Q(h)),

B (Jr Ip [l ) Yr 4 (f, 161115 dt) Up, 1<p< o,
(2, @) || e (1:p(h)x 0(h)) =
esssupye;([[pllpny + lldllom)), p = oo.

The main result of this section is to establish the L?(Q)-error estimate. It also gives a

bound in the L?(Q)-norm of the first time derivative.

Theorem 5.3 Let the analytical solution (p,q) of (5.2) satisfies
(p, @) € L™(I; Hy™*(Q2) x H*(Q)),

(pe, d:) € LYI; H3(Q) x H*(Q)), (5.25)

for a regularity exponent s > %, and let (ph,(_jh) be the semi-discrete DG approrimation
obtained by (5.22), (5.23). Then we have the estimate, for the error e? = p — p" and

i_gz_ah

e q—-q,

sup ([1e” o0 + o) +sup (11 oz, + 1EeTle, ) < € ()l + [€%(0)
te te

2)

. 1 . .
+ Chindshta} (||p||L°°(I;H1+S(Q)) A+ 16l poo (rms )y + 2l L1 (100 (2)) + HthLl(l;HS(Q))> :

with a constant C that is independent of the mesh size h.

Remark 5.3 The condition (5.25) implies that (p, q) € C(I; H*(2) x H*()), thus it is

required to have the initial condition (po, o) € H*(Q2) x H*(Q2), and also

= [|(p = ) (0)lloe < CR™™ 41 |p]l, 0,

1€7(0)




75

le(0)llo.0 = lI(d — TLG)(0) 0,0 < CR™™MF 1G]l 0.

Therefore, Theorem 5.3 thus implies
_ = : 1
sup (Ile”log + lleTloq ) +sup (I11evTllo., + IEelog, ) < CRmmtk+a),
tel tel
For smooth solutions, Theorem 5.3 thus yields convergence rates in L?-norm:
G 1
sup (" 20y + ez ) < CRFFE,
tel
where k is the order of approximation polynomials.

Following [19] we introduce lifting operators in order to extend the numerical flux
to the entire space P(h) x Q(h). We define the lifting operator £;7p € Q"(2) for p € P(h)

by

[ givedas = % [l (Culdl + (@) ds, Ve e @@, (520)

ecly

and also £; g € P"(Q) for G € Q(h) by

[ziasta = 3 [ (Cal1- ) ds wherh@.  G2)

e€ly

Note that by the definition of L2-projection (5.24), we have that
/L’ p-qdr = /E p-IIpqde Vp e P(h),q € Q(h), (5.28)

/ Lydpdr = / L, qIpdx VpeP(h),qe Qh). (5.29)
Q Q
Now we extend (5.22), (5.23) using the two lifting functions,

1 = o
(C—th,r) + ap(p,r) — b(g,7) = 0 VreP(h), tel, (5.30)

(G, V) + bu(p,¥) + &(d,¥) = 0 Vge Q(h), tel, (5.31)



where the bilinear forms are given by

Z/ —pr dr + Z/Cn[p]] [r]ds,

KeTy, e€Ey
I~) :—Z/pVVd:c—/pﬁvdx
KeTy,
Z/q Vrdx — /q Eﬂ"dm
KeTy,

Z / 0,4 - Vdzr + Z/ng[[q]][[v]]ds.

KeTy, e€Ey
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(5.32)

(5.33)

(5.34)

(5.35)

The lifting operators can be bounded provided a = —1 (e.g., IP method) as follows:

Remark 5.4 If the parameter a = —1, then there exists a constant Cin, which depends

only on the shape reqularity of the mesh, the approximation order k, and the dimension

d, such that

A

1
”EZPHO,Q < a;?C

A

_1
£y dlloe < agn’ Cinl|C2]d]llog,

for anyp € P(h),q € Q(h).

Proof. For p € P(Q) using the definition of L; and the Riesz representative theorem we

have that

£ip.§
sup (Lyp,4)
deom ldllon

e, LI (Cueldl + fdhds

dea(n) dilo.0

I1£5;

(X, [, Cutllp][2ds) 3 ( (e, J.Cn 'C20G] + fa)|%ds)?

qeQ(h)

(X, [, Cutllp]2ds)? zgh J.1|Cuold] + G} [2ds)?

1
< Q12 sup
H QGQ(h) Il

1
Zs,,f C11|[[p]”2d3 ZT;, faK hK|q|2ds)2

1
< g’ (|Cr2[ +1) sup
Geo(h) lldillo.
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(X, J. CullplPds)z (Zg, [y dl2da)z

|0,Q

1
< a112(|012‘ + 1)C'inv sup s
GeQ(h) ld

by the Cauchy-Schwarz inequality, the definition (5.21) of 1, and the inverse inequality

which is obtained from the combination of (5.18) and (5.20), that is

1
2

S e / qPde | < Culd
h

0,92

where a constant Ci,, which depends only on the shape regularity of the mesh, the ap-
proximation order k, and the dimension d. Similarly, the second inequality holds, and this

completes the proof. ]

5.3.3 Error Equations

—

To derive error equations we define for r € P(h), v € Q(h) and p € H}(Q2), 4 €

H' (),
RP(p,¥) = > [[V] (~Ciz- [Mhp — p] + {Tup — p}) ds, (5.36)
ecéy €
RYq,r) = Z [r] - (Cr2[MnG — q] + {T1,G — G}) ds. (5.37)
ec&p V€

The assumption that p € H}(Q),q € H(Q) ensures that RP(p, V), R(q,r) are well-
defined since the trace map of p, q are uniquely defined on all e € &, . From the definition
(5.7) of jump it directly follows that RP(p, V) = 0,R(q,r) = 0 when r € H}(Q),V €
H(€2).

Using the definition of the error equations, we have a following property.

Lemma 5.3 Let the analytical solution (p,q) of (5.2) satisfy
(p,d) € L(I; Ho () x H'()), (1, de) € LN(T; LP(Q) x L*()).

Let (p",q") be the semi-discrete DG approzimation obtained by (5.22), (5.23). Then the
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error e =p —ph, 9 =g — " satisfy

1 - -
(C—Qef,rh) + ap(e?,r™) — B (e9,r") = RIG, ") Wt e PP(Q) ae in I, (5.38)

—

(eX ¥h) + bp(e?, ¥ + (e, V) = RP(p,v") v e QMQ) ae. inl. (5.39)

Proof. Let p" € P"(Q) and ¥"* € Q"(Q). Then we obtain that using the discrete formula-

tion in (5.22), (5.23),

(e, ") 4 by (P, ¥") + (8, ¥") = (Gy, ") + b (p, V") + (G, ¥")  a.e.in I.

