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Low-temperature h.krdrothermal activity in Iceland is

apparently mostly controlled by dikes and fractures.

Conventional methods of production data analysis are not

readily applicable in cases of heterogeneous/anisotropic

fracture dominated hydrothermal systems. Moreover, the

dikes and fractures may control the heat uptake mechanism

of low-temperature activity.

The free-surface response functions of analytical

reservoir models are presented and methods for analyzing

production data on the basis of such models are

developed. Based on a homogeneous and isotropic half-

space model apparent permeability estimates of 0.7

millidarcy are obtained for two low-temperature systems

in Tertiary strata in N-Iceland whereas estimates of 5-20

millidarcy are obtained for two systems in Quaternary
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strata in SW-Iceland. A vertical two-dimensional flow

model is, however, more consistent with the apparent

linear dike/fracture control of many hydrothermal systems

and results in higher permeability estimates.

Methods of simulating long term production data by

simple lumped capacitor/conductor ladders based on only

production/drawdown data are developed and the responses

of analytical as well as real systems are shown to be

easily simulated by such simple systems. The parameters

of simulation ladders also provide information on global

hydrological characteristics of hydrothermal systems.

A possible dike/fault controlled source mechanism of

low-temperature activity in Iceland is considered. This

process involves the downward migration of open sections

of unwelded quasi-vertical fractures resulting from

cooling and contraction of the adjacent rock, in

conjunction with vertical heat transfer in the fracture.

The rate of downward migration is estimated and found to

depend very strongly on the magnitude of the horizontal

regional stress. Stress conditions may therefore

determine whether a low-temperature system can evolve at

a given location as well as determine the intensity of

hydrothermal activity.
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HYDROLOGY AND THERMOMECHANICS OF LIQUID-DOMINATED

HYDROTHERMAL SYSTEMS IN ICELAND

I. INTRODUCTION

The evolution of the Earth is dominated by thermal

processes, that at the surface are manifested by plate

motions, volcanism, hydrothermal and tectonic activity.

These phenomena are mostly concentrated at or near the

plate boundaries of the Earth's crust. The hydrothermal

activity accounts for a small fraction of the Earth's

heat loss, while most of the loss of internal heat is by

thermal conduction. Until recently, most known examples

of hydrothermal activity were at or near the destructive

plate margins, with some known activity at the very few

subaerial segments of the oceanic rift system, the

constructive plate boundaries. About half of the global

heat loss is through the oceanic rift system (< 50 Myrs)

and a significant fraction of this heat flow is now

believed to be by advection of hot water in hydrothermal

systems.

Geothermal energy has been of growing economic

importance during the last few decades. Low temperature

(< 150°C) geothermal resources are for the most part

utilized directly, mainly for space and district heating,

while higher temperature resources are in most cases



utilized for electrical power production. However, the

high expectations of the mid-1970's for the rapid

development of geothermal energy have been lowered

because of a few unsuccessful ventures of high

temperature geothermal energy exploitation (Kerr, 1982).

The successful development of hydrothermal energy

resources is possible only on the basis of a sound

understanding of the main geological and physical

characteristics of the hydrothermal systems. Although

the intensified research has resulted in greatly enhanced

understanding, there still remain several unresolved

problems concerning the nature of hydrothermal activity.

The purpose of the present work is to address a few

of these problems, in particular; (1) develop methods for

estimating the hydrological properties of liquid-

dominated hydrothermal systems, (2) simulate the long-

term behavior of the systems under production and (3)

investigate the heat uptake mechanism of hydrothermal

activity.

Iceland is a conspicuous part of the North Atlantic

Ridge where geothermal energy has been utilized for

decades. More accumulated data and knowledge on

hydrothermal activity are available for Iceland than any

other part of the oceanic rift system. The second

chapter of this work is devoted to a brief review of the

characteristics of hydrothermal activity in Iceland, with
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particular emphasis on the aspects relevant to our study.

Hydrothermal activity in Iceland appears to be mostly

controlled by linear fluid conductors, such as dikes and

fratures. However, conventional interpretation methods

for well test data are not readily applicable in such

situations. Furthermore, the specific role of the dikes

and fractures in the heat uptake mechanism of thermal

activity has not received much attention.

Some of the most important information on

hydrothermal systems is obtained during production over

long periods of time, that is periods of the order of

years. The third chapter of this work is devoted to the

long term evolution of liquid dominated hydrothermal

systems under production. The response of unconfined

hydrothermal reservoirs will be investigated on the basis

of a free-surface model (Bodvarsson, 1977; 1984) that is

of particular interest in the case of complex fracture

dominated reservoirs. In particular, new models that are

more consistent with the apparent linear dike/fracture

control of the hydrothermal flow will be developed.

Methods of production data analysis, aimed at estimating

global hydrological reservoir parameters, such as

permeability and porosity, will be developed on the basis

of these models. Our free-surface analysis considers the

effects of the large liquid-surface drawdown observed in

many hydrothermal systems in Iceland.
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As will be shown in the third chapter of this work

simple lumped capacitor/conductor ladders can be very

efficient simulators of the long term evolution of liquid

dominated hydrothermal systems. Methods aimed at

estimating parameters of simulation ladders, for actual

production data, will be developed. In contrast to

numerical modeling by complex distributed parameter

models, which is a highly underdetermined and complex

problem, lumped parameter simulation requires only

product ion/drawdown data.

Part of the third chapter is devoted to applications

of the theoretical results to long term data from several

hydrothermal systems in Iceland. The results will

provide some information on the hydrological

characteristics of these systems, as well as providing

effective, simple, lumped simulators.

The fourth chapter of this work is devoted to

thermoelastic phenomena in hydrothermal systems, with

particular emphasis on the role of the dike/fracture flow

channels in the heat uptake mechanism of hydrothermal

activity. The significance of thermoelastic stresses in

law-temperature hydrothermal systems will be

investigated. Thermoelastic stresses are likely to

seriously influence hydrological parameters within a

hydrothermal system, but have received little attention

in the geothermal literature.
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A major part of the fourth chapter is devoted to a

possible heat source mechanism of dike/fault controlled

hydrothermal activity, where thermoelastic stress plays

an important role. This mechanism involves a downward

migration of open fracture spaces, such as along the

walls of dikes, by convective heat transfer in the

fracture and associated cooling and contraction of rock

adjacent to the fracture (Bodvarsson, 1982b). This

process will be considered as a possible source-mechanism

for low-temperature activity in Iceland. Crustal

temperature and stress conditions, favorable to this

mechanism, will be estimated along with rates of the

downward migration and rock/water transfer.



II. SOME CHARACTERISTICS OF HYDROTHERMAL ACTIVITY IN

I CELAND

1. The Geology of Iceland

Iceland forms a 500km broad landmass located at the

crest of the Mid-Atlantic Ridge. The island is composed

almost entirely of subaerial basalts, except for some 10%

silicic and intermediate rocks. The presently active

zone of rifting and volcanism, referred to as the

Neovolcanic zone, crosses the country in a complex

pattern from the SW to the NE (Figure 1). This zone is

believed to be the surface expression of the constructive

plate boundary between the N-American and European

plates. The presently available K/Ar age determinations

indicate a trend of increasing age with distance from the

active zone of rifting and volcanism, the oldest rocks

dated at 16 Myrs (Palmason and Saemundsson, 1974). Three

stratigraphic units are identified:

- Tertiary rocks formed up to 3.1 Myrs ago, composed

mainly of subaerial basalts.

- Plio-Pleistocene rocks, formed between 3.1 and 0.7

Myrs ago, containing a substantial amount of subglacially

erupted pillow lavas and hyaloclastites.
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- Late Quaternary rocks of the Neovolcanic zone formed

during the Brunhes epoch, that is the last 0.7 Myrs.

The Neovolcanic zone is characterized by several

fault and fissure swarms, most passing through central

volcanoes, as well as eruptive fissures. A central

volcano is commonly a site of repeated eruptions in a

relatively small area. Most of the silicic rocks in

Iceland are associated with central volcanoes. The

interaction between central volcanoes and the associated

fissure swarms, as well as their role in rifting and

fissure eruptions, has been clearly demonstrated during a

rifting episode in NE-Iceland (Bjornsson et al., 1979).

Swarms of dikes passing through extinct central volcanoes

are found in the Tertiary lava pile (Walker, 1960).

The crustal structure of Iceland has been studied by

relatively detailed seismic refraction measurements

(Bath, 1960; Palmason, 1971). Palmason (1971) concludes

that the Icelandic crust consists of up to four seismic

layers (termed layers 0, 1, 2 & 3) underlain by mantle

with compressional wave velocity of only 7.2 1cm/s.

Flovens (1980), however, concludes that since it does not

satisfy observed amplitude variations or second arrivals,

the layered model is an unacceptable interpretation.

Flovens (1980) has reinterpreted the seismic data and

concludes the Icelandic crust can be divided into two

parts.



- Upper crust characterized by velocity continuously

increasing with depth from about 2.0 km/s to 6.5 km/s.

- Lower crust (layer 3 of Palmason (1971)) characterized

by a nearly constant 6.5 km/s p-wave velocity.

Flovens (1980) finds that where the crust is not heavily

eroded the depth to layer 3 is about 5 km, which is

slightly greater than the average depth obtained on basis

of the layered model (Palmason, 1971). The upper crust

is. believed to be composed mostly of basaltic lavas with

minor amounts of intrusions. The lower crust can

probably be equated with layer 3 in the oceanic crust

(Palmason and Saemundsson, 1974). The estimated

thickness of the Icelandic crust 8-15 km (Palmason,

1971), is considerably greater than for average oceanic

crust (7 km). It has been proposed that layer 3 is

largely composed of intrusives (Palmason and Saemundsson,

1974) or that the layer 2- layer 3 boundary might be a

metamorphic boundary (Palmason, 1971). Considerable

additional evidence on the structure of the upper crust

of Iceland has been provided by about 150 driliholes

deeper than l000m, the deepest hole reaching 3085m

(Palmason et al., 1979).

Present knowledge on the thermal state of the

lithosphere below Iceland is reviewed by Palmason (1981).

Three independent methods, temperature gradient

measurements (Palmason and Saemundsson, 1979), magneto-
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telluric (MT) measurements (Beblo and Bjornsson, 1980)

and modelling of the accreation process (Palmason, 1981)

all indicate that the depth to the 1000°C isotherm is on

the average less than 10km below the Neovolcanic zone.

The depth increases with distance from the rift zone.

The MT work (Beblo and Bjornsson, 1980; Thayer et al.,

1981) indicates the presence of a high conductivity layer

at the base of the crust beneath the Neovolcanic zone.

This layer is a few km thick and may be partially molten.

The low seismic velocities below the base of the

crust also indicate an anomalous mantle below Iceland.

Teleseismic p-wave delays and a Bouger gravity low over

central Iceland (Palmason and Saemundsson, 1974) indicate

a mantle with anomalously low density and p-wave

velocity, possibly down to a depth of 200 km.

2. Terrestrial Heat Flow

The major part of the heat now escaping from the

solid Earth is regarded as coming from the decay of long-

lived radioactive isotopes. A small but significant

fraction may result from a slight cooling of the interior

of the Earth, resulting from mantle convection (Bott,

1982). Heat reaches the Earth's surface by two main

processes, thermal conduction and advection (e.g. through

the discharge of thermal water or lava). An estimate of



11

the global loss of heat from the Earths surface is

presented in Table I (Sciater et al., 1980). The

conductive part of the heat flow has been estimated from

numerous local heat flow measurements. The advective

part of the oceanic heat flow is estimated as the

difference between heat flow computed by theoretical

models, based on the theory of plate tectonics, and the

observed conductive heat flow. These models have been

very successful in predicting the mean depth of the

oceans as a function of age as well as heat flow in areas

with thick sediment cover where we do not expect any

advection to the surface. This estimate of the advective

loss is therefore considered reliable. The relation

between the heat flow and crustal age used is (Sc later et

al., 1980):

(1) q(t) = 0.473th/2 , t < 120 Myrs

where q is in W/m2 and t in Myrs.

In the oceans the estimated advective energy current

is quite substantial, or about 1/3 of the total estimated

energy current. At the present we are, however, unable

to estimate the relative importance of thermal water and

lava in the advective transport. But we can mention that

1O-3W corresponds to a current of io kg/s of 250°C hot

water or about 200 kg/s per km along the oceanic rift

system.
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Table I Global Heat Flow (Sclater et al., 1980)

Average heat flow Rate of heat loss
(mW/rn2) (TW = 1012w)

Coat inents
and shields 57

Oceans
conduction 66
advection 33
total 99

11.6

20.3
10.1
30.3

Earth total 82 42
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3. Heat Flow in Iceland

In this chapter we review some of the present day

knowledge on hydrothermal activity in Iceland. It is

therefore of interest to compare the estimated energy

currents in Iceland with the results of Sciater et al.

(1980). Bodvarsson (1982b) has improved previous

estimates of Bodvarsson (1954), Palmason (1974) and

Palmason and Saemundsson (1979) and has obtained, on the

basis of considerable amounts of geological and

geophysical data, the estimates in Table II. The average

integrated flow through the surface of 300 mW/rn2 is about

5 times the average global conduction flow.

Based on the results of Sclater et al. (1980) and

Bodvarsson (1982b) we can then make the comparison for

Iceland, the oceanic rift system and the Earth presented

in Table III below. When making this comparison we have

to keep in mind that most of the heat flow through the

oceanic rift system originates at the fast spreading

ridges of the Pacific where 0-20 Myr old crust

corresponds to a much wider region, and hence higher

energy current per unit length of rift axis than at the

slowly (2cm/yr whole rate) spreading Mid-Atlantic Ridge.

On the basis of equation (1) and the fact that the oldest

rocks on the east and west coasts of Iceland are about 16

Myrs old we estimate the following:
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Table II Meat Flow in Icelandl) (Bodvarsson, 1982b)

Rate of Average
heat loss heat flow
(GW = 109w) (mW/rn2)

Conduction 15 150

Advection by
lava 7 70

Advection by
thermal waters 8.5 85

Total 30.5 305

Area of Iceland 105km2

Table III Heat Flow Comparison (Bodvarsson, 1982b;
Sciater et al., 1980).

Aver age
Per km of heat flow

axis (MW/km)1) (mW/rn2)

Iceland (0-16 Myrs)
conduction 50 150
advection 52 155
total 102 305

Oceans (0-20 Myrs)
conduction 90
advection 202
total 292

Earth
conduction 64
total 82

1) length of rift axes
Iceland: 300 km
Oceans: 50000 km



15

- The average heat flow through 0-16 Myr old oceanic

crust should be about 235 mW/rn2.

- The total energy current through an area the size of

Iceland (105km2), on both sides of an ocean ridge with a

spreading rate of 2 cm/yr, should be about 24 GW.

We therefore conclude that the total heat flow through

Iceland of 31 GW is about 30% higher than the expected

heat flow at oceanic rift axes with the same spreading

rate. The difference of about 7 GW could be explained by

a supply of magma (enthalpy 1.6 x i06 J/kg) greater than

normal, for the North Atlantic Ridge, by 1.5 m3/s. This

happens to be the same as the estimated average rate of

extrusion of lava in Iceland of 0.045 km3/yr = 1.4 rn3/s

(Palmason and Saemundsson, 1979).

4. Classification of Hydrothermal Systems

In Iceland hydrothermal systems are commonly

classified with regard to the base temperature of the

systems (Bodvarsson, 1964). Systems with base

temperature < 150°C are classified as low temperature

(LT) systems whereas high temperature (HT) systems have

base temperature in excess of 200°C. Systems with base

temperature in the range 150 to 200°C can be called

intermediate temperature systems. The HT systems in

Iceland are associated with the presently active rift
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zone and quite commonly situated in central volcanoes.

The LT activity is distributed over the Tertiary and

early Quaternary flood basalt areas. Bodvarsson (1982b)

estimates the heat dissipated by the HT and LT activity

to be about 8 GW and 0.6 GW, respectively.

Hydrothermal systems are also classified on the

basis of the physical state of the system fluid. Thus

reservoirs are conveniently classified as either liquid-

dominated or vapor-dominated. In each case the name

refers to the dominant mobile phase in the reservoir in

its undisturbed state (Donaldson and Grant, 1981). The

pressure gradient is then close to the static pressure

gradient of the dominant mobile phase. Liquid-dominated

systems may contain a steam-water mixture. There are

also systems of intermediate and more complex nature, the

so-called two-phase systems. Most LT and intermediate

temperature systems are liquid-dominated but HT systems

can be liquid-dominated, vapor-dominated or two-phase.

5. Earlier vs. Current Views on Hydrothermal Activity

The origin of hydrothermal fluids was a subject of

dispute for more than a century. Two general views

prevailed since the latter half of the last century. One

favoring volcanic or juvenile origin of the thermal

waters, the other favoring metebric origin (Stefansson
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and Bjornsson, 1982). It has now been established that

meteoric water is the dominant source of fluid in most

active nonoceanic hydrothermal systems. As an example

the very comprehensive study of Arnason (1976) of stable

oxygen and hydrogen isotopes in hydrothermal waters in

Iceland indicates quite clearly the meteoric origin of

the waters. Further evidence for the meteoric origin of

the thermal waters was obtained by Ellis and Mahon (1964,

1977) and Arnorsson (1974), for example, who showed that

the chemical composition of most hydrothermal waters

could be attained by leaching from the rock surfaces in

contact with the circulating water (Bodvarsson, 1983a).

But not all hydrothermal fluids are of meteoric

origin. It is now well established that hydrothermal

systems are important on ocean ridges where ocean water

is the dominant fluid source. Ocean water is also a

major part of the hydrothermal fluid in a few terrestrial

geothermal systems (Bjornsson et al., 1972; Kjaran et

al., 1979).

The source of energy for the hydrothermal systems

has also been a subject of dispute. The close

association of major geothermal HT-activity with volcanic

activity was noticed early (Thoroddsen, 1925). It was

therefore taken to be only reasonable to extend the

theory of a volcanic origin to the LT-activity in Iceland

also. This view was challenged by Einarsson (1942) who



concluded, on the basis of his work in N-Iceland, that

the LT-systems there are entirely of non-volcanic nature.

Einarsson (1966) later extended his theory to all LT

systems in Iceland. He envisioned a general circulation

of meteoric water from the central highlands out to the

coastal areas and assumes that the circulation base is

deep enough for the water to be heated by the terrestrial

conduction current to the temperatures observed in the

LT-areas. The heat transfer process is thus taken to be

essentially of a steady state nature. This theory

received some support when data on the deuterium content

of thermal waters in Iceland (Arnasson, 1976) indicated

quite clearly that the recharge of LT-systems is to a

considerable extent derived from the central highlands.

Bodvarsson (1950, 1964) agreed with the non-volcanic

nature of the LT-activity, but concluded that the

conduction process must be of a transient nature (see

section 7 below). The HT-activity is, however, obviously

generated by magmatic processes, that is, contact of

meteoric water with shallow magma intrusions.

6. The Nature of HT-hydrothermal Systems in Iceland

All known HT geothermal systems in Iceland are

located in the Neovolcanic zone (Figure 1). The HT areas

seem to act as chimneys for the heat dissipated in the
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rift zone (Fridleifsson, 1979). The MT activity is

concentrated in a few specific locations, with a spacing

of 12-15 km, a distance which is about equal to the

estimated thickness of the crust of Iceland. This HT

activity is associated with volcano-tectonic features

such as volcanic fissure swarms and, more commonly,

central volcanoes (CV), fault swarms and calderas. To

emphasize the close correlation between MT activity and

CVs, it can be pointed out that all CV5 in the

Neovolcanic zone of Iceland have MT systems. Extinct MT

systems have been found in the deeply dissected roots of

Icelandic Tertiary CV5 (Walker, 1960; Fridleifsson,

1983). The host rock is highly altered and the altered

rock aids in delineating the extinct MT systems. At CV5

there is a great abundance of dikes, sheets and other

minor intrusions at a shallow depth in the crust. The

roots of extinct CVs are characterized by a high density

(50-100%) of such intrusions. These intrusions are

considered the main heat source for the MT systems

(Fridleifsson, 1979) indicating convective hot-spots at

and around the magmatic intrusions (Bodvarsson, 1982b).

The surface manifestations of the MT systems are

steamholes, boiling mudpools and highly altered ground.

From these surface manifestations the sizes of the MT

systems have been estimated. Most HT areas cover from 1

to 20 km2, but a few up to 100 km2. The most powerful MT
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system, the Grirnsvotn subglacial area (Bjornsson et al.,

1982), dissipates about 5 GW or over 60% of the total

estimated HT heat dissipation of 8 GW.

Wells have been drilled into 8 HT-systems and of

these 5 are under some form of exploitation. In their

natural state most of these systems appear to be liquid

dominated. Three systems have been found to include two-

phase sections.

Isotope studies (Arnason, 1976; Fridleifsson, 1979)

indicate that the recharge of the HT-systems is more

localized than in the case of the LT-systems. Local

meteoric water may seep through fractures inside the CV

and/or in the active fault swarm outside the CV. In 3

liT-systems the hydrothermal fluid is known to be

partially seawater.

Quantitative investigations into the source

mechanism of HT activity (Bodvarsson, 1951; White, 1968)

indicate that it is difficult to account for the rapid

rate of heat dissipation unless the water actually

penetrates into the intrusions that are in the process of

cooling. Evidence in support of water penetration into

hot rock boundaries of solidifying magma is reported by

Bjornsson et al. (1982). Water cooling of a recent lava

flow in Heimaey, Iceland, demonstrated a heat extraction

efficiency of 40 kW/m2 and a rate of penetration of the

order 1 rn/day. Bjornsson et al. (1982) conclude that a
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process of this nature is required to explain the intense

heat output of the subglacial Grimsvotn fiT-area which

according to calorimetric observations of ice melting in

the area dissipates 5 GW of heat.

The possible mechanism of this process has been

described by Bodvarsson (1979, 1982b), which refers to it

as convective downward migration (CDM). The process has

also been discussed by Lister (1976). The underlying

ideas are closely related to the theories for the

penetration of sea water into the ocean floor by Palmason

(1967), Bodvarsson and Lowell (1972) and Lister (1972,

1974, 1982). CDM operates on the principle that

convective fluid motion in open vertical fractures is

associated with the withdrawal of heat from the formation

at the lower boundary resulting in thermoelastic

contraction of the adjacent rock that tends to increase

the local fracture aperture, cause further cracking of

the rock and opening of additional fracture space at the

bottom. Fractures harboring such convecting fluid motion

can therefore migrate downward by the process.

Foulger and Long (1984) report anomalous focal

mechanisms (predominantly compressional first arrivals)

for many small magnitude earthquakes in the fiengill fiT-

system in SW-Iceland. They interpret these events to be

due to tensile crack formation within a cooling intrusive

body above a depth of 7 km. This observation supports
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the notion that CDM may be the source mechanism of HT-

activity.

7. The Nature of LT-hydrothermal Systems in Iceland

Hydrothermal activity in Iceland is not confined to

the Neovolcanic zone. LT systems are quite common in the

Plio-Pleistocene and Tertiary flood basalt areas, as

shown in Figure 2. The physical characteristics of this

LT-activity are the fundamental subjects of the present

work. The largest and most powerful LT areas are located

in SW and S-Iceland on the flanks of the active rift

zone. The surface manifestations of LT systems are less

pronounced than those of HT systems, hot or boiling

springs and minor ground alteration. Spring flow rates

range from almost zero to a maximum of 180 kg/s from a

single spring. The total integrated natural mass output

of LT systems in Iceland is now estimated at 1800 kg/s

(Saemundsson and Fridleifsson, 1980), dissipating about

600 MW (Bodvarsson, 1982b). This estimate is quite small

compared to the energy dissipated by the MT-activity.

The figure does not, however, include dissipation due to

subsurface flow losses or possible LT flow to the oceans.

