
 



AN ABSTRACT OF THE THESIS OF 

 

Brian G. Nelson for the degree of Master of Science in Oceanography presented on 

December 2, 2009 

Title: Observations on the Evolution of Shoaling Nonlinear Internal Waves  

in Massachusetts Bay using Shipboard X-Band Radar 

 

Abstract approved: 

______________________________________________________________________ 

James A. Lerczak                         R. Kipp Shearman 

 

 

  During four cruises in July and September of 2008 and 2009, the 

shipboard X-band radar was tuned to detect the modulated bands of surface roughness 

caused by converging and diverging currents associated with high-frequency nonlinear 

internal wave (NLIW) packets. The data collected was used to quantify the propagation 

direction (ϴp), wavelength (λ) and wave speed (c) of thirty high-frequency NLIW trains 

as they propagated onshore across Massachusetts Bay from their generation site on 

Stellwagen Bank.  

 The mean propagation direction of the NLIWs was approximately 243°T.  As the 

waves propagated onshore from the generation site, the observed propagation direction 



increased by approximately 20°T over 25km. The average propagation direction in July, 

241± 1°T, was slightly more southerly than the average propagation direction in 

September, 245 ± 1 °T, and the rate of change in July, 0.6 ± 0.1 °T / km, was slightly less 

than the rate of change in September, 1.1 ± 0.2 °T / km.  

 The wavelength of the NLIW packets, defined as the average distance between 

the first and second, and second and third zones of convergence of a NLIW packet, was 

observed to be approximately 356 m. The average wavelength in September, 372 ± 12m, 

was larger than the average wavelength in July, 340 ± 9m. There were large seasonal 

variations in the observed wavelength changes as the NLIWs propagated onshore.  

During the July cruises, λ increased slightly as the waves propagated onshore (75 m over 

25 km), while during September, λ increased by almost a factor of two (325m over 

25km). The increase of the wavelength as the NLIWs propagate onshore is likely due to a 

combination of dispersion and shoaling, and the seasonal differences likely due to 

seasonal variations in stratification.  

 Because the NLIW are phase-locked to the barotropic tide, Doppler shifting of the 

NLIWs by the tidal velocities causes systematic variations in the observed wave speeds 

across the basin.  Once the barotropic tidal velocities are accounted for, the wave speed 

does not change significantly from season to season (0.53 ± 0.02 m/s for July, 0.55 ± 0.01 

m/s for September), or in the cross-shore region studied.  The lack of seasonal variations 

is apparently due to the compensatory effects of the deepening of the pycnocline and the 

weakening of the stratification that occurred between July and September of both years.
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Observations on the Evolution of Shoaling Nonlinear Internal Waves  
in Massachusetts Bay Using Shipboard X-Band Radar 

 

1. Introduction:  

Nonlinear internal waves (NLIWs) in the coastal ocean are a common 

phenomena that play an important role in coastal oceanography. They can influence 

the spatial and temporal heterogeneity of suspended particles in the water, larval 

delivery to the benthos, and the cross-shore transport of plankton and larvae [Shanks, 

1983; Pineda,1999; Leichter et al., 2008]; affect the physiological behavior of 

phytoplankton [Lennert-Cody et al., 2002]; sweep sediments offshore [Bogucki et al., 

1997;  Butman et al., 2006a]; pose hazards to human projects such as off-shore 

drilling platforms [Hyder et al., 2005]; and cause vertical mixing of the water column 

[MacKinnon and Gregg, 2005; Helfrich et al., 2006].  

 Because of their importance, many methods have been devised to observe 

NLIWs. To record a high-resolution, long-duration time series of water column 

variability at fixed locations due to the passage of internal wave trains, moored 

instrumentation such as temperature and conductivity sensors, current meters 

[Halpern, 1971; Torgrimson and Hickey, 1979; Holloway, 1994], and more recently, 

pressure sensors [Moum and Nash, 2006] are commonly used. To record NLIWs at 

variable locations, profiling the waves with shipboard conductivity, temperature and 

depth (CTD) instrumentation, acoustic doppler current profilers (ADCP), 

echosounders and other instrumentation has been used, either by positioning the ship 

ahead of the wave, allowing the wave to pass under, and then moving the ship forward 
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of the wave again [for example, Shroyer et al., 2009], or by continually transecting the 

wave. While both shipboard and moored instrumentation collect in situ measurements 

of NLIWs, they are not efficient at simultaneously obtaining a high-resolution view of 

NLIWs in the horizontal and temporal domains. 

 Observation of the surface signature of NLIWs allows for a higher spatial and 

temporal resolution of the along-shore and cross-shore variability and evolution of 

NLIWs. Many methods have been used to observe the surface signature of NLIWs. 

Halpern [1971], discusses the use of aerial photography back as far as 1967. More 

recently airborne synthetic aperture radar (SAR), has been used [for example 

Gasparovic et al., 1988]. In addition, satellite SAR has been used to show the 

existence of NLIWs in coastal seas around the world [Apel et al., 1975; Fu and Holt, 

1982]. More recently, the use of shipboard X-band radar has been used to observe the 

surface signature of NLIWs with much success [Orr and Mignerey, 2003; Chang et al, 

2008; Ramos et al, 2009]. These methods allow for a more complete view of NLIW 

evolution in the horizontal and temporal domains, and when used in conjunction with 

in situ measurements, in the vertical domain as well. 

 The surface signature of a NLIW is generated by the modulation of sea surface 

roughness by bands of surface current convergence and divergence induced by the 

NLIW.  Lyzenga [1998], Thompson [1988], and others propose a method in which, in 

the downwelling regions of the wave train, intermediate scale O(1m) surface waves 

are steepened by converging currents caused by the NLIW, and then through nonlinear 
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interactions and localized wave breaking, cause small-scale roughness detectable by 

X-band radar via Bragg scattering. Therefore, in a NLIW train, areas with strong 

convergence and downwelling will be rougher and have a stronger radar signal 

relative to the undisturbed sea state, whereas areas of strong divergence and upwelling 

will be smoother and have a weaker radar signal. As the NLIW train moves onshore, 

the associated zones of modulated roughness will move with it, allowing for NLIWs 

to be tracked via their surface signature. 

 By taking advantage of the surface signature of NLIWs, Chang et al., [2008], 

using methods previously used with satellite SAR images, showed that NLIWs in the 

South China Sea are visible on, and can be tracked by shipboard X-band radar. They 

showed that the horizontal spatial structure of the modulated sea surface roughness 

can be used to predict the horizontal spatial structure of the underlying NLIW [Chang 

et al., 2008], and that it is possible to estimate the horizontal velocity convergence and 

amplitudes of the NLIWs by measuring the surface scattering strength [Chang et al., 

2008].  Ramos et al., [2009] likewise showed that the direction of propagation of the 

waves, the wave speeds, wave widths, and number of waves per packet were 

observable by shipboard X-band radar off the New Jersey coast.  

 This paper builds on the work by Chang et al. [2008] and Ramos et al. [2009], 

and applies the use of shipboard X-band radar in Massachusetts Bay to study the 

evolution of nonlinear wave packets as they propagate from their generation site 

across the basin to where they break. Specifically, we quantify the propagation 
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direction, wavelength, and wave speed of the NLIWs as the wave trains propagate 

across the basin. 

