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PREFACE

’ b4
In his 1976 paper "Sur La methode de continuite

de Poincaré" A. Granas provided a new approach to the
continuity method for establishing fixed points of
certain mappings. This new theory, now called
Topological Transversality, was wutilized in the papers
of Granas, Guenther and Lee 115}, {(16], [17] and [18]}]
to study existence questions for nonlinear boundary
value problems. In this thesis we extend further these
ideas and show how powerful and natural Topological
Transversality ‘is for solving a variety of problems.

We begin in Chapter II by using Topological
Transversality to examine the dependence of the interval
of existence for an initial value problem upon its
initial data and the nonlinearity in the differential
equations. Stronger and more applicable existence
theorems than the 1local existence theorems that are
available in the literature are proven. These results
enable us to read off directly from the differential
equation an interval of existence of a solution and in
many cases it will be maximal as our theory shows.

In Chapter III the nonlinear differential equation
v = f(x,y,y'), 0 € x < = with appropriate boundary

conditions is studied. Qur treatment involves extending

results of Granas, Guenther and Lee iis), {16] and
(18} on finite interval boundary value problems with f
satisfying Bernstein type growth conditions. We also

examine an important application which occurs in the
theory of semiconductor devices.

The initial suggestion for examining ordinary
differential equations in the complex domain was
Professor John Lee's and we pursue this in Chapter 1IV.
Although initial value problems in the complex domain
have been studied widely, very little is known on
intervals of existence of a solution. The results of

this chapter enable us to read off immediately from the



differential equation an interval of existence of a
solution, although this interval may not be maximal.
Furthermore, we introduce boundary value problems in the
complex domain and obtain existence theorems for such
problems.

While working on this thesis I had many invaluable
discussions with Professor Ronald Guenther and it was he
who suggested looking for "weak solutions" via

Topological Transversality to boundary value problems of

the form y" = f(t,y,v'), t &€ [0,1], with y
satisfying suitable boundary conditions, where

f:{0,1] X R2 - R is discontinuous. In Chapter V we
examine such problems with f satisfying Caratheodory

Conditions and obtain solutions to the above problem in
Sobolev spaces. Our anaiysis 1is based on a priori
bounds and known results on Nemysky operators and
Sobolev spaces. Furthermore, we also obtain weak
solutions to initial value problems.

In Chapter VI third order boundary value problems
are studied. The chapter is divided into two parts, the

first of which extends the Bernstein theory and results

of Granas, Guenther and Lee {i5]), [16] on second order
boundary value problems. Many of the results we obtain
are rather specialized. In part two, by examining

different types of monotonicity and growth conditions,
we obtain existence theorems for a wide class of new
problems.

Over the last ten years ordinary differential

equations in abstract spaces have become very popular

and in Chapter VII we suggest a new metnod, via
Topological Transversality, for examining nonlinear
differential equations in Hilbert spaces. Furthermore,

we show how the analysis in this chapter can be used to
obtain existence of solutions to certain
integro~differential equations. The suggestion for
examining such problems was again provided by Professor

John Lee.



Initial And Bound

Topolog
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ary Value Problems Via

ical Methods

eliminaries

i.1 Notation

In this chapter we formulate the basic ideas which
will be used throughout this thesis. The following
standard notation is used: R = (~»,») will denote the
real 1line and rR" the n-dimensional Euclidean space.
By cX = cK(s), K 2 0 an integer, and ¢c° = C(5) we
denote the functions which are K times continuously
differentiable on S. If x = x(t) is a real valued
function defined on S, we set

Ixl = supix(t)i
tes
and for functions x(t) € CK, we set
K
IX)hp = max(lxlo,lx'lo,....., lx( )lo).

Finally let CK(s) denot

for which }x} < oo, See

K

Also 1if

R

u = (ul,...

n

, we set

vectors in

<u,v> =

LN /=

-

e the Banach

(43, (30]

Space of functions

for details.

...,un), v = (vl,.....,vn) are

and jul (<u,u>)1/2.



Further, 1if u;S = Rn, where S C R, is a vector

valued function of t, we set

flult = max sup Ju,(t)l, 3 = 1,.....,n
i te€s J

and if u is in C

fully = max u‘®u_, 2 = 0,1,....,k.
2

If B is a set of boundary or initial conditions then
K . . . . ’ .
C denotes the subset of functions 1in Ck which

satisfy these boundary or initial conditions.
1.2 Theorems from Ordinary Differential Equations

We begin by collecting together a few standard
facts about ordinary differential equations which will

be used in various parts of the thesis.

Suppose that f:{0,1} X R"™ - R is a continuous

th
n

function. Consider the order initial value

problem

v (™) ey F (e, y(t) sy  (t)yenen,y ™ D)), ter0,1]

D £ € [0,1]

-1.

o »

Y(to)=yo.y'(to)=y;,....,y(n-l)(to)=y“

By a solution to (1.1) we mean a real valued function
y which is n times continuously differentiable on
{0,1] which satisfies the differential equation and

initial conditions.

Theorem i1i.1. Let ao(t),....., an(t) z O be defined

and continuous on [0,1]. Then the initial wvalue

probiem



tyza (0)y ™ ()ra__ )y " (ersl i iea (t)y(E)=0

-1

yCE =y ey (e 3=yt e gg0,1]

has a unique solution y € Cn[O,I].
As a consequence of Theorem 1.1 it is possible to
construct n linearly independent solutions to Ly = 0

and thus we obtain the following result.

Theorem 1.2. Let yl(t),......, yn(t) be n linearly

independent solutions to Ly = 0. Then every solution

y(t) of Ly = 0 1is of the form

1.2) y(t) = c, yl(t) +eee.+ Co yn(t)

for some choice of constants Cl""" Cn' For this
reason we say that (1.2) is the general solution to
Ly = 0.

i.3 Topological Transversality and A Priori Bounds

We begin with a description of the topological
ideas and results which we shall use. For complete
proofs and further details see Dugundji and Granas

f11}.

Let E be a normed linear space and K C E a
convex set. Also let U C K be open in K and U and
ou denote respectively the closure and boundary of u

in K.

Definition 1.1 Suppose X is a metric space and

F:X = K is a8 continuous map.

(i) F is compact if F(X) is contained in a
compact subset of K.

(ii) F is completely continuous if it maps bounded

subsets in X into compact subsets of K.



We formulate the Schauder fixed point theorem

without proof. See {11] for details.

Theorem 1.3. Suppose E is a normed linear space,

K C E a convex set and F:K =» K a compact map. Then
F has a fixed point in K i.e. there exists X, € K
such that F(xo) = X,

Next we formulate a fixed point theory similar to
the continuity method of Leray and Schauder which uses
topological degree. Instead we use the notion of an

essential map.

Definition 1.2 Let K be a convex subset of a normed

linear space E and U C K be open in K.

(1) A compact map F:U = K is called
admissible if it is fixed point free on
ou. The set of all such maps will be
denoted by KaU(E,K).

(ii) A map F € KaU(E,K) is essential if
every compact map which agrees with F
on ou has a fixed point in u.

Otherwise F is inessential.

(iii) A homotopy (Ht:X - Ky, 0 £ t £ 1, is
said to be compact provided the map

H:X X {0,1] » K given by H(x,t) = Ht(x)

for (x,t) € X X {0,1]} is compact.

(iv) Two maps F,G € Kau(E'K) are homotopic
if there is a compact homotopy Ht:U - K
for which F = Ho, G = Hl and Ht is

admissible for each t in {o,17.

Remark. Every essential map has a fixed point in u.



The following theorem yields some simple examples

of essential maps.

Theorem 1{.4. Let p € U and F € KaU(E,K) be the
constant map F(x) = p for X € E. Then F is
essential.

Proof Let G:E - K be a compact map with G = F on
OU. Define

G(x), x € U

H(x) = p, x € K)U.

Now H:K = K is compact and so by Theorem 1.3 there

exists X € K such that H(xo) = X_. However, by
definition of H and the fact that F = G on ou
implies X, € u and x, = H(xo) = G(xo). Thus G has

a fixed point and F is essential.

Theorem 1.4 is a key element in the implementation
of the Topological Transversality Theorem in obtaining
existence theorems for initial and boundary value
problems. We now state the Topological Transversality
Theorem due to A. Granas without proof. Details of the
proof can be obtained in Granas {14}, Dugund ji and

Granas {11] and Granas, Guenther and Lee (17].

Theorem 1.5. Suppose

(a) F and G are compact maps on U = K.

(b) G is essential in KaU(E,K).

(c) H(x,t), 0 £ t £ 1, is a compact homotopy
joining F and G i.e. H(x,0) = G(x),
H(x,1) a F(x).

(d) H(x,t) is for each t, 0 £ t <€ 1, fixed

point free on QU.

Then there exists at least one fixed point u € U



such that u = F(u).

Remark. Suppose we now let K = E. To apply Theorem
1.5 we 1let U be some ball centered at the origin of

radius say R. Let ug € U be a fixed point of G. In
order to guarantee the existence of a fixed point

u,y € U of F we need to know that all fixed points
u, of u = H(u,t) lie in 8] i.e. we need an A Priori
Bound M < R such that

lu l € M for 0 €t £ 1,

where il i is the norm in E. Therefore the role of
the a priori bound is to guarantee that ou is fixed
point free for the operators H(e+,t) and these bounds

must be independent of t.
We will also use frequently the following theorems
which we state without proof. See Rudin [29]) and

Royden (28] for details.

Theorem 1.6. (Bounded Inverse Theorem)

Suppose X and Y are Banach Spaces and L is a
bounded linear transformation from X onto Y which is
also one to one. Then L_1 is a bounded linear

transformation of Y onto X.

Theorem 1.7. (Arzela Ascoli Theorem)

Let F be an equicontinuous family of real or
complex valued functions on a seperable space X. Then
each sequence {fn) in F which is bounded at each
point (of a dense subset) has a subsequence {fn >
which‘converges pointwise to a continuous function, the

converence being uniform on each compact subset of X.
From Theorem 1.7 one can deduce:

Corollary 1.8. Let S be a compact metric space and M

a subset of CK(S), K 2 0 an integer. Then M is

relatively compact 1in CK(S) (i.e. M is a compact



subset of CK(S)) if and only if M is bounded and

equicontinuous.
1.4 Existence Theorems

In this section we indicate how the topological
results of section 1.3 can be used to prove existence
theorems for nonlinear boundary value problems. Similar

results hold for nonlinear initial value problems.

Let B denote a set of n linear, homogeneous
boundary conditions

n-

V,(y) = = v cor+b vy (1r1=0,1=1,2,.. .0
J‘

1
o[aij

and (Ly)(t) = y(n)(t) for t € [0,1]. Consider the

boundary value problem

Ly = £f(t,y,evue., y<" 1)), ¢ € [0,1]
y €B

where f(t,Pl,....., Pn) is continuous on {0,1] X Rn,

and the associated family of problems

My = g(t,y,.c0., vy 1) %), 0 g X €1

(1'3)X y € B

n .
where (My)(t) = 'Z aj(t) y(J)(t). Here g8, 2y, i =
0,1,...,n are congiguous and an(t) # 0 for t € [0,1)

and also g(t,vl,....,vn,O) = 0.

Theorem 1.9. Let L,M,f and g be as above. Assume

(i) The problems (I'B)X and (1.3) are



equivalent when \ = 1 i.e. (1'3)X and

(1.3) have the same set of solutions.

(ii) The differentiable operator (M,B) is
invertible as a continuous map from
cp = C.

(iii) There is a constant K independent of A\
such that luln < K for each solution u

to (1'3)X’ 0 €£ A £ 1.

Then the boundary value problem (1.3) has at

least one solution in Cn[O,I].

Proof Let U = (u € cp [0,1]1: ful € K) and define
T,:¢c"' - ¢, 0o < 1 < 1, by (T,v)(t) =
g(t,v(t),...,v(n_l)(t),k). Clearly T, 1is a continuous

n-1

map. Now jzcg - C defined by ju = u is the

natural embedding. The map j 1is completely continuous
by Corollary 1.8. Then HX = M-'1 TX 3 defines a
homotopy HX:G - Cg. It is clear that the fixed points
of HX are precisely the solutions to (1'3)X' By
(iii) HX is fixed point free on ou. Moreover, the
complete continuity of 3 together with (ii) and the
continuity of TX imply that the homotopy HX is
compact. Hence Ho is homotopic to H

i° Now Ho is
essential by Theorem 1.4 since Ho is the zero map.
Therefore, Theorem 1.5 implies that Hl is essential.
In particular Hl has a fixed point, (1.3)1 has a

solution and so by (i), (1.3) has a solution.

Remark. If (L,B) is invertible Theorem 1.9 will be
applied with M = L and g = Af. For example, if B
denotes the set of n homogeneous initial condition
then (L,B) is invertible by Theorem 1.1. The
applications of Theorem 1.9 that occur in the thesis
where (L,B) is not invertible fall into one of the

following categories:

(i) Take My=Ly~-y and



L]

g(t,Pl,....,Pn,X) X[f(t,Pl,....,Pn)-Pl]
or
(ii) Take My=Ly-y' and

g(t,Pl,....,Pn,X)

MECE, P, ... ,P )-P,]

The preceding discussion extends to include
nonlinear problems in which inhomogeneous boundary

conditions occur.

Thus consider the problem

Ly = f(t,y,...., y(n_l)), tE [091]

Vi(y) = ry, 1 = 1l,.00e,n

where L,f and V1 are as above. We also consider the

assocliated family of problems

My = g(t,y,«.c.., y(“'l). A), 0 £ A g1

I.Q)X
Vi(y) =ry, i = 1l,c0., n

where M and e are as above. Let B denote the set

i® i = 1,..., n

and B, the set of functions satisfying the

of functions y satisfying Vi(y) = r

corresponding homogeneous boundary conditions

Vi(y) =0, i = 1,...., n.

Theorem 1.10. Assume

(i) The problems (l.b)x and (1.4) are
equivalent when )\ = 1.

(ii) The differential operator (M,Bo) is
invertible as a continuous map from
C;‘ - C.

o
(iii) There is a constant K independent of A

such that |u|n < K for each solution u
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to (1.4)x, 0 £ A\ £ 1.

Then the boundary value problem (1.4) has at least one

solution in Cn[O,ll.

Proof Define N:Ch = C by Ny = My. We will show that

B
N lic - Cg exists and is given by Nl of o= MTlE o+ g
where 2 is the solution to My = 0, y € B. Since
(M,Bo) is one to one then N is one to one and it 1is
clear also that M~ ls + is the inverse of N

provided 2 exists. We will now show that 2 exists.

Let Ujseee, Ul be n linearly independent solutions
of My = 0, so that y = Cy u; +....4 Coou is the
general solution to My = 0. Now since My = 0, y € B,
has only the trivial solution, by (ii), then we must

have det[Vi(u )] = 0. Now to solve My = 0, y € B

h|

constants Cl,...., Cn must be found so that Vi(y) =

C1 Vi(ul) + C2 Vi(u2) +...+ Cn Vi(un) = r i = 1,...,0.

(o
Since det[Vi(uj)] # 0 there is a uniq:e solution say
kyseees k, and £ = k; uj+...+k_u_. Thus N l:ic - ¢l
exists. We now define U = {y € Cg: Iyl, € K + 121>
and H:U X [0,1] = Ch is defined by H(u,\) =

N1 T, 3(u) + (1-X)2 = H, where j:CJ = c"1 is the
completely continuous embedding and T)\:Cn—1 - C,

0 € A< 1, is the continuous map defined by (Txv)(t) =
g(t,v(t),euauay, v(n_l)(t),k). This homotopy is clearly

compact. Now Ho = g and since |2|n < K + |2|n then
2 is an interior point of u in Cg. Now Theorem 1.4
implies that Ho is essential. Moreover, H(u,\) = u

means N1 Tyd(u) + (1-X)2 = u which implies

M-1 ij(u) + £ +(1-\)8& = u. Now since MZ = 0 we have

iju = Mu. So each fixed point of H satisfies
tui < K, by (iii), and Hx(u) = H(u,X\) is in

. Y . .
KaU(U’CB)' Hence Ho is homotopic to Hl and Theorem

1.5 implies that Hl is essential. Thus Hl

fixed point, so (1.6)1, has a solution and so by (i),

has a

(1.4) has a solution.
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IT. First Order Initial Value Probiems

2.1 Introduction

The basic existence theorem for the initial value

problem

3

2.1) y(0) = r

r

v n . . . .
where f:2 - R is continuous and z is the cylinder

{0, T] X Rn, guarantees that a solution exists for

t > O and near o. Familiar examples show that the
interval of existence can be arbitrarily short,
depending on the initial wvalue r and the nonlinear
behavior of f. In this chapter we see how our analysis

which is based on a priori bounds and the topological
transversality theorem leads naturally to the study of
the dependence of the interval of exXxistence of a
solution to (2.1) upoﬁ r and f. Additionally the

analysis automatically produces best possibie results.