By drilling and pumping, the natural flow has in some

areas been increased by roughly an order of magnitude.
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As mentioned earlier, the isotope work of Arnason

(1976) indicates quite clearly the meteoric origin of the

water in the LT systems. By comparing the deuterium

content of the thermal waters of LT systems and the

spatial variations in deuterium content of precipitation

falling in Iceland Arnason (1976) shows that the recharge

of the LT systems is to a considerable extent derived

from the central highlands of Iceland (see Figure 2).

There are, however, a few localities where the deuterium

content is not comparable to the deuterium content of

meteoric water falling anywhere in Iceland today

(Arnason, 1976; Kristmannsdottir and Johnsen, 1982). The

implications of this phenomenon are not well understood.

Low temperature fields in Iceland are predominantly

located in valleys and other topographic lows

(Stefansson, 1984). This may result partially from the

fact that since the recharge of the LT systems is most

likely in the highlands, larger pressure differences are

available for driving the recharge of LT systems at lower

elevations. Stefansson (1984) points out that on the

ocean floor this situation is reversed, such that the

pressure situation favors discharge at topographic highs.

The locations of LT systems may also reflect anomalous

subsurface temperature fields below deep erosional

features such as valleys.
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The aquifers of many LT-systems have been identified

on the basis of geological and structural studies. The

structural control is most commonly provided by dikes

(Fridleifsson, 1979) although the situation appears to

vary from the Tertiary to the Plio-Pleistocene provinces.

In the subaerially erupted Tertiary volcanics the

flow channels appear to be mainly dikes and faults. Thin

high porosity stratiform horizons are much less

important. The bulk of most lavabeds has apparently very

low permeability. In the Tertiary areas, such as at

Laugaland in N-Iceland (Bjornsson, 1980), surface hot

springs as well as aquifers at depth in boreholes are

mostly associated with dikes. Yet only a fraction of the

visible dikes are hydrothermally active.

In the Plio-Pleistocene strata, which are

characterized by successions of subaerial lavas

interlaced with thick piles of subglacially erupted

pillow lavas and hyaloclastities, potential flow channels

are much more abundant. There the most effective large

scale reservoirs and flow channels are thought to be the

pillow lava cores of hyaloclastic ridges and high

porosity stratiform horizons, which are likewise cut by

dikes and faults. At depth, such as in the intensely

drilled Reykir thermal area in SW-Iceland (Thorsteinsson,

1976), most large aquifers seem to occur at contacts

between lava flows and hyaloclastic or pillow lava beds.
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These more local observations appear to apply on a

larger scale to the recharge flow of the LT-systems.

Fridleifsson (1979) points out that the LT-areas of the

country are predominantly located where dike-swarm

directions (mostly parallel to the geological strike) are

approximately parallel to the direction of major

erosional features, such as glacial valleys (Figure 2),

whereas regions where the erosional features are nearly

perpendicular to dike swarm directions are almost devoid

of hot springs. Since the recharge of the LT-systems is

driven by hydrostatic head, controlled by topography, the

recharge flow is parallel to major erosional features.

These observations indicate that the recharge flow of LT-

systems is mostly parallel to dike swarm directions and

the geological strike, such as along walls of dikes or

along vertical fractures, but not along horizontal

permeable horizons.

No reliable data are available on the depth of the

hydrothermal circulation in Iceland. However in the

Reykjavik and Laugaland areas boreholes have produced

thermal water from depths up to 3 km (Palmason et al.,

1979). Temperature profiles from these two areas (Figure

3), as well as other LT areas in Iceland, indicate a

disturbance of the thermal state of the crust well below

3 km (Palmason et al., 1979). The convex profiles in

Figure 3 show that the temperature at depth in the
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Figure 3. Examples of temperature profiles from deep
boreholes in Iceland (from Bodvarsson,
1983b). Reykjavik and Laugaland are LT-
areas whereas Akranes, Eyrarbakki and
Vestxnan Islands are areas of relatively
undisturbed thermal state of the crust.
The Ka].darsel profile indicates local
cooling by downward flow of cold water.



systems in question is abnormally low and indicate

hydrothermal convection is active at great depths. It is

clear that the upper crust (Palmason, 1971; Flovens,

1980) is permeable to water. Microearthquake studies

(Ward and Bjornsson, 1971) indicate that water may

penetrate into the upper parts of layer 3.

The overall model for the flow pattern and heat

uptake of the LT-activity in Iceland, generally accepted

by most geothermologists today, is the model proposed by

Einarsson (1942; 1966), as discussed in section 5 above.

Bodvarsson (1983b), however, proposes a rather different

model that can also fit the presently available data on

the LT-activity.

The characteristics of the two different models are

summarized by Bodvarsson (l983b) as follows. The first

model, sketched in Figure 4, is essentially the generally

accepted steady state model of Einarsson (1942).

Precipitation falling on the highlands percolates deep

into the bedrock in the highland areas. Here the water

takes up its entire sensible enthalpy by flowing

laterally at depths of 2 to 4 km en route from the

highlands towards dikes that provide channels for the

ascent to the surface. The heat supply is provided by

the general regional conductive heat flow (Fridleifsson,

1979). The heat conduction process is taken to be
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Figure 4. Pattern of flow on the deep recharge
forced flow heating model of Einarsson
(1942). From Bodvarsson (1983b).
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Figure 5. Pattern of flow on the dike-convector
model (Bodvarsson,1983b).
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essentially of a steady state nature (Bjornsson, 1980;

Georgsson et al., 1984).

On this model the flow along the rock/water heat

transfer surfaces is driven predominantly by the

hydrostatic head, and the cooling of the deep formations,

as observed in some LT systems in Iceland (Figure 3),

will have to be of an upward type, having proceeded from

below. Cooling from below would be the result of the

upward movement of relatively cold water from depths in

excess of 3 km. The principal problem with this model

relates to the depth of the recharge flow. The question

arises whether the water can flow at such depths over

distances of tens of km in the flood basalt plateau of

Iceland. This model can be classified as a hydrostatic

or forced flow mode of heating where thermobuoyancy plays

a minor role.

Bodvarsson (1982a) concludes that a steady state

conduction process can hardly be invoked as a basis for

the energy supply. He points out that it is rather

likely that the deglaciation of Iceland, only yrs

ago,may have activated many of the LT-systems. During

the period of glaciation recharge must have been quite

limited and the deglaciation must have seriously affected

the subsurface crustal stress-field, enhancing subsurface

permeability. Transient models (Bodvarsson, 1982a) lead

to plausible estimates of rock/water contact areas
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required to maintain the energy dissipation of LT-

systems, whereas steady-state models lead to contact area

estimates that are an order of magnitude larger and hence

hardly acceptable.

The second model, proposed by Bodvarsson (1983b), is

sketched in Figure 5. This model involves downhill

recharge flow along relatively shallow paths such that

little heat is added until the water reaches a

hydrothermally active dike where it is deflected and

sinks by convective downward migration (CDM) through

cracks or fractures along the walls of the dike.

Reaching depths of the order of a few km, the water takes

up heat from the hot adjacent rock and ascends

subsequently along the dike. Cooling of the formations

proceeds from above. This is a free thermobuoyant mode of

heating.

As reviewed above, the CDM-process is presently

considered a possible source mechanism for fiT-activity.

Bodvarsson (1982b) estimates that quite small temperature

differentials should be sufficient for CDM, hence CDM may

also be an important source mechanism for LT-activity.

This process will be more thoroughly studied in the

fourth chapter of this work. We will estimate the

crustal temperature and stress conditions where the CDM-

process may be possible.
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Bodvarsson (1983b) sites some evidence consistent

with a CDM source mechanism (Figure 5):

- The temperature profiles presented in Figure 3 are

probably the result of local hydrothermal convection,

that may be of the CDM type.

- Temperature/flow statistics of LT-activity in Central

N-Iceland show a strong positive correlation between the

temperature and mass flow of individual systems (Figure

6). It is to be expected that the spring temperature

should increase with increasing flow depth and since the

evolution of the second model involves a simultaneous

increase in flow depth and rock/water contact area,

Bodvarsson (1983b) concludes that this alternative model

is more likely to show a positive temperature/flow

correlation. Since the flow permeability is likely to

decrease with depth decreasing flow with increasing

temperature would appear more consistent with the forced

flow model.

- The fact that most identified flow channels of LT-

systems are dikes and quasi-vertical fractures is

consistent with a CDM source mechanism.

It should be remarked that the two models possibly

represent somewhat extreme Situations and that real

systems may be a combination of both models with

additional modifications.
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LT-systems in central N-Iceland
(from Bodvarsson,1983b).
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8. Utilization of Geothermal Energy in Iceland

The economic importance of geothermal energy in

Iceland has made the gathering of the considerable amount

of information on hydrothermal activity reviewed above

possible. For the last 1100 yrs hot springs have been

widely used for washing and bathing. Commercial

exploitation of geothermal resoures dates back to the

1920's with large scale utilization of geothermal energy,

for space heating, starting in the 1940's. Relative to

other primary energy sources geothermal energy has

steadily grown in importance during the last four

decades. In 1983 geothermal energy accounted for about

30% of the total energy consumption in Iceland (Palmason

et al., 1983). Space heating is the most important use

of geothermal energy, about 80% of the total space

heating requirements are met with geothermal energy,

while agricultural and industrial utilization is also of

importance. Electricity is produced from geothermal

steam at the Krafla field in NE-Iceland, presently at a

rate of about 30 MW.

Most of the geothermal energy is extracted from

liquid dominated systems and the thermal water used for

space heating is mostly derived from LT-systems.
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9. Reservoir Engineering Studies of Hydrothermal Systems
in Iceland

While geological and structural studies have

provided information on the structural control of

hydrothermal reservoirs, such studies provide limited

quantitative information on the reservoir parameters.

However, when wells have been drilled into a hydrothermal

system a possibility opens for reservoir testing that

enables the estimating of physical reservoir properties

such as the permeability distribution. The following

reservoir testing methods are commonly in use (Grant et

al., 1982).

- Short term single well tests, lasting a few hours.

(1) Injection/drawdown tests: response of reservoir to

variable or constant injection/withdrawal of fluid

into/from a well, observed as water level or pressure

changes in the same well.

- Intermediate term well tests, lasting up to a few days

or weeks.

(2) Interference tests: response of reservoir to

injection/withdrawal into/from one well observed as water

level or pressure in a different well at some distance.

(3) Buildup tests: recovery of water level or pressure,

observed in one or more wells, when production from

reservoir is discontinued for some time.
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- Long term production tests, lasting several months or

years.

(4) Water level or pressure drawdown resulting from long

term production observed in one or more wells.

Permeability estimates for a few Icelandic systems

that are based on short to intermediate term tests are

presented in Table IV below. These results presume

confined compressible aquifer models with horizontal

Darcy-type flow (see for example equation (25) below).

Note the lower permeability estimated for the Tertiary

LT-systems. This is to be expected in view of the

differences between the Tertiary and Plio-Pleistocene

strata both in age and naturé. The difference between

the two HT-systems is also noticeable. However,

Svartsengi is located inside an active fissure swarm,

whereas the drilled part of the Krafla field is outside

the active Krafla fissure swarm.

It has also been observed that shorter term tests

result in much higher values than long term tests

(Palmason et al., 1983) and that there appears to be an

inverse relation between the time scale of the experiment

and the permeability estimated (Bodvarsson and Zais,

1978). As an example we can take the Laugarnes area

(Table IV) where the short term tests indicate a

permeability of 150 millidarcy (md). Based on two

different longer term data sets and two considerably
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Table IV Permeability estimat for Icelandic
hydrothermal )

Global
Transmissivity2) Permeability3)

(m2/s) (millidarcy)

LT-systems
Tertiary (N-Iceland)

Laugaland 2.6 x 1O 80
Botn 5.1 x 10 2.0

Plio-Pleistocene
(SW-Iceland)

Reykir 2.5 x 102 850
Laugarnes 6.0 x i0 150

HT-systems
Svartsengi 1.2 xiO2 200

(SW-Iceland)

Krafla 1.2 x i0 2.0
(NE-Iceland)

1) Fridleifsson (1979), Palmason et al. (1983),
Thorsteinsson (1976), Kjaran et al. (1979) and
Bodvarsson et al. (1984a).

2) T = h/(v/gTT : permeability, h: reservoir
thickness, v: kinematic viscosity

3) Estimated by assuming the same reservoir
thickness of 1000 m.
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different models Bodvarsson and Zais (1978) and Palmason

et al. (1983) both obtain estimates in the range 10-20

md. The apparent dependence of the permeability

estimates on the time scale of the reservoir tests may

result from

- Heterogeneity and fractured nature of the reservoir in

question (Bodvarsson and Zais, 1978; Palmason et al.,

1983).

- Limited size of the reservoir. In short term tests

the boundaries are not felt whereas in longer tests they

are. Using models without boundaries thus results in

lower permeability estimates.

In addition to the conventional methods, geothermal

systems can also be modeled as unconfined reservoirs with

a free liquid surface, neglecting compressibility

(Bodvarsson, 1977; 1984). The very large drawdown

observed in some geothermal systems in Iceland (Palmason

et al., 1983) indicates the importance of the free

surface effect. This method will be considered to some

length in the following chapter. Theoretical model-

responses will be derived and applied to some actual

field data.

The conventional models, referred to above,, are

hardly compatible with the known structural control of

LT-systems (section 7). We will present a simple model

of an unconfined vertical slab reservoir with two-
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dimensional flow that should be more consistent with the

nature of the identified flow channels.

Permeability estimates are important in the

development of models aimed at simulating the behavior of

geothermal reservoirs under exploitation, as well as for

enabling comparison with estimates from other reservoirs.

Simple models have been developed to simulate the

behavior of the Laugarnes LT-field (Thorsteinsson and

Eliasson, 1970) and the Svartsengi fiT-field (Kjaran et

al., 1979). A complex numerical model, with an

inhomogeneous, anisotropic permeability distribution and

two-phase flow, has been developed for the Krafla fiT-

system (Bodvarsson et al., 1984b). This kind of modeling

is, of course, highly underdetermined and requires

various assumptions on the parameter distribution within

the reservoir in question.

The responses of complex liquid dominated geothermal

systems are easily simulated by a much simpler lumped

networks of capacitors and conductors (Bodvarsson and

Axeisson, 1985). This topic will be discussed in chapter

three below. In addition to being mathematically much

simpler than standard numerical modelling this kind of

simulation is based on long term production data and does

not require any assumptions on parameters of the
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reservoirs. Lumped simulators also provide important

information on global hydrological characteristics of

hydrothermal systems.
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III. HYDROLOGY OF LIQUID-DOMINATED GEOTHERMAL SYSTEMS

1. Basic Pressure Equations in Liquid Dominated Aquifers

Consider a domain B occupied by a permeable porous

medium of porosity that is saturated with a liquid of

density p. If q is the mass flow of the liquid through

the medium and f the mass source density, the equation

for the conservation of mass can be written

(2) at(p$) = + f

We assume the flow of the liquid can be adequately

described by Darcy's law

(3) q = c(VpT - p)

where PT is the total liquid pressure and c is the liquid

conductivity, c = B/v where is the permeability of the

medium and v the kinematic viscosity of the liquid. In a

general setting c is a tensor and only in homogeneous,
isotropic and isothermal cases can c be taken to be a

constant. The total liquid pressure is the sum of the

flow pressure (p) and the hydrostatic pressure h) For

a homogeneous, slightly compressible liquid the term on

the left of equation (2) can be rewritten

(4) at(p,) = pSatp
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where S is the capacivity or storage coefficient

expressed by

(5) S = cPCf + (1 $)Cr

and Cf and Cr the compress ibilities of the liquid and

rock, respectively. By inserting (3) in (2) and using (4)

we obtain the basic diffusion equation for the flow

pressure

(6) pS ap = v'(c v p) + f.

In the homogeneous, isotropic and isothermal case

(7) pS ap = cv2p + f.

Now let us consider the presence of a free liquid

surface in the medium that at equilibrium is represented

by the horizontal plant E (see Figure 7). The

nonequilibrium surface is a boundary of constant

pressure which can be assumed to be zero. The free

surface condition is then expressed

(8) DpT/DtI = o on

where D/Dt is the material derivative. Equation (6) with

condition (8) and appropriate boundary/initial conditions

now governs the flow of the liquid in the domain B.
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2. Linearized Free Surface Condition

Condition (8) is nonlinear and the solution of

equation (6) thus becomes a difficult task. However,

Bodvarsson (1977; 1984) has shown that when deviates

only a little from z condition (8) can be linearized. We

place a rectangular coordinate system with the z-axis

vertically down such that the xy-plane coincides with z.

We approximate

(9) p = pgh , z = o

where h is the deviation of from . Moreover,

Bodvarsson (1984) approximates

(10) = - ah , z = o

and since (3) implies

(11) = - c

we can combine (10) and (11) in

(12) P-wp=0 , z=o

where w = cg/ is a characteristic liquid velocity. This

approximation is valid when h/LI<< 1 where L is the

horizontal scale of undulation of .
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Condition (8) is now replaced by (12) and the basic

mathematical problem consists in solving (6) with

condition (12).

3. Separation of Compressibility and Free Surface
Effects

Even though linearized, the problem above is still

highly complex because of the two different capacitances

involved, (1) the fluid/rock compressibility and (2) the

free liquid surface mobility. But the relative

importance of these two effects is different for

different time scales. Considering equation (6) we see

that compressibility effects are not important for

(13) >> pSL2
c

where L is a length scale characteristic of the reservoir

in question, whereas free surface effects are not

important (equation (12)) for

(14) t <<
cg

Considering a specific example, typical for many

geothermal reservoirs, with = 0.01, S = 2 x 10-11 Pa-,

c = 3 x 107s and L = 1000 m, we obtain

pSL2/C = 0.8 days
(15)

L/cg = 35 days
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We see that at early times the reservoir response is

dominated by compressibility and at later times by the

free surface effect.

We will be able to separate these two different

responses if

(16) _____ >> 1.
SL

Considering the parameters above we obtain

_____ = 50
gSL

Condition (16) is independent of the conductivity c and

should hold for different reservoir conditions.

Bodvarsson (1984) obtains the same condition and

concludes that amplitude attenuation due to purely

diffusive effects proceeds at a considerably faster rate

than the decay resulting from gravity effects.

We therefore conclude that the long term evolution

of unconfined liquid dominated reservoirs is likely to be

dominated by free surface effects such that

compressibility usually can be neglected.

It can also be shown (Zais and Bodvarsson, 1980)

that field capacitivity or storativity due to the free

surface effect is much larger than the capacitivity due

to compressibility. If (AQ/P) is the amount of liquid

mass released, per unit pressure decline, due to

compressibility and (AQ/p)f that released due to the
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free surface effect, the ratio between the two can be

shown to equal (Zais and Bodvarsson, 1980)

(17) (AQItP)c øSH
(âQ/P)f

where H is the reservoir thickness. Thus the ratio

between the pressure declines equals

(18)
(P)f pgSH AQf-

At a constant flow rate q, AQ = qT and

(AP)f pgSH Tf
(19)

(AP)c

where Tf and Tc are the time scales of the free surface

and compressibility effects, respectively. Using

equations (13) and (14) we obtain

(20)
(P)f H

(AP)C

and if H and L are of the same order of magnitude, the

pressure decline due to the two different effects will be

of the same order.

4. Short Term Compressibility Dominated Solutions

Before we turn to long term free surface dominated

processes let us briefly consider the short term

compressibility dominated case by stating a few important

results for homogeneous, isotropic and isothermal Darcy-
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type formations. The most fundamental solutions to

problem (7) is the whole space Green's function or

impulse response k(P,Q,t) at a field point P due to an

impulsive unit mass source at a point Q at time t = 0+,

or

(21) f = 6(PQ) &1..(t)

Thus (Carsiaw and Jaeger, 1959)

(22) k(P,Q,t) =
(7rat)3/2

exp(-rQ/4at) U(t)

where rpQ is the distance between P and Q and a = c/ps is

the hydraulic diffusivity. The pressure field due to a

more general source rate f(t) at the point Q is then

obtained by (Duff and Naylor, 1966)

(23) p(P,t) k(P,Q,t-T)f(t)dt

Of particular interest is the response to a constant

source rate f(t) = f0 or the step response

p(P,t)
fo

4lrrpQc
erfc [rpQ/2(at)h/2]

(24)
t

=
I (Ta.r)3/2 exp(-rQ/4a.r)d.r
0
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The corresponding solution in the case of two-

dimensional flow, due to a line source of strength f0 in

a slab of thickness b is

p(P,t) =
E0

Ei[-rQ/4at]
4 ir bc

(25)

1- exp(-rp/4a.r)d.r.
c

0

This expression is the so-called Theis-solution which is

very commonly used as the basis for the interpretation of

well test data.

5. General Half-Space Free Surface Solutions

Turning now to the long term free surface dominated

case we are interested in general solutions to problem

(6) when compressibility can be neglected, the domain B

is the half-space and the conductivity c(P) is

inhomogeneous and anisotropic, that is

c(p) 0 0

(26) c(P) = 0 cy(P) 0

0 0 c(p)

Two specific cases are of interest here. First the

source free case with a given initial free surface
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amplitude h0(S), where S is a point on E

- v'(cvp) = o , z > 0

(27) atp - wasp = o , z = 0; w = w(S)

p = pgh0 , t = o; z = o

Second the case with a source density f(P)

- v(cvp) = f , z > 0

(28) 3tP - wap = 0 , z = 0; w = w(S)

pO , t0;z0
To solve (27) we first solve

-V(cVp1)=o , z>o
(29)

pl=po I Z=O

and use the fact that p1(Pt), where Pt = (xyz + wt),

then solves (27). To solve (29) we use the results in

Appendix A

(30) p1(P) = jcz(Q)
aG(P,Q)

p0(Q)dSQ
BflQ

where G(P,Q) is the Dirichiet type Green's function for

the half-space, or the solution to

- v(cvG(P,Q)) = s(P-Q), z > o
(31)

G(P,Q)=o , z=o

Thus we obtain the general solution to (27), the source
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free case

(32) p(P,t) = Jcz(Q)
aG(Pt,Q)

pQ(Q)dSQU+(t)
z

anQ

where p0 = pgh0.

To solve (28) we first solve

- v.(cvp1) = f , z > 0
(33)

zP1 = 0 Z = 0

and then solve

- v'(cvp2) = o , z > o
(34)

The solution of (28) is then given by

p(P,t) = P1(P) + p2(Pt)

where Pt is defined as above. Note that p(P,t) satisfies

the free surface condition as well as the initial

condition. To solve (33) we use again the results in

Appendix A

(35) p1(P) = N(P,Q)f(Q)dVQ

where N(P,Q) is the Neumann type Green's function or

Neumann function (Duff and Naylor, 1966) for the half-

space, or the solution to



- v(cvN(P,Q)) = 6(P-Q) , z > o
(36) aN(P,Q) = o , z = 0

aflp

The solution to (34) is the same as the solution to (29).

Thus we obtain the general solution to (28), the case

with sources

p(P,t) = N(PQ)f(Q)dVQu(t)

(37)

aG(Pt, Q)

+ J
C(Q)

anQ N(Q,R)f(R)dVRdSQU+(t)
z

It should be noted here that implicit in the above

are assumptions on the existence of the Green's

functions. The question of existence is of course

dependent on c(P). From the point of view of pure

mathematics these results are thus incomplete unless we

prove the existence of these functions. However, these

proofs are beyond the scope of this work and we can be

sure that in all physically realistic cases solutions

exist.

We are also interested in the pressure response due

to a general variable source density f(P,t), which is

given by
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(38) p(P,t)
J

f(Qst)k(PSQSt-t)dVQdt

where.

k(P,Q,t) = N(P,Q)1s(t)

aG(Pt,R)
(39) cz(R)

anR
N(R,Q)dSR6(t)

a2G(PtR)
N(R, Q)dSRU+(t)+ Jcz(R)

ataflR

6. The Homogeneous and Isotropic Unconfined Half-Space

Turning to more speãific cases, let us first

consider the long term response of an unconfined half-

space, which is homogeneous, isotropic and isothermal

such that c(P) = c is constant. The initial fluid

surface coincides with the z = o plane and a concentrated

sink of strength f0 is located at the point 0 = (o,o,d)

(Figure 8), starting to withdraw fluid at time t = o.