 The remainder of this thesis is organized as follows: chapter two provides a 

brief overview of the study region, previous studies, and the current study; chapter 

three discusses the capture and processing of the data; chapter four discusses the 

methodology for calculating the properties of the waves (angle of propagation, 

wavelength, and wave speed of the NLIWs); chapter five discusses some of the 

dynamics of propagating NLIWs; chapter six describes the observations of the 

properties and how they varied as the NLIWs evolved and propagated onshore; and in 

chapter seven we interpret these observations in the context of the dynamics of 

propagating and shoaling NLIWs. 
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2. Background: 

 To better understand the role that shoaling NLIWs play in the coastal ocean, 

four cruises were undertaken during the summers of 2008 and 2009 to study NLIWs 

in the section of Massachusetts Bay bounded to the east by Stellwagen Bank and to 

the west by the coastline centered on Scituate, Massachusetts, USA (Figure 1). NLIWs 

are commonly observed in the area during summer months, and occur regularly in 

time [Halpern, 1971; Butman et al., 2006a; Scotti et al., 2007]. These waves are 

generated when the ebbing barotropic tidal flow becomes supercritical over 

Stellwagen Bank [Hibiya, 1988; Scotti et al., 2007], creating a large-scale (~10 km in 

length) pycnocline depression that propagates westward from the bank. As it begins to 

propagate across the basin, it evolves into a NLIW train with waves of depression, and 

as the NLIWs begin to shoal, they interact strongly with the bottom, creating strong 

bottom currents [Butman et al., 2006a; Scotti et al, 2008], and evolve into a broad bore 

front with trailing waves of elevation [Scotti et al., 2008]. Because the distance 

between the NLIW’s generation site and where they are no longer observable on the 

shipboard X-band radar are only ~ 25 km apart, a complete observation of the 

evolution of a wave packet is possible in less than a day.  

 For these reasons, this area has been the site of numerous internal wave 

experiments. Halpern first observed internal waves in Massachusetts Bay in 1966 

[Halpern; 1971] by collecting a time series of temperature data from a single mooring. 

Haury et al. [1979] determined the generation mechanism of the waves to be the 
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supercritical tidal flow over Stellwagen Bank. Trask and Briscoe [1983] showed that 

NLIWs could be detected in Massachusetts Bay by satellite SAR data. In 1998, the 

Massachusetts Bay Internal Wave Experiment (MBIWE98) was undertaken to 

characterize the generation, propagation and shoaling of NLIWs in Massachusetts 

Bay. During this experiment, it was determined that: the generation of the NLIW train 

is a time-dependent phenomena of infinitesimal waves generated over Stellwagen 

Bank that propagate shoreward until their phase speed matches the current of the 

ebbing tide and are then amplified until the current slackens enough to release the 

internal wave packet [Hibiya, 1988; Scotti et al., 2007]; and that the generation, 

propagation and shoaling of NLIWs in Massachusetts Bay can be modeled using a 

fully nonlinear, non-hydrostatic, two-dimensional (cross-shore and vertical) model  

which reproduces well some of the propagation characteristics of NLIWs and provides 

a framework to interpret field observations [Scotti et al., 2007; Scotti et al., 2008]. 

 The overarching goals of our field studies in 2008 and 2009 were to: quantify 

the cross-shore buoyancy fluxes and flux divergences associated with NLIWs; 

quantify the cross-shore transport scales and determine the regions over which 

significant transport occurs; and to quantify the energy flux, flux divergence, and 

momentum budgets of NLIWs along their shoaling path. During our study, the 

shipboard X-band radar was used to quantitatively describe the angles of propagation, 

the wavelengths, and wave speeds of the waves and how they varied as the waves 

propagated onshore. 
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 During our field studies, the use of X-band radar to study NLIW processes was 

only a part of the larger experiment. Moorings and tripods were used to collect time 

series of water column variability due to the passage of the waves during both 

summers at four (2008) or six (2009) sites; shipboard CTDs, ADCPs and 

echosounders were used to continually profile the water column and measure 

variability due to internal waves; fluorescent dye tracking and surface drifters 

quantified horizontal and vertical transport by NLIWs.  

 During both summers, a mooring was deployed at the 36m isobath (MB-36), 

and the ship tracked the NLIWs along a line from Stellwagen Bank inshore through 

this mooring, as shown in Figure 1. During the 2009 cruises, the angle of the transect 

line was changed to be more aligned with the angles of wave propagation observed 

during 2008 (Figure 1). The bathymetry of the 2008 line, offshore of MB-36, is shown 

in Figure 2. 

 During the initial tracking of a wave, the NLIW train was profiled in both the 

on- and off-shore directions along the transect line: initially heading offshore, the ship 

would cross into the wave train before turning about and steaming onshore, when it 

would cross the leading edge in the onshore direction. The ship would then turn about 

and repeat the process, allowing for the radar to observe the leading few waves as the 

NLIW train propagated onshore. 
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Figure 1:  Map of Bathymetry of Study Area 
 
The black square indicates the location of the MB-36 mooring. The solid black and 
dotted black lines represent the transect lines followed by the ship during the 2008 and 
2009 cruises, respectively. The arrows off the 2008 transect line represents the estimated 
propagation direction of the NLIWs during the September cruises at various distances 
offshore from MB-36, discussed in Chapter 6. The black circle located on the offshore 
end of the 2008 transect line represents the approximate field of view of the ship’s radar 
when adjusted as described in Chapter 3. 
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Figure 2: Bathymetry of 2008 Transect Line 
 
The Onshore Region marks the monotonically increasing bathymetry, onshore of the 
92.5m isobath. The Offshore Region marks everything offshore of the 92.5m isobath. The 
vertical black solid line marks the location of the 92.5m isobath, and the separation of the 
Onshore and Offshore Regions. The vertical dashed line represents the edge of 
Stellwagen Bank; everything onshore of the vertical dashed line represents Stellwagen 
Basin.  
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3. Data Set: 

 Two research vessels were used at different times during the four cruises: the 

R/V Cape Hatteras was operated off of for the initial cruise, and the R/V Hugh Sharp 

for the remaining three. Summaries of the four cruises can be found in Table 1. The 

radars used to capture the surface signature of NLIWs were standard shipboard marine 

radars tuned to be able to detect variations in sea surface roughness. Specifications for 

the radars and antennas used on the two ships are found in Table 2. 

 During the four cruises, the radar was typically set to cover a 2.60 km range 

and had an inner range of no coverage of 0.24 km (Sharp) and 0.22 km (Hatteras). The 

radar data was captured from the radar display unit on the bridge in the form of digital 

images, every 30 seconds, using an Epiphan VGA2USB video capture device.  The 

radar data was then isolated from these images. 

 The radar dataset captured during these cruises did not undergo radiometric 

calibration for numerous reasons, the most important of which were that the surface 

features were apparent in un-calibrated images, and that no standard was present to 

calibrate the images to. Similarly, the radar data did not undergo image 

homogenization to correct for intensity drop-off due to wind direction or distance 

from the ship.  A subset of the data was tested to see if image homogenization would 

improve results; when the homogenized data was compared with the non-

homogenized data, the results from the homogenized data were no better from those 

that were not.  
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Table 1: Summary of Cruises 

 

The following table contains a summary of the four cruises. Variations in the 

number of waves encountered between cruises was due both to variations in 

tracking patterns and adverse weather condition preventing profiling. An 

explanation for variations between the numbers of NLIWs observed and 

encountered is given: during the Hatteras 2008 cruise, not all of the wave data 

was recorded due to a lack of instrumentation during the first portion of the 

cruise; during the Sharp 2008 cruise, the recording device crashed and failed to 

capture all the data, and during Sharp 2009b cruise, adverse weather conditions 

increased the background noise such that it was not possible to observe the 

surface signature of the waves.  

