Discrete Morse Theory
and

Persistent Homology

Chung-Ping Lali

Advisor: Christine Escher

Oregon State University
College of Science

Department of Mathematics

December, 2020



Abstract

In this paper we explain at the theoretical level how discrete Morse theory can provide us
a more efficient approach to compute persistent homologies. In achieving so we also provide a

framework for discrete Morse theory to be applied to persistent homology for other purposes.
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1 Introduction

In the novel field of Topological Data Analysis (TDA), simplicial complexes are among the
central objects of study. In particular, persistent homology emerged as a powerful tool in data
analysis. This naturally gives rise to the need to efficiently compute the homology of various
complexes.

On the other hand, Morse Theory is a powerful tool in differential topology and differential
geometry which has produced important results foundational to modern geometry and topology.
This inspired Robin Forman along with others to take similar approaches to study CW complexes
and PL manifolds. Forman eventually produced a discrete version of the Morse inequality (see
[8]) and developed what we now know as the discrete Morse theory (see [3]).

Among the ideas carried over from Morse theory is the notion of Morse homology, a homology
theory whose homology groups are isomorphic to standard simplicial homology groups, see [12]
for details. As part of his work, Forman formulated Morse homology discretely on CW complexes.

This particular result leads to an approach to efficiently compute homology groups. In general,
the complexity of computing homology groups is related to the number of cells. Meanwhile the
computation of Morse homology only uses the "critical" cells, and thus can be significantly faster
to compute than the simplicial homology while still giving the same result.

The purpose of this expository Master’s paper is to introduce at a theoretical level how
Milschaikow and Nanda applied the above idea to optimize the computation of persistent homology
[4], and in the process provide a framework for other applications of discrete Morse theory in
persistent homology.

We will first define some of the algebraic and topological notions in Section 2. In Section 3
we will introduce the theory of abstract cell complexes, which tackles the issue that TDA mainly
works with abstract simplicial complexes whereas discrete Morse theory was originally introduced
on CW complexes. Then in Section 4, we will establish a variant of discrete Morse theory with a
focus on Morse complexes, the analogue of Morse homology in discrete Morse Theory. We will
briefly introduce the persistent homology of a filtration of abstract cell complexes in Section 5.
Finally in Section 6 we will construct the Morse Filtration which involves fewer cells but has

isomorphic persistent homology groups as the original filtration.



2 Background

In this section we will briefly establish notations and some useful results from algebraic

topology.

Notation 2.1. Modules
Let R be a ring. Let R(Y') denote the free R module generated by the (finite) set'Y.
Moreover, for such R(Y), we asszgn by default a paw’mg structure (,), so that for Y =

{yi,92, .., yn}, and all v, 7}’s in R, Znyz,Zryl : Zrl

=1 =1

Definition 2.2. Chain Complex
A chain complex C = {(Cy,04)} is a sequence of abelian groups Cy, called the chain groups

connected by homomorphisms 0, called the boundary operators and commonly denoted 0y : Cyq —
Cg-1.
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Moreover, we require 03041 = 0 for every indez d.

The index d assigned to each group is generally called the dimension as elements of the
groups Cy usually correspond to topological objects of dimd. It is a common practice in topology
to suppress the index of the boundary operators and denote them by 0 since the dimension is
usually clear from context.

For the chain complexes that will appear in this paper, all the groups Cy will be free R-
modules for a fixed ring R. Moreover this ring R is uniform across all chain complexes presented.

This extra property is prevalent in topology but is especially important for this paper.

Remark 2.3. Given a chain complex C with chain of groups Cy. For convenience we sometimes
ignore the dimensions completely and consider the chain complex C as one module, the direct

sum of all the modules Cy. In that case the 0’s can altogether be considered as one single function

C—C.

A CW complex is another topological structure deeply related to our topic. We use the

definition from Lundell and Weingram[1] among the many equivalent ones as our reference.

Definition 2.4. CW Complex
A (finite) CW complex is a set X with a (finite) collection of functions X := {a¥ : D* —
X | d € N}, where D% is the closed unit disc of dimension d with boundary S, satisfying the

following conditions.
o Each o/ € X is injective on D4 — §41,
o X is the disjoint union of {a¥ (D% — §¥1) | a € X}.

o For any a9 € X, o (841 C X where
.= | JBYNDY) | B9) e X,d' < d} and is called the d-skeleton of the complex.



We usually denote ald pld) ¢ x Just as «, B, suppressing the dimension indicator d. Fur-
thermore we abuse notation and let them also denote their images, which are the cells of X. Note
that X has a topological structure induced by the cells and that is the topological structure of the
CW compler.

Finally we state the definition of an abstract simplicial complex, another very important

structure in TDA. Here we reference the definition of Munkres [10].

Definition 2.5. Abstract Simplicial Complex
A (finite) abstract simplicial complex is a (finite) collection of finite sets X. Fach o € X is
called a cell of X and has the property that 5 C o € X = [ € X. We define the dimension of

a as its cardinality minus 1. And we define the vertex set X of X as the union of all « € X.

In addition, in this paper we always index the finite vertex set X as {xq, 1, ..., 2, }. Then we

can orient each cell a = {z;,, ;,, ..., i, } by the parity of the permutation of ig, i1, ..., ig.



3 Abstract Cell Complexes

In order to work in the combinatorial setting of computers, discrete constructions are strongly
preferred, with abstract simplicial complexes being the prime candidates in Topological Data
Analysis (TDA). However, in order to apply ideas from discrete Morse theory, which will be
introduced later in this paper, we often have to change the shape of the cells drastically, which
could not be done in the theory of simplicial complexes where all cells must be simplicies. In the
original discrete Morse theory developed by Forman in 1998|3], Forman built his theory on CW
complexes and took advantage of the continuous properties to bend the cells. This approach is
powerful but the continuous nature also makes it difficult to use for computers.

For this reason, before we describe discrete Morse theory, we will introduce a different cell
complex that shares the flexibility provided by CW complexes which made discrete Morse theory
possible, while also being discrete so that it is computer-friendly.

Amazingly, Tucker [7] already constructed such a complex many decades ago in 1936. With
some refinement, Mischaikow and Nanda(2013) [4] were able to make Tucker’s theory the
groundwork of an alternative formulation of Forman’s discrete Morse theory. And this is the

theory we will introduce in this section.

3.1 Abstract Cell Complexes

In this particular theory, the definition of a complex, which we call an abstract cell complex,
relies on defining a boundary incidence function. This has the advantage of giving rise to a
natural boundary operator, and in general is able to encapsulate rich information of boundary
behaviors. The trade off is that defining meaningful functions between complexes becomes
exceedingly difficult, if not impossible. Moreover, so far exploration based on this approach is
mostly limited to complexes with finitely many cells.

Luckily, we will see in the next subsection every abstract cell complex has an associated
chain complex. The close relation between the two allows us to apply many properties of the

well-studied chain complexes to build up our theory, most notably the homology theories.

Definition 3.1.1. Abstract Cell Complex

An abstract cell complex, denoted by (X, b), consists of a set X := || Xq with each X being
deZ
a finite set, and a boundary incidence function b. Elements in Xy will be called abstract cells of

dimension d. Sometimes we also write oY to denote that o has dimension d.
The boundary incidence function b is defined by b: X x X — R, where R is an integral
domain with units U(R), and is called the coefficient ring of the complex, and b satisfies the

following conditions.
(i) For any o, € X, b(a, ) #0 = dim(a) = dim(5) +1 ;

(ii) For any o,y € X, 37 b(a, B)b(B,7) = 0.
BeXx

In this paper, we won’t specify the coefficient rings of different abstract cell complexes since

we never put together abstract cell complexes with different coefficient rings.



The intuition of the definition will be more apparent, as we see later in this section how b can
be derived from operations we are very familiar with in the theory of homology, which motivated
condition (ii) of its definition.

For now, to better illustrate the idea, we will work on an example.

Example 3.1.2. Let R =7, Xo = {a}, X1 = {p1, 52,83}, Xo = {71,72,73}. Then define b as

0 except for the following cases.

b(aaﬁl) =1 b(a562) =1 b(avﬁi’)) =1
b(B1,72) == —1 b(B1,73) =1 b(B2,73) = —1
b(B2,m) =1 b(B3,72) = —1 b(B3,72) =1

It is easy to see that condition (i) of Definition 3.1.1 is satisfied. For condition (ii), note that
condition (i) implies b(a/, 8/)b(5',7") # 0 only when dim o/ = dim 4’ 4 2. Hence we only have to
check the pairings of (a, 11), (o, 72), (a,73).

For (a,m), %b(@,ﬁ)b(ﬁ,%) = b(a, B2)b(B2,71) + ble, B3)b(Bs, 11)
=(1)(1) + (1)(—%) = 0. The computation for other pairings is similar.

As we will in the next subsection, there is a deep relation between the boundary incidence
function b and the boundary operator we know from the theory of CW complexes or simplicial
complexes. In fact, much like an abstract simplicial complex, despite relying only on set theory
and algebra in the definition, intuitively it is very much still a theory of topology and is applied
to solve topological problems. To display that, we show how we can use a CW-complex with

oriented cells to describe Example 3.1.2.

Assuming the ring R for the abstract cell complex is Z. The idea is that X, X7, X9 corresponds
to the set of vertices, edges, and surfaces, and X3, X4, ... corresponds to the higher dimension cells.
On the other hand the boundary incidence function b assigns the degree of the attaching map
from the boundary of a dimension d + 1 cell o/ (in the sense of a CW complex) to a dimension d
cell &', to the pairing (o/, 8"). This particular interpretation motivated condition (i) so that b is
only ever non-zero on pairings of the form X441 X Xy4. For pairings where the dimensions don’t

match, we still assign zeros to them for coding convenience, and also for when we later apply



ideas of Remark 2.3.

More specific to Example 3.1.2 we now explain how we arrive at the triangle image above. By
inspecting the elements of Xg, X1, Xa, v1,72,73 are the vertices, f1, 82, 53 are the edges, while «
is the face. Then we figure out how the pieces stick together by inspecting b.

We begin with the three vertices and start adding edges to it. b(f1,v2) = —1 is interpreted
as the edge (1 leaving 79 once, while b(f1,73) = 1 is interpreted as /1 arriving 3 once, akin to
the adjacency matrix of directed graphs in graph theory. 8 and (B3 are treated similarly.

Finally, for o, as a face its boundary would be a loop. Then b(«, 1) = b(«, B2) = b(a, f3) = 1
would be interpreted as the loop traversing each edge once and with the same orientation as the
edge as defined above. Choosing an order of 81 — B2 — 3 — (1 and we form an anti-clockwise
loop for «, using the right-hand rule we have « orienting "upward" as a face.