By definitions of by, the property (5.24) of L2-projection ITj,, ITy, and the definitions (5.26),
(5.27) of the lifted element £, £, , we obtain

)= 3 [ 59 S [ Wl - 1) o

KeTy

ACROEEY / g whdaz—z / ["] - Tl + {I1,GY) ds

KeTy
Since (p, ;) € LY(1; L2(2) x L2(2)), we have that V-q € L?(Q), and Vp € L2(Q) almost
everywhere in I, which implies that p and g have continuous normal components across
all interior faces. By integration by parts in element-wise and combination with the trace

operators, we get that

by (p, Vp-v'dz— [¥"1{p}ds— [¥"] (Ci2 - [Tnp] — {Isp}) ds

P,V Z / - 2 /e p %; /e ( hp 723

AT / Vqrhda:JrZ / []-{ @Y ds— Z / [P (CralTTd] + {TT,Y) ds
KeTy,

From the definition of R?(q,r") and RP(p,v") in (5.36), (5.37), we have that

1 - = 1 o . .
(cjptyrh) + ah(pa rh) - b%(q, rh) = (ijt + ?gp + V- q, rh) + Rq(qarh)a

(Qtavh) +Bh(p7‘7h)+éh(€i7‘7 ) (Qt+UqQ+Vpa >+Rp(p7 )7
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and obtain
1 N - = 1 o S S _,
(g€l ™)+ an(e, ™) = (e = (Gt Fp+ V-G + RIG ™) =RUG ™),
(e, ") + b€, 9"+ 60(e5,9") = (o + 0+ Vo, ") + RPp, V) = RPp, 97,
where we have used the differential equations in (5.2). O

There is also an important relation between by, and ZN);l from the dual property of V

and —V-.
Lemma 5.4 Let the analytical solution (p,q) of (5.2) satisfy
(p,d) € L=(I; Hy () x H'(Q)),  (pr,Gr) € L' (I; L2 () x L*(2)).

Let (p",q") be the semi-discrete DG approzimation obtained by (5.22), (5.23). Then the

following property holds, for all v € P*(Q) and v" € Q"(Q),

— b, (€%, Tp — p") + bu(e?, T, G — §") = 0, (5.40)

— W, + bV = 0. (5.41)

Proof. By the definition of B?w the property (5.26) of lifted element, and the property of

L?-projection, we obtain that

ACE I T ROEY /K (4 — Q) - Vr'de — /Q L' (§ - 1,q)dx (5.42)
KeTy,

= —/ E;erh (g — Iyq)dx
0

=0.

Here, we have used the definition of L2-projection, IIj(q — I1,q) = I1,q — IT;§ = 0.

In the similar way it holds that

b (p — p, G") = 0.
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For r* € PMQ) and ¥" € Q"(Q), we use definition of l;;l, element-wise integration by
parts, and the trace identity (5.8) to obtain that

by, (V" ) = Z /K\_I'h - Vrldx — /Q.C;rh-\_f'hda:

KeT,

_ : /K Vv - rlhdr + Z /K Pt Gds — Z "] - (Ci2[¥"] + {¥"})ds

KeTy e€Ty v ¢

. /K V- Fhhdr — Y / (17" oo — £} [9"]ds,

KeTy e€T, V¢

and from the definition l;h,

Eh(rh,vh) = — Z / "V - dr — /QE,:\_/’}Z rhdx
K

KeT;
_ K;h /K rhv-vhdxe;h / <[[rh]]-612 —{{rh}}) [¥"]ds.

Subtracting l~)§l from by, we have that

0, (" ) + o (" V) =0 vt e PR(Q), ¥ € QM(Q). (5.43)
Using the definition of error e” and e9 with the properties (5.42), and (5.43) we obtain
b, (9, Tpp — p") — by (e?, T d — G") = 0, (114G — G, Tp — p") — bu(Tp — p”, TG — ")

=0,
which completes the proof. ]
5.3.4 Approximation Properties.
We recall the following L?-projection approximation properties; see [34].

Lemma 5.5 Let K € Ty,. Then the following properties hold:

(i) Forp e H*(K),s > 0, we have

min{s,k+1
P — Tapll 22y < CRE™ S D) o .
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with a constant C' that is independent of the local mesh size hy and depends only on
the shape-regularity of the mesh, the approximation order k, the dimension d, and

the reqularity exponent s.
y 1+ 1
(ii) Forp € H'™*(K),s > 5, we have

1V — V()| 2y < CRE" bl s i,
min{s,k}+1
1P — Tpll 2oy < CR™ 2 pl s i), (5.44)

min{s,k+1}—2%
IVp = TV () | 200y < Cha 2 e

with a constant C that is independent of the local mesh size hy and depends only on
the shape-reqularity of the mesh, the approximation order k, the dimension d, and the

reqularity exponent s.

As a consequence of the approximation properties in Lemma 5.5, we have the fol-
lowing results. Let us denote for convenience, ||-[|s x = || | gs(x) and || [|s.0 := || [ zs(0)
and the same as H*(K') and H*(Q2), respectively.

Lemma 5.6 Let p € H'1%(Q), s > $.Then the following hold:
- 1
1{0p = phlog, < ChmmeEt

; 1
IThp = plloe, < Ch™™ K2 |p[14 0,

IN

[1Pll1+5,0,

A

with a constant C that is independent of the local mesh size hyi and depends only on
the shape-reqularity of the mesh, the approrimation order k, the dimension d, and the

reqularity exponent s.

Proof. 1t’s directly obtained from Lemma 5.5 and definition of jump and average on faces

of elements K. O

Lemma 5.7 Let (p,§) € H'(Q) x H'*$(Q) with s > . Then the following hold:
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(i) Forr € P(h),v € Q(h), the forms (5.36) and (5.37) can be bounded by

= min{s loa 3 e
[RP(p,9)| < Cf A8 ic, [V

‘075}1 Hp”lJrs,Q )

N i Ky l-o L -
IRUG, )| < CF MRS e []llog, lldl g sq »

with constants CY, and C}, independent of h, which depend only on a1, 2, ae, and

the constant in Lemma 5.5.

(ii) The bilinear forms are estimated by following :
~ i lta l-o 1
an(e?, Typ —p) < Cy ™RSS (h 2 [le”lloo + ||C121[[6p]]Ho,sh) 1Pll1+s,0,

~ - o i 1ta l—a & Lo = .
G(e9,I,q — ) < C. Ak (h 2 ||€qH0,Q+!!C222[[€QH||0,€h> 41450,

with constants C, and C, independent of h, which depend only on a1, aoe, and the

constant in Lemma 5.5.