2.2 Maximal Intervals of ExXxistence for Classes of

Initial Value Problems

The use of a priori bounds to establish existence
theorems for boundary value problems is well known.
These techniques also apply to initial value problems;
however this fact seems to have been largely overlooked.
Specializing Theorem 1.9 for initial value problems, we

have

Theorem 2.1. Let f:{0,T] X R" -~ R" be continuous and

0 £ A € 1. Suppose there is a constant K independent

—~

of - A such that ty(edt, ty'(t)l £ K for t € {(0,T}
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for each soliution y(t) to

y' = AM(t,y), 0 £ £t €T

2.2)
A y(0) = 0.

Then the initial value problem

2.2) y' = f(t,y), 0 £t €T
y(0) = 0O

has a solution y in CI[O,T}.
Remark. Theorem 1.9 is formulated for a scaler
equation; however the proof extends immediately to the

case of systems as in the present formulation.

In view of Theorem 2.] we obtain immediately

Theorem 2.2. Let ¢:[0,0) = (0,«) oe continuous, and
assume
2.3) PfCe,y)t € ¢(Ciyl)

for all (t,y). Then the initial value problem (2.2)

has a solution in Ci[O,T] for each

3
/ _ du
2.4) T(Too-fm.
0

Moreover, this result is best possible in the sense that

the initial value problem
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with f(e,y) = (g(Ciyi), O0,..0..,0) and for which (2.3)

holds can have a solution only if T < T_.
Proof To prove existence of a solution in CI[O,T] we

apply Theorem 2.1. To establish the a priori bounds for
(2'2)X’ let y(t) be a solution to (2'2)X' Then

ty't = Ixf(e,y)t € ¢(Ciyt)d.

Now 1if by(edt = O we have by the Cauchy Schwartz
Inequality

and the inequality above yields

iyt € vQlyl)

at any point t where y(t) # O. Suppose y(t) # O
for some point t € {0,T]. Since y(0) = 0 there is an

interval {a,t] in [0,T] such that jy(s)l > 0 on
a < s £t and y(a) = 0. Then the previous inequality
implies
t
s 1]
< - .
I ZCIy (s ds £ ¢t a
a
ty(edi o
So, I Wd—ETSt—aST<T°°=J\Wd—ET.
0 0
This inequality implies there is a constant My such

that
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ty(e)l < Mg-
Now (2°2)X gives

ly'(t)l € max iECe,y)1 = M.
[OQTJX[—MOQMOJ

Y/

So lyCtd)i, 1y'(t)} € K = max(MO,Ml) and the existence

of a solution to (2.2) is established.

Finally, y(t) = (yl(t)"""’yn(t)) solves (2.5)
if and only if yz(t) = L eeees = yn(t) = 0 and yi =
¢(Iy1|), yl(O) = 0. Clearly yi (t) > O so yl(t) > 0

and integration yields

yi(s)

L

<

<

—

é'
Q.
)]
n
=

¥, (T

=)
]

o
Thus du < du = T which completes the
* y(u) w(u) o
0 0

proof of Theorem 2.2.

Remark. If T, = * Theorem 2.2 is called Wintner's

Theorem {191, [36].
Theorem 2.1 also holds for the inhomogeneous
initial condition y(0) = r; see Theorem 1.10. So

trivial adjustments in the proof above yield

Theorem 2.3. Let f(t,y) and v(y) satisfy the

hypothesis in Theorem 2.2. Then the initial wvalue

problem

y' = f(t,y), 0 £ t £ T
y(0) = r
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has a solution y(t) in Cl[O,T] for each

o
_ du
R W
I}
Moreover, this result is best possible as described in

Theorem 2.2.

2.3 Examples

A few examples illustrate the previous sections

results.

Example 1.1 (Linear and Sublinear Growth)

Suppose 1f(t,y)1 € A(t) IylP + B(t), 0 £ p £ 1
for bounded functions A(t), B(t) 2 0. If Al and Bo
are upper bounds for A(t) and B(t) respectively
then

1ECe,y)1 € Aj1ylP + B = ¢CQiyD)

and
(-4
du
T = f = o0,
0 A uP+p
I} o o
Consequently the initial value problem (2.6) has a

solution on [0,T] for all T > 0.

Example 1.2 (Polynomial growth)

Suppose 1fCt,y)1 € ACt) 1y1™ + B(t) for m =
1,2,.... and for bounded functions A(t), B(t) 2 O. If
Ao and Bo are upper bounds for A(t) and B(t),
then
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o0
du
1f(t,y)t € A_ 1y1™ + B_ = wClyl), T = I —_—lu
o ° T A u™+B
I} o o

and the initial value problem (2.6) has a solution on

[0,T] for any T < Tg. In the case of zero initial

data, r = 0, we have
(-4
T = j du - x Csc (x/m)
o 4 A u™+n m A 1/m B (m-1)/m
o o o o

Example 1.3 (Estimate of the time before shocks)

The first order quasilinear partial differential

equation

a(x,y,u) u + b(x,y,u) uy = c(x,y,u)

X

with suitable assumptions on the coefficients a,b and
c can be solved by the method of characteristics. If
the solution surface u = u(x,y) is to contain the
smooth initial curve

X, = xo(s), y = yo(s), u = uo(s)

(o] (o]

where o £ 8 < i is a parameter, then the

characteristic initial value problem is

Q.

—xga’gx=b’g—uac

(a3

x(0,8) = xo(s), y(0,s) = yo(s), u(0,s) = uo(s)

where x = x(t,s), y = y(t,s8), u = u(t,s) and s is
regarded as a parameter in the initial value problem.
The solution to the initial value problem yields the

solution surface by expressing u(t,s) in terms of X
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and y after solving x = x(t,s), y = y(t,s) for

t = t(x,y) and s = s(x,y). In the region about the
initial curve where this can be done, a smooth solution
surface results. Suppose we have an estimate on the
growth rate of the coefficients in the partial

differential equation; say,

1f(x,y,2z)1 = j(a(x,y,z), b(x,y,z), c(x,y,z))I
€ v(i{x,y,2)i).

Then by Theorem 2.3 no shocks can develop up to the
(-4
. du
time T < T°° = JTET where
Ir}
r = max I(xo(s), yo(s), u (s))i assuming of course
0<sg1 °

that t and s are expressible as functions of X and

y as required above.
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III. Boundary Value Problems on Infinite Intervals

3.1 Introduction

In this chapter we study the existence of solutions

to a second order differential equation of the form

3.1) y" = f(x,y,y'), 0 € x < o

where f(x,u,p) is defined and continuous on

[0,%) X R X R. We establish that the differential
equation (3.1) has bounded solutions under growth
conditions of Bernstein type on the nonlinearity f. In
addition, existence theorems are established for (3.1)

together with the boundary conditions

3.2) -ay(0) + B8y'(0) = r

where a > 0, 84 2 0, r is a given constant and

3.3) lim y(x) = 0.

X 00

The analysis in this chapter is based on extending

theorems of Granas, Guenther and Lee {15}, [16], [18]

for boundary value problems on finite intervals. As
usual Cklo,w) is the space of functions v(x) on
[0,0) with v(k) continuous, Bcklo,w) is the space
of functions v(x) with v(j)(x) bounded and

continuous on [O,0) for j = 0,1,...0.,k. Let

c2r0,%)=(vec?[0,®):1im v(x)=lim v'(x)=lim v"(x)=0)

K= 00 X=» 00 X=» 00

with norm |ivil, = max(HVHO.HV'HO, Hv"”o) where

HVHO = sup jJv(x)i|.
0L x<o
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3.2 Global Solutions to Second Order Nonlinear

Differential Equations

The Arzela-Ascoli theorem and the following known
result about boundary value problems on finite intervals
will imply our basic existence theorem for problems

defined on 0 £ x < .,

Theorem 3.1. Assume f(x,u,p) is continuous and

satisfies

There is a constant M 2 0 such that
3.4)
uf(x,u,0) 2 0 for jujp > M.
There are functions A(x,u), B(x,u) > O
3.5) which are bounded when u varies in

a bounded set and

1£(x,u,p)l € A(x,u) p?

+ B(x,u).

Let n be a positive integer and consider the boundary

problem

"

y = f(x,y,y'), 0 € x € n

3.6) -day(0) + By'(0) = r, 0 > 0O and B8 2 O

y(n) = 0.
Then (3.6) has at least one solution ynecz[o,n) with
Iyn(j)(t)l <€ E, j = 0,i,2 and t€[{0O,n}], where K is a
constant independent of n. In fact 1let A,B be

constants which bound A(x,u) and B(x,u) on
r

[0,%) X [—MO,MO] respectively, where Mo = max{M, LEL),
then K = max(MO,Ml,AMl2 + B} where if 8 2 O

fr)+aM Iri+aM )2 1/2
M, = max[ v o , [[———7——2] e4AM, | % [e“AMo —1]]

while if 8 =0
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>|w

M1 = max[Lﬁl, [[!;!]2e4AMo +

el

The proof follows from a slight modification of
arguments in {15}, ({16] and {17}. These results
imply the global soluability of the differential
equation (3.1).

Theorem 3.2. Assume f(x,u,p) satisfies (3.4), (3.5).

Then the ordinary differential equation
"

y = f(x,y,y'), 0 £ x <

has at least one solution y in BC2[0,w).

Proof ©Let n be a positive integer and consider

y" = f(x,y,y'), 0 € x € n
3.7) y(0) = O

y(n) = 0.
By Theorem 3.1 there exists a solution unecz[o,n) to
(3.7)  with ju 3edr < K, 5 = 0,1,2 and t€(0,n],
where K is a2 constant independent of n. Now define
functions Ya on {0,) by yn(x) = un(x) on (O,n]
and yn(x) = 0 on [n,o). Clearly each Yn is
continuous on {0,) and twice continuously
differentiable except possibly at X = n. Let
i = {yn):=i' By Theorem 1.7 there is a subsequence
N, of the positive integers N and a continuously

differentiable function Z1 on [0,1] such that for
j = 0,1 y(g)(x) - Z(f)(x) uniformly on [0,1] as

~o

n = o through Nl' Let N1 = Nll{l). Then by Theorem
1.7 there is a subsequence N2 of N1 and a
continuously differentiable function Z on {0,2]
such that for j = 0,1 y(g) (x) = Z(g) (x) wuniformly

on [0,2] as n = o through N2. Note 22 = Z1 on

[0,1] since N2 C Nl' Let N2 = §2|{2) and proceed
inductively to obtain for K = 1,2,.... a subsequence

NK of positive integers with NK C NK-l and a
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continuously differentiable function ZK on [O,K]
such that for j = 0,1 y(g) (x) = Z(g) (x) uniformly

on {fo,K] as n = o in NK' Since NK C NK—I’ ZK(x) =
ZK-I(x) on f[O,K~1]. Now we define a function y as
follows: Fix x in {0,0) and 1let K be a positive
integer with x € K. Then define y(x) = ZK(x). From
the construction above, y is well defined. It is
clear also that y € Ci[O,w). Now fix X and choose

and fix K 2 x. We have

X
ya(x) = yi(0) = [ f£Ce,y (£), yi(e)rde
0

for n € NK' Since y(g)(t) converges uniformly to

z{3(t) on [0,K] for j = 0,1 let n = = through

NK to find

X
Z4(x) - z4(0) = If(t,ZK(t),Zk(t))dt.
b

X

That 1is, y'(x) - y'(0) = f £CE,y(t),y' (t))dt.
0

Consequently yECZ{O,w) and (3.1) is satisfied. It

is clear also that y(0) = 0 and Iliyll, < K, the
constant from Theorem 3.1 and consequently y is in
BC2[0,w).

Corollary 3.3. Assume f(x,u,p) satisfies (3.4),

(3.5). Then the ordinary differential equation (3.1)
with the initial condition (3.2) has at 1least one
solution in BCZ[O,w).

Proof This follows directly from the proof of Theorem

3.2 except we consider the boundary value problem
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y = f(x,y,y'), 0 € x £ n

-gy(0) + B8y'(0) = r, a > O and 8 2 O

y(n) = 0O
instead of (3.7).
Remark. Suppose the Sturm-Liouville initial condition
(3.2) is replaced by the homogeneous Neumann initial

condition

3.8) y'(0) = 0.

Then it follows easily from results in {15}, [16] and
the reasoning used above that Corollary 3.3 holds with
(3.8) replacing (3.2).

However stronger assumptions on f are needed for
existence of a solution to the inhomogeneous Neumann
problem on a finite interval; see {18]. Using these

results, with (3.2) replaced by

3.9) y'(0) = r & O

one can prove

Theorem 3.4. Assume f(x,u,p) is continuous and

satisfies:

There is a constant K > 0 such that
3.10) fu(x,u,p) 2 K for (x,u,p) in [0,%) X R X {r}).

For O € x < « and u€f-irl,iri}, f(x,u,r)
3.11) is bounded.

3.12) f satisfies the Bernstein growth
condition (3.53).

Then the ordinary differential equation (3.1) with the

initial condition (3.9) has at least one solution in
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BC2[0,w).
3.3 Solutions to Second Order Boundary Value Problems
on [0,®)
Suppose f satisfies (3.4), (3.5). Then the

reasoning in section 3.2 yvields a BC2(0,w) solution
to (3.1) and (3.2). Suppose in addition each
solution u € BC2[0,w) of (3.1), (3.2) satisfies the

following condition:

There is a continuous function ¢ such
3.13) that gy(x) = O as X = & and fu(x)l € ¢(x)
for 0 € x < »,

Then a priori each solution to (3.1), (3.2) tends

to zero at infinity and we have

Theorem 3.5. Assume f(x,u,p) is continuous and
(3.4), (3.5) and (3.13) are satisfied. Then the
boundary value problem (3.1), (3.2), (3.3) has at

least one solutions in C2[0,w).

Bounds of type (3.13) are wusually hard to
establish. We show how to do this in section 3.4,
which establishes that a nonlinear semiconductor problem
has a solution. The next results show that (3.13) and
the Berstein type growth condition imply similar bounds

' "

which guarantee that y and y tend to zero at

infinity.

Corollary 3.6. Suppose (3.4), (3.5) and (3.13) are
satisfied. Then each solution y € C2[0,w) to (3.1),
(3.2), (3.3) satisfies 1lim y'(x) = O.

X &0

Proof Our strategy 1is to obtain a bound similar to

(3.13) for y'. We can assume without loss of
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generality that ¢ is a decreasing function with

by(x)l € y¢(x), 0 € x < o and v(x) = 0 as X -

(Otherwise let ¢1(x) = ::5 ¢(x) and apply the
following argument with ¢1 “replacing ¢). Since

lim y(x) = 0 one can show easily that for each € > 0
::3 for each t > O there exists s > t such that

ly'(s)l € €. Fix € > 0. Let t be a point in [0,%)
for which ty'(edt > €. Then there is an interval
(te,s] such that y' maintains a fixed sign on [t,s]
and ly'(s)l £ €. Assume y' 2 0 on [t,s]. Since
iyl < diviig by (3.13), there are constants A,B > O
which bound A(x,u) and B(x,u) on

[0,») X [—H¢H°, H¢H°]. Consequently, the differential
equation and (3.5) yield

1 "
-2 A y' g 3&15x_
Ay'“+B

and integrating from ¢t to s yvields

,2
Ln [é—l—giﬁliﬁ] € 2 A[Y(t) + ¢(s)] € 4 A ¢(t)

A y'“(s)+B

because ¥ is decreasing. Hence
2 4ag(t) , Bf_4Ag(t) 1/2
ly' (o)1 < €2 e + 2(e -]

The same bound is obtained if we assume y' £ O on
[t,s] and this inequality holds trivially if 1y'(t)i<€E.
Letting € = ot yields

1/2
3.14) by ' Cedr € [%[e“A¢‘t) -1]] = g,(t)

for all 0 £ t < o, Clearly ¢2(t) is continuous on

[0,%) and ¢2(x) - 0 as X = oo,

The main result in this section is concerned with
obtaining Ci[O,w) solutions to the boundary value

problem (3.1), (3.2) and (3.3).
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Theorem 3.7. Assume (3.4), (3.5), (3.13) are

satisfied. Suppose in addition f(x,u,p) satisfies:

3.15) lim f(x,0,0) = 0O

K= 00

3.16) {For 0 € x < » and u,p each in a bounded

interval fu(x,u,p) and fp(x,u,p) are bounded.