The solution is given by equation (37) with



ground
surface

equilibriumS=(x,y,o) O=(o,o,o)____ zo liquid"'
z

surface
on equilibriumP= (x,y,

liquid surface

Q(o)o,d)

Figure 8. The unconfined half-space reservoir.

U,
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f(P) = - f0 6(P-Q)U(t)

1 1

(40) G(P,Q) = 4lrcrpQ 4ncrpQs

1 1
N(P,Q) = 4crpQ 4ircrpQu

where

rpQ = (x2+y2+(z_d)2)h/2
(41)

rp0i = (x2+y2+(z+d)2)h/2

Using the following (see Appendix B)

(42)
f
3G(PIR)N(RQ)ds 1- -z 1

anR 7 J 3
dSR

2lrcrpQI
Z ZEpRrRQ

we obtain the pressure response of the half-space:

(43) p(P,t)
-f0 1 1 2

:i U(t)
1pç rpQs rpQut

where

(44) rpQlt = (x2+y2+(z+wt+d)2)h/2

This is the solution derived by Bodvarsson (1977).

The elevation of the free surface, due to the point

sink, is then given by

h(S,t) =

(45)
_0 r 1

2Tpgcd
L r/d)2+1)h/2

1

((r/d)2+(1+wt/d)2)h/21

.
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where S = (x,y,o) and r = (x2 + y2)u/2 the radial

coordinate. Directly above the sink

(46) h(S,t)
wt/d

2,rpgcct
( + wt/d

The elevation of the fluid surface following a

period T of constant withdrawal f0 is given by equation

(32), or

h(S,t) =

(47)

[((r/d)2

1

2irpgcd (lIwAt/d)2)h/2

1

((r/d)2+(l+wt/d)2)h/2]

where tt is the time since the withdrawal stopped and t =

T + At. For At << T the recovery of the water level is

given by

Ah(S,At) = h(S,T+At) - h(S,T) =

(48)
r

2pgcd L((r/d)2+l)h12

= - h(SAt)

- 1
1

((r/d)2+(l+wAt/d)2)h/2J

The pressure response to a variable flow rate q(t)

is given by

(49) p(P,t) =
J
q(T)k(P,t -
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with

-1 1 1
6(t)k(P,t) = - - ____

(50)
E rpQ rpQu

1 w(z+wt+d)
3

U(t)
rp0

1

7. The Homogeneous and Isotropic Vertical, Unconfined
Slab with 2-D Flow

Now let us consider the long term response of a

vertical slab of thickness b with a free surface, which

is homogeneous, isotropic and isothermal. A line sink of

strength f0/b (kg/sm) is located at depth d, such that

the flow is two-dimensional, and the initial free surface

is at a depth z = 0 (Figure 9). The solution is again

given by (37) with

f(P) = -(f0/b)6(y)6(z-d)U(t)

-1
(51) G(P,Q) = [1n(rpQ)-1n(rQs)]

-1
N(P,Q) = . [1n(rQ)1n(rQI)]

where
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rpQ = (y2+(z_d)2)i/2
(52)

rpQs = (y2+(z+d)2)l/2

Using the results of Appendix B

2
R) 1 z ln(r
N(R,Q)dyR = J

RQ) dyR = ._ln(rp0t)
anR- rpR

we obtain the pressure response of the 2-D slab:

(54) p(P,t) Eln(rpQ)+ln(rpQs)_2ln(rpQutflU(t)
2Iirbc

where rpQst is defined as above.

The elevation of the free surface is given by

(55) h(S,t) in1 (y/d)2+ 1
2wpgbc [(y/d)2(i+wt/d)2]

where S = (y,o). Directly above the sink

(56) h(o,t) = in (i-i-wt/d).
w pgbC

The elevation of the fluid surface following a

period T of constant withdrawal f0 is

(57) h(S,t) in
l(y/d)2+(i+wt/d)2l

2irpgbc
L

(y/d)2+(l-i-wt/d)2j

where At and t are as defined earlier. For At << T the

recovery of the water level is



[1]

Ah(S,At) = h(S,T+At) - h(S,T)

(58)
2

0 1r(Y/d)2+(lW/d)2l
wpgbc [ (y/d)2+1

- h(S,t)

To calculate the pressure response due to a variable

flow rate q(t) we use

(59)

1
k(P,t) = [ln(rQ) - ln(rpQu)J 6(t)2irbc

1 w(z+wt+d)-
2

rpQ

and equation (49).

8. The Unconfined, Horizontal Slab Reservoir

We are also interested in the free surface response

of more limited reservoirs with 3-D flow. Let us

consider an unconfined aquifer of infinite areal extent

but of finite thickness D. Let there be a sink of

strength f0 at the point Q = (o,o,d) starting at time 0+

and let the initial fluid surface coincide with the z = o

plane (Figure 10). We can solve this problem as outlined

in section 5 above by using the method of images (Duff

and Naylor, 1966) to find the Green's functions. It is,



[I:

ground
surface

S=(x,yo) O=(o,o,o) equilibrium-- zo liquid
surface

n equilibriumP(x,y,z) liquid surface

1'

Figure 10. The unconfined horizontal slab reservoir.
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however, of interest to solve this problem directly by a

different method as outlined below.

Writing the Laplacian operator in cylindrical

coordinates, we now need to solve

1
(60) a (r arp) + a2p = _____

2ircr
6(z-d)U(t)Fr

where r is the radial coordinate. Our solution will have

to satisfy the free surface condition (12) as well as a

no flow condition at the bottom of the aquifer

(61) azP=o at zD,

and the initial condition p = o when t = o. To solve we

employ the Hankel transform (Duff and Naylor, 1966) and

equation (60) is transformed into

(62) a - k2
ó(z-d)U(t)

2 ,rc

where is the transformed pressure and k the transform

variable

(k) =
J

rp(r)J0(icr)dr
(63) 0

p(r) =
J
k(k)J0(kr)dr
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The general solution of (62) is

(k,z,t) = A(k,t)e + B(k,t)e , z < a
(64)

(k,z,t) = C(k,t)ekz + D(k,t)e , z > d

This solution must satisfy the boundary conditions (12)

and (61), be continuous at z = d and satisfy the source

condition

(65) a(k,d,t) a(k,cr,t)

After some algebra we arrive at the following solution:

(k,z,t) = F(ekZ+ekZ)

2F

(66)
(l+e2)

ekdF=- f ___
4irck

R=
1 + e2

e1t (ek(2DZ) + e1)

(l+e2k())

(1 - e21)

This solution can be inverted analytically, by expanding

it in a series. Thus we obtain the same type of solution

as by the method of images mentioned above. More

conveniently the inverse Hankel transform can be

calculated numerically.



(67)

Note that if we let D + in (66) we obtain

(k,z,t) =

-fo [e(Z) + e(&1) -
4,1CK
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and inverting we obtain the same solution as in section 6

(equation (44)), as expected.

Finally, the Hankel transform of the water level is

given by

(68) h(k,t)
f0e"

(1 - ekRt) (1 e2k(1)))
2ircpg

(1 - e2lct))

By inverting this solution numerically we obtain the

results in Figure 11, which present the free surface

response of a finite thickness aquifer as well as that of

a half-space aquifer forcomparison.

9. The Unconfined Box-Type Reservoir

As the last specific case of the long term free

surface response of a liquid reservoir let us consider

the homogeneous, isotropic and isothermal box-type domain

of Figure 12, with the equilibrium free surface. We

will derive the impulse response instead of the step

response as in the last three sections, the step response
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Figure 11. The free surface response of a horizontal
slab reservoir of thickness D, at S =
(r,O), due to an unit sink at Q = (O,d).
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n

Figure 12. The unconfined box-type reservoir.
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is then simply given by (49). The solution below has

been presented by Bodvarsson (1984).

To obtain the pressure impulse response, )c, due to

an impulsive unit mass source at the point Q = (o,o,d),

at time t = 0+, we need to solve

(69) - v2k =

where S = (x,y,o), a point in z. The pressure has to

satisfy (12) in and no-flow boundary conditions on the

sides and bottom of the domain. We assume the pressure

can be represented by a series in the eigenfunctions

of the Laplacian in z, that is (Bodvarsson, 1984)

(70) k(P,t) = ) a(tz)3()
J

where

= Aj$j j = 1,2,... , S in

(71) a./an = 0 S on boundary of E

and 2
2 ax ay2

The eigenfunctions are orthogonal and normalized

(72)
J 1(S)(S)da5 = 6jj
E

and we can expand (Duff and Naylor, 1966)

(73) 6(S-O) =
J



Inserting (70) in (69) and using (71) and (73) we obtain

(74) Xa - aj = (z-d) (0)6(t)/c

Taking the Laplace transform of (74) and (12), with

respect to time, where â(z.$) is the transform of

a(zt)

(75) - d2/dz2 =

(76) Sj - w dâ/dz = o z = o

Equation (75) is satisfied by

1/2 1/2

j(ZcS) = Cj1eXJ Z + CJ2e AJ Z
z < d

(77) 1/2 1/2
a(zs) = Cj3eX Z + C4e'J Z

z > d

This solution must satisfy the boundary conditions, be

continuous at z = d and satisfy the source condition

(78) (d/dz) =j/dZ) z=d

Omitting some lengthy algebra, we obtain the following

solution (Bodvarsson, 1984):



k(P,t)
1

[zU(d-z) + dU(z-d)] 6(t)

(79) + (1/c)

j=2
(g/A)U(t)

+ (gj'

j=2

Fj,(S)$(0)et/tj U(t)

where A is the area of the system in the plane,

1
(80) ti

1/2
Wuj A

1 e_2)Y2t)
(81) Uj

-2x'2D1 +e

1/2 [e/2 + e'(22)E = (l/2x

(82)
_e_A'2(d+z) _e_AY2(2) d+z)][1 e2A21)]1

and

F [e_A'2(+z) +eA 2(2Dd.z) +e_1Y2(21_+z)

(83)
+ eX 2(4Ddz)3 [1 + e_2/2D]_2
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The response of the water level to a source of

constant strength f0 starting at t = 0+, or the step

response, is then simply

(84) h(S,t) = t (S).(0)tj(l_e_t/tj)
pA

j=2

where

F [e_I*2d + e_AY2(2t1) + eXj (2Dd)

(85)
+ eXj (4D-d)][1 + e_2'2)]_2

Turning now to a more specific reservoir model, of

the box type, let us consider the simple example of a

reservoir of circular form of radius R with a source

located at depth d on the axis of the system. Then the

eigenfunctions and eigenvalues are as follows

1/2
j(r) = cJ0(A r)

(86)

= (aIR)2
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where J1(a3) = o j = 1,2,3...

and the cS are normalization constants,

R
1/2

(87) 211c
J

J0(x r)rdr = 1,
0

thus

(88) c = 1/(Ah/2IJO(2 R)I)

The water level step response is then given by

(89)
h(S,t) fo

+
J(arIR) (1_ejajtD)]

cApg D
j=2 'J aJ02(a)

where tD = wt/R is a dimensionless time. For r << R the

solution simplifies further to

a

(90)
h(S,t)

= cApgCtD +
Fj (1_ejajtD)]

j=2

Using the above we obtain the results in Figure 13 as

examples of the free surface step response of a

cylindrical reservoir.
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Figure 13. The free surface response of a cylindrical
reservoir of radius R and thickness D,
at 0 = (0,0), due to an unit sink at
Q = (0,D/2).
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10. Discussion of Free-Surface Results

The validity of the small-amplitude approximation

(section 2) places some restrictions on the applicability

of the above free surface results. The principal

criterion is that the liquid level amplitude, directly

above the source, be small compared to the source depth

d, h(O,t)<<d. This condition places a restriction on the

magnitude of mass flows that can be considered. In the

specific case of the free surface step response of the

half-space (section 6), the linearization is valid for

all times if

(91) I01 << 2irpgcd

For the specific example, considered in section 4 above,

this constraint implies I0I << 6 x iO kg/s, such that

the linearization would be valid for very large flow

rates indeed. The small amplitude condition places

similar, yet somewhat greater, restrictions on the

results for the other cases.
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Considering the 3-D half-space and 2-D vertical slab

model results we observe the following: The initial

pressure response is instantaneous and at time t = o

(see equations (43) and (54))

(92) p(P,O)
-f0 1 1

, 3-D
r,Q rpQu

(93) p(P,O) 2ic [ln(rpQ)-ln(rQ.)] , 2-D

This results from the fact that we have neglected

compressibility. Only at the free surface, where rpQ =

rpQe, is the initial pressure field zero. These results

indicate that the free-surface results are more readily

applicable to data that represent the true free surface

level rather than the pressure at greater depth.

In the 3-D case the water level reaches a stationary

level at very large times

(94) h5(s)
-fo

The free surface drawdown directly above the sink reaches

90% of its stationary value at t = 9d/w and using the

same numerical example as before we obtain t = 1 yr.

However, in the 2-D case the water level never reaches a

stationary value. Directly above the 2-D line sink
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(95) h(O,t) ln(wt/d) for t >>
irpgcb w

It is of interest to estimate the horizontal

distance from the source/sink at which noticeable free

surface response occurs. This distance is in the 3-D

case given by

r (l_x2)1/2
(96)

a

where x is the ratio between the free surface amplitudes

at the distance r and directly above the source/sink.

For = 1/10, for example, we obtain r < lOd. Based on

equation (55) in the 2-D casèthis distance (y) is given

by

(97) y)2 (1+wt/d)2 - (1-I-wt/d)2X

(1+wt/d) X - 1

Numerical results are presented in Figure 14. In the 2-D

case the drawdown extends much further than in the 3-D

case.

Even though simple, the 2-D flow, vertical slab

model is more consistent with the apparent linear

dike/fracture control of the global hydrothermal flow in

Iceland, reviewed in Chapter II above.

It is also of interest to note that in the case of a

uniform-unidirectional flow, an open fracture of constant

aperture H and a slab of thickness b and conductivity c



h(y,t)/h(O,t)

Figure 14. The distance (y) from a source/sink
in a vertical slab reservoir with
2-D flow at which noticable free
surface response occurs.
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are equivalent when (Bodvarsson, 1981)

H3
(98) cb

Considering the responses of the other two models we

observe the following. The free-surface response of the

horizontal slab reservoir (section 8) appears to be

unaffected by the limited thickness of the reservoir if

the thickness is somewhat greater than twice the source-

depth. Furthermore, the response of the box-type

reservoir is unaffected by the lateral boundaries, for

times of the order of a few w/d, if its radius is

somewhat greater than twice the depth of the reservoir.

Based on the results of sections 6 and 7 we observe

that following a period of constant withdrawal the

functional form of the initial ( t << t) water level

recovery is antisymmetric (i.e. of same magnitude but

opposite sign) to the initial water level drawdown (see

equations (48) and (58)). The functional form of the

initial water level recovery for the general box-type

reservoir (section 9) can be obtained from equations (49)

and (79). For ,t << T

Ah(S,At) = h(S,T+t) - h(S,T)

(99)
= fo

j=2

Fj.j(S).j(0)tj(1_et/tj).
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The initial recovery is obviously not antisymmetric to

the initial drawdown unless the surface area of the

reservoir A is very large. Thus we can expect buildup

and drawdown data to be antisymmetric only for open

reservoirs.

We may be interested in using the theoretical

results, of the sections above, to estimate some

parameters of hydrothermal reservoirs in nature.

Unfortunately, the equations for the response of these

models are nonlinear in the parameters of interest, w and

c, as well as time. However, based on the equations for

the free surface response of the 3-D half-space, directly

above a point sink, and the 2-D vertical slab, directly

above a line sink we can make the following

approximations

3-D:

(100)

wt dh(O,t) = 2pgCd , t <<

-
- fo dh(0,t) 2gcd , t >>
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2-D:

(101)

wt dh(0,t) = irpgcd a t <<

(W) dh(o,t) pgCd (in + in (t)), t >>

In the 2-D case the water level response following a

period of constant production can be approximated

w(102) h(0,t) ,pgcd
1(T +tAt) tt >>

When these approximations apply they can be easily used

to simulate field data and hence to estimate the

parameters c and w. However, they are of limited

validity and later in this chapter a much more general

interpretation technique, based on free surface models,

will be developed.

11. Lumped Element Networks

Above we have been mainly concerned with deriving

the long term responses of some realistic distributed

parameter models of hydrothermal systems. This was done

to enable the simulation of the observed behavior of

hydrothermal systems under production as well as to

predict their future behavior. It is, however, often

quite helpful to invoke simpler model systems to



approximate the observed response in order to simulate

and predict. Because of simple mathematical and physical

characteristics, lumped element models consisting of

networks of liquid capacitors and conductors are very

convenient simulators (Bodvarsson, 1966; Bodvarsson and

Axeisson, 1985). In the next three sections we will

discuss the theoretical aspects and derive response

solutions of such lumped element networks. In later

sections we will address the problem of determining the

parameters of such simulators from observed response

functions.

We will first consider a general network of the type

sketched in Figure 15 consisting of a total of N

capacitors with capacitances Cj The capacitors are

linear and time-independent, that is, simple liquid

containers with vertical walls of sufficient depth such

that they will not be emptied during any admissable flow

process. A capacitor has the mass capacitance K when it

responds to a load of liquid mass m with a pressure p =

rn/K, where K = a/g and a is the area of the capacitor.

The network capacitors are pairwise connected by up to

N(N-1)/2 conductors of conductances aik (a1 = o). The

mass conductance of a conductor is a when it transfers q

= otp units of liquid mass per unit time at the impressed

pressure differential tip. The particular element

connects the i'th and k'th capacitors and because of
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Figure 15. General lumped capacitor/conductor network.



linearity Gik = aki. The network is open in the sense

that the i'th capacitor is connected by a conductor of

conductance to an external capacitor that maintains

equilibrium pressure of magnitude zero. The network is

closed when = o for i = 1,2...N.

Let p(t) be the pressure in the i'th capacitor and

q(t) be the mass flow from the k'th to the i'th

element. Then the basic equations are the mass flow

equations

(103) = ajk(Pk Pj)

and the conservation of liquid mass requires that

(104)
ic dpi/dt =

N

) qjk -aiPj+fj
k=l

where f1 represents an external source mass flow into the

i'th capacitor. Inserting (103) in (104) we obtain the

basic system equations

(105) Ki dp/dt -

or in matrix form

N

) aip] + Pj
k=1

(106) K dp/dt + A = f

N

°ik +oj) = fj
k=1

i = 1,2... N

where the vectors and matrices are defined as follows
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P = (p1)

=
(107)

K = (ICioik)
A = (ajj + aj)6ik

Note that K is diagonal and A is symmetric.

12. General Solutions for Response of Lumped Networks

To obtain general solutions of the system of

equations (106), we first derive the response of the

network to an impulsive driv& of the k'th capacitor given

by f(t) = 1k6(t). Here is a vector having only one

non-vanishing component equal to unity at the k'th entry.

The response to this particular drive ishk(t), the k'th

impulse response vector of the network that is the

solution of

(108) K 1k/dt + Ahk =

If the network is driven by a general causal drive f(t),

and can be taken to be in equilibrium at t = o, the

response is obtained by

N t
(109) p(t) =

k=l



84

We will now restate equation (108) as follows

(110) dhk/dt + = K1Ak6+(t)

where R = K1A is the decay rate matrix defined by

Bodvarsson and Axelsson (1985). Equation (110) can be

solved by an operational approach and since R is

independent of time we immediately obtain

(111) hk(t) = etR K_kU+(t)

where the exponential operator is to be interpreted as

follows

(112) hk(t) (_tR)n/ni.3 u(t)

Bodvarsson and Axelsson (1985) point out that (112)

represents an iterative solution of (110). This type of

solution is of particular importance for computations of

hk(t) for small values of time.

Equation (110) can also be solved by considering the

associated eigenvector problem

(113) Af = xK or R =

where F and A are the eigenvectors and eigenvalues,

respectively. Note that A is real symmetric, but

singular in the case of a closed network. In the general

case where A is a nonsingular N x N matrix we can
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eigenvectors , associated with up to N non-negative

real eigenvalues A. We form the eigenvector matrix T

out of the column vectors The eigenvectors can be

normalized and are orthogonal in the following sense

(114) < > = ik

where the brackets denote an inner product. Thus

(115) T'KT = I

where T' is the transpose of the matrix T. We can also

show that

(116) TT'K = I

Then we can diagonalize the matrix A as follows

(117) T'AT = A or A = KTAT'K

and R = TAT'K

where A IS the diagonal eigenvalue matrix. Using these

results we can rewrite solution (111) as

(118) 1k(t) = etTT'K K'Ak U(t)

and using the fact that if f is an analytic function



(119) f(R) = T f(A)T'K, 1)

where f(A) = (f(Al)oik), and then

(120) hk(t) = T etA T'Ak U(t)

From (120) we obtain the response of the ifth capacitor,

in normal mode form (Bodvarsson and Axeisson, 1985)

N
(121) hik(t) j1=1 tijtkj

ejt U(t)

The same solution would have been obtained by taking

the Laplace-transform of (108)

A

(122) [SK + A]hk = Ak

and then solving this resulting system of equations to

obtain

A N
(123) hjk(s) = Z tijtkj/(5+Aj)j =1

1) To prove this expand f(R) in power series

f(R) = f(o) + f'(o)R + f"(o) R2/2 +

and use R2 = TATtKTAT'K = TA2T'K

and R1 = TAT'K.



The solutions (112), (120) and (121) are equivalent

solutions of the basic problem, however, the expressions

given by (120) and (121) are convenient for computing

long term responses.

In practical situations a step response is often

more convenient than the impulse response. The response

of the i'th capacitor to a mass flow input q u(t) into

the k'th capacitor is obtained by applying the integral

(109)

N
(124) pik(t) = qk

j=1

It should be mentioned here that closed networks

have a singular matrix A such that the lowest eigenvalue

A1 = 0. The corresponding eigenvector has the components

= v1 where V = . The solution (121) remains

valid, but care has to be exercised in the case of the

step response where the first term of the sum becomes

t/V.

Finally we should point out that when dealing with

very simple networks it may be simpler to solve the

system of equations (122) directly and then invert,

rather than use solution (121).



13. Response of a Simple Lumped Capacitor, Conductor
Ladder

For later reference we will now present the response

solutions for a simple two capacitor ladder as shown in

Figure 16. We will consider the network to be closed

(i.e. a2 = 0) as well as open and present the response of

the first capacitor to different source situations. We

concentrate here on the two capacitor ladder, because of

its simple mathematical characteristics yet great

simulation power. As a supplement we present the

response of a closed three capacitor ladder in Appendix

C.

In the case of Figure 8 we have

r01 -a1
(125) A = I

Li ai+a2]

and we will consider

K1 0
K=

I

L ° K2

(126) f(t) ,o<t<T ; (t) 11 ,t>T

i2j
2J

That is, production from the first capacitor for a period

T and a constant flow into the second capacitor. Thus we

can consider three different source situations, (i) q1

0, q2 = 0, (ii) q1 = 0, q2 0 and (iii) q1 0, q2 0.



Figure 16. Open two capacitor ladder.



The responses in the different situations are then

as follows:

- Open ladder with q2 = 0

0 < t < T, drawdown:

(127) p1(t)
-q1112 (l_e1t) lt122(1__A2t)

A1 A2

t > T, buildup:

(l_e1T)(1_e1At)p1(t) - p1(T)
(128)

A1

(1_eA2T)(1_e2At)
A2

where At = t-T and

1
A1

2
01+02 +J (K2 K1 K2 K1 K2 K1

1 r°1"2 °
A2

2
+ (

(al+a2)2+j(ala2)(al)2)1/2]
K2 K1 K2 K1 K2 K1

(129) a]2
1

2

K12K2 (
01

+ - A1)2)K1K2 K1

2 a2 1tl2 2

K12K2 _01
+ (J - A2)2)Ki
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- Closed ladder with q2 = 0

0 < t < T, drawdown:.