Proof. (i) To show the first estimate we begin with the definition of R? in (5.36), and
apply the Cauchy-Schwarz inequality and approximation properties in Lemma 5.5

to obtain that

R <Y bR 3 [ 6 (G Wap = o] + {Thp — p})[ ds

ecéy € ecly €
1
—1p2 = - = 2
<o ICH[¥IIb.e, D hie™(1+ ICi2]) lIp — Tpll§ oxc
KeTy,
2, 2min{s,k}+l-a|~s [ 2
<CRARPmMS R 62 [F]15 e, Dl e Dy (5.44).

This completes the first estimate. Similarly we have the second bound in (i).

(ii) From the definition of @ in (5.32) we apply Holder’s inequality, the definition of a1,
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Cauchy-Schwarz inequality, and Lemma 5.5,

an(€”, Ipp — p)
= Z / ope? (Ilp — p)dx + Z /Cll[[ep]] [TIp — p]ds
KeTy, ecéy
<
KeTy, e€e&y
< 2 [Thp — pllloe
KeTy ee&y

l-a 1 1 min{s,k}+1t
<Clohz Y llelox +ofilchlerloe, | | D b * plhsx
KeTh KeTh

since

« 1
> 2 [Map—pllloe < | D NICHILTS. | [+ D rITp — pl§ ox

ecly, ecéy, KeTy,

where k is shape-regularity constant in (5.6). This completes the first estimate of

(ii). Similarly we can bound of é,(ed, TIq — §) with the same order of h.

5.3.5 Proof of Theorem 5.3

Proof. From Theorem 5.1, we have that

e? € CULP(h)NCHI; LA(Q)) and €9 e COT; Q(h)) N CHT;L2(Q)).

—

Since e? = p — p + Ip — p", €9 = G — TIq + IIq — ", using the error equations (5.38)
and (5.39), we have that

1d 1 1d
ZeP d
2dtH ”OQ 2dt”e HOQ

1 - - & L
= (Cjef,p—ﬂhp) — (e’ pp — p) + (3, 10, — @) — &, (%, 10§ — ")

+ Rq(q” th - ph) + Rp(p’ Hh(_i - qh)’

)
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by the property in (5.4).

Now we fix 7 € I and integrate over the time interval (0, 7). This yields

1,1 1, T o
5”2610(7')’ (2),9 + 5’\6(1(7')\\3,9 +/0 (ah(ep, eP) + ép (e, 6q)> dt

1.1 1. & 1 i - ~
— 1O a+ 51ORa+ [ |G- ) + (d- W] ¢ (509
T T
[ [y -Tp) e q - ) de+ [ [R2 TG~ )+ R Mg — )]
0 0

Integration by parts in the first integral on the right hand side and standard Holder’s

inequality yield that

M1 . . 1 L .
/O [(Cgef,p—ﬂhp)ﬂe?,q—ﬂhq)] dt = —/0 [(Cer,(p—th)t)Jr(eq,(q—th)t)} dt

t=7 t=1

G-+ [ed- ma)

t=0
1, 1 . ) )
< =€l 2@l (0 = Wap)ell o (rr2(9)) + el oo 20y 16 = Hn@)ell 2 (r,22(0)
1 1 G - -
20 ePll e 2 I (0 = Wnp) e (r:22(0)) + 2l Lo (r22(0)) 16— Tadill oo 120
= Tl.
From the definition of a; and ¢, and standard Holder’s inequality in the second integral

on the right hand side in (5.45), we have that

| fanerp =t + en(e.q - 11| at
0

T
1
<o [ (12l
0

T 1 1 1 N
; /0 (||Cflﬂepu||o,gh||caﬂp—thuno,eh T llcd,[eq]

ld —ILq

le(p — ap)lloe + [lelog

079) dt

1
0,6, 11C5[d — T, q] |o,gh> dt

* 1 d — -
<o'T <||C€pHL°°(I;L2(Q))HC(p —1Inp)| oo (r;2()) + € oo (r:n2 Il — HhCI”LOO(I;L2(Q))>

1 1 1 R 1
HICT [P Tl 1,2 e ICT IP—Tnp] | oo (122 (£, )) I Co € 1 (1,22 (£ )) I Co2 [A—TTRG] | oo (1,22 (£, ))

= TQ.
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Now we combine T; and Tb together and rewrite the left hand side (5.45) with the new

bounds,

1,1 1, & /(o 1 ) L
I @G + 5135 +/0 <IIC§€”II3,Q + [ Il5 g, + llogedln + ICéz[[eq]]H%,eh> dt

1 1, = T
< IO+ 51O o+ T+ T+ |

(. T — §")| + |R*(6, Wp — p")|

| =

Since this inequality holds for any 7 € I, it also holds for the supremum over I, that is

1

1 ,
2 Sup <’c€p(t)H%2(Q) + Heq(t)HHZ}(Q)> + H eP[17s (1;02()) T ch[[e ]]HLl(I L2(51))

+ ||O'q€q||%1(I;L2(Q))+HC2§2 [e9] H%l(I;ILQ(Eh))

1, 5 . _
< SIeAOFo + 71+ Tt [ |RPp TG~ @) e+ [ [RYG My — )t
I I

ol

I=e” ()11

N | =

Using the geometric-arithmetic mean inequality |ab| < %Eaz—i—%bQ, valid for ¢ > 0, (a+b)?

2(a? + b?), and the approximation results in Lemma (5.5), we obtain that

1 1 1
i = l-€llzer2 ) (HC(P — np)ell o riz2 () + 20— (0~ th)||L°°(I;L2(Q))>

+ 1€ oo (r.r20) (106 — TR@)ell 21 (122 + 2016 — Tpdill oo (1.22(0)))

1.1 1 1
< 25”*6 170 (12 () + € <||C(P — 1)l 21 1.2y + 4”;(1? - th)HQLOO(I;LQ(Q))>

1, & = "
+ *||€qH%oo(1;L2(Q)) te (H(q — I1,G): |71 (e TAld - th||L°° LI2(Q)) )
1,1 .
—er HLOO(I ;L2(Q)) +eCpmintsit) < 2 HptHLl (LHs () T HQtHLl I;Hs(Q)) >

1 ql 2 2min{s,k}+2 2 =112
+ oo e o 1520y +4€Ch {ork}+ é”pHLOO(];HlJFS(Q)) + Gl 2o (rpm+5 () ) -
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and