Moreover, we can see that all finite abstract simplicial complexes also admit an abstract cell

complex structure.

Example 3.1.3. Finite Abstract Simplicial complex

Let X be a finite abstract simplicial complex with index set X := {xq, ..., }.

Let R be any ring with 1. Let X4:={f € X | dim 8 = d}

Define the boundary incidence function b by b(a, 8) = (=1)* for a = {wy,...,z;,} and
B =AYig - Yips - Yiy} (the i’s are ordered so that ig < i1 < ... < iq), and O for everything else.

Note that letting b(a, 3) = (—1)* is what allows condition (ii) of Definition 3.1.1 to be
fulfilled.

Together with the next remark, we see that the structure of an abstract cell complex is indeed
what we are looking for, a bridge between CW complexes and abstract simplicial complexes that

translates to the discrete setting.

Remark 3.1.4. Note that we can also reverse the process following Fxample 3.1.2 to construct
an abstract cell complex from a CW-complex. More specifically, we will see in Theorem 3.2.4 how

to rigorously construct an abstract cell complex from the cellular chain complex of CW-complexes.

As a final note while CW complexes and simplicial complexes only make up a small portion
of all abstract cell complexes, these are also the cases that have been of interest in the field of
TDA so far.

With the definition settled for now we look at some features immediately derived from it.

Much like all other theories of complexes, the face relation between cells of the same complex
play an important role in the theory. Similar to CW complexes however, certain face relations

have better behavior than others, which leads to the definition of regular faces.

Definition 3.1.5. Faces and Regular Faces

Given an abstract cell complex (X,b), and any cells a, f € X.

When b(a, 8) # 0, 8 is called a face of o and « is called a coface of 5. The relation is also
denoted by B <3 a.

When b(a, B) € U(R), B is called a regular face of o and « is called a regular coface of 5.
The relation is also denoted by B <p «.

In practice, no more than one face relation will be employed at a time, thus we will just use

< and < and assume it is based on b.



This is an analogue to faces and regular faces in CW complexes. It is worth noting however,
when viewing CW complexes as abstract cell complexes, every face of a cell in the abstract cell
complex always corresponds to a face of the corresponding cell, but the opposite is not necessarily
true. We can see this in the simple example below. As a CW complex ~q is a face of fgy, but as
an abstract cell complex, b(5p, 7o) = 0 since the 1-cell Sy leaves vy once and then returns to
on the other end. So the attaching map on the boundary of Sy has degree 0. Thus v is not a
face of 3g.

Xo = {0},
X1 ={Bo}

Similar to faces, the recurring idea of subcomplexes also finds room in this theory. In fact,
we will see that the idea of subcomplexes is especially important in the theory’s applications in
Section 5 and 6.

Definition 3.1.6. Subcomplex
Given an abstract cell complex (X,b). We say (X',b |x/«xx’), abbreviated (X', b), is a
subcomplex of X if X' C X, and given any o € X', for every f € X, f < « implies f € X'.

Moreover, for every cell a € X', its dimension in X' is the same as its dimension in X.

In other words, a subcomplex X’ of X is a subset of X that preserves all boundary relationships
and contains all the faces of its cells.
We will then establish that a subcomplex of an abstract cell complex is also an abstract cell

complex.

Proposition 3.1.7. Given an abstract cell complex (X,b) and (X',b) a subcomplex of (X,b).

Then (X', b) is also an abstract cell complex.

Proof. We check that (X', b) satisfies the conditions of Definition 3.1.1.

(i) Let X/, := XqN X' denote the set of cells in X’ of dimension d. Then b automatically
satisfies the dimension condition.

(ii) Given «,y € X'. By definition 8 < a implies 8 € X'. By contrapositive, § € X \ X’
implies b(c, 8) = 0.

Hence , 3 bl A)b(B,7) = 3 blas AB(B, 1)+ % blas H)B(B,7)

BeX BEX' BEX\X'

= 2 (e, B)b(By)+ > 0-0(B,7) = > bla, B)b(B,7).

peX’ BeX\X' pseXx’



But >’ b(a, 8)b(B,7v) = 0 since (X, b) is an abstract cell complex. O
BeXx

Lastly, we establish a useful lemma. If two cells in a complex have an intermediate face, then

there must be an additional intermediate face.

Lemma 3.1.8. Given an abstract complex (X,b). If v < 8 < «, then there exists ' # 3 such
that v < B’ < «.

Proof. Assume no such cells exist. Then for any 3’ € X such that 8’ # 8, by definition either
b(a, f') = 0 or b(5',7) = 0, i.e. b, B)b(B',7) = 0.
Meanwhile the hypothesis v < 8 < « implies that b(«a, 8) # 0 and b(3,~) # 0.

So Z b(a, B)b(B,v) = b(a, B)b(B, ) # 0, which contradicts the definition of a complex.
p'ex
O

3.2 Associated Chain Complex

We will see in this subsection that every abstract cell complex has an associated chain complex,
and it is the deep relation between the two that gives the theory of abstract cell complexes power
to prove some of the very useful results. In fact, Mischaikow and Nanda’s version of discrete
Morse theory is partially inspired by another version developed by Kozlov [5] for chain complexes.

The construction of associated chain complexes from abstract cell complexes mirrors the
construction of cellular chain complexes from CW complexes, leading to homology with R

coefficients.

Definition 3.2.1. Associated Chain Complex
Let Cy(X) := R(Xy).

Define 0g: Cy(X) — Cq_1(X) on a d-cell by 9g(a/D) = 3> b(a, B)B and then extend
Bla-DeX, 4
the definition linearly to all of Cq(X).

Thus we obtain the associated chain complex of (X,b), denoted by C(X):
Og_
e — Cd(X) a—d> Cdfl(X) L) Cd,Q(X) — ...

Remark 3.2.2. The homology of the associated chain complex of abstract cell complexes is akin
to the cellular homology of CW complexes with R coefficients, and thus also defines homology
groups with R coefficients.

We then establish that an associated chain complex is indeed a chain complex.

Proposition 3.2.3. Given the associated chain complex C(X) of an abstract cell complex (X, b).
Then C(X) is a chain complex i.e. O3_104 = 0 for any d.

Proof. We omit the dimension d in d;. By definition of d as homomorphisms, it suffices to verify
0? = 0 for the basis elements of each Cy(X) in X4. For any a € Xy, we obtain
Pl)=0( ) ba.B)p) = Y bla.H)( Y b(B.A))
Bld—1) Bd—1) H(d=2)

= 33 b, B)b(B 7))y =0

Hd=2) gd—1)

10



The last equality follows from condition (ii) of Definition 3.1.1.
O

Hence every abstract cell complex corresponds to a chain complex of R-modules, and next
we will see that this relation works in both directions. In fact, abstract cell complexes can be

considered as an alternative definition of certain classes of chain complexes.

Theorem 3.2.4. Given a fixed integral domain R, a chain complex of finitely-generated free
R-modules has a canonical abstract cell complex structure.
Moreover, the associated chain complex of the abstract cell complex is isomorphic to the

original chain complex.

Proof.
Let the following sequence, denoted by C, be a chain complex, such that each Cy is a
finitely-generated free R-module and the connecting maps are R-module homomorphism.

8d ad— 1

Od41
. CdJrl > Cy Cq_1

For each d, let X4 be the basis of the dth module in the chain. Moreover define the boundary
incidence function b as b(«a, 5) =< 9ga,f > for any a« € Xy and f € X4z—1. Otherwise

b(a, 3) :==0. Let X = UXd and we claim (X, b) is an abstract cell complex.
d
Condition (i) of Definition 3.1.1 follows immediately from the definition.
For condition (ii), note that by (i) we know that Y b(c, 3)b(5,7) can only be non-zero
BeX
when dim(«) = dim(y) + 2. However, from 82 = 0, we know that for any a € Xy,

0=0%)=0( > (90,8)8) = > bla,B)( D (98,7)7)

Bld—1) Bla—1) ~(d-2)
= > (> blaBb(B)-
4(d=2) gd—1)
So for any ~(4— Zb )b(B,7) = 0.
Bld=1)

Finally, we look at the associated chain complex of (X,b). For each d, Cyq(X) = R(X4) = Cy
since Xg is the basis of the free R-module Cy. It remains to show that the boundary maps 9¢,(x)

and Oc, are the same for each d and we do so by checking the Inap on the basis.

For each d, given a € Xy, following Definition 3.2.1, 0, (x Z b(a, B)5 = Z (Oc, o, B) -
Bld=1) Bld=1)
On the other hand since Oc,(a) has dimension d — 1 and is thus spanned by X, i, ie.

dcy(@) = Y (9c,(@), B)B.

Bld—1)
O

In fact, mapping «, 8 to (Ja, ) is precisely how we derived the definition of b(«, 8) for

abstract cell complexes.

11



4 Discrete Morse Theory

When Forman formulated discrete Morse theory in 1998, see [3], it was done on CW-complexes
with heavy reference to traditional Morse theory, in particular by providing an actual Morse
function. His ideas have since then been distilled and transferred to various other contexts with
modifications. Here we will apply his ideas in the context of abstract cell complexes, as was done
by Mischaiwkow and Nanda [4]. This version of discrete Morse theory is derived from Kozlov’s
earlier version based on chain complexes, see [5|. Recall from subsection 3.2 that chain complexes
are in fact closely related to abstract cell complexes. A key quality inherited by this lineage is
the omission of a Morse function. Instead, a construction known as acyclic partial matching
allows us to go directly to the Morse complex, a key tool in the field.

It should be noted though, that the idea of acyclic partial matchings was already known to
Forman from the very beginning. Moreover, Forman was able to reveal the connection between
acyclic partial matchings and discrete Morse functions. Hence it is interesting to first introduce
Forman’s Morse function and show its relationship to acyclic partial matchings. We will be
working in the context of abstract cell complexes which we know by Remark 3.1.4 also includes

CW complexes, but the key ideas remain the same as those of Forman.

4.1 Discrete Morse Function

For the most part smooth Morse theory focuses on studying the critical points of a smooth
Morse function. An important insight is that it only takes a few points on the entire manifold
to capture much useful information. The analogue in this discrete Morse theory is that in CW
complexes and also in abstract cell complexes there are a few critical cells among the large
complexes that capture a large amount of information, and a discrete Morse function can help us
find and analyze the critical cells.

In smooth Morse theory, for a given manifold M, Morse functions are smooth functions
M — R with no degenerate critical points. When it comes to defining a discrete Morse function,
a similar procedure is followed. For a given abstract cell complex (X,b), we look at functions
X — R and first identify the critical cells.