(130) p1(t) = K2-
C1AA

(1_et)

t > T, buildup:

(131) p1(t)-p1(T) = q1 K1M
(l_eT)(1_eAt)

where

K 2A = a1
(132) K1K2

A= (K1+K2)

- Closed ladder with q1 = 0

t>0

(133) p1(t) = q2 (l_et)

where A and are again given by (132).

- Closed ladder with g1, q2 0

0 < t < T, drawdown:

(134) p1(t
(2_1) (Kq1+K1q2) (1_et)

A K1AA
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t > T, buildup:

p1(t) - p1(T) = At
(135)

(K2q1(1_51T) - ic1q2eAT) (l_eAAt)
K

when AT >> 1 and At << T (135) can be written

(136) p1(t)-p1(T) = .At q1c2 (l_eAt)

The response of the still simpler one capacitor open

ladder is also of some interest:

o t < T, drawdown:

(137) p1(t) = ! (1_ealtIKl)
a1

t > T, buildup:

(138) P1(t)-p1(T) =. (l_e1T/K1)(1_e1t/K1)
a1

Based on the above results we make the following

observations on the response of the first capacitor:

- The initial buildup and the drawdown for open ladders

are antisymmetric, i.e. of the same magnitude but

opposite sign.

- The buildup and drawdown of a closed ladder are not

antisymmetric, the drawdown is more rapid than the

buildup.
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- The buildup of a closed two capacitor ladder and the

buildup of an open one capacitor ladder have the same

functional form.

- We therefore conclude that if the response of a real

hydrothermal system can be approximated by the response

of a capacitor/conductor ladder we are not able to

determine from buildup data whether a system is open or

closed. Hence some drawdown data is needed to complement

all buildup data (see also section 10 above).

14. Short Term Simulation of Analytical Reservoir Models

Later in this chapter we will consider methods of

deriving parameters of simulation ladders for actual

production data. At this point, however, we can simulate

the responses of analytical reservoir models to

demonstrate the efficacy of our methods.

We will here consider short term simulations such

that the Taylor series solution given by equation (112)

is appropriate. The response of the first capacitor of a

simulation ladder to an impulse sourcein the same

capacitor (front end driving point impulse response) is

then
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h11(t) = - t
Ic1 2

K1

2(!L ai
3 2 21

K1 K1K2
(139) 3

a12(a1+a2) t3 j U(t)(_-_. 2 +
2

K1 Ii K2 Ii K2

Note that as we proceed up the series each term takes up

one, and only one, additional ladder parameter. In other

words, the zero'th order term depends on K1, the first

order term on K1 and a1, the second order term on K1, a1

and K2, etc. From the derivatives, at t = 0, of the

response function we want to simulate, we can thus derive

the parameters of the simulation ladder relatively

simply. The initial value and the first three

derivatives of the ladder impulse response are given by

(140)

h11(o) =

-a1
h11(o) =

K1

St
h11(o)

3
IC1 K2
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- a1
+ 2 _

a13 a12(al+a2))h11(o) - _____
K1 Ki K2 K1 K2

As an example of this procedure we will carry out

the simulation of the unconfined half-space model by a

two capacitor open ladder. The impulse response of the

half-space is given by equation (50), and hence

(141)

z
g (1+.)

k(P,0) =
2ird2 ((X)2(].Z)2)3/2

g w
(()22()2)

kt(p,o) =
2,r$d2 ((r)2(z)2)5/2

3g(l+)
')2

(3(2+2(2)
ktt(P,o) =

2ird2
d

3g()3 (_3()4+24()2(1+)2_8(1)4)
kttt(p,o) =

21r$d2 ((r)2(1z)2)9/2



By equating these results with the results given by

equation (140) we obtain (a Kg)

((r)2(z)2)3/2

(142) a1 = 2,r$d2
z

(1

E2(1+)2_(r)2][ (r)2(1z)231/2
a- a-

(143) 01 = 2ircd

(1+) 2

(144) = 3(1+.)2
a2

and finally

a- a-

[2(1+j2_()2]

(145) = - [la212k() (al+a2)2
a1galJ

Using these results together with equations (127) and

(129) we then obtain the response of the simulation

ladder in each specific case. Figures 17 through 20 give

a few examples of the short term simulation of the

pressure unit step response of the unconfined half-space

(Figure 8 above) at different field points P = (r,z)



0 1 2 3 4 5 wt/d
0

-0.1

p = (0,0)

one capacitor lumping

two capacitor lumping

exact

-0.21-

Figure 17. The unit step response of the unconfined
half-space at P = (0,0) due to a sink at
Q = (0,d) along with simulations by open

pgcdh(P,t) one and two capacitor ladders.



0 2 4 6 8 10 wt/d
0

-.02

-.04

-.06

(cd) p (P, t)

Figure 18. The unit step response of the unconfined
half-space at P = (O,d) due to a sink at
Q = (O,d) along with a simulation by an
open two capacitor ladder.

Imping



0

-.02

-.04

-.06

(cd)p(P,t)

Figure 19. The unit step response of the unconfined
half-space at P = (d/2,d) due to a sink at
Q = (O,d) along with a simulation by an
open two capacitor ladder.



0
or

-.02

-.04

-.06

(cd)p(P,t)

The unit step response of the unconf
half-space at P = (l.3d,2d) due to a
at Q = (O,d) along with a simulation
an open two capacitor ladder.

by
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caused by a sink at Q = (o,d). The results for the

response of the free surface, that is h(S,t) = p(S,t)/pg,

directly above the sink are presented in Figure 17. In

this case the parameters of the simulation ladder are

simply

a1 = 2ird2

a2 =4T+d2 for z =0
(146)

& r << d
= 4,1cd

= 12,rcd

and the equation for the two capacitor simulation is

1
(147) p1(t) = (O.O99(l_e27tD)

+ 0.0071(1_e4.73tD))

where tD = wt/d. In Figure 17 we also present, for

comparison, open one capacitor simulation given by

1
(148) p1(t)

4iicd
(l_e2tD)

It is evident from the results in Figures 17 through 20

that the short term lumped approximations hold quite well

for times up to a few d/w.

It should be pointed out here that the response of

the half-space can only be simulated by the ladder front-

end driving point response (equation (127)) when the

field point P is sufficiently close to the source point
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Q. Greater distances between the points would result in

negative ladder capacitances or conductances and hence

unacceptable results. In the case of the two capacitor

simulator the following criterion should hold

(149) kttt(P,o) > a
(a1+a2)2(g)4

a2 a1

which for P = (r,o) implies r < O.43d.

As further examples of the short term simulation of

analytical reservoir models we consider the unconfined

box type reservoir (section 9). Here we obtain the

derivatives of the response functions numerically and

from these we derive the ladder parameters as above. The

results for two reservoir geometries, one with R = D and

the other with R = 5D, are presented in Figures 21 and 22

and the ladder parameters are listed in Table V. We see

that an open second order ladder is a very efficient

simulator for the deep reservoir. The simulation of the

shallow reservoir is less efficient. Satisfactory

simulation is however obtained for t < 1.6d/w.

Methods for long term lumped network simulations of

actual reservoir response data are discussed later in

this chapter. Using such methods, and closed two

capacitor ladders to simulate the response of the box

type reservoir we obtain the parameters presented in

Table VI. The results can be summarized as follows:

- For the deep reservoir (R/D = 1) the simulation is
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0 0.4 0.8 wt/R

(cpgA)h(O,t)/R

Figure 21. The unit step response of the unconfined
cylindrical reservoir with D/R = 1 at
P = (0,0) along with short term simulations.
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0 0.4 0.8 wt/R

4

6

(cpgA)h(O,t)/R

Figure 22. The unit step response of
cylindrical reservoir with
P = (0,0) along with short

the unconfined
D/R = 1/5 at
term simulations.
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Table V Short-term simulation ladder parameters for the

response of the unconfined cylindrical

reservoir

R/D
1 5

a1 0.42 A$ 0.019 A+
a2 0.58 A+ 0.033 A

4.0 Rc 1.1 Rc
a2 0 2.9Rc

Table VI Long-term simulation ladder parameters for the

response of the unconfined cylindrical

reservoir

R/D
1 5

a1 0.43 A$ 0.06 A
a2 0.57 A$ 0.94 A
a1 3.3 Rc 0.5 Rc



highly efficient, so much that for wt/d > 0.1 the

deviation is less than 1%, decreasing with increasing

time. We see that the ladder parameters are not very

different from the parameters used for the short term

simulation.

- The results for the long term simulation of the

shallow reservoir (R/D = 5) are presented in Figure 23.

Here the simulation is only satisfactory for times

greater than t = lOd/w. This is reflected in the very

different parameters obtained for the short and long term

simulations. A third order simulator would, however, be

more efficient (Bodvarsson and Axelsson, 1985).

From the above we conclude that the efficacy of

simulation by simple ladders (two capacitors) is

dependent on the global geometry of the reservoir being

simulated. For certain geometries, such as the deep box-

type reservoir, this simulation can be excellent. The

ratio D/R being close to unity is not atypical for

geothermal reservoirs.

15. Unit Step Response from Actual Production Data

Above we have obtained theoretical results on the

long term behavior of unconfined aquifers as well as the

simulation power of simple lumped element ladders. We

are now interested in utilizing these results in
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0 10 20 30 40 /d

(cpgA)h(O,t)/R

Figure 23. The unit step response of the unconfined
cylindrical reservoir with D/R = 1/5 at
P = (0,0) along with a long term
simulation.
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analyzing data on the evolution of actual hydrothermal

reservoirs. At this juncture we make the following

observation. When comparing the response of an actual

reservoir with the response of a theoretical model, the

unit step response (or impulse response) of the reservoir

is of main interest. In practice geothermal reservoirs

are rarely produced at a constant rate over long periods

of time. However, knowing the response to a variable

production rate, as well as the varying flow rate, one

can in principle estimate the step response as follows:

The pressure (or water level) at variable flow rate

is given by (see also equations (49) and (109))

(150) p(t) = fq(t_t)G(t)dt

where G(t) is the impulse response and q(t) the flow

rate. Then the unit step response equals

(151) u(t)

Here we need to solve the integral equation (150) to

obtain G(t). We discretize this problem by approximating

(152) q(t) q1 , t1_1 < t < t i =

where t = iAt. Equation (150) can be written
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d
(153) p(t) =

J
q(t-t)G(t)dt

i=i ti_i

and q(t-t) = q(k-i+1) if t1_1 t < t1. We define

(154) Gi = 11 G(t)dt
ti_i

and (i53) can be rewritten

k
(155) = p(tk) = ) q(_i)G

i =1

This equation is easily solved

i-i

(156) Gi = (Pj ) q(_i)G) , i = i,2...N
q1 j=i

and we thus obtain the unit step response

k
(i57) u(tk) = G1 , k =

i =1

Equation (i55) can also be set up as a matrix

problem

(158) G =

where



q10 0 .... 0

q2q1 0 .... 0

q3 q2 q1 .... 0

q1
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(159) [n qn-i q-2 qi]

-G1 Pi

ffl= -G2 and d= -P2

-GN PN

Even though the above method produces a solution

that exactly fits the data, it is very sensitive to

noise in the data (pressure and/or flow rate) and it may

easily result in a unit step response that is physically

meaningless. It can be shown both on physical grounds

and theoretically that the unit step response is a

completely monotonous function that must satisfy (Coats

et al., 1964):

u(t) < 0

du(t)____ <0
(160) dt

d2u(t)
and >o

dt
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Coats et a].. (1964) suggest using linear programming

techniques to find the unit step response that best fits

the data as well as satisfying the above constraints. We

then need to solve the following problem:

Minimize fldi (Gm)iI
1

(161)
-with constraints m > o i = 1,2...N

mi_i - m > o I = 2....N

The above is set up as a linear programming problem in

Appendix D.

We are now able to analyze variable flow rate

production data for the characteristic unit step response

and then compare this with step responses of analytical

reservoir models.

16. Non-linear Free Surface Analysis

We are now interested in fitting some theoretical

models, specificly models of unconfined reservoirs when

compressibility can be neglected, to actual field data

and estimate the parameters describing the best fitting

models. As mentioned earlier the responses of free

surface reservoirs do not depend linearly on the

parameters of interest. Below we will develop a non-

linear iterative technique for estimating the parameters
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describing the model chosen, applicable to variable flow

rate data.

We assume the observed pressure is given by equation

(49), or

(162) p(P,t) = Jq(T)k(Plt_t)dt

where k is the impulse response for the specific free

surface model chosen (sections 6 through 9). This model

response can be written as

(163) k(P,t) = AK(P,at)

where A and a are constants depending on the unknown

parameters of interest c and w, and on the specific

models. By the method developed below we estimate A and

a, and from these parameters we obtain c and w.

The observed pressure and flow rate data are

= p(t) ; tj = iAt, i = 1,2...N

(164)

and q(t) = for (i-1)t < t < it

Equation (162) can then be written as

(165) (ffi) = a

where



Imil
Lm2J

=

d2
11l
P2

and is a vector-valued function defined as

(167) g = (g) ; g(E) = p(t)

Expanding equation (165) into a Taylor series we can set

up the following iterative scheme (Menke, 1984)

G1 = a (est)

(168) est est
rnn+l = mn + Amn+1

where st is an initial guess and

(169) (G) =
am ffl

= ffiest ' i = 12

or

t.J1
q(t)K(P,m2(t-t))dt

(170)
(G)2 = m1

J
q(T)(t-t)K'(P,m2(t-T))dt

0

est
where = inn and K'(P,t) = atK(P,t).
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The least squares solution of (168) is given by (Menke,

1984)

est
(171) AThn+i = (GTG)GTtd (mI )}

n = 0,1,2,....

where GT is the transpose of G. We make an initial

guess and then use iterations and equations (168) through

(171) to estimate the parameters that best fit the data

and the specific functional form of the impulse response

assumed. We use the following criterion to terminate the

iterations

2

(172) ((mn+l)i)2 << 1
est

i=1 (m+i)

The matrix G TG is a simple 2 x 2 matrix which we can

invert analytically

(173) GTG =

2

(G) 2(G) ii
1

(G) il(Gn)i2
1

2
(Ga)

i 2
1



Thus

(G TG =
n n'
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(174) [I(Gn)2 G)i(Gn)12l

1 -(G).1(G).2 (G)1
(Gfl)l(Gfl)2_(1(Gfl)il(Gfl)i2)2 Li i J

More detailed equations for in two specific

cases, are given in Appendix E.

To compare the three different methods for analyzing

variable flow rate data developed above (direct method,

linear programming method and non-linear iterative

method), we have applied the procedures to a few

different synthetic data sets. We have computed the long

term water level response of the 2-D unconfined vertical

slab aquifer (section 7) directly above a line sink of

variable flow rate, and added some random noise. Using

the ntis-difference between the exact and the estimated

unit step responses as the criterion for the efficacy of

the different methods, we came to the following

conclusions:

- The linear programming method is better than the

direct solution method, giving on the average an rms-

difference smaller by a factor of two. In the presence
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of noise the direct inversion technique gives poor

results.

- The iterative non-linear solution technique is better

than the linear programming method, giving on the average

an rms-difference smaller by a factor of two. Thus in

cases when we want to fit specific models to data, the

non-linear least-squares iterative technique gives the

best results.

17. Estimating Ladder Parameters for Simulation of
Actual Field Data

Being able to estimate unit step responses from

field data (section 15) we are now interested in

simulating these by simple open/closed two capacitor

ladders (section 13). As will be discussed below there

are several possible ways of estimating the parameters of

the ladders as well as ways of performing the simulation

directly on variable flow rate data.

First, we can fit a polynomial to the early time

behavior of the unit step response, i.e.

n tk
(175) u(t)

kl Ak , t < T ' .?
4

and by equating the estimated parameters, Ak, k = 1,2,3 &

4, with the derivatives of the front end driving point

unit step response (equation (140) with u(nl)(t) =
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h(1-)(t)) we obtain the parameters for a short term

simulation ladder. This method is, however, not without

problems, other than being only a short term simulation

method:

- Inevitable noise in data causes serious difficulties.

- The period T has to be so short that a polynomial of

type (175) is appropriate, however, long enough such that

enough data can be incorporated.

We are more interested in fitting all the data

available and in long term simulations. This can in many

cases be successfully achieved by a trial and error

visual/manual fitting. Consider, for example, simulation

by a closed two capacitor system (equation (130)).

Provided enough data is available, the unit step response

should be asymptotically linear such that we can estimate

A = (K1 + c2) from its slope. Subtracting the linear

part t/A from the observed unit step response we are left

with fitting

(176) (1_et)
K

to the remainder. Having a sufficiently long data set

such that eXt is negligible at later times, we can

easily estimate K2/K1AA and finally A from the early time

behavior.
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This manual method is of course useful albeit time

consuming. We are therefore interested in more automatic

methods that can be implemented on modern day computers.

One method of long term fitting, which we mention in

passing, may be of some use. We want to fit a function

of the form (equation (127))

2

(177) u(t) = i (1_ejt)
j=1

to the data. Transforming the data set to g(t) = u(t)/t

and then taking the inverse Laplace transform of g(t),

with s the transform variable results in

(178) g(s)
(til ¶122) 2

U(s-A.)
A1 A2

j=1
J

where U is the unit step function. This method should in

principle enable good estimates of 'nj2 and for j =

1,2, however, in the case of noisy data its accuracy is

doubtful.

We will now present a method which in conjunction

with the above methods should enable us to obtain good

estimates of simulation ladder parameters. This is a

non-linear iterative least-squares technique, applicable

to variable flow rate data. As before, we assume the

pressure to be given by



(179) p(t) = Jq(T)h(t_T)dT = Jq(t_t)h(t)dt

where h(t) is the simulation ladder impulse response

(section 13). We are interested in two kinds of

responses

(180) and

h(t) = AeXlt + BeX2t

h(t) = AeXlt + B
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The first equation applies to the general responses of

two capacitor ladders (equations (127) and (128)),

whereas the second can be used for the responses of

closed two capacitor ladders, (equations (130) and (131))

or the responses of one capacitor systems. From A, B,

and A2 we can then obtain the ladder parameters. This

problem is set up as thenon-linear problem of section

16:

(181) (fi) = a

where ii = (m1) and m1 = A, m2 = B, in3 = A1 (and m4 =

a is defined by equation (166) and by (167). The

iterative scheme is given by equation (168) and the

matrix G defined by (169). In the two cases being

considered here (equation (180)) we have

ti
(182) (Gn)ij = I q(t_T)emj+2tdt

,
j = 1,2

Jo
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where in the second case of equation (198) m4 = 0, and

(183) (G) = -mj_2
ig(t_T)te_mjtdt

, j = 3,(4)

In the above = ffiest. More specific formulas for

(G)1 when we approximate q(t) as in equation (164),

are presented in Appendix F. The solution of the

iterative scheme is again given by equation (-171) where

we now invert GnTGn numerically since it is either a 3 x

3 or 4 x 4 matrix. By trying this non-linear method on

synthetic data sets we arrive at the following

conclusions:

- The method is very efficient for the second case of

equation (180), i.e. when wednly need to fit one

exponential.

- The successful use of this method for the first case

of equation (180) depends critically on the first guess.

When we need to fit two exponentials the first guess may

not be farther off the best fitting solution than 10-20%.

We now have some tools that in many cases will

enable us to successfully estimate parameters for

simulating reservoir responses. The three first

mentioned methods of this section may be used to obtain

first rough estimates and these, in turn, may then be

used as first guesses in the non-linear iterative

technique.
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18. Analysis of Actual Field Data, Prelude

At this juncture we are interested in applying the

methods developed above, as well as the analytical

results, to some actual field data. As examples of the

long term pressure evolution of liquid dominated

reservoirs we will present some data from hydothermal

systems in Iceland. We estimate unit step responses from

variable flow rate data, perform free surface analysis

and simulate the behavior of systems by simple lumped

capacitor/conductor ladders. It should be emphasized

that the analysis below is not intended as a

comprehensive study of each of these geothermal systems,

but rather as examples of the practical use of the theory

and methods developed above.

Surface exploration of geothermal systems provides

practically no information on fluid conductivity or

production characteristics. Such information will

generally have to be obtained by tests performed within

the reservoir, primarily by production tests as discussed

earlier (section 9, chapter II). Reservoir testing

involves the interpretation of reservoir response to the

withdrawal or injection of fluids. Pressure data are of

particular importance and provide the main basis for the

estimating of physical reservoir properties such as

permeability and porosity. Well-pressure buildup!
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drawdown test methods, employed in petroleum engineering

since the 1930's, are now highly developed (Earlougher,

1977; Ramey, 1982).

In addition to conventional procedures the free

surface analysis method, as applied to long term data,

provides supplementary results (Bodvarsson and Zais,

1978). In section 19 we present several field examples

of the application of this method. Bodvarsson and Zais

(1978) have presented results of such an analysis of data

from the Laugarnes field in SW-Iceland, their results are

plausible yet quite different from results obtained by

conventional well testing methods and short term data.

We will also simulate the response data by simple

lumped parameter ladders. Due to their very simple

mathematical characteristics such simulators can be very

efficient, even in the case of very complex systems.

Distributed parameter models have been used as

simulators, but they require considerable information on

the distribution of the physical parameters of the system

in question which is seldom available and thus resulting

in complex highly underdetermined problems. Furthermore,

even though very different from real systems, lumped

parameter simulators provide important information on

global characteristics (see section 19). We should

mention that lumped parameter models have been used with

success in simulating the behavior of the Wairakei



geothermal reservoir in New Zealand (Fradkin et al.,

1981).

We will present these examples as follows. In

section 19 we present the results

analysis and lumping of data from

systems. The emphasis is on data

results rather than on detailed s

individual system. In section 20

out a more comprehensive study of

SW-Iceland.
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of free surface

several hydrothermal

analysis methods and

udies of each

we will, however, carry

the Laugarnes system in

19. Brief Analysis of Data from Several Hydrothermal
Systems

As examples for the demonstration of the application

of our methods we present data from the geothermal

systems listed in Table VII (see Figure 24). The data

used is mostly from Palmason et al. (1983) as well as

from Thorsteinsson (1976) and Kjaran et a].. (1979). The

material that has been collected by scientists at the

National Energy Authority of Iceland is presented in

Figures 25 through 30.

The data in Figures 25, 26 and 27 are the responses

to variable rates of production. Other data are for

approximately constant rates of production or pressure

buildup situations. The data from Ytritjarnir and
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Table VII Data-base for free-surface analysis and
lumping

Dates collected
Geothermal Location Nature &

field & classification of data length of data set

Reykir

Svartsengi

Laugarnes

Laugaland

Yt r it jam i r

SW Iceland Production 1972-1982
LT-field water level decline 4000 days

SW Iceland 1976-1978,
800 days

HT/liquid 1980-1982,
dominated 900 days

SW Iceland Water level 1982, 83
LT-field buildup days

N Central
Iceland
LT-field

N Central
Iceland
LT-field

following a
break in
production

Production 1978-1982,
water level decline 1500 days

1980, 500
days



Figure 24. Location of liquid-dominated hydrothermal
systems included in the present study
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Figure 27. Drawdown (well SG-4) and production
in the Svartsengi field since middle
of 1980.
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Figure 28. Water level recovery in the Laugarnes
field (well RG-21) following a break
in production from June 1, 1982.
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field (well TN-i) from July 1, 1980
due to an average production of 46 kg/s.
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Laugaland can be considered to be approximate step

responses. To estimate the unit step responses of the

Reykir and Svartsengi fields, we use the linear

programming method developed earlier. The direct

inversion technique does not give satisfactory results in

either case. The results are presented in Figures 31 and

32.