Then the boundary value problem (3.1), (3.2), (3.3)

has at least one solution in Cg[O,w).

Proof In view of Theorem 3.5 and Corollary 3.6 there
exists a solution y € BCz[O,w) to (3.1), (3.2) which
satisfies lim y(x) = 1lim y'(x) = O. The differential

K= 00 K= 00
equation yields

y"(x) = f(x,y,y') - f(x,0,0) + £(x,0,0)
= fy y + fy. y' + f(x,0,0)
where Ey’ Ey' are intermediate values obtained by the
Mean Value Theorem. Now (3.13), (3.4) and (3.16)
imply

Iy"(x)1 € 8 ¢(x) + R ¢,(x) + £(x,0,0) = ¢5(x)

where § = suplf (x,u,p)l, R = suplfp(x,u,P)l for
(x,u,p) € [0,%) X [-K,K] X [-K,K], where K 2 liyil; 1is
a constant. Clearly ¢3(x) is continuous on [0,0)

and ¢3(x) - 0 as x = o by (3.15).
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3.4 Applications to Semiconductor Devices

In studying the theory of semiconductor devices one
is led to boundary value problems for the Poisson

equation in unbounded domains which can consist of

several layers. In one spacial dimension the problem
reduces to finding solutions u = u(x) and v = v(x)
to

v" = 0, -1 < x <O
v(-1) =%

u" = f(x,u), 0 < x < ®
v(0) = u(0)

a v'(0) = u'(0)

lim u(x) = 0

Kb OO
where a > O and ¢ are given constants. In
semiconductor applications, the function f is usually

written in the form

f(x,u) = - %[p-n + ND - NA + NQ]

where n and P refer to the electron and hole mobile

charge densities, ND and NA the donor and acceptor

impurity densities and N is the density of the fixed

Q

charged particles. The constant q is the magnitude of

the electronic charge, and € is the dielectric
permitivity. See [5}, [6}, [32} for an in-depth
physical discussion. Some common examples which are

used for the function f are:

f(x,u) = Ku

f(x,u) = A Sinh (Ku)

-cu cu -o(x-x )2
+ (A+B)e + S e m

f(x,u) = -A ~-B e
Here A,B,S,c,K,0 are all positive constants and

X > 0 is a fixed value.
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Since v is a linear function on -1 € x £ 0 it
can be eliminated and thus the following boundary value

problem for u is obtained

3.17) u" = f(x,u)
3.18) u'(0) - o u(0) = -¢
3.19) lim u(x) = 0.

K= X0

Motivated by the examples cited above, we shall make the

following assumptions on the function f(x,u):

f(x,u) is continuous on {0,%) X R.
3.20) Moreover for 0 £ x < « and u in a bounded

interval f(x,u), fu(x,u) are bounded.

There is a constant m > O such that

3.21) of

m (x,u) 2 m2 on [0,) X R.

3.22) lim £(x,0) = O.

K= O

Uniqueness for the boundary value problem (3.17),
(3.18), (3.19) follows from an elementary maximum

principle and (3.21).
Lemma 3.8. Assume f(x,u) satisfies (3.21). Then the
boundary value problem (3.17), (3.18), (3.19) has at

most one solution.

Proof Suppose ul(x) and uz(x) are solutions ¢to
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(u;-u,)
2
vanishes at infinity; so if it is not identically zero,

(3.17), (3.18), (3.19). The function

~

it must have a positive maximum at a point X, 0gx<».

Now if ; > 0, we would have

d2 (ul-uz)z ~o ~o o A ~
02 - 3 ’x=x = [”1'”2] [“"*”1"“"*“2’]
x
2 ~ re 2
i.e. 02 m (u1 - u2)
~ ~ ~ _ ~ ~ _P‘J 2
where u; = ul(x) and u, = u2(x). Since (u1 uz)N > 0
this is & contradiction. If on the other hand, X =
then the boundary condition at zero gives
2
(u,-u,)
d 1 2 ~ ~ 2
I 5 x=0 = (I(u1 - u2) > 0
(”1'”2)2
which contradicts the fact that ————— has 1its
nonzero maximum at ; = 0. These contradictions show
(ul—uz)z
that —_— = 0.
The existence of a solution to (3.17), (3.18),
(3.19) will follow from the results of section 3.2
and 3.3. Our analysis also uses the fact that a

special linear problem of type (3.17), (3.18), (3.19)
can be solved explicitly.

Proposition 3.9. Let m > 0, ] real and h(x) be a

continuous function on [0,0) with 1limit 2zero at

infinity. Then the boundary value problem

w'" - m2w = h(x), 0 € x < ®

w'(0) - aw(0) = 28
lim w(x) = 0

Xed 0

3.23)
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has a unique solution. Moreover, if h(x) € 0 and

B £ 0 then w(x) is a nonnegative function on [0,0).

Consequently if h(x) 2 0 and 8 =2 0 then w(x) is a

nonpositive function on [O,9).
Proof The existence and uniqueness of the solution to
(3.23) can be confirmed by quadrature. In fact we can

obtain via variation of parameters that the solution is

-mX

o0
8 + f e ™ h(t)dt
w(x) = 0

d + m

o0

X
- f e~ M(x-%) [l e~ m(t=%) h(t)dt}d!.
0

Evidently w(x) 2 O when A £ 0 and h(x) £ 0.

Theorem 3.10. Assume f(x,u) satisfies (3.20),

(3.21), (3.22). Then the boundary value problem

(3.17), (3.18), (3.19) has at least one solution in
2
Co[O,w).

Proof We begin by showing f(x,u) satisfies (3.4),
(3.5). We have

uf(x,u) = uff(x,u) - £(x,0)] + uf(x,0)

> m2 u? + uf(x,0)

by the mean value theorem and (3.21). Hence

max jf(x,0)]
0L x <00
3 - 2 °
m

uf(x,u) > O for fui > M3 where M

So (3.4) is satisfied. Now (3.20) clearly implies
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(3.5). Thus Corollary 3.3 implies there exists
u € BC2[0,») which satisfies (3.17), (3.18). Since
u € BC2[0,w) there exists a constant K such that

HuH2 £ K. Next we show lim u(x) = 0.
K= OO
Let wl(x) be the unique nonnegative solution to

w" - m?w = £(x,0) - 1£(x,0)f, 0 € x < &

w'(0) - a w(0) = -¢ -~ |¢&]|
lim w(x) = 0

K= 00O
guaranteed by Proposition 3.9. Now <consider the
function r(x) = u(x) - wl(x). We shall show it 1is
never positive. First, we show r(x) cannot have a
local positive maximum on [0,®). Indeed, suppose a
local positive maximum were to occur at ;. If ; > 0

we would have

(=)
A\

2 ~ ~
j&y (ulx) = w (x| 7= u"GO - w, " (%)

X=X

2

£(x,u(x)) - m2w, - £(x,0) + I£(X,0)]

1

FLC(u(X) = w (X)) + (F, - m2) w (X) + 1£(X,0)]

> 0
where Eu is an intermediate value obtained from the
mean value theorem, and this is a contradiction. On the
other hand, if x = 0 we would have

02 = (u(x) = w (x| _o = u'(0) - w '(0)

= a u(0) - ¢ - a w,(0) + & + |8]

= @ (u(0) - w,(0)) + 19]

which is also impossible. Consequently, as asserted,
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r(x) cannot have a positive local maximum on {0,0).
It now follows easily that r(x) € O on j0,00): If
not, then there is a c 2 0 such that r(c) > 0, and
since r(x) cannot have a positive local maximum on

[0,0) it follows that r(x2) > r(xl) for all

Xq > X4 2 c; otherwise r(x) would have a 1local
positive maximum on [0,x2]. Thus r(x) = u(x) - wl(x)
is strictly increasing for X 2 c. Since both u(x)
and wl(x) are bounded on [{O0,) and wl(x) - 0 as

X = oo, it follows that there exists

lim u(x) = 1lim (u(x) - wl(x)) = £ > 0.

X~ 00 X=» 00

Then the relation

u" = f(x,u(x)) - f(x,0) + f(x,0)
= Eu u(x) + f(x,0) 2 m2 u(x) + £f(x,0)
and the fact that f(x,0) =» O as X = o implies that

there exists <y 2 c such that
m22
u"(x) 2 == for all «x 2 Cy-

This contradicts the boundedness of u(x) on [0,0),
and completes the proof that u(x) - wl(x) £ 0. Similar
reasoning establishes that u(x) - wz(x) 2 0 for all

0 £ x < o where wz(x) is the unique nonpositive

solution to

"em? w o= J£(x,0)) + £(x,0), 0 € x < oo

w'(0) - agw(0) = ~¢@ + (&}
lim w(x) = 0.

w

X 00
Consequently Ju(x)l € ¢(x) = max(wl(x), - wz(x)) for
0 £ x < oo, Thus, the hypothesis of Theorem 3.7 are

satisfied and the solution u(x) to (3.17), (3.18),
(3.19) belongs to Ci[O,w).
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Iv. Ordinary Differential Equations In

The Complex Domain

4.1 Introduction

Ordinary differential equations in the complex
domain have been studied in great depth this century;
however, very little is known on intervals of existence
of a solution. We are interested in this chapter in
applying the ideas of Chapter I to study the existence
of solutions to the initial value problem in the complex

domain:

(n-1)

4.1) {y(n) = f(t,y,yt e,y Py, e € Ur
y(0)=ao’ Y'(O)gal.---.y (0) = a

n-1

where aj €eC, jg=0,1,....,n~1 and f:ET x C" - C is

analytic in t,y,....,y(n_l) for t € U and

T
(n-1) for t € UT' Here of

continuous in E,y,eec.y
course ( is the complex plane and 8] = {z:]z}y < T},

T
T € R.

By a solution to (4.1) we mean a function y

which is analytic on Uy with y,y',...,y(n)

continuous on ET which satisfies the differential
equation and initial conditions. The basic existence
theorems in Ince [20] and Smart [31] guarantees that
a solution exists for ity < € for some € > 0
suitably small; however, from these theorems it 1is
extremely difficult and many times impossible to produce
a specific interval of existence of a solution. The
results of this chapter enables us to read of f
immediately from the differential equation an interval
of existence of a solution, although it may not be
maximal. We in fact establish with a restriction on T
(which depends only on the initial data and the growth

constants associated with the nonlinear behavior of f)
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that the initial wvalue problem (4.1) has bounded
solutions y(t) for t € ET under growth conditions of
Bernstein type on the nonlinearity f. Furthermore, in
section 4.4 we obtain existence theorems for "Boundary

Value Problems" in the complex domain.

Let Ak(ET), k 2 0 an integer, denote the Banach

space of functions g,g:ﬁT - C is analytic on Up with

g,g’,....,g(k) continuous on U with norm

T
gl = max{iighy, ..., g >
where ligll = sup lg(td)i.
tE€U,
If B denotes the initial conditions in (4.1) then

let A;(ET) denote the subset of functions in Ak(ET)
which satisfy the given initial conditions. For

notational purposes we also let AO(ET) = A(ET).

Remark. Let Hk(UT) denote the space of functions
g,g:UT - C is analytic on UT and g(j), j = 0,...,k
is bounded on UT with norm
k
lighy, = maxqilgl,....,Ng )y
where Jigli_ = sup 1Jg(t)].
° tEU
T

It is more natural to seek solutions y € H2(UT) to
(4.1). However, the a priori bounds derived in the

forthcoming sections together with the Mean Value
Theorem for complex functions (Proposition 1.17 in
Conway [71, Theorem 9.1 of McShane and Botts (4]
and the assumptions on f imply, a priori, that

y € a¥(up).
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4.2 Solutions to First Order Initial Value Problems in

the Complex Domain

We begin by extending Theorem [1.9] for the new

class of problems.

Theorem 4.1. Let f:U0, X C - C be analytic in
t,y,....,y(n_l) for t € Ug and continuous in
t,y,....y(n-l) for t € ET' Suppose there 1is a
constant K such that 1y(t)|, 1y'(t)l € K for

t € ET for each solution y(t) to

4'2)X

Y'=)\f(t,y).0S)\S1
y(0) = 0.

Then the initial value problem

4.2)

y' = f(t,y), t € UT
y(0) 0

has a solution y in AI(ET).

Proof Let G = {(u € Aé(a.r):llull1 € K + 13},

FX:A(ET) - A(ET), 0 £ A £ 1, be the continuous map
defined by (qu)(t) = Nf(t,v(t)), and

j:Aé(ET) - A(ET) be the natural embedding which is
completely continuous by Theorem 1.7. We define
L:Aé(ET) - A(ET) by Ly = y'. It follows from Theorem
1.6 that L-! is a bounded linear operator. Then

-1 : . bet 1,5 .
HX = L Fy 3 defines a homotopy HX:V - AB(UT). It is

clear that the fixed points of HX are precisely the

solutions to (4.2)X and hence HX is fixed point free

on ov. Moreover, the complete continuity of 3
together with the continuity of I.._1 and FX imply
that the homotopy HX is compact. Ho is essential by
Theorem 1.4 and Theorem 1.5 implies that Hl is

essential. Thus (4.2) has a solution.
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We establish various existence theorems by placing

growth conditions on the nonlinearity f. Suppose at
first f satisfies linear or sublinear growth
conditions, then Theorem 4.1 and the maximum modulus

principle yield

Theorem 4.2. (Linear growth)

Suppose
4.3) jf(e,u)l € A(t) ju}] + B(t)

where A(t), B(t) 2 O are functions bounded on bounded
t-sets. Let A and B denote the upper bounds for
ACt), B(t) respectively for t € U;. Then (4.2) has
at least one solution in AI(ET) provided

0 < T < 1l/A.

1 The existence of a

Proof Fix T with 0 < T < e
solution in AI(ET) will follow immediately from
Theorem 4.1 once we establish a priori bounds for

(4.2),. Let y € a'(Up) be a solution to (4.2),.
Then

ly'l = IAxf(t,y)1 € Ajyl + B.
Suppose the maximum of ly(t)i for t € ET occurs at
5. If §f € UT then by the maximum modulus principle

y £ constant. The initial condition yields y = 0. On

the other hand if T € auT then
ty'l € Ajy(¥)1 + B

and integration along the straight line from 0 to LY

yields
ly(¥)1 € ATi1y(§))1 + BT.

Hence
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1y(¥)1 € because AT < 1.
This inequality implies

ly(e)r € M, for t €U
Now (4.3) gives

iy'(t)] € AM_ + B = M

Thus by(ed)i, 1y'(e)l € K = max{M_,M,} and the

existence of a solution to (4.2) is established.

The main result of this section is concerned with
obtaining solutions to the initial value problem (4.2)
with Bernstein growth conditions on the nonlinearity f.
Here the continuity of the maximum modulus function

together with Theorem 4.1 yields

Theorem 4.3. (Bernstein growth)

Suppose

4.4) I£(t,udl € ACt) 1ui? + B(t)

where A(t), B(t) 2 O are functions bounded on bounded
t-sets. Let A and B denote the upper bounds for
A(t), B(t) respectively for t € ET' Then (4.2) has

at least one solution in AI(ET) provided

0<T<—1—m.
2(AB)
Proof Fix T with 0 < T < ____LT7?' The existence of
2(AB)
a solution will follow immediately from Theorem 4.1 once
we establish a priori bounds for (4'2)X' Let
y € AI(ET) be a solution to (4'2)X' Then

Iy'l = INfCE,y)l € Alyl2 + B.