Definition 4.1.1. Critical Cell
Given an abstract cell complez (X,b) and a function f: X — R. Then B € X is a critical
cell if the following two conditions hold

o Up(B) := o€ X1 | B < a and f(a) < f(B)} = 0;
o Ly(B):=HveXaarly=<p and f(v) = f(B)}] = 0;

The critical cells are defined by an order-preserving property between the face relation and
the order of the outputs of f. More specifically, a critical cell 8 of f is defined by the property
that v < 8 < a if and only if f(v) < f(8) < f(«). The functions Uy() and L¢(3) count the

(d+1) (@=1) that violates this property, and hence they must both be 0 for any

number of «
critical cells 8@,

And just as not all smooth functions are smooth Morse functions, we ask for additional

and y

properties of the f : X — R that are useful for our purpose.

12



Definition 4.1.2. Discrete Morse function
Given an abstract cell complex (X,b), a discrete Morse function is a function f : X — R
such that for each B € X, the following hold:

o Ly(P) <1,Us(B) < L.

o If B <a and f(B) > f(a), then B = a.

Figure 1: A discrete Morse function Figure 2: Not a discrete Morse func-
on Example 3.1.2. tion.

The first condition will allow us to eventually put all the non-critical cells into pairs (3, a) so
that 8 < « and f(8) > f(«). The second condition forces 8 < a, i.e. b(a,3) € U(R) , which
will allow us to divide by b(«, 53).

We end the subsection by establishing a key property of a discrete Morse function that allows

said pairings to happen, as we will see in Proposition 4.2.4.

Proposition 4.1.3. Given an abstract cell complex (X, b) with a discrete Morse function f. For
any B € X, Ly(B) and Us() cannot both be 1.

Proof. Assume there exists 3(9) such that L;(8) = Uy(3) = 1. Then we can find o!*) and
A1) such that f(vy) > f(B) > f(a) with v < 8 < a. But by Lemma 3.1.8 there exists 3/(4) #
such that v < 8/ < . Since f is a Morse function, L¢(a) < 1 and so 3 is the unique face of a
such that f(5) > f(«), hence f(8') < f(«). Similarly, Us(v) < 1 and so 3 is the unique coface

of  such that f(x) > f(B), hence f(7) < f(5).
Putting everything together we get f(a) < f(8) < f(v) < f(8) < f(a). This gives a

contradiction. O

4.2 Partial Matchings

An acyclic partial matching is a partial matching with the acyclic property, both of which

will be defined in this section. After that we will show in Proposition 4.2.4 how a discrete Morse

13



function induces an acyclic partial matching. In addition we will also see that each acyclic partial
matching conversely induces a discrete Morse function.

It is worth noting that Forman called a partial matching a discrete vector field and considered
an acyclic partial matching a gradient vector field induced by a discrete Morse function, see [3]
for details. That different names have been given to the same concept reflects the change of
approach towards this theory as the field of TDA progressed, see for example [4, 5].

We begin with defining a partial matching.

Definition 4.2.1. Partial Matching (Discrete Vector Field)

For an abstract cell complez (X,b) a partial matching is a partition of X into three subsets
A,Q and K, with a bijection w : Q — K. Moreover we require that for each q € Q, ¢ = w(q), i.e.
b(w(q),q) € U(R).

A partial matching is usually denoted by (A,w: Q — K).

Sometimes we also call a partial matching just as a matching.

As an example we provide a partial matching on Example 3.1.2. Let A := {49, (3, a},
Q = {m,73}, K = {B1, B2}, w maps 71 = Ba,v3 > Ba.

Figure 3

Graphically in Figure 3, w is represented by pink arrows. We omit the "orientation" in the
figure since the orientation only shows the signs + of b(«, 3)’s, however for our purpose we are
only concerned with b(a, ) = 0 and with b(«, 8) € U(R), but both are unaffected by signs when
R=17.

We then define a relation on ) induced by a partial matching. And it will be acyclicity of

this relation that defines the acyclic partial matchings among other partial matchings.

Definition 4.2.2. Gradient of a Partial Matching

14



Given a partial matching (A,w : Q — K), we define the relation < on Q by defining ' <
if B/ < w(B). The relation < on @Q is defined as the transitive closure of <. We call (Q, <, <)
the gradient of (A,w: Q — K).

Aside from defining acyclicity, the definition of gradient will remain useful in the later sections.
The notation and definition of both < and the transitive closure <1 are both retained as they can

serve separate purposes.

Definition 4.2.3. Acyclic Partial Matching
Given a partial matching (A,w : Q — K) with gradient (Q,<,<1). It is an acyclic partial
matching if there do not exist any 1, ..., Bn € Q such that 51 < B2 < ... < B, < 1.

Note that Definition 4.2.3 is equivalent to (@, <) being a partially ordered set.

Take the partial matching defined in Figure 3 as an example. The only gradient relation
induced in this matching is 3 < 1. Thus it is an acyclic matching.

Alternatively, the matching in Figure 4 induces gradient relationship 1 < y2 < 3 << 71 and is

thus not acyclic. And graphically, we can see the arrows representing w form a "cycle".

Figure 4: Another partial matching on Example 3.1.2. A := {a},

Q = {v1,72,73}, K = {1, P2, 63} w maps v — [2,72 — B3,
v3 = B1.

Similar to the practice in standard Morse theory, while there can be many choices of acyclic
partial matchings on a complex, most of the time we will only assign one acyclic partial matching
to each complex.

In fact, the process of assigning an acyclic partial matching is very much the same as assigning
a discrete Morse function. In particular, it is not too difficult to see that a discrete Morse function
induces an acyclic partial matching. And this acyclic partial matching is basically what Forman

first constructed as a gradient vector field, only to eventually be simplified into Definition 4.2.3,

14].
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Proposition 4.2.4. A discrete Morse function induces an acyclic partial matching.

Proof. Given a discrete Morse function f: X — R. Let A denote the set of critical cells.

Let Q:={fe€ X | Ly(B) =1}, and let K := {8 € X | Us(B) = 1}.

By Proposition 4.1.3 we know that A, Q, K are partitions of X.

For all g € @, by the definition of ) and K there is a unique o € K such that a > § and
f(a) < f(B). Thus we can define w : Q — K, 3 — «. Moreover, w is bijective, since for any
a € K there is a unique 8 € @ such that § < «, which means w(f) = a. Note this means that
f(B) > f(w(pB)) always holds.

It remains to check that for each 8 € @, [ is a regular face of w(3). This follows directly
from Definition 4.1.2 and the fact that § < w(3) but f(8) > f(w(B)).

Hence (A,w : Q@ — K) induces a partial matching on (X,b), and we let < be its gradient.
We now show that this matching is acyclic.

Assume it is not. We can then find some cycle 81 <.... <, <1 in ) where all §;’s are distinct.
By the definition of gradient this means 82 < w(f1), ..., 51 < w(B,). Note that for each w(5;), 5; is
by definition of our w the unique element such that 5; < w(3;) but f(5;) > f(w(p;)). So the above
chain of face relations implies that f(82) < f(w(B1)), ..., f(51) < f(w(Bp)). Putting everything
together we obtain £(81) > f(w(A)) > f(B) > f(w(B)) > .. > F(Ba) > F(w(Bn) > F(51)

which is a contradiction. O

For example, the discrete Morse function on Figure 1 induces the acyclic partial matching on
Figure 3 by the process above while the function on Figure 2 can’t do the same.

Surprisingly, the converse of Theorem 4.2.4 is also true [3, Theorem 9.3; 6, Theorem 3.5].
And in simpler examples it is easy to imagine how we reproduce Figure 1 from Figure 3, and
how Figure 4 probably isn’t induced by any discrete Morse function. Since a detailed proof will
deviate deeply into graph theory and is not tied to the main topic of this paper, we will just
state the Theorem.

Theorem 4.2.5. (3, 6] Any acyclic partial matching is always induced by some discrete Morse

function.

4.3 Morse Complex

In this section, we construct the Morse complex of an abstract cell complex and prove that a
Morse complex has the same homology as the original complex (Theorem 4.3.7), which is one
of the most important theorems in discrete Morse theory. The concept of a Morse complex is
parallel to Morse homology in standard Morse theory. Both are induced by the Morse functions
and both preserve the homology groups of the underlying object. While Morse homology uses
critical points of Morse functions as basis of the chain complex, a Morse complex of an abstract
cell complex uses critical cells.

Recall that we have discussed in Section 3 that the idea of an abstract cell complex is mostly
a reformulation of the idea of a chain complex. As we will see the main advantage of this
reformulation is that we can now directly construct in Definition 4.3.5 a Morse complex from the
original complex. On the other hand, the reformulation also means we have to greatly modify
the proof of Theorem 4.3.7.
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The definition of a Morse complex begins with defining a special kind of sequence that begins
and ends at A, but traverses along Q).
For notational simplicity, without changing any definitions we first expand on a few notations

introduced in the previous sections.

Notation 4.3.1. Given a partial matching (A,w : Q — K) with gradient (Q,<,<1). For any

g€ Q,a, B e A, we expand our notations as follows.

e ¢ > [3 denotes w(q) = B; a > q denotes a > q.

e ¢> [ (and resp. a > q) denotes that there exists ¢ € Q such that q> ¢ > 8 (and resp.
a>q >q)

e a > 3 denotes a = B; a > 3 denotes that there exists ¢ € Q such that o> ¢' > 3.

o w(a) =« for all a € A.

Definition 4.3.2. ()-sequence and Multiplicity

Given an abstract cell complex (X,b) with acyclic partial matching (A,w : Q — K). A
Q-sequence is any sequence p = (& = qo,q1, ..., q1+1 = ) where g; are distinct elements in Q for
1 <i<I, while a, 8 € A.

We also write p as « L B and call | the stepcount of p, denoted as l(p).

Then we define the multiplicity of a Q-sequence p as:
I(p)

b(w(gi), gi+1)
1=0
U(p)

H —b(w(ai), a:)
i=1

to(p) ==

We then zoom into a special kind of Q-sequence which we call gradient paths.

Definition 4.3.3. (Un)saturated Gradient Paths

Given an acyclic partial matching (A,w : Q — K) on an abstract cell complex (X, b) and let
its gradient be (Q,<,<). Fiz o, 5 € A. A (Saturated) Gradient Path from « to g in (X, <) is a
Q-sequence « 2 B with the property that
a=qQ>qa>@R>..>q>q =0

An unsaturated gradient path is any subsequence of a gradient path that preserves a = qo at
the beginning and 8 = q11 at the end.

Lastly we denote the set of all saturated (and resp. unsaturated) gradient paths from « to
as Vs (a, ) (and resp. Vi (a, B)).