 

 

Cruise Cruise Dates # NLIWs 

Encoutered 

# NLIWs 

Observed 

by Radar 

R/V Hattaras 

2008 

Jul 26- Aug 3 16 8 

R/V Sharp    

2008 

Sept 19- Sept 27 9 8 

R/V Sharp  

2009a 

Jul 19 -Jul 27 13 13 

R/V Sharp  

2009b 

Sept 15- Sept 23 9 7 
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Table 2:  

Specifications for X-band radars used in capture of NLIW surface signatures 

 

Two ships, with slightly different radars, were used for the capture of the X-band radar 
data. The specifications for each ship’s radar can be found in the table under its name. 
The R/V Hatteras was operated out of for the July 2008 cruise, and the R/V Sharp was 
operated out of for the remaining three.  

 

R/V Sharp: 

Radar / RF Transceiver Antenna Radiatior 

Model: Furuno FAR2127(-BB)  Model: XN20AF antenna (slotted waveguide array) 

Type: 25 kW X-band radar  Length: 6.5’  

RPM: 42  Beam Width (H): 1.23 dgrs 

Frequency: 9.410gHz ± 0.030 gHz  Beam Width (V): 20 dgrs 

TR Unit: RTR-079  Polarization: Horizontal 

Magnetron: MG5436   

 

R/V Hatteras 

Radar / RF Transceiver Antenna Radiatior 

 Model: Furuno FAR2x17 Model: XN20AF antenna (slotted waveguide array) 

 Type: 12 kW X-band radar Length: 6.5’  

RPM: 42 Beam Width (H): 1.23 dgrs 

Frequency: 9.410gHz ± 0.030 gHz Beam Width (V): 20 dgrs 

TR Unit: RTR-078 Polarization: Horizontal 

Magnetron:MG4010  
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,   ,      

4. Methods 

 Using the images collected from the shipboard X-band radar, the angle of 

propagation, the wavelength, and wave speed of the NLIWs were determined with the 

following methods. These methods are similar to those proposed by Chang et al. 

[2008] and Ramos et al. [2009], and variations in methodology are reported in each 

section.   

4.1. Propagation Direction (ϴp) 

 The angle of propagation of a NLIW in a radar image was determined first by 

converting the image data into Radon space using the Radon transform, defined as 

 

 

 

[Murphy, 1986]. For our purposes, f(x,y) represents the radar backscatter data, and the 

Dirac delta function therefore forces the integration of the backscatter data along the 

line 

 

r = x cos(ϴ) + y sin(ϴ) 
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f(r, ϴ) was computed for all angles [Chang et al., 2008; Ramos et al., 2009], and 

normalized by the number of pixels that went into the calculation, giving the Radon 

transform of the image. By converting the radar data (Figure 3a) into Radon space 

(Figure 3b), the intensity at a given f(r, ϴ) [in Radon space] is the average backscatter 

intensity along a line perpendicular to ϴ at a distance r away from the ship (in the 

radar image).  

 Since over small along-shore distances, NLIW trains exhibit nearly parallel 

zones of convergence and divergence, in a radar image, near the angle of propagation, 

the Radon transform should have sections of high and low intensity corresponding to 

the zones of convergence and divergence of the NLIW, observable in Figure 3b near  

ϴ = 240 °T, with the highest variation between the high and low intensity at the angle 

of propagation (ϴp). ϴp was determined by calculating the Fourier power spectrum 

versus wavelength of the Radon transform at each angle, and then selecting the angle 

with the maximum variance in the NLIW wavelength band, (100m and 1000m). 

Ambiguity in the on- or off-shore directionality of the waves was removed when the 

wave speed was determined.  

 This method is more robust than the simple thresholding method used by 

Ramos et al. [2009] because it more effectively eliminates the possibility of getting a 

false angle caused by spurious, non-wave induced zones of high backscatter by taking 

into account the oscillatory nature of the NLIW surface signature. 
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 To determine the cross-shore variability of the angle of propagation, ϴp was 

calculated for each leading edge crossing (LEC), defined as when the ship transected 

the middle of the leading zone of convergence, when the leading zone of convergence 

was visible. The angle of propagation for each LEC was determined by taking the 

mean value of ϴp for the ten images immediately prior to the LEC, the ten images 

immediately following the LEC, and the LEC image itself. The error associated with 

this value was taken to be the standard error of the 21 ϴp measurements. 

 4.2. Wavelength (λ) 

 Because variations in the sea state, local weather and radar gain settings affect 

the number of zones of convergence observable in a given image, a robust 

methodology for computing the dominant wavelength must allow for a variable 

number of zones of convergence to be observed between images. Because the leading 

waves in the wavetrain have the largest amplitudes, they generate the strongest surface 

currents and therefore the strongest modulated surface roughness and highest variation 

in backscatter (the variation in modulated backscatter can be seen in the Radon 

transform at ϴp in Figure 3c). Furthermore, as the currents weaken as the NLIWs 

propagate onshore, because the leading waves have the strongest currents, the leading 

waves should be observable the furthest inshore.  

 To ensure that the same portion of the NLIW was always measured between 

images, for a given image, the wavelength of the wave train was calculated by 

measuring, in the Radon transform at the angle of propagation (RTϴp), the distance 
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between the first and third zones of convergence, as shown in Figure 3c. That distance 

was then divided by two, giving the average width of the leading two waves of a wave 

train. If fewer than three zones of convergence were observable in an image, a 

wavelength was not computed.  

 To determine cross-shore variability in λ, for each LEC of a NLIW train, the 

wavelength was calculated for the image immediately prior to and following the LEC, 

as well as the LEC image itself. The wavelength of the NLIW train for a given leading 

edge crossing was therefore calculated as the mean of the three wavelength 

measurements, and the error as the standard error of the three measurements.  

4.3. Wave speed (c) 

 The calculation of the wave speed, c, was performed by observing the velocity 

of the wave near each LEC. To calculate the velocity of a NLIW at a LEC, 21 RTϴp 

were calculated centered (in time) around the LEC image to give a time series of 

observations of the position of the NLIW train versus time. These twenty-one images 

represent five minutes of data before and five minutes of data after the leading edge 

crossing. By cross-correlating each RTϴp with the RTϴp 150 seconds after it, it was 

possible to calculate how far the wave had moved relative to the ship during that 

period, as shown in Figure 3c. Once the distance the wave had moved relative to the 

ship has been measured, the wave’s velocity relative to the ship is then trivially 

computed. The actual, georeferenced velocity of the wave is then computed by 

removing the component of the observed velocity caused by the movement of the 
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ship.  The average of the seventeen georeferenced velocities was then taken as the 

observed velocity of the NLIW at the time and location of the LEC (c ), with the error 

as the standard error of the seventeen velocities.  This method is similar to that used 

by Ramos et al.[2009] in that both methods involve the cross-correlation of the RTϴp 

data at different periods in time.  