Suppose the maximum of ty(t)i for t € ET occurs at

§. If t € U;p then y = 0. Otherwise § € OU; and
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ly(E)1 € ATIy(t)12 + BT.

Hence this quadratic inequality implies that either

1-(1-4aBT2) 172 1+(1-4aBT2) /2

Iy (E)1 € S or 1y(f)I 2 T .

Apply the same reasoning for any r with 0 < r € T to

obtain either

2,1/2 2,1/2
- - + -
1y(ey) g L=(i=4ABE®) or Iy(t)) p Ll-4aBr®)

1/2

2
- ] _ . 1+(1=-4ABr°<)
€ Ur' Since y(0)=0 and lim AL

for t = o0

+
r=0

there exists an r, 0 < r £T such that

1-(1-4aBr2)1/2 for t € T

ly(ed1 < e iy

1-(1-4aBr2)L/2

2Arx
increasing function on [0, ———J—T75], we have
2(AB)

In particular, since h(r) = is an

M(r) = max [Jy(t)l <
tEU_

1-(1-4aBr?)t/2 [§)1/2
2Ar A

Suppose u_ is the largest closed disc where

1-(1-4aBr>)t/2
2Ar *

2.1/2 -
ly(e)l € 1_(1-iﬁ%;*) for t € Up. If on the other

hand r < p <T then

M(r) £ If r = T then we have

2.1/72 1/72
1+(1-4ABp°) 1 B
M(n) 2 2AN Z Tan [A)

because of 0 < T K< ———J—T75. Since M(p) is a
2(AB)

continuous function of P for 0 £ psT then there
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B 172
exists a [T r < u < np such that M(u) = [X] .
Since 2.1/2 1/2
M(yy » lxCi-sanu®y172 O (p
oz 2Au A
we have a contradiction. Hence
(1 2,172 _
ty(ey) g 2={1-9aBT ) = M_ for t € Up.
Now (4.4) gives
ly'(te)t £ AM2 + B =M
y £ ° = e
Thus lyC(edr, 1y'(e)1 € K = max{M_,M;} and the

existence of a solution to (4.2) is established.

Theorem 4.1 also holds for the inhomogeneous
initial condition y(0) = a, a € C, via Theorem 1.10.
So trivial adjustments 1in the proofs above yield the

following two theorems.

Theorem 4.4 . Suppose

TECt,u)) € A(t)lu} + B(t)

where A(t), B(t) 2 O are functions bounded on bounded
t-sets. Let A and B denote the upper bounds for

A(t), B(t) respectively for t € ET' Then

y' = £(t,y), t € UT
4.3) y(0) = a

has at least one solution in AI(ET) provided
0 < T < 1/A.

Theorem 4.5. Suppose

PECt,udi € ACE)Iul? + B(t)
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where A(t), B(t) 2 O are functions bounded on bounded
t-sets. Let A and B denote the upper bounds for
A(Ct), B(t) respectively for t € ET' Then (4.5)  has

at least one solution in AI(ET) provided

1/2

2
0 < T < —Ia|+(]g%E+B/A)

Remark. We can extend the proof of Theorem's 4.1, 4.2,
4.3, 4.4, 4.5 to the case of first order systems as in

their present formulation. Thus we obtain for example:

Theorem 4.6. Suppose for f:UT X C" - ¢ we have

1f(t,u)t € A(t) tul® + B(t)
where A(t), B(t) 2 O are functions bounded on bounded

t-sets. Let A and B denote the upper bounds for

A(t), B(t) respectively for t € ET' Then

y' = f(t,y), t € Ug
y(0) = a, a € C"

has at least one solution in AI(ET) provided

0 <TX< :-1-‘—”*'("-”2—;*3“)”2.

4.3 Solutions to Higher Order Initial Value Problems in

the Complex Domain

Theorem 4.6 produces an interval of existence for
solutions to higher order initial value problems;
however, the results of this section yields better
intervals of existence for such problems. Also some
analysis is needed to produce an interval of existence
from Theorem 4.6 whereas the conclusions of this
section enables us to write down immediately an interval

of existence simply by looking at the ordinary
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differential equation. Furthermore, the ideas of this
section indicate a very natural way of looking at
"Boundary Value Problems'" in the complex domain.
Trivial adjustments in the proof of Theorem 1.10 and

Theorem 4.1 yield

Theorem &4.7. Let f:ﬁT x Cc" - C be analytic in
t,y,.....,y(n_l) for t € Up and continuous in
t,y,....,y(n_l) for t € ET' Suppose there 1is a
constant K such that !y(t)l,....,ly(n)(t)l £ K for

t € ET for each solution y(t) to

y(n) = Xf(t,y,y',.....,y(n_l)), 0 £ X £
4.6)X

1
y(0) = (SN y'(0) = 01,.....,y(n_1)(0) = 4.

where a; € C for i = 0,1,....,n=1. Then the initial
value problem

(n-1

y(n) = f(t,y,y',e-0e.c,y ), t € UT
n-1

yC0) = G yeevennenn,y™ 00y = @

has a solution y in An(UT).

We will formulate the theorems in this section for

the homogeneous case n = 2. So for the remainder of
this section we assume a, = 4, = 0 and n = 2. Now
Theorem 4.7 together with the maximum modulus

principle will yield

Theorem 4.8. (Linear growth)

Suppose

4.7) 1f(t,u,p)i € A(t)iul + B(t)ipl + C(t)

where A(t), B(t), C(t) 2 O are functions bounded on
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bounded t-~sets. Let A,B and Cc denote the upper
bounds for A(t), B(t), cCc(t) respectively for t € ET'
Then (4.6) has at least one solution in AZ(ET) for

2 1/2
-B+(B "+44A)
0 < T < o )
2 172
Proof Fix T with 0 < T < 'B+(B’;:A) . We obtain

first a priori bounds for (4'6)X' Let y € Az(ET) be
a solution to (4°6)X' Then

ty"t € A [yl + Biy't + C.
Suppose the maximum of fy'(t)i for t € ET occurs at
5. If § € UT then the maximum modulus principle and
initial conditions yield y = 0. On the other hand if

§f € aUT then

4.8) fy(e))r € Tiy' () for any t € U

Fy"(t)) € ATIy'(§)1 + Biy'(¥))1 + C

and integrating along the straight line from o to ¥

yields
by ' (5)1 <7 =M_,
1-[AT“+BT]
2 1/2
because 0 < T < —B+(B ;:A) . Hence ly'(t)1 £ M
for t € ET and so (4.8) implies ly(t)l € TMo = M1
for t € ET' Now (4.7) gives
" —
Iy ()1 € AM1 + BMo + C = M2.
Thus Jy(t)), ly'(e)r, 1y"(t)l € K = max(M_,M,  ,M,) and
the existence of a solution to (4.6) follows from

Theorem 4.7.
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Finally, suppose in place of (4.7) f satisfies
Bernstein type growth conditions then Theorem 4.7 and
the continuity of the maximum modulus function M(p),

0 p<gT, will yield our main result.

Theorem 4.9. (Bernstein growth)

Suppose

4.9) 1£Ct,u,p)l € ACt) Jul? + B(t) Ip12 + c(t)

where A(t), B(t), C(t) 2 O are functions bounded on
bounded t-sets. Let A,B and Cc denote the upper

bounds for A(t), B(t), C(t) respectively for t € U

T*
Then (4.6) has at 1least one solution 1in A2(UT)

provided 0 < T K<

—BCc+(B2c2+ac)l/2y1/2
7AC

-BC+(B“C“+AC)
2AC

y € Az(ET) be a solution to (4'6)X and suppose the

. Let

2.2 1/251/2
Proof Fix T with 0 T K [ )

maximum of {y'(t)l for t € U occurs at §. If
§ € Uy then y = 0. Otherwise f €° Ur and so

Py'(5)1 € AT31y' ()12 + BT 1y' ()12 + cT.

Hence this quadratic inequality implies that either

3 1/2
ly,(:)' < 1-(1-4(AT 3+BT)CT)
2(AT +BT)
3 1/2
or 'y'(x)l ? 1+(1-4(AT +BT)CT) .

2(ATS+BT)

Apply the same reasoning for any r with O0 < r € T to

obtain either

3 2

1-(1-4(Ar3+Br)cr) !’/

ly' ()1 € 3
2(Ar "+Br)
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or by'(e)) 2 1+(1-4(Ax ;Br)Cr) for t € U .
2(Ar~ +Br) r
3 1/2
Since y(0) = O and lim 1+(1-4(Ar ;ﬂr)Cr)
r~0+ 2(Ar “+Br)
there exists an r, 0 < r £ T such that
(1o 3 1/2 -
ly'(ey) g A=SiosCar +Br)Cr) for t € U_.
2(Ar “+Br)
3 1/2
Also the function h(r) = 1-C1-4C¢Ar +Br)Cr) is

increasing function on

2(Ar3+Br)

2AC

in particular

3 1/2

M(r) = max |ly'(t)i € 1-(1-4(AYx ;Br)Cr)
tEU 2(Ar~+Br)

Suppose

u
r

If r < T,

M(R) > 1+(1-4(Ap

-

< [-2Bcz+zc(Bzcz+Ac)1/2}1/2
A

is the largest closed disc where
R 3 1/72
M(r) € 1-(1-4(AXx ;Br)Cr) .
2(Ar " +Br)

then for r < p £ T

3--!»-157))07))1/2 5 1
4

and this

2(An3+Bn) 2(An3+Bn)

2

N [;ggc +2C(82C2+AC)1/2]1/2

A

contradicts the fact that M(p)

continuous function of P for 0 £ p £T. Thus

ly'(ed)tl € 1-(1-4(aT3+BT)CT) /2

and so

~ ~

3 = Mo for t
2(AT +BT)

€

[0’ [—BC+(82C2+AC)1/2]1/2]

is

43

0

an
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fy(e)1 € TM_ = M, for t € Ug.
Hence (4.9) implies
ty"(e)y £ AM% + BM2 + c =M
o 2
and so ty(t)t, ty'(ed)i, ty"(t)t € K = max{M_,M; ,M,}

and the existence of a solution is established by

Theorem 4.7.

Remark. We can obtain corresponding theorems for the
‘inhomogeneous case n = 2. Furthermore we can use the
same ideas of section 4.3 to discuss higher order

problems. An example of this is the following theorem:

Theorem 4.10. Suppose

PECE, Uy, eeee,uy )ISA_(E)+A (E) U d+eneida (E)IU 41

where Ao(t),.....,An_l(t) 2 0 are functions bounded on

bounded t sets. Let Ao,....,A be upper bounds

n-1

for Ao(t),....,A —i(t) respectively for te ET’ Then

n
the homogeneous initial value problem (4.6) has at
least one solution 1in An(ET) provided 0 < T < To
where T is the smallest positive root of
A, TPl 4 A2 T2 + A T -1 = O.

1 csae n-1

4.4 Remarks for Boundary Value Problems in the Complex

Domain
It is also possible to consider "“Boundary Value
Problems" in the complex domain. A typical example of

such a problem is:
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yn = f(t,y,y'). te UT
4.10) y'(0) = 0 and y(c) = 0; c €U

Trivial adjustments in the previous sections proofs

yvield

Theorem 4.11. Suppose

JECt,u,p)l € ACt)jul? + B(t)ipl? + C(t)

where A(t), B(t), c(t) 2 O are functions bounded on
bounded t-sets. Let A,B and o} denote the upper
bounds for A(t), B(t), Cc(t) respectively for t € ET’
Then (4.10) has at least one solution in Az(ET)

—BC+(82C2+2AC)1/2 ]1/2

provided 0 < T K< [ ZAC

Remark. As usual we can consider inhomogeneous boundary
conditions and higher order "Boundary Value Problems".
It should also be noted that if the condition y'(0) = 0
in (4.10) is replaced by y'(d) = 0, d € C then

Theorem 4.11 holds as stated with UT = {(z:})z-d} < T3}.
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V. Weak Solutions to Initial and Boundary

Value Problems

5.1 Introduction

Many physical situations give rise to initial and

boundary value problems of the form

5.1) {y(n) = f(tgy’y'9°'°'9y(n—l))g t € (OQT]
y € B

where in fact £f:(0,T] X R™ - R is discontinuous. Here
of course B denotes suitable initial or boundary
conditions. In this chapter we study the case where f

satisfies the Caratheodory Conditions i.e.

(a) For fixed (PosPyyeeee, P 1) € rR",
f(-,Po,Pl,...,Pn_l) is lebesgue measurable on
fo,T].

(b) For almost all t € [0,T], f(t,*o,ceeuy®) is

n
continuous on R .

For notational purposes let Lp(O,T), p 2 1 a real
number, denote the space of lebesgue measurable

T
functions g on (0,T) with Iig(t)|pdt<w. LP(o0,T)
0

with norm iigll
LP

T

=[Jlg(t)|pdt]l/p is a Banach Space.
0

By a weak solution to (5.1) we mean a function y € B

which together with its derivatives y',....,y(n-l) are

absolutely continuous on [(0,T]} with y(n) € Ll(O,T)
y(n) (n—l))

and

[0,T].

= f(t,y,eeece,y almost everywhere on

We shall establish, under reasonable physical

assumptions on f, that (5.1) has bounded weak
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solutions. As before we restrict ourselves to the cases
n =1 and 2. Our analysis is based on the Topological
Transversality Theorem and known results concerning

Sobolev spaces and Nemysky operators.

5.2 Preliminary Notation and Results

Here we introduce some standard notation and
collect together some known facts on Sobolev spaces and
Nemysky operators which we will wuse throughout the

remainder of this chapter.

First let an = LP x LP x... xtP, n factors.
Also let Hk(O,T), k > O an integer, denote the space
of all functions u on the interval {o,T] which are
absolutely continuous on {fo,T] together with their

derivatives up to the order k - 1 and whose derivative
u(k) (which exists almost everywhere) is an element of

tl¢o, 7). H¥(0,T) with norm

k (i)
uli = £ Py
H §=0 L

is a Banach Space. As usual we let
k k
Hp (0,T) = (u € H'(0,T), u € B).
For proofs and further information on the following

4 ’
facts see Royden {281, Fudik ({12}, Fulik and Kufner
{13} and Vainberg {35}.

Theorem 5.1. Let g be a monotone increasing
absolutely continuous function on fa,b] with
g(a) = c, g(b) = d. If f is a nonnegative measurable

function on {fc,d] then
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d b
ff(y)dy = jf(g(x)) g'(x)dx.
[od a

Theorem 5.2. (Sobolev Imbedding Theorem)
Hk(a,b) is compactly imbedded 1into Ck-l[a,b]

i.e. the imbedding operator j:Hk(a,b) - Ck_l[a,b] is

continuous and completely continuous.

Let 0 be a bounded and measurable set in R and

let u(t) = (ul(t), uz(t),....,un(t)), t € 0.

Theorem 5.3. Suppose the real valued function
f(t,ul(t),....,un(t)) satisfies the Caratheodory
conditions and for PysPyss-+sP, z 1 there exists a

constant B > O and a function g € Ll(Q) such that
for any u € R" and almost all t € 0 we have
n Py
|f(t,u1,...,un)| € g(t) + B T fu i .
k=1
Then the Nemysky operator F defined by Flu](t) =
f(t,ul(t),...,un(t)) is a continuous operator from

LtP1 x....x LPn into Ll.

Finally let N and u be as above and now let the

real valued function fi(t’ul(t)""’un(t))’ i=l,...,n
satisfy the Caratheodory Conditions. Now each function
fi generates an operator Fi defined by

Fyluj(e) = £ (t,u;(t),...,u (£)), t € 0. Let
F = (Fy,ee0u,F ).

Corollary 5.4. Suppose for Pisscee Py s 1 there

exists a constant B > O and a function 85 € LI(Q)
such that for any u € rR" and almost all t € 0 we

have
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3

P
k
1f,(t,u;,e..u )1 € g () + B kfl fup .

Then the mapping F is a continuous operator from

LtP1 x LP2 x... x LPn into nLl.

5.3 Weak Solutions to First Order Initial Value

Problems

The Sobolev Imbedding Theorem and the continuity of
the Nemysky operator are used to extend Theorem 1.9

for the new class of problems (5.1).