We will now analyze the data in Figures 26 through

30 on the basis of two ultra-simple free surface models,

neglect compressibility and assume that the borehole data

approximately represent the position of the true free

liquid surface. First the small amplitude free surface

response of a 3-D half-spaceçsection 6) and, second, the

free surface response of a vertical slab of thickness b

with 2-D flow (section 7). We will assume we can

approximate the production from the reservoir by point

sinks at depth d and that the observation point is close

to being directly above the sink (compared to the depth

of the sink). By using the non-linear iterative least

squares solution technique developed above we obtain the

results in Figures 33 through 36 and in Table VIII. When

analyzing the recovery data from Laugarnes we can assume

that t <<T (At < 80 days, T > 20 yrs) and base the

analysis on equations (48) and (58).



unit step response

.06

.04

.02

0
0 2 4 6 8

e

10 (years)

Figure 31. Estimated unit step response of the Reykir
field. Based on data in Figure 25.

()
(-h)



unit step response

0.4

0.3

0.2

0.1

0

134

Re

0 200 400 600 800 (days)

Figure 32. Average unit step response of the
Svartsengi field. Based on two 800
hr. datasets (Figures 26 and 27).
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Figure 33. Unit step response of the Svartsengi
field along with responses of best
fitting simple free surface models.
Rms-difference between data and model
response equals Ci) O.006m for the
3-D case and (ii) O.0085m for the
2-D case.
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Figure 34. Water level recovery in the Laugarnes
field along with responses of best
fitting simple free surface models.
Rins-difference between data and model
response equals (i) l.Om for the 3-D
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Figure 35. Average drawdown in the Laugaland
field along with responses of best
fitting simple free surface models.
Rms-difference between data and model
responses equals (i) 2.lm for the 3-D
case and (ii) l.7m for the 2-D case.
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Figure 36. Average drawdown in the Ytritjarnir
field along with responses of best
fitting simple free surface models.
Rms-difference between data and model
response equals (i) lOm for the 3-D
case and (ii) 5.6m for the 2-D case.



Table VIII Parameters of best fitting, simple free
surface models.

Geothermal 3-D
field cd(ms) w/d(s)

Laugarnes1) 4.37xl05 3.51x107

Laugaland 2.95x106 5.52x109

Ytritjarnir 2.48x106 1.36x107

Svartsengi 2.76x105 2.06x108

1) assumin

139

2-D
cb(ms) w/d(s)

3.07x104 l.61x106

l.51x105 l.48x108

2.12x105 1.04x106

l.60x104 6.63x108

g <f0> = 150 kg/s
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The figures present how these model results fit the

data. Table VIII gives our estimates of the parameters

defining the best fitting free surface models. These

models are very simple, but they suffice as initial

models, resulting in good order of magnitude estimates,

and for illustrating the use of the methods employed. We

have tried more complex models, such as with a sink

corresponding to each production well, obtaining not very

different results. As we see from the figures the 2-D

model seems to fit slightly better. This is not

surprising and supports the belief that the flow channels

of hydrothermal systems in Iceland are mostly along walls

of dikes and within fracture zones.

From the results in Table VIII we can obtain

estimates of the parameters of main interest, the average

system permeability and porosity, as presented in Table

IXa and IXc. Only in the cases of Laugarnes and

Svartsengi do we have reliable estimates of the dimension

b. In Table IXb we present permeability-thickness, bB,

and porosity-thickness, bp, estimated on the basis of the

2-D model. These estimates are considerably lower than

previous estimates obtained by conventional methods (see

Table IV, chapter II), in particular, the extremely low

estimates of permeability for the systems in Tertiary

strata, that is, Laugaland and Ytritjarnir. The porosity

estimates, which are of the same order for both 3-D and
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Table IXa Estimates of permeability and porosity, 3-D
case.

permeability porosity

d1) C 8)2

Laugarnes 800m 5.5x108s l7md l.9x103

Laugaland 1500m 2.0x109s O.6md 2.4x103

Ytritjarnir l000m 2.5x109s O.7md l.8x104

Svartsengi bOOm 2.8x108s 5.5md l.3x102

1) from borehole data

2
2) v = 2X10-7m /s for Svartsengi

2
v = 3xlO-7m /s for other fields
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Table IXb Estimates of permeability-thickness, b, and
porosity-thickness, b, 2-D case.

b1)

Laugarnes 92 darcy m 2.3 m

Laugaland 4.5 dm 6.6 m

Ytritjarnir 6.4 dm 0.2 m

Svartsengi 32 dm 24 m

1) v the same as in Table IXa.

Table IXc Estimates of permeability and porosity, 2-D
case.

permeability porosity

82)

Laugarnes 1000 m 3.1x107s 92 md 2.3x103

Svartsengi 500 m 3.2x107s 64 md 4.7x103

1) estimated from known surface
area of system.
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2-D models, are very low yet plausible considering the

fractured nature of the flood basalts and the fact that

the porosity estimates reflect conditions in the

uppermost sections of the reservoirs. Furthermore the

porosity estimates are estimates of the interconnected

porosity rather than the total porosity. Our results for

the Laugarnes field are comparable to the results of

Bodvarsson and Zais (1978) and confirm the apparent

dependence of results on the time scale of the tests. At

this juncture we refer the reader to the possible

explanations offered earlier (section 9, chapter II). We

will discuss the results for the Laugarnes field in more

detail in section 20.

The fact that the 2-D permeability estimates are

somewhat closer to the estimates obtained on basis of

shorter term well tests (Table IV above), than the 3-D

estimates, again supports our contention that the 2-D

model more accurately reflects the hydrological

characteristics of Icelandic hydrothermal systems.

Next we will attempt to simulate the observed

responses presented above by the responses of simple open

or closed capacitor/conductor ladders. Without going

into details we employ the methods developed in section

17 above and obtain the results presented in Tables Xa

and Xb. We will refrain from a pictorial representation



Table Xa Eigenvector components and eigenvalues of simulation ladders.

Geothermal L.adder 1122

Field Type (ms2) (ms2)

2-cap.
Reylcir 8.6x107 7.4x106

closed

1-cap.
Svartsengi 1.25xl04 0

open

A1
'2 Sol.

(l) (_l) method

0 2.3xl08 manual

2.93xl08 - manual

Laugarnes 5.33x104 1.84x103 l.93x107 3.14x106 nonlinear
open iterative

2-cap.
Laugaland l.26x104 2.17x104 0 3.24x108 -"-

closed

2-cap.
2.54x104 3.67x105 7.90xl09 3.05x108

open

2-cap.
Ytritjarnir l.49x103 1.47xl02 2.85x108 6.48x107 -"-

open
I-.



Table Xb Simulation ladder parameters and rms-difference between data
and simulation.

Ladder a1 a2 01 0 rms-dif I

Field Type (m2) (m2) (sm) (sm) (m)

Reykir
2-cap.

1.2x106 1.0x107 2.5x103 0 0.00141)
closed

Svartsengi
1-cap.

7.84x104 2.34x104 - 0.00372)
open

Laugarnes
2-cap.

4.13x103 2.58x104 1.05x103 6.21x104 0.13m
open

Laugaland
2-cap.

2.86x104 4.92x104 5.98x104 0 l.5m
closed

2-cap.
3.37x104 6.95x104 3.70x105 1.59x104 2.6m

open

2-cap.
Ytritjarnir 6.05x102 6.70x103 3.65x105 2.18x105 1.9m

open
I-.

1'
' based on unit step

U,

response Figure 27

2) based on unit step response Figure 28
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of these results, since the fit is in general better than

the fit of the free-surface models above.

Before discussing these results we can use the

simulators, developed above, to make some simple

predictions on the future behavior of each of the

systems. To briefly study the predicting power of the

simulators let us consider the data from the Svartsengi-

field (Figure 26 and 27). The simulator for the

Svartsengi-field is based on two 800 day data sets,

whereas we know the drawdown in the field after 2100 days

of production (Figure 27). Based on the simulator and

the known production (Palmason et al., 1982) we can then

predict the drawdowri after 2100 days (in July 1982) by

k
h(tk) = 0.46etk c(eAtj - e)Lti_1)

i =1

(184)
x = 0.00253 days-

with the production approximated by (see equation (150))

i tj (days) q1 (kg/s)

1 800 40
2 1500 135
3 1700 310
4 1800 180
5 2000 300
6 2100 240

On the basis of the above we predict a drawdown of 87.7m.

The observed drawdown is 88m.
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This excellent result confirms our confidence in the

predicting power of simple capacitor/conductor ladders.

We can then make the following simple predictions on the

future evolution of the systems we have been considering

(Table XI). We will leave out the Laugarnes system since

its simulator is based on buildup data. The Laugarnes-

field will be considered to a greater length below.

Consider now the simulator parameters presented in Table

Xb. We are interested in obtaining some information on

global characteristics of the systems in question on the

basis of these parameters. We can attempt to obtain the

following information:

- Knowing the surface area of a hydrothermal system we

can estimate an average porosity on the basis of the

total capacitance of a simulation ladder, or vice versa,

based on known average porosity we can estimate the total

areal extent of the system.

- Based on the conductance of a lumped element conductor

we can attempt to estimate average permeability.

Below we compare the known surface areas of the systems

being considered and the total surface areas of the

simulator capacitors and attempt some porosity estimates

(Table XII).
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Table XI Future Predictions

Production
(kg/s) lOyrs 2Oyrs 5Oyrs lOOyrs

Svartsengi 200 90m - - -
500 230m - - -

Reykir 1000 65m 95m 180m 330m

open 250m 270m - -
Laugaland 75

closed 375m 695m (1650m)

Ytritjarnir 50 350m - - -

Table XII Porosity estimates based on simulation ladder
parameters.

Estimated porosity
Field Surface Area (a1 + a2)

(km2) (km2)

Reykirl) 20 1.2 0.06

Svartsengi 2 0.078 0.04

Laugarnes 3 0.030 0.01

Laugaland 10 0.090 0.01

Ytritjarnir - 0.0073 -

1) a1 only



149

We make the following observations:

- The apparent capacitance of the Reyleir system is very

great (a1 + a2 = 11 km) and actually much greater than

appears from the known surface area. This indicates that

the second simulation capacitor (a2) may correspond to a

recharge reservoir of the system.

- The parameters for the Laugarnes-system are based on

buildup-data only, which may not be sufficient as

discussed at the end of section 13 above.

- The local Ytritjarnir-system is obviously very small,

probably with a surface area somewhat less than 1 km2.

To obtain crude estimates of the average system

conductivity we will consider the two simple conductor

models of Figure 37. Based on these models, the

conductances of simulator conductors (Table Xb) and some

assumptions on corresponding dimensions of the real

systems, we obtain the estimates in Table XIII. These

results are comparable to the permeability estimates

obtained on the basis of the 2-D free surface model

(Table Xc above).

20. The Long Term Production Response of the Laugarnes-
field

The Laugarnes LT hydrothermal field is located

within the city of Reykjavik in SW-Iceland (see Figure

1). Thermal water from the Laugarnes field has been used
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conductivity c

area A h x b

flow
4

4

lumped conductance a = CA/L

Figure 37a. Box-type conductor.

r2

\/flOW
1

/
lumped conductance a = 2irch/ln(r2/r1)

Figure 37b. Cylindrical conductor.
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Table XIII Permeability estimates based on simulation
ladder parameters.

Estimated
Field Model Dimensions a1(ms) B(md)

A = 4km2
Fig.36a 2.5x103 210

L = 1km
Reykir

r2/r1 = 10
37b 2.5x103 130

h = 2km

Svartsengi

Laugarnes

A = 2km2
37a

L = 2km

37a

Laugaland 37b
closed

open 37a

A = 2km2

L = 0.5km

= 10

h = 3km

A = 6km2

L = 1.5km

2.3x104 70

1.1x1o3 80

6.0x104 20

3.7x105 3
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for space heating since 1930 and several tens of deep

(>1km) production wells have been drilled in the area

since about 1960. Thorsteinsson and Eliasson (1970) have

described the field in some detail and they have also

discussed and interpreted the early production

experience. Bodvarsson and Zais (1978) have performed

free surface analysis of the early production response.

The Laugarnes reservoir is embedded in Plio-

Pleistocene strata and located about 10 km N of the

Neovolcanic zone in SW-Iceland. The reservoir strata is

characterized by alternating basalt flows, pyroclastic

layers and minor amounts of pillow lava. Fluid

conductivity is believed to be mainly along layer

contacts and up through dikes and fracture zones, as

discussed for LT-activity in general in section 11.7

above. The main production is obtained from an aquifer

extending from 700 to 1250m depth with a temperature of

135°C. Some production has been obtained from depths up

to 31cm where the temperature is 155°C (Palmason et al.,

1982). The results of Arnason (1976) on the deuterium

content of the thermal water of the Laugarnes system

indicate that the recharge of this system may be derived

from the central highlands about 50km NE of Reykjavik.

Above we performed a brief analysis of the pressure

response of the Laugarnes reservoir based on a relatively

short (80 days) pressure buildup event. As mentioned
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above, this analysis may be somewhat incomplete.

However, a considerable amount of water-level data has

been collected in the field during the last two decades

(Thorsteinsson and Eliasson, 1970; Stefansson and

Thorsteinsson, personal communication, 1984). In Figure

38 we present the water level in the area, on a day in

November 1967, whereas Figure 39 illustrates a 12 year

record of the water level response of the Laugarnes-

reservoir to the seasonally varying production rate, as

observed in the centrally located well designated G-7.

This is an extremely long and detailed data-set, which

should enable us to obtain important information on the

hydrological characteristics of the reservoir. Below we

will extend our free surface analysis, of section 19

above, and attempt to develop a simple lumped

capacitor/conductor simulator for the Laugarnes-system,

based on the data in Figure 39.

We start out by making the following observation

based on a simple mass balance argument. Estimating the

average drawdown in 1977 over an area of 31cm2 to be about

40m we estimate the drawdown volume of the reservoir to

be about 1.2x108m3. However, the volume of water

produced at an average rate of 150 kg/s, for 13 yrs,

equals 6.5x107m2. Since this is about 50% of the

drawdown volume, while the porosity of the Laugarnes-

strata is certainly no more than of the order of a few
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percent, we conclude that the Laugarnes-system must be

open and the average recharge into the local system, over

the 13 yr period before 1977, must be of the order of

100-150 kg/s.

We next turn to the free surface analysis in the

hope of obtaining estimates of the global permeability

(as well as porosity). Earlier estimates of

permeability, obtained on the basis of short term

interference tests, resulted in values of the order of

150 md (see section 11.9 above). On the basis of 4 years

of data prior to 1970 Bodvarsson and Zais (1978) obtain a

rough estimate of 10 md. Finally Palmason et al. (1982)

report an estimate of 15 md on basis of the buildup data

presented in Figure 27 above. We will base our analysis

on individual drawdown/buildup events in Figure 39 as

well as on production/water-level amplitudes and phase

relations for the annual cycle as estimated from the same

data.

As an example of an individual event let us consider

the period October 1972 through September 1973, presented

in more detail in Figure 40. Considering the drawdown

event only we can estimate an upper bound for the

conductivity c based on a 3-D free surface model and

equation (46), that is
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(Af/Ah)
(185) c < _______

2 i pgd

Estimating Ah 65m, Af 180 kg/s we obtain c <

5.9x108s or < 18 md. Now analyzing the drawdown event

on the basis of the two simple 3-D and 2-D models used in

section 19 above, assuming that the borehole data

approximately represent the position of the true free

liquid surface and using the nonlinear least-squares

iterative technique, we obtain the results presented in

Table XIV below. The results are very similar to the

estimates obtained in section 19 above, on the basis of

buildup data.

As the basis for the second part of our free

surface analysis, based on amplitudes and phase relations

for the annual cycle, we use the same simple 2-D model as

above but assume that we can approximate the production

rate by

= iwt(186) q(t) q0e

where q0 is the amplitude and w the angular frequency.

Using equations (49) and (59) we obtain the water level

response of the free surface model

jwt e_WT(wT+d)dT-wq0e
(187) h(S,t)

irpgcb
y2+(wT+d)2
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Table XIV Results of free surface analysis of Laugarnes
data

3-D 2-D 2-D
drawdown (Fig.40) drawdown (Fig.40) annual cycle

cd(ms) 3.8x105

cb(ins) 3.4x104 1.8x104

w/d(s) 3.1x107 2.7x106 6.9x107

d(in) 800 800 800

b(m) 1000 1000

c(s) 4.8x108 3.4x107 1.8x107

.14 100 53

0.002 0.001 0.0025

2
1)

, = 3x107m Is
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Assuming, as before, the observation point to be directly

above the source/sink point we can rewrite (187)

(188)

where

(189)

-wq0 (R + iI)eth(o,t) 't=large if Pgcbd

R
cos(wr)dt

1+wr/d
0

sin(wt)dt
1-i-wt/d

0

Equation (188) can also be written

(190) -h(0,t) = Ahei(t*)

with

(191) Ah
wq0 (R2+12)l/2

it Pgbcd

the water level amplitude and

I
(192) a = tan- (....)

the phase. Calculating the integrals (187) numerically

we obtain the results in Figure 41.

Anayzing the data in Figure 39, for the approximate

amplitudes and the apparent phase lag between production

and water level, we obtain
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ms
= (0.28 ± 0.04)

a = (1.5 ± 0.4)mo = (45 ± 12)°

Comparing these estimates with the results in Figure 41

we finally obtain the estimates presented in the last

column of Table XIV. The results of Bodvarsson and Zais

(1978), 8 = 10 md and $ = 0.001, are obtained in a

similar manner but based on the 3-D free surface model.

We note that the parameters estimated by the two

different methods, individual event analysis and based on

the periodicity, are in a rather good agreement for each

model. We also note that the 2-D estimates are an order

of magnitude greater than the 3-D estimates and

comparable to short term test estimates (8 = 150 md,

Table IV above). This result may indicate that the 2-D

vertical slab model may reflect the global hydrological

characteristics of the Laugarnes system more accurately

than a 3-D model (as well as for other hydrothermal

systems in Iceland) and that a 2-D model may be

approximately applicable to the long term evolution of

the system. Results of short term well tests would not

be affected by the boundaries of the system and result in

comparable permeability estimates, yet based on 3-D

models. This observation may thus explain the apparent



163

dependence of results on the time scale of the tests.

Note that the drawdown surface (Figure 38) is obviously

elongated in a NNW-SSE direction, supporting the

observation above.

We should point out that our identification of the

piezometric surface with the true free surface level is

subject to some doubt. The borehole data may reflect the

pressure level at some depth in the reservoir.

Considering the extreme that this depth is of the order

of the source/sink depth d, we conclude, on the basis of

an elementary investigation of the results of section 6

above, that this would not affect our results seriously,

probably by less than a factOr of 2.

Finally we will attempt to develop a simulator for

the Laugarnes-reservoir that fits all the data available

(data in Figure 39). Since the data set is Figure 39 is

really too long and detailed for a successful inversion

in the manner of section 19, we will estimate a unit step

response as follows:

- Based on individual drawdown/buildup events we

estimate an initial short term unit step response.

- Using the known monthly production over the 12 year

period (Figure 39) and the initial unit step response, we

calculate a model response. Based on the difference,

between the observed and calculated responses, we then

correct the estimated unit step response, by a method of
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trial and error, until we have obtained a satisfactory

fit. The final result is thus a combined short term and

long term unit step response for the Laugarnes-system.

We refrain from discussing details of the analysis,

but present the initial short term response in Figure 42

and the final best fitting unit step response of the

Laugarnes-system in Figure 43 and Table XV. The

simulated 12 year response is presented in Figure 39 and

the fit is apparently quite good, considering the fact

that the production data is of limited accuracy. Note

that the short term response appears to approach a

constant value within 10 months. However, after 1 year

the estimated long term unit step response still

increases, yet very slowly. This very slow increase is

important as it accounts for about 20m drawdown after 10

years at an average pumping rate of 150 kg/s.

We can now develop a capacitor/conductor-ladder in

order to simulate the response of the Laugarnes-system.

A closed three-capacitor ladder appears to be sufficient.

Based on the unit step response in Figure 43 and the

analytical results in Appendix C we arrive at the

following results
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Table XV The estimated impulse response and unit step
response of the Laugarnes-system.

Impulse response Unit step response
G(t) u(t)

t(mo) (m/kg) (ms/kg)

1 0.205 0.205
2 0.060 0.265
3 0.040 0.305
4 0.030 0.335
5 0.020 0.355
6 0.015 0.370
7 0.010 0.380
8 0.0012 0.381
9 - 0.382

10 - 0.384
20 - 0.396
30 - 0.408
40 - 0.420
50 - 0.432
60 - 0.444
70 - 0.456
80 - 0.468
90 - 0.480

100 0.0012 0.492
110 0.0 0.504
120 0.0 0.504
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= 4.63 x iO0 m-s2

¶122 = 4.55 x i- m1s2
A2 = 1.79 x icr7

¶132 = 1.84 x 10 ms2
A3 = 2.0 x io-6 s1

and obtain the corresponding simulation ladder parameters

a1 = 4.3 x 1o3m2

a1 = 7.1 x 104ms

a2 = 2.2 x iom2

a2 = 4.8 x 104ms

a3 = 2.24 x 106m2

The first two capacitors probably correspond to the local

Laugarnes-system, whereas we can envision the third

capacitor as corresponding to a reservoir supplying the

recharge for the system. The estimated capacitance, or

area, of the first two capacitors (a1 a2) is similar to

the area estimated in section 19 above. Assuming =

0.01 we then estimate the area of the local system to be

about 2 1/2 km2 in a good agreement with the known

surface area of 3-5km2. Again assuming + = 0.01, we

estimate the surface area of the recharge reservoir to be

about 200km2, which is not unreasonable considering the

fact that the recharge of the Laugarnes-system is

believed to originate at about 50km distance inland, as

mentioned earlier.
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The conductance estimates are also similar to the

estimates above. We can estimate the total conductance a

of the local Laugarnes system as follows:

1 1 1
(193) - = - + - a = 2.9 x 104ms

a a1
2

and based on the model in Figure 36 and A = 2km2, L = 3km

we obtain a rough estimate of the global conductivity C =

4.4x107s, and permeability B = l3Omd, of the system.

This estimate is again in a good agreement with other

estimates above.
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IV. THERMOMECHANICS OF HYDROTHERMAL PHENOMENA

1. Introduction

The present chapter will be devoted to a

quantitative study of some thermoelastic phenomena in

hydrothermal systems, with particular emphasis on a

possible dike/fault controlled source mechanism of LT-

activity in Iceland.

Thermoelastic strain and stress result from

nonuniform temperature fields. Since hydrothermal

systems reflect perturbations of the equilibrium thermal

state of the Earth's crust they are clearly associated

with thermoelastic stresses. The magnitude of these

effects is thus of interest but has received little

attention in the geothermal literature.

Thermoelastic phenomena are certain to influence the

evolution of hydrothermal systems, both in their natural

state as well as under exploitation. Since temperature

reduction results in thermoelastic contraction and

enhanced flow conductivity, while heating results in the

reverse effect, the distribution of permeability within

hydrothermal systems is affected by thermoelastic

stresses. Thermoelastic phenomena may also play a

significant part in the source mechanism of HT as well as
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LT activity, as has been briefly discussed earlier

(chapter II) and will be considered to some length below.

Thermoelasticity has not received much attention in

geothermal reservoir physics and engineering. Bodvarsson

(1976, 1980) points out that the response of a geothermal

reservoir to exploitation will result in a subtle

thermoelastic response of the ground surface that may be

observable as subsidence, strain and tilt or gravity

field changes. Bodvarsson (1980) estimates that such

thermoelastic effects tend to dominate other

elastomechanical effects accompanying exploitation.

Bodvarsson (1976) points out that temperature transients

in a fluid flowing through a fracture result in fracture

contraction or expansion thereby affecting the fracture

fluid conductivity. He estimates that a relatively small

temperature decrease or increase can lead to a greatly

increased or decreased fluid conductivity, respectively.

Hanson (1978) performs a more elaborate study of this

phenomena. Bodvarsson (1976) also discusses

qualitatively the large scale thermoelastic effects on

flow permeability in an active geothermal system.