 Once c was known for a given LEC, the barotropic tidal component of the 

velocity needed to be removed. The barotropic tidal velocity for a given LEC was 

calculated at that location and time using the NOAA Vdatum 2D ADCIRC tidal model 

for the Gulf of Maine [Yang, Z. and E. Myers, 2007]. The tidal component of velocity, 

in the direction of ϴp, was then removed from the observed velocity, giving the 

corrected wave speed for the LEC.  
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Figure 3a:Example of Radar Data 
 
An example of radar data captured with the system described in Chapter 3. The image is 
of the first leading edge crossing of Wave Cake, during the September 2008 cruise. The 
thin gray circle in the image has a radius of one nautical mile. Light areas correspond to 
areas of high backscatter, while dark areas correspond to areas of low backscatter. 
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Figure 3b: Radon Transform of Radar Data 
 
The Radon transform of the radar data shown in Figure 3a, showing the average intensity 
of the image as a function of distance and orientation (degrees true). As the angle that the 
image is integrated at becomes closer to ϴp, the oscillatory nature of the NLIWs becomes 
apparent. The angle with the maximum variance in the internal wave band (100-1000m), 
ϴp,  is shown as the vertical black line.  
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2λ Δx 

 

Figure 3c: Radon Transforms at Angle with Maximum Variance in  
Internal Wavelength Band 
 
The Radon transform (Figure 3b) of the radar data (Figure 3a) at ϴp is shown as the thick 
black line. The vertical solid lines correspond to the maxima in the first and third zones 
of convergence of that Radon transform. The distance between the first and third zones of 
convergence represents twice the average wavelength of the leading two waves in the 
wave train (2λ). The thin black line corresponds to the Radon transform of the radar data 
150 seconds after Radon transform represented by the thick black line. The distance that 
the Radon transform has been shifted in space corresponds to the distance that the wave 
has moved relative to the ship during that time period (Δx). 



21 
 

sin
sin

5. Physical Processes affecting NLIW Properties 

 As a NLIW propagates onshore, various processes can affect the properties of 

the wave. Some of the physical processes that affect NLIWs in Massachusetts Bay are 

discussed below.  

5.1. Variations in the Propagation Direction 

 The oblique incidence of a NLIW packet onto a region of varying bathymetry 

can cause refraction of the wave front due to the variation of the wave speed along the 

front. The refraction of the waves obeys Snell’s law [Small, 2001] : 

 

   

 

where ϕinc and ϕref  refer to the incident and refracted angles relative to the gradient of 

the bathymetry; and cinc
 and cref refer to the nonlinear phase speeds of the incident and 

refracted waves, which depends on the stratification, water column depth, and 

amplitude of the NLIWs [Small; 2001].  Therefore, if a NLIW propagates onshore 

through a region of horizontally homogeneous stratification at an angle non-

perpendicular to the gradient of the bathymetry, or if it propagates over bathymetry 

with a changing orientation, the angle of propagation of the NLIW will change. 

 Furthermore, a NLIW train, generated along a curved wave generator, such as 

Stellwagen Bank (see Figure 1), will have a curved wave front. Because, at a given 
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tanh tanh 
 tanh 

location along the wave front, the direction of propagation will be perpendicular to the 

orientation of the wave front, for a curved wave front, different portions of the wave 

will have different directions of propagation. 

 5.2. Variations in Wavelength (λ) 

 As a NLIW propagates onshore, various mechanisms may affect the 

wavelength of the waves in the wave train. For a linear internal wave in a two-layer 

fluid, the wave’s group speed is given by  

 

tanh  

  1  
1
3

 

which, in the limit of kh → 0, to first order simplifies to  

 

     

 

 

       

 

where Δρ and ρo are the differences in density and the average of the densities 

between the upper and lower layers, h1 and h2 are the thicknesses of the upper and 

lower layers, and k  is the wave number of the wave. Therefore, in a given wave train, 
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where the width of the waves decreases into a wave train (see Figure 3c), the 

corresponding wave speeds will decrease further into the wave train. Therefore, in a 

NLIW train, the trailing waves will propagate onshore more slowly than those in front, 

causing the leading waves to outrun those behind, and stretch out the wave packet, 

leading to an increase in the distance between zones of convergence.  

 Because the tidal currents are highly time dependent and, on the size scale of  a 

NLIW packet    dUtide  / dx   is very small, so as a NLIW packet propagates through the 

varying tidal currents, the tidal currents should not cause a variation in the 

wavelength. However, there should be a change in the frequency of the NLIW train, 

caused by the advection of the wave by the tidal currents. 

5.3. Variations in Wave speed (c) 

 For a linear plane wave in a constantly stratified fluid, the observed velocity of 

the wave packet will be a combination of the group speed and the component of the 

tidal velocity in the direction of propagation of the wave train. If the tidal current has a 

component of its velocity in ϴp, then the wave will propagate onshore faster than its 

wave speed, whereas if the current is in the opposite direction of ϴp, then the wave 

will propagate  onshore slower than its wave speed.  

 As previously discussed, the first order approximation for the group wave 

speed for a linear wave in a two-layer fluid in the absence of currents is given by: 
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    1  
1
3     

 

For a given λ, if the stratification is constant in the horizontal, then as the NLIW 

propagates onshore, the wave speed should only be a function of the vertical 

stratification, the depth of the pycnocline, and the total depth of the fluid.  

 Furthermore, at a given water column depth, if the variation in density between 

the two layers is held constant, and the location of the pycnocline deepened towards 

mid-depth, the wave speed of the internal waves increases. Conversely, if the 

pycnocline is held at the same level, but the density difference is reduced, then the 

wave speed of the internal waves will decrease.  
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6. Results 

6.1. Stratification of the Water Column 

 During each of the four cruises, the stratification of the water column was 

measured along the transect line used for that cruise. The stratification was then 

averaged in the cross-shore direction along the transect line, with the averaged, 

vertical stratifications (between 0m and 70m) for the four cruises shown in Figure 4. 

From the profiles it is clear to see that the stratification of the water column was 

stronger and shallower during the July cruises than during September. The buoyancy 

periods were calculated from these profiles, and the minimum buoyancy periods and 

their associated depths are shown in the sub-table in Figure 4. Reflecting the shallower 

and more strongly stratified pycnocline, the July buoyancy periods are shorter and 

shallower than the corresponding September values. 

6.2. Inshore Observability 

 As a NLIW packet evolved as it propagated onshore, the induced surface 

convergences weakened and the NLIW backscatter signal weakened, until eventually 

the surface signature became lost in the background noise. Given the varying sea and 

weather conditions, tidal forcing and stratification, the location where the surface 

signal became lost in the noise and the rate at which the signal weakened varied for 

each wave train.   

 As the waves propagated onshore, the location where wave properties were no 

longer measurable varied both by season and by year, as observable in Figures 5-7. As 
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the waves evolved as they propagated onshore, the wavelengths and zones of 

convergence became wider (see Figure 6), causing the strength of the convergence and 

the modulated roughness to decrease. Therefore, even without variations in the 

background sea state, the backscatter signal became weaker until it was eventually lost 

in the noise.  

 Relative to July, the September waves evolved more rapidly, and the zones of 

convergence became weaker further offshore, and as such, the September waves were 

no longer observable further offshore relative to those from July. Inter-annually, 

during the September cruises, the properties in 2009 were no longer observable by 

radar further offshore than those in 2008.  

 The fact that, for all four cruises, the NLIWs were not observed inshore of the 

36m isobath by the shipboard X-band radar is consistent with NLIWs in 

Massachusetts Bay not being observed via satellite SAR inshore of approximately the 

40m isobath [Butman et al., 2006a]. 