T3

1 1 & 1 1 B
= e (15 B nsziay + 1M waaan ) + 5 (ICh PN oy + IR ey

€ w272 [ 2 2 = =112
+507T (C* 1P = apl Lo (1. 2(02)) + Hq_thHLOO(I;LQ(Q)))

0 1 1 . =
+5 (HCﬁ [0 = Tpllf oo (1,12, + [1C521G — th]]H%oo(I;m(sh)))
<L ()ier2 T )2 + — (Yca e T e[
= 90 \ o7 ILoe(L;L2(Q) Le=(I;L2(Q)) 24 11 LY(I;L2(En) 22 LY(I;L2(En))
€ * min{s,k *2 N
+5C0 22 minte k2 (C [ HQH%OO(];HHS(Q)))

14 min{s o ~1
ORI (1ol gy + 1 mes)-

Using Lemma 5.5 and Lemma 5.7 we can also bound the error equations
R -ah|a < [[Rr.eD]ars [ R0 p.116 - g
I I I

i 1-a 1 d 1 — —
< gt [ (1o Ietlag, + 1ohIMta - dlloc, ) 19l d
< H p2h2min{s,k}+l—a 2 1 3 qr (2
< §CR 1P oo (1145 () + ZHCQQHB M2 (s mes g0y
/J’CPQTQthin{s,k}—‘rl—oc 2 1 % 116 —g 2
+5Ck Hp||L°°(I;H1+S(Q))+ﬂ||c22[[ A= Alll7e 128,

Bop2 - _ 2 O
< 56% (1 + T%)p2min{sk}+l-a 1PN T o (1 pr1s )y + ﬂ”cfgﬂeqﬂH%l(I;HHS(eh))

S

+ o B2 min{s,k}+1+a ”(—iH%OO(

LI ()

and
J R =5 e < B Cg2 0 TR G e
L. 2P
+ ﬂ”cuﬂe 2z mes e

1 - 2
+ ?hQ min{s,k}+1+a HpHLOO(I;HIJ"S(Q)) )
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Combining the above estimates and 17,75, with € = 4, and p = 2, then we have that

1 1 _ 1 1 1.1 -
ZePl2 q||2 - (|2 L an 2
1 ilelll) <||Ce ||L2(Q) + e ||]L2(Q)> + 2||C121[[6 ]]”Ll(I;L2(£h)) + 2”0222[[6 ]]||L1(1;]L2(gh))

<

1 1, &
I=e©O)l3 0+ 51e9(0) 3

N

+CR2minte 12} (HPH%OO(I;HHS(Q)) + Hﬁ”%w(l;mus(g)) + ”ptH%l(I;HS(Q)) + ||51t||%1(1;Hs(Q))) )

with a constant that is independent of the mesh size h taking o = 0. Using the bound

1

c*

. ||ep||%2(m < H%ePH%Q(m, we conclude the proof of Theorem 5.3. O

Remark 5.5 In our DG method the parameters are independent of mesh size h which
gives higher accuracy of the L?-norms of errors in p and q with k + %, k+ %, respectively
for smooth solutions (p,q). But, in IP methods, i.e., the stabilization parameters Ci1,Caa
of order O(h™'), we lose accuracy % for p and q, respectively, from the interior penalty

fluz. ( see proof of Theorem 5.3 with o = —1 ).
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6. FULLY DISCRETIZED SCHEME ERROR ESTIMATION

6.1. Fully Discretized Discontinuous Galerkin Method for the system

In this section, we present the fully discrete discontinuous Galerkin method for
the system (5.22)-(5.23), which extends the spatial discretization in Chapter 5.2. to fully
discrete scheme. The discretization in space is based on the discontinuous Galerkin method
while the time discretization is based on the 6-scheme finite difference approximation.
Especially we apply the Trapezoidal method in time discretization, i.e., when 6 = % We

show an a priori L?-norm error estimate for the scheme, following [31].
6.1.1 Time discretization

We now use the #-scheme to discretize in time the system of equations (5.22)-(5.23).
To that end we introduce a time step At = T/N and define the discrete times t, = nAt

for n =0,--- , N. For a (sufficiently smooth) function r(z,t), V(z,t), we set
8{1“” = (9157”(', tn), 8t\7" = 815\7(', tn).

Let (p,q) be the solution to the system (5.2). We wish to find DG approximations
{(P™,Q™)} such that (P", Q™) ~ (p", ") at the discrete times #,. To do so, we introduce

the finite difference operator

n+l _ pn An+l _ An
P P - Q Q
= s

AP" — AG" 0. N—1. 1
At Q At n=0--, (6.1)

The fully discrete numerical solution to the system (5.22)-(5.23) is then defined by finding
{(P™,Q™)} such that

1
(2

(AQ™, V") + by (1 — O)P" + 0P 9" + (1 — 0)Q" +0Q™ 1, ¥") =0,  (6.3)

AP ") + ap((1 — 0)P™ + 0P rh) — b, (1 — 0)Q" + 60Q™+ ) =0,  (6.2)
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forall n =1,---,N — 1, and for all (r",v") € P"(Q) x Q"(Q). Especially when 6 = 1 it

gives the Trapezoidal method

1 1 1, = <
(GAP" ") + San(P"+ P ") — b (Q" + Q") =0, (6.4)

= 1 1 o 4
(AQ",vh) + 5bh(P” + Pl gl 4 5ch(Q" + Q"L ¥ =0, (6.5)

foralln=0,--- , N — 1, and for all (r",¥") € P"(Q) x Q"Q).

The initial conditions P° € P*(Q2) and Q° € Q"(Q) are given by
PP =1I,f, Q"=0.

In the above equations in (6.4), (6.5), every time step involves the inversion of the DG
A -B

mass matrix. Since it is an invertible block matrix , where A and C are
BT C

symmetric positive definite, the new approximations P"*! and Q”‘H are well-defined for

n > 1. Therefore the fully discrete DG approximations {(P", Q”H)} are uniquely defined,

which completes the definition of fully discrete DG methods for the system.