Thermoelastic phenomena are also important outside

geothermal systems and on a more global scale.

Thermoelastic stress is considered significant in young

oceanic lithosphere (Turcotte and Oxburg, 1973; Turcotte,

1974). The distribution of earthquake source mechanisms
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in the oceanic lithosphere appears to be consistent with

the hypothesis that many of these earthquakes represent

the response of the brittle portion of the lithosphere to

accumulated thermal stress (Bergman and Solomon, 1985).

We will start the discussion of thermoelastic

phenomena by a brief review of the theory of quasi-static

linear thermoelasticity.' Based on this theory, the

magnitude of thermoelastic stress due to temperature

profiles as measured in some hydrothermal systems in

Iceland will be estimated. Then we will turn our

attention to the CDM-process, a possible source mechanism

for hydrothermal activity, discussed in chapter II above.

We will briefly review previous discussions of this

phenomena and then turn to a specific model of a downward

migrating fracture, that is applicable to LT-activity in

Iceland. We will estimate the possible downward rate of

CDM by calculating the thermoelastic stresses near the

fracture.

2. Quasi-static Linear Thermoelastic Theory

Thermoelastic theory describes the behavior of

elastic solids under the influence of nonuniform

temperature fields. The principal problem in

thermoelasticity consists in deriving displacement and

stress resulting from given temperature distributions.
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But stress, strain and temperature fields are

interrelated in a very complicated manner. Deformation

of a solid causes secondary temperature changes in

addition to the nonuniform temperature field causing

deformation. Strain and temperature are therefore

coupled in a non-linear manner and the general equations

of thermoelasticity (Boley and Weiner, 1960) are in

principle very difficult to solve.

Drastic simplifications are possible, however, in

most cases of practical interest (Boley and Weiner,

1960):

- Temperature changes and deformations can be assumed to

be so small that the basic equations can be linearized.

- The heat produced by thermoelastic deformations can be

neglected, thus the basic equations decouple.

- Temperature changes are so slow that inertia can be

neglected.

We can then derive the equations of the much simpler

quasi-static linear thermoelastic theory (Parkus, 1976).

Consider a homogeneous and isotropic Hookean solid.

In the absence of body forces the equations for

translational equilibrium are

(194) = o j = 1,2,3
i ax

and the equations for rotational equilibrium
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(195) ajj = i.j = 1,2,3

where ajj are the components of the strain tensor and x1

the spatial coordinates. The temperature field is given

by

(196) T = T0 + AT(x,y,z)

where T0 is uniform throughout the solid and AT is

nonuniform. The components of strain due to the

nonuniform temperature are given by

(1) (1) (1)
Cxx = yy = zz = aAT

(197)

(1) (1) (1)
£Xy = Cyz = 0

where a is the coefficient of linear thermal expansion.

Since the solid cannot expand freely stresses are

(2)
generated which in turn result in additional strain

From Hooke's law

1 A-- (c7jj
2M+3A

Sjj) i1i = 1,2,3
(198)

S =
1

where p and A are the Lame constants of the solid. The

total strain is then given by

(1) (2) 1 u au
(199) Cjj = Cjj + = 1i3 ax1
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with u1 the components of the displacement vector . The

components of the stress tensor are then obtained by a

generalized thermoelastic Hooke's law:

= 2IICi + AV'U - (3A+2ij)aAT

(200) i,j = 1,2,3

aij = i j

where the third term in the expression for aU is an

extra term resulting from the thermoelastic strain.

Combining (194) and (200) the basic equations governing

the quasi-static linear thermoelastic response of

homogeneous and linear Hookean solids follow

(201) jV2 + (x + )vvi = ct(3A + 2ii)V(T)

To obtain the thermoelastic stress we solve (201) with

appropriate boundary conditions and then use equation

(200). To such a solution we can then add stress due to

body forces, such as gravity.

3. Whole Space Thermoelastic Solutions

In an infinite solid thermoelastic displacements are

irrotational and thus we can set (Goodier, 1937)

(202) = -
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where is a so-called thermoelastic potential.

Inserting this in equation (201) results in the basic

equation for whole space

1v
(203) - = atT

where v is Poisson's ratio. Now using the fact that V

= -v and inserting in (200) we obtain tie components of

the stress tensor

1+'.

(204)
ajj = 2i.&(c1 ctT61)

i,j = 1,2,3

If the temperature is non-uniform in a domain V, the

solution to equation (203) is given by

l+v T(Q)dV0
(205) P)

r1,Q

where P = (x,y,z) is the field point, Q = (xu,yI,zs), dVQ

= dx'dy'dz' and

(206) rpQ = ((x-x')2 + (yy')2 + (z_zI)2)h/2

In order to appraise the influence of domain

geometry on whole space thermoelastic stresses we will

estimate the thermoelastic stresses at the center of each

of the three simple domains presented in Figure 44. The

results can be used for order-of-magnitude estimates and

are as follows:
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- Cube-domain

Due to symmetry, the following holds at the center of the

cube

(207) = Cyy =

thus vü = 3 and by (203)

1 l+)
(208) CXX = aT

Therefore at the center of the cube

4 l+v
(209) xx ayy = azz = T cIAT

- Thin slab-domain

Here we can assume that = 0 (compared to and ayy)

and thus by (204)

1+'j
(210) aAT

and since = Cyys at the center of the slab

(211) CXX 0

Therefore at the center of the slab

1+')
(212) aXX ayy = 2i ( ) cIAT = o

- Long box-domain

At the center of the box

(213) = 0 CXX = Cyy
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thus v'ü = and by (203)

1 l+v
(214)

2
aT

There fore

l+v
= ayy = - 3i cIT

(215)

1+v
= - 2i' (-) cLAT

1-v

To take a specific numerical example, consider the case

of common igneous rock with i = 3 x i010 Pa, v = 1/4 and

a = 5 x 10-6 oK-. Then at the center of a cube-domain

with T = -50°K, for example, = l7Obar. This is

quite substantial or equal to the hydrostatic pressure at

a water depth of 1700m.

As an example of a more complete solution let us

solve the case of a spherical inclusion of radius a that

has been heated by AT. Here we solve (203) directly and

obtain

I
1+v

6
,r<a

1+v a3

(216)

AT () , r > a
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In spherical coordinates

aur =±r.Lrr I Lee =
r

(217)

= +r = Lre = 0

where Ur = -a'/ar. Thus

l+v <ar

l+V) a3
r a

(218) Urr
jczAT

i.

1+)
jiaT , r < a

(219) aee =
paT ()1+v a3

r > a

(220) = r = are = 0

note that inside the spherical inclusion all stresses are

compressive (if T > 0) but on the outside arr is

compressive whereas aee and a. are extensional. Note

also that arr is continuous at r = a but and are

discontinuous

1+v
(221) aeea+ = 2aT



(see Goodier, 1937).

Finally, equation (205) can also be employed to

estimate whole space thermoelastic stresses. As an

example consider the box-domain

(222) V = {(x,y,z)l-L/2 < x,y < £12; -d/2 < z < d/2}

then

t12 £12 d/2
(223) = ____________________________

/2
AT(x',y',z')dz'dy'dx'

-L/2 -L - /2 ((x_xI)2+(y_y1)2+(z_z1)2)1/2

The component of stress along the z-axis through the

center of a domain with AT = constant, is obtained as

follows,

xx Ix=y=o =

(224)

£12 t/2 d/2

7__

aAT l+v r

j2 -dJ2-t72 -L

and after some algebra

ax

(y'2+(z-z')2-2x'2)dz'dy'dx'
(x'2+y'2+(z-z' )2)5/2

(225)
d/2

dz'aAT 1+v (L)2
J

=
[(z-z' )2+(L2/2)2][(z-z' )2L2/2]1/2

The above integration is performed in Appendix G,

resulting in
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csAT l+v
cxx =

(226)
(z-d/2)- tanl(sin(tanl(21/2 )))J

The numerical results are presented in Figure 45 below.

It should be mentioned that at surfaces of

temperature discontinuities displacements- and tractions

are continuous (Goodier, 1937). Furthermore, we note

that the thermoelastic stress at the center of a cube

domain (equation (209)) is equal to the stress at the

center of a spherical domain (equation (218)), that is,

not affected by the sharp corners of the cube. Hence,

modeling actual temperature perturbations by

discontinuous box-like temperature distributions is

valid.

4. Half Space Thermoelastic Solutions

The results of the above section are useful for

order of magnitude estimates of the importance of

thermoelastic stresses and reflect the more general

aspects of thermoelastic stresses in and around

inclusions of nonuniform temperature. These solutions

are, however, for infinite solids and do not take into
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temperature, in a) whole space and
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account the effects of the Earth's stress free surface,

which cannot be neglected in the case of geothermal

systems. The appropriate model in such cases is the

infinite half-space with a traction free surface.

The solution to this problem is based on the whole

space solution, but to eliminate the stresses in the

plane of the free surface we add an imaginary source

volume V' in the second half space that is the reflection

image of V in the free surface plane. This procedure

eliminates the shear stress acting on the surface. To

eliminate the normal stress on the free surface, due to

the source-image pair, we add a negative virtual normal

stress field of the same nagnitude in the free surface

(Bodvarsson, 1976).

Mindlin and Cheng (1950) present this solution in

operator form as follows. The thermoelastic displacement

for the z > 0 half space is given by

(227) = V.- V2$'

where



a (1+%))
r

AT(Q)dVQ
$4-; j_ rpQ

(228)

a 'v T(Q)dVQ a (i+\)
$1

J.
r)Q i_v

with

(229) rpQu = ((x-x')2 + (y-y')2 + (z+z1)2)h/2

and the operator v2 given by

T(Q)dV
rQI
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(230) v2 = (3-4) v + 2vz..L- 4(l-)kv2z

where is the unit vector in the z-direction. Since

equation (204) is no longer applicable the stresses are

calculated by equation (200).

Here

(231) v'u = -v2 (3_4v)v2$S - 22(Z!_)

+ 4(l-v).(kv2z'),

however v2' = 0 for z > 0 and

(232) v2z!i = 2 ____ + zV2$' = 2 a2'
aZ

aZ2
3z
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(233) v2z') = 2 !L+ zv2' = 2
az aZ

or

2.
(234) v.(k2(z4')) = 2 a

az2

Thus finally

2.
(235) v'U = -v + 4(1-2) a

az2

In Appendix H we verify that this solution does indeed

satisfy the no stress boundary condition.

As an example of the effects of the free surface we

can derive the horizontal component of stress at the

surface. From (227) and since

$1 = +
(236)

at z = oan. an.______ n = 1,2,...
3Xn axnl

we obtain

au
(237) jjIz=o = -

Based on (200) and (235), and the fact that v2Ho = 0

if the free surface is outside V, then
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(238) = -8(l-v)
+ 4(l-2v)A

a2.

ax2 -;-

Assuming symmetry in x and y and using v2 = 0, then

2!_!(239) -

az2 ax2

Thus (using x

(240) aIzo = - 2
ax2

Hence, the horizontal stress near the free surface, due

to a volume of nonuniform temperature, can become 4(l+)

times as great as the stress due to the same volume in an

infinite medium. In common igneous rock this factor

equals approximately five.

For later reference, it is now of interest to derive

expressions for the component of horizontal stress axx

(or oyy)s first in a general setting and later for more

specific distributions of nonuniform temperature. By

equation (200)

(241) axx = 2jJCxx + AVÜ - (3 + 2M)T

and thus by (235) (using again x
1-2,



(242) axx = 2M(EXX + 4
a2'

(r...._)T)

where by (227)

2
(243) = - - (3-4v) - 2z!__(!L)

ax2 2 2 Z

The expressions for and ' are given by equations

(228). When dealing with a situation which is symmetric

in x and y, we make use of the fact that (239) holds for

' as well as and equations (242) and (243) simplify to

a2 a2'
- 2z !.__ (.±.-)axx = 2(- - - (3+4p)

ax2 ax2 ax2

(244)
( )atiT) , if symmetric in x & y

Turning to a more specific example, consider the box

domain V defined by

(245) V = {(X,y,z) -L/2 < x,y < &/2, h < z < h + d},

where AT = AT(z), and derive analytical expressions for

the stress component along the z-axis through the

center of the domain. Based on equations (228) and (244)

we obtain after some tedious but elementary algebra



axx(z)
2,z

h+d
11+v (t/2)

I AT(Z'){
ir 3

h ((z_z1)2+(.)2)((z_z1)2+&2/2)h/2

(246)

+

((z+z' )2( L)2)((I )2+L2/2)1/2

2(z+z' )z

((z+z' )2( L)2)((. )2+L2/2)3/2

4(z+z')z

((z+z' )2(L)2)
} dz' -

((z-i-z' )2+.L2/2)1/2

For given AT(z) this expression can be integrated

numerically. Analytical expressions for ax(z), for the

case AT = constant, are given in Appendix I. Numerical

results are presented in Figure 45 above.



5. Estimates of Thermoelastic Stresses in Icelandic
Hydrothermal Systems

We will now estimate the magnitude of stress of

thermoelastic origin in two hydrothermal systems in

Iceland, based on observed temperature profiles. The

systems are considered to be domains of nonuniform

temperature in a homogeneous, isotropic Hookean half

space. The results of the last section are then

applicable.

The analysis is based on the temperature profiles

observed in the two LT systems of Laugarnes (or

Reykjavik) and Laugaland (Figure 3). The main section of

the temperature profiles, below the top 100-200m, are

almost isothermal indicating predominantly advective

vertical heat transport. Assuming the two systems

evolved from a normal temperature environment, we can

only conclude that in both systems the hydrothermal

circulation has resulted in heating of the upper part of

the formations and considerable cooling of the formations

below 1 to 2km. This is certain to have strongly

affected the distribution of flow permeability within the

systems. To estimate the horizontal stress we use

equation (246) with h = 0 and T(z) given by

(247) T(z) = Tobs(z) - yZ
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where Tobs is the observed temperature and y is the

undisturbed regional temperature gradient of each area

which we can estimate from the data of Palmason and

Saemundsson (1979). It is important to point out that a

linearly increasing temperature does not cause any

thermoelastic stress (Boley and Weiner, 1960).

First we will estimate the thermoelastic stress in a

hypothetical system where

outside V
(248) AT =

LTosin(_) in V

This functional form includes the general aspects of the

nonuniform temperature observed in both systems and can

be used as a good approximation for the AT observed in

the Reykjavik system. The results for d = 2km and T0 =

50°C, applicable to the Laugarnes system, are presented

in Figures 46, 47 and 48.

Also displayed is the horizontal stress due to the

weight of the overburden in a Hookean half-space (Jaeger

and Cook,'1976)

V
(249) ag = - pgZ

where p is the density of the subsurface material. It

should be noted that the hydrostatic pressure of a water

column extending from the surface would be approximately

sufficient to balance the Hookean horizontal stress in



1000

SMI]

-100 0 100 200

d (m)

192

a-
bars)

Figure 46. Horizontal therinoelastic stress through
the center of a hypothetical geothermal
system. The horizontal dimension 1 = 2km
and a) AT = 5Osin(2irz/d)°K, 0 < z < 2km,
b) AT = -50°K, 0 < z < 2km and c) AT =
50sin(2irz/d)°K, 1 < z < 2km.
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Figure 47. Horizontal thermoelastic stress through
the center of a hypothetical geothermal
system. The horizontal dimension 1 = 2km
and a) T = 5Osin(2nz/d)°K, 0 < z < 2km
and d) whole space solution for
comparison.
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therinoelastic stress through
of a hypothetical geothermal
= 5Osin(2irz/d)°K, 0 < z < 2km,
2km, e) 1 = 2/3km and
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common igneous rock. However, all rocks have a non-

vanishing rheidity and will therefore creep when acted on

by forces of very long duration. The ideal Hookean

situation is thus rarely found in nature. Due to rock

creep, the horizontal stress in an initial Hookean state

will gradually increase beyond the values given by

equation (249) and will as time passes tend to a quasi-

lithostatic stress, or

(250) ag = - pgz

which in common rock is approximately equal to 3-fold the

Hookean stress.

The results in Figure 46 through 48 enable us to

make the following observations

- The uppermost lOOm experience considerable tensional

stress, as a result of the expansion of the heated

section below. This is likely to keep existing fractures

open and cause additional fracturing. The next several

hundred meters (down to l000m) experience compressive

stress, which in fact is considerably greater than

hydrostatic pressure at the same water depth. This

compressive stress will result in reduced fluid

conductivity or even sealing of fractures. These effects

have been discussed qualitatively by Bodvarsson (1976).

The lower l000m, on the other hand, experience

considerable tensional stress which may enhance fluid
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conductivity by keeping existing fractures open. The

situation is of course affected by the regional

horizontal stress that is superimposed on the

thermoelastic stress.

- The tensional stress between 1200 and 1700m is

somewhat greater than the compressive Hookean horizontal

stress. Thus if the actual horizontal stress, due to the

weight of the overburden and other forces, is less than

about twice the Hookean stress, the thermoelastic stress

and the hydrostatic pressure of water in fractures will

suffice to keep fractures open. However, if the

horizontal stress approaches the lithostatic limit, all

fractures will close.

- Figure 46 indicates that the expansion of the top

l000m enhances the tensional thermoelastic stress at

greater depth.

- The effect of the free surface is evident from the

results of Figure 47.

- Finally, Figure 48 indicates the influence of the

areal extent of the temperature anomaly. As we expect,

on the basis of the results of section 3 above, the

stress-magnitude increases with the areal extent, except

in the top lOOm where the reverse effect is seen. In the

case of the Reykjavik field the areal extent of the

anomaly is estimated at 3- 5km2 (see section 111.20

above) and the assumption d i. thus seems reasonable.
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- It should be mentioned that the above discussion is

based on the assumption of a homogeneous, isotropic half

space and the elastic effects of open fluid filled

fractures, within the reservoir, are thus neglected.

- Hydrofracturing stress measurements at a depth of 400m

in the Laugarnes field indicate horizontal compressive

stress of the order 110-170 bars (Haimson and Rummel,

1982).

Turning now to the Laugaland-field, we model AT(z)

as shown in Figure 49. Here d > 3km and an unperturbed

temperature gradient of 60°C/km is being assumed. We

obtain the results presented in Figure 50. Being quite

similar to the above results they require no additional

comments.

The above estimates indicate that horizontal

thermoelastic stress at depth in hydrothermal systems can

be of the same order as the stress due to the weight of

the overburden. Thermoelastic stress should thus be

considered an important factor in the evolution of

hydrothermal systems.

6. Penetration of Water into Hot Rock by Convective
Downward Migration of Fractures

As discussed in section 11.6 above the extremely

high output of energy from some geothermal areas is

difficult to explain unless water actually penetrates
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Figure 50. Estimates of the horizontal thermoelastic
stress at depth in the Laugaland system.
a) 1=3km,b) 1=lkmandc) 1=9km.



into the hot rock, that is the heat source of the thermal

activity, by a process such as the CDM-process. To

reiterate, CDM operates on the principle that convective

fluid motion in open vertical fractures is associated

with the withdrawal of heat from the formation at the

lower boundary resulting in thermoelastic contraction of

the adjacent rock that tends to increase the local

fracture aperture and cause further opening of additional

fracture space at the bottom. Fractures harboring such

convective fluid motion can therefore migrate downward by

the process, greatly enhancing the rock/water heat

transfer. We are here dealing with a highly complex

problem of elastomechanical/hydrodynamical interaction

that defies any exact mathematical description.

We are interested in the CDM-process as a possible

source mechanism of the LT-activity in Iceland (see

section 11.7). The rate of migration, at various stress

conditions, is the parameter of main interest, as well as

estimates of the magnitude of the regional stress fields

where CDM might be possible. Having obtained the rate of

CDM, the heat transfer rate can be estimated.

Before presenting the results of our own analysis we

will briefly review earlier estimates of Bodvarsson

(1979; l982b) and the related results of Lister (1974;

1976; 1982).
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Based on the observation that the opening of new

fracture flow space requires that the thermoelastic

contraction extend to a sufficient distance from the

fracture tip (see Figure 52) Bodvarsson (1982) roughly

estimates the possible rate of CDM. The volume of

temperature reduction, surrounding the fracture,

decreases with increasing migration velocity. Hence the

rate of penetration is determined by a proper balance

between the required contraction volume and the volume of

temperature reduction. On the basis of such

considerations Bodvarsson (1982) obtains the order of

magnitude estimate of the rate of migration v = 0.3 to 3

m/yr.

Lister (1974; 1982) carries out a lengthy and

elaborate investigation of the possible penetration of

seawater into hot ocean crust. He develops a theory for

the mechanism of penetration of water into hot rock by

considering the simplest possible 1-D model (Figure 51).

The concept of a cracking front is used to separate the

convective regime in cracked rock from the conductive

boundary layer below it. The rock in the boundary layer

cools, shrinks and builds up horizontal tensile stress as

resistance to creep rises, Cracking occurs when the

tensile stress slightly exceeds the tensile strength of

the rock and on Lister's model results in the stable

downward propagation of a polygonal pattern of vertical
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Figure 51. The one-dimensional cracking front
model of Lister (1974).
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cracks. Further cooling opens these cracks to the

percolation of water. By combining various analytical

and empirical results from rock mechanics, convection in

porous media and heat conduction, he arrives at quasi-

quantitative relationships for this physical process.

Lister (1974) compares the estimated tensile stress of

his model to a very crude estimate of the tensile stress

in an experiment by Martin (1972) on the stable

propagation of cracks in single-crystal quartz. Based on

these data he obtains an estimate of the excess tensile

stress needed to propagate the model crack system. This

estimate, that is at the heart of his theory, appears

quite uncertain. Based on this reasoning he arrives at a

crack spacing which in turn enables him to estimate a

mean permeability. Applying finally the experimental

results of Elder (1965) on convection in porous media,

which depend on the mean permeability, Lister (1974)

obtains his estimate of the cracking front velocity.

Assuming a cracking temperature, i.e. the temperature at

which rock cracks due to the combination of incrasing

tensile stress from the cooling and increased brittleness

as its temperature drops, between 800 and 1000°K Lister

(1974) obtains v 30-200 rn/yr. This estimate is very

high and would result in a tremendous power output of 3

to 17 kW/m2.
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Lister (1976) extends his analysis to HT-

hydrothermal systems and concludes, on the basis of

qualitative consideration of 3-D effects, that

penetration rates must be considerably slower. Later,

Lister (1982) revises his 1974 theory and concludes that

the rate of water penetration into cooling, shrinking and

cracking rock is probably only of the order 10 rn/yr.

Qualitatively, Lister's model is plausible and it

seems likely that a similar process is the source

mechanism of HT-activity (Bodvarsson, 1982b; Bjornsson et

al., 1982). Moreover, it may possibly explain the

penetration of water into the hot oceanic crust

(Palmason, 1967; Bodvarsson and Lowell, 1972; Lister,

1972). However, Lister's quantitative results appear

rather uncertain and the much simpler estimates of

Bodvarsson (1982) may be as relevant. Bjornsson et al.

(1982) estimate the rate of cooling front penetration in

the Grirnsvotn HT-area in Iceland (section 11.6) at 5 rn/yr

on the basis of a simple heat balance argument. On the

basis of these indications we surmise that the rate of

CDM may be roughly of the order of magnitude of meters

per year. Moreover, Lister's l-D model appears too

simple to do justice to the various complexities of the

CDM-process.
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7. Two-dimensional CDM Fracture Model

We now turn to a more specific, hypothetical model

on which our analysis of CDM of fractures as a possible

source mechanism of the LT-activity in Iceland will be

based. This model is sketched in Figure 52 where CDM

takes place in a single existing unwelded quasi-vertical

fracture such as along the wall of a dike or within a

fault zone. On this model the fracture is considered to

be very long in the horizontal direction, such that a 2-D

treatment of the problem is adequate. The open section

of the fracture has migrated by the CDM-process down to

some depth. Above this depth convective liquid motion

transports heat vertically whereas below this depth the

fracture is closed by the weight of the overburden and

regional tectonic stresses. We will consider the cooling

of the rock by the process to be linearly increasing with

depth, which is consistent with the notion that LT-

systems can evolve within a normal, constant temperature

gradient environment. The associated volume of

temperature reduction and thermoelastic contraction is,

of course, dependent on the rate of migration, the

parameter of main interest.