6.3. Bathymetry and Regions of Interest 

 The region between the MB-36 mooring and the offshore point (the entire 

region) was broken up into two regions: the region between the MB-36 mooring and 

the 92.5m isobath, referred to as the onshore region, and the region offshore of the 

92.5m isobath, referred to as the offshore region, shown in Figure 2. The width of the 

onshore region is approximately 12.5km, as is the width of the offshore region. Given 

that the onshore region monotonically increases, and slopes more rapidly than the 
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offshore region, the onshore region was chosen to represent the area where shoaling 

should be the most pronounced.  

6.4. Wave Properties 

  For each wave, ϴp, λ and c were computed at each LEC when the properties 

were observable. The mean values of the wave properties and the cross-shore variation 

of the wave properties were computed for each wave, as well as for each cruise and 

season (summer (July) and fall (September) ). The cross-shore variations of ϴp, λ and 

c were determined by calculating a least-squares linear trend of the value of the 

measurements at the LECs and the distance of the LECs from the MB-36 mooring, 

projected onto the 2008 transect line. The errors associated with the rates of change 

were calculated as the uncertainty of the estimate of the slope of the least-squares 

linear fit [Taylor; 1997]. A summary of the wave properties and the variation in the 

wave properties can be found in Table 3. A condensed version of the table, containing 

the results of the observations binned by cruise and by season is found in Table 4. The 

waves were grouped by season in addition to by cruise because the stratification 

varied more so by season than by year, as seen in Figure 4. 

 In Table 3, the mean value for a property of a wave was computed as the mean 

of all LEC values of that property for the wave. The mean values for a cruise’s or 

season’s properties, i.e. mean(July), were computed as the mean of all LEC values for 

all the waves during that cruise or season.  The errors associated with the mean values 

were calculated as the standard error of those values. 
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 In Table 3 and Table 4, the expectation values for a cruise’s or season’s 

properties, i.e. <July>, were computed as the average of the mean values, discussed in 

the previous paragraph, for all the waves during that cruise or season. The errors 

associated with the expectation values were computed as the standard error of the 

mean values. 

 In Table 3 and Table 4, the mean rates of change for a cruise or a season were 

computed by pooling all the LEC values of the property for that cruise or season, and 

computing the slope of a least-squares fit to the values of the property and their 

location offshore referenced to the 2008 transect line. The errors associated with these 

rates of change were calculated as the uncertainty of the estimate of the slope of the 

least-squares linear fit [Taylor; 1997]. The expectation value of the rate of change of a 

property for a cruise or season was computed by calculating the average of the rates of 

change of the waves during that cruise or season, discussed above, with the error of 

the expectation value computed as the standard error of the mean values used in the 

calculation.  

 6.4.1. Angle of Propagation 

 Over all four cruises the mean ϴp was approximately 243 +/- 2°T. There is not 

a significant difference between the July 2008, July 2009, or September 2009 angles 

of propagation and the mean angle of propagation for the entire cruise. However, the 

mean ϴp for September 2008 was significantly larger (252 +/- 1° T) than the average 

trend.  



29 
 
 During the both seasons, over the entire region, as the NLIWs propagated 

onshore, ϴp becomes increasingly westward, as shown in Figure 5. The rates of 

change in ϴp between seasons is significant, with the rate of westward propagation in 

September being roughly twice (1.1° T / km) of that observed in July (0.6° T / km).  

 Interannual variation for each season, over the entire region, leads to a more 

complex picture. During both the 2008 and 2009 July cruises, the propagation 

direction of the NLIWs becomes more westward as the waves move onshore  

(2.29 +/- 1.11° T / km   for 2008,     2.96 +/- 1.37° T / km   for 2009), whereas for the 

individual September cruises, the rate of westward propagation is less pronounced 

(0.42 +/- 0.30° T / km   for 2008,     0.86 +/- 0.34° T / km   for 2009).   

 6.4.2 Wavelength 

 Over the four cruises, the NLIWs had an average wavelength of approximately 

352m, with the smallest and largest wavelengths observed ranging between 

approximately 250m and 650m. Over the entire region, during both the July and 

September cruises, as the NLIWs propagated onshore, the wavelength, the distance 

between the first and third zones of convergence, of the NLIW trains increased, as 

shown in Figure 6. However, there were large variations in the rate of increase 

between seasons. As the waves moved onshore the wavelengths of the July waves 

increased by a factor of approximately 20%, whereas during the September cruises, 

the wavelengths increased substantially more, by a factor of almost 200%. 
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 When the waves are grouped by cruise, all four cruises show a statistically 

significant increase in wavelength as the NLIWs propagate onshore. While the 

wavelength’s rate of increase during July 2008,   12.7m/km,   was substantially higher 

than July 2009,   2.3m /km ,   the paucity of data makes the July 2008 trend suspect. 

The rate of increase between the 2008 and 2009 September cruises are not statistically 

different: 15.6 +/- 3.3 m/km   vs  13.1 +/- 1.8 m/km. 

 When the seasons are divided into the shoaling and offshore regions, during 

both July and September, in the offshore region, the NLIWs show a statistically 

significant increase in wavelength as the waves propagate onshore. In the onshore 

regions, during the September cruises, the NLIWs continued to increase  

(13.0 +/- 7 m/km), whereas during the July cruises, once the waves reached the 

onshore region, the wavelengths did not change in a statistically significant way 

(-3 +/- 3.9 m/km ). For the September data, there is no statistically significant variation 

in the rate of wavelength increase between either the onshore and offshore regions, 

13.0 +/- 6.8 m/km and 9.1 +/- 2.5 m/km, or between the onshore and offshore regions 

and the entire region, 13.1 +/- 1.8 m/km, implying that the increase in wavelength 

during September was uniform over the entire region. 

 6.4.3 Wave Speed 

 The initial observed wave speeds were a combination of the velocity of the 

wave and the tidal currents. These velocities are shown in Figure 7. The tidal 

velocities were calculated at the location and time for each LEC, shown in Figure 8, 
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and were removed from the observed velocities, giving the wave speed of the waves in 

the reference frame of the water, as shown in Figure 9. Comparisons of Figures 7 and 

9 show that removing the tidal component of the velocity from the observed wave 

speeds removes the majority of the observed variation in wave speed in the onshore 

and offshore regions. 

     During both the summer and fall seasons, with the tidal component of the 

velocity removed, the mean wave speeds over the entire region are statistically 

similar: 0.53 +/- 0.02 m/s for July and 0.55 +/- 0.01 m/s  for September. Both the July 

and September cruises show a slight increase in wave speed as the NLIWs propagate 

onshore: 0.003 +/- 0.002 m/s / km   for July and 0.006+/- 0.003 m/s /km   for 

September. 
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Sub-Table 

Cruise 

July 08 

July 09 

Sept 08 

Sept 09 

Min. Buoy Period 

1.9 min 

2.3 min 

3.3 min 

3.5 min 

Depth 

8m 

8m 

14m 

26m 

 
 
 
Figure 4: Water Column Stratification 
 
Water density v depth for the four cruises. Water column densities were calculated as the 
mean density at a given depth along the transect line used during that year (see Figure 1 
for location of transect lines). Gray lines represent the 2008 cruises, while black lines 
represent the 2009 cruises. Dashed lines represent the July cruises, while solid lines 
represent the September cruises. The buoyancy frequency versus depth was calculated 
from each cruises’ stratification. The minimum buoyancy frequency and its associated 
depth is shown in the sub-table. 
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Figure 5: Angle of Propagation vs Distance Offshore 
 