Remark 6.1 The fully discretized scheme (6.4), (6.5) is unconditionally stable. Choosing

rh = pn 4 pntl gh = Qn 4 Q™! with the property in (5.43), we have that

1 2 1 &
||2Pn+1||(2),ﬂ +1Q™3 o :||Epn||(2),ﬂ +1Q"3 0

At S
_7 (ah(Pn+Pn+1,Pn+Pn+1)+Ch(Qn+Qn+1,Qn+Qn+l)>

1 =
§HEP”H379 +11Q"15.0:

for allm = 0,---,N — 1. Therefore we obtain that ||[PN|[g o + ||QNH(2)Q < ILPOIB o +

||QOH%7Q7 which is independent of size At and h.
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6.1.2 An A priori Estimate

In this section, we state a priori error estimate for the fully discrete DG method
introduced above. We decompose the error e” at time £, into
" = el 4 ed"
= (0" =" +p" — P*) + (@ —TG" + ,G" — Q") ,n =0, , N,
where p" = p('atn) and q" = q("tn)'
Our main result establishes an error estimate of the L?-norm of the error. The

following result holds.
Theorem 6.1 Let the solution (p,q) of the system satisfy the following properties for a
reqularity constant s > %
p € C(LHT(Q), pue CLHN(Q), 9pe L'(1:L*Q),
deC(LHT(Q), que C(LH(Q), 07q e L' (IL(Q)).
Then there holds the error estimate
(9" — 7|+l = @7[) < CQamnleRe) 1 A,

with a constant C > 0 that is independent of the mesh size h and time step size At. Then

the numerical solution holds the accuracy up to hk+3 + At? for a smooth solution (p, q).

We denotes the differences between numerical solutions and the projection of ana-

lytical solutions for n =0,--- , N — 1, by

¢y = P'—Iyp", &4 = Q" -IL§",

Ry = Ipp" —p", Ry = I,G" —q".
Note that the initial condition ®) = II;p" — P° = 0 and &3 = I, — Q° = 0. The

following approximation properties hold by Lemma 5.6.
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Lemma 6.1 For 0 <n < N — 1, the following holds:

IR, + Ry lloe

IN

. 1
CRUERH (" 1pa0 + 1" 1400) -

min 1
I{RY + R oo < CR™™FH 2 (11p2 140 + 9" hits0)

IN

and

IRy + Ry oo < CR™M™MSHH (1|10 + [P l14s9)
with a constant C > 0 that is independent of h, At, and T'.

Proof. Using the definition of R} and the property in Lemma 5.6 and Lemma 5.5 we have

that
IRy + By 6 e < 2 (IMap"™ — "5 0 + 1™ = " 11I5.0)
< ORI (p2 |2+ ("R )
IRy + Ry oo < 2 (I4Tnp"™ — 2"} lI5.0 + I{TTap™ " = p" ' 315 0)
< CRP™MERHL(1p0 3 o + 10" 1 en) -
and
IR, + Ry ilSe < 2(IBp 130 + IR G 0)
< 2 ([I(Mpp" = " 3.0 + ™t = "5 )
< ORI (150 1E o + 10" 1 1e0)
forn=0,---,N —1. O

The previous approximation results are satisfied by Rg similarily.
Now we consider that

o) = = 3 [ p9vde = 3 [0 Ge- 1)~ oh) ds

KeT, ecEy V€

= X [ Vovar = % [Bl- @alv]+ {73) s

KeTy, ec&y V€
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by Green’s identity and the trace identity (5.8). Then we have the following bounds by

the property of L%-projection [y R,V - ®qdz = 0 and [, RqV - ®,dz = 0.
Remark 6.2 It holds that forn=20,--- ,N — 1, for any g9 > 0, €1 > 0,
(@5, 20) — B,(25,85) = 0,
and
bn(Ry, @q) — b}b(Rg,@;})

—= > (193 @ IR} - (RS ds+ 3

ec&y ecéy

JACAEARR CA TS

e

Next the finite difference operators A7, Ay are bounded as follows.

Lemma 6.2 We set

1 1 noopntl
SAT = —Allp" - Mj =0,---,N—1,
c c 2c
and
—=n, —n+1
A" = AILLG" — u, n=0,---,N—1,

q
For 0 <n < N —1, there holds
1

AP
c P

1 tn+1 . At [tn+1
< C (C ~ /t hmln{s,k+1}“pt”579d7 + 1c /t HaEpHQQdT> s

0,0

and

1 tnt1 . . At [tnt+1 .
183l < (55 [ W s ot + 50 [ o8l )
; At Jy, 4 )i,

Proof. We can split the expression to estimate it

py + ppt!
2c2

!

<
2c -

0,2

1
HCAth” CAILp" —p") - (6.6)

1
o
C

H :
0,0

To bound the first term on the right-hand side of (6.6), we use the identity

tn+1
plrtnin) — plotn) = / pe(-7)dr,
tn
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which is Fundamental Theorem of calculus. By the property 0;(IIpp — p) = II;,p; — pr and

Lemma 5.5, we obtain that

1 tny1 1 tny1 . il
< | aphloads < O [ BER D ) gar

1
HC (pp p)O’Q it ), o

To estimate the second term on the right-hand side of the equation in (6.6), we also use

the following identity,

P +pn+1 . 1 tnt1 At 2
B e ARy vl N (ORI G T

which is obtained from Taylor’s formula with integral remainder,

i+ D 1 tn+1 tnt1
—tTt +Ap" = 7 [(tm% - T)pt("T)Ln T t pie(-, 7)dT

1 9 1 9 tnt1 1 tnt1
= g [{tnrs == o0 meten)] " [ g =t

tn in

1 [l At
= w/t ((tm; —-7)% - <2> ) Op(-,T)dr.

Since |tn+% -7 < %, we can deduce that

1 i 4 prtt 1| 1 [ter 2 At 2
H <Ap"‘t2t < o [ (g —r) = (5) ) atwen ar
0,0 * tn 0.0
At [in+1
< = Fon dr.
< I 10 pllo,odT
Similarly, we have the same estimation for q. ]

6.1.3 Proof of the main Theorem 6.1

We are now ready to complete the proof of Theorem 6.1 . By the triangle inequality,

we have that
N
e " o0
n=0
N _, = N = =
< max {Tp" = P"lo + 156" — Q" flo0 | +mix {|p" = " o + 4" — T1G" 0.0}

N N
< miaxl | @ lloe + 1195 lo.0} + e | Ry oo + |1

0.0}



94

In this equation, the approximation properties of the L?-projection show that

IRplloe = [Ip" = Map"floe < CR™™MHH 40, (6.7)
and

IRgloe = 116" - Mg oo < CR™™ MG |11 0. (6.8)
for all n =0,---, N. Therefore we only need to estimate ®; and ®¢ in order to estimate
the error in L?-norm for alln =1,---, N.