This rate is determined by a proper balance of the

tensile thermoelastic stress and the impressed

compressive stress at the tip of the fracture. On this
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Volume of reduced
"temperature and

contraction.

Figure 52. The two-dimensional single
CDM fracture model.



model cold water is channeled down to the lower part of

the open fracturee where the liquid is heated and rises,

resulting in a convective flow system within the open

fracture (see also Figure 5 above).

Before turning to calculations based on this model

we compare it with the model proposed by Lister (1974)

(Table XVI). Our results are based on a well defined

mathematical problem, which should approximately reflect

actual field situations.

The CDM-process involves a complex interaction of

the following factors:

i) stress-field around the fracture,

ii) conduction of heat in the rock around the

fracture and

iii) convection of water in the open fracture.

Although this problem defies an exact mathematical

description, we are nevertheless able to present an

approximate mathematical approach that enables us to

obtain approximate CDM rate estimates. We proceed as

follows:

- To simplify the calculation of the temperature-field

around the migrating fracture, which results from the

complex conductive/convective heat transport process, we

assume the convection to be intense enough to maintain

the walls of the open fracture at an approximately



Table XVI Model comparison

Lister (1974; 1982) Present work

CDM in unfractured,
virtually impermeable,
hot crustal rock.

Water temperature
> 200°C.

1-D model.

CDM by fracturing of
rock.

CDM in crust already
in thermal equilibrium,
after initial cooling
of each dike, intrusion
or flow, partially by CDM.

LT-activity.

2-D model, one fracture.

CDM in an already existent
partially closed but
unwelded vertical fracture.
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constant temperature. This assumption is based on the

observation that fractures as narrow as a few 104m can

maintain well developed convective flows (Bodvarsson,

1978). The implications of this assumption will later be

estimated. This assumption is also supported by

temperature-profiles observed in LT-areas in Iceland

(Figure 3).

- Based on the above assumption we will calculate the

temperature-field in the rock around the migrating

fracture as a function of the rate of downward migration.

- Upon the temperature-field results we will estimate

the thermoelastic stress at the tip of the open portion

of the fracture, at various rates of migration.

- Upon estimating the stress at the tip of the fracture

due to the weight of the overburden, other forces and the

water pressure in the fracture, we balance the resulting

stress with the thermoelastic stress to obtain the total

stress at the tip of the fracture, that enables us to

estimate the downward rate of migration.

These model-calculations are performed in the next three

sections.
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8. Temperature-field Around a Migrating Fracture

To estimate the temperature field around a fracture

that contains a liquid of a given temperature and

migrates at a velocity v into an isothermal, homogeneous

and isotropic solid, we proceed as follows. In solving

the heat conduction equation for this case, it is

convenient to represent the fracture by a fixed source

sheet in the -z portion of the xz-plane, of source

density

(251)
s(y) S(z) , z < 0

0 , z>0

and let the solid move with velocity v in the -z

direction (Figure 53). Assuming stationary conditions

the equation for the temperature field T(y,z) is

V
(252) - aT - + a)T = 6(y)S(z)/k

where a is the thermal diffusivity of the solid and k the

thermal conductivity. To solve this equation set

(253) T(y,z) = eU(y,z),

-v
with a = . Equation (252) then transforms to
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fracture in
xz-plane, z<O

ring in
ction

Figure 53. The fixed source sheet in
a moving solid.
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vz
(254)

(V )2 U (U + = 6(y)S(z)exp(_)/k

To solve (254), we first solve the simpler equation

(255)
(V

)2V (V + V) = 6(y)6(z)

and obtain U(y,z) by

(256) U(y,z) = (1/k)
J

V(y,z-z')S(z')exp(._)dz'
-

Equation (255) can be rewritten

(257) (')2V - _ (rVr)
6(r)

2a r dr 2irr

r2 = +

We Hankel transform (257) (Duff and Naylor, 1966)

(258)
(V

)2v + s2V
1

=i-'

a

where V is the transform of V and s the transform

variable. Hence

a
1

(259) v=_ ______
2

(V
)2+s2

and inverting (259) (Duff and Naylor, 1966) leads to
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1 yr
(260) V(r) = K ()
where K0 is the modified Bessel function of the second

kind. The temperature around the migrating fracture is

finally obtained by

0
1 vz vz'

(261) T(y,z) = exp(- _) exp( )-
with r' = (y2(z_zI)2)1/2

with S(z) the unknown source density.

We are here interested in estimating the temperature

of the solid, T(y,z), when the temperature of the

fracture walls relative to the undisturbed temperature of

the solid is known and equal to T0(z). To obtain the

source density resultingin the given wall temperature we

need to solve the following integral equation for S(z)

0
1 vz vzs vjz-z'I

(262) T0(z) = exp(- ._)
J
exp(.__)K0(

2a
)S(z')dz'

-

This equation can be approximately discretized and

written in matrix form

1 -
(263) T GS

where
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Tj = T0(z) Z = j(-z) i = l...N
1

(264)
Si = S([i- i =

(i-1)(-Az'

J

exp(vzj))Ko(v1zz1)dzs
2a 2a

i(-Az'

with z and z' positive and appropriately chosen. The

matrix G is a square matrix and the solution is thus

given by

(265) S = 2irkG1T

After numerically obtaining the inverse G1, we obtain

for the case T0(z) = T0 the results presented in Figure

54. It is evident from the results that the source

density can be fairly well approximated by

(266) S(z) = 2kT (L.)1/21z(h/2 z < o0 ira

This result is not surprising considering that in the

case of a half-space, with surface temperature T0, that

at time t = o is at zero temperature, the rate of heat

transfer per unit surface area is (Carslaw and Jaeger,

1959)

(267) q(t)
kT0

, t>o
(irat)h/2
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F; = -zv/2a

Figure 54. The source density S(z) for a

migrating fracture with T0(z) =

along with the approximation

S(z) = 2kTo(v/lraIzI)½.
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In the case of a fracture migrating with a constant

velocity v, the time since the fracture tip was at the

depth z is given by t = IzI/v. Inserting this in

equation (267) and multiplying by a factor of two, to

account for both fracture walls, results in equation

(266). This result indicates that the heat transfer is

close to being one-dimensional, with negligible heat

transfer in the z-direction, except right at the fracture

tip.

To estimate the temperature field in the solid we

use equation (261), with the source density given by

equation (266), and numerically obtain the results

presented in Figure 55.

A result of the apparent one-dimensional heat

conduction is that the temperature of the solid can be

approxiamted by (Carsiaw and Jaeger, 1959)

(268) T(y,z) = T0erfc ( )

2(at)h/2

where t is again the time since the fracture tip was at

the depth z, thus t is a function of the depth, z, and

the velocity, v. When the velocity is constant the

temperature-field can be approximated by
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( vy/a
Terfc ( ) , z < o

(269) T(y,z) = 2(vIzI/a)h/2

By comparing (269) with the results in Figure 55, we find

that this approximation is excellent for r = (y2 + z2)h/2

greater than one to a few a/v.

9. Stress at Tip of CDM Fracture

To estimate the stress around the fracture of our

model, in particular at the fracture tip, we need to

solve the problem set up in equation (270) below (also

see equation (201)) and in Figure 56. As mentioned above

we will consider this a 2-D problem, thus

+ (x + )VV'Ü = 3akv(AT(y,z))-pgL in z > 0

axy_azy_O
y= 0

(270) = - p(z) , z < d

y=OUyO z>d
= - P(z) , y >> d

3A+2
where k = _____ , pgk is the force due to gravitation, p(z)

3

the hydrostatic pressure of the water in the fracture, u,

the horizontal displacement of the fracture wall and P(z)
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4a)
OQI

9-I

z=d

a)

Do
r-1

4-I

Figure 56.

y

= Pgz

= hydrostatic pressure

= Pgd

a <pgd
yy w

Stress conditions in the plane
of an unwelded CDM-fracture.

219



220

accounts for all horizontal stress in addition to the

stress due to the weight of the overburden, such as due

to creep and tectonic forces. Other parameters are as

defined in section 2 above. In addition the solution

must satisfy a no-traction boundary condition on the

surface z = 0.

By first solving

uV2A + (x + 1.i)VV'ÜA 3akV(AT(y,z))

(271) A_ A_axy- azyO , y=0
y=o

and then solving

PV2UB + (x + I1)VV'iIB = - pg

(272) = = 0 , y = 0

y=0
A z<d= - p(z) - ayy

y 0u0 , z>d
= - P(z) , y >> d

the solution to (270) is simply given by

(273) + UB

as can be easily verified.

To solve (271) we observe that the boundary

conditions are automatically satisfied since AT(y,z) is
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symmetric in y. Furthermore, based on the results of

section 4 above, we are justified in neglecting the free

surface effects on z = 0. We are thus left with a simple

thermoelastic problem that can be solved on the basis of

section 3 above. Thus the horizontal component of stress

is given by equation (204) with

A
=

ax -Y-

(274)

a
JJJ dz'dy'dx'

[x'2+(z-z')2-2y'2J
5

AT(y',z')
- rpQ

where rpQ is defined as before. After considerable

algebra (Appendix J) we are able to rewrite (274)

A it

a 1-f-v cos2e
ay 'X=Y= Jde Jdr

r
AT(r,e)

0 0

a 1+v
(275) + .. (r__)T(yrz)yo

where z' = z - rcose
= rsine

thus

3(276) Oyyy = 2iia(.)[I(z)
2

with
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iT

(277) 1(z) = ± 1d1dr
cos2e

àT(r,e)
in r00

The function 1(z) can be calculated numerically as

follows

in 2d
1(z) fdoIdr

cos2e
AT(r,e)i J r

0 0

1
ir ln(2d)

(278) Jdefcos(28).AT(eS,e)ds

0 ln(2c)

or

with s =In(r)
£ << d

N M
AsAe

1(z)
)

i=1 j=1

(279) with e = ir/M

eJ = Ci - l/2)ae

As = ln(2d/c)/N

r =

and = (i - 1/2)/N

with AT obtained as described in section 8 above.

Solving the second half of our problem, as presented

by equation (272), is considerably more complex because

of the mixed stress/displacement condition on the xz-
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plane. Luckily, Sneddon and Lowengrub (1969) present an

analytical solution to a quite similar problem, the

problem of the Griffith crack. The Griffith crack is

symmetric about the z = 0 plane and thus partially

satisfies the no-traction condition on that surface

(there are no shear stresses acting on the z = 0

surface). However, this solution results in some normal

stress acting on the z = 0 surface. Considering other

uncertainties involved in our model, and the fact that we

are only interested in the stresses at the tip of the

fracture, we are justified in neglecting this normal

stress and basing our estimates on the solution of

Sneddon and Lowengrub (1969).

We need to solve

+ (x + ii)vv.0 = 0

(28ó)
, y=o

y=0C-- - (z) , z < d

y= 0
4 0 ,

= 0
, y >> d

with )(z) = p(z)
+ + °g - P(z), where ag is the

horizontal Hookean stress due to the weight of the

overburden, given by equation (249) above. The solution

to our problem is then given by
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= ay + ay + - P(z)

uyIy=o = 41y=o
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The solution of (280), in the plane of the fracture, is

given by (Sneddon and Lowengrub, 1969):

c 2 d
d

sq(s)dsa(o,z) = -
J

, z > d
0 (z2_s2)h/2

(282)

with q(s) =
)(r)dr

):
(s2_r2)h/2

and

(283) u(o1z) 2(1-v) sq(s)ds
z <d

it" J

z (s2_z2)1/2

The equation for the horizontal stress can be rewritten

d
C 2z sq(s)ds

ayy(O,z) =
;-. J

o (z2_s2)3/2
(284)

d
= q(d) - z

J

q'(s)ds
it (z2_d2)1/2 0 (z2_s2)1/2
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Defining a stress intensity factor (Sneddon and

Lowengrub, 1969) K as follows:

2dh/2 2d]/2 d

(285) K = ______ q(d) = I
)(r)r

11 T (d2_r2)h/2

we can rewrite (284)

d
zK 2z q'(s)ds(286) a(oz) = _____________ __________

C

J (z2_s2)h/2(d(z2_d2))h/2

In Appendix K we show that

d

(287) urn 2z q'(s)dsz+d --J =(d)
0 (z2_s2)1/2

and thus

(288) urn + (2(z_d))hIP'2ayy(z,o) = Kz+ d

We see that unless the stress intensity factor vanishes,

the horizontal component of stress will be discontinuous

at z = d and the stress would theoretically approach .

On the other hand if K = 0 the stress is continuous

at the fracture tip.

On our model we are dealing with an already existent

unwelded fracture that is only closed by contact pressure

below z = d. Thus on our model discontinuous stress is

unacceptable. A stress intensity factor K > 0 would

imply infinite tensile stress at the fracture tip, which
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would result in the fracture being open to a greater

depth, whereas K < 0 would imply that the fracture was

only open to a depth less than d, the depth to the tip of

our model-fracture. We thus come to the following very

important conclusion

On our model the thermoelastic stress (a4) and

other stress (p, ag and P) must balance to give K = 0.

That is, if we write K = KT K where

2dh/2 d A
(289) KT = ______ ayy(oz)dz

K >
(d2_z2)1/2

and

2duI'2
d

[P(Z)+agP(z)]dz(290) Kp=
J Kp<o
0 (d2_z2)1/2

then

(291) KAT = -

and since KT depends on the velocity of CDM of our model

fracture, as well as temperature conditions, we can

estimate this velocity for different stress situations,

i.e. different P(z). In the following section we will

perform these estimates for specific models of the

temperature reduction.
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10. CDM Rate Estimates

To estimate rates of downward migration, in a

specific stress situation, we note the following. Since

at low-temperature conditions °g is about equal in

magnitude to the hydrostatic pressure at the same depth

(see section 5)

(292) p(z) + ag 0.

We will then make the assumption that all additional

stress, that is P(z), is proportional to ags or

- -

(293) P(z) = Xg = X pgz

l-2v
with x = 0 to -

V

Then based on equation (290) the corresponding stress

intensity factor can be easily estimated

2dh/2 i-v
(294) - x pgd

it V

and for normal igneous crustal rock

(295) - 58O0d3/2

Before turning to the specific model of section 7

above, we will present some estimates based on a simpler

model of a constant temperature reduction
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(296) AT(o,z) = -T0 , o < z < d

Based on the results of section 8 above, on the

temperature field around the migrating fracture, and

using equations (276) and (279) we numerically estimate

a4(osz) for different rates of downward migration. We

observe that ay(o.z) is approximately constant (denoted

by aAT) for o < z < d.

The results are presented in Figure 57. The

corresponding stress intensity factor is then easily

obtained by equation (289), giving

(297) KT T d

Balancing K and KAT (equation (291)), resulting in K = 0

as discussed above, we obtain the migration velocity

results presented in Figure 58. Note that the velocity

of migration is strongly dependent on the depth to the

fracture tip d, whereas the temperature results are

obtained on the basis of a constant velocity. This,

however, has only a minor effect on our results. In

addition to velocity estimates, we can on the basis of

equation (283) above estimate the width w of the

migrating fracture. For this constant temperature

reduction model we obtain
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Figure 57. Thermoelastic stress in the plane of
a CDM fracture for the constant
temperature reduction case.
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w(z)/2 = u(o,z) = c±.. Td(1_()2)hu'2
Ii

(298)

l(l_(z/d)2/1/2vpg
]-x p

d2E(1_L)2)h!2+()2ln
z/d

For the lower half of the fracture, for example at z =

3d! 4

(299) w(3d/4) = 3.3 x OTd - 1.6 x o- xd2

We should point out that the velocity results depend

mostly on stress and temperature conditions near the tip

of the fracture whereas the width depends on conditions

over the entire length of the fracture. Width estimates

are therefore unreliable and should only serve as

indications of order of magnitude. Based on equation

(299) we obtain estimates of one to several tens of mm

corresponding to the results in Figure 58.

Turning now to the model of section 7 above, where

(300) àT(o,z) = -yz , 0 < z < ci,

we estimate the temperature field around the migrating

fracture based on the methods and results of section 8.

Then again using equations (276) and (279) we numerically

estimate a4(osz)s for different rates of migration, and

finally using (289) we estimate KAT. Balancing K and
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KAT, as before, we observe that the velocity of migration

is inversely proportional to the depth to the tip, i.e.

v(z) = dz/dt = c/z. The temperature-field and

thermoelastic stress results can be corrected for the

non-uniform velocity by using

z
dt = - dz

C
(301)

d2 z2
& t(z)

This modification results in only a minor correction.

The results for KAT are presented in Table XVII below,

and the final migration velocity estimates are presented

in Figure 59. These results are for temperature

gradients, y = 0.05 and 0.10 0dm, which are

characteristic for LT-systems in Iceland. The results of

this section will be discussed in the section to follow.

11. Discussion

The rate estimates of Figure 59 above constitute the

principal results of our analysis of the conjectured CDM-

source mechanism for LT-activity in Iceland. It should

be emphasized that these rate estimates are obtained on

the basis of the assumption that the rate of CDM is

predominantly determined by the stresses at the tip of

the fracture rather than by the convective heat transfer
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Table XVII Thermoelastic stress intensity factor on CDM-
fracture model

vd/a KT/yd3/2 (Pa/0C)])

10 7.89 x

20 6.30 x

60 4.27 x

160 2.99 x

300 1.84 x

1) assuming v = 1/4

a = 5 X io-6°c-1

=3xlO10Pa
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in the fracture, provided the supply of water for the

heat transfer is sufficient. We will present a further

justification for this assumption, later in this section.

The results can be summarized as follows:

- The estimated rate is inversely proportional to the

depth to the tip of the open section of the CDM fracture.

This results from the fact that the thermoelastic stress

at the tip of the fracture depends on the vertical extent

of the temperature anomaly as well as the rate of

migration. On this model both the temperature reduction

and horizontal regional stress increase linearly with

depth.

- As expected, the estimated rate is directly

proportional to the unperturbed temperature gradient.

- The most important, while hardly surprising, result of

our analysis is the very strong dependence of the rate

estimates on the magnitude of the horizontal regional

stress. Our results indicate that, at temperature

conditions typical for the Icelandic crust, CDM will

hardly be possible in locations where the minimum

horizontal stress is greater than 50-70% of the weight of

the overburden (= pgz).

Thus crustal stress conditions may determine whether a

LT-system can evolve at a given location. Bodvarsson

(1983b) suggests that low horizontal stress may determine

the locations where the CDM-process may take place. In
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this respect stress conditions seem to be more important

than temperature conditions. A corollary to this

observation is that the CDM-process is likely to

terminate when the fracture tip reaches a depth of

enhanced horizontal stress.

While temperature conditions at shallow depth (to 2-

3km) are fairly well known in the crust of Iceland stress

conditions are very poorly known. Although much

information on principal stress orientations in the

Earthss crust has been obtained on the basis of

geological observations and earthquake focal mechanisms

(see the compilation on the US by Zoback and Zoback

(1980)), the magnitude of crustal stress fields is poorly

known. However, the hydraulic fracturing technique

(Haimson and Fairhurst, 1970), which is currently the

only reliable method of measuring stress at considerable

depths, has enabled stress magnitude estimates in

numerous boreholes in many subaerial regions of the

Earth. The results indicate that horizontal stress is

frequently of the same order and higher than the vertical

stress. Near the surface observed horizontal stress is

often very high and considerably higher than the vertical

stress (Jaeger and Cook, 1976; Zoback,1983). Haimson

(1976) has compiled the results of hydraulic fracturing

observations from over 3000 boreholes in the US. Based

on his results the average horizontal stress in the US is
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about equal to the lithostatic stress. These results

indicate that in the continental regions stress and

temperature conditions are in general not favorable for

LT-activity of the CDM-type.

Regions experiencing regional strain, such as the

Basin and Range Province in the US, are clearly

associated with lower horizontal stress. The minimum

observed horizontal stress in the US reported by Haimson

(1976) is about 50% of the lithostatic stress.

A very limited number of hydrofracturing

measurements have been performed in Iceland to date.

Tests performed in Reydarfjordur in East-Iceland are the

deEpest and most complete set of measurements undertaken

so far in Iceland (Haimson and Rummel, 1982). Hydraulic

fracturing was performed to a depth of 600m. The results

from the Reydarfjordur drillhole indicate that both

horizontal components of stress become smaller than the

vertical stress at depths in excess of a few hundred

meters. Their results, at three different depth levels,

are presented in Table XVIII below. At a depth of 600m

the minimum horizontal stress is as low as 50% of the

lithostatic stress. The large stresses down to depths of

few hundred meters could be of thermoelastic origin (see

section 5 above). The top few hundred meters in this

area have apparently been heated by a minor LT-system

(Fridleifsson, 1982).
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Table XVIII Results of hydraulic fracturing measurements
in Reydarfjordur, East-Iceland.

compressive stress (bars)
depth vertical horizontal Hookean
(m) -a -a -a -a xl)v max mm g

200 50 70 50 17 1.9

400 105 250 150 35 (3.3)

600 160 100 80 53 0.5

based on
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This very limited data does not enable us to infer

anything on the stress conditions in LT-systems. Yet we

can on the basis of the geology and tectonics of Iceland

surmise that there must be regions where stress

conditions are favorable for the CDM-process. In

addition, there is some indirect field evidence that

lends support to the notiop that CDM is a major factor in

the development and evolution of LT hydrothermal systems.

This evidence, which includes structural control,

temperature-depth relations and temperature-flow

statistics, was reviewed in chapter II above and will not

be repeated here.

Based on the migration rate estimates, it is now a

simple matter to estimate the rate of heat transfer. We

integrate the source density, given by equation (267)

(with t(z) given by (301) and T0 = yz), over the extent

of the open fracture to obtain the average heat transfer

rate per unit length of the model fracture

q = cTm = 2k(.)hI2
d

zdz

(d2_z2)h/2

(302)
= 2(.3)h/2k(1d) (v(d)d)l/2

11 a

where m is the rate of mass flow per unit length of

fracture, C the heat capacity and T the temperature of
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the convecting fluid. Assuming k = 2w/m°C we obtain

v(d)d)l/2
(yd)(303) q = cwTwm = 3.19

a

For comparison, in the simpler case of constant

temperature reduction (AT) and velocity

(304) q = 4 (')l/2AT

Using equation (303) we obtain the results in Figure 60,

corresponding to the rate estimates of Figure 59. Since

our model relates to LT-activity with recharge at

approximately 0°C we have assumed an average Tw = 100°C

to estimate the mass transferq. The estimated mass flow

is in the range

(305) m (0.002 - 0.05)kg/ms

Assuming predominantly laminar flow, the total mass

flow M of a system can be related to the driving pressure

differential A by

(306) M=CAp0rMR=Ap
whereM=mBandR= 1/C

and C and R are the lumped flow conductance and

resistance, respectively, of the fracture system, with B

the length of the fracture. In the case of our model, we

assume the flow is driven predominantly by
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Figure 60. Rate of heat and mass transfer
per unit length of a CDM-fracture.
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therinobuoyancy. If the driving density differential is

Ap, the driving pressure can be estimated by

(307) Ap = gApd

Since

(308) M = & dp = M ()dL

the total flow resistance can be expressed (Bodvarsson,

1983b)

(309) R = J(v/K)dL

where v is the local kinematic viscosity, K the local

per meance and dL the element of the flow path. The

permeance is the area integral of the local permeability,

which may vary greatly along the flow path. In the case

of uniform-unidirectional flow through an open fracture

of constant aperture h, this parameter follows from

simple laminar flow theory (Lamb, 1932)

(310) K = h3B/12

Defining an effective average flow permeance <K> and an

effective average fracture aperture <h>,

(311) < K > = _____ = ________
12

f(v/K)dL

then
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(312) R
vL

and M
<K>Ap

vL

and

<h>3 gp d
(313) m= ___ --

12 V L

Assuming that the flow resistance is primarily

encountered in the upf low section of our model, such that

L d, we can estimate the effective average fracture

aperture <h> needed to sustain the mass flow on our model

(equation (305)). We assume the recharge is at a

temperature of 0°C and we have assumed an upf low

temperature of 100°C, thus Ap 40 kg/rn3. From (313)

(314) <h> (12V )1/3 = (2.lml/3) mm
gAp

if m in kg/ms

and we obtain

(0.3 - 0.8)mm

This result is more than an order of magnitude smaller

than the width estimates of last section, yet of the same

order as estimated by Bodvarsson (1981; 1983b). Based on

this result, we are justified in simplifying our

treatment of the complex conductive/convective

interaction, as described in section 7 above.