The angle of propagation was computed for each LEC for all four cruises, and the 
resulting angles of propagation were binned by season. The gray x’s represent the 2008 
data, while the black diamonds represent the 2009 data. Trend lines were fit to the 
seasonally binned data in the onshore, offshore, and entire regions. The vertical dash-dot 
line represents the division between the onshore and offshore regions, while the vertical 
dashed line represents the edge of Stellwagen Bank (see Figure 2).  
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Figure 6: Wavelength vs Distance Offshore 
 
The wavelength of the leading two waves in a NLIW train was computed at each LEC for 
all four cruises, and the resulting wavelengths were binned by season. The gray x’s 
represent the 2008 data, while the black diamonds represent the 2009 data. Trend lines 
were fit to the seasonally binned data in the onshore, offshore, and entire regions. The 
vertical dash-dot line represents the division between the onshore and offshore regions, 
while the vertical dashed line represents the edge of Stellwagen Bank (see Figure 2).  
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Figure 7: Observed Wave speed vs Distance Offshore 
 
The wave speed was computed for each LEC for all four cruises, and the resulting wave 
speeds were binned by season. The gray x’s represent the 2008 data, while the black 
diamonds represent the 2009 data. Trend lines were fit to the seasonally binned data in 
the onshore, offshore, and entire regions. The vertical dash-dot line represents the 
division between the onshore and offshore regions, while the vertical dashed line 
represents the edge of Stellwagen Bank (see Figure 2).  
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Figure 8: Tidal Velocities vs Distance Offshore of MB-36 
 
The tidal velocity was computed at the corresponding positions and times for each LEC 
for all four cruises. Those tidal velocities were then removed from the observed wave 
speeds. Figure 8 is a plot of the magnitude and direction of the tidal velocities for each 
LEC during the four cruises, with the associated locations projected onto the 2008 
transect line (thin grey line through origin). From the figure, it is clear to see that, 
independent of the season or year, the NLIWs location appears to be strongly correlated 
to the phase of the tide.  



37 
 

 
 
Figure 9: Observed Wave Speed vs Distance Offshore with Tidal Component Removed 
 
Once the wave speed was computed for each LEC for all four cruises, the tidal 
component of the velocity was removed, and the resulting wave speeds were binned by 
season. The legend for the data points and lines correspond to those in Figures 5, 6 and 7 
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Table 3: Master Table Summary of Properties and Trends for All Waves and Cruises 
 
Table 3 contains the average values and trends of the wave properties, broken up by 
wave, cruise and season. 
 
For an individual wave, the mean value, i.e. mean(ϴ), of a wave property was calculated 
by computing the mean of all the individual LEC values of that property for the wave. 
The computation of the individual LEC values is discussed in Section 4 of this paper. For 
an individual cruise or season, the mean value of a wave property, i.e. mean(ϴ), was 
calculated by computing the mean of: all the individual LEC values of that property for 
the waves observed during that cruise or season. Errors were computed as the standard 
error of the corresponding individual LEC property values. A mean value was not 
computed if fewer than two individual LEC values were available.  
 
For an individual wave, cruise or season, the trend in a wave property, i.e. dϴ /dx, was 
computed by fitting a line to: the values of the property at the corresponding LECs vs the 
distances of the LECs from MB-36, projected onto the 2008 transect line described in 
Section 2. The computation of the values of the property at their corresponding LECs is 
discussed in Section 4 of this paper. Errors in the trend were calculated via Taylor [1997] 
(equation 8.17) A trend in wave property was not computed if fewer than three values of 
the property were not available. 
 
The expected value of a wave property for an individual cruise or season, i.e. <July 08>, 
was calculated by taking the average of the mean values, i.e. i.e. mean(ϴ), of the wave 
property for each wave observed during that cruise or season. Similarly, for an individual 
cruise or season, the expected value of a wave trend, i.e. <JH08>, was calculated by 
taking the average of the values of the trend of the wave property for each wave observed 
during that cruise or season. Errors in the expected values were calculated as the standard 
error of the corresponding mean values. 
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Table 3: Master Table Summary of Properties and Trends for All Waves and Cruises

Onshore btr Offshore btr Entire btr dgrs / km m / km Onshore tvr Offshore tvr Entire tvr
year Cruise Wave # ϴ #λ #v(on) #v(off) #v(tot) mean(ϴ)  +/- mean(λ)  +/- mean(c )  +/- mean(c )  +/- mean(c )  +/- dϴ / dx  +/- dλ / dx  +/- dc / dx  +/- dc / dx  +/- dc / dx  +/-
2008 JH08 Janis 1 1 1 0 1 x x x x x x x x x x x x x x x x x x x x

Kenji 2 2 2 0 2 245 3 334 14 0.58 0.07 x x 0.58 0.07 x x x x x x x x x x
Leo 2 0 2 0 2 234 1 x x 0.45 0.02 x x 0.45 0.02 x x x x x x x x x x

Maximus 4 4 2 0 2 231 6 319 30 0.58 0.04 x x 0.58 0.04 4.05 0.35 15.9 7.2 x x x x x x
Nina 2 1 2 0 2 242 2 x x 0.57 0.05 x x 0.57 0.05 x x x x x x x x x x
Ollie 2 2 1 0 1 225 6 327 22 x x x x x x x x x x x x x x x x

<July 08> 235 4 326 4 0.54 0.03 x x 0.54 0.03 x x x x x x x x x x
mean(July 08) 237 4 348 29 0.54 0.02 x x 0.54 0.02 2.29 1.11 12.7 14.7 -0.013 0.008 x x -0.013 0.008

2009 JS09 Buttercup 11 7 1 6 7 237 1 270 11 x x 0.50 0.04 0.52 0.04 0.73 0.16 11.4 1.1 x x 0.046 0.020 0.033 0.013
Carnation 6 4 0 4 4 247 4 326 17 x x 0.52 0.03 0.52 0.03 1.78 0.86 12.2 4.9 x x 0.015 0.005 0.015 0.005

Daisy 7 4 3 0 3 248 1 312 18 0.53 0.05 x x 0.53 0.05 -0.84 0.18 -9.0 4.7 -0.017 0.012 x x -0.017 0.012
Edelweiss 7 7 0 0 0 250 3 399 22 x x x x x x -0.87 0.57 -10.5 2.4 x x x x x x

Forget-Me-Not 4 3 3 0 3 247 3 375 28 0.52 0.01 x x 0.52 0.01 5.28 1.45 -65.2 2.0 0.034 0.005 x x 0.034 0.005
Gladiola 10 7 2 4 6 229 3 310 14 0.51 0.13 0.42 0.10 0.45 0.07 0.88 0.20 3.5 1.7 x x 0.015 0.046 0.006 0.013

Hydrangea 5 3 2 0 2 255 2 358 16 0.63 0.05 x x 0.63 0.05 1.56 0.14 -15.1 8.1 x x x x x x
Jasmine 3 0 1 0 1 248 2 x x x x x x x x -4.43 4.49 x x x x x x x x