Theorem 5.5. Let f:{0,T] X R = R satisfy the

Caratheodory Conditions and 0 £ N £ 1. Suppose also

for p 2 1,
5.2) 1ECt,y)1 € ACt) 1yiP + B(t)

for bounded functions a(t), B(t) 2 0. Let Ao and

Bo be upper bounds for Aa(t), B(t) respectively.

Finally we assume that there is a constant K such that

“yHH1 € K for each solution y(t) to

5,35, {y' = N(t,y), t € [0,T]
y(0) = 0.

Then the initial value problem

5.3) {Y' = f(t,y), t€ [0,T]
y(0) = 0

has a solution y in HI(O,T).

Proof As before B denotes the set of functions which

satisfy the initial condition y(0) = 0. Let
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V= (u €HL(0,T); llull , € K+1) and define
H

Fy:LP(0,T) » tl¢0,T), 0 £ A g1, by

Fx[v](t) = Nf(t,v(t)). Now FX is a continuous
operator from Lp(O,T) into Ll(O,T) by Theorem 5.3.
We also have the imbedding j:Hé(l,T) - C[(0,T] defined
by Ju = u completely continuous by Theorem 5.2. Now
let T:C{O0,T] = Lp(O,T) be the continuous operator
defined by Tu = u. Finally we define

N:H1(0,T) » L'¢0,T) by Ny = y'. Clearly N is linear
and continuous. N is also one-to-one since if Ny = O
the absolute continuity of y together with the initial

condition yields y = 0. To show N is onto let

£(t) € L'(0,T) and take y(t)

t
!f(u)du. Clearly y
0

is absolutely continuous, y(0) = 0, y' = f(t) almost
everywhere and y' € Ll(O,T). It follows from Theorem
1.6 that N"1 is a bounded linear operator. These

operators and their relationships are conveniently

displayed:

T
c(0,T] LPco,T)
J FX
Hl(o0,T) tico,T)
'Y ’
g1
Figure 1

Thus H, = N-lFij:G - Hé(O,T) defines a homotopy. It
is clear that the fixed points of HX are precisely the
solutions to (5°3)X' Now HX is fixed point free on

ov. Moreover, the complete continuity of 3 together
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-1

with the continuity of N , FX and T imply that the
homotopy HX is compact. Now Ho is essential so
Theorem 1.5 implies that Hl is essential. Thus

(5.3) has a solution.

We are now in a position to pProve our basic
existence theorem for first order initial value

problems.

Theorem 5.6. Suppose f:{0,T}] X R = R satisfies the

Caratheodory Conditions and (5.2). Then the initial

value problem (5.3) has a solution in Hl(O,T) for

(=]
T < du .
A up+B
0

(o] (o]

Proof To prove existence of a solution in Hl(O,T) we
apply Theorem 5.5. So to establish the a priori bounds

for (5'3)X’ let y(t) be a solution to (5'3)X' Then

since

P
INECE,y)1 € A Iyl™ + B

we have for each t € [0,T]

t

[
I 1y (u)pl du € t € T.
Aoly(u)l +B°

Now Jy(u)| = |T y'(S)dS| < T ly'(s)ids
0 0

u
P
P [
So Ao ly(u)| + Bo £ AO[I ly (s)lds} + B

o

o

since A xP + Bo is an increasing function for x 2 0.
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Thus the previous inequality implies

t 0
L]
- Ly! (u)i du € T < du .
A up+B
0 Ao[j |y'(s)|ds] +B o °
0
u
Theorem 5.1 with g(u) = j ly'(s)ids yields
0
g(t) ©
dx ST < j du
A xP+B A uPs+p -
0 o o 0 o

So there exists a constant M < « such that g(t) € M.

Moreover,

T
M so j jy(t)idt € MT.
0

ly(edi € g(t)

A

Also (5.2) and the differential equation yield

T T

f fy'(t)1dt < AO[I ly(t)lpdt] + B, T =M

for some constant M1 < w, So liyili 1 € K = MT + Ml’
H
and the existence of a solution to (5.3) is

established.

Theorem 5.5 also holds for the inhomogeneous
initial condition y(0) = r, via ideas of Theorem
l1.10. So trivial adjustments in the proof of Theorem

5.6 yields:

Theorem 5.7. Suppose f:{0,T] X R = R satisfies the
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Caratheodory Conditions and (5.2). Then the initial

value problem

{y' = £(t,y), t €(0,T)
y(0) = r

. (-4
has a solution in Hl(O,T) for each T < S L S .
A uP+B
o o
Iri

Example 5.1. (Electrical Circuits)

Lets consider an electrical circuit which contains
a resistance R, a condenser of capacitance c, a
switch S and a generator E. Suppose the switch 1is
closed at t = 0. Then Kirchoff's, Ohm's and Coulomb's

Laws imply that the RC circuit satisfies

d 1
R g2 + T a(t) = E(t,q)
where q(t) denotes the charge on the capacitor at time
t and E(t,q) the value of the voltage impressed on

the circuit by E.

We also have q(0) = q, where a, is the charge
on the capacitor at t = 0. Thus we are interested in

the initial value problem

dg . _ L . 4+ EC(t.,g)
dt Rc ¢ R
5.4)
q(0) = q
Suppose JE(t,q)t € A(t)iql + B(t) for bounded

functions A(t), B(t) =2 O and that E(t,q) satisfies

the Caratheodory conditions. Consequently since

[+
—dgq
I TS = 0, for any constants A,, Bo > 0,
o o
P,

Theorem 5.7 implies that (5.4) has a solution in
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Hl(O,T) for any T > O. On the other hand suppose

IECt,q)1 € ACt) 1qi™ + B(t), m = 1,2,... .

for bounded functions A(t), B(t) 2 O and that E(t,q)
satisfies the Caratheodory conditions. Then Theorem
5.7 implies that (5.4) has a solution in Hl(O,T)
for any T < T, where T is as described in Example

o
1.2.

5.4 Weak Solutions to Boundary Value Problems

In this section we examine problems of the form

5.5) {y" = f(t,y,y'), t €[0,1]
y € B
where f is defined on [0,1}] X R X R. Here B

denotes either the boundary conditions

(i) y(0) = 0, y(1) = 0

(ii) - day(0) + By'(0)
ay(l) + by'(1)

0;a,8 > O
0;a,b > 0.

We again use the results of Section 5.2 and the
Topological Transversality Theorem to extend Theorem

1.9 for the class of problems described above.

Theorem 5.8. Let f:{0,1}] X R X R = R satisfy the

Caratheodory Conditions and 0 € A £ 1. Suppose also

for m 2 1
1f(t,y,p)i € A(t)[lylm + p2] + B(t)

where A(t), B(t) =2 O are bounded functions. Let A
and B be upper bounds for A(t), B(t) respectively.

Finally we assume that there is a constant K such that
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IIyIIH2 € K for each solution y(t) to

y" = Nf(t,y,y'), t€ (0,1}
5'5)X
y € B.
Then the boundary value problem (5.5%) has a solution

Proof Let V = {(u € Hg(o,l):nuu , € K + 1) and define

H
FysL™(0,1) X t2¢0,1) =~ ul¢o,1), o < N g 1, by
Fx(v,v')(t) = AE(e,v(e),v'(t)). Now FX is a
continuous operator from L™(0,1) X% L2(0,1) into

t!(0,1) by Theorem 5.3. Again the imbedding
j:Hg(O,l) - Cl[O,I] defined by ju = u is completely

continuous by Theorem 5.2. We also let

t:clfo,1] = 1™c0,1) x t2¢o,1) be the continuous
operator defined by Tu = (u,u') Finally we define
N:H%(O,l) - Ll(O,l) by Ny = y". It is easy to check
that N is linear, onto and continuous. To show N is
one-to-one we observe that the boundary conditions (i)
or (ii) imply that y'! vanishes at least once in
[o,1]. So if Ny = O the absolute continuity of y
and y' with the above observation implies y = 0.

Thus N-'1 is a bounded linear operator by Theorem 1.6.
These operators and their relationships are conveniently

displayed:

1 T m 2
clio,T) L™(0,1) x L%(0,1)
3 FX
Hg(o,l) — Llco, 1)
N—l

Figure 2
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Thus HX = N_iFXTj defines a homotopy
HX:G - H%(O,l). It is clear that the fixed points of
H

\ are precisely the solutions to (S'S)X' Now HX is
fixed point free on ov. Moreover, the complete
continuity of 3 together with the continuity of N-l,
FX and T imply that the homotopy HX is compact.
Now Ho is essential so Theorem 1.5 implies that Hl
is essential. Thus (5.5) has a solution.

Next sufficient conditions on f are given which
imply a priori bounds for solutions to (5.5). Let
y(t) € Hg(O,l) be a solution to (5.5). Suppose
[y(t)]2 has a maximum at toE(O,l). Then from

elementary calculus y'(e ) = 0.

Theorem 5.9. Suppose f satisfies the following:

5.7) There is a constant M 20 such that
yf(t,y,0) > 0 for Iyl > M.

5.8) {yf(t,y,p) is lower semicontinuous on
[6,i] X R X R.

Then any solution y to (5.5) satisfies
|Y(t—)| SM! t€[0a1]°

Proof We first show that 1yl cannot have a nonzero
maximum at 0 or 1. This is true automatically if y
satisfies (i). On the other hand suppose y satisfies
(ii) and that Iyl has a nonzero maximum at 0. Then

y(0) y'(0) € 0. However, y(0) y'(0) = £ (yc0))?2 > o,

a contradiction. A similar argument works for the case
t = 1. We conclude that Iyl can only have a nonzero
maximum at t, €(0,1). Now assume the maximum of Iyl

is at t, € (0,1), so y'(to) = 0. Suppose

Iy(to)l > M. Then from (5.7),
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y(e ) (e, y(r_ ), 0) > 0. The continuity of y and
y'! together with (5.8) implies there exists a

neighborhood Nt of (to,y(to),O) such that
o

3.9) y(e)f(e,y(t),y'(t)) > 0 for (t,y(t),y'(t)) €N, .
o

t
On the other hand y'(t) = f y"(s)ds and so Fubini's
t
o

Theorem implies

t
y(e) = y(t ) + ‘f(t - u) y"(u)du.
tO
Thus
t
y2eermyP ez [ emw [y fu,y o),y +iy (w1 ]au.
tO
Since iyl has a maximum at to then for t near to
t
| (t-U)[y(U)f(U.y(U),y'(U))+(y'(U)lz]du <0
t
[o]
which contradicts (5.9). Thus Iy(to)l < M.

We now prove our basic existence theorem for second

order boundary value problems.

Theorem 5.10. Suppose f:{0,1}] X R X R = R satisfies

the Caratheodory Conditions, (5.6), (5.7) and (5.8).
Then the boundary value problem (5.5) has at least one
solution in H2(0,1).

Proof To prove existence of a solution in HZ(O,I) we
apply Theorem 5.8. To establish a priori bounds for

(5°5)X’ let y(t) be a solution to (S'S)X' If X =0
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we have the unique solution y 0. Otherwise for

L]

0 < X € 1, yf(t,y,0) > O for Iyl > M implies
Ayf(e,y,0) > O for Iyl > M. Thus Theorem 5.9
implies lyl € M for any solution y to (S'S)X and

1
for each )\ €[0,1]}. Hence f ly(s)jds € M. Finally we
0

obtain a priori bounds on derivatives of Y. We have
already observed that boundary conditions (i) or (ii)
imply that y'! vanishes at least once on {o,1], so

each point t €{0,1)] for which y'(e) # O belongs to

an interval [, v] such that y'! maintains a fixed
sign on [, v]) and y'(uw) and/or y'(v) is zero.
Assume that y'(u) = 0 and y' 2 0 on {asvl. Thus,
with Bo = aM™ + B, Ao = A where A and B denote
the upper bounds for A(t), B(t) respectively and
since

INECE,y,y )1 € A _(y"P + B

o’

we have

t
J AICHLICOTIPIPIPI
1 A ly'(u)]"+B

For pu € u gt

u
5.10) [y'(u)]? = 1[y'(u)]?% = 2”y'<s)y"<s)ds
M

u
< 2 f y'(s)ly"(s)ids,

M
u
so Ao[y'(u)]2 + B_ < 24 f y'(s)ly"(s)lds + B .
M

Thus the previous inequality implies
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t
t "
2 Ay y (Wy" (W du € 4A_M.
u
" 2Aofy'(s)|y"<s)|ds+so
M
u
Theorem 5.1 with g(u) = 2A_ I y'(s)ly"(s)lds yields
M
g(t)
f uig < AAOM, and so
0 (o]

4A M _ 1).

g(t) € B (e’ "o Moreover (5.10) yields

t
B
(y' )1 € 2f y' () 1y"Cerids < 22(e4foM 1)
u (o]
and so
B 1/2
ly'(e)1 € |x (e“foM - 1)] =M.

The other cases are treated similarly and the same bound

is obtained. Thus ly't € M1 and in particular

1
I ly'(s)ilds £ M, for each solution y to (5'5)X and
(]
for each A E€f{O0,1]. Also (5.6) and the differential

equation yields

1 1
" 2 2 -
I ly"(t)idt £ Aofly'(t)l dt + Bo < AOM1 + Bo = M2.
0 0
So iyll , <€ = M_ + M, + M,

K and the existence of a
solution to (5.5) is established.
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Our arguments in Theorem 5.9 only uses (5.7),
(5.8) to conclude that y(t)f(t,y(t),y'(t))+(y'(t)1%>0
in a neighborhood of t_ = where lyCe )i, t €(0,1), is
the maximum of ivit; so in fact we have also shown the

following theorem:

Theorem 5.11. Suppose f:{0,1}] X R X R = R satisfies

the Caratheodory Conditions and (5.6). Suppose in

addition that there is a constant M2 0 such that

yiE(t,y,p) + p2 > 0 for iyi > M.

then the boundary value problem (5.5) has at least one

solution in HZ(0,1).

We also have analogue results for the inhomogeneous

problem

5.11) {Y" = f(t,y,y"'), t €[0,1]
y € B
where B denotes either the boundary conditions
(iii) y(0) = r, y(l1) = s
or
(iVv) - ay(0) + By'(0) = r; u,8 > O
ay(l) + by'(l) = s; a,b > 0.

Extending the ideas of Theorem's 1.10, 5.8 and

5.10 we obtain:

Theorem 5.12. Suppose f satisfies the Caratheodory

Conditions and (5.6), (5.7), (5.8). Then the boundary
value problem (5.11) has at least one solution in

H2(0,1).

Example 5.2 (Heat Conduction)

Suppose v is an isotropic heat conducting medium
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. . =
with S denoting the surface and n the outer normal.

We define u = u(x,t) to be the temperture at location
x € V and time t > 0. Also c = c(x,u) denotes the
specific heat, p = p(x,u) the density and k = k(x,u)
the thermal conductivity. Now the Divergence Theorem

and Fourier's Law together with conservation of energy

vields the heat equation
2 ( = div(kTu) + h; £ >0
5t cpu) = div u ; X € v,

where h = h(x,u) represents the rate of heat

generation by internal sources.

We now set up boundary conditions which describe
the heat transfer across S. Suppose the surroundings
of \Y are kept at a time independent temperature and
that heat radiates into the surroundings (according to
Newton's Law of Cooling) at a rate proportional to the
temperature difference between S and its surrounding
environment. The energy balance of heat flow across S

together with Fourier's Law yields

z(x,u)u(x,t) + o(x,u) QE%§¢51 = g(x); x € 8§, £t > 0

where z 2 0, o2 0 and o + z > 0.
We wish to find a steady state solution (temperature

distribution) y = y(x). It will satisfy

Ay = - %[6k-3y + h], X € v

z(x,y)y(x) + o(x,y) Oy nx = g(x), x € S.

Now if v is a rod of unit length and insulated

laternal surfaces then the steady state problem is
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" 1

R T R LA A A M EN TSI R YENDY
2(0,y(0))y(0) - o(0,y(0))y'(0) = g(0)
z2(1l,y(1))y(1) + o(l,y(1))y'(1) = g(1).

We will assume the case where z2,0 are independent of
temperature and set a = 2(0) > 0, 8 = o(0) > 0,
a = z(1) > 0, b = g(1) > 0, r = g(0) and s = g(1).