Note that the definition of an unsaturated gradient path is equivalent to requiring o =

q0>q1>q2>...>ql>ql+1:ﬁ.
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Figure 5: Two saturated gradient paths on the partial matching of Figure 3 from (3 to s, the
brown path (83,71,73,72), and the cyan path (83,72).

As an example Figure 5 describes two of the saturated gradient paths induced by the
partial matching of Figure 3. Recall that A = {72,0s,a}, Q@ = {n,7s}, K = {B1, P2}, w

maps y1 — (2,73 — fa2. So f3 > y1 >3 > 72 since f3 € A and 3 > v1, w(y1) = P2 = 3,

w(y3) = B1 > 2. ie. (B3,71,73,72) is a saturated gradient path with step count 2. The

D(—-1)(—1
multiplicity of this gradient path is b(Bs, 71)b(B2, 73)b(B1, 72) = M=) =1

b(B2,71)b(B1,73) (1)(1)
On the other hand 3 > v2 so (83,72) is trivially a gradient path with step count 0. The

multiplicity of this gradient path is simply b(/53,72) = —1
Before going to the main definition, we establish a small proposition on gradient paths and

the multiplicity of a QQ-sequence.

Proposition 4.3.4. Given a Q-sequence o %> 8 in an abstract cell complex (X,b), up(p) #0 if
and only if p is a saturated gradient path.

Proof. Let p := (o = qo,q1,...,q1+1 = B) be a @Q-sequence. Then uy(p) # 0 if and only if
b(w(q;i), gi+1) # 0 for every i, which is true if and only if a > ¢1 and ¢; > g;+1 for every ¢ > 1, i.e.
p is a saturated gradient path.

[

The implication of the proposition is that p has zero multiplicity unless it is a saturated
gradient path. This allows us to conveniently add or remove Q-sequences that aren’t saturated
gradient paths when we are working with multiplicity. This flexibility is helpful in dealing with
some of the technicalities in the proof of Theorem 4.3.7.

We now have the necessary prerequisites to define the Morse complex. As stated before, an

explicit construction of a Morse complex is the key motivation behind approaching our problem
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with the theory of abstract cell complexes, as opposed to in the theory of chain complexes where

a Morse complex can only be inductively defined.

Definition 4.3.5. Morse Complex

Given a abstract cell complex (X,b) with acyclic partial matching (A,w : Q — K). Its
associated Morse complex is (A,V'), where b'(a, B) is defined as the sum of multiplicities of all
unsaturated gradient paths from « to S5:

Vi, B) = Y mp)= Y. mlp.

PEV (a,B) PEV > (,3)

Remark 4.3.6. Note that Proposition 4.3.4 implies that in computing b'(«, 8) it is indifferent
whether we sum all p in Vi (a,B), or only those in Vi (a,B). In fact we can sum up all

Q-sequences as well since they also have zero multiplicity.

Figure 6: The Morse Complex induced by the matching on Figure 3.

The example on Figure 6 gives us some idea on what the Morse Complex intuitively looks
like. The Morse Complex corresponding to Figure 3 consists of A = {79, 83, a}, V' (a, f3) = 1,
V' (B3,72) = 0.

In particular b'(f3,72) is sum of the multiplicities of the two gradient paths described on
Figure 5. Meanwhile b'(a, f3) = b(«, 83) since only the trivial path connects the two.

Graphically, to construct the Morse complex we remove the non-critical cells and then, when
appropriate, "stretch" each critical cell (only 83 in this case) along the gradient paths (those on
Figure 5) and through the "void" left behind, until they contact other critical cells (y2) at the
end of the paths. This is also why information like b(«, 31) is simply ignored, since the place (51
occupied has been "taken over" by other critical cells.

Intuitively, the multiplicity of the gradient path records how the contact happens. The
definition of b/(«, B) then aggregates all these instances of touches to find the net number of
times the boundary of a critical cell « is covering another critical cell 5 in new Morse Complex,

which is also what we want &’ to represent.
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From the definition we can see clearly that the Morse complex has a lot less cells than the
original complex. We will now see in Theorem 4.3.7 that despite being a "simpler" complex,
the homology, the key property, is preserved. This opens up a path to greatly simplify the

computation of homology which will be discussed in Section 6.

Theorem 4.3.7. Given an abstract cell complex (X, b) with acyclic partial matching (A, w : Q —
K)). Then the associated Morse Complex (A,V') is an abstract cell complex. Moreover (A1)
has the same homology as (X,b), that is H. (X, R) = H.(A, R).

The proof of this theorem revolves around inductively removing ¢ and w(q) pair by pair from
X until ) and K are empty while preserving the homology. At each step we will construct what

we call a g-reduced complex which will be established in the following definition.

Definition 4.3.8. ¢g-reduced Complex and g-reduced Matching
Given an abstract cell complex (X, b) with acyclic partial matching (A,w : Q — K)). For

qge @, let Xy =X \{qw(q)}, Qs =Q\{q}, and K, = K\{w(q)}. Then define by : Xq X Xq —

b(a, q)b(w(q), B)
R7 0‘76 — b O‘;B - .
(@ 6) = e ) b(w(q), q)
We call (X4, bq) a g-reduced complex of (X, b). Denotingw |q, by w, we call (A, w : Qq — Kg)

the g-reduced matching.

We first establish a fact from this definition, we will prove then the reduced complexes
and reduced matchings are exactly what they are called. Note that b, is well-defined because
b(w(q),q) € U(R) as required by Definition 4.2.1.

Proposition 4.3.9. Given an abstract cell complex (X, b) with acyclic partial matching (A, w :
Q — K)) and gradient (Q, <, <), and any of its q-reduced complexes (X, bq). For any o, f € X,
b(a, B) # by(cv, B) if and only if f < w(q) and ¢ < a in (X, D).

In particular, for any ¢' € Q such that ¢’ # q, b(w(q'),q') = by(w(d'), q).

Proof. Note that b(a, 8) — by(er, B) = b<a;)?1>ub((;))(gi’ 8) by definition of by(«, 3).

We already know that b(w(q),q) € U(R). So the difference is non-zero if and only if both
b(a, q) and b(w(q),B) are non-zero, which by definition of < is true if and only if ¢ < o and

B <w(q).
Hence, if b(w(q'), ") # bg(w(q'),q'), then ¢ < w(q’) and ¢’ < w(q). It follows that ¢ < ¢’ < g,

contradicting the acyclic property. O
We now show that a ¢-reduced complex is indeed an abstract cell complex.

Proposition 4.3.10. Given an abstract cell complex (X, b) with acyclic partial matching (A, w :
Q — K)). For any q € Q, the g-reduced complex of (X,b), (Xq,bq) is an abstract cell complex.

Proof. Since X, is a subset of X, we only need to show b, is a boundary incidence function for

X, Hence we show that b, satisfies properties (i) and (ii) of Definition 3.1.1.

(i) Assume that by(a, 5) # 0. Then b(c, 5) and b(a, §) — by(cv, B) must not both be zero.
If b(er, B) # 0, then by (X, b) being a complex we know dim(f) = dim(«) — 1.
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If b(ev, ) —by(cv, B) # 0, then Proposition 4.3.9 implies ¢ < a and 8 < w(q). Also recall that
b(w(q),q) € U(R), sob(w(q),q) # 0. And again dim(3) = dim(w(q))—1 = dim(q) = dim(a)—1,

and condition (i) is satisfied.

(ii) For any o,y € X,

S bylen Dbg(B,r) = 3 (bl AB(B, ) — bl B)

/BEXq BEXq

b(a, 9)b(w(q),v) «
T (). 0)? ﬁ;qb(w(q),ﬁ)b(@Q) (*)

We claim b(w(q), B) - b(8,q) = 0. Assume to the contrary that
b(w(gq),B) - b(B,q) # 0. Then dim(w(q)) = dim(B) + 1 = dim(q) + 2 which contradicts the

partial matching. It follows that the last summand of () vanishes.

Recall that for any o',7 € X, > b(«/,8)b(8,7") = 0 by definition of the boundary
peX

incidence function b. Since X, = X \ {¢, w(q)}, we obtain

ﬁGZX b(e/, B)b(B,7") = =b(d/, q)b(g,7") — bl w(q))b(w(q),7")-

For the first summand of (%), o/ = a, v = 1.

Then, recall b(g’,3") = 0 for any 8’ € X.

For the second summand of (%), @’ = @ and 7/ = ¢, in particular
—b(’, q)b(q,") = —b(a, q)b(q, q) vanishes.

For the third summand of (%), @/ = w(q) and 4/ =+, in particular
—b(e/, w(q))b(w(q),”') = —b(w(q), w(q))b(w(q),y) vanishes.

Putting everything together, we can rewrite the right hand side of (k) as

(v, @)bg, ) — blev, w(e))b(uwlg), 1) — W(—b(a,w@)b(w@,q»
ELCT R
_8(“’(‘1)’”( b(w(q),q)b(q,7))

Thus (X, by) is an abstract cell complex.

Alternatively, we can see the g-reduced complex as a special kind of Morse complex.

Remark 4.3.11. The g-reduced complez is also the Morse complex of (X,b) induced by a simple
acyclic partial matching (A',w' : Q' — K') defined by A’ = X \ {q,w(q)}, Q" = {q}, and
K'={w(q)}.
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The observation is that for such a matching every pair of critical cells o, 5 has at most
two (unsaturated) gradient paths (o, 8) and («,q,3). Let b’ the boundary incidence function of

this Morse complex, then b'(«, 8) is the sum of the multiplicities of the two paths. But the two
b(a, q)b(w(q), B)

multiplicities are precisely b(a, B) and —
y¥eB) b(w(q), q)

and their sum is by definition by(c, 3).

Meanwhile, a ¢g-reduced matching is an acyclic partial matching on the g-reduced complex.

Lemma 4.3.12. Given an abstract cell complex (X, b) with acyclic partial matching (A,w : Q —
K). For any q € Q, the g-reduced matching (A, w : Qq = K,) is an acyclic partial matching of
the q-reduced complex (Xg, by).

Moreover, any gradient path o 2 B of (A,w: Qq — Ky) is at least an unsaturated gradient
path of (A,w: Q — K).

Proof. For any ¢’ € Qg, by Proposition 4.3.9, b,(w(¢'),q") = b(w(¢'),q") € U(R), so (A,w: Qq —
K,) is a partial matching of (X, b,).

To prove acyclicity, we first let (Q, <, <0) be the gradient of (4,w : Q@ — K) and (Qq, <gq, <q)
be the gradient of (A, w: Qq — K,).