Kniphofia 11 8 0 4 4 238 2 348 23 x x 0.55 0.06 0.55 0.06 1.24 0.22 17.2 1.5 x x 0.005 0.033 0.005 0.033
Lavendar 3* 4 2 1 3 247 2 360 10 0.64 0.04 x x 0.60 0.04 1.78 0.08 2.3 5.8 x x x x 0.058 0.013
<July 09> 245 2 340 13 0.57 0.03 0.50 0.03 0.54 0.02 0.71 0.78 -5.9 8.3 0.009 0.025 0.020 0.009 0.019 0.009

mean(July 09) 242 1 338 9 0.55 0.02 0.50 0.03 0.52 0.09 2.96 1.37 3.0 1.4 -0.015 0.006 0.016 0.009 0.004 0.003

<July> 242 2 336 10 0.56 0.02 0.50 0.03 0.54 0.02 1.01 0.77 -3.7 7.7 0.009 0.025 0.020 0.009 0.019 0.009
mean(July) 241 1 340 9 0.55 0.02 0.50 0.03 0.53 0.02 0.63 0.14 2.9 1.4 -0.014 0.005 0.016 0.009 0.003 0.002

Onshore Offshore Entire btr dgrs / km m / km Onshore tvr Offshore tvr Entire tvr
year Cruise Wave # ϴ #λ #v(on) #v(off) #v(tot) mean(ϴ)  +/- mean(λ)  +/- mean(c )  +/- mean(c )  +/- mean(c )  +/- dϴ / dx  +/- dλ / dx  +/- dc / dx  +/- dc / dx  +/- dc / dx  +/-
2008 SS08 Allman 2 2 1 0 1 248 1 404 8 x x x x x x x x x x x x x x x x

B52 2 2 2 0 2 256 1 366 1 0.57 0.03 x x 0.57 0.03 x x x x x x x x x x
Cake 4 4 2 1 3 248 3 455 58 0.68 0.07 x x 0.59 0.09 1.30 0.09 25.1 4.0 x x x x 0.029 0.015
Diddy 7 7 2 4 6 250 3 401 50 0.56 0.06 0.49 0.01 0.51 0.02 2.22 0.26 33.8 1.4 x x 0.003 0.011 0.016 0.005
Foo 7 6 4 3 7 257 1 303 19 0.58 0.03 0.49 0.01 0.54 0.03 -0.08 0.34 8.1 4.9 0.024 0.004 0.015 0.009 0.015 0.002

Gogo 4 4 2 0 2 247 2 369 50 0.56 0.04 x x 0.56 0.04 1.79 0.47 56.4 4.6 x x x x x x
Iggy 5 5 2 1 3 254 5 401 31 0.55 0.02 x x 0.48 0.07 1.32 1.64 19.4 2.9 x x x x 0.027 0.023

<Sept. 08> 251 2 385 18 0.58 0.02 0.49 0.00 0.54 0.02 1.31 0.39 28.6 8.1 x x 0.009 0.006 0.022 0.004
mean(Sept. 08) 252 1 382 18 0.57 0.02 0.46 0.02 0.53 0.02 0.42 0.30 15.5 3.3 0.015 0.006 -0.001 0.017 0.015 0.003

2009 SS09 Ares 1 1 1 0 1 x x x x x x x x x x x x x x x x x x x x
Bootes 3 3 3 0 3 244 1 456 18 0.58 0.02 x x 0.58 0.02 -0.88 0.21 34.3 4.5 -0.020 0.003 x x -0.020 0.003
Cygnus 10 6 3 6 9 243 2 377 45 0.59 0.00 0.74 0.03 0.60 0.02 0.75 0.31 21.4 3.7 -0.003 0.003 0.008 0.015 -0.001 0.006
Electra 2 2 0 2 2 231 1 297 6 x x 0.73 0.03 0.73 0.03 x x x x x x x x x x
Indus 9 5 2 3 5 233 3 359 14 0.67 0.13 0.52 0.02 0.58 0.06 2.14 0.40 23.5 6.4 x x 0.003 0.035 0.040 0.020
Kastra 6 4 0 5 5 248 2 308 19 x x 0.49 0.05 0.49 0.05 1.73 0.34 17.4 7.2 x x 0.036 0.017 0.036 0.017
Marfik 5 2 0 2 2 237 8 292 1 x x 0.45 0.02 0.43 0.02 5.45 1.14 x x x x x x x x

<Sept. 09> 239 3 348 26 0.61 0.03 0.59 0.06 0.57 0.04 1.84 1.04 24.1 3.6 -0.011 0.008 0.016 0.010 0.014 0.014
mean(Sept. 09) 240 2 359 16 0.59 0.03 0.60 0.03 0.57 0.02 0.86 0.34 17.7 1.6 0.003 0.026 0.025 0.012 0.008 0.005

<September> 246 3 368 26 0.59 0.03 0.56 0.06 0.56 0.04 1.57 1.04 26.6 3.6 0.000 0.008 0.013 0.010 0.018 0.014
mean(September) 245 1 372 12 0.58 0.02 0.56 0.03 0.55 0.01 1.11 0.20 13.1 1.8 0.009 0.006 0.003 0.011 0.006 0.003
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Table 4: Combined Statistics of Wave Properties, Grouped by Cruise and by Season

Ju 08 -09  July Sep-08 Sep-09

mean(ϴ) ° 237 4 242 1 241 1 252 1 240 2 245 1
mean(λ) m 348 29 338 9 340 9 382 18 359 16 372 12

Onshore mean(c ) m/s 0.54 0.02 0.55 0.02 0.55 0.02 0.57 0.02 0.59 0.03 0.58 0.02
Offshore mean(c ) m/s x x 0.5 0.03 0.5 0.03 0.46 0.02 0.6 0.03 0.56 0.03
Entire mean(c ) m/s 0.54 0.02 0.52 0.09 0.53 0.02 0.53 0.02 0.57 0.02 0.55 0.01

dϴ / dx °/km 2.29 1.11 2.96 1.37 0.63 0.14 0.42 0.3 0.86 0.34 1.11 0.2
dλ/ dx m/km 12.7 14.7 3.0 1.4 2.9 1.4 15.5 3.3 17.7 1.6 13.1 1.8

Onshore dc/dx m/s /km -0.013 0.008 -0.015 0.006 -0.014 0.005 0.015 0.006 0.003 0.026 0.009 0.006
Offshore dc/dx m/s /km x x 0.016 0.009 0.016 0.009 -0.001 0.017 0.025 0.012 0.003 0.011
Entire dc/dx m/s /km -0.013 0.008 0.004 0.003 0.003 0.002 0.015 0.003 0.008 0.005 0.006 0.003

<ϴ> ° 235 4 244 3 241 2 251 2 239 3 246 3
<λ> m 326 4 332 12 331 9 385 18 348 26 368 26

Onshore <c >Onsh   > m/sm/ 0 540.54 0 030.03 0 570.57 0 030.03 0 560. 0 0256 0.02 0 580.58 0 020.02 0 60. 1 0 03 0 59 0 0361 0.03 0.59 0.03
Offshore <c > m/s x x 0.5 0.03 0.5 0.03 0.49 0 0.59 0.06 0.56 0.06
Entire <c > m/s 0.54 0.03 0.54 0.02 0.54 0.02 0.54 0.02 0.57 0.04 0.56 0.04

< dϴ / dx > °/km x x 0.89 0.86 1.2 0.83 1.31 0.39 1.84 1.04 1.57 1.04
< dλ/ dx > m/km x x -5.4 9.4 -3 8.6 28.6 8.1 24.1 3.6 26.6 3.6

Onshore < dc/dx > m/s /km x x 0.009 0.025 0.009 0.025 x x -0.011 0.008 0 0.008
Offshore < dc/dx > m/s /km x x 0.02 0.009 0.02 0.009 0.009 0.006 0.016 0.01 0.013 0.01
Entire < dc/dx > m/s /km x x 0.019 0.009 0.019 0.009 0.022 0.004 0.014 0.014 0.018 0.014

Table 4 contains the binned properties of the waves observed. For a given cruise or season, i.e. Jul-08, the mean values of a 
property, i.e. mean(ϴ) were calculated as the mean values of all the observations of that property at the leading edge crossings 
for that cruise or season. The expectation values of a property, i.e. < ϴ >, for a cruise or season, were calculated as the mean 
of all the waves' mean values for that cruise or season
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7. Discussion  

7.1 Angle of Propagation 

 Over all four cruises, the mean angle of propagation was approximately 243°T. 