So our problem reduces to

y'+ky<y')2+h<x.y)]sf<x.y.y')

r; a,8 > O

" = - 1 k
y ka,y;
5.12) ay(0) - By'(0)

ay(l) + by'(l)

%

s; a,b > 0.
Now we make the following assumptions on h and k:

'kx(x,y), ky(x,y) are continuous and
bounded for (x,y) € [0,1] X R. Also suppose
5.13) dfor (x,y) € [0,1] X R, k(x,y)

is continuous and k(x,y) 2 m > O

where m is a constant.

Suppose there are constants A,B > O such

that th(x,y)l < alyi® + B, x€(0,1],

5.14)

for some constant a2 1. Suppose also h

satisfies the Caratheodory Conditions.
5.15) yh(x,y) < 0 for large iyl.
5.16) ?%LilT h(x,y) is lower semicontinuous.

X,y
The assumption (5.15) that yh(x,y) < O for

large iyl means that the internal heat generation

h(x,y) opposes large temperature extremes i.e. if
y > 0 and Iyl large, then h(x,y) < O so heat 1is

removed from the rod by internal sources and the
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temperature tends to drop.

Now assumptions (5.13), (5.14), (5.15), (5.16)
together with Theorem 5.12 implies that (5.12) has

at least one solution in Hz(O,l).

5.5 Weak Solutions to Systems of First Order Initial

Value Problems

We now establish existence theorems for the class

of problems described by

5.17) y' = f(t5y), t €[0,T]
y(0) = 0
where f:{0,T}] X R - r" is defined and satisfies the

Caratheodory Conditions i.e.

(a) For fixed Yy o= (ypse-esydERT, £Cr5y) is

measurable on (o, T}].

(b) For almost all t €[{0,T]}, f(t;=) is continuous
n

on R .
Theorem 5.13. Let f:{(0,T} X rR® - R" satisfy the
Caratheodory Conditions and 0 £ A £ 1. Suppose also
for p 2 1
5.18) F£Ce;y)1 € ACt) dyiP? + B(E)

for bounded functions A(t), B(t) 2 0. Let Al and
Bo be upper bounds for A(t),B(t) respectively.
Finally we assume that there is a constant K such that

IlyllHl £ K for each solution y(t) to

5.17)y {y' = Af(t;y), t €[0,T]
y(0) = O.
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Then the initial value problem (5.17) has a solution

in Hl(0,T).

Proof As before B denotes the set of functions which
satisfy the initial condition y(0) = O. Let
V = (uEHL(O0,T):llull ; € K+1) and define

H

Fy:aLlPC0,T) = nLl(O,T), 0 < \N<1, by

Fxlv](t) = Af(t;v(t)). Now FX is.a continuous
operator from nLp(O,T) into nLL(O,T) by Corollary
S.4. Let T:C[O,T}] = an(O,T) be defined by

Tu = (ul,....,un) where u = (ul,....,un). T is

continuous since

1/p
HTull P = HulﬂLp E R llunllLp < nijluil ) T .

n

We also have the imbedding j:Hé(O,T) - C[0,T} defined

by ju = u completely continuous by Theorem 5.2.
Finally we define N:HAL(0,T) - _L!(0,T) by Ny = y'.
It follows from Theorem 1.6 that N--1 is a bounded

linear operator.

T
C(0,T} an(O,T)
J Fx
Hlco,T) tico,m)
B 4 n »
N-1
Figure 3

Thus H, = N"!F,Tj:V = HL1(0,T) defines a homotopy. It

A

is clear that the fixed points of HX are precisely the

solutions to (5'17)X° Thus HX is fixed point free on
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ov. Finally since HX is compact and Ho is essential

we have from Theorem i.5 that Hl is essential.
Thus (5.17) has a solution.
We have the exact analogue of Theorem 5.6 for

systems of first order initial value problems.

n

Theorem 3.14. Let f:{0,T}] X R™ - R satisfy the

Caratheodory Conditions and (5.18). Then (5.17) has

[+
a solution in Hl(O,T) for T < j ——JEL——.

Aoup+Bo

Proof To prove existence of a solution in Hl(O,T) we
apply Theorem 5.13. To establish the a priori bounds
for (5'17)X’ let y(t) be a solution to (5'17)X'
Now since y(0) = 0, each point t for which y(t) # O
belongs to an interval [a,t] in [(0,T] such that
ty(s)l > 0 on a < s £t and y(a) = 0. Thus for any
point t where y(t) # O

t t t
- L]
j'ly(e)l"ds = I |Y(7;(:)ES)'ds < j iy'(s)lds
a a a
and since [Af(t;y)| € Aolylp + B we have
t o
I Jly(s)]'] ds € t-a € T < I du .
P P
2 Aoly(s)l +B b Aoy t+Bg

Now jy(s)t = |jly(u)|'du| < jlly(u)l'ldu,
a a

s
P [ P
so Aoly(s)l + B £ Ao[Illy(u)l |du] + B .
a
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Consequently the previous inequality implies

o0
1
- Jlyv(s)i 'l dS$T<I du .
0

Ao[j||y(u)|'|du]p+8o

a

D C—

s
Theorem 5.1 with g(s) = jlly(u)l"du yields

a
g(t) ©
j dx ST < f du .
A xp+B A up+B
0 o o 0 o o

So there exists a constant M < « such that g(t) £ M.

Moreover,
t

ty(ed)p = |f|y(u)|'du € g(t) € M and in particular
a

T
jly(t)ndt
0

/A

MT. Also (5.18) and the differential

equation yields

T T
j ly'(t)rde € Ao[Ily(t)lpdt] +B_T =M
0 0
for some constant Ml < oo, So iyl 1 € K = MT + Ml and

the existence of a solution to (5.17) is established.

Analogue results hold for the inhomogeneous initial
condition y(0) = r. Extending the ideas of Theorem's

1.10, 5.13 and 5.14 we obtain:

Theorem 5.15. Suppose f satisfies the Caratheodory

Conditions and (5.18). Then



has a solution in

0

du
P
Aou +B°

.

tri

{

y' = f(t;y), t €(0,T]

y(0) = r

ulco,T)

provided

67
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VI. Third Order Boundary Value Problems

6.1 Introduction

We are. interested in this chapter in studying the
existence of solutions to third order boundary value

problems of the form

6.1) {ym = f(t,y,y'y"), t €[0,1]
y € B
where f:{0,1]) X R3 - R is continuous. Here B

denotes suitable boundary conditions.

In section 6.2 results of Granas, Guenther and Lee
{15}, (16} on second order boundary value problems are
extended so that existence theorems can be obtained for
a certain class of third order boundary value problems.
The existence theorems obtained in section 6.2 however
are rather specialized. In section 6.3 by placing
different types of monotonicty and growth conditions on
the nonlinearity f, we obtain new and interesting

existence theorems for a wide class of problems.

6.2 The Bernstein Theory of the Equation

y” = £(t,y,y',y")

In this section we extend the Bernstein Theory and
results of Granas, Guenther and Lee f15] to discuss
problems of the form (6.1). Fix a point ¢ in {o,1].

Let B denote either the boundary conditions

]
(=}

(i) y(c) = 0, y'(0)

0, y'(1)

(]
(=}

(ii) y(e) = 0, y"(0)

or

o, y"(l)
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(iii) sy(c) + dy'(c) = 0, s # O
- ay'(0) + B8y"(0) = 0, a,s8 > O
ay'(1) + by"(1) = 0, a,b > O.

Theorem 1.9 was proven for two point boundary
value problems; however, no change in the proof is
necessary if we consider multipoint boundary value
problems. Hence specializing Theorem 1.9 for the case
n = 3 we obtain:

Theorem 6.1. Let f:{0,1] X R3 - R be continuous and

0 € A€ 1. Suppose there is a constant K such that
K

IIyII3 £ for each solution y(t) to
6.1) {Y - y' = MECt,y,y',y") - y'], t €[0,1]
A y € B.

Then the boundary value problem (6.1) has at least one

solution in C3[0,l].

Next sufficient conditions on f are given which
imply an a priori bound on any solution y and its
derivative y' to (6.1). Suppose y(t) is a solution

to (6.1) and [y'(t)}? has a maximum at t_ € (0,1).
Then
6.2) y"(to) = 0 and y'(to) f(to,y(to), y'(to), 0) £ 0.

Theorem 6.2. Suppose there is a constant M 2 O such

that
pf(t,u,p,0) > O for ipl > M,
and (t,u) in {0,1] X R.

Then any solution y to (6.1) satisfies
ly'(t)) € M for t €[0,1].
Furthermore, there exists a constant Ml < o such that

ly(e)l £ Ml for t €{0,1].
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In fact M1 = M if y satisfies (i) or (ii) and
M, = M[l + E” if y satisfies (iii).

Proof Suppose first ty'l achieves a maximum at

ty € (0,1). Assume iy'(t )i > M. Then
y'(to)f(to,y(to),y'(to),O) > o, which contradicts
(6.2). Thus Jy'(t DI € M_.

We next show that ty'd cannot have a nontrivial
maximum at 1] or 1 if y(t) satisfies (i) or
(iii). This is trivially true if y satisfies (i).
Now suppose y satisfies (iii) and the maximum of
ty'd occurs at 0. Then y'(0) y"(0) £ O. However,
from (iii) y'(0) y"(o) = 32 [y'(0)1% > o, a
contradiction. A similar argument works for the case
t = 1.

Finally we show that if y is solution to (ii)
and if Iy'l assumes its maximum at t_ = 0 or t_ =1
then |y'(t°)| £ M. Suppose y satisfies (ii) and
ty'(0)t is the maximum value of ty't. If we assume
ly'(0)1 > M, then y'(0) y”(0) > O. Now if y'(0) > 0

t
then y”(0) > 0, so y"(t) = f y”(z)dz is strictly
0
increasing near t = 0. We then have y"(t) > y"(0) =0
for t > 0 and near zero and so iy'(0)t1 = y'(0) is
not the maximum of ly'li on [O0,1}, a contradiction.
We obtain a similar contradiction if we assume
y'(0) < 0. Thus ty'(0)1 € M. Now 1if y satisfies
(ii) and 1y'(1)14 is the maximum value of iy't, then
we can show in the same way that ty'(1)1 € M. Hence

ty'(t)t € M for t €[{0,1}. Also if y satisfies (i)

t
or (1i), ty(e)t = |I y'(z)dzl € M while if y
(o4

t
satisfies (iii), 1y(t)l € |f y'(z)dz| + 1y(e)
(o4

£ M[l + l%'] for t €{0,1}. This proves Theorem 6.2.
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We couple the monotonicity condition in Theorem
6.2 with the analogue of the Bernstein growth condition
to obtain our basic existence theorem.

Theorem 6.3. Let f:{0,1] X R3 - R be continuous.

(a) Suppose there is a constant M2 0 such that
pf(t,u,p,0) > 0 for ipl > M,
and (t,u) €[0,1] X R.
(b) Suppose that

jf(t,u,p,q)l € A(t,u,p) q2

+ B(t,u,p)
where A(t,u,p), B(t,u,p) 2 O are functions

bounded on bounded (t,u,p) sets.

Then the boundary value problem (6.1) has at least one

solution in C3[0,1].

Proof To prove existence of a solution in C3[0,1] we
apply Theorem 6.1. To establish the a priori bounds
for (G'I)X’ let y(t) be a solution to (6°1)X' If

A =0 we have the unique solution y = 0. Otherwise
for 0 < A\ € 1, pf(t,u,p,0) > 0 for ipl > M implies
Apf(t,u,p,0) + (1 - X) p2 > 0 for ipl > M. Thus
Theorem 6.2 implies ly'l € M for any solution y to
(G'I)X' Furthermore, there exists a constant M1 < o0
independent of PR such that Iyl £ M1 for any
solution y to (G'I)X' Finally we obtain a priori
bounds on y" and y*”. However, we first observe that
each of the boundary conditions (i), (ii) or (iii)
implies that y" vanishes at least once on {(0,1}. We

also have
2

lf(t,u,p,a)i € A q° + B
where A and B denote upper bounds of A(t,u,p),
B(t,u,p) respectively for
(t,u,p) €[0,1] X [-M;,M;] X [-M,M], and so

INECE,u,psa) + (1 - X) Pl € A q% + (B + M).
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Now each point t €[0,1] for which y"(t) # 0 belongs
to an interval [p,v] such that y" maintains a fixed
sign on [tsv] and y"(w) and/or y"(v) is zero.
Assume that y"(u) = 0 and y" 2 0 on [tsvl. Let
A = A,B_ =B + M. Then
o o )
INECE,y,y'yy") + (1 - M)y'l € A_(y")° + B

and the differential equation

y” = ANf(t,y,y',y") + (1 - N)y' yields

o’

2 Ao y'. ylll
—3 £ 2 Ao y".
Ao(y ) + B

o

Integrating for [ to t we obtain

S 4a M

[Ao[y"<t)12+Bo]
Ln B
o

and so

M

th

2°
o

B 4A M 1/2
Iy"Ce)t € [Kﬂ[e e - 1]]

The other cases are treated similarly and the same bound

is obtained. Thus Jy"I € M, for each solution y to
(6'1)X' With these bounds the differential equation
yields a priori bounds independent of A for 1y”1
i.e. fy”1 € max{jf(t,y,p,q)l + |pl) = M3 where the

maximum is computed over

f0,1] X [-M;,M;] X [-M,M] X [-M,,M,]. Thus lylq § K =
max(M,MI,Mz,M3) and the existence of a solution to
(6.1) is established.

Corollary 6.4. Let f:{0,1] X R3 -+ R be continuous.

(a) Suppose there is a constant M 2 0 such that
pf(t,u,p,0) 2 O for Ipl > M,
and (t,u) in 0,1} X R.
(b) Suppose that
1£(t,u,p,a)1 € ACt,u,pda® + B(t,u,p)

where A(t,u,p), B(t,u,p) 2 O are functions
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bounded on bounded (t,u,p) sets.

Then the boundary value problem (6.1) has at least one

solution in C3[0,1].

Proof Consider

6.3) {y’” = f (t,y,y',y"), t €(0,1]
y € B

where f_(t,y,y',y") = f(t,y,y',y") + Y. for
n = 1,2,... . Clearly pfn(t,u,p,O) > 0 for Ipl > M
and
£, (t,u,p,a)1 € ACt,u,p)a’ + (B(t,u,p) + p).
Apply Theorem 6.3 to (6.3) to obtain solutions Yn

to (6.3) for n = 1,2,... . In view of the previous
monotonicity and bound conditions on fn(t,u,p,q) and
the proof of Theorem 6.3 we also have 'yn|3 £ K for
some constant K independent of n. By Theorem 1.7
there is a subset N of the natural numbers and a
function y € C2 so that |yn - y|2 - 0 as n = in
N. If G(t,z) is the Green's function for (L,B)
where Ly = y” - y' we have

i

' " '

yalt) = [ G, 2)[£ (2 y (2) iy (2) sy (2))-y (=) ]dz

0

1

L " 1 1] L
= Jocr, ey (2),y(2) 0y (20 4py  (2) -y (o) Tdz.
0

Let n = o though N to obtain

1
y(t) = j G(t,z)[f(z,y(z),y'(z),y"(2z)) - y'(z)ldz.
]

Thus y € Cg and y satisfies y” = f(t,y,y',y").
Remark. Suppose the boundary conditions (i), (ii) or

(iii) were replaced by
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(iv) y(ec) = 0, y'(0) = 0, y"(1) = 0O

or

(v) y(e) = 0, y'(1) = 0, y"(0) =0

where ¢ is a fixed point of [0,1]. It follows easily
from an analysis similar to the one above that Corollary

6.4 holds with y satisfying either (iv) or (v).

To conclude this section we examine the

inhomogeneous boundary value problems,

6.4) {ym =Nf(t,)’.)",)’"), t €(0,1]
y € B

where B denotes either the boundary conditions

(vi) y(c) = r, y'(0) = £, y'(1) = T

or
(vii) sy(c) + dy'(c) = r, s # 0
—ay'(O) + By"(O) = £, a,8> 0
ay'(l) + by"(1l) = T, a,b > 0.
Here c is a fixed point of [0,1]. We now establish

the existence of a solution (6.4) with f satisfying

the same hypotheses as in Theorem 6.3.