Recall that for (p,q) the exact solution of (5.2) it holds that

1
(C—th,rh) + ah(p,rh) — b%((j,rh) = 0, vl GPh(Q),tEI,
(G, V") + bu(p,¥") + cn(d,¥v") = 0, v e QM) t eI

Trivially it holds for all n =0,--- | N,

1
(?p?,rh) + ap(p™, ") — bh(G, ") = 0, vrlt e PhQ),t e I, (6.9)

(Gr,v" + b, V") + (@, vh) = 0, vt e QM) tel. (6.10)

We subtract (6.9), (6.10) from (6.2), (6.3), add IT,p™, IT;,p"*!, and subtract them again,
respectively, in order to use the notations @y, g, R}, and Rg for each time step n, then

we can obtain the following:

1 [ A

1 1
+§ah(<1>;j + @;H + RZ + Rg“, rh) — 51)2(@8 + <I>g+1 + Rg + RZH, rh) = 0,
and

—n, —n-+1
(A@g + AT - ,vh>

1 . 1 .
+50n(®} + optt 4+ Ry + R V) + en(®g+ oot 4 R4+ R VM) = 0.
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Next, we choose " = @7 + &7 € P'(Q) and v = &f + @2 € Q"(Q), multiply the

resulting expression by At, and add two equations to have that

1 1 2 2 At
1% S50~ 194130+ S (Ao + Ko —B'ho + Bl + Cio + Cho)
At Y +pn+1 . q’n+q»n+1
+ (AHhP PP ap v aptt) o (amg - I en 4 aptt) —o,
where
Bo = o (B + 2T BT ARy = an (B4 R @) @),

ke = bn (R + Ry, @+ 02T) B = b, (RE+R2T, @p +0p), (6.11)
bo = o (¥4 + 24T @G apt) . Che = e (RG+RYT Byt

Here we have also used that by, (@Z + @ZH, oy + @g“) —bj, ((I)Q 4 (I)’gl“, on + (I)?H) —0.
Summation from n =0 to n = m, for 0 < m < N — 1, shows that
At —

1
1 (B + Cha) < 280030 + 19503
n=0

1= <I>m+1||o o+ 12 5o+ -

m

At
+5 2 (Wil + Chal + [Bha| + Bl

n=0

m
1 1
| (R s oph) [+ ar S| (8w ey
=0
Now we use the deﬁn1t10n5 in (6.11), the Cauchy-Schwarz inequality, the geometric-

arithmetic inequality ab < % + % for any € > 0, and also Remark 6.2 on right hand side

in the previous equation,

1
O, 2 1
be = 1255 + @5 )IBq + ICh 2] + 25 1R,
1 1
bo = llog2 (®g+ 2GTIE o + 165,124 + 24T T3 e,
n
R®

o 1 1 1
< \\l(R” + R”“)Ho,sz\lf(fb” + @ oo + ICH IRy ICH1 [@y

£ 1
< p(R” + Ry o, QH*(‘P" + 25 o0 + 5 ||C11[[R” + Ry 3 e +5lcnl®y
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n
R®

1 1
< llog(Rg + Bg™)loal @ + 25 g + ek [Rg + Bg il 165, [0 + 2]

078}1

1, 1 e, L
< log(Rg + Rg™ ) llo.ll®g + 25 oo + 52 1G5 [Rq + Ry |G e, + 5105 [®q + et 15 e,

and

e

1 1
ho — Bho < 5 (IChI%} + O IR s, + ICh0G + 2+ 1IR,

1 N _1 _1
+ 5 (20nPler IRy + R TR, + 2icnt €7 + B3V BB,
_1 _1
+ 2ot IR + R, + 21 (RS + R, )
With the following note that

m m
o 1 o
SO IE (R + By ool (@) + 25 o < 2 max @5 loa D0 172 (R + Byl

n=0 n=0
m+1 o
< n P pn
= 41§£Ln§a7)rf+l H(I)pHO,Q HZO || c RpHO,Q7
and the previous estimations we can have that
1 m—+112 m—+1/2 At S 3 n n+17(12 3 m n+17(12
L85 B + 10 HEa + 52 (Iehley + ofF I, + Ichioy + o3+ 11,
n=0
Loop2 o2, EAL 3 Tn 1 T2 3 Tan 1+ @nln)2
< 159000+ 193130+ 57 2 (Iehleg + 05 I s, + Ich o + 93+ 11,
n=0

1 m+1 1 o
+2 (e 17 0%l ) 203 (128310 + 125l

0<n<m+41 ¢ C
n=0

m+1 At m
#2 (ma 195000 ) 8 32 (185000 + leaglos) + 5 > 75

where T is defined by
_1 1 _1
Tp = (2012\2\\0112 [Ry + R e, +lICh R, + RMIG e, +20C” §R) + Ry} G e,

_1 1 _1
+2|C1af?||Coy” [RG + Ry 15 e, + IC3[ R + Rg™'IlG g, + 20100 { Rg + RZH}}II%,gh) :
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for0<m<N —1.
1
We subtract the term 5L 57 <HC11[[<I>” S5 .e, + |]C222[[<I>Z+<I>Z+1]]|]agh> from
both sides taking ¢ = 1, and by using the geometric-arithmetic inequality ab < %aQ +

%, 1 = 2 we obtain that

1
I=

1
O ot 125 50 < 1 25ll50 + 124/

1 2 N 1 ” 2
" - o7 A AP Zp pn
"1 (OQ&XN 12 HOQ) + ( tnz;) (Hc p - RpHo,Q>>
1 2 N 2 At N
"1 <01<n82( I*q ”09) + <At2(|1A2||o,ﬂ+||aqu||o,g>> ST
n=0

n=0

Since the right-hand side is independent of m, we take maximum on the left hand side
2 2
and subtract (max o2 HQQ) and 1 (max o 12 llo, Q> , and multiply by 2 on

both sides we readily obtain that

1 1
o (1505130 + 193150 ) < 20502050 + 210313

0<n<N
N 2 N 1 o 2 N
+2 (msz (an RZHO,Q)) 2 (Atz <|CA;3H0,Q + ujR;}Ho,Q)> Ay TR
n=0 n=0 n=0

Taking square roots on both sides we obtain that

1 0 0
A, (125 llo.2 + 1 2gllog) < \/ﬁllg%llo,n +V2[ 23l

N
EAES (1A80n + lraRlog) + V2 Atz(nmnomu % RYlon ) + (AtZT;s)
n=0

n=0

We can bound the right-hand side using (6.7) and (6.8) that

N
Up T n p n
— <
8031 o + o) < 7 (o, 12285
n=

R Hm)

< Chmi“{s”“}“T(IIPIIC(T;HHs(m) tllallo@ms@y) (6:12)
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and A}, Ag can be bounded as well using Lemma 6.2 ,

N

ALY ATpe < C (hmm{s’kJrl}||ptHL1(I;HS(Q)) + At2”8?p”L1(I;L2(Q))> , (6.13)
n=0
N .