Now, we claim that for any ¢/,¢"” € QU A, ¢’ <, ¢" implies ¢’ < ¢”. Note that we are using
the expanded notation of Notation 4.3.1 for the case of ¢’ or ¢” being in A.

To see the claim, note that ¢’ <, ¢” implies that by(w(q”),q") # 0. Hence b(w(q"),q") and
b(w(g"), 9)b(w(q),q)
b(w(q), q)
later being non-zero means ¢’ < ¢ < ¢”. In either case ¢’ <1¢”.

must not both be zero. The former being non-zero means ¢’ < ¢” while the

Hence, if we have a cycle for <, say ¢1 <q q2 <q ... <¢ @n <q @1, then we would have a cycle
q1<q2<...<qp < q for <, which we know is impossible as (A, w : Q — K) is an acyclic matching
of (X,b). This gives acyclicity of <, and <.

Finally, given p = (o, q1, ..., 8) a gradient path of (A,w: Q, — K), i.e. a>4q1 >¢ ... >¢ 53,
then a > ¢ > ... > 3. So p is indeed at least an unsaturated gradient path of (A, w : Q — K).

O

Then we consider the corresponding chain complexes of both X and X, C(X) and C(X,),
to show that X and X, have the same homology by introducing two chain maps in the following
proposition. The chain maps will be represented as a single map between C(X) and C(X,),

which can be considered two big R-modules as was described in Remark 2.3.

Proposition 4.3.13. Given an abstract cell complex (X, b) with g-reduced complex (Xg,by). We
define functions ¢ : C(X) = C(Xy), ¥ : C(Xy) = C(X) between the associated chain complexes
by linearly extending ¢ : X — C(Xy) and ¢ : Xq — C(X), which are defined as follows.

0 a =w(q)
o b(w(q), B) _
P(a) = { — Zﬁqu Wﬁ oa=4q
o a € Xy
gy g
Y= ). g
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Then ¢ and v are chain maps. Moreover, ¢ o and o ¢ are chain homotopic to the identity

maps, i.e. (poh). = (ido(x,))« and (Po@). = (idc(x))s. Thus s = (1x) ™1 gives an isomorphism
between the homology groups of (X,b) and (X4, by), that is for each d, Hy(X; R) = Hq(X4; R).

Remark 4.3.14. It is helpful to know that in each dimension the modules of Cy4(Xy) are in fact

0 w
submodules of Cq(X). In this context, ¢(q) can be alternatively defined as q — M since

b(u(q). ) bw(q). ) B (w(a)) ta)-
- w(@),B) , _ w(g),B) , _  dex)(wlg
2pex, b(w(Q),Q)ﬁ 17 2pex b(w(Q)7Q)B 7 Dwla)g)

Proof of Proposition 4.3.13. We will abbreviate all the boundary operators as simply 9 where
the context is clear. Recall that X7 = X \ {¢q,w(q)}.

Since 1 and ¢ are defined by linear extension it suffices to check the condition on the basis,
i.e. the cells. For ¢, we consider the three cases of ¢, w(q), and cells in X, which we denote by
a. We also let dim(q) = d.

o = w(g);
¢ o d(w(q)) = o pwex blw(a), B)B) = 2 swex, b(w(q), B)o(B) + b(w(q), q)¢(q)
= S ex, D) )5 + b))~ S, 5o F ) =

Note that b(w(q), 8) # 0 implies that dim 5 = d, and thus it makes sense to only look at ’s
of this dimension. Then the only dimension d element in X \ X, is ¢.

9o ¢(w(q)) = 0(0) =0
a=q:

¢ 09c(x)(@) = P @-nex 0(@: 7)) = 2 wvex 0@ 7)0(7) = D @-vex, b(a,7)y

Note that as above, b(w(q), ) # 0 implies dim 8 = d. In this case there are no dimension

d — 1 elements in X \ X,.

900(0) = dcrxp (= S, P =~ Twex, Touvex, gty
S e, (Saex b(w(q), B)b(B, v ),y B b(w(qm)b(q,v)w T ey, M@

b(w(q), q) b(w(q), q)
Note that we used the fact that for any (4, ~(d=1) ¢ Xq, bg(B,7) = b(B,7). Otherwise by

Proposition 4.3.9, v < w(q) and ¢ < /3, which would violate the dimension requirement between
faces. Note also that by the definition of the boundary function .y b(w(q), 3)b(3,7) = 0.
a€ Xy

¢pod(a) = d(Xpex, ble, B) B+ bla, q)qg + bla, w(q))w(q))

= e, H0s8)3 ~ Tax, b?q)nb((q),(qi’ D5 = S pex, e, 0)8

9o d(a) = do(x,) (@) = Xpex, bala, B)B
Clearly everything matches and so both ¢ and i are chain maps. We then look at the two
compositions ¢ o ¥ and ) o ¢.
b(e, q)

For any a € X, po () = (o — ————~w(q)) = . So ¢ o) is in fact the identity map

already.
While for v o ¢, we first write down the function explicitly for the basis X of C'(X). Again

we divide the calculation into three cases, w(q), ¢ and every other o € X,.

a = w(g):
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b(w(q), B) b(w(a), 5) b(B,4)

09(0) = ¢~ Taex, b(w(q). q) 8) = ~Lsex, b(w(q), q) (8- b(w(q), Q)w(Q))
_ b(w(q), B) b(w(a), 5)b(B.a) (v _ b(w(q), B)
— N bg),g) P g, g Y T 2 b))

Note that the second summand vanishes since b(w(q),3) and b(3,q) can never both be
ae€ Xy |

voo(a) = v(a) =a- ;I

0 a=w(q)
b(w(q), 8
In summary, 1) o ¢(a) = ¢ — Zﬁexq b((w((qq)), q)ﬁ a=q
CTT N
e, g N

Now we claim the following functions {64 : C4(X) — Cy41(X)}, which we simply call 6, give
us the chain homotopy between ¢ o ¢ and id on C'(X). In homology theory this would mean
(¢ 0 ¢)s = ide = idp, (x) as desired.

Again we only show the function on the basis X of C(X).

1
———w(q) f=q
04(8) = { b(w(q),q)
0 B#q
It remains to show that the two functions, 630 0 + 0 0 0441 and idc(x) — ¥ o ¢, coincide.

Again it suffices to compare (040 0 + 0 0 411)(a) and (ido(x) — ¥ o ¢)() for a=q, a=w(q),
and a € X,.

Assume dim(q) = d’
o = w(q)

(0 00+ 90 0g11)(w(q)) = Ox

(id — ¢ o ¢)(w(q)) = w(q) — 0 =w(qg)

o =q:

(B—1 00+ 000y)(q ):(H—@( b ( ) w(q)) = b?t(qu(;l);)
(id = o¢)a) = ¢~ (= Xgex, b((w((z)) 5)) J=a-ola) = b?&);;);)

Note that last equation follows from Remark 4.3.14.
a € Xy
@ .
(0a00+000411)(a) =0a(D>_gex bla, B)B) = ﬂw(Q) = (id — ¢ o ¢) ()
So we indeed have 6300 + 000441 = idc(x) — ¢

While Proposition 4.3.13 is sufficient for us to reduce X all the way to A while preserving
the homology, we can’t tell yet if A has the same abstract cell complex structure as the Morse
complex of X does. To do so, we introduce a lemma to show that X and its g-reduced X, have

the same Morse Complex.
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Lemma 4.3.15. Let (X,b) be an abstract cell complex with acyclic partial matching (A, w : Q —
K). For any q € Q, the acyclic partial matching (A,w : Qq — K,) on the q-reduced complex
(Xg,bq) induces the same Morse Compler as (A,w : Q — K), i.e. (AV) and (A,b}) are the

same complex, or b = bj,.

Proof. We compare b’ and b; for each pair of a, 8 € A. For simplicity we write V. (a, 3) as V,
and V. (a, 8) as V. The goal is to show

V(a,B) =Y mlp) =Y m,(p) =bj(a,p)

peEV pEVy

We already know from Lemma 4.3.12 that V, C V. By considering any (J-sequences p as
ordered sets, we define V¥ := {p € V,q ¢ p} and V€ :=
{p € V,q € p} which is a partition of V. Clearly, V, C V¥.

From Proposition 4.3.4, we know every p € V¥ — V, has v, (p) = 0, and so we will instead

prove that Z wy(p) = Z o, (p), or rather,
peEV peEVE

Z wy(p) = Z (164 (p) = 111(p))

peVE pEVE

To do so we will first remove another class of Q-sequences from V#.

Given p = (qo, ..., q1+1) € V#. Recall the definition of V¥, go > q1 &> ... > ¢+1 and none of the
gi's are q. Now we look at those p’s where for any 0 < m < I(p), ¢m > ¢ > Gm+1 does NOT hold.
In such a case, we know for sure that ¢ < w(g,,) and gm+1 < w(g) must not both be true. By

Proposition 4.3.9, this implies b(w(gm), ¢m+1) = bg(w(gm), gm+1) for any 0 < m < I(p).
!

!
[10a(w(@), gi1) [To0w(a), giva)
Recall that pp, (p) = i:lo and pup(p) = i:lo by definition. So for
| RACCORD [[-bw(a).a)
i=1 i=1

the class of Q-sequences p’; we just stated, up, (p) and pp(p) have the same numerator. Also by
Proposition 4.3.9 we see that they have the same denominator. Hence this class of ()-sequences
has the property that p,(p) — py(p) = 0 and can be ignored for our purpose.

Let V# be the set of the rest of the Q-sequences p’s in V#, i.e. Q-sequences where Gm>q> Qm41

holds for at least one index m, and we further reduced our claim to proving

o) =D (m,(p) — m(p))

peEVE peEV#

For p € V#, we first note that the index m for which we have ¢, > ¢ &> g1 must be unique.
If we instead had some index m’ with m < m/ satisfying this property, then ¢r> 11> ...> ¢ > ¢
contradicting acyclicity of (4, w : Q — K). Hence we have &« = qo > q1... > G > ¢ > Gy 1 > ... D>
Q41 > B where all ¢;’s are distinct, so p™ 1= (a, ..., @, @ @1, -, 8) € VE.

Hence for every ¢ other then ¢ = m, ¢ > ¢ > ¢me1 does NOT hold, and so we can again
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apply Proposition 4.3.9 to get b(w(q;), gi+1) = bq(w(qi), ¢i+1). Therefore we have the following.