Theorem 6.5. Let f:[0,1] X R3 - R be continuous.

(a) Suppose there is a constant M 2 0 such that
pf(t,u,p,0) 2 O for Iplt > M, and (t,u) in
(0,1} X R.

(b) Suppose that
2
tf(t,u,p,q)l <€ A(t,u,plq + B(tQUQP)
where A(t,u,p), B(t,u,p) 2 O are functions

bounded on bounded (t,u,p) sets.

Then the boundary value problem (6.4) has at least one

solution in C3[0,1].
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Proof Consider the family of problems

6.4) {y s Mtyaytoy™y, 0k s

y € B.
The existence of a solution in C3[0,1] follows
immediately from Theorem 1.10 once a priori bounds

independent of bN are established for solutions y to
(G.A)X. To establish a priori bounds for (G.A)X, let
y(t) be a solution to (G.A)X. We assume at first that
pf(t,u,p,0) > 0 for ipl > M and (t,u) in

[0,1] X R. Now if A =0 we have a unique solution,
and thus iy'(t)l € L for some constant L < o,
Otherwise for 0 < A £ 1, pf(t,u,p,0) > 0 for ipt > M
implies rxpf(t,u,p,0) > O for ipl > M. If y
satisfies (vi) it follows immediately from Theorem
6.2 that

ly'l € M_ = max{M,i£l, ITi}.

On the other hand if vy satisfies (vii) we have
T
1y < My o= maxcw, &), |2

To see this suppose iy'(t)i assumes its maximum at

t = 0. Then y'(0) y"(0) € 0 so

02 y'(0) 8 y"(0) = aly' (0% [=kpy + 1]

and consequently jy'(0)| £ l%l. Likewise,

ly'(1)t < l%' if iy't achieves its maximum at t = 1.
Thus, Ily'l € M2 = max(MO,Ml,L) for any solution vy to
(G.A)X. Furthermore there exists a constant M3,
independent of PN such that Iyl £ M3 for any
solution y to (G.A)X. A priori bounds, independent
of A, for y" and y*” follow exactly as in the proof

of Theorem 6.3 once we observe that

iy"(u)i € K,
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K 2 O a fixed constant independent of X, for some
point u € f[0,1]}]. Thus existence of a solution to
(6.4) follows from Theorem 1.10.

Now assume pf(t,u,p,0) 2 O for ipl > M and
(t,u) in [0,1]}] X R. The existence of a solution in
this case follows by an argument similar to Corollary

6.4.

Example 6.1 (Sandwich Beam)

Beams formed by a few lamina of different materials

are known as sandwich beams. In the analysis of such
beams Krajcinvic [22]) found that the distribution of
shear deformation 1/ is governed by the differential

equation
v - kz(x,¢)¢' + a(x,¢) = 0.
2

2 z 0. For further information on k

Here k and a

see Krajcinvic [22}.

For the case of free ends, the condition of zero
shear bimoment at both ends 1leads to the boundary
condition ¢'(0) = ¢' (1) = 0. Also symmetry
considerations yields v(l1/2) = 0. Thus we are

interested in solving the boundary value problem

6.5) {*" = k2(x,9)¢" - a(x,¢), x€[0,1]
¢r(0) = ¢'(1) = ¢(1/2) = 0

Now we make the following assumptions on &k and a:

Suppose kz(x,¢) and a(x,y) are continuous functions
on [0,1] X R. In addition, suppose there exists a

constant L < such that

_:a_iu.ue.Ll €L for (x,¢) € [0,1] X R.

ke (x,¢)

Then ¢'f(x,¢,¢',0) = ¢'(k2¢' - a) > 0 for J¢'l > L
and (x,¢) €[0,1] X R, and so Theorem 6.3 implies

that (6.5) has at least one solution in C3[0,1].
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6.3 Another Approach to Third Order Boundary Value

Problems

In this section we place essentially different
types of monotonicity and growth conditions on the
nonlinearity f to obtain existence theorems for a wide
class of third order problems. We consider problems of

the form

6.6) {ym = f(t,y,y',y"), t €[0,1}
y € B,

where f:{0,1] X R3 - R is continuous. Here Bo
denotes either the boundary conditions
(viii) y(0) = 0, y(1) = 0, y'(0) =0
(ix) y(0) = 06, y'(0) = 0, y'(1) = 0O
or
(x) -ay(0) + By'(0) = 0, u,8 > O

ay(l) + by'(l1) = 0, a,b > 0

y"(0) = O.
Remark. It should be noted here that many of the
boundary conditions in section 6.2 will also be
considered 1in this section. The behaviour of the
nonlinearity f will determine which existence theorem

to use.

The following theorem, although not the main result
in this section, is a powerful existence theorem in its

own right.

Theorem 6.6. Let f:(0,1} X R3 - R be continuous and

0 £ A< 1. Suppose

l£(t,u,p,q)t € [A(t,u)ip} + B(t,u)j[C(t,u)iql + D(t,u)]
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where A(t,u), B(t,u), C(t,u), D(t,u) 2 O are functions
bounded on bounded (t,u) sets. Finally, we assume

that there is a constant M such that
|y(t)l $ M, t 6[091]

for each solution y(t) to

6.6) ym = Xf(t.y.y',y"), t 6(0.1]

A € B
y 0"

Then the boundary value problem (6.6) has at least one

solution in C3[0,1].

Proof To prove existence of a solution in C3(0,1] we
apply Theorem 1.9. To establish a priori bounds for

(6'6)X’ let y(t) be a solution to (6°6)X' All that

remains is to obtain a priori bounds for y',y" and
y”. We first observe that boundary conditions (viii),
(ix) or (x) imply that y" vanishes at least once on

[O0,1]. We also have
1f(t,u,p,aq)l € [Alpl + Bj[Clql + D]
where A,B,C and D denote upper bounds of A(t,u),
B(t,u), c(t,u), D(t,u) respectively for
(t,u) €{0,1] X [~M,M] and so
INf(t,y,y',y")1l € (Aly'l + B)(Cly"} + D).

Now each point t €[0,1] for which y"(t) = O
belongs to an interval [u,v] such that y" maintains
a fixed sign on [(yv] and y"(u) and/or y"(v) is

"

zero. Assume y"(u) = 0 and y" 2 0 on [g,v]. Then

the differential equation yields

"

6.7) C—‘é.——suy'. + B.

y +D

Also since y" 2 0 on [m,v] we have y' increasing

on [u,v], so in particular y'(s) 2 y'(u) for
s €f{u,v]. At this stage of the proof the argument

breaks up into two cases, y'(u) 2 O and y'(u) < 0.



Assume at first y'(u) 2 O, and so y'(s) 2 0 for
s €E{u,v]e. It follows from (6.7) that

"

59¥—— € ACy' + BC

y"'+D

and so integrating from gy ¢to t we obtain

Iy"(t)1 € 2 [exp(24CM + BC) - 1] = M_.
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On the other hand assume y'(u) < O. Again the argument

breaks up into two subcases, y'(s) £ 0 for s €

or there exists ¥ €(u,t) such that y'(¥) = 0

[w,v]

and

y'(s) > O for s €(Yy,v]. Suppose at first y'(s) £ O

for s €f{u,vi}, then (6.7) implies

C "
E—%—— € - ACy' + BC

y '+D

and so integrating from gy to t yields

ly"(ed1 € M_,

as before. Finally suppose there exists §f €(u,t) such
that y'(f{) = 0 and y'(s) > 0 for s€(¥{,v}], then for
nelu,81], (6.7) implies
C "
F}Tx:-_D € - ACy' + BC,
which yields Iy"(3)1 € M . So for s €lt,v], (6.7)

again implies

"
To¥Tp € ACy' + BC,

y'+D

and thus

(CM_+D]exp(2ACM+BC)~D
Fy"(t)1 £ o =M.

Thus Fy"(t)1 £ M, .

similarly and the same bound M1 = max(Mo,Ml)

The other cases are treated

is
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obtained. Thus Iy"1 € M, for each solution y to

(6'6)X' Now if y satisfies (viii) then

t
tytcer = | yrezraz| < omp,
0

while if y satisfies (ix)

1
ly'(e)j = lf y"(z)dz| < M, .
t

Finally if y satisfies (x)

t
vyt cer < | f ymezraz] o+ ayrcorr g mp o+ G2y,
0

Thus ly'l € M, for each solution y to (6'6)X' With
these bounds the differential equation yields a priori
bounds independent of )\ for ty”i i.e.

Iy”1 € max{i1f(t,u,p,q)l) = M3 where the maximum is
computed over [0,1] X [-M,M] X [—M2,M2] X [—Ml,Ml].
Thus |y|3 € K = max (M,Ml,Mz,M3) and the existence of
a solution to (6.6) is established.

For notational purposes, let (6'6)(viii) denote
the boundary value problem y” = f(t,y,y',y"), t€[0,1],
with y satisfying (viii). Similarly, define
(6'6)(ix) and (6'6)(x)' Next sufficent conditions on
f are given which imply a priori bounds on any solution
y(t) to (6'6)(viii)’ (6'6)(ix) or (6'6)(x)'
Suppose y(t) is a solution to (6.6) and [y(t)]2
has a maximum at t, €(0,1). Then y'(to) = 0 and
y(t ) y"(to) < 0.

Theorem 6.7. Suppose there is a constant M 2 0 such

that
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t

J u'(z)[(f(z,u(z),u'(z),u"(z)) + L(u'(z))™ u"(z)ldz > 0O
0
for tu(t)) > M, where L and n > -2 are constants,

with u € c2{0,1] and u'(0) = O.

Then any solution y to (6’6)(viii) or (6'6)(ix)

satisfies

ly(ed)t € M for t €{0,1]}.

Proof Suppose Iyl achieves a positive maximum at
t, € (0,1), then y'(to) = 0. Assume ly(to)l > M,
and so

t

(o]
j [y'(z)y”(z) + L(y'(z))n+ly"(z)]dz > 0.
(o]

Integration by parts together with y'(t_) =0 yields

t
o
- f (y"(z))% dz > o,
0
a contradiction. Thus, ly(to)l € M.

At this stage we divide the proof into two cases.
Suppose first y is a solution ¢to (6'6)(viii)' If
iyl assumes its maximum value at either t = 0 or
t = 1 then trivially ly(e)p € M for t €{0,1]}. So
conclusion of theorem follows for (6.6) iy e Now

(viii)

suppose y 1is a solution to (6’6)(ix)' If y assumes
its maximum value at t = 0 then trivially ly(e)l € M
for t €[(0,1]. On the other hand suppose iyt achieves
its maximum value at t = 1. Suppose ty(i)y > M, and

sO

1
I[y'(z)y”(z) + L(y'(z))n+ly"(z)]dz > 0
0

which yields
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1
- [ [y"(z))%dz > o,
0

a contradiction. Thus by(l))y € M and the conclusion

of the theorem follows for (6'6)(ix)°
Remark. M is independent of L in Theorem 6.7.
An analogous theorem holds for (6°6)(x)'

Theorem 6.8. Suppose there is a constant M 2 0 such

that

t

f U'(Z)[f(z,u(z),u'(z),u"(z)) + L(u'(z))nu"(z)]dz > 0
0

for ju(t)) > M, where n is an even integer greater

than or equal to zero and L 20 is a constant, with

u € c2[0,1] and u"(0) = 0
Then any solution y to (6'6)(x) satisfies

ly(t)l € M for t €[0,1].

Proof Suppose iyl achieves a positive maximum at
L € (0,1) and assume |y(t°)| > M. Then y'(to) = 0
and

t

(o]
f [y'(z)ym(z) + L(y'(z))n+ly"(z)]dz > 0
0

yields

t

3 2 (y'(0))"*+2

" -
- I [y"(z)]“dz L —u) > 0,

0

a contradiction. Thus Jy(t )l £ M.
On the other hand Iyl cannot have a nontrivial

maximum at 0 or 1. For suppose the maximum of byl

occurs at O. Then y(0) y'(0) € 0. However, from (x)
y(0) y'(0) = é[y(O)]2 > 0, a contradiction. A similar
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argument works for the case t = 1. Thus

ly(t)l € M for t €[0,1].

We are now in a position to prove our main

existence theorems for this section.

Theorem 6.8. Let f:{0,1] X R3 - R be continuous.

(a) Suppose there is a constant M 2 0 such that
t

fu'(z)[f(z,u(z),u'(z),u"(z)) + L(u'(z))nu"(z)]dz > 0
0

for judt))l > M, where L and n > -2 are constants,
with u € C2[0,1] and wu'(0) = O.
(b) Suppose

1E(t,u,p,q)i € [ACt,u)|p}i+B(t,u)}{C(t,u)iqi+D(t,u)]

where A(t,u), B(t,u), Cc(t,u), D(t,u) 2 0 are functions

bounded on bounded (t,u) sets.

Then the boundary value problem (6'6)(viii) and
(6'6)(ix) have at least one solution in C~{0,1]}.

Proof To prove existence of a solution in C3[0,1] we
apply Theorem 6.6. We need establish a priori bounds

for any solution y(t) to (G'G)X' Now if XN = 0 we

have the unique solution y = O. Otherwise for

0 < A€ 1
t
IU'(Z)[f(z,u(z),u'(z),u"(z))+L(u'(z))nu"(z))dz>0
0

for judt)i < M implies

t
JU'(2)[Xf(Z,U(Z).U'(2),U"(z))+XL(U'(2))nU"(2)]d2>0
0
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for ju(t)i>M and so Theorem 6.7 together with its
remark implies lyt € M for any solution y to
(G'G)X' Hence the existence of a solution to

\(6'6)(viii) and (6'6)(ix) is established.

Corollary 6.10. Let f:{0,1] X R3 -+ R be continuous.

(a) Suppose there is a constant M 2 0 such that

t
fu'(z)[f(z,u(z),u'(z),u"(z))+L[u'(z)]nu"(z)]dzZO
J

for judt)i > M where L and n > =2 are constants,

with u € c2{0,1] and u'(0) = 0.
(b) Suppose
tf(t,u,p,q)1 € [A(Ct,u)ipi+B(t,u)j{C(t,u)lqi+D(t,u)]

where A(t,u), B(t,u), C(t,u), D(t,u) 2 0 are functions

bounded on bounded (t,u) sets.

Then the boundary value problem (6'6)(viii) and

(6'6)(ix) have at least one solution in C~{0,1].
Proof Let us consider

6.8)

y” = £.(t,y,y',y")
y € (viii) or (ix)

where fn(t,y,y'.y") = f(t,y,y',y") + % for

n = 1,2,... . Clearly

t
fy'(z)[fn(z.y(Z),Y'(Z)'Y"(z))+L(Y'(z))ny"(Z)]dz
0

t
2
= [y @ zy 2,y (2)y" (2 +L0y (2 y " (2) Jdz+d LLED
0
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for |Jy(t)} > M since y(0) = 0.
Thus Theorem 6.7 implies iyt € M for any solution

Yo to (6.8) and n = 1,2,.... . Also

|fn(t’}’ay'ay")|
€ (aCt,y)iy'1+B(t,y)}{C(e,y)ly"1+D(t,y) J+M.

Now we can apply Theorem 6.9 to (6.8): If Yn is a
solution to (6.8) for n=1,2,... we have lyn'3 £ K
for some constant K independent of n. By Theorem
1.7 there is a subset N of the natural numbers and a
function y € C2[0,1] so that ly,~vl, = 0 as n = ©

in N. If G(t,z) is the Green's function for (L’Bo)
where Ly = y” and B_ denotes the boundary conditions
(viii) or (ix) then

1

ya(t) = foce,2) (z,y,(2),yn(2),y,(2))dz.
0

Let n = o through N to obtain

1
y(t) = IG(t.Z)f(Z.y(z).y'(z).y"(Z))dz-
0
Thus y € Cg and y satisfies y” = £(t,y,y',y").
o

We can obtain a similar result to Theorem 6.9 for

(6'6)(x)'

Theorem 6.11. Let f:/]0,1] X R3 -+ R be continuous.