ALY ALl < C (hmm{s’kﬂ}Hﬁt”Ll(I;Hs(ﬂ)) + A152||af’5l|!L1(1r;L2(Q))) : (6.14)
n=0

By Lemma 6.1 we estimate the term T3,
Th < O™ (|p" 4+ p" R o + 16" + G 4a0) -

and

N
ALY I Tllos < T max [Thloe < CA*™™ T (1) ¢ vy + 1618 7oy ) -

n=0

so that

1
N 2
n min{s 151 —
<AtZTB> < opmin{s k573 (HPHC(T;HHS(Q)W|\q||C(T;HHS(Q))).
n=0

We combine (6.12), (6.13), (6.14), and (6.1.3) to get

max (|| ®31[5.0 + [19g

5.0)
0<n<N 0,02

1 -
< 2HE(D2H(%,Q +219%50 + CAL (107Dl L1 (1020 + 1074l L1 (122 (0))
. 1 R N
+Opm IS (”PHC(T;HHS(Q)) + lldll e m+s ) + 1Pl m@)) + HQt”Ll(I;HS(Q))) :
in which the constant C grows linearly with 7', which completes the proof.

Remark 6.3 We also take staggered scheme with centered difference in time of the sys-

tems (5.22)-(5.23) for allm=1,--- | N,

(LATP Y3 ¢y 4 Say, (PP Prolehy — b (Q 3, 0h) =0, vrh e P(Q) 615
6.15

(A"Q, ¥1) + by (P91 + Lep(@rre +Qroz,vh) =0, v e Qh(Q),

where
pn _ pn— 1

Gt -G
At ’ '

1
ﬁ nPn—f
’ YAV

AnQn _
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Choosing r* = P" + P11 vh = Q’"fé + Q’”é with the property in (5.43), we can have

that
1 S 1 =1 At o1 _ o1
I=P IR+ 1Q™ 2 Bo =IZ P I + 1Q" 3[R0 + 5 (<0h(Q 75, P"7) + bu(P", Q"))
At n n—1 pn n—1 Rn—1 Rn+i /n—1 Rn+i
_7(%(13 + Pl opr prely 4 (@ - Q0G0+ Q 2)>
1 o1 VAN S 1 _ o1
< I-P R+ 1@ B0 + 5 (—0h(Q" 5, PP + b (P, Q7))

by the property of b%(@”fé,P”) = by (P™, Q”’%)
Summation of the equations above fromn =1 ton = N gives that

1

Cc

Sy ant 1 =1 At 21 Sy ant
PN o+ QY5 [ g < =PP IR o+ 1G2 B o+ 5 (—0h(Q2, P) +bu(PY,QV5) ).

[ 5

In the case of CG(Continuous Galerkin) method, we have

SNl 1 1, zni2
bn (P, QYF2)] < SIVPY G0 + 51QY 2 5 0-

The inverse inequality (Appendix 0.1) allows to have constant Cin(h) > 0 satisfying
||VPNH(2)7Q < C’mv(h)HPNHaQ, where Ciny(h) depends on shape-regularity. Therefore we

can obtain CFL condition choosing At < 40*2C’mv(h) for the scheme (6.15).



100
7. DISCUSSION AND CONCLUSIONS

PMLs for the acoustic wave equation with variable sound speed appear in several
different forms. But stability and well-posedness are not clearly answered mathematically
in higher dimensions. Even though the energy decay rate of 1-d acoustic PML wave was
solved for constant speed [46], it remains unknown for the variable sound speed case.
We showed the exponential energy decay of 1-d PML wave with variable sound speed in
Chapter 4, but the energy decay rate is still unknown.

The second order regularized 2-d PML wave equation was introduced in Chapter 2,
and we showed the well-posedness of the system and efficiency by numerical experiments.
But the stability of both classical and regularized system is still not clear, and so remains
a question for further research.

In chapter 3 the multi directional PMLs are introduced with additional damping
terms. We showed well-posedness of the regularized system, and numerical experiments
indicate that the multi-directional PMLs are more effective than the classical PML. There
are many remaining questions such as well-posedness, stability, general efficiency, etc.

We introduce a general stable formulation of a first order hyperbolic system with
lower order damping in chapter 5. Construction of effective damping terms, possibly time
dependent, in order to have numerically desirable absorption in the layers is still largely
open. In chapter 6 we constructed a locally discontinuous Galerkin method (LDG) for the
system. An a priori L?-error estimate under additional regularity assumptions was shown

for the semi-discrete DG method as well as for the fully discretized scheme in Chapter 7.
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A APPENDIX Inverse Inequality

One obtains as penalty a factor with negative powers of the diameter of the mesh
size to estimate a norm of a higher order derivative of a finite element function by a norm

of a lower order. These are so-called inverse estimates [1].

Consider an affine family of finite elements { K'} xc7;, whose mesh cells are generated

by affine mappings F : K- K by
Frxx = Bx+ b,
where K is a reference cell and B is a non-singular d X d matrix and b is a d vector.
Lemma 0.1 For each matriz norm || - || we have the estimates
IB|| < chue, | BT < ehilh,
where the constants depend on the matriz norm and on K.

Proof. Since K is a Lipschitz domain, it contains a ball B(Xq,r) with X¢ € K and some

r> 0. Then Xg 4+ y € K for all ||y|2 = r. It follows that
X():B)Aio—i-bEK, X:B()A(()—l-y)—i-b:XO—l-ByEK.

Then we obtain that for all y

1By ll2 = [[x = xoll2 < Crhu.

Now, it holds for the spectral norm that

Bzl||s 1 . Cr
1Bl =sup L0202 Ly ), < S,
z#0 HZH2 Tzl 2=r r

where Cr depends on K, but it can be independent on K with the assumption of quasi-

uniform mesh. An estimate of this form, with a possible different constant, holds also for
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all other matrix norms since all matrix norms are equivalent. The estimate for ||[B~!||

proceeds in the same way with interchanging the roles of K and K. O

Remark 0.1 We can get the estimate for the determinants of B and B~ from the pre-

vious Lemma 0.1 and Leibniz formula for determinants
|det B| < Ch%, |det B7'| < Ch %
Using this bounds we can get the following for all v € P(R’), v e P(K)

/||Dk )|[Pdx < Chy kp|detB]/ | Do ( )||§dngthp+d/ | D6 () ||hdx,
K

/ D85 < il dee 51| [ Do) x < Chiz™ [ | Dkv()
where P(K) the space of polynomials of order N over K, and P(K)={pe K - R:p=
poFgl,pe P(K)}.