1iv, (p)
m—1 Up)
by(w(), 4i+1) T tatwla). givn)
=5 (balewam); am1)) =t
H_bq(w(Qi)7Qi) [T —be(wa) )
=1 i=m41
m—1 I(p)
b(w(gi), giv1) 1T b(w(g),gi)
=0 (b( ( ) ) . b('w(Qm)v Q)b(w(Q)7 Qm—i—l)) i=m-+1
T Wl 1 b(w(q).q) 1)
Hl—b(w(qi),q@-) [T —bwa) )
1= i=m-+1
i(p) m—1 Up)
b(w(qi), gi+1) b(w(qi), gi+1) b(w(qi), gi+1)
_ g o 4 =0 e (b(w(Qm)aQ)b(w(Q)anH))i=lﬂ_1[+1 B
—Up) m —b(w(q),q) U(p)
1 -b(wa). o) H —b(w(g), @) [T -bwa) )
i=1 = i=m+1
= tu(p) + mo(p")

Or i, (p) — ku(p) = pw(p™).

The proof is finished if there exists bijective function 4+ : V# — V€, p+— pt where pt is
constructed from p as above.

Firstly, since ¢ € p*, clearly p* € V — V, = V€. So +, indeed maps elements in V# to V€.
The well-definedness of +, follows from the uniqueness of the choice of m.

For injectivity, note that since +4(p) is p with ¢ added into the sequence, p is the merely
+4(p) with ¢ removed. So +4(p) = +4(p’) implies p and p’ are results of the same sequence with
the same element (¢) removed, and thus p and p’ must be the same sequence.

Lastly, for any p' € V€, g € p/. So we can consider the subsequence p := p’ — {q}. Obviously
p as a subsequence of an extended gradient path is also an extended gradient path, so p € V.
It is also clear that there is a unique position in p where we can reinstate ¢ to get p’ back, so
p € V¥ and +4(p) = p'.

Hence s, (p) = to(p) = Y pio(+q(p)) = D pu(p') as desired.

peEV# peEVH# p'eVE

Finally, we have all the tools to prove the main theorem of this section.

Proof of Theorem 4.3.7. Let (X,b) be an abstract cell complex with acyclic partial matching
(A,w:Q — K)). Let (A,b) be the Morse Complex.

Let @ = {q1,92,...,qn}. Define inductively abstract cell complexes (Xo,bo), (X1,b1), ...
; (Xn—1,bp—1) so that (Xo,bp) = (X,b) and for every 4, (X;i1,bi1) := ((Xi)gir1s (bi)gis,) is
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the ¢;41-reduced complex of (Xj,b;). Also, inductively construct the g;;+1-reduced matchings
(A, w: Qiy1 — Kiqq) from (A,w : Q; — K;).
Note in particular that X,, = A and the Morse Complex (A4, b,) of (X, by,) is merely itself. By
applying Lemma 4.3.15 inductively to all X;, all of the (Xj, b;) share the same Morse Complex.
It remains then to apply Proposition 4.3.13 inductively to each (X;,b;) and see that all
(X, b;)’s have the same homology. In particular (X,b) and (X,,b,) = (A,b’) have the same
homology groups, i.e. H,(X,R) = H.(A, R), and we are done.
O
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5 Persistent Homology

Persistent homology, introduced by Gunnar Carlson and others, has since then been highly
successful at presenting topological information of data sets and is the flagship of applying
algebraic topology in data analysis, see [2] for a survey.

Applying tools like the Vietoris-Rips Complex and the Cech Complex, we can obtain from
data in the form of some discrete sets in R™, a "filtration" of abstract cell complexes. The general
idea of persistent homology revolves around processing this "filtration" and track how basis
elements of the homology groups "persist" over the series. The end result is usually represented
in a graphical form which is called a "barcode".

We will provide definitions based on abstract cell complexes. However, in general the ideas
presented in this section can be easily replicated in various contexts like geometric simplicial

complexes and abstract simplicial complexes.

5.1 Filtration

In general set theory a filtration refers to a family of sets indexed by a totally ordered set, so
that the order also preserves the subset relation. In particular this means the family of sets is
totally ordered with respect to the subset relation. In the context of abstract cell complexes, we
further restrict the sets to be abstract cell complexes and the subset relation to be the subcomplex
relation.

In practice, the family of abstract cell complexes we work with is always finite. Thus in this

article we use the natural numbers as our index.

Definition 5.1.1. Filtration of Abstract Cell Complexes

A filtration of abstract cell complexes, denoted by F = {XP, b}, is a sequence of complezes
e C XP7LC XP C XPTL C L. such that each (XP,b) is a subcomplex of (XPT1 b).

Each XP will be called the p-th frame of F. The last frame of the filtration, for which every

frame is subcomplex of, will be referred to as X.

The subcomplex relation is particularly important as we can construct chain maps between
the associated chain complexes based on it. Moreover, we can see from Definition 3.1.6 that the
subcomplex relation allows every frame XP? to share the same boundary incidence function b in

the sense that the boundary incidence function of X? is b |x».

Definition 5.1.2. Inclusion Map

Let (XP,b) and (XP*1b) be abstract cell complexes such that XP is a subcomplex of XP+!,
For each p and each dimension d, the inclusion map if) : Cq(XP) = Cy(XP) is defined as the
linear extension of the inclusion map is : Xg — Xg“, B +— B. The collection of maps {zg} ]
denoted by iP : C(XP) — C(XPF1).

Moreover, we let P> : C(X?) — C(X?") denote the collection of maps {is_’p/ : Cy(XP) —
Cq(XP")} where izﬁp/ = z’fl/—l o..oidh

Note that we can alternatively define ifﬁp / by considering X? as a subcomplex of X7’

We will then prove that this inclusion map is indeed a chain map.
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Proposition 5.1.3. The inclusion map i is a chain map from C(XP) to C(XP*Y), and thus so
is PP from C(XP) to C(XP').

Proof. We look at each dimension d. Then for any o € X (4)»

a) =i (Y bla,p)B) =) bla

Bexp Bexr
Since XP? is a subcomplex of XP*! by Definition 3.1.6, « € X? and 3 ¢ X? implies that

b(a, B) = 0.
So it ;0 d(« Z b(a =" () =37 o ih(a) as desired.
Bexptl
For ="' just recall that it is the composition of i, iPt1, .. #'~1.

O]

Thus each series i of ig are effectively a series of embeddings, which embed the module
C4(XP) to the module Cy(XP*!). From the perspective of considering an entire chain complex

as one module as was done in Remark 2.3, ¥ embeds C'(XP) into C(XP*1).

Remark 5.1.4. While not covered in this paper, the theory still works when we use real numbers

as our index set.

Similar to the treatment of 9z, we often omit the index and write the inclusion functions i,
merely as i. So the chain map condition is reduced to i9 = 0i.

With the above established we can define the persistent homology groups.

Definition 5.1.5. Persistent Homology Group
The dth (p,p’ )—persistent homology group of F is defined by
, ;DH;D 4
) )
(Zd(X )) N Ba(X*)
where Zd(Xp) = ker(dh), By(X?') =Im(d")

Remark 5.1.6. An element of Hg_ml(]:) 1s usually denoted as T, the equivalence class of
x € zgﬁp (Z4(XP)) C Zy(XP'). Note that ig%p/(Zd(Xp)) C Zg(XP') holds since P~ is a

composition of embeddings.

The following proposition shows that we can also define HY =P (F) as Im((i Zﬁp )«) where

(i Zﬁp )« is the homomorphism Hy(XP) — Hy(X?') induced by ~P" as a chain map. Hy(XP)
and Hd(Xp/) are the R coefficient homology groups stated in Remark 3.2.2

Proposition 5.1.7. Hgﬁp/(}") (’Hp) (Ha(XP)), where (i~ '), is the map
Hy(XP) — Hy(XP") induced by i -7

Proof. Recall Hp_)p,(]:) is a quotient group of Zp—>p (Z4(XP)). Thus for any = € Hg_’p’(f),
any of its representatives x would be in s (Z4(XP)) and thus represents an element in
(i P, (Hd(Xp)). In fact given any z € Zg(X?'),
ze HV 7V (F) <= 2 il (Z4(XP) < z € (577, (Hd(Xp)) (%)
Thus we can construct a function from HY nd (F) to (&4 el )«(Hq(XP)) in the following way.

Given any z € H) 7 , (F), choose a representative = of & which must be in i) s (Z4(XP)), hence
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x must also represent an element Z in the subgroup ( ) (Hy(XP)) of the homology group
Hy(X7).

Clearly, the function preserves addition, hence if it maps zero to zero it must be well-defined
and injective. If = 0 € HE P (F), then z € 77 (Z4(XP)) N By(X?') and so Z = 0 in Hy(X?')
as well as its subset Im((4 Zﬁp )s)-

Lastly, note that the implications in (x) work both ways, so the function must also be
surjective, and is in fact an isomorphism from Hgﬁp/ (F) to (i i )« (Ha(XP)).

O]

The mathematical idea of a persistent homology group HéHp / (F) is to track how many
d-dimension "holes" survive from the p-th frame to the p’-frame.

In practice, we usually choose some field to be the coefficient ring of the abstract cell complexes,
which makes the persistent homology groups vectors spaces. This allows the information of all
the dth persistent homology groups, usually denoted together as Hg, to be represented in a
barcode diagram for every d. Here, we represent the dimension of H g_}p , (F) by the number of

bars passing both p and p’, see the example below.

H-

Our particular example is a the H; barcode of a filtration as follows.

p=4,506

iny -
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Each bars tracks one of the triangles in the complexes, starting at the value p where the
triangle appears and ends at the value p where the triangle is filled.

To see how this relates to the persistent homology groups, note that H{~3(F) has dimension
3, since if we compare X' and X3, triangles 2, 3, and 4 "persist" through the inclusion. But
H{7%(F) only has dimension 1, since triangles 2 and 3 are already filled at X*.

On the barcode diagram this is shown by having three bars "persist" from p =1 to p = 3,
but two of the bars, which would represent triangles 2/3, do not persist to p = 4.

The barcode diagram and thus the persistent homology groups are very often the end result
wanted in TDA. As we will see in the next section, we can actually apply ideas of discrete Morse
theory to the theory of persistent homology groups to get some interesting results which also

have implications on real life applications of TDA.
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6 Morse Filtration

In this section we will show how discrete Morse theory can be applied to the theory of
persistent homology. Specifically we want to apply the idea of critical cells capturing the key
information of abstract cell complexes, but on a filtration of complexes rather than a single one.
The end result is we can construct a smaller Morse filtration in Definition 6.2.2 whose persistent

homology groups are isomorphic to those of the original filtration.

6.1 Filtered Chain Map

In Section 5 we only worked with one filtration of abstract cell complexes at a time. Hence,
in order to work with different filtrations, which will be crucial in the development of the Morse
complex, we need additional tools. The central tool for our purpose will be filtered chain maps,

a kind of structure-preserving map between filtrations of abstract cell complexes.