Based on our results, and the contention that CDM is

important as a source mechanism for LT-activity in
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Iceland, we can estimate dimensions of hypotehtical CDM-

systems that would explain the estimated heat dissipation

of LT-activity in Iceland. However, on our model the

heat transfer is dependent on 4 variables, the

undisturbed temperature gradient , the magnitude of the

horizontal stress or x the current depth to the

migrating front and the total length of the CDM-fracture

system B. Of these 4 variables only one is fairly well

known, that is the temperature graident. Some more data,

in addition to the estimated heat dissipation, is

therefore needed. As reviewed in chapter II above

Bodvarsson (1982a) suggests that the onset of present LT-

activity occurred after the end of the last period of

glaciation, that is about 8000 to 10000 years ago. The

time it takes the CDM-front to reach a depth d is given

by

d d
(315) t = - = = -

2c 2Vd Vav

where vd is the velocity of migration at the depth d and

Vav = 2vd the average velocity of migration up to the

time t. Assuming t = 8000 yrs we obtain the estimates in

Figure 61, for what we consider a likely depth interval.

After obtaining these results, and based on the known

temperature-gradient, we can estimate x (based on results

in Figure 59) as well as the total length of the CDM-

fracture-system B needed to sustain a given heat
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dissipation (B = Q/q, q given by equation (301)). We

present the two following examples

- The total integrated rate of dissipation of heat by

the LT-activity in Iceland is estimated at 600 MW (see

chapter II above). Because of subsurface flow losses and

locally elevated conductive heat flow, this is certainly

an underestimate and we will assume Q = 1.2 GW. The

average temperature-gradient in Iceland, outside the

active zone of rifting and volcanism, is y 0.08°C/rn

(Palmason and Saemundsson, 1979).

- As a second example we take an individual LT-system,

the Laugarnes system, which has been described in section

111.20 above. Bodvarsson (1983) estimates the heat

dissipated by this system, in its natural state, at 3.5

MW by advection and one W/m2 by conduction. Estimating

the area of the system to be about 2.5 km2 we estimate

the total heat dissipation to be Q = 6MW. The

undisturbed regional temperature gradient equals

0.1°C/rn.

The results for these two examples are presented in

Figure 62 below.

Clearly, the above estimates are very uncertain,

since none of the variables B, d or x is actually known.

We know, however, that d must be greater than 2-3km for

many LT-systems (Figure 3). This allows us to estimate

upper bounds for B and x. We estimates B < 600 km and x
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Figure 62. The total length of a CDM fracture system,
B, and the associated horizontal stress,
or x, needed to sustain the heat dissipated
by a) all LT-activity in Iceland and
b) the Laugarnes system.



248

< 1.0 for all LT-activity in Iceland and B < 2 km, x <

1.2 for the Laugarnes system. The length estimates are

not unreasonable considering the fact that the length of

the rift axis through Iceland is of the order of 300 km

and the surface area of the Laugarnes system is of the

order 3 km2.

These results indicate that the dimensions of CDM-

systems, needed to sustain the heat output of LT-systems,

are quite small and we can easily envision such systems

distributed throughout the crust of Iceland.
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V. SUMMARY AND CONCLUDING REMARKS

The first objective of the present work has been to

develop methods of production data analysis that are more

readily applicable to the fracture/dike controlled

hydrothermal systems in Iceland than conventional

interpretation methods. Furthermore, the purpose was to

investigate the role of the fracture/dike control in the

heat uptake mechanism of low-temperature hydrothermal

activity.

The analytical response functions of unconfined

aquifer models have been presented, in particular, the

long-term free-surface response when compressibility

effects can be neglected. We have developed methods for

production data analysis on the basis of such free-

surface models and applied the methods to long-term data

from several hydrothermal systems in Iceland. On the

basis of homogeneous and isotropic reservoir models we

have estimated an apparent global permeability of the

order of 0.7 md for systems in Tertiary strata and of the

order 5-20 md for systems in Quaternary strata. These

estimates are much lower than permeability estimates

obtained on the basis of shorter term well tests.

However, a vertical slab two-dimensional flow model

(section 111.7) may more accurately reflect the global

hydrological characteristics of many fracture-controlled
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Icelandic hydrothermal systems. In particular

permeability estimates for the Laugarnes-system in SW-

Iceland of 50-100 md, that have been obtained on the

basis of the two-dimensional flow model are in a better

agreement with permeability estimates based on short-term

well tests.

Our free-surface analysis has been based on very

simple reservoir/source-distribution models. It is

therefore of interest to consider more complex models.

The non-linear least squares fitting method of section

111.16 could, for example, be extended to analyze

production data on the basis of the unconfined box-type

reservoir model of section 111.9 with unknowns w,c,R,D.

We have also developed methods of simulating long-

term production data from complex liquid-dominated

hydrothermal systems by much simpler lumped

capacitor/conductor ladders. Such a simulation only

requires production/drawdown data. We have shown that

the response of both real as well as analytical

reservoirs can be easily simulated by such lumped element

systems. We are, for example, able to simulate/predict

six years of the production history of the Svartsengi HT-

system in SW-Iceland by an ultra-simple open one

capacitor system.
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It should be mentioned that the lumped capacitances

of a simulation ladder can be interpreted as

corresponding to the free-surface capacitance of an

unconfined reservoir. Moreover the lumped conductances

can be related to the conductance of the dike(s) and/or

fractures that are the flow channels of the hydrothermal

system in question.

Thermoelastic stress has not received much attention

in the geothermal literature. Modeling hydrothermal

systems as domains of nonuniform temperature in a Hookean

half-space, we have estimated the magnitude of

thermoelastic stress in two Icelandic LT-systems. Our

results indicate that thermoelastic stress may be quite

significant. In the uppermost l000m we estimate

compressive horizontal thermoelastic stress of up to 200

bars and at greater depth we estimate tensile

thermoelastic stress of up to 200-400 bars. We conclude

that thermoelastic stress must be an important factor in

the evolution of hydrothermal systems.

In addition to providing the flow channels for

thermal waters, dikes and fractures may play an important

role in the source mechanism of hydrothermal activity.

We have considered a possible dike/fault controlled

source mechanism of LT-activity in Iceland where

thermoelastic stress plays a major role. This mechanism,

referred to as CDM, involves the downward migration of an
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open section of a single, approximately two-dimensional,

unwelded quasi-vertical fracture, such as along the wall

of a dike. The migration involves conductive cooling and

contraction in the rock adjacent to the fracture as well

as vertical advective heat transport in the open section

of the fracture. By balancing the tensile thermoelastic

stress and compressive stress at the tip of the fracture

we have estimated the rate of migration at temperature

conditions typical for the Icelandic crust. At a depth

of 3km and where the horizontal stress is about 50% of

the weight of the overburden, we estimate the rate of

CDM at about 1 rn/yr.

One of the most important aspect of our results is

the very strong dependence of the rate of migration on

the magnitude of the horizontal regional stress. At

temperature conditions typical for the Icelandic crust

the CDM process does not appear to be possible, unless

the minimum horizontal stress is lower than 50-70% of the

weight of the overburden. We conclude that stress

conditions may determine whether a LT-system can evolve

at a given location as well as determine the intensity of

the thermal activity.

Since very limited data is available on crustal

stress conditions in Iceland this result cannot be tested

by available observational data. Stress measurements at

depth within as well as outside hydrothermal systems, by
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f.ex. the hydraulic fracturing method, are therefore of

interest.

Finally we should point out that the methods

developed above and our results are applicable to

hydrothermal activity in general. The CDM mechanism may

be important as source mechanism of hydrothermal activity

in other parts of the oceanic rift system. CDM may also

be the source mechanism of the fault zone controlled

thermal activity of the Basin and Range Province in

Nevada and Oregon.
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APPENDIX A

Formal solutions of inhomogeneous and anisotropic

boundary value problems

To solve

- V'(c(P)Vu(P)) = f(P) in B : z > o
(Al)

u = g on Z : (x,y)-plane

with

C(P) 0 0

(A2) c(P) o c(P)

L °

we employ the Dirichiet type Green's function G(P,Q),

that is the solution to

(A3)

Using

- v(c(P)vG(P,Q)) = 6(P-Q) in B

G=o onE.

ç0. VQG ) dVQ - f v' (Gc vQu) dVQ

(A4) =
J
(vQu)s(cvQG)dvQ + J UVQ'(CVQG)dVQ

-
f

(VQG)'(cVQu)dVQ J GVQ(CVQU)dVQS
B B
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we obtain by (Al) and (A3)

u(P) J G(P.Q)f(Q)dvQ
J

VQ'(GCVQU)dVQ
(A5) B B

J VQ(UCVQG)dVQ.

By Gauss theorem

(A6)
J

v'VdV
J

nis

where for X the (x,y)-plane

Io

(A7) = 101
L1J

thus

(A8) J VQ'(UCVQG)dVQ J uc dSQ

and

(A9) f VQ(GCVQU)dVQ j
au

B
GCZ-__dSQ.

The formal solution of (Al) then follows from (A5)

aG (P. Q)(Alo) u(P) f G(P.Q)f(Q)dVQ J c(Q)
a

g(Q)dSQ.

To solve

- 7(c(P)vu(P)) = f(P) in B : z > o
(All)

au - h on E : (x,y)-plane



we employ the Neumann type Green's function N(P,Q), that

is the solution to

v(c(P)vN(P,Q)) = s(P-Q) in B
(Al2)

aN
on Z.

an

By equation (A8)

(A13)
J

VQ'(UCVQN)dVQ = 0

and by (Ag)

au
(A14) f VQ(NCVQU)dVQ = J Ncz j_ dSQ

Thus the formal solution of (All) follows from (A5)

(A15) u(P) = JN(P1Q)f(Q)dV0 + Jcz(Q)N(P,Q)h(Q)dsQ.
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APPENDIX B

Two integral identities

We want to evaluate the integral (equation (42))

1 z
(B') p2 (P)

J

-;:
Fj

d SR

Er

with

(B2)

P = (x,yz)
Q = (o,o,d)
R = (x",y",o)

dSR = dx"dy"

and E the z = o plane. Thus

p2(P) =
(B3)
1 z dx"dy"72fJ 2 2 3/2 ,2

- ((x-x")2+(y-y") +z ) (x

which is a 2-dimensional convolution

1 z
(B4) p2(P) = JJ dx"dy"f(x-x",y-y")g(x",y")

-

Taking a 2-dimensional Fourier transform of (B4) we

obtain

a
1

a

(B5) p20c) = z f(k)g(k)



22
where A indicates the transformed function, Ic = k+kyi

and (Duff and Naylor, 1966)

f(]c) = e
z

(B6) A
1 -kdg(lc) = e

Hence

(B7)

or

(B8)

A
1

p2(k)
2wck

1
p2(e) = ; Qi = (o,o,-d)

2ircrp0i

We also want to evaluate (equation (53))

2
1 z ln(rRQ)(B9) p2(P) =

1 2 dyR
rpR

with
P = (y,z)
Q = (o,d)
R = (y",o)

(BlO)
dyR = dy"

Thus

ln(y"2+d2)=1 z
Jay"

2 2
(Bil) p2(P) -

((y-y") +z
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which is a 1-dimensional convolution

1 z
(B12) p2(P) = _ J dy"g(y'1)f(yy")

-

Taking a Fourier transform of (B12)

1 z
(B13) p2(k) = - g(k)f(k)

1IC
(21r)1/2

with k the transform variable and (Duff and Naylor, 1966)

(B14)

Hence

(B15)

or

(B16)

g(k) = - (21r)h/2
k

f(k)
1 ii 1/2 -kz

=_(_) e
z 2

p2(k) - -1
k

1
= -- 1n(rpi) ; Q' = (o,-d)
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APPENDIX C

Response of a closed three capacitor ladder

In this specific case

rai -a1 01 rKl 0 01
(Cl) A= I, K=

I

I(a1+a2) -a2
(

0 K2 o

L ° 2 a2] L° 0 K3]

and we consider

(C2) f(t)
I

0 < t <T ; f(t) = o t > T

L0J

The response is then as follows

0 < t < T

p1(t) = t
1tl22(1_5_A2t)

(C3)

q1T132 At
A3

t > T , buildup

(1_e2T)(1_e2At)p1(t) - p1(T) =
(C4)

A2

2q113
A3
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where At = t - T and

(C5)

with

B_ ( B2_4CA a1 a2 ) 1/2
2C

B+(B2-4CAa1 a2 )1/2
2C

(cA2_b+a/ A2)
C(A2-x3)

(b-cA3-a/ A3)
C(A2-A3)

A = K1+1C2+K3

B =

(C6) C =

a =
b =
C =
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APPENDIX D

The even-determined linear programming problem with

constraints

To set (161) up as a linear programming problem we

add 3N unknowns,
,
x1 and x1' for i = l,2...N, and

(Menke, 1984)

N
(Dl) minimize ) czj

i=l

with constraints

(Gffi)1 + a1 - =

(D2) (G)i + x1' = di , i = 1,2,...N

- m1 .?o , i = 2,...N

and m1>o, a1>o, x1o, x1' >0

A linear programming problem consists of solving

= minimum

(D3) s_i_i -
subject to A b

Making the following definitions
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(D4)

= Em11m2, .m, a],... N,Xl, .XN,X1, . . .x1

= [o,o, . . .o,l, . . .1,o, . . .o,o, . . .o]

A [G
][ ][ ][

[G
][

I 0 I

1-b
o 1-1...

0 0 0

0... 1-1

with the inequality/equality vector

(D 5 ) =, = ..... =1

we have set problem (161) up as a linear programming

problem.
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APPENDIX E

The data kernel for non-linear free surface analysis

The elevation of the free surface, directly above a

point sink of variable strength, in the case of the

unconfined half space model (section 111.6) is given by

t

(El) h(t) = A J
q(t)dr

0 (1+a(t-t))2

-w w
with A= _____

2irpgcd2

By equation (169), with g(ffi) = h(t),

(G)i
q()d

o (l+a(t-r))2

(E2)

= 1 1
:i

& r+cz(i-..) At 1+cz(i-L+l )At

and



275

(Gn)2 = - 2A
Iti(ti_t)q(t)dt

(l+a(ti_t))3

i
1 1(E3) = - 2A

1+a(i-t)At 1+a(i-L+1)At
a2

1 1

(l+a(i-L+1)At)2

1

(l+a(i-L) At)2

with A = (meSt)

a = (mt)2

The elevation of the free surface, directly above a

line sink of variable strength, in the case of the

unconfined vertical slab model (section 111.7) is given

by

t

(E4) h(t) = A f
q(r)dt

[1+a(t-r))
0

-w wwith A = ______
Tpgcbd

, a =



Then

(E5)

and
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(G)11 q()dt
1+cL(t1-t)

0

I
q 1+a(i-.+1)At

ln(I 1+a(I-L)tt
L 1

ti

= - A

i
1+cz(i-L+1)At)(E6) =-A AE1n(

t=1 2

1 1

+ 1+a(i-t+1)t 1+ft(i-L)t
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APPENDIX F

The data kernel for non-linear lumping

For the case of an open two capacitor ladder

(Fl) h(t) = m1em3t m2e_m4t

Approximating the flow rate by q(t) = q1, for (i-l)t <

t < it, equations (182) and (183) result in

i
(eAtmji2 - 1) q(j_1)etmj+2(G)1 = mj2

j=l,2

(F2)

i

(G)
m]_2 q(...1)etmj
mj L1

.[(LAt+1/m)(1_emjAt)temjt3

j = 3,4

where ffi =

For the case of a closed two capacitor ladder (or an

open one capacitor ladder)

(F3) h(t) = m15m3t + in2

then



(F4)

(eAtm3 - 1)(G)1 =

1

(G)2 = )

£= 1

I

(G)13 =
In3 £1

- £ Atmq(1_,4)e

[ ( &At+1/m3 )(1_eIn3 At)+AteIn3 At]
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APPENDIX G

Whole space thermoelastic strain in box-domain with

AT = constant

The component of strain xx along the z-axis through

the center of the domain V (equation (222)) is given by

equation (225). Change variables and

2z+d

dsaAT l+v
(Gl) Cxx =

2z-d (s2+l)(s2+2)l/2
L

Changing variables again, with

S = 2u/2tanu

(G2) ds = 21/2 du

2 2
s +2 = ______

c0s2u



with U1 = tan(' )
21/2

.

Finally using

(G4)

we obtain

(G5)

U2 = tan1(2
21/2 £

aAT l+v
cxx =

11

sinu = x

cosudu = dx

S1flU-)
dx

sinu1 1+x
dx

T 1+v -1-_(...........4[tan (sin(u2))-tan1(sin(u1))]
ir 1-v
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APPENDIX H

Thermoelastic stress at a free surface

Below we will show that the Mindlin and Cheng (1950)

solution does result in zero normal stress, azz, on the

free surface z = o. From equation (200)

(Hi) = (A+2 p) + A ( c)

and based on (227) the z-component of displacement equals

- 2 - 2z ____(H2) w = - - - (3-4v)-_
az2

az

+ 4(1-v)V2(z')

The last term on the right of this equation can be

written

v2(z') = vk' + v(zv')
(H3)

2u=___+ +zv

where v2p' = o for z > o. Thus

a, a
(H4) w = - - + (3-4v)_!_ - 2z ___

az az
az2

and
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aw a2 321
(H5) cz 1= - + (i-4-v)

az2 az2

Since a2$'/az2 = a2/az2 at z = 0

(H6) - 4v -

The x-component of displacement equals

- + 2z ____(H7) u = - - - (3 4v)
ax ax axaz

thus

au a2'
(H8) -

and based on equation (236)

a2.
(H9) cxx Iz=o= - 4(i-v) -

3x2

We can also show that

(HiO) - 4(i-v) -
ay2

Combining (Hi), (H6), (H9) and (HlO) and using

A
(Hil)

2(A+ji)

results in
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A+2
(H12) - 4A

2(A+M)

Since the plane zo is outside the domain of nonuniform

temperature V2p=o and we have shown that

(H13) ozzIz=o= 0
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APPENDIX I

Thermoelastic stress in a box-domain with T = constant,

near a free surface

The component of stress along the z-axis

through the center of a box-domain V located at a depth h

below a free surface (equation (243)), is given by

equation (244). In the case of T = constant we obtain

by changing variables

ç2 dsa(z)1 ()T
J (s2+l)(s2+2)h/22i. x=y=o r

ds
(Ii) + (3+4v)

(s2+l)(s2+2)h/2
- 4

2.

- 8
?2 sds

Li
111

(s2+l)(s2+2)h/2

2(z-(h+d)) 2(z-h)with
2

2.

2(z+h) 2(z+h+d)
' 2

2.

sds

(s2+1)(s2+2)3/2



In Appendix G above we have shown that

ds

(s2+1)(s22)u/2

(12)
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[tan-(sin(tan (x2/2h/2)))_tan_1(sin(tan1(x1/2h/2)))]

Using the change of variables (G2) we can rewrite

x U
sds 1 r sinucos2u

(13)

'0 (s2+1)(s2+2)3/2 21/2 2-cos2u
du

with u = tanl(x/2h/2)

and using

cosu = x
(14)

-sinudu = dx

x 2

(15)
sds 1 x

o (s2+1)(s2+2)3/2 21/2 1 2-x2
dx

Similarily

x cosu
(16)

sds - 21/2
J

________________ ________ dx

o (s2Il)(s22)h/2 1 (2_x2)2



Finally

(17)

____ dx = - x + 2h/21n (2/+x)

2-x 2h/2_x

x 1 2h/2+x_____ dx= - ___ ln(

(2-x) 2(2-x2) 25/2 2h/2_x

and equation (Ii) can be rewritten

a(z)1 (V)AT [tanl(r2)_tanl(ri)
x=y=o ii

(18) + (3+4v)[tan(s2)-tan(s1)]

4 [2_h/2(t1_t2)+2h/2( t2 - )] - b
2-t2 2-t1

fir in V
where b= s

L 0 outside V

and r1 = sin(tan_1(1/2h/2))s r2 = sin(tan1(2/2h/2))

= cos(tan_1(n1/21'2)), t2 = cos(tan_1(n2/2h/2))

= sin(tan_1(ni/2h12)), s2 = sin(tan_1(n2/22))



APPENDIX J

Horizontal thermoelastic strain in the plane of a 2-D

CDM fracture

We evaluate the integral given by equation (275) as

follows. First change variables

zi = z - rcose

(Ji) y' = rsine

dz'dy' = rdr

resulting in

(J2)

A
=

3y x=y=o

11

x'2+r2(l-3sin2e)a 1+v
J do J rdrT(r,e) Jdx'

0 0 0 (x12+r2)5/2

71

a=
J do JrdrT(ro)
0 0

[
dx'

- 3r2sin2
(x12+r2)5/2]L 0 (x12+r2)3/2



Now use

dx'

c (x12sr2)5/2

(J3)

urn dx'

640 J

5 (x12+r2)5/2

lixn r 2 1 dx'

6+0 2(2+r2)3I2j r2 (x12+r2)3/2
L3r

Thus

A it

a 1-I-v
- C-) ide JrdrAT(r1e)

ay
x=y=o it 1-v

0 0

(J4)
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dx' 2 1iRL(
)1_____________ - sin[1_2Sifl20

(x'2+r2)3/2 6+0 (2+r2)3/2
j

Then use

1 irn 1 T(r,0)

6+0 A (2+r2)3/2
rdrde

(J5)

R
£TIr_o urn rdr - tTIr_o

6+01
0 (62+r2)3/2

where R is such that

(J6) AT(r,e) ATIr=o for r < R



:
Also

dx'
(J7)

(x12+r2)3/2

and since l-2sin2e = cos2e we finally obtain

A
cos2ez

T(r, e)
a x=y=o=

Jde Jdr
r0 0

(J8)

a

2
T(y,z) I=



APPENDIX K

Stress at the tip of a Griffith crack

In the plane of the crack

2r
d

q'(s)ds 1q(d) - z _________(Ki) ayy(oiz) =

[z2_d21/2 (z2_s2)h/2j

Integrating by parts we obtain

S
1 r(r)dr urn r_________ + 1(o)(K2) q'(s) = - J
o (s2_r2)/2

r.o
(s2_r2)h/2

Thus

d ra s
2z q'(s)ds 2z I ds rl'(r)dr

2 11iJ
o (z _s2)u/2 L° s(z2_s2)h/2 (s2_r2)h/2

(K3)
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d
lirn ds

+ 1(o) r ____________________
r.o

s(z2_s2)h/2(s2_r2)u/2]

By changing the order of integration and taking the limit

z +



2d
d

q'(s)ds

o (d2_s2)1/2

(K4)

=
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d
ds

s(d2_s2)h/2(s2_r2)h/2

d
urn r: ds

+1(o) r' ____________
r s(d2_s2)h/2(s2_r2)h/2]ro J

We can show that

d

(K5)
.1

ds

r s(d2_s2)h/2(s2_r2)h/2

thus

2d q'(s)ds
d

(K6) I _______
J

'(r)dr + 1(o)lii
o (d2_s2)h/2

or

d
2d q'(s)ds

(K7) ;: I
= z(d)

0 (d2_s2)h/2

,