Theorem 0.1 (Inverse Estimate). Let 0 < k <1 be natural numbers and let p,q € [1, c0].

Then there is a constant Ciy,, which depends only on k,l,p,q, K, P(K ) such that

1
1D Loy < Cinohle ™ " DR ey V" € P(K).

Proof. Assume hz =1 on the reference mesh cell. For k = 0, we obtain that
1D "l oy < 16" lwraiey < CIO" iy V" € P(K),

since all norms are equivalent in finite dimensional space. For k > 0, consider the space

of polynomials such as

P(K) = {8,0" : o" € P(K),|a| = k}.
Then we apply P(K) to obtain that

D" o <|Z 1D * (008"l o <c||Z 100" | ()
al=k al=k

:CHDk@hHLq(i{)
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From the estimates for the transformations, we obtain that

i+d —l+d
1D lzagae) <Chae ™D 00" oy < Chid ™ ND* 0 oy

k—l+d/q—d
—Cinoh +d/q /p”Dkvh”Lp(K)'

For example, the inequality (5.18) holds when p=q¢=d =2,k =0,l = 1.

Remark 0.2 One obtains the global inverse inequality with the assumption of quasi-

uniform mesh (Definition 5.3),

| D" | pagy < ChED =T DR iy 0" € P(Q).
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B APPENDIX Figures

Regularized PML  at time step t=60

Figure 0.1: Regularized Acoustic PML wave with variable sound speed at time steps 60

Regularized PKML at time step t=80

Figure 0.2: Regularized Acoustic PML wave with variable sound speed at time steps 80
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Figure 0.3: Regularized Acoustic PML wave with variable sound speed at time steps 100

Regularized PML at time step t=120

Figure 0.4: Regularized Acoustic PML wave with variable sound speed at time steps 120
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Figure 0.5: Regularized Acoustic PML wave with variable sound speed at time steps 140

Regularized PML at time step t= 160

Figure 0.6: Regularized Acoustic PML wave with variable sound speed at time steps 160



C APPENDIX Codes

function System 2nd order PML regularization
h = 0.01;

L=0.1;a=.5;

dx = h;dy = dx;

dt = dx/2;

tf = 180;

sigma = Qgetsigma;
x=—-L—a:h:a+1L;

npic = length(a:h:a+L);
ncom = length(—a:h: a);
y=%

nx = length(x);ny = length(y);
f = zeros(nx);

ka = —.0;

kb = .0;

forxi =1:nx

foryj=1:nx

£(xi,y3) = 1 % exp(—(20. * (x(xi) — ka))? — (20. * (y(yj) — kb))2);

end
end u = f;uold = u;
unew = zeros(nx);
gx = zeros(nx — 1);

qy = zeros(nx — 1);

112
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gxnew = zeros(nx — 1);
qynew = zeros(nx — 1); convM = convolution(nx — 1,ny — 1);
uconv = zeros(tf, (ncom — 2)?);
load velocitycomp
crand = ones(nx);
crand(npic : npic +ncom — 1,npic : npic + ncom — 1) = velocitycomp;
fort =1:tf,
forxi=1:nx-1
foryj=1:nx—-1
sigmax = sigma(x(xi) + dx/2,0);
sigmay = sigma(0,y(yj) + dy/2);
lhsgx = 1 + .5 * sigmax * dt;
lhsqy = 1 + .5 * sigmay * dt;
dxu=u(xi+1,yj+1)+u(xi+1,yj) —u(xi,yj+1)—u(xi,yj);
dxu = .5  (dxu)/dx;
dyu=u(xi+1,yj+1)+u(xi,yj+1)—ulxi+1,yj)—ulxi,yj);
dyu = .5 x (dyu)/dy;
rhsgx = (1 — .5 * sigmax * dt) * qx(xi,yj) — dt * (sigmax — sigmay) * dxu;
rhsqy = (1 — .5 * sigmay * dt) x qy(xi,yj) — dt * (sigmay — sigmax) * dyu;
gxnew(xi,yj) = rhsqx/lhsqx;
qynew(xi,yj) = rhsqy/lhsqy;
end
end
Convolg2xn = convM * reshape(gxnew, (nx — 1) % (ny — 1), 1);

Convolq2yn = convM x reshape(qynew, (nx — 1) % (ny — 1), 1);
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Convgxnew = reshape(Convolqg2xn,nx — 1,ny — 1);
Convgynew = reshape(Convolg2yn,nx — 1,ny — 1);
Convgx = gx;
Convqy = qy;
forxi=2:nx-1
foryj=2:nx-1
cij = crand(xi,yj)?;
ddxu = (u(xi+1,yj) — 2*u(xi,yj) +u(xi —1,yj))/(dx * dx);
ddyu = (u(xi,yj +1) — 2*u(xi,yj) + u(xi,yj —1))/(dy * dy);
dxgx = ((Convgx(xi,yj — 1) + Convgx(xi,yj)) — (Convgx(xi — 1,yj)
+ Convgx(xi — 1,yj — 1)))/(2 * dx);
dxgxnew = ((Convgxnew(xi,yj — 1) + Convgxnew(xi,yj))
— (Convgxnew(xi — 1,yj) + Convgxnew(xi — 1,yj — 1)))/(2 * dx);
dyqy = ((Convqy(xi,yj) + Convqy(xi — 1,yj)) — (Convqy(xi,yj — 1)
+ Convqy(xi — 1,yj — 1)))/(2 = dy);
dyqynew = ((Convqynew(xi,yj) + Convqynew(xi — 1,yj))
— (Convqynew(xi,yj — 1) + Convgynew(xi — 1,yj — 1)))/(2 x dy);
divqConv = .5 * (dxgx + dxqxnew + dyqy + dyqynew);
delu = ddxu + ddyu;
sigmax = sigma(x(xi),0);
sigmay = sigma(0,y(y]));
lhs = 1 + (sigmax + sigmay) * dt/2;
rhs = (2 — dt x dt * sigmax * sigmay) * u(xi,yj) + (—1 + 0.5 * (sigmax...
+ sigmay) * dt) x uold(xi,yj) + dt * dt * cij * (divqConv + delu);
unew(xi,yj) = rhs/lhs;
end

end
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ucomp = unew(npic + 1 : npic 4+ ncom — 2,npic + 1 : npic + ncom — 2);
uconv(t,:) = reshape(ucomp, (ncom — 2)?,1);
uold = u;u = unew;
gxX = gxnew; qy = qynew;

end