Definition 6.1.1. Filtered Chain Map
Let F = {XP,b} and F' = {X'P b} be filtrations of abstract cell complezes. A filtered chain
map ¢ : F — F' is a sequence {¢P = {¢}} : C(XP) — C(X'P)} of chain maps so that for each p

and d the following diagram commutes

C(XD) 1 o(xPrY)

Lﬁ” lqsz“
P

C(X'P) _'a C(X/pPH)

Remark 6.1.2. Let & : F — F' be a filtered chain map. By considering iP=? = i? Lo ... oP

we see that for each p,p’ and d, the following diagram also commutes.

/
iP—p

C(XP) 41— O(XT)

Lﬁp l¢>p
o

C(XP) )~ O (X5

Analogous to the chain maps in the theory of homology, a filtered chain map also induces

homomorphisms between the corresponding persistent homology groups.

Proposition 6.1.3. Given filtered chain map ® : F — F', ® induces a family of homomorphisms
o, = (gbpﬁp) : Hgﬁp/ (F) — Hg%p/ (F')} between the persistent homological groups.

Proof. Let F = {XP, b} F={X"?V'}.

Given 7 € Hg_)p (F), let z = zgﬁp (z) for some z € Zg(XP). Consider ¢%(z). Since ¢
is a chain map, 9;¢%(2) = ¢404(z) = ¢5(0) = 0. Hence ¢%(2) € Zq(X'P) and we can define
(¢h")u(®) 1= 577 ¢l(2). By Remark 6.1.2, i7" ¢h(2) = o} it "7 (2) = ¢} (2). So (¢77).(2)
is also qﬁg ().

It is trivial to check that addition is preserved, so it remains to prove (gﬁzﬁp /)* maps zero
elements in Hgﬁpl(]:) to zero elements in Hgﬁpl(]:’) which also implies that (qbsﬁp/)* is a
well-defined. Since for z = g, we will have z —y = 0 and so (qﬁzﬁp/)*(i‘) = (qﬁzﬁp/)*(gj +r—y) =
(6577)+(@) + 0 = (¢ ") (D)-
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Let z=0¢ Hgﬁpl(]:) By Definition 5.1.5, x € Zp—>p (Z4(XP)) N Bg(X?").

Since x € Bg(X?'), = d441(2') for some 2’ € Cd_H(Xp/). Again since ¢ is a chain map,
¢4 (2) = ¢ Qa1 (2') = Bas16l) (') € Ba(X"). So (¢ )(7) = ¢} (x) = darrdy () = 0 €
HYP(F)

e :

O]

The idea of chain homotopy in the theory of chain complexes and homologies also translates
well into our context and with the same important property of showing two different filtered

chain maps induces the same homomorphisms.

Definition 6.1.4. Filtered Chain Homotopy
Let &, @' : F — F' where ® = {¢*} and ®' = {¢'P} be filtered chain maps. A filtered chain
homotopy between ® and @' is a collection of chain homotopies © = {6P} where each 6P is a chain

homotopy between ¢P and ¢'P. If such ® exists, we say ® and @' are filtered chain homotopic.

Proposition 6.1.5. Let ®,9' : F — F' be filtered chain maps which induce the families of
homomorphism @, ®.. If ® and ® are filtered chain homotopic. Then ®, = @/,

Proof. Let F = {XP,b}, F' = {XPV/}, ® = {¢}, : Ca(XP) — Cq(X'P)}, and @' = {¢7 :
Ca(XP) = C4(X'P)}. The families of induced homomorphisms would then be ®, = {(¢; 7 l)*},
o, = {( /p_"’) }. We want to show ((bp—w e = (gb’p_}p )« for every p and d.

Given & € Zg(X?"). From the proof of Proposition 6.1.3, (qbg_)p,)*(a’c) = zs_)p P (z) where
z € Zy(XP) and ip%p/(z) = x. By Proposition 5.1.7, we can alternatively define Hgﬁp/ (F') as
(p_)p) (Hy(X'P)), in which case zd_)p ¢5(2) becomes (p_m) (¢%(2)). Note also that ¢h(z) =
$d%(Z)- ,

Putting everything together, (¢5 7 ).(z) = (’Hp) ¢q2(z).  Similarly, ((b/p_)p)*(*) =
)bl (2)

Let © = {67} be a filtered chain homotopy between ® and ®’. In particular #? is a chain
homotopy between the chain maps ¢P and ¢'P. But this means ¢” and ¢ induces the same
homomorphisms, in particular = ¢lL. So (¢} -, = (o =7, as desired.

0

We end this subsection by introducing a useful lemma for our next subsection.

Lemma 6.1.6. Let @ : F — F' {¢?: C(XP) —» C(XP)}, U: F — F {YP : C(X'P) — Cyq(XP)}
be filtered chain maps.
If each pair of chain maps ¢P and P has the property that YP o ¢P and ¢P o YP are chain

homotopic to the identity chain map, then F and F' have isomorphic persistent homology groups.

Proof. Since each 1P o ¢P is chain homotopic to the identity, there is a chain homotopy 6, between
YP o ¢P and idg(x»y for every p. Take this collection of chain homotopies as our filtered chain
homotopy and we conclude that ¥ o @ is filtered chain homotopic to the identity filtered chain
map, so by Proposition 6.1.5, (¥ o @), = id,.
Similarly (® o ¥), = id.. So together we conclude that ®, = (\I/*)_1 is invertible and thus F
and F’ have isomorphic persistent homology groups.
O
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6.2 Filtered Morse Complex

The construction of Morse filtrations is basically the same as the construction of Morse
complexes as discussed in Section 4. We construct acyclic partial matchings for each abstract
cell complex with some compatibility condition to be defined.

Then each acyclic partial matching will give us a Morse complex, and it can be shown that
the compatibility condition implies that these Morse complexes form a filtration of abstract cell
complexes with isomorphic persistent homology groups.

We begin by defining those acyclic partial matchings which we call a filtered acyclic partial

matchings.

Definition 6.2.1. Filtered Acyclic Partial Matching

Let F = {XP, b} be a filtration of abstract cell complexes. A filtered acyclic partial matching
of F assigns to each frame XP an acyclic partial matching (AP, wP : QP — KP). Moreover, for
each p that AP C APTL, KP C KPHL QP C QPFL, and wP = wPt! |gp. Since the function wP

coincide we will omit the index and use w := wP.
And the definition of a Morse filtration follows very naturally.

Definition 6.2.2. Morse Filtration

Let F = {XP,b} be a filtration of abstract cell complexes with filtered acyclic partial matchings
{(AP,w : QP — KP)}. The Morse filtration of F induced by {(AP,w : QP — KP)} , denoted by
M = {AP b}, is the sequence of complexes ... C AP~ C AP C APTL C ... where each (AP, V) is
the Morse complex associated to the acyclic partial matching (AP, w : QP — KP) of (XP,b).

We then establish that a Morse filtration is indeed a filtration of abstract cell complexes,
which also justifies using b’ as the sole boundary incidence function for every frame AP of M.

We first establish the following lemma.

Lemma 6.2.3. Let F = {XP,b} be a filtration of abstract cell complexes with filtered acyclic
partial matching {(AP,w : QP — KP)}. Let p = {a = qo, b1, ..., Bir1 = B} be a QP -sequence and
let p<p'. If up(p) #0, and o € XP, then p is also a QP-sequence.

Proof. By Proposition 4.3.4, p is a saturated gradient path in X7 ie. a>q>..>q>p6. In
other words, a > q1, w(q1) = q2,...;w(q) > B.

Since X? is a subcomplex of X? and a € X?, by Definiton 3.1.6, ¢, < a implies q; € XP.
Meanwhile by the way we defined w in Definition 6.2.1, ¢g; € X? implies w(q;) € XP. Repeating

the above procedure we conclude that 5 and all the ¢;’s are in XP, so p is also a QP-sequence. [

Proposition 6.2.4. Let F = {XP b} be a filtration of abstract cell complexes with filtered acyclic
partial matching {(AP,w : QP — KP)}. The associated Morse filtration M = {AP b'} is indeed a

filtration of abstract cell complexes.

Proof. We want to show that each complex AP is indeed a subcomplex of AP for all p > p.
Recall from Definition 3.1.6, that means AP C A?', b, = b;,, and given any o € AP and 8 € A”,
B < o implies 5 € AP.

Now we fix p. Then Definition 6.2.1 implies that A? C AP
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We first let (QP, <p, <) and Q" <y, <) be the gradients induced by their corresponding
partial matchings. By Definition 4.2.2 we see that <, and <, depend exclusively on b, which is
shared among all the frames. Hence when restricted to elements in QP the two relations have
identical behavior. For convenience we denote both of them as <.

We then will show that the boundary incidence functions of each complex coincide. Before
that is established, we temporarily denote each Morse complex in the Morse filtration by (AP, b;,)
with the goal of showing o/, [4»= b},. This will then justify calling all b,’s merely o'. We further
expand the meaning of < as we did in Notation 4.3.1, which also depends exclusively on b.

Let a, 8 € AP. By Remark 4.3.6, we can define b,(«, 8) = Z wy(p), where QP(a, B)

pEQP (a,8)
is the set of all QP-sequences (Definition 4.3.2) from « to § in XP with respect to the acyclic

partial matching (AP, w : QP — KP). We want to show b, = b;,, that is, we want to show the

Z t(p) = Z 1s(p) (*)

PEQP(a,B) PEQP (01,B)

following equations holds.

To see that, we first note that the multiplicity function pu; (Definition 4.3.2) used on both
sides of (%) are in fact the same, since both are derived from b which is simultaneously the
boundary incidence function of all X?. Furthermore, QF(«, 5) C Qp/(a, B) by Definition 4.3.2
and QP c Q.

Now, given p € Q¥ (a, ). Let p = (a = qo, ..., qie1 = 3). If pp(p) = 0, it is a zero summand
and for our purpose p can be completely ignored. Assume then that py(p) # 0. Since a € XP
Lemma 6.2.3 shows p € QP(a, 8). From this we conclude equation (*) holds, and b, = b;,.

Lastly we check that given o € AP, for every 8 € A, 8 < a in AP implies 8 € AP. Now
B < a in AP implies b’ (a, B) # 0 as the sum of some which means there must be at least one
p € Q¥ (a, B) such that uy(p) # 0, as b'(a, B) # 0 is the sum of these (p)’s. So we can apply
Lemma 6.2.3 again to show p is a QP-sequence, which by extension means 5 € AP, as desired.

O

It is particularly worth noting that the proof of Proposition 6.2.4 does not depend on most
of the finiteness conditions we used in this paper. And thus it translates very nicely to other
variants of the theory such as the one suggested in Remark 5.1.4.