(a) Suppose there is a constant M2 0 such that

t
Iu'(z)[f(z,u(z),u'(z),u"(z))+L(u'(z))nu"(z)]dz > 0
0
for fu(t)i > M, where n is an even integer greater

than or equal to zero and L 20 is a constant, with

u € c2[0,1] and u"(0) = O.

(b) Suppose
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1f(t,u,p,q)t€{Aa(t,u)ipl+B(t,u)]{C(t,u)iqi+b(t,u)]

where A(t,u), B(t,u), C(t,u), D(t,u) 2 0 are functions

bounded on bounded (t,u) sets.

Then the boundary value problem (6.6)(x) has at

least one solution in C3[0,l].

Remark. We can obtain similar results to those in
Theorem's 6.9 and 6.11 if the boundary conditions

(viii), (ix) or (x) are replaced by either

(xi) y(0) = 0, y(1) = 0, y"(0) =0
(xii) y(0) = 0, y'(1) = 0, y"(0) =0
(xiii) y(1) = 1, y'(0) = 0, y'(1) =0
(xiv) y(0) = 0, y(1) = 0, y'(1) =0
(xv) y(0) = 0, y(i) = 1, y"(1) =
(xvi) y(1) = 0, y'(0) = 0, y"(1) =0
or

(xvii) =-ay(0) + By'(0) o0, a,8 > O
ay(l) + by'(1) = 0, a,b > 0
y"(1) = oO.

An example of this is the following:

Theorem 6.12. Let f:{0,1} X R3 -+ R be continuous.

(a) Suppose there is a constant M 2 0 such that

1
IU'(2)[f(Z.u(z).U'(Z)U"(Z))+L(U'(2))nU"(2)]d2 > 0
t
for fu(t)t > M, where n is an even integer greater

than or equal to zero and LO is a constant, with

u € c2[0,1] and u"(1) = 0.

(b) Suppose
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where A(t,u), B(t,u), C(t,u), D(t,u) 2 O are functions

bounded on bounded (t,u) sets.

Then the boundary value problem

y” = £(t,y,y',y"), t€[0,1]
y € (xvii)

has at least one solution in C3[0,1].

The following example illustrates the ideas and results

of this section.

Example 6.2 Consider the boundary value problem

ym(t)=Ao+Bo(y(t)]p+Co[y(t)]my'(t)+Doy"(t)
BVP) +E°y'(t)y"(t).t€[0.1l
y(0) = y(1) = y'(0) =0

where A , B > 0, Co 2z 0, D _, Eo are constants with

o o
m 2 0 even and p > 0 odd.

o

We will now show that (BVP) has a solution
C3[0,1] via Theorem 6.8. Now if
m

f(t,y,y',y") = Ao + Bo yp + Coy y' + Do y" o+ Eo y!

~
oo

and L=-E, n=1,L=«D, n=20 we have
o o

t

in

Iy'(Z)[f(Z.y(z).y'.y")+L(y‘(2))ny"(2)+z(y'(2))ﬁy"(2)]dz

o

(407 (2248, 1y(2)1Py (2)+c [y(2) 1" (y' (2)1?]dz

(A y'(z) + B_(y(2))Py'(z)]dz since y'(0) =0

Oy (T Oy, T

B
= y(t)[Ao + Ef%[y(:))P] since y(0) = 0
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-(p+1)a_ ]1/p
>0 for jy(t)l > | = |
(o]

Finally it 1is clear that we can find constants
A,B,C,D such that
PECt,y,y',y")1 € (Aly'1+B)(Cliy"1+D)

for (t,y) 1in a bounded set.
Hence all conditions in Theorem 6.8 are satisfied

so (BVP) has at least one solution in C3[0,l].

To conclude this chapter we examine the

inhomogeneous boundary value problem

6.9) {y”’ = f(t.Y.Y'sY"). t €(0,1]
y(0) = r, y(1) = s, y'(0) = 4

or

6.10) {y”’ = f(t,Y.Y'.Y"). t €(0,1]
y(0) = r, y(1) = s, y"(0) = 2

and establish the existence of a solution (6.9), (6.10)
in C3[0,1] under essentially the same hypothesis on f

used in Theorem 6.9.

Theorem 6.13. Let f:(0,1] X R3 -+ R be continuous.

(a) Suppose there is a constant M2 0 such that

t
fu-(z)[f(z,u(z)u'(z),u“(z))+L<u'(z))“u"(z)ldz > 0
0
for fu(t)t > M, where L and n > =2 are constants

with u € c2[0,1] and wu'(0) = 0.
(b) Suppose

tf(t,u,p,q)t € (A(t,u)ipt+B(t,u)][(C(t,u)iqt+D(t,u)]



89

where A(t,u), B(t,u), C(t,u), D(t,u) 2 0 are functions

bounded on bounded (t,u) sets.

Then the boundary value problem (6.9) has at

least one solution in C3[0,1].

Proof Consider the family of problems

6.9)x y” = M(t,y,y',y"), 0 £ X £ 1

y(O) = r, y(l) = s, y'(O) = 2.
The existence of a solution in C3[0,1] follows
immediately from Theorem 1.10 once a priori bounds

independent of bN are established for solutions y to
(6'9)X' To establish a priori bounds for (6'9)X’ let
y(t) be a solution to (6'9)X' Now if A =0 we have
a unique solution and thus ly(ed)l € MO, for some

constant M_. Otherwise for 0 < X £ 1, let

w = y - pt, so w(0) = r, w(l) = s - g2, w'(0) = 0.
Now
t
Iw'(z)[f(z,w(z),w'(z),w"(z))+L(w'(z))nw"(z)]dz > 0
0
for fw(t))j] > M implies
t

IW'(2)[Xf(z,W(2),W'(2),W"(2)+XL(W'(2))nW"(2)]dz > 0
0

for jfw(t)} > M. It follows from Theorem 6.7 and its
remark that

lw(t)] € max{M,Irj,Is-Li} = K for t €{o,1}.

Thus ly(t)i € M1 = max(§+lﬁl,M°) for any solution y
to (6'9)X’ 0 £ A £ 1. A priori bounds independent of
A for y',y",y"” will follow from a slight
modifictation of the proof in Theorem 6.6 once we
observe that ly"(uw)t € K, K 2 O a fixed constant
independent of A for some u €[(0,1}. We accomplish
this by letting v(t) = y(t) - (1 - t£3)r - t?s + gt?

and noticing that v(0) = 0, v(l1) = £, v'(0) = £. Hence

by the Mean Value Theorem there exists u €(0,1) such
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that v"(u) = O i.e. y"(u) = 2s - 24 - 2r. The
existence of a solution to (6.9) follows from Theorem

i.1l0.

We can obtain a corresponding existence theorem for
(6.10):
Theorem 6.14. Let f:{0,1] X R3 - R be continuous.

(a) Suppose there is a constant M2 0 such that

t
fu'(z)[f(z,u(z),u'(z),u"(z))+L(u'(z))nu"(z)]dz > 0
0]
for tu(t)l > M, where n is an even integer greater

than or equal to zero and L 20 is a constant, with

u € c2[0,1] and u"(0) = O.
(b) Suppose
tf(t,u,p,adt € [ACt,u)ipi+B(t,u)]j{C(t,u)iqi+D(t,u)]

where A(t,u), B(t,u), C(t,u), D(t,u) 2 0 are functions

bounded on bounded (t,u) sets.

Then the boundary value problem (6.10) has at

least one solution in C3(0,1].
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VII. Nonlinear Differential Equations in Hilbert

Spaces

7.1 Introduction

The theory of nonlinear differential equations in

abstract spaces became popular in the 1970's and 1is
still being studied in great depth. For a detailed
account of the subject see Deimling [101},

Lakshmikantham and Leela [24] and Martin {257]. In
this chapter we present a new approach via the
Topological Transversality Theorem, to studying problems

of the form

7.1) {y' = f(t,y), t €[0,T]
y(0) = y,-
Here y takes values in a real Hilbert space (H, i<,

Yo € H and f:{0, T} X H - H is continuous.

For notational purposes let Cl([O,T],H) denote
the space of continuously differentiable functions g

on io0,T}. Now Cl([O,T],H) with norm

ligh, = maX[ sup Hly(t)ll, sup Hy'(t)ﬂ]
t€(0,T] t€[0,T]
= max [iiylig.liy 0]
is a Banach space. Similarly we define C({O0,T},H).

Finally, by a solution to (7.1) we mean a function
v € Cl({O,T],H) together with vy satisfying
y' = f(t,y),t€[0,T]}, and y(0) = Yoo

Unlike the finite dimensional case continuity
assumptions on f alone will not guarantee even local
existence; see Banas and Goebel {2]. In this chapter

by placing compactness conditions on f we obtain, with
a restriction on T which depends on the nonlinearity

f, solutions to (7.1) in Cl([0,T},H).
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7.2 Preliminary Results

We begin with some standard theorems on the
calculus of functions from an interval into a real
Hilbert space; see Martin {253, Barbu [3] and
Shilov [30] for details. Suppose for the remainder of
this section that H is a real Hilbert space (H,<s,>)

and J is a compact interval in R.

Theorem 7.1. Suppose f is a differentiable function

from J into H and f'(t) = 0O for all t € J.- Then

f is constant on J.

Theorem 7.2. Suppose f is a differentiable function

from J into H. Then

S <E(E), £(E)> = 2<E1 (L), £(E)>.

Theorem 7.3. Suppose J = [a,b] and f(u) is a

continuous function from J into H. Also let
u = u(t) be a continuously differentiable function on
a £ t £ 8 where wu(a) = a and u(8) = b. Then

b A
If(u)du = If(u(t))u'(t)dt.
a a

To obtain our existence theorems in the following
section we need a more general version of the Arzela

Ascoli Theorem.

Theorem 7.4. Suppose M is a subset of C(J,H). Then

M is relatively compact in C(J,H) (i.e. M is a
compact subset of C(J,H)) if and only if M is
bounded, equicontinuous and the set {f(t):f € M} is

relatively compact for each t € J.
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7.3 Initial Value Problems in Hilbert Spaces

We begin, as usual, by examining the homogeneous

first order initial value problem

7.2) y. = f(ta}')a tE[O,T]
y(0) = 0
where y takes values in a real Hilbert space

(H, <, s>) and f:{0, T} X H - H is continuous. Let
o2 = <o, o>,

Now the Topological Transversality Theorem and the
Arzela Asocoli Theorem are used to extend Theorem 1.9

for initial value problems in Hilbert spaces.

Theorem 7.5. Let f:{0,T] X H - H be continuous and

0 £ N € 1 Suppose 1in addition f satisfies the

following:

7.3) {There is a continuous function :[0,%) = (0,%)
such that Jif(t,y)li € ¢Cliyi).

7.4) f is completely continuous on [0, T] X H.
For t,s €[0,T]} and Q a bounded subset
of C ({0,T},H), there exists a constant

7.5) A 20 (which can depend on Q) such that

Hf(t,u(t)) - f(s,u(s))ll € Ajt-s]
for all u € Q.

Finally suppose there is a constant K such that

Ilyll1 € K for each solution y(t) to

7.2)5 y' = M (t,y), t€[0,T]
y(0) = 0.
Then the boundary value problem (7.2) has at

least one solution in Cl([O,T],H).

Proof As before let
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Ci(l0,T],H) = (uec'([0,T],H): u(0) = 0). Also let

V. = (u€Cp([0,T],H): Hull, € K+1) and define
FX:C;([O,T],H) - C([0,T}],H), O € A\ € 1, by

FX[U](t) = Af(t,v(t)). Now assumptions (7.3), (7.4)
and (7.5) together with Theorem 7.4 imply that FX
is completely continuous. To see this let 0 be a

bounded subset of Cl([O,T],H), then for u € 0O

liF, uii = iNfCe,uwdil € ¢Ciiuil) = M where M, < » is a
constant. Clearly from (7.5) FX(Q) is equicontinuous
and we have also for each t [(0,T], F(Q(t)) =

(f(t,u(t)); u € Q) which is relatively compact in H
since f is completely continuous.

Finally we define L:C;([O,T],H) - C([O0,T],H) by

Ly = y'. It follows from Theorem 1.6 that ™! is a

bounded linear operator. Thus HX = L_IFX defines a

homotopy HX:G - C;([O,T],H). It is clear that the
fixed points of HX are precisely the solutions ¢to
(7'2)X' Moreover the complete <continuity of FX
together with the continuity of I..—1 imply that the
homotopy HX is compact. Now Ho is essential so
Theorem 1.5 implies that H1 is essential. Thus

(7.2) has a solution.

Remark. If we replace the Hilbert space H with a

Banach space B then again Theorem 7.5 holds with B

replacing H.

In view of Theorem 7.5 we obtain immediately:

Theorem 7.5. Suppose f:[0,T] X H - H is continuous

and satisfies (7.3), (7.4) and (7.5). Then the

initial value problem (7.2) has a solution in
*®

Cl([O,T],H) for each T < J'E%%y .
0

Proof To prove existence of a solution in Cl([O,T],H)

we apply Theorem 7.5. To establish a priori bounds for
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(7'2)X’ let y(t) be a solution to (7'2)X' Then
Hy'tl = HUNECE,y)l € ¢yl .
Now if Hy(edll # O we have from Theorem 7.2 and the

Cauchy Schwartz inequality that

< 1]
nyil® —Yﬁ-;"L < liy'll

and the inequality above yields

iyl < ¢Cliyll)

at any point t where |ly(t)]] # O. Suppose Jiy(t)ll # O
for some point t €(0,T}. Then since y(0) = 0 there
is an interval [a,t] in [0,T]} such that lly(s)ll > O
on a < s £ t and lHy(Ca)il = 0. Then the previous

inequality implies

t
Al 4o < ¢
- 8.
f¢||ys|| s s
a

Hy (el 4 ® 4
u u
So, J‘ 7(uy €T < f—-m oY -
0 0

This inequality implies there is a constant M, such

that HyHo £ Ml‘ Also (7'2)X and (7.3) implies

Hy'(e)ll < max y(u) = M2 for some constant M2. So
OsusM1

Hyll1 £ K = max(Ml,Mz) and the existence of a solution

is established.

Theorem 7.5 also holds for the inhomogeneous
initial condition y(0) = Yo € H. In fact Theorem 1.10

and trivial adjustments in the above proof yield:

Theorem 7.7. Suppose f:{(0,T}] X H - H is continuous

and satisfies (7.3), (7.4) and (7.5). Then the

initial value problem
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{y' = f(t,y), t €[{0,T]
y(0) = yo, € H

has a solution in Cl((O,T],H) for each

o
du
T < m.
Hyoﬂ
Example 7.1 The techniques above may be applied to

integro-differential equations of the form

T
2% v(t,s) = [ gCe,s,r,yCe,r))dr; £,5€(0,T]
7.6) o

y(0,s8) = u(s)

where y:[0,T}] = R is continuous.

Let H = L2([0,T],R), with the usual inner product
and define the mapping B from [0, T}] X H into H by

T
[B(t,u)](s) = f g(t,s,r,u(r))dr for all
0

(t,s,u) €[0,T] X [0,T] X E where E C H.

We begin by examining the initial value problem

7.7) u' = B(t,u(t)), t €[{0,T]
u(0) = u

where B:[{0,T}] X H = H.

Various conditions on g insuring the continuity
and complete continuity of B from [0O,T] X H into H
may be found in Krasnoselski [23}. We also assume g
satisfies certain growth conditions so that
HBCE,wll 5, € wCiull 5)
L L

where ¢:[0,0) = (0,%) is continuous. Now assume
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du .
T < ETGT . Finally suppose conditions are put on

i
L2

g so that, for t,t'€[0,T]} and Q a bounded subset of
Cl([O,T],H), there exists a constant A 2 0 such that
B(t,u(t)) - B(t',u(t’)H 2 € Ajt-t'}

L
for all u € N.

Then Theorem 7.7 implies that (7.7) has a
solution on fo,T}]. Suppose u(t) is a solution ¢to
(7.7) on [0, T}, then one sees that if
y(t,s) = [u(t)]}(s) for all t €[0,T] and s €(0,T},
then v(0,a) = u(a) and y is a solution to (7.6).

To see this let [ut)l(s) v(s), so

T
}% y(t,s) = B(t,v)(s) = J g(t,s,r,v(r))dr
0

T
= f S(t.s.r,y(t,r))dr.
0
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