This value agrees well with the angles of propagation observed near the 85m isobath 

during the Massachusetts Bay Internal Wave Experiment (MBIWE98), of 

approximately 245°T [Butman et al., 2006b]. 

 The variation in the NLIW’s directionality as they propagate onshore is not 

consistent with bathymetric refraction. As the NLIWs propagate onshore, ϴp increases 

beyond being perpendicular to the bathymetry, as shown by the estimated angles of 

propagation, calculated from the September observations of ϴp, shown in Figure 1. 

 The variation of the directionality may be explained by the curved wave front 

generated on Stellwagen Bank. As the ship moves along the transect line, it is possible 

that the ship is observing a portion of the wave front from a more northerly portion of 

the bank, having a more southerly direction of propagation. As the ship moves inshore 

along the line, it then may observe a portion of the wave front generated on a more 

southern location on Stellwagen Bank, which is therefore propagating more westerly. 

Despite the fact that it was not observable in the majority of the data collected, for a 

select number of waves, a slight curvature of the wave front, consistent with the 

curvature of Stellwagen Bank, was observed in the radar data. For the majority of the 

data collected, it is possible that the curvature of the wave front was slight enough that 

it was not observable on the small scale of the radar field of view. 
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7.2 Wavelength 

 For both the July and September cruises, as the NLIWs propagate onshore, 

there is a distinct increase in the distance between the first and third zones of 

convergence of the wave packets. This increase in wavelength qualitatively agrees 

with the NLIWs observed in Massachusetts Bay during MBIWE98 [Scotti et al., 

2007], the evolution of theoretical wavelengths for NLIWs in Massachusetts Bay 

[Scotti et al., 2007], NLIWs propagating on the New Jersey Shelf [Shroyer et al., 

2009], and commonly observed in NLIWs in other locations [Helfrich et al., 2005]. 

 The magnitude of the wavelengths observed in Massachusetts Bay are in 

agreement with wavelengths from previous studies: for example 200m-400m during 

MBIWE98, and from theoretical models of NLIWs in the region, approximately 

150m-400m [Lai, 2009]. 

 The observed increase in wavelength is consistent with linear and nonlinear 

dispersion of the wave trains as they propagate onshore (see Chapter 5 and [Scotti et 

al., 2007]). Given that the largest wavelength and largest amplitude waves are at the 

front of the wavetrain, and they propagate the fastest, as the NLIW train propagates 

onshore, the leading waves should outrun those trailing behind, stretch the wave 

packet, and increase the distance between consecutive zones of convergence, yielding 

an increase in the observed wavelength.  

 The increase in wavelength is also consistent with non-linear shoaling of the 

internal waves. During nonlinear shoaling, the leading wave evolves into a rarefaction 
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wave, and accelerates the fluid below the pycnocline offshore [Scotti et al., 2008]. The 

waves behind the leading wave are then forced to pass through fluid moving against 

their direction of propagation, which retards their progress onshore. Meanwhile, the 

leading wave continues to propagate onshore, but not against an adverse current, 

leading to an increase in the distance between the first wave and the trailing waves. 

7.3 Wave speed 

 The average wave speeds observed during the cruises, 0.54m/s, agree with the 

mid-basin velocities observed to be approximately 0.6m/s during MBIWE98 [Scotti et 

al., 2007], and with numerical predictions of the mid-basin velocities by Lai,[ 2009], 

of 0.56 m/s, and with the linear wave speed of waves predicted by Scotti et al., [2007], 

of 0.55 m/s. It is interesting that these velocities do not agree as well with those 

predicted by Scotti et al., [2007] using the fully nonlinear, nonhydrostatic model with 

standard stratification (a reasonable fit to our July stratification), whose mid-basin 

velocities are approximately 0.64 m/s.  

 It is important to note that, despite the distinct differences in the stratification 

between the July and September cruises, the observed wave speeds are statistically the 

same. If we examine the wave speed for a linear wave in a two layer fluid, and 

compare the differences in stratification between July and September (Figure 4), a 

plausable explanation becomes apparent. The linear wave speed is dependent both on 

the location of the pycnocline, and the strength of the stratification. In September, as 

the pycnocline deepens relative to July, the wave speed should increase, but as the 
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stratification weakens relative to July, the wave speed should decrease. As such, the 

deepening of the pycnocline and the weakening of the stratification apparently 

compensate for the other’s effect.  

 The hypothesis of competing effects can be tested by computing the linear 

wave speed for a continuously stratified fluid using the four profiles of stratification. 

The average linear wave speed in a continuously stratified fluid, at the 70m isobath, 

using the July and September stratifications, were 0.52 m/s   and   0.50 m/s  , 

respectively. Compared with the observed July and September wave speeds of    

0.53 +/- 0.02 m/s    and   0.55 +/- 0.01 m/s, respectively, the lack of variation observed 

between the two seasons can be accounted for in the error of the observed velocities. It 

is also important to note that the observed velocities of the nonlinear waves are higher 

than the predicted values for linear waves in the same stratification, as expected.   

7.4 Phase Locking 

  Models by Lai [2009] give a strong indication that the internal waves 

generated off of Stellwagen Bank are phase locked to the M2 tide. Observations of 

NLIWs during MBIWE98 corroborate this theory [Butman et al., 2006a]. Figure 8 

shows the tidal velocities for each LEC when a wave speed was computed, plotted vs 

position of the ship during the LEC projected onto the 2008 transect line; over all four 

cruises, spanning two years and two different stratifications, the position of the 

NLIWs is strongly correlated to the phase of the tide, giving yet more evidence that 

the NLIWs in Massachusetts Bay are locked to the phase of the tide. 
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8. Conclusion 

 Using the methods proposed by Ramos et al., [2009] and Chang et al.,[2008], 

and modified when appropriate, a method has been developed to determine both the 

properties of NLIWs and their variability by observing their surface signature via 

shipboard X-band radar. This methodology was applied to thirty waves during four 

cruises over a two year period. The results show that when weather and sea-state 

permits, the observed angles of propagation, wavelengths and velocities in 

Massachusetts Bay agree well with those found during previous studies, and the 

evolution of the waves agrees well with theory. 

 As shown by the use of a standard shipboard X-band radar in Massachusetts 

Bay, the use of the radar can be used to capture important information regarding the 

evolution of NLIW packets as they propagate onshore and shoal. The radar can be 

used in conjunction with in situ measurements from the ship and with mooring data to 

provide additional valuable data, or can be used alone to observe the properties of 

NLIWs. As such, we believe that the X-band radar has promise to be used 

substantially more by the oceanographic community, since it gives excellent results.  
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