With the above proposition established, we now show our main theorem of this section.

Theorem 6.2.5. Let F = {XP,b} be a filtration of abstract cell complexes with filtered acyclic
partial matching {(AP,w : QP — KP)} which induces the Morse filtration M = {AP,b'}. Then
the persistent homology groups of F and M are isomorphic, that is for every p,p’,d, the following

equation holds.

HY™P(F) = HE7V (M)

The proof of this theorem will be done inductively and will be similar to the proof of Theorem
4.3.7. Before that however we will have to identify a key property of every cell in a filtration of

abstract cell complexes.
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Definition 6.2.6. Birthframe
Let F = {XP,b} be a filtration of abstract cell complexes. We define the birthframe of each
cell B € Up X? by XBB) where B is defined as follows.

B(p) := min{p | 5 € X*}

Remark 6.2.7. Note that B € XP for all p > B(B) by the subcomplex relation, see Definition
8.1.6. Moreover if B < o in any XP, B(B) < B(a), since by the subcomplex property o € XB(@)
implies f € XB(@)

Then we introduce a filtered version of a g-reduced complex as in Definition 4.3.8.

Definition 6.2.8. ¢-reduced Filtration

Let F = {XP,b} be a filtration of abstract cell complexes with filtered acyclic partial matching
{(AP,w = QF — KP)}. For q € |J,QF, the g-reduced filtration of F is Fy = {X¥,by}, where
(X¥,by) is the q-reduced subcomplex of (XP,b) when p > B(q), and (X¥,b,) = (XP,b) otherwise.

Obviously, "reduce by ¢" only makes sense for X? when ¢ € XP, thus the definition. The
next proposition shows that what we get is indeed a filtration of abstract cell complexes. In fact
similar to the case of just abstract cell complexes, the (persistent) homology groups are also

preserved.

Proposition 6.2.9. Let F = {XP,b} be a filtration of abstract cell complexes with filtered acyclic
partial matching {(AP,w : QP — KP)}. For any q € Up QP, the q-reduced filtration Fq = { XY, by}

1s indeed a filtration of abstract cell complezes.

Proof. We first define a simple filtered acyclic partial matching {(AY,w : Q) — KI)}. For
p < B(q), note ¢ ¢ QP C XP, and we define A) = XP, Q) := 0, KY := (). For p > B(q), note
that ¢ € QP C XP, then we define A} := X?\ {q,w(q)}, Q) :={q}, KY := {w(q)}. The acyclic
condition is trivially true since QY is at most a one-element set, while the other conditions of
Definition 6.2.1 are clearly satisfied.

Now we make an observation that the Morse filtration induced by {(Ah, w : QF — Kb)} is
exactly the g-reduced filtration. More precisely, the Morse complex induced by (AY, w : Q) — K7)
on each X? is the g-reduced complex.

For p < B(q) this is again trivial since both complexes are X? itself. For p > B(q), it follows
from Remark 4.3.11.

Hence, Proposition 6.2.4 proves that the g-reduced filtration is indeed a filtration of abstract

cell complexes.
O

Proposition 6.2.10. Let F = {XP,b} be a filtration of abstract cell complexes with filtered
acyclic partial matching {(AP,w : QP — KP)}. For any q € Up QP, let the q-reduced filtration be
Fq=A{X¥,b,}. Then for every p,p',d, the following equation holds.

HYP (F) = HY V' (F,)

36



Proof. Let g € |J, Q.

For p < B(q), define ¢? : C(XT) — C(X}) and ¥? : C(X}) — C(XP) to be the identity
chain map.

For p > B(q), we know from Proposition 4.3.13 that there are chain maps ¢? : C(X?) — C(XY)
and ¢P : C(X}) — C(XP) such that ¢ o ¢ and 9? o ¢ are chain homotopic to the identity
map, since X} is the g-reduced complex of XP.

It remains to show that the collection of chain maps defined by ® = {¢?} and ¥ = {¢)P} are
indeed filtered chain maps, and Lemma 6.1.6 will finish the proof. Hence we need to show that

the following diagrams commute.

lp_)p/ , /
Cd(Xp) L) Cd(Xp) Cd Xp) *) Cd(Xp>
lqss W' }ﬂp szs
ip*}p/ ’ v’
Ca(X) —— Ca(XT) Ca(XY) N Ca(XY)

For the first diagram, note that Cy(X?) is a submodule of Cyq(X?). When p > B(q), by
definition gbz and (bfl/ are both identities on every basis element except on ¢ and w(q) and also
act the same way on ¢ and w(q) . Hence ¢}, = qﬁfl/ lcy(xv)- When p < B(q), ¢} is always the
identity and so ¢!, = gi)gl lc,(xvy still holds. Hence the first diagram commutes.

For the second diagram, similarly, when p > B(q), ¢} = qbg | x7y by definition, which also
holds when p < p’ < B(gq) when both functions are the identity. When p < B(q) < p/, note that

/ b
P (o) = o — Mw(q) only differs from the identity when b(a, q) # 0, i.e. ¢ < . But

b(w(q),q)
then as remarked in Definition 6.2.6, B(«) > B(q) = p’ and so a ¢ Cy(X%). That is @Dg is the

identity on Cy(X7) and ¢!, = Zl |cu(x#y still holds. Hence the second diagram commutes.
O

Proof of Theorem 6.2.5. Let F = {XP, b} be a filtration of abstract cell complexes with filtered
acyclic partial matching {(AP,w : QP — KP)}, which induces the Morse filtration M = {A,b'}.

Similar to the proof of Theorem 4.3.7, we inductively remove pairs of non-critical cells
g € U, Q" and w(q) € U K? from F.

More precisely, let U QP ={q1, ..., qn} and define filtrations Fy = {X}, bo}, ...,

Fn = {XP%, by} so that Fy = F and for every i, F; 11 is the g;1-reduced filtration of F;. Then by
Proposition 6.2.10, for every p,p’, d, Hp%p (Fi) = Hp%p (Fit1). So by induction we can conclude
that every JF; has isomorphic persistent homology groups.

Lastly, we can fix p and look at each i. Let {(A”,w : QY — K?)} be the acycling partial
matching it adapted in the process. If g;41 € X7, then X7, | is the gj;1-reduced complex of X7
Otherwise Xj = X7, . Note that at X7, all ¢;’s in U, Q" = {q1, ..., gn} have been removed and
QP in particular is empty, but by Lemma 4.3.15 that means (X%, b,) is just (A,’). Since this
is true for every p, F, is precisely M and so M and F have isomorphic persistent homology

groups as desired.
O]
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7 Conclusion and Future Direction

The work of Forman [3| laid the foundation of discrete Morse theory. In this paper we have
demonstrated one of the applications of discrete Morse theory. Specific to TDA, we have shown
how Mischaikow and Nanda [4] connected discrete Morse theory and persistent homology and
showed how to use discrete Morse theory to accelerate the computation of persistent homology
by drastically reducing the number of cells involved, as discussed in Section 6. They have also
provided what has now become a commonly used algorithm, see [4] for more details.

Moreover, the framework of abstract cell complexes, introduced by Tucker [7| and refined by
Mischaikow and Nanda, has the potential to be further expanded and applied to other theories
of CW complexes. One also could find applications to not just persistent homology, but also

many of its variants. Here we list some related questions and research subjects.

e Zigzag persistence [13] is a generalization of persistent homology with various potential
applications, and the same framework to optimize computation introduced in this paper

also seems applicable. Some work has already been done on this particular topic, see [14].

e In the construction of our framework we employed a few finiteness and discreteness
conditions with impunity, since they align very well with the practical applications in data
analysis. For example, an abstract cell complex is restricted to having finitely many cells,
and a filtration is restricted to having finitely many frames and thus is indexed discretely.

What results can we get if we consider some of these parameters to be infinite?

e A generalization of persistent homology would be to replace the ordered index set by some
partially ordered set. The work done in this paper seems to translate very well to this

particular setting. How about if we employ an even more complicated index set?

The rise of TDA provided algebraic topology many new applications of its theories and
stimulated many new ideas, and discrete Morse theory is one good example of both. It is exciting
how many abstract results have found its way to practical uses in real life because of it, and I

look forward to more of this happening in the future.

38



References

1]

2l

3]

4]

[5]

(6]

7]

8]
19]
[10]

[11]

[12]

[13]

[14]

A. Lundell and S. Weingram, The Topology of CW Complexes, Van Nostrand Reinhold,
New York, (1969).

R. Ghrist, Barcodes: the persistent topology of data, Bulletin of the American Mathematical
Society (New Series) 45, 1 (2008), 61-75.

R. Forman, Morse Theory for Cell Complexes, Advances in Mathematics, Volume 134,
issue 1, (1998), 90-145.

K. Mischaiwkow and V. Nanda. Morse Theory for Filtrations and Efficient Computation
of Persistent Homology, Discrete Comput Geom 50, (2013), 330-353.

D.N. Kozlov, Discrete Morse theory for free chain complexes, C. R. Acad. Sci. Paris, Ser. |
340 (2005).

R. Forman, A User’s Guide to Discrete Morse Theory, Seminaire Lotharingien de Combi-
natoire 48 (2002), Article B48c.

A W. Tucker Cell Spaces, Annals of Mathematics, Second Series, Vol 37, No. 1 (1936), pp.
92-100.

J. Milnor Morse Theory, Princeton University Press, Princeton (1963).
A. Hatcher Algebraic Topology, Cambridge University Press, Cambridge (2002).
J.R. Munkres Elements of Algebraic Topology, Westview Press (1984).

G. Carlsson Topology and Data, Bulletin (New Series) of the American Mathematical
Society Volume 46, Number 2, (2009), 255-308.

J. Milnor Lectures on the h-cobordism theorem, "Princeton Mathematical Notes", Princeton
Univ. Press, Princeton, N.J.; (1965).

G. Carlsson and V. De Silva, Zigzag Persistence, Found Comput Math 10, (2010), 367-405.

C. Maria and H. Schreiber Discrete Morse Theory for Computing Zigzag Persistence,
Algorithms and Data Structures. WADS 2019. Lecture Notes in Computer Science, vol
11646. Springer, Cham, (2019), 538-552.

39






	1 Introduction
	2 Background
	3 Abstract Cell Complexes
	3.1 Abstract Cell Complexes
	3.2 Associated Chain Complex

	4 Discrete Morse Theory
	4.1 Discrete Morse Function
	4.2 Partial Matchings
	4.3 Morse Complex

	5 Persistent Homology
	5.1 Filtration

	6 Morse Filtration
	6.1 Filtered Chain Map
	6.2 Filtered Morse Complex

	7 Conclusion and Future Direction
	References

